
���������	��
	���� ��������������� ������������� ���  !	�"�$#%���&
	����� �����$'� !�
	������!)(�*���+,�- ���.������!
/���0 ���1
2���3���&
	������45��������6 ���� �345� �7
	��8��� 9.�
:)�� ;&����!	 � ������< �������	���������� � ��!�=����	�� !
�-;?>5���&
	8��� �@#A����� ��!.� B�B�C&D���EGF.C&D�H�+1I�HGFKJ%��� �ML)���� N����&
	���?�O=PJ%�	��!	 �
< ������QAR"S�SMEGF�E�T&I�I�+,T&U�B�BK+V<���W?QAR"S�SMEGF�E�T&I�I�+,T&U�S�H

XZY\[3Y\]_^a`cb�^edgfhY\]_i�`hYkjl]nmob?dg[3Y
p Yrqtsui�` p `P[ p YkvwY\xy`P]n[Mi3z�{n|u}o`
p Yk~�z����MYui��oz�dg� p Ykj�Yuz�`P]n�\^aY\[

���&�&���&�����������&�&�����O�O�������3�

���	�G�G�g �¡ ¢V£-¤V¥¦�G§"¨"©ª�?¡��	«¬¢®®¨¬¢V¯"°-¢±��²"¢V©ª�	¯¬¢V«"¥% �¢±«"�g�G�	³5´
¯¬¢V«¬¢ªµ$�g¶	¥¸·y¥%¶	�g³%�2¢V«"¥¹«"¥¸º� G¥%³% �¢V©e¢¹«"�Pº@»%�&´�¼½ �¢V«"§¬¢V£-¤V¥
�g©¿¾�¯"³%�g¯"À¬¢V G�2¢Á¾�¶	Â?¡� G�	°-¢Ã«¬¢ÁÄ�¯"��Å%�g G�G�	«¬¢V«"�ÇÆ¬�g«"�g �¢V¶\«"�
ÈÉ�	¯¬¢V�e¼½�g �¢V�	�gÊO°g¥%©ª¥�µ¬¢V �¡��n«"¥%�¹ G�gËÌ§"�	�G��¡�¥%�_¯"�g°g�g�G��ÍV G�	¥%�
�¥%¨�¡��g¯"£-¤V¥�«"¥�³% �¢V§c«"��ÈÉ�g��¡� G�y�g©Î¾�¯"³%�g¯"À¬¢V G�2¢�¾�¶	Â?¡� G�	°-¢�Ï

Ð¹Ñ5Ò�Ó)Ô$Õ�Ö¬×�Ø�ÑÙÓ)ÚVÛ Ü �g¥%¯¬¢V G«"¥ªÝ�¯A¡�Þ%¯"�	¥ªßy¥% G³%�g��à�Þ% G G�g�
Ü §"�	�\Ý�¯A¡�¥%¯"�	¥_Ý�³%§"�	 G G�

ßy�g¶	¥ªá�¥% G�	âg¥%¯A¡��VÊ"ã¹«"�yäG§"¯"À"¥ª«"�PåVæ%æAç





� ���������
	��� �
�������

ÈÉ§"��¡�¥ ¥%¨" G�	³A¢V«"¥  ©ª�	¯"À¬¢��.¢V©��	¶	�2¢���©ª�	¯"À¬¢ ©e¤V�Ã��©ª�	¯"À¬¢V� �	 G©e¤V�gÏ�Ý�¶	³%§)´
©e¢V���G��¡�§¬¢V£��)�g���g© ¯"¥%�G��¢V��Å)�	«¬¢V����¥% �¢V© ¡ ¤V¥��� G§"��¡� �¢V¯A¡��g�½�P«"��� �	°g�g�	�\ËÌ§"�aËÌ§¬¢V¶	ËÌ§"�g 
°g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥Ã«"�����g G�g¯A¡��n«"¥�ËÌ§"�É¡���Å%�g©ª¥%�¹�G�g G�2¢Ç¡� �ÍV³%�	°g¥"Ï à�¢V¶�Å%�gâÉ�g��¡�� �G��ä�¢Ã¥
Å%�g G«¬¢V«"�g�	 G¥¹µ¬¢Vµ$�g¶M«¬¢V��«"��!¬°g§"¶	«¬¢V«"�g��ËÌ§"�c¢PÅ)�	«¬¢_¯"¥%���	©ªµ"�)�#��§"¯"�	 �¢V��µ$�g�G�G¥A¢V�\ËÌ§"�
 G�-¢V¶	©ª�g¯A¡��_�G�ª³%¥%��¡ ¢V© �_¡�¥% G¯¬ÍÙ´�¶2¢V�½§"©e¢$�.¢V©��	¶	�2¢¹«"�%�.¢5¡�¥"Ê3�G�g© ËÌ§¬¢V¶	ËÌ§"�g o¡��	µ$¥ «"�
«"�g�G°g¥%¯�!�¢V¯"£-¢Ã¥%§ �	¯"�	©ª�	â-¢V«"�VÏ'& §"� �G��ä�¢V©ª¥%�_�G�g©ªµ" G�n¢V�G�G�	©ÉÊO�	¯A¡��g³% �¢V¯A¡��g�_«"� §"©
³% G§"µ$¥(��¥% �¡��VÊ"À¬¢V G©ª¥%¯"�	¥%�G¥_�o¨¬¢V��¡ ¢V¯A¡��)���g¶	�	âVÏ

ÈÉ§"��¡�¥_¥%¨" G�	³A¢V«"¥¹¹¼½�	�G�g¶	�#��§"©e¢aµ$�g�G�G¥A¢_ G�-¢V¶	©ª�g¯A¡�� �g�Gµ$�g°g�2¢V¶�Ê"�G�g©w¢_ËÌ§¬¢V¶M¯¬¤V¥
¡��g G�2¢e G�-¢V¶	�	â-¢V«"¥e¯"�g©Z©ª�g�G©ª¥ ¢¸©ª�?¡ ¢V«"�a«"¥ ËÌ§"�_ G�-¢V¶	�	âg�g�@¯"¥%�)*"¶�¡��	©ª¥%��¢V¯"¥%�gÏ,+�¢V�
À"¥% �¢V�\©e¢V�	�u«"��� �	°g�g�	�gÊ�¥ª¢Vµ$¥%�	¥"Ê�¯¬¢V�\À"¥% �¢V�-���g¶	�	âg�g�gÊ¬¥¹©ª¥V¡���Å%¥"Ï

. ¨" G�	³A¢V«"¥®0/)¥%¶	§�¡��	¥%¯ ¾�¯"³%�g¯"À¬¢V G�2¢±«"� Ý�§�¡�¥%©e¢V£-¤V¥1�¦�g©ªµ" G�g��¢±«"� ³% �¢V¯"«"�g�
µ" G¥#!¬�G�G�	¥%¯¬¢V�	�P� ³% �¢V¯"«"�g�_¢V©ª�	³%¥%�gÏ . �2*"¶�¡��	©ª¥%�c«"¥%�	�_¢V¯"¥%�,��¥% �¢V©ÉÊ��G�g©kËÌ§¬¢V¶	ËÌ§"�g 
¡��	µ$¥ «"��«1*�Å)�	«¬¢�Ê�¥ µ$�g 3�	¥)«"¥ «"�Ã©e¢V�	¥% e°g G�g�G°g�	©ª�g¯A¡�¥ µ" G¥#!¬�G�G�	¥%¯¬¢V¶ ��µ$�g�G�G¥A¢V¶½«¬¢
©ª�	¯"À¬¢¹Å)�	«¬¢�Ï ����� �	°g�	¶3�	©e¢V³%�	¯¬¢V �§"© °g�g¯¬ÍV G�	¥e¡ ¤V¥eµ" G¥)«"§�¡���Å%¥¸�a G�gµ"¶	�?¡�¥e«"�a G�-¢V¶	�	â-¢Ù´
£��)�g�\�G�g© ¢_�G§¬¢¹µ¬¢V �¡��	°g�	µ¬¢V£-¤V¥"Ï

. ¨" G�	³A¢V«"¥½¢V¥%��µ" G¥#���g�G�G¥% G�g� Ü �g¥%¯¬¢V G«"¥½Ý�¯A¡�Þ%¯"�	¥½ßy¥% G³%�g��à�Þ% G G�g��� Ü §"�	��Ý�¯A¡�¥%¯"�	¥
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f)Ï>e ¾���¡� G§�¡�§" �¢V£-¤V¥ª«¬¢¹Ý�µ"¶	�	°-¢V£-¤V¥ ÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏRe�æ",
f)Ï å Æ¬§"¯"£��)�g��¢V§)²��	¶	�2¢V G�g��ÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏRe�æ��
f)Ï ' Ý�¶	³%¥% G��¡�©ª¥%�u���?¡��g G©ª�	¯1�	��¡��	°g¥%��ÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏReUe�æ
f)Ï ã Ý�¶	³%¥% G��¡�©ª¥%�u¾���¡�¥)°-ÍV��¡��	°g¥%� ÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏReUe-ã
f)Ï f ÈÉ¥)«"�g¶	¥nÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏReÙå5ã
f)Ï ,��¯A¡��g  �.¢V°g�a¼½ �Í !¬°-¢ ÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏRe '",
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F= ÏcÏcÏcÏcÏcÏRe-ãÌå
,�Ï>e%Ï å ¼½ �¢V«"�	�g¯A¡��½�P¼½ �¢V«"�	�g¯A¡��c·y¥%¯ÙäG§"³A¢V«"¥ ÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏRe7f5ã
,�Ï>e%Ï ' ¼½ �¢V«"�	�g¯A¡��\·y¥%¯ÙäG§"³A¢V«"¥cº� GÂ�´�·y¥%¯"«"�	°g�	¥%¯¬¢V«"¥ ��¼o¢V§"�G�&´ +�����¡�¥%¯ e ,Aå
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,�Ï>e%Ï f Ý�¶	³%¥% G��¡�©ª¥%� ³%�g¯"Â?¡��	°g¥%�wÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ[eÙç5ã

,�Ï å à@�g©ªµ$¥¹«"�o��²��g°g§"£-¤V¥ ÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ[e����
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ç)Ï>et·y¥%¯"°g¶	§"�3�)�g� ÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åVæ2e
ç)Ï å à@ �¢V¨¬¢V¶	À"¥%�\Æ¬§�¡�§" G¥%��ÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åVæAå
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ÝPÏ>e (\¥V¡ ¢V£-¤V¥_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V��ÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åVæ,f
ÝPÏ å �������g G�g¯"°g�2¢V£-¤V¥_«"�½Å%�?¡�¥% G�g�hÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åVæ��
ÝPÏ ' ¼½ �¢V«"�	�g¯A¡��VÊ#d%¢V°g¥%¨"�2¢V¯¬¢a�cá��g�G�G�2¢V¯¬¢�ÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åFeUe

ÝPÏ '�Ï>e º�¢V �¡��	°g§"¶2¢V G�	«¬¢V«"�g�u�g© È �	¯"�	©ª¥%� & §¬¢V«" �¢V«"¥%� ÏcÏcÏcÏoÏcÏcÏcÏ�åFeÙå
ÝPÏ ã �¯"°g¶	�	¯¬¢V£-¤V¥_�o°g§" �ÅV¢5¡�§" �¢ ÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åFe '
ÝPÏ f Æ¬§"¯"£��)�g�\¶	�	¯"�-¢V G�g�u�oËÌ§¬¢V«" �Í5¡��	°-¢V� ÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åFe-ã
ÝPÏ , È ¢5¡� G�	âg�g�¦ÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åFe7f

ÝPÏ ,�Ï>e ���6!¬¯"�	£��)�g� ÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åFe7f
ÝPÏ ,�Ï å ���g°g¥%©ªµ$¥%�G�	£-¤V¥¹�g© ÅV¢V¶	¥% G�g���G�	¯"³%§"¶2¢V G�g�_ÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�åFeÙç
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(\�g°g¥%¯"��¡� G§"£-¤V¥�«"��¡� �¢�äG�?¡�»% G�2¢�«"��Å%Þ)¥�°g¥%¯"�G�	��¡�� ¯"¥�µ" G¥)°g�g«"�	©ª�g¯A¡�¥\§�¡��	¶	�	â-¢V«"¥uµ¬¢V �¢
�G���	¯����g G�	 �¢o G�g�Gµ$�g��¡�¥c«¬¢oµ$¥%�G�	£-¤V¥c�\«¬¢c¢5¡���¡�§"«"�\«"��Å%���	°g§"¶	¥%�gÊ)¢V¥c¶	¥%¯"³%¥o«"¥o¡��g©ªµ$¥"ÊÌ¢
µ¬¢V �¡��	  «"��§"©�°g¥%¯ÙäG§"¯A¡�¥a¶	�	©ª��¡ ¢V«"¥½«"��©ª�g«"�	£��)�g�gÏ +�¥aµ" G�g�G�g¯A¡���¡� �¢V¨¬¢V¶	À"¥"ÊÌ�g�G�G� µ" G¥5´
¨"¶	�g©e¢ Â�¢V¨$¥% G«¬¢V«"¥o°g¥%©ª¥o§"© µ" G¥%¨"¶	�g©e¢ «"�\«"�?¡��g G©ª�	¯¬¢V£-¤V¥o«"�\°g§" �ÅV¢V�O»V¡��	©e¢V�gÊ%�G¥%¨
¥ µ$¥%¯A¡�¥ «"�ªÅ)�	��¡ ¢ «¬¢É�G§¬¢Ç¢Vµ" G¥-²��	©e¢V£-¤V¥É«¬¢V�P�GÂg G�	�g�c¡��g©ªµ$¥% �¢V�	�o°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��g�
©ª�g«"�	«¬¢V��¢eµ¬¢V �¡��	 �«"�P�g¯"��¢V�	¥%� �g© Å%Þ)¥¸«"�_¢V�g G¥%¯¬¢-Å%�g� «"�_¢V��¢�!�²"¢�Ê$Å)�2¢ª©ª�	¯"�	©ª�	â-¢Ù´
£-¤V¥e«"¥e�g G G¥eËÌ§¬¢V«" �Í5¡��	°g¥e©ªÂg«"�	¥"ÏuÝ����	¯���¥% G©e¢V£��)�g��«"�	�Gµ$¥%¯1��Å%�g�	��µ¬¢V �¢e¢ª G�-¢V¶	�	â-¢V£-¤V¥
«"�g�G�G�cµ" G¥)°g�g«"�	©ª�g¯A¡�¥_��¤V¥_µ" G¥�Å%�g¯"�	�g¯A¡��g��«"�½§"¯"�	«¬¢V«"�g��«"�½©ª�g«"�	£-¤V¥_�	¯"�g G°g�2¢V¶ ���È Ä �
�c«"�c�G�	��¡��g©e¢V�\«"�cµ$¥%�G�	°g�	¥%¯¬¢V©ª�g¯A¡�¥¹³%¶	¥%¨¬¢V¶ ��¼oº / ��Ï$·y¥%©ª¥ª�G§"¨"µ" G¥)«"§�¡�¥e«"¥ªµ" G¥)°g��´
«"�	©ª�g¯A¡�¥É«"�ª G�g°g¥%¯"��¡� G§"£-¤V¥Ç«"�¹¡� �¢�äG�?¡�»% G�2¢�Ê�¥%¨�¡54g©_´��G�¹�g��¡��	©e¢5¡���ÅV¢V�½«"¥%�o¡��g G©ª¥%�o«"�
µ$¥%¶2¢V G�	â-¢V£-¤V¥�¢V�G�G¥)°g�2¢V«"¥%�¸V�e©ª�g«"�	£��)�g�e«"�ÉÅ%�g¶	¥)°g�	«¬¢V«"�g�¸¢V¯"³%§"¶2¢V G�g�ª��¢V°g�g¶	�g �¢V£��)�g�
«"�¹¡� �¢V¯"�G¶2¢V£-¤V¥"Ê3�g�G�G�g¯"°g�2¢V�	�c¯"¥Éµ" G¥)°g�g�G��¢V©ª�g¯A¡�¥ �G§"¨"�G�gË��"�g¯A¡��¸«"�ª«¬¢V«"¥%�c«"�¹�g¯"��¢V�	¥
�g© Å%Þ)¥Çµ¬¢V �¢ !¬¯"�_«"�e©ª¥)«"�g¶2¢V³%�g© ©e¢5¡��g©eÍ5¡��	°-¢n«¬¢Ç¢V�g G¥%¯¬¢-Å%�VÏ +��g��¡��e¡� �¢V¨¬¢V¶	À"¥"Ê
¢Vµ" G�g�G�g¯A¡ ¢V©_´��G��¡� G�gâg� ¢V¶	³%¥% G��¡�©ª¥%��«"� ¥V¡��	©ª�	â-¢V£-¤V¥o�g©ªµ" G�g³A¢V«"¥%� µ¬¢V �¢P G�g°g¥%¯"��¡� G§"£-¤V¥
«"�o¡� �¢�äG�?¡�»% G�2¢_«"�P¢V�g G¥%¯¬¢-Å%�g� °g§ÙäG¥ª«"�g�G�g©ªµ$�g¯"À"¥¸ÂP¢-ÅV¢V¶	�2¢V«"¥_�g©w¡� 34g��°g�g¯¬ÍV G�	¥%��«"�	�&´
¡��	¯A¡�¥%�y«"�?¡��g G©ª�	¯¬¢V«"¥%�yµ$�g¶	¥P¡��	µ$¥P«"� ©e¢V¯"¥%¨" �¢P��²��g°g§�¡ ¢V«¬¢�Ê"¯1��Å%�g¶K«"� °g¥%¯A¡ ¢V©ª�	¯¬¢V£-¤V¥
«"�o G§1�	«"¥¹�o¯ *"©ª�g G¥¹«"�½ÅV¢V G�2Í-Å%�g�	��©ª�g«"�	«¬¢V�gÏ
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Æ�¶	�	³%ÀA¡cµ¬¢5¡�ÀÁ G�g°g¥%¯"��¡� G§"°?¡��	¥%¯ °g¥%©ªµ" G�	�G�g�cÅ%�gÀ"�	°g¶	�ªµ$¥%�G��¡��	¥%¯Á¢V¯"« ¢5¡G¡���¡�§"«"�ª�g��¡��1´
©e¢5¡��	¥%¯MÊA«"§" G�	¯"³_¢c°g�g �¡ ¢V�	¯¸µ$�g G�	¥)«ª¥#�3¡��	©ª�VÊ �� G¥%©�¢c¶	�	©ª��¡��g«¹�G�?¡�¥#�3©ª�-¢V�G§" G�g©ª�g¯A¡��gÏ
�¯±¡�À"�	� �y¥% �� ¡�À"�	�ªµ" G¥)°g�g«"§" G�Ç�	�¹Å)�	���y�g«¦¢V�¸¢V¯±¥%µ�¡��	©ª�	â-¢5¡��	¥%¯ µ" G¥%¨"¶	�g©� G�g¶2¢5¡��g«
¡�¥n¡�À"�¹�G�-¢V G° À'��¥% o¥%µ�¡��	©e¢V¶�°g§" �Å%�g�gÊ��	¯Á¢n©ª�-¢V¯Ã�GËÌ§¬¢V G�e�G�g¯"�G�VÊ�°g¥% G G�g�Gµ$¥%¯"«"�	¯"³n¡�¥
¡�À"�u©ª�-¢V�G§" G�g«P¡��	©ª��´��G�g G�	�g�gÊ%¢V°gËÌ§"�	 G�g«,�� G¥%©��¬�	³%ÀA¡@¡��g��¡�«¬¢5¡ ¢�¥#�1!�²��g« �\�	¯"³ ¢V�	 G°g �¢ �7¡-Ï
à�À"�\�	¯���¥% G©e¢5¡��	¥%¯a¢-ÅV¢V�	¶2¢V¨"¶	�O¡�¥o��²��g°g§�¡��\¡�À"��µ" G¥)°g�g«"§" G�\°g¥% G G�g�Gµ$¥%¯"«"�O¡�¥½«¬¢5¡ ¢ �� G¥%©
¢V¯¹�	¯"�g �¡��2¢V¶)©ª�-¢V�G§" G�g©ª�g¯A¡O§"¯"��¡ ���È Ä ��ÊV¡�¥%³%�?¡�À"�g  �\��¡�À_³%¶	¥%¨¬¢V¶)µ$¥%�G��¡��	¥%¯"�	¯"³����)��¡��g©
«¬¢5¡ ¢#��¼oº / ��Ï�Ý��P¢É¨'�A´�µ" G¥)«"§"°?¡P¥#�y¡�À"���¬�	³%ÀA¡Pµ¬¢5¡�À� G�g°g¥%¯"��¡� G§"°?¡��	¥%¯ ¢V°?¡���Å)��¡ �Ç¡�À"�
�	¯"��¡� G§"©ª�g¯A¡��É¨"�2¢V�G�g� ¢V G�Á¢V¶	�G¥ �g��¡��	©e¢5¡��g«MÊ �\À"�	° À �	�n�g�G�G�g¯A¡��2¢V¶c�	¯ ¡�À"��µ$¥%��¡��g G�	¥% 
¢V�	 G°g �¢ �7¡¹©e¢5¡�À"�g©e¢5¡��	°-¢V¶u©ª¥)«"�g¶��	«"�g¯A¡���!¬°-¢5¡��	¥%¯ µ" G¥)°g�g�G�gÏ¦à�À"�	 �¡��g�g¯±¥%µ�¡��	©ª�	â-¢5¡��	¥%¯
¢V¶	³%¥% G��¡�À"©ª�c¢V G�¸µ" G�g�G�g¯A¡��g«±¢V¯"« ¢V¯¬¢V¶ �)�G�g«MÏ�à�À"�g�	 aµ$�g  ��¥% G©e¢V¯"°g�e�	�P�?ÅV¢V¶	§¬¢5¡��g« �	¯
¡�À" G�g�P«"���K�g G�g¯A¡��G°g�g¯¬¢V G�	¥%�� G�g¶2¢5¡��g«n¡�¥e©e¢V¯"�g§�Å%�g \¡ �)µ$�VÊK¯"¥%�	�G�o°g¥%¯A¡ ¢V©ª�	¯¬¢5¡��	¥%¯É¢V¯"«
¯Ì§"©a¨$�g \¥#��©ª�-¢V�G§" G�g«nÅV¢V G�2¢V¨"¶	�g�gÏ
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e%Ï>e �¶	§"��¡� �¢V£-¤V¥¹�½°g¶2¢V�G�G��!¬°-¢V£-¤V¥¹«"¥%��¢V¶	³%¥% G��¡�©ª¥%�y«"�g�G�g¯AÅ%¥%¶�Å)�	«"¥%�gÏ�ÏcÏcÏcÏ f
å)Ï>e ���g�G°g G�	£-¤V¥�«"¥%�@°g¥%¯ÙäG§"¯A¡�¥%�@«"� �gËÌ§¬¢V£��)�g��«"�����g G�g¯"°g�2¢V�	�3ËÌ§"� °g¥%©ªµ"�)�g©

¢_ G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥e¯"¥¹�g�Gµ¬¢V£g¥e«"�o�g��¡ ¢V«"¥%�\«"�o§"©w°g¥% Gµ$¥¹ 3�	³%�	«"¥"ÏaÏcÏcÏ e-ã
å)Ï å ���6!¬¯"�	£��)�g�\�o G�g¶2¢V£��)�g�uÅ%�?¡�¥% G�2¢V�	��µ¬¢V �¢_�gËÌ§¬¢V£��)�g��«"�o©ª¥�Å)�	©ª�g¯A¡�¥ ÏcÏ eÙç
'�Ï>e (\�g�G§"©ª¥¹«"�o�	¯���¥% G©e¢V£��)�g��¢_ G�g�Gµ$�g��¡�¥¹«"¥%��¡��g��¡��g�� G�-¢V¶	�	â-¢V«"¥%�gÏ�ÏcÏcÏcÏ�ãÌå
'�Ï å ���g�G°g G�	£-¤V¥ª«"¥%�\°g¥%¯ÙäG§"¯A¡�¥%�\«"�½¡��g��¡��g� ÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ�ã%ã
ã"Ï>e �¶	§"��¡� �¢V£-¤V¥¹�½°g¶2¢V�G�G��!¬°-¢V£-¤V¥¹«"¥%��¢V¶	³%¥% G��¡�©ª¥%�y«"�g�G�g¯AÅ%¥%¶�Å)�	«"¥%�gÏ�ÏcÏcÏcÏlf+'
ã"Ï å ¾�²��g©ªµ"¶	¥�«"�n¢5¡� G�	¨"§"�	£-¤V¥Ç«"�¸ÅV¢V¶	¥% G�g�_¢V¥%�aÅ%�?¡�¥% G�g�¹«"�nµ$�g�G¥%�_�  G��´

�Gµ$�g°?¡���ÅV¢V�uÅV¢V G�2Í-Å%�g�	�\�	¯A¡��g�	 �¢V� ÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ��"'
,�Ï>e���¯"«"�	°g�g��«"�P«"�g�G�g©ªµ$�g¯"À"¥¸µ¬¢V �¢ª¥¸¢V¶	³%¥% G��¡�©ª¥_«"�2+ È�Ê$°g¥%¯ÙäG§"¯A¡�¥¸«"�

¡��g��¡��g�]e%Ï ÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ[e-ãÌå
,�Ï å���¯"«"�	°g�g��«"�P«"�g�G�g©ªµ$�g¯"À"¥¸µ¬¢V �¢ª¥¸¢V¶	³%¥% G��¡�©ª¥_«"�2+ È�Ê$°g¥%¯ÙäG§"¯A¡�¥¸«"�

¡��g��¡��g� å)Ï ÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ[e-ã�'
,�Ï '���¯"«"�	°g�g��«"�P«"�g�G�g©ªµ$�g¯"À"¥¸µ¬¢V �¢ª¥¸¢V¶	³%¥% G��¡�©ª¥_«"�2+ È�Ê$°g¥%¯ÙäG§"¯A¡�¥¸«"�

¡��g��¡��g� '�Ï ÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ[e-ã�'
,�Ï ã���¯"«"�	°g�g��«"�P«"�g�G�g©ªµ$�g¯"À"¥¸µ¬¢V �¢ª¥¸¢V¶	³%¥% G��¡�©ª¥_«"�2+ È�Ê$°g¥%¯ÙäG§"¯A¡�¥¸«"�

¡��g��¡��g��ã"Ï ÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ[e-ã%ã
,�Ï f���¯"«"�	°g�g��«"�P«"�g�G�g©ªµ$�g¯"À"¥¸µ¬¢V �¢ª¥¸¢V¶	³%¥% G��¡�©ª¥_«"�2+ È�Ê$°g¥%¯ÙäG§"¯A¡�¥¸«"�

¡��g��¡��g�af)Ï ÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏcÏcÏcÏcÏcÏcÏoÏcÏcÏcÏ[e-ã%ã
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¾�© µ" G¥%¨"¶	�g©e¢V��«"�� G�g°g¥%¯"��¡� G§"£-¤V¥c«"�\¡� �¢�äG�?¡�»% G�2¢�Ê%µ$¥% O��²��g©ªµ"¶	¥"ÊA«"�?Å%��´��G��³A¢V �¢V¯)´
¡��	 �ËÌ§"�P¥%�\ÅV¢V¶	¥% G�g���g��¡��	©e¢V«"¥%�\�G��ä�¢V© °-¢Vµ¬¢Vâg�g��«"�Pµ" G¥)«"§"âg�	 \ G�g�Gµ$¥%��¡ ¢V��«"¥ª©ª¥)«"�g¶	¥
°g¥%¯AÅ%�g¯"�	�g¯A¡��g�e¯"¥�«"¥%©��	¯"�	¥Ç«"¥Ã¡��g©ªµ$¥"Ï ��G�G¥ÁËÌ§"�g ª«"�	âg�g _ËÌ§"�É¯¬¤V¥�¨¬¢V��¡ ¢ÃËÌ§"�É¢V�
 G�g�Gµ$¥%��¡ ¢V� «"¥c©ª¥)«"�g¶	¥½�\«"¥c�G�	��¡��g©e¢½ G�-¢V¶��G��ä�¢V© µ¬¢V G�g°g�	«¬¢V� ¢Vµ$�g¯¬¢V� ¯"¥cËÌ§"��«"�	â� G�g�&´
µ$�g��¡�¥¹¢V¥ª�g�Gµ$�g°?¡� G¥ª«"�)�� G�gË��14g¯"°g�2¢�Ê�µ$¥% ���²��g©ªµ"¶	¥"ÏO���?Å%��´��G�P³A¢V �¢V¯A¡��	 uËÌ§"�P¢V�\�GÂg G�	�g�
¡��g©ªµ$¥% �¢V�	�O�G��ä�¢V©�µ¬¢V G�g°g�	«¬¢V�u«"����¥% G©e¢P¢P©ª�	¯"�	©ª�	â-¢V �¢V¶	³%§"©�°g G��¡�Âg G�	¥c«"� °g¥%©ªµ¬¢V �¢Ù´
£-¤V¥¹µ$¥%¯A¡�¥ª¢¹µ$¥%¯A¡�¥"Ï

¾�©kµ" G¥%¨"¶	�g©e¢V�P«"� ¢V«"�gËÌ§¬¢V£-¤V¥Ã«"� °g§" �ÅV¢V� �T��(F� ���a^_DEDE8:
F= ��Ê�«"�?Å%��´��G�n³A¢V �¢V¯A¡��	 
ËÌ§"�ª¢¸ G�g�Gµ$¥%��¡ ¢n«"¥n©ªÂ?¡�¥)«"¥ �G��ä�¢ »V¡��	©e¢e�G¥%¨�¢V¶	³%§"©Z¢V�Gµ$�g°?¡�¥"Ï . �o¢V¶	³%¥% G��¡�©ª¥%��«"�
 G�g°g¥%¯"��¡� G§"£-¤V¥e«"�o¡� �¢�äG�?¡�»% G�2¢¹©e¢V�	��°g¥%©a§"©ª�g¯A¡��c§�¡��	¶	�	â-¢V«"¥%�u¨¬¢V�G�g�2¢V© �G§¬¢ª�?Å%¥%¶	§"£-¤V¥
�g© «"�	 G�g£-¤V¥e¢V¥ªµ$¥%¯A¡�¥e»V¡��	©ª¥_¯¬¢ª§�¡��	¶	�	â-¢V£-¤V¥_«"�c G�g³% �¢V��ËÌ§"�P³A¢V �¢V¯A¡ ¢V©w°-¢V �¢V°?¡��g 3�	�&´
¡��	°-¢V�P«¬¢V�a G�g�Gµ$¥%��¡ ¢V�_°g¥%©ª¥Ç©��	¯"�	©ª¥n�g G G¥�ËÌ§¬¢V«" �Í5¡��	°g¥Ç©ªÂg«"�	¥"Ê�©��	¯"�	©e¢ �	¯"°g�g �¡��gâ-¢
¢V�G�G¥)°g�2¢V«¬¢¹¢V¥¹µ¬¢V  *V©ª�?¡� G¥_�g��¡��	©e¢V«"¥"Ê��?¡�°VÏ

¾��G�G�g� ¢V¶	³%¥% G��¡�©ª¥%��µ$¥)«"�g©Î�G�g �«"��Å)�	«"�	«"¥%�@�g© ³% G§"µ$¥%���G�g³%§"¯"«"¥o«"��Å%�g G��¢V��°g¶2¢V�G�G��!�´
°-¢V£��)�g�gÏO·u¢V«¬¢ ³% G§"µ$¥½«"�\¢V¶	³%¥% G��¡�©ª¥%��¡��g¯"«"�\¢ ¥#���g G�g°g�g �ÅV¢V¯A¡ ¢V³%�g¯"����«"�g��ÅV¢V¯A¡ ¢V³%�g¯"�gÊ
¥ªËÌ§"�P¥%�\¡�¥% G¯¬¢¹©e¢V�	��¥%§ ©ª�g¯"¥%��¢Vµ" G¥%µ" G�2¢V«"¥%��µ¬¢V �¢e¢¹ G�g�G¥%¶	§"£-¤V¥ª«"�P«"�?¡��g G©ª�	¯¬¢V«¬¢
°g¶2¢V�G�G�u«"��µ" G¥%¨"¶	�g©e¢V�gÏ +�¥½ËÌ§"��«"�	âu G�g�Gµ$�g��¡�¥o¢V¥½µ" G¥%¨"¶	�g©e¢�«"�� G�g°g¥%¯"��¡� G§"£-¤V¥o«"�y¡� �¢Ù´
äG�?¡�»% G�2¢¸«"�ª¢V�g G¥%¯¬¢-Å%�g�gÊ@µ$¥% ½��²��g©ªµ"¶	¥"Ê3«"�?Å%��´��G�e°g¥%¯"�G�	«"�g �¢V o¢ ��²��	��¡54g¯"°g�2¢n«"�¹�G�	¯¬¢V�	�
�� G§"�	«"¥%�G¥%����µ" G¥�Å%�g¯"�	�g¯A¡��g�u«"�\ÅVÍV G�2¢V�O©e¢V¯"¥%¨" �¢V�O«"�����g G�g¯A¡��g�gÏ�Ý�¶	Âg© «"�	�G�G¥"ÊÌ¥P¯ *"©ª�g G¥
«"�cµ¬¢V  *V©ª�?¡� G¥%�\¢ª�G�g G�g© �g��¡��	©e¢V«"¥%� �.¢¹«"�	©ª�g¯"��¤V¥ª«"¥ª�g�Gµ¬¢V£g¥¸«"�c¨"§"�G°-¢'�u¡ ¢V©a¨$Âg©
µ$¥)«"�½�G�g \µ" G�gµ$¥%¯"«"�g �¢V¯A¡��c¯¬¢¹�6!¬°g�74g¯"°g�2¢_«"¥ª¢V¶	³%¥% G��¡�©ª¥a¢V¯¬¢V¶	�	��¢V«"¥"Ï
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����� qt`oi�d�^½�c|u}o` Y �3{n[Mi�d�� xu�½i�d�^½�

+�¢V� *"¶�¡��	©e¢V��«"Âg°-¢V«¬¢V�gÊ)¢½°g¥%©a§"¯"�	«¬¢V«"�u°g�	�g¯A¡5��!¬°-¢ Å%�g©���¥)°-¢V¶	�	â-¢V¯"«"¥ �g� ��¥% G£g¥%�O¯"¥
�G�g¯A¡��	«"¥c«"��¢Vµ" G�g�G�g¯A¡ ¢V  �G¥%¶	§"£��)�g�O°g¥%¯AÅ%�g¯"�	�g¯A¡��g�uµ¬¢V �¢½¥cµ" G¥%¨"¶	�g©e¢ «"�� G�g°g¥%¯"��¡� G§"£-¤V¥
«"�ª¡� �¢�äG�?¡�»% G�2¢�Ï Ýw¢V¨" �¢V¯"³ 4g¯"°g�2¢É«"�g�G�G�¸�	¯A¡��g G�g�G�G�¸§"¶�¡� �¢Vµ¬¢V�G��¢É�	¯"°g¶	§"�G��Å%�ª¥%�P¶	�	©ª��¡��g�
«"�ª¢5¡�§¬¢V£-¤V¥É«"¥ÉËÌ§"�ª�G�¹�g¯A¡��g¯"«"�eµ$¥% ½�	¯"«1*"��¡� G�2¢ ¨¬ÍV�G�	°-¢�Ê�°g¥%© ¥É«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥
«"�É¡�Âg°g¯"�	°-¢V�¸«"�  G�g°g¥%¯"��¡� G§"£-¤V¥ «"�É¡� �¢�äG�?¡�»% G�2¢Ã«"�Ç�G�	��¡��g©e¢V�ª¯¬¤V¥5´�¶	�	¯"�-¢V G�g����+ ��
X���F9
�L���	��
Ç¥%§ ©ª�g�G©ª¥ �G�	��¡��g©e¢V�¸°-¢V»V¡��	°g¥%� ��(\§¬¢V¯MÊ�åVæ%æ,f �\ÈÉ���%�g É¢V¯"« ·yÀ" G�	��¡��g¯"�G�g¯MÊ
åVæ%æ2e ��Ï +�¥ÇËÌ§"� «"�	âe G�g�Gµ$�g��¡�¥�Ç G�g°g¥%¯"��¡� G§"£-¤V¥�«"�e¡� �¢�äG�?¡�»% G�2¢ «"� ¢V�g G¥%¯¬¢-Å%�g�gÊO¯¬¤V¥
¢Vµ$�g¯¬¢V�\¢_°g¥%©a§"¯"�	«¬¢V«"� °g�	�g¯A¡5��!¬°-¢ ��ÈÉ§"¶	«"�g ��?¡�¢V¶�Ï�ÊXe������'�O°g¥%©ª¥a¡ ¢V©a¨$Âg©w¢a�	¯"«1*"�&´
¡� G�2¢e¢V�g G¥%¯¬ÍV§�¡��	°-¢ ��ÈÉ�g¯"«"¥%¯"£-¢¸�?¡½¢V¶�Ï�ÊKåVæ%æ,f���¨"§"�G°-¢V©Zµ$¥% �¢V¶�¡��g G¯¬¢V��ÅV¢V��¯"�g�G��¢ ÍV G�-¢
«"¥¹°g¥%¯"À"�g°g�	©ª�g¯A¡�¥ª�o«¬¢_�g¯"³%�g¯"À¬¢V G�2¢�Ï

¾�©a¨$¥% �¢_¥_�	¯A¡��g G�g�G�G�o¡��g¯"À¬¢_°g G�g�G°g�	«"¥"Ê¬¢V�	¯"«¬¢a��¤V¥¹�g©wµ$�gËÌ§"�g¯"¥ª¯ *"©ª�g G¥ª¢V��µ"§)´
¨"¶	�	°-¢V£��)�g�_«"�g��¡��	¯¬¢V«¬¢V�¹Ã°g¥%©ªµ¬¢V �¢V£-¤V¥�«"�n G�g�G§"¶�¡ ¢V«"¥%�¹¥%¨�¡��	«"¥%�a°g¥%© ©e¢V�	�a«"�n§"©
©ªÂ?¡�¥)«"¥ «"�¸ G�g°g¥%¯"��¡� G§"£-¤V¥Ã«"�e¡� �¢�äG�?¡�»% G�2¢�ÏÇ��� �.¢5¡�¥"Ê�¡��	µ"�	°-¢V©ª�g¯A¡��e¢Vµ" G�g�G�g¯A¡ ¢V©_´��G�
¢Vµ$�g¯¬¢V� ¥%� ©ª�g¶	À"¥% G�g�  G�g�G§"¶�¡ ¢V«"¥%� ¥%¨�¡��	«"¥%��°g¥%©l§"© *"¯"�	°g¥ ¢V¶	³%¥% G��¡�©ª¥¹�_ËÌ§¬¢V�G�_¯"��´
¯"ÀÌ§"© «"�?¡ ¢V¶	À"�ª¢É G�g�Gµ$�g��¡�¥É«"�ª�G§¬¢É�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥"Ê3¥%§Á©ª�g�G©ª¥n«"¥%�Pµ¬¢V  *V©ª�?¡� G¥%�
§�¡��	¶	�	â-¢V«"¥%�gÊMÂª¢Vµ" G�g�G�g¯A¡ ¢V«"¥"Ï¹Ý�¶	Âg©Z«"�	�G�G¥"Ê@¢V�oµ$�g�GËÌ§"�	��¢V�c�_ G�g�G§"¶�¡ ¢V«"¥%�o¥%¨�¡��	«"¥%�½¯¬¢
ÍV G�-¢P¡��g¯"«"�g©w¢a�G�½°g¥%¯"°g�g¯A¡� �¢V ��g© ��²�µ$�g G�	©ª�g¯A¡�¥%�u°g¥%©w¢a§�¡��	¶	�	â-¢V£-¤V¥c«"�½§"©�³% G§"µ$¥
«"� ¢V¶	³%¥% G��¡�©ª¥%�� G�g¶2¢5¡���ÅV¢V©ª�g¯A¡��\ G�g��¡� G��¡�¥ �.ßy�?¡G¡��gÊe������'��¥%§¸�g©���²�µ$�g G�	©ª�g¯A¡�¥%� «"�g��¡��1´
¯¬¢V«"¥%��_ G�g�G¥%¶	§"£-¤V¥¹«"�oµ" G¥%¨"¶	�g©e¢V���g�Gµ$�g°���!¬°g¥%�)�.ßu¢V &´ �¡�âgÀ¬¢V° ��Ê$åVæ%æ2e ��Ï

·y¥%¯A¡�§"«"¥"Êy¢Ç¶	��¡��g �¢5¡�§" �¢É�	¯"«"�	°-¢ §"©e¢É¡��g¯"«14g¯"°g�2¢ÃÇ«"��Å%�g G�G��!¬°-¢V£-¤V¥�¯"¥�ËÌ§"� «"�	â
 G�g�Gµ$�g��¡�¥ ¢V¥%� ©ªÂ?¡�¥)«"¥%��§�¡��	¶	�	â-¢V«"¥%���VÊK°g¥%¯"�G�gË��"�g¯A¡��g©ª�g¯A¡��VÊ�¸¢V¨$¥% G«¬¢V³%�g© «¬¢V«¬¢¸¢V¥
µ" G¥%¨"¶	�g©e¢a«"�o G�g°g¥%¯"��¡� G§"£-¤V¥e«"�½¡� �¢�äG�?¡�»% G�2¢a«"�c¢V�g G¥%¯¬¢-Å%�g��¯"¥%� *"¶�¡��	©ª¥%��¢V¯"¥%� ��à@� �%´
�	¯¬¢V¶	µ_¢V¯"«¹ßy�	¯"³%¥%¶�Ê%åVæ%æVã���Ê �� ¥ �V¥��A¢V©e¢½¢V¯"« /)§"âg§ �Ì��ÊÌåVæ%æ,f���Ï�·y¥%© �	�G�G¥"ÊA�g¯A¡��g¯"«"��´��G�
µ$¥% O G�g¶	�?ÅV¢V¯A¡�� ¢c¢Vµ" G�g�G�g¯A¡ ¢V£-¤V¥a«"��§"© ¡� �¢V¨¬¢V¶	À"¥)��¥)°-¢V¶	�	â-¢V«"¥½¯¬¢P¢V¯¬ÍV¶	�	�G�\�g��¡ ¢5¡5�	��¡��	°-¢
��°g¥%©ªµ¬¢V �¢5¡���ÅV¢�«"¥%��©ªÂ?¡�¥)«"¥%��©e¢V�	��°g¥%©a§"©ª�g¯A¡���§�¡��	¶	�	â-¢V«"¥%�gÏ�Ý�¶	Âg© «"�	�G�G¥"Ê%¡ ¢V©a¨$Âg©
�G� �g¯���¥)°-¢�¢\�	¯"�G�g G£-¤V¥�«"� ¯"¥�Å%¥%��¢V¶	³%¥% G��¡�©ª¥%�M¢V¥�°g¥%¯ÙäG§"¯A¡�¥�«"¥%��¢V¶	³%¥% G��¡�©ª¥%�3¢Vµ"¶	�	°-Í-Å%�g�	�
_ G�g�G¥%¶	§"£-¤V¥¹«"¥ªµ" G¥%¨"¶	�g©e¢a«"�o G�g°g¥%¯"��¡� G§"£-¤V¥ª«"�½¡� �¢�äG�?¡�»% G�2¢_«"�c¢V�g G¥%¯¬¢-Å%�g�gÏ



4 1. INTRODUÇÃO

����� vwY�b?Yu^��c]nxydg�

·y¥%©Z¥n¢Vµ¬¢V G�g°g�	©ª�g¯A¡�¥¸«"�¹¢-ÅV¢V¯"£g¥%�½�G�	³%¯"��!¬°-¢5¡���Å%¥%��¯"¥nËÌ§"�_«"�	âa G�g�Gµ$�g��¡�¥n¸§�¡��1´
¶	�	â-¢V£-¤V¥½«"��«"�?¡��g G©ª�	¯¬¢V«"¥%� ¢V¶	³%¥% G��¡�©ª¥%�gÊ5¡�¥% G¯¬¢Ù´��G�\�	¯"�?Å)��¡ Í-Å%�g¶¬§"©e¢c¢V¯¬ÍV¶	�	�G��©e¢V�	��©ª�1´
¯Ì§"°g�	¥%��¢�«"¥Ã�G�g§ «"�g�G�g©ªµ$�g¯"À"¥Á¯"¥%�_«"��Å%�g G�G¥%�ª°g�g¯¬ÍV G�	¥%�_µ$¥%�G�3��Å%�g�	�gÏ ¾���¡�� ¡� �¢V¨¬¢V¶	À"¥
¢Vµ" G�g�G�g¯A¡ ¢É¢V¯¬ÍV¶	�	�G�g� «"�_«"�g�G�g©ªµ$�g¯"À"¥É«"�_©ªÂ?¡�¥)«"¥%� �G�g¶	�g°g�	¥%¯¬¢V«"¥%�½�G¥%¨Ã«"¥%�	� µ$¥%¯A¡�¥%�
«"�½Å)�	��¡ ¢_µ" G�	¯"°g�	µ¬¢V�	�����g��¡ ¢5¡5�	��¡��	°g¥_�o°g¥%©ªµ¬¢V �¢5¡���Å%¥"Ï

º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊM«"�?Å%�g©_´��G�ª°-¢V �¢V°?¡��g G�	â-¢V ½¥%�o©ªÂ?¡�¥)«"¥%�½§�¡��	¶	�	â-¢V«"¥%� «"�¹©e¢V¯"�g�	 �¢
�	�G¥%¶2¢V«¬¢�Ê�«"�¸¡ ¢V¶ ��¥% G©e¢ ËÌ§"�n�G��ä�¢V©k�?Å)�	«"�g¯"°g�2¢V«¬¢V�_�G§¬¢V�¹µ¬¢V �¡��	°g§"¶2¢V G�	«¬¢V«"�g�P¯"¥ÃËÌ§"�
«"�	â� G�g�Gµ$�g��¡�¥PV��ÅV¢V¯A¡ ¢V³%�g¯"� �\«"�g��ÅV¢V¯A¡ ¢V³%�g¯"�y«"�\�G§¬¢c§�¡��	¶	�	â-¢V£-¤V¥"Ï@º�¢V �¢o�	�G�G¥"ÊÌ«"�?Å%��´��G�
¥%¨�¡��g ¹§"©e¢Ã°-¢V �¢V°?¡��g G�	â-¢V£-¤V¥��g��¡ ¢5¡5�	��¡��	°-¢Ã«"¥�°g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥Ã«"¥%�e¢V¶	³%¥% G��¡�©ª¥%�P«"�
¢V°g¥% G«"¥o°g¥%© ¥o°g�g¯¬ÍV G�	¥o«"�\§�¡��	¶	�	â-¢V£-¤V¥"Ï@¾��G��¢c¢V¯¬ÍV¶	�	�G�y¡��g© ³% �¢V¯"«"�\�	©ªµ$¥% �¡ *V¯"°g�2¢�µ$¥% 
�G�g _°-¢Vµ¬¢Vâ¸«"�¸¡� �¢V¯"� ��¥% G©e¢V P°-¢V �¢V°?¡��g 3�	��¡��	°-¢V�P�	¯A¡� 3�	¯"�G�g°-¢V�a«"¥%�_©ªÂ?¡�¥)«"¥%�P�g©kµ¬¢V �¡��1´
°g§"¶2¢V G�	«¬¢V«"�g�½ËÌ§"�ª¥%�o¡�¥% G¯¬¢V© ©e¢V�	�½¥%§�©ª�g¯"¥%�c¢Vµ" G¥%µ" G�2¢V«"¥%�½µ¬¢V �¢É¢n G�g�G¥%¶	§"£-¤V¥É«"¥
µ" G¥%¨"¶	�g©e¢a�g©wËÌ§"�g��¡ ¤V¥"Ï

Ä�©e¢cÅ%�gâoËÌ§"�½�G� ¡��g¯"À¬¢a°-¢V �¢V°?¡��g G�	â-¢V«"¥_°-¢V«¬¢a§"©�«"¥%�\¢V¶	³%¥% G��¡�©ª¥%�O�G�g³%§"¯"«"¥ª¢V�&´
µ$�g°?¡�¥%��«"� �	¯A¡��g G�g�G�G�VÊ"¡�¥% G¯¬¢Ù´��G� �	©ªµ$¥% �¡ ¢V¯A¡���¥%¨�¡��g �¢V¶	³%§"© ¡��	µ$¥a«"�½°g¶2¢V�G�G��!¬°-¢V£-¤V¥a«"�
¢V°g¥% G«"¥e°g¥%© �G�g§�«"�g�G�g©ªµ$�g¯"À"¥"Ï ¾��G��¢e°g¥%©ªµ¬¢V �¢V£-¤V¥e¶	�?ÅV¢eªµ$¥%�G�G�	¨"�	¶	�	«¬¢V«"�½«"�a�	¯�����´
 34g¯"°g�2¢_¢a G�g�Gµ$�g��¡�¥_«"¥%��©ªÂ?¡�¥)«"¥%�u©e¢V�	�y�	¯"«"�	°-¢V«"¥%�yµ¬¢V �¢a«"�?¡��g G©ª�	¯¬¢V«"¥%�u°g�g¯¬ÍV G�	¥%�u«"�
�g��¡��	©e¢V£-¤V¥��P G�g°g¥%¯"��¡� G§"£-¤V¥"Ïy·y¥%© �	�G�G¥"Ê"µ$¥)«"��´��G� �	¯"°g¶	§"�G��Å%�OäG§"��¡���!¬°-¢V �¢_µ" G�g«"�	¶	�g£-¤V¥
«¬¢ °g¥%©a§"¯"�	«¬¢V«"�y°g�	�g¯A¡5��!¬°-¢ �u«¬¢ �	¯"«1*"��¡� G�2¢�µ$¥% �§"©e¢�«"�?¡��g G©ª�	¯¬¢V«¬¢�°g¶2¢V�G�G�u«"��©ªÂ?¡�¥5´
«"¥%�gÏ

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊ�§"©e¢a�	©ªµ$¥% �¡ ¢V¯A¡���°g¥%¯A¡� G�	¨"§"�	£-¤V¥¹«"�g��¡��½¡� �¢V¨¬¢V¶	À"¥_°g¥%¯"�G�	��¡��o¯¬¢_°g G�1´
¢V£-¤V¥Á«¬¢ ¢Vµ"¶	�	°-¢V£-¤V¥�³% �Í !¬°-¢Áµ¬¢V �¢�§�¡��	¶	�	â-¢V£-¤V¥Ã«"¥%�¸©ªÂ?¡�¥)«"¥%�ª«"�  G�g°g¥%¯"��¡� G§"£-¤V¥ «"�
¡� �¢�äG�?¡�»% G�2¢½�G�g¶	�g°g�	¥%¯¬¢V«"¥%�gÏ�Ý «"�	�Gµ$¥%¯"�	¨"�	¶	�	â-¢V£-¤V¥ «¬¢P¢Vµ"¶	�	°-¢V£-¤V¥½°g G�2¢o¯"¥�ÅV¢V� µ$�g G�Gµ$�g°?¡��1´
ÅV¢V��¯"¥_ËÌ§"�o«"�	â  G�g�Gµ$�g��¡�¥ª¢a�	¯AÅ%�g��¡��	³A¢V£��)�g��¯¬¢¹ÍV G�-¢a«"�½ G�g°g¥%¯"��¡� G§"£-¤V¥ª«"� ¡� �¢�äG�?¡�»% G�2¢
«"�\¢V�g G¥%¯¬¢-Å%�g�gÏ ��� �.¢5¡�¥"Ê%µ" G¥�Å 4�´��G��§"© ¢V©a¨"�	�g¯A¡���«"��«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥ �¬��²���Å%�g¶�¯¬¤V¥
�G¥%©ª�g¯A¡��oËÌ§¬¢V¯A¡�¥e¢V¥ª°g¥%¯ÙäG§"¯A¡�¥ª«"�o«¬¢V«"¥%���c¢V¥%�\¢V¶	³%¥% G��¡�©ª¥%�y©e¢V�u¡ ¢V©a¨$Âg©wËÌ§¬¢V¯A¡�¥
¢V¥¹µ" G»%µ" G�	¥_©ª¥)«"�g¶	¥¹¢_�G�g \§�¡��	¶	�	â-¢V«"¥"Ï
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����� ��� �MYui�d�^a`P[

. µ" G�	¯"°g�	µ¬¢V¶�¥%¨ÌäG�?¡���Å%¥ «"�g��¡��a¡� �¢V¨¬¢V¶	À"¥e°g¥%¯"�G�	��¡��_¯¬¢¸¢V¨$¥% G«¬¢V³%�g©l«"¥¸µ" G¥%¨"¶	�g©e¢
«"�e G�g°g¥%¯"��¡� G§"£-¤V¥Ç«"�¹¡� �¢�äG�?¡�»% G�2¢n«"�e¢V�g G¥%¯¬¢-Å%�g�a�G¥%¨Á«"¥%�	�P¢V�Gµ$�g°?¡�¥%�Pµ" G�	¯"°g�	µ¬¢V�	�gÏ .
µ" G�	©ª�g�	 G¥�«"�g¶	�g�ª°g¥%¯"�G�	��¡�� ¯¬¢Ã§�¡��	¶	�	â-¢V£-¤V¥�«"�Ç¢V¶	³%¥% G��¡�©ª¥%�P°g¥%©�«"�g�G�g©ªµ$�g¯"À"¥ °g¥%©_´
µ" G¥�ÅV¢V«"¥ �g© «"��Å%�g G��¢V� ÍV G�-¢V�e«"¥Á°g¥%¯"À"�g°g�	©ª�g¯A¡�¥"Ê�©e¢V�ªµ$¥%§"°g¥ §�¡��	¶	�	â-¢V«"¥%�¹µ¬¢V �¢Á¢
 G�g�G¥%¶	§"£-¤V¥ «"¥ µ" G¥%¨"¶	�g©e¢�µ" G¥%µ$¥%��¡�¥ �td%¢5¡��g³A¢V¥%¯ �5¢V gÊuåVæ%æ2e ��Ï . �G�g³%§"¯"«"¥ ¢V�Gµ$�g°?¡�¥
°g¥%¯"�G�	��¡���¯¬¢o¢V¯¬ÍV¶	�	�G�y�g��¡ ¢5¡5�	��¡��	°-¢ ��°g¥%©ªµ¬¢V �¢5¡���ÅV¢��g¯A¡� G�\¥%��©ªÂ?¡�¥)«"¥%��§�¡��	¶	�	â-¢V«"¥%�@µ¬¢V �¢
 G�g°g¥%¯"��¡� G§"£-¤V¥ª«"�o¡� �¢�äG�?¡�»% G�2¢a«"�c¢V�g G¥%¯¬¢-Å%�g�gÏ

º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊ3¥ ¡� �¢V¨¬¢V¶	À"¥ ¡��g© µ$¥% ½¥%¨ÌäG�?¡���Å%¥É«"�g©ª¥%¯"��¡� �¢V c¢ µ$¥%�G�G�	¨"�	¶	�	«¬¢V«"�
«"�\�G¥%¶	§"£-¤V¥½«"¥cµ" G¥%¨"¶	�g©e¢�µ" G¥%µ$¥%��¡�¥o°g¥%© ©ªÂ?¡�¥)«"¥%��«"��¥V¡��	©ª�	â-¢V£-¤V¥ °g¥%© §�¡��	¶	�	â-¢V£-¤V¥"Ê
�g© µ" G�	¯"°��	µ"�	¥"Ê�¯¬¤V¥ ©a§"��¡�¥É«"����§"¯"«"�	«¬¢nµ¬¢V �¢ �g�G�G� !¬©ÉÏ à@ �¢5¡ ¢V©_´��G�ª«"�¸¢V¶	³%¥% G��¡�©ª¥%�
¢V©ªµ"¶2¢V©ª�g¯A¡��½«"����§"¯"«"�	«"¥%���g© «"��Å%�g G��¢V� ÍV G�-¢V�\«"¥e°g¥%¯"À"�g°g�	©ª�g¯A¡�¥"Ê¬°g¶2¢V�G�G��!¬°-¢V«"¥%���G��´
³%§"¯"«"¥ ¢Ã©e¢V¯"�g�	 �¢�°g¥%©�ËÌ§"� °g¥%¯AÅ%�g G³%�g© �g© «"�	 G�g£-¤V¥Á¢V¥�µ$¥%¯A¡�¥�»V¡��	©ª¥ ��à�¢V¨$�g¶2¢
e%Ï ''� F Ï

à�¢V¨$�g¶2¢Me%Ï>e � �¶	§"��¡� �¢V£-¤V¥¹�½°g¶2¢V�G�G��!¬°-¢V£-¤V¥¹«"¥%��¢V¶	³%¥% G��¡�©ª¥%�y«"�g�G�g¯AÅ%¥%¶�Å)�	«"¥%�gÏ
���	��
������������� ��������������� ��!�
"#��$%�'&!()���+*�(!,.-/�0,	1� �2(!$435��$7698:(;������=<

> ���!�.����,?���
�2�������A@)��,�B��A�A��
C(%� �������C1&!(D���E���	��
� > ���!�.����,?����*�(!,!F���$?�!��(

> ���!�.����,?����*�(!,!F���$?�!��(G8H��IJ��*�(!,	�.��
���(!,K�!��(
� I���(L��(%�M���E����;N��(!, > �0�	����������;N��(!,
�OB�,���@D(%��P#�K�!�.���!��(%� 35��Q4��,?RS���A$!���7�0��T?�K�0���.�

UKV=W�XLY�Z%[�\A])^#_	_S\AZ!Y V=_L`
a \AbC[dc!egf�h0Z!Y X�Z%[�\A]ji#\J_S\�[9Vkbg^#Y `4c!eJV9[=l?W

mn�A��(L
o!�A�A��
C(%� p \JV�`0lL[9qkr#Z0s\A]ji#\J_S\�[9Vkbg^#Y `4c!eJV9[=l?W
> ��,	I��A��
C(%� t XLYu[9V v/Y�\Dw#x=y\AbC[9V=h!\zi#\J_S\�[9Vkbg^#Y `4c!eJV9[=l?W

{ c!_	q�]4c!W�V=_/Z%[�\A]DUSc!e�[9V=_L`Oi#\J_S\�[9Vkbg^#Y `4c!eJV9[=l?W}|A|
U/[9e�\J_L`%[=lz~NZ!e�\�[dc)f�h0c!Y X.[9Vkc!_/Z!eJ�)^#Y `4c!eJV9[=l?W

+��g�G�G�P°g¥%¯A¡���²)¡�¥"Ê�«"�?Å%��´��G�P�g¯��.¢5¡��	â-¢V �§"© ¢V�Gµ$�g°?¡�¥e�	©ªµ$¥% �¡ ¢V¯A¡�� «"�g��¡��o¡� �¢V¨¬¢V¶	À"¥"Ï
Ý�¥�°g¥%¯A¡� �ÍV G�	¥\«"¥�ËÌ§"� ¡��	µ"�	°-¢V©ª�g¯A¡���¥)°g¥% G G�O�g© ¡� �¢V¨¬¢V¶	À"¥%�3 G�g¶2¢V°g�	¥%¯¬¢V«"¥%�gÊ5¯¬¤V¥��G�O¡��g©
µ$¥% y¥%¨ÌäG�?¡���Å%¥¹¢P G�g�G¥%¶	§"£-¤V¥a«"� µ" G¥%¨"¶	�g©e¢V� «"�  G�g°g¥%¯"��¡� G§"£-¤V¥¹«"��¡� �¢�äG�?¡�»% G�2¢c�g�Gµ$�g°���!�´
°g¥%��¥%§n�	�G¥%¶2¢V«"¥%�gÏ����)�.¢5¡�¥"Ê�¨"§"�G°-¢Ù´��G�oµ$¥% �§"©e¢_¢V¯¬ÍV¶	�	�G� ¢V©ªµ"¶2¢P«"�o«"�g�G�g©ªµ$�g¯"À"¥¹«"�
¢V¶	³%¥% G��¡�©ª¥%���g©�°g�g¯¬ÍV G�	¥%�y«"��Å%�g G�G¥%�y°g¥%©�¥a�	¯A¡�§"��¡�¥c«"����¥% G¯"�g°g�g u G�g�G§"¶�¡ ¢V«"¥%�y°-¢Vµ¬¢Vâg�g�
��� ���	��!#��������&4+�����!#��$	��/ �(��!��!#� �1%�<�$��#!#� �.��)�����*��' $	��!#� � '(������ ��/4����5 �4�#-��d�*�,�E�1��)4� $��/ ���(5
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«"��¢V§)²��	¶	�2¢V �¯¬¢c�g�G°g¥%¶	À¬¢c«"��¢V¶	³%¥% G��¡�©ª¥%��«"�g¯A¡� G��¥%� �	¯AÅ%�g��¡��	³A¢V«"¥%� µ¬¢V �¢o G�g�G¥%¶	§"£-¤V¥P«"¥
µ" G¥%¨"¶	�g©e¢aµ" G¥%µ$¥%��¡�¥"Ï

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊ)�g��¡��o¡� �¢V¨¬¢V¶	À"¥P¡��g©wµ$¥% u¥%¨ÌäG�?¡���Å%¥¹°g G�2¢V �§"©e¢_¢Vµ"¶	�	°-¢V£-¤V¥ ��³% �Í !¬°-¢'�
°-¢Vµ¬¢Vâe«"�¸¥#���g G�g°g�g ,���g G �¢V©ª�g¯A¡ ¢V�P«"�¸¢V¯¬ÍV¶	�	�G�ª«"¥%�P�G�	¯¬¢V�	�c«"�	�Gµ$¥%¯1��Å%�g�	�P�eµ" G�	¯"°g�	µ¬¢V¶1´
©ª�g¯A¡��c«"�P�G�g¶	�g£-¤V¥e«"¥ ¢V¶	³%¥% G��¡�©ª¥a«"�g�G��ä�¢V«"¥"Ï�¾�© °g¥%¯ÙäG§"¯A¡�¥e°g¥%©l¢e¢Vµ"¶	�	°-¢V£-¤V¥¹µ" G¥5´
µ" G�2¢V©ª�g¯A¡��e«"��¡ ¢�Ê�°g G�2¢Ù´��G�e¡ ¢V©a¨$Âg©r§"©e¢ �GÂg G�	� «"�¸ G¥V¡��	¯¬¢V�P°g¥%©ªµ"¶	�g©ª�g¯A¡ ¢V G�g�gÊ� G�g�&´
µ$¥%¯"��Í-Å%�g�	�\µ$�g¶2¢_¢V«"�gËÌ§¬¢V£-¤V¥¹«"¥%�\�G�	¯¬¢V�	�y«"�	�Gµ$¥%¯1��Å%�g�	�gÏ ·y G�2¢Ù´��G�o¢V�G�G�	© §"©w¢V©a¨"�	�g¯A¡��
«"�¹«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥É°-¢Vµ¬¢Vâ¹«"�¹¥#���g G�g°g�g )���g G �¢V©ª�g¯A¡ ¢V�oµ¬¢V �¢n¢n G�g�G¥%¶	§"£-¤V¥n«"¥nµ" G¥5´
¨"¶	�g©e¢P«"�o G�g°g¥%¯"��¡� G§"£-¤V¥ª«"�½¡� �¢�äG�?¡�»% G�2¢a«"�o¢V�g G¥%¯¬¢-Å%�g���g©w°g�g¯¬ÍV G�	¥%���½«"�o©e¢V¯"�g�	 �¢V�
¢5¡�Â½©ª�g�G©ª¥¹�?Å%�g¯A¡�§¬¢V¶	©ª�g¯A¡��c¯¬¤V¥¹°g¥%¯A¡��g©ªµ"¶2¢V«"¥%��µ$¥% ��g��¡��o¡� �¢V¨¬¢V¶	À"¥"Ï

����� � z��P�c] d����c|u}o` p ` ~ÁY��ei�`

¾���¡ ¢¹«"�	�G�G�g �¡ ¢V£-¤V¥ª°g¥%¯A¡�Âg©w�G�?¡��c°-¢Vµ1��¡�§"¶	¥%�u¥% G³A¢V¯"�	â-¢V«"¥%��«¬¢_�G�g³%§"�	¯A¡��)��¥% G©e¢��
. ·u¢Vµ1��¡�§"¶	¥Weª�G�_¡� �¢5¡ ¢ «"�¹§"© °-¢Vµ1��¡�§"¶	¥ �	¯A¡� G¥)«"§�¡�»% G�	¥¸�ª¢Vµ" G�g�G�g¯A¡ ¢ ¢V�Gµ$�g°?¡�¥%�

³%�g �¢V�	��«"¥¹µ" G¥ÙäG�?¡�¥ª�o«¬¢_«"�	�G�G�g �¡ ¢V£-¤V¥ª�g©w�G��Ï

. ·u¢Vµ1��¡�§"¶	¥ åÁ¡� �¢5¡ ¢ «¬¢ «"�g�G°g G�	£-¤V¥ «¬¢ «"�	¯*V©ª�	°-¢�«"�Ã¢V�g G¥%¯¬¢-Å%�g�gÏ º� G¥)°g�g«"��´
�G�Á°g¥%© ¥±«"�?¡ ¢V¶	À¬¢V©ª�g¯A¡�¥®¢± G�g�Gµ$�g��¡�¥±«¬¢V�Ç�gËÌ§¬¢V£��)�g�ÇËÌ§"� °g¥%©ªµ"�)�g© ¥±©ª¥)«"�g¶	¥
«"�	¯*V©ª�	°g¥\°g¥%©Î¢�«"�	��¡��	¯"£-¤V¥��g¯A¡� G�y³% G§"µ$¥%��«"� ÅV¢V G�2Í-Å%�g�	�@ G�g¶2¢V°g�	¥%¯¬¢V«¬¢V���3©ª¥�Å)�	©ª�g¯A¡�¥%�
«"�½¡� �¢V¯"�G¶2¢V£-¤V¥_�o G¥V¡ ¢V£-¤V¥¹�½ÅV¢V G�2Í-Å%�g�	�� G�gµ" G�g�G�g¯A¡ ¢V«¬¢V��¯"¥%�\�g�1²�¥%�\«"¥_Å%�g¯A¡�¥"Ï

+�¥É·u¢Vµ1��¡�§"¶	¥�'�ÊM¥¸µ" G¥%¨"¶	�g©e¢ª«"�_ G�g°g¥%¯"��¡� G§"£-¤V¥n«"�P¡� �¢�äG�?¡�»% G�2¢ª«"�¹¢V�g G¥%¯¬¢-Å%�g�½Â
¢V¨$¥% G«¬¢V«"¥"ÏPº�¢V �¢ �	�G�G¥"Ê3µ" G¥)°g�g«"��´��G�¹°g¥%© ¢ «"�6!¬¯"�	£-¤V¥n«"¥nµ" G¥%¨"¶	�g©e¢e�_°g¥%© ¢ «"�g�&´
°g G�	£-¤V¥n«"¥%�oµ" G�	¯"°g�	µ¬¢V�	� ¥%¨ÌäG�?¡���Å%¥%�o«¬¢n�G§¬¢n G�g�G¥%¶	§"£-¤V¥"Ï_Ý�¶	Âg© «"�	�G�G¥"Ê�«"�6!¬¯"�g©_´��G�¹¥%�
°g�g¯¬ÍV G�	¥%��«"�� G�g°g¥%¯"��¡� G§"£-¤V¥c�\¢V�O�G¥%¶	§"£��)�g��µ" G¥%µ$¥%��¡ ¢V��µ¬¢V �¢  G�g�G¥%¶	§"£-¤V¥o«"¥oµ" G¥%¨"¶	�g©e¢�Ï

. ·u¢Vµ1��¡�§"¶	¥¹ãe¢Vµ" G�g�G�g¯A¡ ¢ª¡�¥)«"¥%��¥%��©ªÂ?¡�¥)«"¥%�\«"�c¥V¡��	©ª�	â-¢V£-¤V¥_�	©ªµ"¶	�g©ª�g¯A¡ ¢V«"¥%�gÏ
·u¢V«¬¢�¢V¶	³%¥% G��¡�©ª¥ÉÂ «"�?¡ ¢V¶	À¬¢V«"¥�°g¥%©k¥��	¯A¡�§"��¡�¥Ç«"�  G�g�G��¢V¶�¡ ¢V ¹¢V�aµ¬¢V �¡��	°g§"¶2¢V G�	«¬¢V«"�g�
 G�g¶2¢V°g�	¥%¯¬¢V«¬¢V�  �G§¬¢ �	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥ �� �G§¬¢ ¢V¨" �¢V¯"³ 4g¯"°g�2¢�Ï . �n©ªÂ?¡�¥)«"¥%� ��¤V¥
¢V³% G§"µ¬¢V«"¥%� �G�g³%§"¯"«"¥a°g¶2¢V�G�G��!¬°-¢V£-¤V¥P G�g¶2¢5¡���ÅV¢o¢V¥P©ª¥)«"¥c°g¥%©�ËÌ§"��°g¥%¯AÅ%�g G³%�g© �g©�«"�1´
 G�g£-¤V¥ª¢V¥¹µ$¥%¯A¡�¥ª»V¡��	©ª¥"Ï

. ·u¢Vµ1��¡�§"¶	¥�fª¢Vµ" G�g�G�g¯A¡ ¢e¢e¢Vµ"¶	�	°-¢V£-¤V¥_«"�g�G�g¯AÅ%¥%¶�Å)�	«¬¢�Ï . ¥%¨ÌäG�?¡���Å%¥ª«"�g�G�G�a°-¢Vµ1�1´
¡�§"¶	¥eÂa«"�?¡ ¢V¶	À¬¢V �¥ ©ª¥)«"¥e«"�,��§"¯"°g�	¥%¯¬¢V©ª�g¯A¡�¥¸�_¢V� ��§"¯"°g�	¥%¯¬¢V¶	�	«¬¢V«"�g��«¬¢¸¢Vµ"¶	�	°-¢V£-¤V¥
«"�g�G�g¯AÅ%¥%¶�Å)�	«¬¢ «"�Ã¢V°g¥% G«"¥ °g¥%© �G§¬¢ °g¥%¯"°g�gµ$£-¤V¥"Ï º�¢V �¢ �	�G�G¥"Ê�µ" G¥)°g�g«"��´��G��°g¥%©h¢
¢Vµ" G�g�G�g¯A¡ ¢V£-¤V¥¹«¬¢P�g��¡� G§�¡�§" �¢V£-¤V¥¹«¬¢_¢Vµ"¶	�	°-¢V£-¤V¥c�½°g¥%© ¢P«"�g�G°g G�	£-¤V¥¹«¬¢V�u G¥V¡��	¯¬¢V�y�	©_´
µ"¶	�g©ª�g¯A¡ ¢V«¬¢V�gÏ
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+�¥¹·u¢Vµ1��¡�§"¶	¥ ,�Ê�¢Vµ" G�g�G�g¯A¡ ¢V©_´��G� � «"�	�G°g§�¡��g©_´��G��¥%�y G�g�G§"¶�¡ ¢V«"¥%�u¥%¨�¡��	«"¥%� °g¥%©�¥%�
��²�µ$�g G�	©ª�g¯A¡�¥%�a G�-¢V¶	�	â-¢V«"¥%�gÏ ¾��G�G� °-¢Vµ1��¡�§"¶	¥É¡��g© µ$¥% Pµ" G�	¯"°g�	µ¬¢V¶O¥%¨ÌäG�?¡���Å%¥Ã¢V¯¬¢V¶	�	��¢V 
°g¥%©ªµ¬¢V �¢5¡���ÅV¢V©ª�g¯A¡��_¥ «"�g�G�g©ªµ$�g¯"À"¥Ç«"¥%�a¢V¶	³%¥% G��¡�©ª¥%� ¯¬¢É G�g�G¥%¶	§"£-¤V¥É«"¥ µ" G¥%¨"¶	�g©e¢
µ" G¥%µ$¥%��¡�¥a�g©�°g¥%¯ÙäG§"¯A¡�¥_°g¥%© ¢a¢Vµ" G�g�G�g¯A¡ ¢V£-¤V¥¹«"¥%�u G�g�G§"¶�¡ ¢V«"¥%�yµ" G¥%µ" G�2¢V©ª�g¯A¡���«"��¡ ¢�Ï

. ·u¢Vµ1��¡�§"¶	¥ªç_¢Vµ" G�g�G�g¯A¡ ¢ª°g¥%¯"°g¶	§"�3�)�g��³%�g �¢V�	�\¢_ G�g�Gµ$�g��¡�¥¹«"¥%�� G�g�G§"¶�¡ ¢V«"¥%��¥%¨"��¡��1´
«"¥%�gÏOÝ�¶	Âg© «"�	�G�G¥"Ê�¢Vµ" G�g�G�g¯A¡ ¢V©_´��G�oµ$¥%�G�G�	¨"�	¶	�	«¬¢V«"�g�u«"�½¡� �¢V¨¬¢V¶	À"¥%� ��§�¡�§" G¥%�gÏ

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊA¥PÝ�µ"4g¯"«"�	°g��Ý ¢Vµ" G�g�G�g¯A¡ ¢Pµ" G¥%µ" G�	�g«¬¢V«"�g� ��«"�6!¬¯"�	£��)�g� ©e¢5¡��g©eÍ5¡��1´
°-¢V�É�	©ªµ$¥% �¡ ¢V¯A¡��g�¸µ¬¢V �¢ ¥ �g¯A¡��g¯"«"�	©ª�g¯A¡�¥ �Ã§�¡��	¶	�	â-¢V«¬¢V�¸¯"¥ «"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥±«"¥
¡� �¢V¨¬¢V¶	À"¥"Ï
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Ý °g¥%¯"��¡� G§"£-¤V¥ «"�Ç©ª¥)«"�g¶	¥%�ª©e¢5¡��g©eÍ5¡��	°g¥%�¹°g¥%¯"�G�	��¡��Ç�g©¿�?¡ ¢Vµ¬¢'��§"¯"«¬¢V©ª�g¯A¡ ¢V¶
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10 2. CINEMÁTICA DE AERONAVES
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. µ" G�	©ª�g�	 G¥ µ¬¢V�G�G¥Ã¯"¥ÃËÌ§"�n«"�	â¸ G�g�Gµ$�g��¡�¥�Ç©ª¥)«"�g¶2¢V³%�g©r©e¢5¡��g©eÍ5¡��	°-¢É«"� §"©

�G�	��¡��g©e¢ «"�	¯*V©ª�	°g¥ °g¥%¯"�G�	��¡���¯¬¢ �g�G°g¥%¶	À¬¢ «"¥ ¡��	µ$¥ «"�� G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥¦¢ �G�g É§�¡��1´
¶	�	â-¢V«¬¢�Ï /)�	��¡��g©e¢V� °g§Ùä�¢ °g¥%©ªµ"¶	��²��	«¬¢V«"�P��²�� ä�¢V© ¢ ¢V¯¬ÍV¶	�	�G�P«"�_§"©Z³% �¢V¯"«"�_¯ *"©ª�g G¥
«"�¸ÅV¢V G�2Í-Å%�g�	� ��«"�g¯A¡� G�É¢V�_ËÌ§¬¢V�	�_¢V¶	³%§"©e¢V�P�?Å%�g¯A¡�§¬¢V¶	©ª�g¯A¡��n¯¬¤V¥5´�¥%¨"�G�g �ÅV¢V«¬¢V���Pµ¬¢V �¢
�G§¬¢É°g¥%©ªµ"¶	�?¡ ¢ °-¢V �¢V°?¡��g G�	â-¢V£-¤V¥É��¤V¥É¡��	µ"�	°-¢V©ª�g¯A¡��_ G�gµ" G�g�G�g¯A¡ ¢V«"¥%�aµ$¥% o©ª¥)«"�g¶	¥%�o¯"¥
�g�Gµ¬¢V£g¥P«"���g��¡ ¢V«"¥%�gÏOº�¢V �¢c¥c°-¢V�G¥P�g�Gµ$�g°���!¬°g¥a«¬¢V� �gËÌ§¬¢V£��)�g�y«"��©ª¥�Å)�	©ª�g¯A¡�¥c«"��°g¥% &´
µ$¥%�o 3�	³%�	«"¥%�gÊ@¢n G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥�¯"¥É�g�Gµ¬¢V£g¥Ç«"�ª�g��¡ ¢V«"¥%�P¢V�G�G§"©ª�e¢É�G�g³%§"�	¯A¡��%��¥% G©e¢
³%�g �¢V¶ �

ẋ = f(x,u)
��å)Ï>e �

�g© ËÌ§"�
x ∈ R

n×1 °g¥%¯"�G�	��¡�� ¯"¥�Å%�?¡�¥% @«"� �g��¡ ¢V«"¥%�gÊ
u ∈ R

m×1 Â ¥\Å%�?¡�¥% �«"� �g¯A¡� �¢V«¬¢V�
�

f(·) : R
n+m → R

n
Â¹§"©e¢ ��§"¯"£-¤V¥ Å%�?¡�¥% G�2¢V¶�¡��	µ"�	°-¢V©ª�g¯A¡��a¯¬¤V¥5´�¶	�	¯"�-¢V �«"¥%�o�g��¡ ¢Ù´

«"¥%�½�a�g¯A¡� �¢V«¬¢V�gÏ_¾��G��¢ �gËÌ§¬¢V£-¤V¥ Å%�?¡�¥% G�2¢V¶� G�gµ" G�g�G�g¯A¡ ¢ ¢V�
n

�gËÌ§¬¢V£��)�g�o«"�����g G�g¯"°g�2¢V�	�
¥% G«"�	¯¬ÍV G�2¢V�y«"�oµ" G�	©ª�g�	 �¢a¥% G«"�g© � . � ¾�� E �

ẋ F = f F (x F , · · · ,xn,u F , · · · ,um)ÏÏÏ
ẋi = fi(x F , · · · ,xn,u F , · · · ,um)ÏÏÏ
ẋn = fn(x F , · · · ,xn,u F , · · · ,um),

�g© ËÌ§"�
f F , · · · , fn  G�gµ" G�g�G�g¯A¡ ¢V© «"�����g G�g¯A¡��g����§"¯"£��)�g����µ$¥%�G�G��Å%�g¶	©ª�g¯A¡���¯¬¤V¥5´�¶	�	¯"�-¢V G�g���

«¬¢V�
n

ÅV¢V G�2Í-Å%�g�	��«"���g��¡ ¢V«"¥
xi

�u«¬¢V�
m

�g¯A¡� �¢V«¬¢V�
ui

Ï�Ý�¶	Âg©Î«¬¢ �gËÌ§¬¢V£-¤V¥o«"���g��¡ ¢V«"¥%�
��å)Ï>e ��Ê"«"�?Å%��´��G�c«"�6!¬¯"�	 �¢_�gËÌ§¬¢V£-¤V¥ª«"�o��¢#�	«¬¢��

y = g(x,u),
��å)Ï å��
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�g© ËÌ§"�
y ∈ R

p×1 °g¥%¯"�G�	��¡��c¯"¥ªÅ%�?¡�¥% �«"�P��¢#�	«¬¢V�\�
g(·) : R

n+m → R
p
 G�gµ" G�g�G�g¯A¡ ¢

§"© Å%�?¡�¥% \«"�)��§"¯"£��)�g�)��µ$¥%�G�G��Å%�g¶	©ª�g¯A¡��½¯¬¤V¥5´�¶	�	¯"�-¢V G�g��� «"¥%�\�g��¡ ¢V«"¥%�\�o�g¯A¡� �¢V«¬¢V�gÏ

. Å%�?¡�¥% 3«"�O�g��¡ ¢V«"¥%�
x

µ$¥)«"���G�g 3°g¥%©ªµ$¥%��¡�¥�µ$¥% 3ËÌ§¬¢V¶	ËÌ§"�g 3°g¥%¯ÙäG§"¯A¡�¥\«"��ÅV¢V G�2Í-Å%�g�	�
°-¢Vµ¬¢Vâg�g�e«"�É°-¢V �¢V°?¡��g G�	â-¢V ¹°g¥%©ªµ"¶	�?¡ ¢V©ª�g¯A¡�� ¥ ����Dj�,A��Ã«"¥��G�	��¡��g©e¢�Ï . �g��¡ ¢V«"¥Á«"�
§"© �G�	��¡��g©e¢É«"�6!¬¯"� ¢ÉËÌ§¬¢V¯A¡��	«¬¢V«"�e«"�¸�g¯"�g G³%�2¢ ¢V G©e¢Vâg�g¯¬¢V«¬¢É�e�G§¬¢ «"�	��¡� G�	¨"§"�	£-¤V¥"Ï
Ý�¶	Âg© «"�	�G�G¥"Ê�§�¡��	¶	�	â-¢V©_´��G�¹ G�-¢V¶	�	â-¢V£��)�g�c©��	¯"�	©e¢V� T µ¬¢V �¢ ¥ Å%�?¡�¥% a«"�¸�g��¡ ¢V«"¥%�gÊ�� ¢V�
ÅV¢V G�2Í-Å%�g�	�¸«"����¢#�	«¬¢Á¡��	µ"�	°-¢V©ª�g¯A¡��Ç°g¥% G G�g�Gµ$¥%¯"«"�g© ¢ ËÌ§¬¢V¯A¡��	«¬¢V«"�g�nµ¬¢V �¢ ¢V� ËÌ§¬¢V�	�
¡54g©_´��G�½�g¶	�g©ª�g¯A¡�¥%�\�G�g¯"�G¥% G�g��«"�	�Gµ$¥%¯1��Å%�g�	�gÏ

������� � � �&���� ���K� �����K��� 
P�O� �"�&�O�&���O�
��§" �¢V¯A¡��P¥eµ" G¥)°g�g�G�G¥e«"�c©ª¥)«"�g¶2¢V³%�g©w©e¢5¡��g©eÍ5¡��	°-¢a«"�c§"© �G�	��¡��g©e¢¹«"�	¯*V©ª�	°g¥"Ê

¢V¶	³%§"©e¢V�¹°g¥%¯"�G�	«"�g �¢V£��)�g�¸«"�?Å%�g© �G�g  ���g��¡ ¢V�gÏ +�¥ °-¢V�G¥ �g�Gµ$�g°���!¬°g¥ «"�Ç¢V�g G¥%¯¬¢-Å%�g�gÊ
°g¥%¯"�G�	«"�g �¢V �¥½Å%���	°g§"¶	¥o°g¥%©ª¥½�G�g¯"«"¥c§"© °g¥% Gµ$¥o 3�	³%�	«"¥ �G�	©ªµ"¶	��!¬°-¢�¨¬¢V��¡ ¢V¯A¡��\¥o�g��¡�§"«"¥
«¬¢P�G§¬¢a«"�	¯*V©ª�	°-¢�Ï@Ý °g¶2¢V�G�G��!¬°-¢V£-¤V¥a«"� §"©�°g¥% Gµ$¥P°g¥%©ª¥a 3�	³%�	«"¥c�	©ªµ"¶	�	°-¢½ËÌ§"��¡�¥)«"¥%�
¥%�_µ$¥%¯A¡�¥%�_«¬¢Ç�G§¬¢��g��¡� G§�¡�§" �¢�©e¢V¯A¡54g©kµ$¥%�G�	£��)�g�a�g�Gµ¬¢V°g�2¢V�	�a G�g¶2¢5¡���ÅV¢V�P°g¥%¯"��¡ ¢V¯A¡��g�
«"§" �¢V¯A¡��½¡�¥)«"¥¹¥_¡��g©ªµ$¥"Ï

¾�©a¨$¥% �¢É¢ �¬��²"¤V¥ «"�ª�G�g³%©ª�g¯A¡�¥%�c«¬¢É�g��¡� G§�¡�§" �¢É«"�ª§"©e¢É¢V�g G¥%¯¬¢-Å%� ���g�Gµ$�g°g�2¢V¶1´
©ª�g¯A¡��_¢V�½¢V��¢V�����G��ä�¢ �.¢V°g�	¶	©ª�g¯A¡��c¯"¥V¡ Í-Å%�g¶�Ê3¢5¡�Âa©ª�g�G©ª¥ ¯¬¢V� «"�a©ª�g¯"¥%  µ$¥% �¡��VÊK�G§¬¢
°g¶2¢V�G�G��!¬°-¢V£-¤V¥\°g¥%©ª¥�°g¥% Gµ$¥\ 3�	³%�	«"¥uÂ *�¡��	¶V¯¬¢�«"�g�G°g G�	£-¤V¥�«"¥\�g��¡ ¢V«"¥�«"�g�G�G� �G�	��¡��g©e¢u°g¥%©
��²"¢5¡��	«¬¤V¥É�G§�!¬°g�	�g¯A¡��eµ¬¢V �¢É³% �¢V¯"«"�ªµ¬¢V �¡��ª«"¥%�c°-¢V�G¥%�gÏ Ý�¶	Âg© «"�	�G�G¥"Ê�¢É�	¯"°g¶	§"��¤V¥n«"�
�6���g��¡�¥%��«"� �¬��²"¤V¥o«¬¢���§"�G�g¶2¢V³%�g©Î�	©ªµ"¶	�	°-¢�¢ ¯"�g°g�g�G�G�	«¬¢V«"��«"��§�¡��	¶	�	â-¢V£-¤V¥�«"�u�gËÌ§¬¢V£��)�g�
«"�����g G�g¯"°g�2¢V�	�cµ¬¢V G°g�2¢V�	�c°g§Ùä�¢V�a�g��¡� G§�¡�§" �¢V�a�¸µ¬¢V  *V©ª�?¡� G¥%�c«"�gµ$�g¯"«"�g©k«¬¢Ç G�-¢V¶	�	â-¢V£-¤V¥
«"�u§"©e¢��GÂg G�	�u«"�u¢V¯¬ÍV¶	�	�G�g���G�	³%¯"��!¬°-¢5¡���ÅV¢V©ª�g¯A¡��O©e¢V�	�@°g¥%©ªµ"¶	��²"¢V��ËÌ§"��¢V��¯"�g°g�g�G��ÍV G�2¢V�
µ¬¢V �¢¹¢V� . � ¾���«"�o°g¥% Gµ$¥%�� 3�	³%�	«"¥%� � /Ì¡��?Å%�g¯"� ¢V¯"« Ü ���\�	�gÊ e����Aå���Ï
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�G�a¯¬¢eà�¢V¨$�g¶2¢¸å)Ï>ea¢e«"�g�G°g G�	£-¤V¥$���g��¡ ¢ª¯¬¢ /)�g£-¤V¥nå)Ï>e_¢e G�g�Gµ$�g��¡�¥e«"¥%�  G�6���g G�	«"¥%��°g¥%¯)´
äG§"¯A¡�¥%�\«"�o�gËÌ§¬¢V£��)�g��«"�����g G�g¯"°g�2¢V�	���

à�¢V¨$�g¶2¢ å)Ï>e � ���g�G°g G�	£-¤V¥n«"¥%�½°g¥%¯ÙäG§"¯A¡�¥%�o«"�_�gËÌ§¬¢V£��)�g�o«"�����g G�g¯"°g�2¢V�	��ËÌ§"�_°g¥%©ªµ"�)�g©
¢_ G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥e¯"¥ª�g�Gµ¬¢V£g¥ª«"�o�g��¡ ¢V«"¥%�\«"�o§"©w°g¥% Gµ$¥ª 3�	³%�	«"¥"Ï

X
à@ 34g�e°g¥%©ªµ$¥%¯"�g¯A¡��g�ª«"�Éµ$¥%�G�	£-¤V¥Ãµ¬¢V �¢�¢Ã G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ «¬¢Ã�g¯"�g G³%�2¢

µ$¥V¡��g¯"°g�2¢V¶M¯"¥¹°-¢V©ªµ$¥¹³% �¢-Å)��¡ ¢V°g�	¥%¯¬¢V¶ �
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Ê
ye

�
ze
�

X
à@ 34g�o°g¥%©ªµ$¥%¯"�g¯A¡��g�½«"�aÅ%�g¶	¥)°g�	«¬¢V«"�a«"�a¡� �¢V¯"�G¶2¢V£-¤V¥¸µ¬¢V �¢ ¢¸ G�gµ" G�g�G�g¯)´

¡ ¢V£-¤V¥¹«¬¢¹�g¯"�g G³%�2¢_°g�	¯"Â?¡��	°-¢a«"�½¡� �¢V¯"�G¶2¢V£-¤V¥1�
u
Ê
v

�
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�

X
à@ 34g�y°g¥%©ªµ$¥%¯"�g¯A¡��g� «"�\Å%�g¶	¥)°g�	«¬¢V«"�\«"�� G¥V¡ ¢V£-¤V¥oµ¬¢V �¢c¢o G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥

«¬¢¹�g¯"�g G³%�2¢a°g�	¯"Â?¡��	°-¢_«"�o G¥V¡ ¢V£-¤V¥1�
p
Ê
q

�
r
�

X
à@ 34g�_°g¥%©ªµ$¥%¯"�g¯A¡��g�_«"� µ$¥%�G�	£-¤V¥Ã¢V¯"³%§"¶2¢V Pµ¬¢V �¢�¢� G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥�«¬¢

µ$¥%�G�	£-¤V¥!�.¢5¡���¡�§"«"����«¬¢c¢V�g G¥%¯¬¢-Å%�� G�g¶2¢5¡���ÅV¢o¢V¥oÅ%�?¡�¥%  ³% �¢-Å)�	«¬¢V«"�#�
φ
Ê
θ

�
ψ
Ï

Ý Æ��	³%§" �¢aå)Ï åc�	¶	§"��¡� �¢cµ¬¢V �¡���«¬¢V�yÅV¢V G�2Í-Å%�g�	�y«"���g��¡ ¢V«"¥_�½¢V� ��¥% G£-¢V�u��©ª¥%©ª�g¯A¡�¥%�
ËÌ§"�o¢V³%�g©��G¥%¨" G�o¢_¢V�g G¥%¯¬¢-Å%�VÊ�¡��g¯"«"¥¹°g¥%©ª¥a G�6���g 34g¯"°g�2¢a¥_�G�	��¡��g©e¢a«"� °g¥)¥% G«"�g¯¬¢V«¬¢V�
Ý ß�·�Ï . �G�	³%¯"��!¬°-¢V«"¥ª�a¢(��¥% G©a§"¶2¢V£-¤V¥¹©e¢5¡��g©eÍ5¡��	°-¢_°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��g�½¹Å%�g¶	¥)°g�2¢V«"�
¡�¥V¡ ¢V¶

VT
ÊM¥ *V¯"³%§"¶	¥¸«"�¹¢5¡ ¢VËÌ§"�

α
�a¥ *V¯"³%§"¶	¥¸«"�a«"�g G �¢Vµ¬¢V³%�g©

β
�G�g �¤V¥ «"�g�G°g G��¡�¥%�

°g¥%©w¥¹«"�g°g¥% G G�g \«"¥ª«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥ª G�g¶2¢5¡���Å%¥¹V�\«"�g©e¢V�	�yÅV¢V G�2Í-Å%�g�	�gÏ

Ý�� ��¥% G£-¢V�u� ©ª¥%©ª�g¯A¡�¥%�y��²)¡��g G¯"¥%�� G�g�Gµ$¥%¯"��Í-Å%�g�	��µ$�g¶2¢c��²�°g��¡ ¢V£-¤V¥_«"¥a©ª¥)«"�g¶	¥P«"�
°g¥% Gµ$¥  3�	³%�	«"¥"Ê@�e°g¥%¯"�G�gË��"�g¯A¡��g©ª�g¯A¡��nµ$�g¶2¢É©ª¥�Å)�	©ª�g¯A¡ ¢V£-¤V¥É«¬¢Ç¢V�g G¥%¯¬¢-Å%�¸�g© Å%Þ)¥"Ê
��¤V¥Á°-¢V§"��¢V«"¥%�eµ$�g¶2¢Ã©ª¥�Å)�	©ª�g¯A¡ ¢V£-¤V¥�«"¥�Å%���	°g§"¶	¥��g©  G�g¶2¢V£-¤V¥ÁÁ¢5¡�©ª¥%� ���g �¢�Ï /)§¬¢
¢5¡�§¬¢V£-¤V¥¸°g¥%¯"�G�	��¡��aµ" G�	¯"°g�	µ¬¢V¶	©ª�g¯A¡��c¯¬¢¸µ" G¥)«"§"£-¤V¥¸«¬¢V� ��¥% G£-¢V� µ" G¥%µ"§"¶	�G¥% �¢�ÊK«"�a�G§"�&´
¡��g¯A¡ ¢V£-¤V¥ � «"�u¢V G �¢V��¡�¥"Ï�Ý�¶	Âg© «"�	�G�G¥"ÊV�g© °g¥%¯ÙäG§"¯A¡�¥ °g¥%©Î¢�«"� �¬��²"¤V¥½«¬¢V���G§"µ$�g  � �	°g�	�g�
«"�a°g¥%¯A¡� G¥%¶	�VÊKÂP G�g�Gµ$¥%¯"��Í-Å%�g¶�µ$�g¶2¢eµ" G¥)«"§"£-¤V¥¸«"�a©ª¥%©ª�g¯A¡�¥%��¢V¯"³%§"¶2¢V G�g�gÏ Ý «"�g�G°g G�1´
£-¤V¥o«"��°-¢V«¬¢½§"©e¢½«¬¢V��ÅV¢V G�2Í-Å%�g�	���G�g �Í ���g��¡ ¢ °g¥%© ¥o«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥c«¬¢V���gËÌ§¬¢V£��)�g�
 G�g¶2¢V°g�	¥%¯¬¢V«¬¢V�gÊ�¯¬¢V� /)§"¨"�G�g£��)�g� å)Ï '�Ï>e%Ê�å)Ï '�Ï åa�På)Ï '�Ï '�Ï
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Æ��	³%§" �¢ å)Ï å � .  G�	�g¯A¡ ¢V£-¤V¥ «¬¢V� °g¥%©ªµ$¥%¯"�g¯A¡��g�Î«"��Å%�g¶	¥)°g�	«¬¢V«"��«"�� G¥V¡ ¢V£-¤V¥l�
¡� �¢V¯"�G¶2¢V£-¤V¥"Ê ��¥% G£-¢V� ��©ª¥%©ª�g¯A¡�¥%�O��²)¡��g G¯"¥%�y� *V¯"³%§"¶	¥%��«"��¢5¡ ¢VËÌ§"����«"��«"�g G �¢Vµ¬¢V³%�g©
�g©w G�g¶2¢V£-¤V¥ª¢V¥¹�G�	��¡��g©e¢_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V��Ý ß�· ��(�¢V§'�oÊ$åVæ%æ,f���Ï

����� ��� ��������� �3���� �����P�"�O���)�&�����O�
Ý¦�G�g³%§"¯"«¬¢o¶	�g��«"��+�����¡�¥%¯MÊÌ¢Vµ"¶	�	°-¢V«¬¢ ¢V¥o©ª¥�Å)�	©ª�g¯A¡�¥ «"��¡� �¢V¯"�G¶2¢V£-¤V¥"Ê% G�g¶2¢V°g�	¥%¯¬¢

¢_¢Vµ"¶	�	°-¢V£-¤V¥P«"� ��¥% G£-¢V��P¡ ¢Ù²"¢a«"�½¢V¶�¡��g �¢V£-¤V¥a«"�-���%����
$DE(F��¶	�	¯"�-¢V y°g¥%©�¥a¡��g©ªµ$¥"Ï
+�¥PËÌ§"��«"�	â� G�g�Gµ$�g��¡�¥ac«"�g�G°g G�	£-¤V¥P«"¥P©ª¥�Å)�	©ª�g¯A¡�¥c«"�\¡� �¢V¯"�G¶2¢V£-¤V¥P«"��¢V�g G¥%¯¬¢-Å%�g�gÊ¬¢V�
��¥% G£-¢V��°g¥%¯"�G�	��¡��g©Î¯¬¢�µ" G¥%µ"§"¶	��¤V¥"ÊV¯¬¢V� ��¥% G£-¢V��¢V�g G¥)«"�	¯*V©ª�	°-¢V�3�u¯¬¢���¥% G£-¢�«"��¢5¡� �¢V£-¤V¥
«¬¢o³% �¢-Å)�	«¬¢V«"�VÏ�¾�¯"ËÌ§¬¢V¯A¡�¥a¢½µ" G¥%µ"§"¶	��¤V¥oµ" G¥)«"§"â ��¥% G£-¢V��«"�� G�-¢V£-¤V¥o¯"¥c°g¥% Gµ$¥o«¬¢o¢V��´
 G¥%¯¬¢-Å%� µ$�g¶2¢o�	©ªµ"§"¶	��¤V¥c«"¥a¢V gÊ�¢V� ��¥% G£-¢V�y¢V�g G¥)«"�	¯*V©ª�	°-¢V�O«"�gµ$�g¯"«"�g©�«¬¢c�G§¬¢ ��¥% G©e¢
³%�g¥%©ªÂ?¡� G�	°-¢É�¸«"¥�©ª¥�Å)�	©ª�g¯A¡�¥Ç«¬¢ ©e¢V�G��¢Ç«"� ¢V Pµ$¥% P¡�¥)«¬¢Ç¢ �g��¡� G§�¡�§" �¢�«¬¢�¢V�g G¥5´
¯¬¢-Å%�VÏ ���?Å)�	«"¥Ç¢n�	�G�G¥"Ê�¡�¥% G¯¬¢Ù´��G�¹°g¥%¯AÅ%�g¯"�	�g¯A¡��e G�gµ" G�g�G�g¯A¡ ¢V P¥%�oÅ%�?¡�¥% G�g�P«"�%��¥% G£-¢n�
Å%�g¶	¥)°g�	«¬¢V«"�c¯"¥ª�G�	��¡��g©e¢ª«"�c°g¥)¥% G«"�g¯¬¢V«¬¢V��Ý ß�· µ¬¢V �¢e¢e¢Vµ"¶	�	°-¢V£-¤V¥¹«¬¢ª�G�g³%§"¯"«¬¢ª¶	�g�
«"� +�����¡�¥%¯MÏ

. ©ª¥�Å)�	©ª�g¯A¡�¥�«"�O¡� �¢V¯"�G¶2¢V£-¤V¥�«"�y§"©e¢�¢V�g G¥%¯¬¢-Å%�yµ$¥)«"� �g¯A¡ ¤V¥��G�g � G�gµ" G�g�G�g¯A¡ ¢V«"¥"Ê
«"�c¢V°g¥% G«"¥¹°g¥%© ¢_�G�g³%§"¯"«¬¢ª¶	�g�M«"� +�����¡�¥%¯MÊ¬µ$¥% 

F �"JÌ# +Bmg =
d

dt 4%#�� (mv ����! ) ��å)Ï ''�

�g©�ËÌ§"�
F �"JÌ# °g¥%¯"�G�	��¡�� ¯"¥a�G¥%©e¢5¡�»% G�	¥c«¬¢V� ��¥% G£-¢V�u¢V�g G¥)«"�	¯*V©ª�	°-¢V�O��«¬¢aµ" G¥%µ"§"¶	��¤V¥

 G�gµ" G�g�G�g¯A¡ ¢V«"¥¸¯"¥e�G�	��¡��g©e¢¹«"�P°g¥)¥% G«"�g¯¬¢V«¬¢V��Ý ß�·�Ê
m

Âa¢¹©e¢V�G��¢ª«¬¢ª¢V�g G¥%¯¬¢-Å%�VÊ
BÂ¹§"©e¢¸©e¢5¡� G�	âa¥% �¡�¥%³%¥%¯¬¢V¶�«"�¹ G¥V¡ ¢V£-¤V¥  G�g�Gµ$¥%¯"��Í-Å%�g¶ µ$�g¶2¢¸ G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ «¬¢$��¥% G£-¢
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³% �¢-Å)��¡ ¢V°g�	¥%¯¬¢V¶
mg

�g© Ý ß�· �
v ����! °g¥%¯"�G�	��¡��¹¯"¥ Å%�?¡�¥% c«"�_Å%�g¶	¥)°g�	«¬¢V«"�¹¢V¨"�G¥%¶	§�¡ ¢ D

«"¥¹°g�g¯A¡� G¥ª«"�o³% �¢-Å)�	«¬¢V«"�o«¬¢¹¢V�g G¥%¯¬¢-Å%�VÊ¬¡ ¢V©a¨$Âg©  G�gµ" G�g�G�g¯A¡ ¢V«"¥e�g© Ý ß�·�Ï

�©ªµ$¥% �¡ ¢V¯A¡��aÂa¥%¨"�G�g �ÅV¢V ½ËÌ§"�VÊ3µ¬¢V �¢eËÌ§"�¹¢¸�G�g³%§"¯"«¬¢ ¶	�g��«"�%+�����¡�¥%¯�µ$¥%�G��¢ �G�g 
¢Vµ"¶	�	°-¢V«¬¢�Ê�¢ª«"�g G��ÅV¢V«¬¢ª�g© ��å)Ï ''�]A������P�G�g  °-¢V¶	°g§"¶2¢V«¬¢¹°g¥%©  G�g�Gµ$�g��¡�¥¸¢e¢V¶	³%§"©  G�6����´
 G�g¯"°g�2¢V¶��	¯"�g G°g�2¢V¶ �.¾ ·  Ê�¯"�g��¡��e°-¢V�G¥�� U Ïn·y¥%¯"�G�	«"�g �¢Ù´��G�¹¡ ¢V©a¨$Âg© ËÌ§"�e¢ ¢5¡� �¢V£-¤V¥É«¬¢
³% �¢-Å)�	«¬¢V«"��Â «"�?Å)�	«¬¢a§"¯"�	°-¢V©ª�g¯A¡�� P�	¯A¡��g �¢V£-¤V¥a�g¯A¡� G�o¢V�u©e¢V�G��¢V�y«¬¢_¢V�g G¥%¯¬¢-Å%�½� «¬¢
à@�g G �¢�Ï

+�¥É�G�	��¡��g©e¢ «"�¹°g¥)¥% G«"�g¯¬¢V«¬¢V�c¾ ·  Ê�¥ Å%�?¡�¥% o«"�ªµ$¥%�G�	£-¤V¥ «"¥É°g�g¯A¡� G¥ «"�¹³% �¢-Å)�1´
«¬¢V«"�u«¬¢o¢V�g G¥%¯¬¢-Å%���G�g �Í½ G�gµ" G�g�G�g¯A¡ ¢V«"¥cµ$�g¶	¥�����D;�%�?A�� "$����8sY7���a8:
X���T��8E��N

p(t)
Ï�Ý�¶	Âg©

«"�	�G�G¥"ÊV§"©e¢\Å%�gâ�ËÌ§"��¢V� ��¥% G£-¢V��¢V�g G¥)«"�	¯*V©ª�	°-¢V�3��¤V¥ µ" G¥)«"§"âg�	«¬¢V��µ$�g¶	¥�«"�g�G¶	¥)°-¢V©ª�g¯A¡�¥
 G�g¶2¢5¡���Å%¥ «"¥o¢V gÊ%¡�¥% G¯¬¢Ù´��G�u°g¥%¯AÅ%�g¯"�	�g¯A¡���«"�g°g¥%©ªµ$¥% 

v ����! �g© «"§¬¢V��°g¥%©ªµ$¥%¯"�g¯A¡��g��«"�	�&´
¡��	¯A¡ ¢V����¢oÅ%�g¶	¥)°g�	«¬¢V«"��«¬¢a¢V�g G¥%¯¬¢-Å%� �g©� G�g¶2¢V£-¤V¥a¢V¥_¢V  �½¢cÅ%�g¶	¥)°g�	«¬¢V«"��¢V¨"�G¥%¶	§�¡ ¢P«¬¢
©e¢V�G��¢½«"��¢V gÏ�Ý��G�G§"©ª��´��G��¡ ¢V©a¨$Âg© ËÌ§"��¥oÅ%�?¡�¥% O«"�\Å%�g¶	¥)°g�	«¬¢V«"�\¢V¯"³%§"¶2¢V �«¬¢o©e¢V�G��¢
«"�¸¢V cÂe��²"¢5¡ ¢V©ª�g¯A¡��e�	³%§¬¢V¶ ¢V¥ «¬¢Éà@�g G �¢ I ÏnÝ à�¢V¨$�g¶2¢Çå)Ï ån G�g�G§"©ª�¸¢V�P«"�6!¬¯"�	£��)�g�
�o�	¶	§"��¡� �¢a G�g¶2¢V£��)�g��Å%�?¡�¥% G�2¢V�	��¯"�g°g�g�G��ÍV G�2¢V��ª¢Vµ"¶	�	°-¢V£-¤V¥_«¬¢¹�G�g³%§"¯"«¬¢ª¶	�g�M«"�,+�����¡�¥%¯
µ¬¢V �¢_°g¥%¯"��¡� G§"£-¤V¥ª«¬¢V�\�gËÌ§¬¢V£��)�g��«"�o©ª¥�Å)�	©ª�g¯A¡�¥_«"�c¢V�g G¥%¯¬¢-Å%�g�gÏ

. Å%�?¡�¥%  «"�cÅV¢V G�2Í-Å%�g�	��«"�P�g��¡ ¢V«"¥¸«"�P§"©e¢e¢V�g G¥%¯¬¢-Å%�Pµ$¥%�G�G§"�[eÙå¹°g¥%©ªµ$¥%¯"�g¯A¡��g���
'o°g¥%©ªµ$¥%¯"�g¯A¡��g�y«"¥cÅ%�?¡�¥%  «"��µ$¥%�G�	£-¤V¥o�	¯"�g G°g�2¢V¶

p
Ê 'c°g¥%©ªµ$¥%¯"�g¯A¡��g� «"¥cÅ%�?¡�¥% y«"�\Å%��´

¶	¥)°g�	«¬¢V«"�O G�g¶2¢5¡���ÅV¢
v �"JÌ# Ê�'�°g¥%©ªµ$¥%¯"�g¯A¡��g��«"¥�Å%�?¡�¥% �«"� Å%�g¶	¥)°g�	«¬¢V«"�u¢V¯"³%§"¶2¢V 

ω �"JÌ# �
'\ÅV¢V G�2Í-Å%�g�	�� G�g¶2¢V°g�	¥%¯¬¢V«¬¢V�@�¢5¡���¡�§"«"� «¬¢�¢V�g G¥%¯¬¢-Å%�y«"�g G��ÅV¢V«¬¢V�@«¬¢V���gËÌ§¬¢V£��)�g��«"�����g G�g¯)´
°g�2¢V�	�uËÌ§"�o«"�g�G°g G�?Å%�g©l¢_¡� �¢V¯"� ��¥% G©e¢V£-¤V¥_ G�-¢V¶	�	â-¢V«¬¢Pµ$�g¶2¢_©e¢5¡� G�	â

B(t)
Ï . µ" G�	©ª�g�	 G¥

°g¥%¯ÙäG§"¯A¡�¥¸«"�P�gËÌ§¬¢V£��)�g�½«"�����g G�g¯"°g�2¢V�	�\µ$¥)«"�P�G�g �¥%¨�¡��	«"¥e«"�	 G�?¡ ¢V©ª�g¯A¡��P°g¥%©l¢ª«"�?¡��g &´
©ª�	¯¬¢V£-¤V¥a«"�

ṗ
°g¥%©ª¥(��§"¯"£-¤V¥¹«"�o�G�g§"��°g¥%©ªµ$¥%¯"�g¯A¡��g�

ṗ = BTv ����! = BTv �"JÌ# + ω 4 × p
��å)Ï ã��

�g©wËÌ§"�

BTB(ω 4 × p) = ω 4 × p

µ$¥% 
B(t)

¡� �¢5¡ ¢V &´��G�½«"�o§"©e¢a©e¢5¡� G�	â ¥% �¡�¥%³%¥%¯¬¢V¶ ��·yÀ"�g¯MÊ e������'��Ï
º@¥% ��G��¡� �¢5¡ ¢V 3«¬¢�µ$¥%�G�	£-¤V¥\«"¥�Å%���	°g§"¶	¥\�g©  G�g¶2¢V£-¤V¥�¢V¥\ G�6���g G�g¯"°g�2¢V¶A¾ · �Ê5¥�Å%�?¡�¥% 

pÂu°g¥%©ªµ$¥%��¡�¥½µ$¥% �«"§¬¢V��µ¬¢V G°g�g¶2¢V��«"�	��¡��	¯A¡ ¢V����§"©e¢  G�g¶2¢5¡���ÅV¢�¢V¥½ �¢V�	¥ «¬¢ à@�g G �¢ ��¥%§�¡� �¢
� � ��� $��.����' $���
3$��?� � $�����%����*��(�*��/ �#$	��� !#��'��$	� � %���!#&4+���� !� -���/ �#��&4!��!#�7��% ����/4��+���� � ��/ ���%

����9:������'(��&4��/ & '���	��&4��/ - ����%������ ���A�) ��� ��
#��%�)/ �&5
�	� �d�*�8���*��+���� / 5 1#5

 / -���/ �#��&4!��!#�"!#�;����$	��+���������/4� $�& - �,��' $���� $��#!�8��%8��������!#� ���.� �2�������	�,<"'3�/4�5
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à�¢V¨$�g¶2¢ªå)Ï å �O���6!¬¯"�	£��)�g�\�o G�g¶2¢V£��)�g�uÅ%�?¡�¥% G�2¢V�	��µ¬¢V �¢_�gËÌ§¬¢V£��)�g��«"�o©ª¥�Å)�	©ª�g¯A¡�¥
+�¥ª�G�	��¡��g©e¢_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V��¾ · 

º@¥%�G�	£-¤V¥¹«"¥¹°g�g¯A¡� G¥e«"�o³% �¢-Å)�	«¬¢V«"�½«¬¢ª¢V�g G¥%¯¬¢-Å%�#�
p ∈ R

3×1

4O�g¶	¥)°g�	«¬¢V«"�½¢V¨"�G¥%¶	§�¡ ¢_«¬¢¹¢V�g G¥%¯¬¢-Å%�#�
ṗ ∈ R

3×1

4O�g¶	¥)°g�	«¬¢V«"�½¢V¯"³%§"¶2¢V �¢V¨"�G¥%¶	§�¡ ¢_«¬¢_à@�g G �¢��
ω 4 ∈ R

3×1

4O�g¶	¥)°g�	«¬¢V«"�½¢V¨"�G¥%¶	§�¡ ¢_«"¥ª¢V ��g©
P
��¥% G�	³%�g© «"�oÝ ß�· � �

ω 4 × pÈ ¢5¡� G�	â½«"�o G¥V¡ ¢V£-¤V¥_«"�c¾ · uµ¬¢V �¢_Ý ß�· �
B(t) ∈ R

3×3Ý�°g�g¶	�g �¢V£-¤V¥¹«"�o³% �¢-Å)�	«¬¢V«"�o«¬¢_à@�g G �¢��
g ∈ R

3×1

+�¥¹�G�	��¡��g©e¢_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V�\Ý ß�·

4O�g¶	¥)°g�	«¬¢V«"�½¢V¯"³%§"¶2¢V �¢V¨"�G¥%¶	§�¡ ¢_«"¥¹ G�6���g G�g¯"°g�2¢V¶3Ý ß�· �
ω �"JÌ# ∈ R

3×1

4O�g¶	¥)°g�	«¬¢V«"�½¢V¨"�G¥%¶	§�¡ ¢_«¬¢_©e¢V�G��¢_«"�c¢V ��
B(ω 4 × p)4O�g¶	¥)°g�	«¬¢V«"�\ G�g¶2¢5¡���ÅV¢½«"¥a°VÏ ³"Ï�«¬¢P¢V�g G¥%¯¬¢-Å%� �g©� G�g¶2¢V£-¤V¥P¢V¥a¢V ��
v �"JÌ# ∈ R

3×1

4O�g¶	¥)°g�	«¬¢V«"�½¢V¨"�G¥%¶	§�¡ ¢_«"¥¹°VÏ ³"ÏO«¬¢¹¢V�g G¥%¯¬¢-Å%�#�
v ����! ∈ R

3×1Æ¬¥% G£-¢a G�g�G§"¶�¡ ¢V¯A¡��#�
F �"JÌ# ∈ R

3×1à@¥% GËÌ§"�o G�g�G§"¶�¡ ¢V¯A¡��#�
t �"JÌ# ∈ R

3×1

 G�g¶2¢5¡���ÅV¢oo«"�	��¡ *V¯"°g�2¢o�g¯A¡� G��¥cÅ%���	°g§"¶	¥c��¢c�G§"µ$�g  � �	°g�	�\«¬¢oà@�g G �¢�ÏOÄ�©e¢c¢V¯¬ÍV¶	�	�G��°g¥%©_´
µ¬¢V �¢5¡���ÅV¢P�g¯A¡� G�½¥%�uÅV¢V¶	¥% G�g�u«"�g�G��¢V�\«"§¬¢V��µ¬¢V G°g�g¶2¢V�u©ª¥%��¡� �¢aËÌ§"�o¢aµ" G�	©ª�g�	 �¢cµ¬¢V G°g�g¶2¢
� ≈ 6,37× 106 ©!��Â �G�g¯"�G��Å%�g¶	©ª�g¯A¡�� ©e¢V�	¥% OËÌ§"�½¢c�G�g³%§"¯"«¬¢ � ≈ 30× 103 ©!��Ï�·y¥%©
�	�G�G¥"Ê$¥¸©ª»)«"§"¶	¥¹«"¥eÅ%�?¡�¥%  µ$¥%�G�	£-¤V¥ª�G�a©e¢V¯A¡��g G�2¢¹ËÌ§¬¢V�G�a°g¥%¯"��¡ ¢V¯A¡��a�P�	³%§¬¢V¶@¢V¥e �¢V�	¥
«¬¢_à@�g G �¢�Ê¬�	¯"«"�gµ$�g¯"«"�g¯A¡��g©ª�g¯A¡��P«¬¢_«"�	��¡ *V¯"°g�2¢a«¬¢ª¢V�g G¥%¯¬¢-Å%�P_�G§"µ$�g  � �	°g�	�VÏ

¾��G��¢ ¢V¯¬ÍV¶	�	�G� ¶	�?ÅV¢ÃÃ¯"�g°g�g�G�G�	«¬¢V«"� «"�É�G�É§�¡��	¶	�	â-¢V P«"� ¢V¶	³%§"© ¢V �¡���� �	°g�	¥�°g¥%© ¥
�	¯A¡�§"��¡�¥n«"�ª�	¯"�G�g G�	  �&�G�g¯"�G�	¨"�	¶	�	«¬¢V«"��
¹n«"�	��¡ *V¯"°g�2¢ �g¯A¡� G�¸¢É¢V�g G¥%¯¬¢-Å%�ª�e¢n�G§"µ$�g  � �	°g�	�
«¬¢¹à@�g G �¢¹¯¬¢¹�gËÌ§¬¢V£-¤V¥&��å)Ï ã���Ï ¾��G��¢ª©ª¥)«"��!¬°-¢V£-¤V¥_Âo�6���?¡�§¬¢V«¬¢ª°g¥%© ¢¹§�¡��	¶	�	â-¢V£-¤V¥a«"¥
�G�	��¡��g©e¢ «"�ª°g¥)¥% G«"�g¯¬¢V«¬¢V� +�¾O��°g¥%©ª¥n G�6���g G�g¯"°g�2¢V¶��	¯"�g G°g�2¢V¶�ÊM¥ÉËÌ§"�ª«¬Ín¥% G�	³%�g© V�
«"�g¯"¥%©ª�	¯¬¢V«¬¢V���gËÌ§¬¢V£��)�g��«"�P©ª¥�Å)�	©ª�g¯A¡�¥ª�g© g��� �'�LG[N>��
�VÏ +��g�G��¢ ¢V¨$¥% G«¬¢V³%�g©ÉÊ�¢
µ$¥%�G�	£-¤V¥_Âo¢-ÅV¢V¶	�2¢V«¬¢P°g¥%©w¥_°-ÍV¶	°g§"¶	¥_«"�

v �"JÌ# ¯"¥¹ G�6���g G�g¯"°g�2¢V¶�+�¾O� �VÊ"�g©w�G�g³%§"�	«¬¢�Ê
°g¥%© ¢_�	¯A¡��g³% �¢V£-¤V¥¹«¬¢V�\�G§¬¢V�\°g¥%©ªµ$¥%¯"�g¯A¡��g�gÏ

��� �.¢5¡�¥"Ê�¢a°g¥%¯"�G�	«"�g �¢V£-¤V¥a«¬¢aÀ"�	µ$»V¡��g�G� «"�<g��� �'��G[N>��
�a¡��g© §"©e¢c�	©ªµ$¥% �¡ ¢V¯A¡��
©ª¥V¡���ÅV¢V£-¤V¥¹µ" G�	¯"°g�	µ¬¢V¶ �u¢ª�G�	©ªµ"¶	��!¬°-¢V£-¤V¥¹«¬¢V���gËÌ§¬¢V£��)�g�½«"�P©ª¥�Å)�	©ª�g¯A¡�¥"Ï\¾��G��¢V� ¯"¥5´
ÅV¢V���gËÌ§¬¢V£��)�g� ¥#���g G�g°g�g© µ" G�g°g�	��¤V¥¸�G§�!¬°g�	�g¯A¡��aµ¬¢V �¢ª©e¢V¯"¥%¨" �¢V�� G�-¢V¶	�	â-¢V«¬¢V�\«"§" �¢V¯A¡��
°g§" �¡�¥%�¸µ$�g 3�	¥)«"¥%�e«"�Ç¡��g©ªµ$¥"Ê�ËÌ§"��°g¥%¯"�G�	��¡��Ç��²"¢5¡��g©ª�g¯A¡���¯"¥ °g�g¯¬ÍV G�	¥ «"�Ç G�g°g¥%¯"�&´
¡� G§"£-¤V¥ «"�¹¡� �¢�äG�?¡�»% G�2¢�Ï$+��g�G�G�g�P°-¢V�G¥%�gÊ�³A¢V �¢V¯A¡���´��G�ªËÌ§"�e¢n¡� �¢�äG�?¡�»% G�2¢ «¬¢ ¢V�g G¥%¯¬¢-Å%�
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°g¥% G G�g�Gµ$¥%¯"«"� ¢c§"©e¢cµ$�gËÌ§"�g¯¬¢_ÍV G�-¢c«¬¢c�G§"µ$�g  � �	°g�	��«¬¢cà@�g G �¢P�VÊ)µ$¥% �¡ ¢V¯A¡�¥"Ê)�G§¬¢P°g§" &´
ÅV¢5¡�§" �¢_µ$¥)«"�½�G�g \«"�g�G°g¥%¯"�G�	«"�g �¢V«¬¢�Ï

Ý �gËÌ§¬¢V£-¤V¥ ��å)Ï ã���ÊK¢-ÅV¢V¶	�2¢V«¬¢¹¯¬¢V��°g¥)¥% G«"�g¯¬¢V«¬¢V� «"¥¸°g¥% Gµ$¥e«¬¢¸¢V�g G¥%¯¬¢-Å%�VÊM«"�6!¬¯"�
¢_��²�µ" G�g�G��¤V¥eµ¬¢V �¢

v ����! ¢¹�G�g \§�¡��	¶	�	â-¢V«¬¢P¯¬¢_�G�g³%§"¯"«¬¢ª¶	�g�M«"� +�����¡�¥%¯ �

v ����! = v �"JÌ# +B(ω 4 × p).
��å)Ï f��

·y¥%© ¢\�G§"¨"��¡���¡�§"�	£-¤V¥�«¬¢\�gËÌ§¬¢V£-¤V¥ ��å)Ï f��M¯¬¢\�gËÌ§¬¢V£-¤V¥�«¬¢��G�g³%§"¯"«¬¢�¶	�g�A«"� +�����¡�¥%¯
��å)Ï ''��Ê"¥%¨�¡�Âg©_´��G�

F �"JÌ# +Bmg = ṁv ����! +m
d

dt 4%#�� [v
�"JÌ# +B(ω 4 × p)].

��å)Ï ,'�

º�¢V �¢�¢�¢V¯¬ÍV¶	�	�G��«¬¢\«"�	¯*V©ª�	°-¢u«"�O©��	�G�G�g�	�gÊ5¥�¡��g G©ª¥
ṁ

¡��g© ³% �¢V¯"«"�O�	©ªµ$¥% �¡ *V¯"°g�2¢�Ï
·y¥%¯A¡�§"«"¥"Ê�¯"¥ÇËÌ§"� «"�	âª G�g�Gµ$�g��¡�¥� «"�	¯*V©ª�	°-¢n«"�¸¢V�g G¥%¯¬¢-Å%�g�gÊ ¢É¡ ¢Ù²"¢ «"�ªÅV¢V G�2¢V£-¤V¥
«"�n©e¢V�G��¢Ã°g¥%©�¥Ã¡��g©ªµ$¥Ã�G�n¡�¥% G¯¬¢Ã«"�g�Gµ" G�gâ���Å%�g¶�Ï±à@¥% G¯¬¢Ù´��G�n�G§�!¬°g�	�g¯A¡��Ç¢-ÅV¢V¶	�2¢V _¢
«"�	¯*V©ª�	°-¢¹«¬¢¸¢V�g G¥%¯¬¢-Å%�_�g©l�	¯A¡��g �ÅV¢V¶	¥%��«"�P¡��g©ªµ$¥�!�²�¥%�gÊM¯"¥%� ËÌ§¬¢V�	��¥eÅV¢V¶	¥% �«"�

mµ$¥%�G��¢Ç�G�g _°g¥%¯"�G�	«"�g �¢V«"¥�°g¥%¯"��¡ ¢V¯A¡�� �VÊO«"�?Å)�	«"¥Ã¢Ç�	�G�G¥"Ê�¥Ç¡��g G©ª¥
ṁ

µ¬¢V�G��¢V �Í�¢Ç�G�g 
«"�g�G°g¥%¯"�G�	«"�g �¢V«"¥"Ï

���g�G�g¯AÅ%¥%¶�Å%�g¯"«"¥5´��G�n¢n«"�����g G�g¯"°g�2¢V£-¤V¥n�	¯"«"�	°-¢V«¬¢ �g© ��å)Ï ,'� °g¥%© ¢n§�¡��	¶	�	â-¢V£-¤V¥ «"�
��ÝPÏ>e�æ'��Ê ��ÝPÏ>e ''�y� ��ÝPÏ>eÙç��y¥%¨�¡�Âg©_´��G�

1

m
F �"JÌ# +Bg = (v̇ �"JÌ# + ω �"JÌ# × v �"JÌ# ) +B(ω 4 × ṗ).

��å)Ï ç��
Ä�©e¢PÅ%�gâoËÌ§"�o�G�o¨"§"�G°-¢_µ$�g¶	¥_°g¥%¯ÙäG§"¯A¡�¥ª«"�½�gËÌ§¬¢V£��)�g�\«"�����g G�g¯"°g�2¢V�	�uËÌ§"�½«"�g�G°g G��´

Å%�g© ¥É°g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥É«"¥nÅ%�?¡�¥% P«"�¹Å%�g¶	¥)°g�	«¬¢V«"�ª G�g¶2¢5¡���ÅV¢¸«"¥ °VÏ ³"Ï «¬¢É¢V�g G¥%¯¬¢-Å%�
�g©  G�g¶2¢V£-¤V¥o¢V¥c¢V 

v �"JÌ# ÊÌ«"�?Å%��´��G���G§"¨"��¡���¡�§"�	 �¥½¡��g G©ª¥
ṗ

µ$�g¶2¢V���gËÌ§¬¢V£��)�g� «"�\�g��¡ ¢V«"¥
¥%¨�¡��	«¬¢V� ��å)Ï ã���Ï .  G�g�G§"¶�¡ ¢V«"¥�«"�g�G��¢Ã�G§"¨"��¡���¡�§"�	£-¤V¥Ãµ$¥)«"� �G�g _�G�	©ªµ"¶	��!¬°-¢V«"¥Ç°g¥%© ¢
§�¡��	¶	�	â-¢V£-¤V¥c«¬¢Pµ" G¥%µ" G�	�g«¬¢V«"��«"�	��¡� G�	¨"§�¡���ÅV¢c«"¥a¥%µ$�g �¢V«"¥% y«"� ©a§"¶�¡��	µ"¶	�	°-¢V£-¤V¥½Å%�?¡�¥% G�2¢V¶�Ê
«¬¢ µ" G¥%µ" G�	�g«¬¢V«"�_«"�	��¡� G�	¨"§�¡���ÅV¢¸«¬¢V�½©e¢5¡� G�	âg�g�½«"�¹ G¥V¡ ¢V£-¤V¥ �G§"¨"©ª�?¡��	«¬¢V�c¢ ©a§"¶�¡��	µ"¶	�1´
°-¢V£��)�g��Å%�?¡�¥% G�2¢V�	��� «¬¢\µ" G»%µ" G�2¢�¥% �¡�¥%³%¥%¯¬¢V¶	�	«¬¢V«"��«¬¢�©e¢5¡� G�	â�«"�  G¥V¡ ¢V£-¤V¥

B(t)
��·yÀ"�g¯MÊ

e������'��ÏO·y¥%©w¥¹ G�-¢V G �¢V¯ÙäG¥¹«"¥%��¡��g G©ª¥%�gÊ¬¥%¨�¡�Âg©_´��G�

v̇ �"JÌ# =
1

m
F �"JÌ# − (ω �"JÌ# +Bω 4 ) × v �"JÌ# +B[g − ω 4 × (ω 4 × p)],

��å)Ï �'�
�g©�ËÌ§"�½¢oÅ%�g¶	¥)°g�2¢V«"��«"��¡� �¢V¯"�G¶2¢V£-¤V¥

v �"JÌ# �G��¡� �¢5¡ ¢c«"��Å%�g¶	¥)°g�	«¬¢V«"�� G�g¶2¢5¡���ÅV¢�ÊÌ©e¢V�y¢
Å%�g¶	¥)°g�	«¬¢V«"��¢V¯"³%§"¶2¢V 

ω �"JÌ# °g¥%¯"�G�	��¡�� �g©�§"©e¢c³% �¢V¯"«"�gâ-¢a¢V¨"�G¥%¶	§�¡ ¢�Ï����?Å)�	«"¥_¢P�	�G�G¥"Ê
¡�¥% G¯¬¢Ù´��G�_°g¥%¯AÅ%�g¯"�	�g¯A¡��ª«"�6!¬¯"�	 

ω �
°g¥%©ª¥n¢¸Å%�g¶	¥)°g�	«¬¢V«"�_¢V¯"³%§"¶2¢V  «¬¢n¢V�g G¥%¯¬¢-Å%�¹�g©

 G�g¶2¢V£-¤V¥¹_à@�g G �¢�Ê¬°g¥%¯���¥% G©ª�

ω � , ω �"JÌ# −Bω 4 . ��å)Ï �'�
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·y¥%©w�	�G�G¥"Ê�¢_�gËÌ§¬¢V£-¤V¥ ��å)Ï �'�yµ$¥)«"�o�G�g \ G�g�g�G°g G��¡ ¢_°g¥%©ª¥

v̇ �"JÌ# =
1

m
F �"JÌ# − (ω � + 2Bω 4 ) × v �"JÌ# +B[g − ω 4 × (ω 4 × p)].

��å)Ï>e�æ'�
¾�©a¨$¥% �¢½¢ �gËÌ§¬¢V£-¤V¥ ��å)Ï>e�æ'���G��ä�¢½°g¥%¯"�G�	��¡��g¯A¡��VÊÌ�G§¬¢½§�¡��	¶	�	â-¢V£-¤V¥�©a§"��¡ ¢V��Å%�gâg�g�O¯¬¤V¥

Â_¯"�g°g�g�G��ÍV G�2¢�Ï �«"�-¢V¶	©ª�g¯A¡��VÊM¥¸Å%�?¡�¥% ½«"�aÅ%�g¶	¥)°g�	«¬¢V«"�_¢V¯"³%§"¶2¢V 
ω �

«"�?Å%�g G�2¢ �G�g ½§�¡��1´
¶	�	â-¢V«"¥c¯"¥P°-ÍV¶	°g§"¶	¥c«"¥%� �6���g��¡�¥%�y¢V�g G¥)«"�	¯*V©ª�	°g¥%��«"�?Å)�	«"¥%�u¢c©ª¥�Å)�	©ª�g¯A¡�¥%� «"�� G¥V¡ ¢V£-¤V¥
«¬¢¹¢V�g G¥%¯¬¢-Å%�VÏ

·y¥%¯A¡�§"«"¥"Êo¢ §�¡��	¶	�	â-¢V£-¤V¥ «"� ��å)Ï>e�æ'�¸¯¬¤V¥ ÂÃ G�-¢V¶	©ª�g¯A¡��Ã¯"�g°g�g�G��ÍV G�2¢ «"�?Å)�	«"¥±¢V¥
�.¢5¡�¥e«"�P¥%��©ª¥%©ª�g¯A¡�¥%��¢V�g G¥)«"�	¯*V©ª�	°g¥%���G�g G�g©l�G�	³%¯"��!¬°-¢5¡���Å%¥%��¢Vµ$�g¯¬¢V��µ¬¢V �¢¹Å%�g¶	¥)°g�1´
«¬¢V«"�g�_¢V¯"³%§"¶2¢V G�g�P¨¬¢V��¡ ¢V¯A¡��¸�G§"µ$�g G�	¥% G�g�_¢ ||Bω 4 ||2 � /Ì¡��?Å%�g¯"�ª¢V¯"« Ü ���\�	�gÊ[e����Aå���Ï
¾��G��¢a°g¥%¯"��¡ ¢5¡ ¢V£-¤V¥P¡�¥% G¯¬¢

ω � ≈ ω 4 �VÊ�µ$¥% �¡ ¢V¯A¡�¥"Ê)°g¥%¯�!¬ G©e¢P¢c¯¬¤V¥5´�¯"�g°g�g�G�G�	«¬¢V«"� «¬¢
«"�6!¬¯"�	£-¤V¥É«"�

ω �
�¹°g¥%¯"�G�gË��"�g¯A¡��g©ª�g¯A¡�� «¬¢n§�¡��	¶	�	â-¢V£-¤V¥¸«"� ��å)Ï>e�æ'���g© «"�?¡� G�	©ª�g¯A¡�¥

¢&��å)Ï �'��Ï�Ý�¶	Âg© «"�	�G�G¥"Ê$¥%� ³%�	 GÞ%©ª�?¡� G¥%�\°g¥%©a§"©ª�g¯A¡��P§�¡��	¶	�	â-¢V«"¥%�\©ª�g«"�g© Å%�g¶	¥)°g�	«¬¢V«"�
¢V¨"�G¥%¶	§�¡ ¢���°g¥%©ªµ$¥%¯"�g¯A¡��g�\«"¥_Å%�?¡�¥% 

ω �"JÌ# � �.��¥)�g¨"¶	�	¯MÊXe����%æ'��Ï
. *"¶�¡��	©ª¥ª¡��g G©ª¥¸«"����å)Ï �'�\°g¥%¯A¡�Âg© ¢ ¢V°g�g¶	�g �¢V£-¤V¥¸³% �¢-Å)��¡ ¢V°g�	¥%¯¬¢V¶�¡��g G G�g��¡� G�

g
�

¢¸¢V°g�g¶	�g �¢V£-¤V¥e°g�g¯A¡� 3�	µ$�?¡ ¢e«"�?Å)�	«¬¢¸e G¥V¡ ¢V£-¤V¥e«¬¢eà@�g G �¢e�g©l G�g¶2¢V£-¤V¥¸¢V¥e�G�	��¡��g©e¢ª«"�
°g¥)¥% G«"�g¯¬¢V«¬¢V��¾ · 

ωE × ωE × p
ÏO���?Å)�	«"¥e¢_�	�G�G¥"Ê¬¥%¨"�G�g �ÅV¢Ù´��G�oËÌ§"�c¥_Å%�?¡�¥% 

g′ , g − ωE × (ωE × p)
��å)Ï>eUe �

Â ¯"¥% G©e¢V¶uÇ�G§"µ$�g  � �	°g�	� «¬¢Çà@�g G �¢ F.H � Â °g¥%©a§"©ª�g¯A¡�� «"�g¯"¥%©ª�	¯¬¢V«"¥ �U����D;�%�V=��'����8:9
A,�,A�� 
 Ï /)§¬¢ ¯"¥% G©e¢ ÅV¢V G�2¢n�g¯A¡� G�

9,7829
© �5� 2 �g© ¶2¢5¡���¡�§"«"�¹âg�g G¥Ç�

9,8345
© �5� 2

���	³%§¬¢V¶M¢V¥_ÅV¢V¶	¥% u«"�
g
�y¯"¥%��µ$»%¶	¥%�gÏ

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊÙ¥%¨"�G�g �ÅV¢Ù´��G�yËÌ§"�u¢\Å%�g¶	¥)°g�	«¬¢V«"� ¢V¯"³%§"¶2¢V @¢V¨"�G¥%¶	§�¡ ¢\«¬¢�à@�g G �¢)�� G�gµ" G��´
�G�g¯A¡ ¢V«¬¢_¯"¥_�G�	��¡��g©e¢a«"� °g¥)¥% G«"�g¯¬¢V«¬¢V��Ý ß�· ��Ê

Bω 4 Ê�Â½«"�g�Gµ" G�gâ���Å%�g¶3�G�½°g¥%©ªµ¬¢V �¢V«¬¢
°g¥%©k¢ÉÅ%�g¶	¥)°g�	«¬¢V«"� ¢V¯"³%§"¶2¢V P¢V¨"�G¥%¶	§�¡ ¢ «"¥Ç G�6���g G�g¯"°g�2¢V¶yÝ ß�· Ê

ω �"JÌ# Ê�«"�¸§"©e¢Ç¢V��´
 G¥%¯¬¢-Å%�VÏP¾��G��¢n°g¥%¯"��¡ ¢5¡ ¢V£-¤V¥ «¬Í¸¥% G�	³%�g©leÅ%�g G��¤V¥nµ¬¢V �¢ g��� �'��G[N>��
�n«¬¢¸�gËÌ§¬¢V£-¤V¥
��å)Ï �'� �

v̇ �"JÌ# =
1

m
F �"JÌ# − ω �"JÌ# × v �"JÌ# +Bg′

0,
��å)Ï>eÙå��

�g©wËÌ§"�

g′
0 =





0
0
g′0



 ; g′0 = ‖g′‖ ��µ¬¢V �¢ λ = 45
� �

= 9,8079
© �5� 2

��� � �;9 � $��?�
g′

<;'����%8��/ ������/ & )(����&4!#�"!#�;����9:������'(��&4�5
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¥%§MÊ"«"�)��¥% G©e¢a«"�?¡ ¢V¶	À¬¢V«¬¢�Ê

u̇ =
Fx
m

− (qw − rv) − g′0 sen θ

v̇ =
Fy
m

− (ru− pw) + g′0 cos θ sen φ

ẇ =
Fz
m

− (pv − qu) + g′0 cos θ cosφ,
��å)Ï>e ''�

�g©wËÌ§"�

v �"JÌ# =





u
v
w




��å)Ï>e-ã��

����� � � ��������� �3�������� 	 � �������O�
Ý��G�G�	© °g¥%©ª¥É«"�g�G°g G��¡�¥ µ¬¢V �¢É¥É©ª¥�Å)�	©ª�g¯A¡�¥É«"�¹¡� �¢V¯"�G¶2¢V£-¤V¥"Ê@¢É�G�g³%§"¯"«¬¢ ¶	�g��«"�

+�����¡�¥%¯_°g¥%¯"�G�	��¡���¯¬¢  G�g¶2¢V£-¤V¥�¯"�g°g�g�G��ÍV G�2¢½µ¬¢V �¢�«"�?¡��g G©ª�	¯¬¢V£-¤V¥ «¬¢�¡ ¢Ù²"¢ «"�yÅV¢V G�2¢V£-¤V¥
«"�\���%����
$DE(F�h¢V¯"³%§"¶2¢V e°g¥%© ¥ ¡��g©ªµ$¥"Ï +��g��¡��Ã°-¢V�G¥"Ê� G�g¶2¢V°g�	¥%¯¬¢Ù´��G�Ç¢ ¡ ¢Ù²"¢ «"�
ÅV¢V G�2¢V£-¤V¥o¡��g©ªµ$¥% �¢V¶�«"¥a©ª¥%©ª�g¯A¡�¥P¢V¯"³%§"¶2¢V 

h �"JÌ# ��¥P¡�¥% GËÌ§"�
t �"JÌ# ¢Vµ"¶	�	°-¢V«"¥c�G¥%¨" G�

¥¹°g�g¯A¡� G¥ª«"�o³% �¢-Å)�	«¬¢V«"�o«¬¢¹¢V�g G¥%¯¬¢-Å%�#�

t �"JÌ# =
d

dt 4%#�� (h
�"JÌ# ),

��å)Ï>e7f��

�g© ËÌ§"�
t �"JÌ# Â\³%�g �¢V«"¥oµ$�g¶2¢V���G§"µ$�g  � �	°g�	�g��«"�\°g¥%¯A¡� G¥%¶	�\¢V�g G¥)«"�	¯*V©ª�	°g¥�¥%§ªµ$¥% �°g¥%©_´

µ$¥%¯"�g¯A¡��g��«"�oµ" G¥%µ"§"¶	��¤V¥_°g¥%© ¢V£-¤V¥%��¥% �¢a«"¥ª°VÏ ³"Ï�«¬¢ª¢V�g G¥%¯¬¢-Å%�VÊ�µ$¥% ���²��g©ªµ"¶	¥"Ï

È ¢V�
h �"JÌ# µ$¥)«"���G�g O«"�6!¬¯"�	«"¥o°g¥%©ª¥o§"©e¢ ��§"¯"£-¤V¥c©e¢5¡� G�	°g�2¢V¶Ì¶	�	¯"�-¢V �«"¥%��¡��g G©ª¥%�

«"� �	¯"Âg G°g�2¢Ç� «"¥%�_°g¥%©ªµ$¥%¯"�g¯A¡��g�¹«"¥�Å%�?¡�¥% _Å%�g¶	¥)°g�	«¬¢V«"� ¢V¯"³%§"¶2¢V 
ω �"JÌ# �.á�¢V¶	¶	�	«¬¢ �

�?¡�¢V¶�Ï�Ê e����",V¨ ��Ê�¡ ¢V¶MËÌ§"�
h �"JÌ# = Jω �"JÌ# , ��å)Ï>e ,'�

�g©wËÌ§"�
J

°g¥%¯"�G�	��¡��o¯¬¢0�L��DE� 8>/�A��]8:
����T��8E�ª«"¥¹°g¥% Gµ$¥¹ 3�	³%�	«"¥"Ï
·y¥%©��	�G�G¥"Êy§"©e¢ÇÅ%�gâ ËÌ§"� �G�n¡��g¯"À¬¢���²�µ" G�g�G��¢V«"¥ ¥�©ª¥%©ª�g¯A¡�¥�¢V¯"³%§"¶2¢V _°g¥%©ª¥

��§"¯"£-¤V¥½«¬¢ ©e¢5¡� G�	ây«"���	¯"Âg G°g�2¢��u«¬¢ Å%�g¶	¥)°g�	«¬¢V«"�u«"�u G¥V¡ ¢V£-¤V¥ ��å)Ï>e ,'��Ê%µ$¥)«"��´��G��¢Vµ"¶	�	°-¢V 
¢½�G�g³%§"¯"«¬¢o¶	�g�"«"��+�����¡�¥%¯¸¢V¥o©ª¥�Å)�	©ª�g¯A¡�¥½«"�\ G¥V¡ ¢V£-¤V¥o«"�\§"© °g¥% Gµ$¥o 3�	³%�	«"¥ ��å)Ï>e7f���Ï
º�¢V �¢ �	�G�G¥"Ê½µ" G¥)°g�g«"��´��G��°g¥%© ¢ «"�����g G�g¯"°g�2¢V£-¤V¥ �G�g³%§"¯"«"¥®¥ ¡��g¥% G�g©e¢ «"� ·y¥% G�	¥%¶	�	�
��ÝPÏ>e ''�y�c¢_©e¢5¡� G�	â «"�o�	¯"Âg G°g�2¢

J
Âo°g¥%¯"�G�	«"�g �¢V«¬¢_°g¥%¯"��¡ ¢V¯A¡��VÊ�¥¹ËÌ§"�c G�g�G§"¶�¡ ¢_�g©

t �"JÌ# =
d

dt 4%#�� (h
�"JÌ# ) = ḣ �"JÌ# + ω �"JÌ# × h �"JÌ#
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�VÊ¬°g¥%©w�	�G�G¥"Ê

Jω̇ �"JÌ# = −ω �"JÌ# × (Jω �"JÌ# ) + t �"JÌ# , ��å)Ï>eÙç��
¥¹ËÌ§"�c�	©ªµ"¶	�	°-¢

ω̇ �"JÌ# = −J−1(ω �"JÌ# × (Jω �"JÌ# )) + J−1t �"JÌ# .
��� �.¢5¡�¥"Ê�¢É©e¢5¡� G�	âª«"�e�	¯"Âg G°g�2¢É«"�¸§"©e¢ ¢V�g G¥%¯¬¢-Å%�¸µ$¥)«"�e�G¥#�� G�g PÅV¢V G�2¢V£��)�g�c G��´

µ$�g¯A¡��	¯¬¢V�gÊ�°-¢V�G¥ µ¬¢V �¡��ª«¬¢n°-¢V G³A¢É�G��ä�¢É¶2¢V¯"£-¢V«¬¢n�g© Å%Þ)¥"Ê@¥%§Á³% �¢V«"§¬¢V�	�gÊ@«"�?Å)�	«"¥ ¢V¥
°g¥%¯"�G§"©ª¥ª«"�o°g¥%©a¨"§"��¡5��Å%�g¶�Ê"µ$¥% ���²��g©ªµ"¶	¥"Ï

Ý �gËÌ§¬¢V£-¤V¥ ��å)Ï>eÙç�� °g¥%¯"�G�	��¡��½¯¬¢_ G�g¶2¢V£-¤V¥_¨¬ÍV�G�	°-¢aµ¬¢V �¢¹¢-ÅV¢V¶	�2¢V£-¤V¥P«¬¢aÅ%�g¶	¥)°g�	«¬¢V«"�
¢V¯"³%§"¶2¢V gÏn¾��G��¢Ç�gËÌ§¬¢V£-¤V¥Ç G�g¶2¢V°g�	¥%¯¬¢n¢V�P«"�g G��ÅV¢V«¬¢V�c«¬¢V�c¡ ¢Ù²"¢V�P«"�ªÅV¢V G�2¢V£-¤V¥É«"�ªÅ%��´
¶	¥)°g�	«¬¢V«"�Ã¢V¯"³%§"¶2¢V  «"¥ �g�1²�¥ «"¥ °g¥% Gµ$¥ °g¥%© ¢V�Éµ" G»%µ" G�2¢V�¸¡ ¢Ù²"¢V�É«"�ÃÅV¢V G�2¢V£-¤V¥ «"�
Å%�g¶	¥)°g�	«¬¢V«"� ¢V¯"³%§"¶2¢V ¹«"¥Á�g�1²�¥�«"¥ °g¥% Gµ$¥ �

p
Ê
q

�
r
�_�É°g¥%© ¥%�ª°g¥%©ªµ$¥%¯"�g¯A¡��g�e«"¥

¡�¥% GËÌ§"�o��²��g G°g�	«"¥¹¯¬¢¹¢V�g G¥%¯¬¢-Å%�VÏOÝ �gËÌ§¬¢V£-¤V¥ ��å)Ï>eÙç�� °g¥%¯"�G�	��¡��½¯"¥_¡��g G°g�g�	 G¥_°g¥%¯ÙäG§"¯A¡�¥
«"���gËÌ§¬¢V£��)�g��«"�����g G�g¯"°g�2¢V�	�Oµ¬¢V �¢P«"�g�G°g G�	£-¤V¥a«¬¢c«"�	¯*V©ª�	°-¢o«"��°g¥% Gµ$¥%�y 3�	³%�	«"¥%� � /)�g£-¤V¥
å)Ï>e ��Ï

ÝÎ¥)°g¥% G 34g¯"°g�2¢¹«¬¢ª�	¯AÅ%�g G��¢ª«¬¢ª©e¢5¡� G�	â½«"�P�	¯"Âg G°g�2¢_�g© ��å)Ï>eÙç��u�g��¡��	©a§"¶2¢ª¢¹�	¯AÅ%�g�&´
¡��	³A¢V£-¤V¥a¢P G�g�Gµ$�g��¡�¥a«"¥PÅV¢V¶	¥%  «"�

J−1 Ï����?Å)�	«"¥¹P�G�	©ª�?¡� G�2¢o«"�
J
Ê��G§¬¢a�	¯AÅ%�g G��¢aµ$¥)«"�

�G�g \�g�G°g G��¡ ¢¹°g¥%©ª¥

J−1 =





k1 k2 k3

k2 k4 k5

k3 k5 k6




��å)Ï>e��'�

�g©wËÌ§"�
k1 =

JyyJzz−J2
yz

∆
k2 = JyzJzx+JxyJzz

∆

k3 = JxyJyz+JzxJyy

∆
k4 = JzzJxx−J2

zx

∆

k5 = JxyJzx+JyzJxx

∆
k6 =

JxxJyy−J2
xy

∆�
∆ = JxxJyyJzz − 2JxyJyzJzx − JxxJ

2
yz − JyyJ

2
zx − JzzJ

2
xyÆ¬�g¶	�	âg©ª�g¯A¡��VÊ�¯¬¢a�	©ª�g¯"��¢P©e¢V�	¥% G�2¢o«"¥%��°-¢V�G¥%�gÊ¬¯"�g©�¡�¥)«"¥%�u¥%�y¡��g G©ª¥%�u«¬¢_©e¢5¡� G�	â

«"�c�	¯"Âg G°g�2¢ ��¥%§ «"�c�G§¬¢e�	¯AÅ%�g G��¢'�\��¤V¥ª¯"�g°g�g�G��ÍV G�	¥%�gÏ\Ý®äG§"��¡���!¬°-¢5¡���ÅV¢¹µ¬¢V �¢ª�g�G��¢e¢ !¬ &´
©e¢V£-¤V¥½�g¯"°g¥%¯A¡� �¢Ù´��G�\¯¬¢½°g¥%¯"��¡ ¢5¡ ¢V£-¤V¥½«"�\ËÌ§"�VÊA¡��	µ"�	°-¢V©ª�g¯A¡��VÊ%¥oµ"¶2¢V¯"¥

x−z °g¥%¯"�G�	��¡��
�g©w§"© µ"¶2¢V¯"¥_«"�o�G�	©ª�?¡� G�2¢P«¬¢¹¢V�g G¥%¯¬¢-Å%� F�F Ïy·y¥%© �	�G�G¥"Ê"«"�g¯A¡� G�½¡�¥)«"¥%��¥%�\µ$¥%�G�3��Å%�g�	�
µ" G¥)«"§�¡�¥%�u°g G§"â-¢V«"¥%��«"�½�	¯"Âg G°g�2¢�Ê�¢Vµ$�g¯¬¢V�u¥aÅV¢V¶	¥% y«"� ∫

xzdm = Jxz
Â½«"�����g G�g¯A¡�� «"�

âg�g G¥"Ï�Ý�¶	Âg©�«"�	�G�G¥"Ê���²��	��¡�� §"©�°g¥%¯ÙäG§"¯A¡�¥¹«"� �g�1²�¥%�gÊ�«"�g¯"¥%©ª�	¯¬¢V«"¥%����8 nF���R"� 8:
X��8 "	��8@�
� � -'���	� - �����*� �.��$ ��/ 5 �K��
���3�5 $��	� $	�8!�8��'	��/ &4�*� !� !#& '	��%�&4��� !#�,��������'(� -����1��% � ��,� �*& %���$���&4�

��% ����/4��+���������)/4��'�
x− z

'(������
#&4� $���5
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A��-8:
����T��8E�#� /Ì¡��?Å%�g¯"�P¢V¯"« Ü ���\�	�gÊ e����Aå���ÊMËÌ§"�_µ$¥)«"�g©Z�G�g ½�g�G°g¥%¶	À"�	«"¥%�½«"�_©ª¥)«"¥ ¢
³A¢V �¢V¯A¡��	 O¢c°-¢V �¢V°?¡��g 3�	��¡��	°-¢½«"�2¢V³%¥%¯¬¢V¶¬«¬¢o©e¢5¡� G�	â�«"���	¯"Âg G°g�2¢

J
Ê)�	¯"«"�gµ$�g¯"«"�g¯A¡��g©ª�g¯A¡��

«¬¢_µ¬¢V �¡��	°g§"¶2¢V G�	«¬¢V«"��°g��¡ ¢V«¬¢�Ï

·y¥%¯"�G�	«"�g �¢V¯"«"¥5´��G�c¢_�G�	©ª�?¡� G�2¢a�g©w G�g¶2¢V£-¤V¥¹¢V¥¹µ"¶2¢V¯"¥
x− z

Ê�¥%¨�¡�Âg©_´��G�

J =





Jx 0 −Jxz
0 Jy 0

−Jxz 0 Jz



 ; J−1 = 1
Γ





Jz 0 Jxz
0 Γ

Jy
0

Jxz 0 Jx



 ,
��å)Ï>e��'�

�g©�ËÌ§"�
Γ = JxJz − J2

xz

� ¥%�u�G§"¨1�	¯"«"�	°g�g�u«"§"µ"¶	¥%� ��¥% �¢V©��G§"¨"��¡���¡�§1�	«"¥%�yµ$¥% y�G�	©ªµ"¶	�1´
°g�	«¬¢V«"�VÏ

·y¥%© ¢n�G�	©ªµ"¶	��!¬°-¢V£-¤V¥¸«¬¢É©e¢5¡� G�	âa«"�ª�	¯"Âg G°g�2¢ ��å)Ï>e��'��Ê@¢n�gËÌ§¬¢V£-¤V¥ ��å)Ï>eÙç�� µ$¥)«"�
�G�g e��²�µ¬¢V¯"«"�	«¬¢Á� «¬¢V e¥% G�	³%�g©�¢V¥ °g¥%¯ÙäG§"¯A¡�¥ «"�É¡� 34g�e�gËÌ§¬¢V£��)�g�¸«"�����g G�g¯"°g�2¢V�	�ªËÌ§"�
«"�g�G°g G�?Å%�g©�¢ �?Å%¥%¶	§"£-¤V¥Ç¡��g©ªµ$¥% �¢V¶ «"¥%�P°g¥%©ªµ$¥%¯"�g¯A¡��g�_«¬¢ÉÅ%�g¶	¥)°g�	«¬¢V«"�e«"�¸ G¥V¡ ¢V£-¤V¥
«"¥�°g¥% Gµ$¥� 3�	³%�	«"¥"Ï±·y¥%©�¢Ã§�¡��	¶	�	â-¢V£-¤V¥�«"� ��ÝPÏ>e ,'�a¯¬¢Ã�G§"¨"��¡���¡�§"�	£-¤V¥�«¬¢Ã¥%µ$�g �¢V£-¤V¥
�
ω �"JÌ# × 
oµ$¥% 

Ω �"JÌ# =





0 −r q
r 0 −p

−q p 0



 ,

¥%¨�¡�Âg©_´��G�

Γṗ = Jxz[Jx−Jy+Jz]pq−[Jz(Jz−Jy)+J2
xz]qr+JzL̄+JxzN

Jyq̇ = (Jz−Jx)pr−Jxz(p2−r2)M
��å)Ï åVæ'�

Γṙ = [(Jx−Jy)Jx+J2
xz]pq−Jxz[Jx−Jy+Jz]qr+JxzL̄+JxN,

�g©wËÌ§"�

t �"JÌ# =





L̄
M
N



 .
��å)Ï åFe �

Ý��y�gËÌ§¬¢V£��)�g� ��å)Ï åVæ'����¤V¥ ��¥% �¡��g©ª�g¯A¡���¢V°g¥%µ"¶2¢V«¬¢V�O� ¢Vµ" G�g�G�g¯A¡ ¢V©�¥P«"�g¯"¥%©ª�	¯¬¢V«"¥
� . ��8:D;��=�8:�T������K�"8t���5Ï ¾��G��¢ª°-¢V �¢V°?¡��g 3�	��¡��	°-¢_�	©ªµ"¶	�	°-¢PËÌ§"�P¢¹ G¥V¡ ¢V£-¤V¥ª�G¥%¨" G�cËÌ§¬¢V�	�GËÌ§"�g 
«"¥%�	� �g�1²�¥%�o«"¥n°g¥% Gµ$¥ «¬¢n¢V�g G¥%¯¬¢-Å%�ªµ" G¥)«"§"â¹¢V°g�g¶	�g �¢V£-¤V¥É¢V¯"³%§"¶2¢V ��G¥%¨" G�¹¥ ¡��g G°g�g�	 G¥
�g�1²�¥"Ïª¾��G��¢É°g¥%¯"��¡ ¢5¡ ¢V£-¤V¥nµ$¥)«"�¹�G�g c¥%¨"�G�g �ÅV¢V«¬¢n°g¥%© ¢É¢V¯¬ÍV¶	�	�G�a«"�	 G�?¡ ¢ «¬¢nµ¬¢V G°g�g¶2¢
ËÌ§"�o©a§"¶�¡��	µ"¶	�	°-¢

qr
Ê
pr

�
pq

¯¬¢V�\�gËÌ§¬¢V£��)�g��«"�
ṗ
Ê
q̇

�
ṙ
Ê" G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡�� F.C Ï

� 6�� ��� ��
#��%�)/ �(=
q 6= 0

�
r 6= 0

& %�)/ &4����%
ṗ 6= 0

�#'(��)��& %���& �	����� �(��+�����!#� - 1#5 143�5 5
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� Ó� @ÑÙÓ)ÚgÓ)Ô$Õ�Ö "&"Ø ×�Ö  �Ø$Ú-Ò� "&"ØÁÖ¬Ô ������Ö"Ñ��cÖ�ÕÙÒ7Õ �@×�Ó
. � �G�	��¡��g©e¢V��«"�P°g¥)¥% G«"�g¯¬¢V«¬¢V� §�¡��	¶	�	â-¢V«"¥%�\µ¬¢V �¢ª G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥n«¬¢eµ$¥%�G�	£-¤V¥e«"�

§"©e¢Ç¢V�g G¥%¯¬¢-Å%� ��¤V¥"Ê�¡��	µ"�	°-¢V©ª�g¯A¡��VÊ�¥%�a G�gµ" G�g�G�g¯A¡ ¢V«"¥%�¹¯¬¢�Æ��	³%§" �¢Çå)Ï>e%ÏÃÝ��a¥% G�	�g¯)´
¡ ¢V£��)�g� «"¥%� �G�	��¡��g©e¢V� «"��°g¥)¥% G«"�g¯¬¢V«¬¢V� +�¾O� ��Ý ß�· ��¤V¥ «"�?¡��g G©ª�	¯¬¢V«¬¢V�¸µ$�g¶2¢V�
�G�gË��14g¯"°g�2¢V��«"�o G¥V¡ ¢V£��)�g��¢Vµ" G�g�G�g¯A¡ ¢V«¬¢V��¢_�G�g³%§"�	 gÏ

Z � �?"	���'�OI?Z � � Ä�©lÅ%�?¡�¥% ½ G�gµ" G�g�G�g¯A¡ ¢V«"¥É¯"¥ �G�	��¡��g©e¢¸«"�_°g¥)¥% G«"�g¯¬¢V«¬¢V�o¾ · 
µ$¥)«"�¹�G�g P G�gµ" G�g�G�g¯A¡ ¢V«"¥Ç¯"¥É�G�	��¡��g©e¢n«"�ª°g¥)¥% G«"�g¯¬¢V«¬¢V�,+�¾O��°g¥%© ¢n��²��g°g§"£-¤V¥Ç«"�
 G¥V¡ ¢V£��)�g�\�G�g³%§"¯"«"¥ª¥%� *V¯"³%§"¶	¥%�u«"�o¶2¢5¡���¡�§"«"�

µ
�o¶	¥%¯"³%��¡�§"«"�

l
�





x
y
z





(�4V/
= BµBl





x
y
z





4%#��
,

�g© ËÌ§"�
Bl

ÂP G�g�Gµ$¥%¯"��Í-Å%�g¶�µ$�g¶2¢ªµ" G�	©ª�g�	 �¢¹ G¥V¡ ¢V£-¤V¥1�uµ$¥%�G��¡���ÅV¢ F.E �g© ¡�¥% G¯"¥e«"¥¸�g�1²�¥
x

�
Bµ

Ân G�g�Gµ$¥%¯"��Í-Å%�g¶�µ$�g¶2¢Ç�G�g³%§"¯"«¬¢� G¥V¡ ¢V£-¤V¥1�¸¯"�g³A¢5¡���ÅV¢��g©k¡�¥% G¯"¥Ã«"¥Ã�g�1²�¥
y
Ï

���?Å)�	«"¥É¢¸�	�G�G¥"Ê
Bl

©e¢V¯A¡�Âg©l¥ �g�1²�¥
xECI

°g¥%¯"��¡ ¢V¯A¡��_�
Bµ

©e¢V¯A¡�Âg©Z¥ ¯"¥�Å%¥n�g�1²�¥
y = yNED

�	¯¬¢V¶�¡��g �¢V«"¥1�




x
y
z





(�4V/
=





cos µ 0 sen µ
0 1 0

− senµ 0 cosµ









1 0 1
0 cos l sen l
0 − sen l cos l









x
y
z





4%#��
.

·y¥%¯AÅ%�g¯"°g�	¥%¯¬¢Ù´��G�
BG

°g¥%©ª¥P�G�g¯"«"¥¹¢P©e¢5¡� G�	â�«"��¡� �¢V¯"� ��¥% G©e¢V£-¤V¥P«"¥a�G�	��¡��g©e¢c«"�
°g¥)¥% G«"�g¯¬¢V«¬¢V�\�	¯"�g G°g�2¢V¶Kµ¬¢V �¢_¥ª�G�	��¡��g©e¢_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V��³%�g¥%³% �Í !¬°g¥1�

BG = BµBl =





cosµ 0 senµ
0 1 0

− sen µ 0 cosµ









1 0 1
0 cos l sen l
0 − sen l cos l



 .
��å)Ï å%å��

I?Z � "	���'�Bk � � � Ý �G�gË��14g¯"°g�2¢Á«"�É G¥V¡ ¢V£��)�g�¹µ¬¢V �¢�¢Ã G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ «"�n§"©
Å%�?¡�¥% o¯"¥ �G�	��¡��g©e¢ «"�_°g¥)¥% G«"�g¯¬¢V«¬¢V�½«"¥n°g¥% Gµ$¥n«¬¢n¢V�g G¥%¯¬¢-Å%� ��Ý ß�· ���	¯"�	°g�2¢V¶	©ª�g¯A¡��
 G�gµ" G�g�G�g¯A¡ ¢V«"¥��g©k§"©k�G�	��¡��g©e¢Ç«"� °g¥)¥% G«"�g¯¬¢V«¬¢V�_«"�  G�6���g 34g¯"°g�2¢ � +�¾O� �P°g¥%¯"�G�	��¡��
�g© F�T �

e%Ï\ G¥V¡ ¢V£-¤V¥¹�G¥%¨" G�o¥¹�g�1²�¥
zNED

�O³%§"�	¯¬¢V«¬¢aµ$¥%�G��¡���ÅV¢
ψ
�

å)Ï\ G¥V¡ ¢V£-¤V¥¹�G¥%¨" G�o¥¹¯"¥�Å%¥ª�g�1²�¥
y
��¢V  �.¢V³%�g© µ$¥%�G��¡���ÅV¢

θ
�

� � � ��� ����'3-���'(+����?� ����$	��+�3��� ) � �*& $�& - ���"�*���	��� $��	� $	��!��� ����%�� ����$	��+�3��� �*�����'(!#� � � �������	� !�
%8���8!#& ����& $	��� 5
� � � ��� $�� ) ��' $��?�7- ��/ � ����/ ��%#��	���,� 9 � $�� !#� � �� � ����& ��' $	��+���� !#� �*&4� $���%8� !#� ���3���	!#��'(��!���

/��n� <;& / �(� $��	��!��'(� � & ����	��1#5 1#5



24 2. CINEMÁTICA DE AERONAVES

'�Ï\ G¥V¡ ¢V£-¤V¥_�G¥%¨" G�c¥¹¯"¥�Å%¥ª�g�1²�¥
x

�O G¥%¶2¢V©ª�g¯A¡�¥_µ$¥%�G��¡���Å%¥
φ
Ï

���?Å)�	«"¥ ¢n�	�G�G¥"Ê�¢¸¡� �¢V¯"� ��¥% G©e¢V£-¤V¥n«"�ª§"©ZÅ%�?¡�¥% c¥% G�	³%�	¯¬¢V¶	©ª�g¯A¡��P G�gµ" G�g�G�g¯A¡ ¢V«"¥
¯"¥o�G�	��¡��g©e¢ «"�\°g¥)¥% G«"�g¯¬¢V«¬¢V� +�¾O� �g© §"©ÎÅ%�?¡�¥% O G�gµ" G�g�G�g¯A¡ ¢V«"¥P�g© Ý ß�· °g¥%¯"�G�	��¡��
¯¬¢�©a§"¶�¡��	µ"¶	�	°-¢V£-¤V¥"Ê���g�GËÌ§"�g G«¬¢�Ê%°g¥%¯"�G�g°g§�¡���ÅV¢�«"�y©e¢5¡� G�	âg�g�� G�g¶2¢V°g�	¥%¯¬¢V«¬¢V�@�³%§"�	¯¬¢V«¬¢�Ê
¢V  �.¢V³%�g© �o G¥%¶2¢V©ª�g¯A¡�¥���¯"�g�G��¢¹¥% G«"�g©!� �





x
y
z





�"JÌ#
= BφBθBψ





x
y
z





(�4V/
.

/)�g³%§"¯"«"¥P¢V�O«"�6!¬¯"�	£��)�g�O«¬¢½�G�g£-¤V¥cÝPÏ>e\��¢oÆ��	³%§" �¢ ÝPÏ>e%ÊÌ¢V�O©e¢5¡� G�	âg�g��«"�\ G¥V¡ ¢V£-¤V¥
Bφ

Ê
Bθ

�
Bψ

µ$¥)«"�g©w�G�g \«"�6!¬¯"�	«¬¢V�\«"�o©ª¥)«"¥_ËÌ§"�





x
y
z





�"JÌ#
=





1 0 0
0 cosφ sen φ
0 − sen φ cosφ



×





cos θ 0 − sen θ
0 1 0

sen θ 0 cos θ



×

×





cosψ senψ 0
− senψ cosψ 0

0 0 1









x
y
z





(�4V/
,

�g©�ËÌ§"�½¥%� *V¯"³%§"¶	¥%� «"�  G¥%¶2¢V©ª�g¯A¡�¥!�
φ
��Ê�¢V  �.¢V³%�g© �

θ
�O� ³%§"�	¯¬¢V«¬¢!�

ψ
�O��¤V¥a G�6���g G�	«"¥%�

°g¥%©ª¥���
F=�(FN@����A���Z[(FN@����Ï
·y¥%¯AÅ%�g¯"°g�	¥%¯¬¢Ù´��G�

BB

°g¥%©ª¥P�G�g¯"«"¥¹¢P©e¢5¡� G�	â\«"��¡� �¢V¯"� ��¥% G©e¢V£-¤V¥P«"¥a�G�	��¡��g©e¢c«"�
°g¥)¥% G«"�g¯¬¢V«¬¢V�@³%�g¥%³% �Í !¬°g¥�µ¬¢V �¢�¥��G�	��¡��g©e¢�«"� °g¥)¥% G«"�g¯¬¢V«¬¢V�@«"¥�°g¥% Gµ$¥�«¬¢�¢V�g G¥%¯¬¢-Å%�#�

BB =





cos θ cosψ cos θ senψ − sen θ
− cosφ senψ + senφ sen θ cosψ cosφ cosψ + senφ sen θ senψ senφ cos θ
senφ senψ + cosφ sen θ cosψ − senφ cosψ + cosφ sen θ senψ cosφ cos θ



 .

6���� ���4<

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊ-«"�6!¬¯"��´��G� ¢�©e¢5¡� G�	â
B(t)

°g¥%©ª¥��G�g¯"«"¥�¢�©e¢5¡� G�	â�«"��¡� �¢V¯"� ��¥% G©e¢V£-¤V¥
«"¥¹�G�	��¡��g©e¢_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V��¾ · yµ¬¢V �¢¹¥¹�G�	��¡��g©e¢_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V�\Ý ß�· �

B = BBBG,
��å)Ï å5ã��

¥¹ËÌ§"�o�	©ªµ"¶	�	°-¢




x
y
z





�"JÌ#
= B(t)





x
y
z





4%#��
.

Ý�©e¢5¡� G�	â
B(t)

Âe¢É G�g�Gµ$¥%¯"��Í-Å%�g¶yµ$�g¶2¢n G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥Ç«¬¢nÅV¢V G�2¢V£-¤V¥n¡��g©ªµ$¥% �¢V¶
«¬¢É¢5¡���¡�§"«"�_«¬¢ ¢V�g G¥%¯¬¢-Å%�ª�¹«"�gµ$�g¯"«"�e«"¥%� *V¯"³%§"¶	¥%�½«"�ª¶2¢5¡���¡�§"«"�a�ª¶	¥%¯"³%��¡�§"«"� �

µ
�

l
��Ê"°-¢V¶	°g§"¶2¢V«"¥%�\¢_µ¬¢V �¡��	 �«"�

p
Ê"�o«"¥%� *V¯"³%§"¶	¥%��«"�c¾�§"¶	�g gÏ
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��� ��Ö "!MÓ)Ú �AÒ.Ô�Ó��10�ÕÙÒ��%Ö¬Ú_×�Ó ÑÙØ¬Õ�Ö "&"Ø
Ý��@Å%�g¶	¥)°g�	«¬¢V«"�g��¢V¯"³%§"¶2¢V G�g�@«"¥��G�	��¡��g©e¢\«"� °g¥)¥% G«"�g¯¬¢V«¬¢V��Ý ß�·Á�G¥%¨" G� �G�g§"���g�1²�¥%�

�
p
Ê
q

�
r
�½«¬¤V¥Ç¥% G�	³%�g©ÉÊ@µ$¥% �¡ ¢V¯A¡�¥"Ê�nÅV¢V G�2¢V£-¤V¥ «¬¢Ç¢5¡���¡�§"«"�ª«¬¢Ç¢V�g G¥%¯¬¢-Å%� ¢ °-¢V«¬¢

�	¯"��¡ ¢V¯A¡��u«"�y¡��g©ªµ$¥"Ï�Ý® G�g¶2¢V£-¤V¥���²��	��¡��g¯A¡����g¯A¡� G��¥ Å%�?¡�¥% �Å%�g¶	¥)°g�	«¬¢V«"�u«"�u G¥V¡ ¢V£-¤V¥ «"¥
�g�1²�¥_Ý ß�·¦�o¢_¢5¡���¡�§"«"� «¬¢_¢V�g G¥%¯¬¢-Å%�o°g¥% G G�g�Gµ$¥%¯"«"�oa�gËÌ§¬¢V£-¤V¥ (#DE�'� "	A���� 
 ��ÝPÏ>e-ã���Ï
��G�G¥ª�	©ªµ"¶	�	°-¢PËÌ§"�

Ḃ = −ΩB,
��å)Ï åUf��

�g©wËÌ§"�

Ω =





0 −r q
r 0 −p

−q p 0



 .
��å)Ï å+,'�

Ýw�gËÌ§¬¢V£-¤V¥ (#DE�'� "	A���� 
 ��å)Ï åUf��o G�g�G§"¶�¡ ¢ �g©r§"©r°g¥%¯ÙäG§"¯A¡�¥�«"� ¯"¥�Å%�¸�gËÌ§¬¢V£��)�g�
«"�����g G�g¯"°g�2¢V�	�gÏ ·y¥%¯A¡�§"«"¥"Ê��g�G��¢V���gËÌ§¬¢V£��)�g����¤V¥ª G�g«"§"¯"«¬¢V¯A¡��g���o«"�?Å%�g© �G�g \¡� �¢V¯"� ��¥% &´
©e¢V«¬¢V�\�g© §"©w°g¥%¯ÙäG§"¯A¡�¥e«"�P¢Vµ$�g¯¬¢V��¡� 34g���gËÌ§¬¢V£��)�g��«"�����g G�g¯"°g�2¢V�	�gÊ"§"©e¢aÅ%�gâPËÌ§"�P¢
°g�	¯"�g©eÍ5¡��	°-¢  G�g¶2¢V°g�	¥%¯¬¢V«¬¢½c¢5¡���¡�§"«"��«¬¢c¢V�g G¥%¯¬¢-Å%��µ$¥)«"���G�g  «"�g�G°g G��¡ ¢oµ$�g¶2¢½�?Å%¥%¶	§"£-¤V¥
¡��g©ªµ$¥% �¢V¶�«"¥%�\¡� 34g� *V¯"³%§"¶	¥%�\«"�_¾�§"¶	�g �¢Vµ$�g¯¬¢V� F.S Ï ·y¥%© �g�G�G�a¥%¨ÌäG�?¡���Å%¥"ÊK¢ª�gËÌ§¬¢V£-¤V¥
��å)Ï åUf��yµ$¥)«"�½�G�g \ G�g�g�G°g G��¡ ¢¹�g© ¡��g G©ª¥%��«¬¢V�\°g¥%¶	§"¯¬¢V�\«"�

B
�

ḃi = −ω × bi, i = 1,2,3.
��å)Ï å%ç��

Ä\¡��	¶	�	â-¢V¯"«"¥5´��G�ª¥Çµ" G�	©ª�g�	 G¥É�¸¥Ç�G�g³%§"¯"«"¥��g¶	�g©ª�g¯A¡�¥%�a«"�
ḃ3

�e¥�µ" G�	©ª�g�	 G¥É�g¶	��´
©ª�g¯A¡�¥¹«"�

ḃ2
�g© ��å)Ï å%ç�� ¥%¨�¡�Âg©_´��G�

d

dt





φ
θ
ψ



 =





1 tan θ senφ tan θ cosφ
0 cosφ − sen φ
0 sen φ/ cos θ cos φ/ cos θ









p
q
r



 ,
��å)Ï å��'�

ËÌ§"�¹°g¥%¯"�G�	��¡��_¯"¥ °g¥%¯ÙäG§"¯A¡�¥n«"�a¡� 34g�o�gËÌ§¬¢V£��)�g�o«"�����g G�g¯"°g�2¢V�	��µ¬¢V �¢ ¢¸ G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥
«¬¢_�?Å%¥%¶	§"£-¤V¥¹¡��g©ªµ$¥% �¢V¶K«¬¢ª¢5¡���¡�§"«"�½«¬¢¹¢V�g G¥%¯¬¢-Å%�VÏy���)��¥% G©e¢a©e¢V�	�u«"�	 G�?¡ ¢��

φ̇ = p + q tan θ sen φ+ r tan θ cos φ

θ̇ = q cosφ− r sen φ
��å)Ï å��'�

ψ̇ = q sen φ/ cos θ + r cos φ/ cos θ
¥%§MÊ¬«"�)��¥% G©e¢a°g¥%©ªµ¬¢V°?¡ ¢��

ϕ̇ = E (ϕ)ω,
��å)Ï '%æ'�

�g©wËÌ§"�
ϕ = [φ θ ψ]T

Ï
. °g¥%¯ÙäG§"¯A¡�¥a«"���gËÌ§¬¢V£��)�g� ��å)Ï å��'���G�g �ÍP§�¡��	¶	�	â-¢V«"¥½�g©��G§"¨"��¡���¡�§"�	£-¤V¥aV� �gËÌ§¬¢V£��)�g�

�g© ��å)Ï åUf���Ï
��� �7%#� ���	� ������� '(��� �*�d�*� � 2'&4��� 9:����%8� !#� ����)�����*��' $	��+���� !� � $�& $��(!#� !#� �%8� ��������'(� -��

-�� $���-���'(� ��'(!�� ��� &4������
�
�1�5 5
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����� ��� 	 ��
��"�3�)�3��������O� ���O���n���\�O� �����Ç�3����
¾�©a¨$¥% �¢¹¢_«"�	¯*V©ª�	°-¢P«"�o§"©e¢¹¢V�g G¥%¯¬¢-Å%�oµ$¥%�G��¢¹�G�g \°-¢V �¢V°?¡��g G�	â-¢V«¬¢_�G�g³%§"¯"«"¥e¢V�

ÅV¢V G�2Í-Å%�g�	�o«"�e�g��¡ ¢V«"¥ «"�g�G°g G��¡ ¢V�c¯¬¢Éà�¢V¨$�g¶2¢ å)Ï>e%Ê@�g�G��¢  G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥Ç¡��	µ"�	°-¢V©ª�g¯A¡��
¯¬¤V¥¸ÂP°g¥%¯AÅ%�g¯"�	�g¯A¡��VÏPÈÉ¥V¡���ÅV¢V«¬¢ªµ" G�	¯"°g�	µ¬¢V¶	©ª�g¯A¡��oµ$�g¶2¢ªµ$¥%�G�G�	¨"�	¶	�	«¬¢V«"�o«"�a©ª�g«"�	£-¤V¥"Ê
¢n¢V¶�¡��g G¯¬¢5¡���ÅV¢e§�¡��	¶	�	â-¢V«¬¢e°g¥%¯"�G�	��¡��_¯¬¢n�G§"¨"��¡���¡�§"�	£-¤V¥ «"�

v �"JÌ# µ$¥% ½§"© ¯"¥�Å%¥nÅ%�?¡�¥% 
«"�ª�g��¡ ¢V«"¥%�P G�gµ" G�g�G�g¯A¡ ¢V«"¥�¯"¥É�G�	��¡��g©e¢É«"�ª°g¥)¥% G«"�g¯¬¢V«¬¢V�c«"�6!¬¯"�	«"¥ µ$�g¶	¥%�c�g�1²�¥%�c«"¥
Å%�g¯A¡�¥"Ï�¾��G�G�PÅ%�?¡�¥% �Â ��¥% G©e¢V«"¥ªµ$�g¶2¢_Å%�g¶	¥)°g�	«¬¢V«"�½¡�¥V¡ ¢V¶

VT
Ê�*V¯"³%§"¶	¥ª«"�a¢5¡ ¢VËÌ§"�

α
�

*V¯"³%§"¶	¥_«"�o«"�g G �¢Vµ¬¢V³%�g©
β

«"�½¡ ¢V¶ ��¥% G©e¢aËÌ§"�

x � 4V(���� =





VT
α
β




��å)Ï '2e �

���G��ä�¢c G�g�G§"¶�¡ ¢V«"¥P«¬¢P G¥V¡ ¢V£-¤V¥P«"¥P�G�	��¡��g©e¢c«"��°g¥)¥% G«"�g¯¬¢V«¬¢V�yÝ ß�·®¢5¡�Â�¥P�G�	��¡��g©e¢c«"�
°g¥)¥% G«"�g¯¬¢V«¬¢V��«"�6!¬¯"�	«"¥eµ$�g¶	¥%���g�1²�¥%��«"¥eÅ%�g¯A¡�¥"Ï½·y¥%© �	�G�G¥"Ê$«"�?Å%�g©_´��G�a«"�6!¬¯"�	 �«"§¬¢V�
©e¢5¡� G�	âg�g�

Sα
�
Sβ

 G�g�Gµ$¥%¯"��Í-Å%�g�	��µ$�g¶2¢� G¥V¡ ¢V£-¤V¥�«"� Ý ß�·�µ$�g¶	¥%� ��
F=�(FN@���H�����T�*A�8:
 ���-8:9
�����

α
�
β
Ï

. � *V¯"³%§"¶	¥%��«"��¢5¡ ¢VËÌ§"�u�u«"�g G �¢Vµ¬¢V³%�g©Î��¤V¥½«"�6!¬¯"�	«"¥%��«"��¢V°g¥% G«"¥ °g¥%© ¢� G¥V¡ ¢V£-¤V¥
«"¥e�G�	��¡��g©e¢¹«"�c°g¥)¥% G«"�g¯¬¢V«¬¢V��Ý ß�· �g© ¡�¥% G¯"¥ª«"�

y �"JÌ# �VÊ$�g© �G�g³%§"�	«¬¢�Ê��g© ¡�¥% G¯"¥
«"¥½¯"¥�Å%¥c�g�1²�¥

z 4%'�� �� G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡�����Ï�Ý��� G¥V¡ ¢V£��)�g����¤V¥ ���g��¡ ¢V��«"��©e¢V¯"�g�	 �¢�ËÌ§"�\¥
¯"¥�Å%¥ª�g�1²�¥

x � 4V(���� �g��¡���ä�¢ª¢V¶	�	¯"À¬¢V«"¥_°g¥%© Å%�?¡�¥% \«¬¢aÅ%�g¶	¥)°g�	«¬¢V«"�o«"¥_Å%�g¯A¡�¥e G�g¶2¢5¡���Å%¥
�.Æ��	³%§" �¢nå)Ï å���Ï_Ý�¶	Âg© «"�	�G�G¥"Ê�¥É�g�1²�¥

z
 G�g°g�g¨$�¹�g�G��¢É¯"¥%©ª�g¯"°g¶2¢5¡�§" �¢ µ$¥% ½°g¥%©ªµ$¥% ½¥

�G�	��¡��g©e¢_«"�o°g¥)¥% G«"�g¯¬¢V«¬¢V�\«"�g¯"¥%©ª�	¯¬¢V«"¥���8@��D;���L�OA�������Dj�,+)8:Nu8EA,�,A��?Ï
. �ª�G�	¯¬¢V�	�_«"�

α
�
β

��¤V¥Á«"�6!¬¯"�	«"¥%�¹«"�n¡ ¢V¶-��¥% G©e¢�ËÌ§"�É¥1*V¯"³%§"¶	¥Ã«"� ¢5¡ ¢VËÌ§"�
�G��ä�¢ µ$¥%�G��¡���Å%¥ °-¢V�G¥�¢  G¥V¡ ¢V£-¤V¥ �g© ¡�¥% G¯"¥ «"�

y �"JÌ# �G��ä�¢ ¯"�g³A¢5¡���ÅV¢É�¸¥ *V¯"³%§"¶	¥ «"�
«"�g G �¢Vµ¬¢V³%�g© �G��ä�¢oµ$¥%�G��¡���Å%¥½°-¢V�G¥a¢½ G¥V¡ ¢V£-¤V¥o�g© ¡�¥% G¯"¥c«"�

z 4%'�� �G��ä�¢oµ$¥%�G��¡���ÅV¢�Ï�·y¥%©
�	�G�G¥"Ê¬¢V�\ G¥V¡ ¢V£��)�g����¤V¥ª«"�6!¬¯"�	«¬¢V�\µ$¥% 





x
y
z





4%'��
= Sα





x
y
z





�"JÌ#
; Sα =





cosα 0 senα
0 1 0

− senα 0 cosα




��å)Ï 'Aå��

�




x
y
z





� 4V(����
= Sβ





x
y
z





4%'��
; Sβ =





cos β sen β 0
− sen β cos β 0

0 0 1



 .
��å)Ï '"''�

·y¥%©w�	�G�G¥"Ê

x � 4V(���� = SβSαv �"JÌ# = Sv �"JÌ# ��å)Ï 'Vã��
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�g©wËÌ§"�

S =





cosα cos β sen β senα cos β
− cosα sen β cos β − senα sen β

− senα 0 cosα



 ,
��å)Ï ',f��

¥¹ËÌ§"�c�	©ªµ"¶	�	°-¢

v �"JÌ# =





u
v
w



 = STv � 4V(���� = ST





VT
0
0



 =





VT cosα cos β
VT sen β

VT senα cos β



 .
��å)Ï '",'�

. ¨�¡�Âg©_´��G�o�g¯A¡ ¤V¥e¢_ G�g¶2¢V£-¤V¥_«"�½¡� �¢V¯"� ��¥% G©e¢V£-¤V¥

VT =
√
u2 + v2 + w2

tanα = w/u

tanβ = v/vT ,
��å)Ï 'Aç��

ËÌ§"�_°g G�2¢e¥ ¯"¥�Å%¥n°g¥%¯ÙäG§"¯A¡�¥ «"�aÅV¢V G�2Í-Å%�g�	�� G�gµ" G�g�G�g¯A¡ ¢V«¬¢V�o¯"¥%�½�g�1²�¥%� «"�PÅ%�g¯A¡�¥ �
vT

Ê
α

�
β
�ª¢Áµ¬¢V �¡��	 e«¬¢V�¸°g¥%©ªµ$¥%¯"�g¯A¡��g�¸«"� Å%�g¶	¥)°g�	«¬¢V«"� «"� ¡� �¢V¯"�G¶2¢V£-¤V¥ «"¥ °VÏ ³"Ï «¬¢

¢V�g G¥%¯¬¢-Å%�!�
u
Ê
v

�
w
��Ï

����� ��� ���u���������3� ��� � ������� �3���� 
 ���"���	��
�
���������

·y¥%©r¢É¢V¯¬ÍV¶	�	�G�¹«"¥ «"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥ «"�g�G°g G��¡�¥ ¯¬¢V�2/)§"¨"�G�g£��)�g�¹å)Ï '�Ï>e%Ê�å)Ï '�Ï ån�
å)Ï '�Ï '�ÊÌ¥%¨"�G�g �ÅV¢Ù´��G��¢½µ$¥%�G�G�	¨"�	¶	�	«¬¢V«"�u«"��§"©e¢o¢Vµ" G¥-²��	©e¢V£-¤V¥o�	©ªµ$¥% �¡ ¢V¯A¡��#��°g¥%¯"�G�	«"�g �¢Ù´
£-¤V¥¸«¬¢e�G§"µ$�g  � �	°g�	�P«¬¢eà@�g G �¢e°g¥%©ª¥¸�G�g¯"«"¥ µ"¶2¢V¯¬¢�Ï ·y¥%©l�	�G�G¥"ÊKµ$¥)«"��´��G�P°g¥%¯"�G�	«"�g �¢V 
¥_�G�	��¡��g©e¢P«"� °g¥)¥% G«"�g¯¬¢V«¬¢V� +�¾O� °g¥%©ª¥a�G�g¯"«"¥_§"©  G�6���g G�g¯"°g�2¢V¶K�	¯"�g G°g�2¢V¶�ÊÌ¥aËÌ§"�½«¬Í
¥% G�	³%�g©w¢_§"©w°g¥%¯ÙäG§"¯A¡�¥ª«"�o�gËÌ§¬¢V£��)�g���G�	³%¯"��!¬°-¢5¡���ÅV¢V©ª�g¯A¡���©e¢V�	���G�	©ªµ"¶	�g�gÏ

¾�©a¨$¥% �¢¹¥e�G�	��¡��g©e¢¹«"�c°g¥)¥% G«"�g¯¬¢V«¬¢V� +�¾O� ¢Vµ" G�g�G�g¯A¡��cÅ%�g¶	¥)°g�	«¬¢V«"�o«"�P G¥V¡ ¢V£-¤V¥
�c¢V°g�g¶	�g �¢V£-¤V¥ª¯¬¤V¥ª¯Ì§"¶2¢V�\�g©w G�g¶2¢V£-¤V¥e¢V¥ª¾ ·  Ê$¢V��¢V°g�g¶	�g �¢V£��)�g��¢V�G�G¥)°g�2¢V«¬¢V��¹à@�g G �¢
��¤V¥ «"�g�Gµ" G�gâ���Å%�g�	� �G��°g¥%©ªµ¬¢V �¢V«¬¢V�ª°g¥%© ¢V�¸µ" G¥)«"§"âg�	«¬¢V�eµ$¥% e©e¢V¯"¥%¨" �¢V�e«"�Ç§"©e¢
¢V�g G¥%¯¬¢-Å%�VÏo·y¥%© �	�G�G¥"Ê$µ$¥)«"��´��G�P°g¥%¯"�G�	«"�g �¢V  ��å)Ï>eÙå���°g¥%©ª¥¸¢e�gËÌ§¬¢V£-¤V¥ F.B µ¬¢V �¢

v̇ �"JÌ#�c¢_�gËÌ§¬¢V£-¤V¥ªµ¬¢V �¢
ṗ
��å)Ï ã��yµ$¥)«"�o�G�g \�G§"¨"��¡���¡�§1�	«¬¢_µ$¥% �§"©e¢aÅ%�g G��¤V¥ª�G�	©ªµ"¶	��!¬°-¢V«¬¢��

ṗ (�4V/ , v (�4V/ = BT
Bv �"JÌ# ��å)Ï '��'�

¥%§MÊ¬«"�)��¥% G©e¢a«"�?¡ ¢V¶	À¬¢V«¬¢�Ê
ẋe = u cos θ cosψ + v ( sen φ sen θ cosψ − cosφ senψ)+

+ w (cosφ sen θ cosψ + sen φ senψ)
ẏe = u cos θ senψ + v ( senφ sen θ senψ cos φ cosψ) +

+ w (cosφ sen θ senψ − sen φ cosψ)
że = u sen θ − v sen φ cos θ − w cosφ cos θ,

� � � ��'#9:����%��"!#��������& $���'(� �3�4�(�*��+���� 1#5 �5 ��5
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�g© ËÌ§"�
p (�4V/ °g¥%¯"�G�	��¡���¯"¥½Å%�?¡�¥%  µ$¥%�G�	£-¤V¥½¡�¥%©e¢V¯"«"¥5´��G��¥c�G�	��¡��g©e¢½«"�\°g¥)¥% G«"�g¯¬¢V«¬¢V�

³%�g¥%³% �Í !¬°g¥ � +�¾O� �u°g¥%©ª¥¹ G�6���g 34g¯"°g�2¢�Ï
Æ��	¯¬¢V¶	©ª�g¯A¡��VÊÌ¢V� �gËÌ§¬¢V£��)�g�y«"��©ª¥�Å)�	©ª�g¯A¡�¥cµ¬¢V �¢oà@�g G �¢cµ"¶2¢V¯¬¢�ÊÌ�G�g³%§"¯"«"¥ ��å)Ï>eÙå���Ê

��å)Ï>eÙç���Ê ��å)Ï '%æ'� � ��å)Ï '��'�y��¤V¥1�

v̇ �"JÌ# = −Ω �"JÌ# v �"JÌ# +BBg′
0 +

FABC

m
⇒ �gËÌ§¬¢V£-¤V¥ª«"�)��¥% G£-¢

ω̇ �"JÌ# = −J−1Ω �"JÌ# Jv �"JÌ# + J−1t �"JÌ# ⇒ �gËÌ§¬¢V£-¤V¥ª«"�o©ª¥%©ª�g¯A¡�¥
ϕ̇ = E (ϕ)ω ⇒ �gËÌ§¬¢V£-¤V¥ª«"�c¢5¡���¡�§"«"�

ṗ (�4V/ = BT
Bv �"JÌ# ⇒ �gËÌ§¬¢V£-¤V¥ª«"�o¯¬¢-Å%�g³A¢V£-¤V¥

��å)Ï '��'�
���)��¥% G©e¢a«"�?¡ ¢V¶	À¬¢V«¬¢�Ê¬¢V�\�gËÌ§¬¢V£��)�g�)��å)Ï '��'�y�G�½¡�¥% G¯¬¢V© �
¾�ËÌ§¬¢V£-¤V¥ª«"�)��¥% G£-¢��







u̇ = Fx/m− (qw − rv) − g′0 sen θ
v̇ = Fy/m− (ru− pw) + g′0 cos θ sen φ
ẇ = Fz/m− (pv − qu) + g′0 cos θ cos φ

¾�ËÌ§¬¢V£-¤V¥ª«"�o©ª¥%©ª�g¯A¡�¥1�






Γṗ = Jxz[Jx−Jy+Jz]pq−[Jz(Jz−Jy)+J2
xz]qr+JzL̄+JxzN

Jyq̇ = (Jz−Jx)pr−Jxz(p2−r2)M
Γṙ = [(Jx−Jy)Jx+J2

xz]pq−Jxz[Jx−Jy+Jz]qr+JxzL̄+JxN¾�ËÌ§¬¢V£-¤V¥ª«"�c¢5¡���¡�§"«"�#�






φ̇ = p+ q sen θ tan θ + r cos φ tan θ

θ̇ = q cosφ− r senφ

ψ̇ = q senφ sec θ + r cosφ sec θ
¾�ËÌ§¬¢V£-¤V¥ª«"�o¯¬¢-Å%�g³A¢V£-¤V¥1�







ẋe = u cos θ cosψ + v ( sen φ sen θ cosψ − cosφ senψ)+
+ w (cosφ sen θ cosψ + sen φ senψ)

ẏe = u cos θ senψ + v ( senφ sen θ senψ cos φ cosψ) +
+ w (cosφ sen θ senψ − sen φ cosψ)

że = u sen θ − v sen φ cos θ − w cosφ cos θ
·y¥%©w�	�G�G¥"Ê"¥¹Å%�?¡�¥% \«"�o�g��¡ ¢V«"¥ª�G�½¡�¥% G¯¬¢

x =







v �"JÌ#
ω �"JÌ#

ϕ

p (�4V/






,

��å)Ï ãAæ'�
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�g©wËÌ§"�

v �"JÌ# =





u
v
w



 ; ω �"JÌ# =





p
q
r



 ; ϕ =





φ
θ
ψ



 ;p (�4V/ =





xE
yE
zE



 .

��å)Ï ã	e �
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���������
	�����

� � 	 � � � ��� ���! "� �� � � ��� � ����� � �

�� � � ��� � ��� ���

ÝÎ G�g�G¥%¶	§"£-¤V¥¹«"¥eµ" G¥%¨"¶	�g©e¢a«"�c G�g°g¥%¯"��¡� G§"£-¤V¥e«"�o¡� �¢�äG�?¡�»% G�2¢a�G�c¨¬¢V�G�g�2¢¹µ" G�	©ª¥% &´
«"�2¢V¶	©ª�g¯A¡��O¯¬¢�§�¡��	¶	�	â-¢V£-¤V¥\°g¥%¯ÙäG§"¯A¡ ¢ «"¥ ©ª¥)«"�g¶	¥�°g�	¯"�g©eÍ5¡��	°g¥��y«"�y©ª�g«"�	£��)�g��¥%¨�¡��	«¬¢V�
¢ µ¬¢V �¡��	 �«"���	¯"��¡� G§"©ª�g¯A¡�¥%���	¯"��¡ ¢V¶2¢V«"¥%��¯¬¢o¢V�g G¥%¯¬¢-Å%�VÏ +��g�G�G�\°g�g¯¬ÍV G�	¥"ÊA¥%��ÅV¢V¶	¥% G�g��¢V�&´
�G§"©ª�	«"¥%�yµ$�g¶	¥PÅ%�?¡�¥% �«"�½�g��¡ ¢V«"¥_°g¥%©�¥_«"�g°g¥% G G�g �«"¥a¡��g©ªµ$¥a«"�6!¬¯"�g©w¢P¡� �¢�äG�?¡�»% G�2¢ F
«¬¢ª¢V�g G¥%¯¬¢-Å%�VÏuÝ�¶	Âg©w«"�	�G�G¥"Ê¬«"�6!¬¯"��´��G�Pµ$¥% �����DE8:�L�UY7����A��V����Dj�,A��_¥%§ �T�����%
2��DE� (2Y7���
A�������Dj�,A��a¥¹°-ÍV¶	°g§"¶	¥a«"�g�G�G�g��ÅV¢V¶	¥% G�g��¢aµ¬¢V �¡��	 u«¬¢V��©ª�g«"�	£��)�g��µ" G¥�Å%�g¯"�	�g¯A¡��g��«¬¢_�	¯"�&´
¡� G§"©ª�g¯A¡ ¢V£-¤V¥ª¢_¨$¥% G«"¥"Ï

Ýl G�g¶	�?Å+*V¯"°g�2¢Ã«¬¢�§�¡��	¶	�	â-¢V£-¤V¥�«"�n¡�Âg°g¯"�	°-¢V�ª«"�  G�g°g¥%¯"��¡� G§"£-¤V¥Á«"�É¡� �¢�äG�?¡�»% G�2¢��G�
¡�¥% G¯¬¢ª�?Å)�	«"�g¯A¡��aËÌ§¬¢V¯"«"¥¸§"© �	©ªµ$¥% �¡ ¢V¯A¡��c¢V�Gµ$�g°?¡�¥¸ÂP¥%¨"�G�g �ÅV¢V«"¥"Ï�Ä�©e¢¹Å%�gâaËÌ§"�P¥
Å%�?¡�¥%  «"���g��¡ ¢V«"¥o¡��g¯"À¬¢c�G�	«"¥o G�g°g¥%¯"��¡� G§1�	«"¥"Ê)�G�g§"�OÅV¢V¶	¥% G�g�Oµ$¥)«"�g© �G�g  §�¡��	¶	�	â-¢V«"¥%��¯¬¢
�	«"�g¯A¡���!¬°-¢V£-¤V¥P«"¥a©ª¥)«"�g¶	¥P¢V�g G¥)«"�	¯*V©ª�	°g¥ C ÏO��� �.¢5¡�¥"ÊÌ¥PÅ%�?¡�¥% y G�g°g¥%¯"��¡� G§1�	«"¥_¢V§)²��	¶	�2¢
¯¬¤V¥ �G¥%©ª�g¯A¡��ª¯¬¢É«"�?¡��g G©ª�	¯¬¢V£-¤V¥É«¬¢É�g��¡� G§�¡�§" �¢ «"¥ ©ª¥)«"�g¶	¥É¢V�g G¥)«"�	¯*V©ª�	°g¥n°g¥%©ª¥"Ê
µ" G�	¯"°g�	µ¬¢V¶	©ª�g¯A¡��VÊK¯¬¢¸�g��¡��	©e¢V£-¤V¥¸«"�_µ¬¢V  *V©ª�?¡� G¥%� «"�_«"�g�G�g©ªµ$�g¯"À"¥"Ê��g��¡ ¢V¨"�	¶	�	«¬¢V«"�P�
°g¥%¯A¡� G¥%¶	�½«¬¢ª¢V�g G¥%¯¬¢-Å%�VÏ

�¯"�	°g�2¢V¶	©ª�g¯A¡��VÊ)¢V�O¡�Âg°g¯"�	°-¢V�y«"�  G�g°g¥%¯"��¡� G§"£-¤V¥a«"��¡� �¢�äG�?¡�»% G�2¢o«"� ¢V�g G¥%¯¬¢-Å%�g���g �¢V©
§�¡��	¶	�	â-¢V«¬¢V�¸°g¥%© ¥ ¥%¨ÌäG�?¡���Å%¥±«"�Ã«"�?¡��g G©ª�	¯¬¢V  ¥%�nÅV¢V¶	¥% G�g� «"�ÃÅV¢V G�2Í-Å%�g�	�n«"�Ã«"��� �	°g�	¶
©ª�g«"�	£-¤V¥"Ï�·y¥%© ¥½¢Vµ" G�	©ª¥% �¢V©ª�g¯A¡�¥�«¬¢ �	¯"��¡� G§"©ª�g¯A¡ ¢V£-¤V¥ �	¯"��¡ ¢V¶2¢V«¬¢�Ê5¡��g¯"«"��´��G�\¢ §�¡��1´
¶	�	â-¢V ��g�G��¢V�½¡�Âg°g¯"�	°-¢V�o©e¢V�	���� G�gË��"�g¯A¡��g©ª�g¯A¡��ª°g¥%©Z¥n�	¯A¡�§"��¡�¥¸«"�¹°g¥% G G�	³%�	 �©ª�g«"�	£��)�g�
«"�	��¡�¥% G°g�	«¬¢V��«"¥oËÌ§"��«"�\�6���?¡���ÅV¢V©ª�g¯A¡��u¡�¥% G¯¬ÍÙ´�¶2¢V��«"�	�Gµ$¥%¯1��Å%�g�	� ��ÈÉ§"¶	«"�g  ¢V¯"«ªá�¥%¶	¶2¢V¯)´
� � �8���*)(��+���!#�"��� $	��!#� ���3) ���*$	��' $��(56 � �����*� �����*�?��!#��-���� �*� !#��� $	������� � 9 � $�� !#� � �� � ��� $����#$���	� !#� %��#!#��/ � �������#!#& '	��%�&4��� !#���

) ��'(!#� !� ��������'(� -���� !� �� ���	!������% �#$�& / & 7���!�5 / �,%��#!#& � ����+�3���"'(� ��� $����#$���	� !#� %��#!#��/ �
�������#!#& '	��%�&4��� ����� � �(�*����- ��!��� )��& '(��& )(��/ %���' $�� ����% � ��!#&4+���� ��� ����%��#+���� !#� ���3��� ��& ��' $����
�������#!#& '	��%�&4��� �1�;�����*) ��� $�& - ��� ����������+�3����5

'2e
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«"�g gÊ e����2e ��Ï
+��g�G�G�y°g¥%¯A¡���²)¡�¥"ÊV�G§" G³%�y§"©e¢�°g¥%¯"��¡ ¢5¡ ¢V£-¤V¥�¯¬¢5¡�§" �¢V¶�Ï /)�y¢�¡�Âg°g¯"�	°-¢\«"�  G�g°g¥%¯"��¡� G§)´

£-¤V¥�«"�y¡� �¢�äG�?¡�»% G�2¢\Âu°-¢Vµ¬¢Vây«"�y°g¥% G G�	³%�	 �©ª�g«"�	£��)�g�@�	©ªµ" G�g°g�	��¢V�gÊV�g¯A¡ ¤V¥½¢�°g¥%©ªµ¬¢V �¢V£-¤V¥
«"¥a G�g�G§"¶�¡ ¢V«"¥P«¬¢P G�g°g¥%¯"��¡� G§"£-¤V¥_«"�g�G��¢V�uÅV¢V G�2Í-Å%�g�	� °g¥%© ¢V�y©ª�g«"�	£��)�g� µ" G¥%µ" G�2¢V©ª�g¯A¡��
«"��¡ ¢V��¥#���g G�g°g�o�	¯"«1�	°g�	¥%�u«"¥%�\©ª¥V¡���Å%¥%��µ$�g¶	¥%��ËÌ§¬¢V�	��¢V��©ª�g«"�	£��)�g� ��¥% �¢V© �	©ªµ$�g  ���g��¡ ¢V�
��¼½�g G¶2¢V° ÀMÊ e��AçVæ'��ÏÉ·y¥%© �	�G�G¥"Ê�«"�g¶	�	©ª��¡ ¢Ù´��G�a§"©e¢É¯"¥�ÅV¢ ÍV G�-¢É«"�¸¢5¡�§¬¢V£-¤V¥ «¬¢V�o¡�Âg°�´
¯"�	°-¢V�o«"�ª G�g°g¥%¯"��¡� G§"£-¤V¥Ç«"�¹¡� �¢�äG�?¡�»% G�2¢ «"�e¢V�g G¥%¯¬¢-Å%�g���a�g��¡��	©e¢V£-¤V¥n«"�ªµ¬¢V  *V©ª�?¡� G¥%�
«"�O�g G G¥\«¬¢��	¯"��¡� G§"©ª�g¯A¡ ¢V£-¤V¥\�	¯"��¡ ¢V¶2¢V«¬¢�Ï�¾ �g��¡��OÂO§"© «"¥%���g¯���¥)ËÌ§"�g��«"�g��¡��O¡� �¢V¨¬¢V¶	À"¥"Ï

Ý�¶	Âg©w«"�g�G��¢e¢V¨$¥% G«¬¢V³%�g©ÉÊ"¢V��¡�Âg°g¯"�	°-¢V�\«"�c G�g°g¥%¯"��¡� G§"£-¤V¥ª«"�o¡� �¢�äG�?¡�»% G�2¢a��¤V¥ª°g¥5´
©a§"©ª�g¯A¡��½§�¡��	¶	�	â-¢V«¬¢V�u¯¬¢V�\�G�g³%§"�	¯A¡��g��ÍV G�-¢V�\«"�oµ$�g�GËÌ§"�	��¢¹�c¢Vµ"¶	�	°-¢V£��)�g���

• «"�?¡��g G©ª�	¯¬¢V£-¤V¥½«"��°g¥%©ªµ$¥%¯"�g¯A¡��g�O«¬¢½Å%�g¶	¥)°g�	«¬¢V«"��«"¥oÅ%�g¯A¡�¥a¢oµ¬¢V �¡��	 �«"���G�	¯¬¢V�	�
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«"�c¢V©ª¥%��¡� �¢V³%�g©ÉÊ��g© µ" G�	¯"°��	µ"�	¥"Ê��	³%§¬¢V¶M¢V¥ª«"¥%�\�G�	¯¬¢V�	��µ" G¥�Å%�g¯"�	�g¯A¡��g��«"�a¼oº /
��ÈÉ§"¶	«"�g ��?¡�¢V¶�Ï�ÊXe������'� �
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©e¢V¯"¥%¨" �¢V�u �ÍVµ"�	«¬¢V� ��à�¢ �)¶	¥% gÊ e����Aå�� �

• ¢V¯¬ÍV¶	�	�G� «"�c¢V°g�	«"�g¯A¡��g� � � �	¯"³% G¥�Å%�c¢V¯"« ßu¢V° ÀMÊ e����"''� �

• ©ª¥)«"�g¶2¢V³%�g©��g��¡� G§�¡�§" �¢V¶3«"�c¢V�g G¥%¯¬¢-Å%�g�)���½¶	�g�	¯n¢V¯"« ßu¢5¡G¡��g G�G¥%¯MÊ e����",'��Ï
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¡ ¢V¯A¡��Çµ¬¢Vµ$�g¶�¯¬¢�ÅV¢V¶	�	«¬¢V£-¤V¥�«"¥%�e�	¯"��¡� G§"©ª�g¯A¡�¥%�e«"�Ç©ª�g«"�	£-¤V¥Á§�¡��	¶	�	â-¢V«"¥%�¹�g© µ" G¥5´
¡�»V¡��	µ$¥%�gÏ�Ý�¶	Âg© «"�Pµ$¥%�G�G�	¨"�	¶	��¡ ¢V �¢ª�	¯����g 34g¯"°g�2¢e¢ª G�g�Gµ$�g��¡�¥¸«¬¢ªËÌ§¬¢V¶	�	«¬¢V«"�c«"¥%���G�	¯¬¢V�	�
©ª�g«"�	«"¥%�gÊ$¢_¡�Âg°g¯"�	°-¢ªÂc°-¢Vµ¬¢Vâc«"� ��¥% G¯"�g°g�g ��	¯"«1�	°g�	¥%�\¢¹ G�g�Gµ$�g��¡�¥e«¬¢V� ��¥%¯A¡��g��«"�c�g G G¥
 G�g�Gµ$¥%¯"��Í-Å%�g�	��µ$�g¶2¢V��©ª�g«"�	£��)�g���	¯¬¢V«"�gËÌ§¬¢V«¬¢V�gÏ

+��g�G�G�P°g¥%¯A¡���²)¡�¥"Ê�¥%�\�g G G¥%��µ" G¥�Å%�g¯"�	�g¯A¡��g��«"�o�?Å%�g¯A¡�§¬¢V�	��«"�g��¢V¶	�	¯"À¬¢V©ª�g¯A¡�¥%����²��	�&´
¡��g¯A¡��g���g¯A¡� G� ³%�	 GÞ%©ª�?¡� G¥%�Ç� ¢V°g�g¶	�g GÞ%©ª�?¡� G¥%��«¬¢ Ä�¯"�	«¬¢V«"� «"�±ÈÉ�g«"�	£-¤V¥ �¯"�g G°g�2¢V¶
���È Ä E ��³A¢V¯"À¬¢V©Z G�g¶	�?Å+*V¯"°g�2¢�Ïa¾��G��¢É¢ !¬ G©e¢5¡���ÅV¢e�G�¹«"�?Å%�ªµ" G�	¯"°g�	µ¬¢V¶	©ª�g¯A¡��a¢V¥ �.¢5¡�¥
«"�
ax, ay, az, p, q

�
r
�G�g G�g©�°g¥%¯"�G�	«"�g �¢V«¬¢V�yÅV¢V G�2Í-Å%�g�	� «"���g¯A¡� �¢V«¬¢P«"¥a©ª¥)«"�g¶	¥o°g�	¯"��´

©eÍ5¡��	°g¥"Ê�°g¥%¯���¥% G©ª�o¢V���gËÌ§¬¢V£��)�g�)��'�Ï>e ��Ê ��'�Ï å��y� ��'�Ï ''� T Ï






u̇ = amx − (qmw − rmv)
v̇ = amy − (rmu− pmw)
ẇ = amz − (pmv − qmu)

��'�Ï>e �







φ̇ = pm + qm sen θ tan θ + rm cos φ tan θ

θ̇ = qm cosφ− rm sen φ

ψ̇ = qm senφ sec θ + rm cosφ sec θ

��'�Ï å��







ẋe = u cos θ cosψ + v ( sen φ sen θ cosψ − cosφ senψ)+
+ w (cos φ sen θ cosψ + sen φ senψ)

ẏe = u cos θ senψ + v ( senφ sen θ senψ cos φ cosψ) +
+ w (cos φ sen θ senψ − sen φ cosψ)

że = u sen θ − v sen φ cos θ − w cosφ cos θ

��'�Ï ''�

¾��G�G�P°g¥%¯A¡���²)¡�¥ª�	©ªµ"¶	�	°-¢a¢_��²��	��¡54g¯"°g�2¢¹«"�o§"© Å%�?¡�¥% �«"�o�g��¡ ¢V«"¥%�\«"�o¡ ¢V©e¢V¯"À"¥ �
«"�6!¬¯"�	«"¥¹µ$¥% 

x = [u, v, w, φ, θ, ψ, xe, ye, ze ]T ,
��'�Ï ã��

§"© Å%�?¡�¥% \«"�o�g¯A¡� �¢V«¬¢V��«"�½¡ ¢V©e¢V¯"À"¥5,_«"�6!¬¯"�	«"¥ªµ$¥% 

u =
[
pm, qm, rm, amx , a

m
y , a

m
z

]T ��'�Ï f��
�g© ËÌ§"��¥P�G¥%¨" G�g�G°g G��¡�¥ �

m

\�	¯"«"�	°-¢-�%��� 8E������N$���TA�8EA,�VÏ +��g��¡���¡� �¢V¨¬¢V¶	À"¥"ÊÌ¢V��ÅV¢V G�2Í-Å%�g�	�

©ª�g«"�	«¬¢V�O��¤V¥P©ª¥)«"�g¶2¢V«¬¢V�O«"��¡ ¢V¶¬©e¢V¯"�g�	 �¢oËÌ§"���G�g§"� ÅV¢V¶	¥% G�g� �G��ä�¢V© �	³%§¬¢V�	� ¢V¥oÅV¢V¶	¥% 
������� = � +,��)�! #0�$� � �"��)�& )*������+"! � +2# ! 5
� � �d�*�g���� ��/4��1#5 �;'(��)	����& '(�+�����"��� �(��+�3��� - 1#5 ��
�5 '(��)	����& '(��1 �5
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 G�-¢V¶A«¬¢� G�g�Gµ$�g°?¡���ÅV¢�ÅV¢V G�2Í-Å%�g¶Ì©a§"¶�¡��	µ"¶	�	°-¢V«"¥uµ$¥% �§"© ¡��g G©ª¥�«"� ³A¢V¯"À"¥��VÊV�g© �G�g³%§"�	«¬¢�Ê
�G¥%©e¢V«"¥¹¢¹§"© ¡��g G©ª¥_«"�oµ$¥%¶2¢V G�	â-¢V£-¤V¥"Ï�·y¥%©w�	�G�G¥1�

amx = kax
ax + ∆ax

amy = kay
ay + ∆ay

amz = kaz
az + ∆az

pm = kpp+ ∆p
qm = kqq + ∆q
rm = krr + ∆r

��'�Ï ,'�

¥¹ËÌ§"�o�	©ªµ"¶	�	°-¢P§"© Å%�?¡�¥% \«"�oµ¬¢V  *V©ª�?¡� G¥%��«"�½¡ ¢V©e¢V¯"À"¥MeÙåa«"�6!¬¯"�	«"¥ªµ$¥% 

θ =
[
kp, ∆p, kq, ∆q, kr, ∆r, kax

, ∆ax, kay
, ∆ay, kaz

, ∆az
]T ��'�Ï ç��

�o§"© Å%�?¡�¥% \«"�o��¢#�	«¬¢V�u¡5�	µ"�	°g¥"Ê�«"�½¡ ¢V©e¢V¯"À"¥5,�Ê¬«"�6!¬¯"�	«"¥¹µ$¥% 

y = [ xe, ye, ze, vT , α, β ]T
��'�Ï �'�

�g©wËÌ§"�VÊ¬�G�g³%§"¯"«"¥&��å)Ï 'Aç���Ê






vT =
√
u2 + v2 + w2

α = tan−1(w/u)
β = tan−1(v/vT ).
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Æ��	³%§" �¢1'�Ï f �Á·y¥%©ªµ¬¢V �¢V£-¤V¥Á�g¯A¡� G�Ã¢V�e©e¢V¯"¥%¨" �¢V���Ã©e¢V¯"¥%¨" �¢Ce � − � �½©e¢V¯"¥%¨" �¢ å
� − · − � �¬©e¢V¯"¥%¨" �¢5'�� · · · ��Ï

�©ªµ$¥% �¡ ¢V¯A¡��¸¥%¨"�G�g �ÅV¢V a¥Ç©ª¥V¡���Å%¥Çµ$�g¶	¥ÇËÌ§¬¢V¶y§�¡��	¶	�	â-¢V©_´��G�¹«¬¢V«"¥%�aµ" G¥�Å%�g¯"�	�g¯A¡��g�
«"�n¡� 34g�¹©e¢V¯"¥%¨" �¢V�¹«"�	��¡��	¯A¡ ¢V�gÏ Ý ËÌ§¬¢V¶	�	«¬¢V«"�n«¬¢Ã�g��¡��	©e¢V£-¤V¥�«"¥%�ªµ¬¢V  *V©ª�?¡� G¥%�_«"�
§"©h©ª¥)«"�g¶	¥ «"�gµ$�g¯"«"� ��¥% �¡��g©ª�g¯A¡���«¬¢V�n°-¢V �¢V°?¡��g 3�	��¡��	°-¢V�¸«"¥%�n�G�g§"�n�G�	¯¬¢V�	�¸«"�Ã�g¯)´
¡� �¢V«¬¢�ÊÌ�G�g³%§"¯"«"¥P°g G��¡�Âg G�	¥%��«"�\µ$�g G�G�	��¡54g¯"°g�2¢o«"����²�°g��¡ ¢V£-¤V¥!��Ý�³%§"�	 G G�VÊ)åVæ%æVã���Ï����?Å)�	«"¥
¢e�	�G�G¥"Ê$¨"§"�G°-¢Ù´��G�a«"�g��¡ ¢V°-¢V  ¢e�	«"�g¯A¡���!¬°-¢V¨"�	¶	�	«¬¢V«"�½«"¥%��µ¬¢V  *V©ª�?¡� G¥%���g©l°g�g¯¬ÍV G�	¥%��«"�
��²�°g��¡ ¢V£-¤V¥Á¢Vµ" G¥-²��	©e¢V«¬¢V©ª�g¯A¡�� ¯Ì§"¶2¢�Êy��²�°g��¡ ¢V£-¤V¥�«¬¢�«"�	¯*V©ª�	°-¢Ç¶	¥%¯"³%��¡�§"«"�	¯¬¢V¶y�n«"�
��²�°g��¡ ¢V£-¤V¥¹«¬¢V�\«"�	¯*V©ª�	°-¢V�u¶	¥%¯"³%��¡�§"«"�	¯¬¢V¶$�o¶2Í5¡��g G¥5´�«"�	 G�g°g�	¥%¯¬¢V¶�ÊA G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡��VÏ

& §¬¢V¯A¡�¥Ã¢V¥��G�g³%§"¯"«"¥�¢V�Gµ$�g°?¡�¥"ÊO§�¡��	¶	�	â-¢V©_´��G�¹ËÌ§¬¢5¡� G¥Ã¯1��Å%�g�	�a«"�¸°g¥%¯A¡ ¢V©ª�	¯¬¢V£-¤V¥
µ$¥% ¸ G§1�	«"¥"ÏÎº�¢V �¢ �	�G�G¥"Ê\�G¥%©e¢V©_´��G�Ç¢V¥%� �G�	¯¬¢V�	�e«"���g¯A¡� �¢V«¬¢�Ê� G§1�	«"¥ ¨" �¢V¯"°g¥ °g¥%©
«"�g��Å)�	¥Ãµ¬¢V«" �¤V¥Ã�	³%§¬¢V¶u¢Ãæ�Ê?e%ÊyåÇ� ã�Å%�gâg�g�e¥Ã«"�g��Å)�	¥Ãµ¬¢V«" �¤V¥�¡5�	µ"�	°g¥Ç«¬¢V�¹ G�g�Gµ$�g°�´
¡���ÅV¢V� ©ª�g«"�	£��)�g� µ" G¥�Å%�g¯"�	�g¯A¡��g��«"� §"¯"�	«¬¢V«"�g�Ç«"� ©ª�g«"�	£-¤V¥±�	¯"�g G°g�2¢V¶�ÏZº�¢V �¢±�	�G�G¥"Ê
°g¥%¯"�G�	«"�g �¢V©_´��G�

σacc = 0,12
© �5� 2 �

σgir = 0,07
 �¢V« �5� ��·y G�	��¡ ¢�Ê�åVæ%æVã���Ï . ¥%¨)´

äG�?¡���Å%¥ª«"�g�G��¢e¢V¨$¥% G«¬¢V³%�g©w°g¥%¯"�G�	��¡��c�g©w¡��g��¡ ¢V �¢¹ G¥%¨"§"��¡��gâc«"¥%��¢V¶	³%¥% G��¡�©ª¥%�y¯"¥ªËÌ§"�
«"�	â  G�g�Gµ$�g��¡�¥_a§�¡��	¶	�	â-¢V£-¤V¥c«"� «¬¢V«"¥%��°g¥%©�«"�����g G�g¯A¡��g��¯1��Å%�g�	�u«"� °g¥%¯A¡ ¢V©ª�	¯¬¢V£-¤V¥Pµ$¥% 
 G§1�	«"¥"Ï
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& §¬¢V¯A¡�¥É¢V¥¸¡��g G°g�g�	 G¥É¢V�Gµ$�g°?¡�¥"Ê3¥n¯ *"©ª�g G¥n«"�aÅV¢V G�2Í-Å%�g�	� ¥%¨"�G�g �ÅV¢V«¬¢V�oÂ¹¢V§"©ª�g¯)´
¡ ¢V«"¥ °g¥%© ¥Ç�	¯A¡�§"��¡�¥É«"�e�	¯"�G�g G�	 c©e¢V�	¥% oËÌ§¬¢V¯A¡��	«¬¢V«"�e«"�e�	¯���¥% G©e¢V£-¤V¥É¯"¥Çµ" G¥)°g�g�G�G¥
«"�_�g��¡��	©e¢V£-¤V¥ �ª¢V�G�G�	©Z«"�ª¢V§"©ª�g¯A¡ ¢V o¢ �6!¬°g�74g¯"°g�2¢ «"¥%�o¢V¶	³%¥% G��¡�©ª¥%�gÏa·y¥%© �	�G�G¥"Ê3¥
Å%�?¡�¥% \«"�o��¢#�	«¬¢

y1 = [ xe, ye, ze, vT , α, β ]T

Âo��²�µ¬¢V¯"«"�	«"¥¹«"�)��¥% G©e¢_¢¹�G�½¡�¥% G¯¬¢V 

y2 = [xe, ye, ze, vT , α, β, φ, θ, ψ, ]T ,

ËÌ§"�a°g¥%¯"�G�	��¡��P�g© ¥%§�¡� G¥¸°g�g¯¬ÍV G�	¥ª¡5�	µ"�	°g¥ª«"�a G�g°g¥%¯"��¡� G§"£-¤V¥¸«"�P¡� �¢�äG�?¡�»% G�2¢ ��à@�g�1²��g�	 �¢
�?¡�¢V¶�Ï�Ê�åVæ%æ,f���Ï

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊ�ËÌ§¬¢V¯A¡�¥�¢V¥ÉËÌ§¬¢V �¡�¥Ç¢V�Gµ$�g°?¡�¥"Ê�«"§¬¢V�c°g¥%¯�!¬³%§" �¢V£��)�g�Pµ¬¢V �¢É¥ÉÅ%�?¡�¥% 
«"�\µ¬¢V  *V©ª�?¡� G¥%���g��¡��	©e¢V«"¥%����¤V¥o§�¡��	¶	�	â-¢V«¬¢V�gÏ +�¢½µ" G�	©ª�g�	 �¢�«"�g¶2¢V�gÊÌ¢Vµ$�g¯¬¢V�O¥%��ÅV¢V¶	¥% G�g�
«"�¸µ$¥%¶2¢V G�	â-¢V£-¤V¥É«"¥%�P³%�	 GÞ%©ª�?¡� G¥%�c� ¢V°g�g¶	�g GÞ%©ª�?¡� G¥%�P��¤V¥Ç�g��¡��	©e¢V«"¥%�gÊ�«"�e¡ ¢V¶ ��¥% G©e¢
ËÌ§"�

θ1 = [ ∆p,∆q,∆r, ∆ax, ∆ay,∆az ] .
��'�Ï �'�

¾�©Î�G�g³%§"�	«¬¢�Ê%¥�Å%�?¡�¥% �«"�uµ¬¢V  *V©ª�?¡� G¥%�@Âu��²�µ¬¢V¯"«"�	«"¥ °g¥%¯���¥% G©ª�u¢��gËÌ§¬¢V£-¤V¥ ��'�Ï ç���Ê
 G�g�g�G°g G��¡ ¢¹¢VËÌ§"�3µ$¥% �°g¥%¯AÅ%�g¯"�74g¯"°g�2¢��

θ2 =
[
kp, ∆p, kq, ∆q, kr, ∆r, kax

, ∆ax, kay
, ∆ay, kaz

, ∆az
]T
.

º�¢V �¢o¡�¥)«"¥%� ¥%� ��²�µ$�g G�	©ª�g¯A¡�¥%�  G�-¢V¶	�	â-¢V«"¥%�gÊA¥Pµ" G¥%¨"¶	�g©e¢½«"���g��¡��	©e¢V£-¤V¥o«"��µ¬¢V  *Ù´
©ª�?¡� G¥%��ÂP G�g�G¥%¶�Å)�	«"¥¸«"� ��¥% G©e¢e¢e³%�g �¢V �§"©e¢ª©e¢V�G��¢e«"�a«¬¢V«"¥%� °g¥%© µ" G¥%µ" G�	�g«¬¢V«"�g�
�g��¡ ¢5¡5�	��¡��	°-¢V���G�	³%¯"��!¬°-¢5¡���ÅV¢V�y¯"¥¹ËÌ§"�c«"�	â½ G�g�Gµ$�g��¡�¥ª¢V¥¹«"�g�G�g©ªµ$�g¯"À"¥ª«"¥%��¢V¶	³%¥% G��¡�©ª¥%�gÏ
��G�G¥c�	©ªµ"¶	�	°-¢�«"�	âg�g �ËÌ§"��¥%� ¢V¶	³%¥% G��¡�©ª¥%�@¯¬¤V¥c°g¶2¢V�G�G��!¬°-¢V«"¥%��°g¥%©ª¥o³%�g¯"Â?¡��	°g¥%�O��¤V¥c��²���´
°g§�¡ ¢V«"¥%�\«"��Å%�g G��¢V��Å%�gâg�g� ��©e¢V�	�u�g�Gµ$�g°g��!¬°-¢V©ª�g¯A¡��VÊXfVæ_ G�-¢V¶	�	â-¢V£��)�g����Ï

& §¬¢V¯A¡�¥±¢V¥%�É¢V¶	³%¥% G��¡�©ª¥%�e³%�g¯"Â?¡��	°g¥%�gÊ½¢ µ" G»%µ" G�2¢ °g¥%¯"°g�gµ$£-¤V¥±«"¥ µ" G¥)°g�g�G�G¥±«"�
¥V¡��	©ª�	â-¢V£-¤V¥n°g G�2¢n G�g�G§"¶�¡ ¢V«"¥%�P°g¥%© °-¢V �¢V°?¡��g 3�	��¡��	°-¢V�c�g��¡ ¢5¡5�	��¡��	°-¢V�gÏ ¾��G��¢�¢ !¬ G©e¢5¡���ÅV¢
�G��äG§"��¡���!¬°-¢�µ$�g¶	¥��.¢5¡�¥�«"�u�g�G�G�g�O¢V¶	³%¥% G��¡�©ª¥%�3�G�g G�g© ¨¬¢V�G�-¢V«"¥%��¯¬¢�°g G�2¢V£-¤V¥�«"�u°g¥%¯ÙäG§"¯)´
¡�¥%��«"�Pµ$¥%¯A¡�¥%� ��¥%§ µ$¥%µ"§"¶2¢V£��)�g���\¯"¥e�g�Gµ¬¢V£g¥ «"�P¥%¨ÌäG�?¡���Å%¥%���P°g¥%¯"«"§"âg�	 �¥¸µ" G¥)°g�g�G�G¥
«"�o¨"§"�G°-¢ª�G�g³%§"¯"«"¥ª¡� �¢V¯"�G�	£��)�g���o¡� �¢V¯"� ��¥% G©e¢V£��)�g��«"�o°-¢V �Í5¡��g \µ" G¥%¨¬¢V¨"�	¶7�	��¡��	°g¥"Ï�����´
Å)�	«"¥¹¢a�	�G�G¥"Ê"¢a��²��g°g§"£-¤V¥ª«"�½«"��Å%�g G��¢V�\ G�-¢V¶	�	â-¢V£��)�g�y«"�½§"©w¢V¶	³%¥% G��¡�©ª¥c³%�g¯"Â?¡��	°g¥_¯¬¤V¥
�G�yäG§"��¡���!¬°-¢_µ¬¢V �¢¹¢(!¬¯¬¢V¶	�	«¬¢V«"� «"�o�	¯A¡��g G�g�G�G�VÏ

Ýw G�gµ$�?¡��	£-¤V¥�«"¥�µ" G¥)°g�g�G�G¥�«"�¸¥V¡��	©ª�	â-¢V£-¤V¥ Â¸��²��g°g§�¡ ¢V«¬¢Ã«"�¸¡ ¢V¶ ��¥% G©e¢ ËÌ§"� ¥
µ$¥%¯A¡�¥ »V¡��	©ª¥��G��ä�¢ �G�g©ªµ" G�Ç°-¢V �¢V°?¡��g G�	â-¢V«"¥Áµ$¥% ªÅV¢V¶	¥% G�g�e«"�Çµ$¥%¶2¢V G�	â-¢V£-¤V¥�¯Ì§"¶	¥%�e�
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³A¢V¯"À"¥Ã§"¯"��¡ ÍV G�	¥"Ï ·y¥%©k�	�G�G¥"Êy¢ *"¯"�	°-¢�«"�����g G�g¯"£-¢���²��	��¡��g¯A¡��É�g¯A¡� G�É¢V�_ G�-¢V¶	�	â-¢V£��)�g�
°g¥%¯"�G�	��¡��c¯"¥eµ$¥%¯A¡�¥ª�	¯"�	°g�2¢V¶K«¬¢ª¨"§"�G°-¢�Ê$¥ªËÌ§"�P°g¥%¯����g G�c¥ª°-¢V �Í5¡��g ��g��¡ ¢5¡5�	��¡��	°g¥ª¢V¥e��²Ì´
µ$�g G�	©ª�g¯A¡�¥"Ï

. °g¥%¯ÙäG§"¯A¡�¥�«"� µ$¥%¯A¡�¥%�a�	¯"°g�2¢V�	�cµ¬¢V �¢ ¡�¥)«¬¢V�a¢V�_ G�-¢V¶	�	â-¢V£��)�g�c«"� §"©r«"�?¡��g G©ª�1´
¯¬¢V«"¥e¢V¶	³%¥% G��¡�©ª¥aÂc°g G�2¢V«"¥¹«"� ��¥% G©e¢¹¢ªµ$¥%�G�G§"�	 \«"�	��¡� G�	¨"§"�	£-¤V¥_§"¯"����¥% G©ª�VÏy¾��G��¢e«"�	�&´
¡� G�	¨"§"�	£-¤V¥PÂ «"�6!¬¯"�	«¬¢a¯"¥_�	¯A¡��g �ÅV¢V¶	¥a°g¥%©�°g�g¯A¡� G¥_¯"¥aÅV¢V¶	¥% y�	«"�-¢V¶ �

∆ = 0
�
k = 1

� �
«"��¡ ¢V©e¢V¯"À"¥c�	³%§¬¢V¶�¢c«"§¬¢V� Å%�gâg�g��¢oÅV¢V G�2¢V£-¤V¥c©eÍÙ²��	©e¢½³A¢V �¢V¯A¡��	«¬¢½µ$�g¶2¢c�	¯"��¡� G§"©ª�g¯)´
¡ ¢V£-¤V¥ �

∆kmaxgir

Ê
∆max
gir

Ê
∆kmaxacc

�
∆max
acc

��Ï

��G�G¥e�	©ªµ"¶	�	°-¢c«"�	âg�g �ËÌ§"�VÊ��G�o¥¹Å%�?¡�¥% \«"�oµ¬¢V 34g©ª�?¡� G¥%���	¯"�	°g�2¢V�	�yÂo«"�6!¬¯"�	«"¥¹µ$¥% 

θ0 =
[
kp0, ∆p0, kq0, ∆q0, kr0, ∆r0, kax0, ∆ax0, kay0, ∆ay0, kaz0, ∆az0

]T
,

�g¯A¡ ¤V¥"Ê
kp0

Ê
∆p0

Ê
kax0

�
∆ax0

Ê)µ$¥% O��²��g©ªµ"¶	¥"Ê)�G�g �¤V¥P�g¶	�g©ª�g¯A¡�¥%� «"��°g¥%¯ÙäG§"¯A¡�¥%� °g¥%©
«"�	��¡� G�	¨"§"�	£-¤V¥_§"¯"����¥% G©ª� «"�6!¬¯"�	«"¥%�\�g©w�	¯A¡��g �ÅV¢V¶	¥%�y¡ ¢V�	��ËÌ§"�

1 − ∆kmaxgir < kp0 < 1 + ∆kmaxgir , −∆max
gir < ∆p0 < ∆max

gir ,
��'�Ï>e�æ'�

1 − ∆kmaxacc < kax0 < 1 + ∆kmaxacc , −∆max
acc < ∆ax0 < ∆max

acc ,
��'�Ï>eUe �

�g©wËÌ§"�!��·y G�	��¡ ¢�Ê�åVæ%æVã�� �

∆kmaxgir = 0,01
 �¢V« �5�

, ∆max
gir = 0,6

 �¢V« �5�
,

��'�Ï>eÙå��
∆kmaxacc = 0,01

© �5� 2, ∆max
acc = 0,02

© �5� 2. ��'�Ï>e ''�
º�¢V �¢a¢c¢-ÅV¢V¶	�2¢V£-¤V¥o«"��«"�g�G�g©ªµ$�g¯"À"¥a«"¥%�y¢V¶	³%¥% G��¡�©ª¥%�gÊ%¥P�G�g³%§"�	¯A¡���µ" G¥)°g�g«"�	©ª�g¯A¡�¥

Âc¢V«"¥V¡ ¢V«"¥"Ï�º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊ�°g G�2¢V©_´��G� «"¥%�	�uÅ%�?¡�¥% G�g�\ G�g�Gµ$¥%¯"��Í-Å%�g�	��µ$�g¶2¢_ G�gµ" G�g�G�g¯)´
¡ ¢V£-¤V¥¹«"¥¹ÅV¢V¶	¥% u©e¢V�	� �� G�gË��"�g¯A¡��g©ª�g¯A¡��c�g��¡��	©e¢V«"¥¹«"�½¡ ¢V¶ ��¥% G©e¢aËÌ§"�#�

I1 =
ÅV¢V¶	¥% �©e¢V�	� �� G�gË��"�g¯A¡��g©ª�g¯A¡����g��¡��	©e¢V«"¥ ��©ª¥)«¬¢'� ��ÅV¢V¶	¥% ��g�Gµ$�g �¢V«"¥c°g¥%©ª¥

 G�g�G§"¶�¡ ¢V«"¥¹«"¥ª�g��¡��	©e¢V«"¥% u¯"¥¹�g�Gµ¬¢V£g¥e«"�oµ¬¢V  *V©ª�?¡� G¥%���

I1,% =
ÅV¢V¶	¥% ¸©e¢V�	���� G�gË��"�g¯A¡��g©ª�g¯A¡����g��¡��	©e¢V«"¥ ��©ª¥)«¬¢'� ��ÅV¢V¶	¥% e�g�Gµ$�g �¢V«"¥

°g¥%©ª¥½ G�g�G§"¶�¡ ¢V«"¥c«"¥o�g��¡��	©e¢V«"¥% ��g© §"© �g�Gµ¬¢V£g¥c«"�\�G¥%¶	§"£��)�g�O¯"¥% G©e¢V¶	�	â-¢V«"¥ �.æ
¢Me�æ%æ

%
��Ï

Ý�¶	Âg©w«"¥%��Å%�?¡�¥% G�g�
I1

�
I1,%

Ê¬§�¡��	¶	�	â-¢V©_´��G��ã%�	¯"«"�	°g�g��«"�6!¬¯"�	«"¥%�\µ$¥% ��

I2 =
µ" G�	©ª�g�	 �¢,�� G¥%¯A¡��g�	 �¢a¯"¥% G©e¢Ù´��	¯�!¬¯"��¡�¥P¥)°g§"µ¬¢V«¬¢¹¯"¥¹�g�Gµ¬¢V£g¥e«"�o�G¥%¶	§"£��)�g���

I3 =
¯ *"©ª�g G¥ ©ªÂg«"�	¥ «"����²��g°g§"£��)�g�n«"¥ ©ª¥)«"�g¶	¥1�Ã©ª�g«"�	«¬¢Á«"¥ ¡��g©ªµ$¥ «"�

µ" G¥)°g�g�G��¢V©ª�g¯A¡�¥ª©ªÂg«"�	¥_«"¥e¢V¶	³%¥% G��¡�©ª¥��
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I4 =
«"�	��¡ *V¯"°g�2¢_¾�§"°g¶	�	«"�-¢V¯¬¢a�g¯A¡� G�o¥aÅ%�?¡�¥% \«"�½µ¬¢V  *V©ª�?¡� G¥%�u©e¢V�	� �� G�gË��"�g¯A¡���´

©ª�g¯A¡��ª�g��¡��	©e¢V«"¥Éµ$�g¶	¥ ¢V¶	³%¥% G��¡�©ª¥ ���G�g³%§"¯"«"¥
I1
�½�ª¥ÉÅ%�?¡�¥% P«"�ªµ¬¢V  *V©ª�?¡� G¥%�

 G�-¢V¶M¯"¥ª�g�Gµ¬¢V£g¥ª«"�oµ¬¢V  *V©ª�?¡� G¥%���

I4,% =
«"�	��¡ *V¯"°g�2¢a¾�§"°g¶	�	«"�-¢V¯¬¢a�g¯A¡� G�o¥_Å%�?¡�¥% �«"�½µ¬¢V  *V©ª�?¡� G¥%�u©e¢V�	� �� G�gË��"�g¯)´

¡��g©ª�g¯A¡��O�g��¡��	©e¢V«"¥\µ$�g¶	¥�¢V¶	³%¥% G��¡�©ª¥ ���G�g³%§"¯"«"¥
I1,%

�M�O¥\Å%�?¡�¥% @«"�Oµ¬¢V  *V©ª�?¡� G¥%�
 G�-¢V¶M¯"¥ª�g�Gµ¬¢V£g¥ª«"�o�G¥%¶	§"£��)�g�\¯"¥% G©e¢V¶	�	â-¢V«"¥ �.æª¢Me�æ%æ

%
��Ï

È ¢V�	¥% G�g�½«"�?¡ ¢V¶	À¬¢V«"�g�c¢n G�g�Gµ$�g��¡�¥n«¬¢V�o«"�g�G°g G�	£��)�g�c«"¥%�½Å%�?¡�¥% G�g�
I1

�
I1,%

�¹«"¥%�
�	¯"«"�	°g�g�

I2
Ê
I3

Ê
I4

�
I4,%

��¤V¥o¢Vµ" G�g�G�g¯A¡ ¢V«"¥%�O¯¬¢ /)�g£-¤V¥ '�Ï '�Ï�Ý®à�¢V¨$�g¶2¢ '�Ï å�¢Vµ" G�g�G�g¯A¡ ¢
§"©w G�g�G§"©ª¥¹«"�o�	¯���¥% G©e¢V£��)�g��¢_ G�g�Gµ$�g��¡�¥ª«"¥%��¡��g��¡��g�� G�-¢V¶	�	â-¢V«"¥%�gÏ

à�¢V¨$�g¶2¢5'�Ï>e � (\�g�G§"©ª¥ª«"�o�	¯���¥% G©e¢V£��)�g��¢_ G�g�Gµ$�g��¡�¥¹«"¥%��¡��g��¡��g�� G�-¢V¶	�	â-¢V«"¥%�gÏ
P#�K�0,?�A���	�!���E��(!���0����� ���
P#�K�0,?�A���	�!�������������A@)��,�B��A���A��
C(%�����	�


 ��$4(!�A���A@D(%� P#�K�0,?�A���	�!�����C�A��(L
o!�A�A��
C(%����� 6�+$4��,	I��A��
C(%�J<��
"#��0����� �!1��L�C�N,K&!(0�d$4��,	I��A��
C(%��������
"#��0����� &!1��L�C�N$4��,	I��A��
C(%�������
P#�K�0,?�A���	�!����� ���

�7�0,	(!R����!� 8:(!,?��(%���S(!�M��I��A���2����@��S(!���0�������������
� ��@����'�!1&!(���� Y V�`0lL[�`?\AZ!e����n\�s�sJ_/Z! �"�#!~ U%$ �0l.Z'&($ 6=@D(L������()��*�+�� < �

"M��B���(
σracc = [0, 1, 2, 4]T σacc

�

σrgir = [0, 1, 2, 4]T σgir
�

, �0� ��-#R	�����AQ%�!�	�!�
y1 = [ xe, ye, ze, vT , α, β ]T

�

y2 = [ xe, ye, ze, vT , α, β, φ, θ, ψ ]T
�

θ1 = [ ∆p, ∆q, ∆r, ∆ax, ∆ay, ∆az ]T
�

8 �0� �nmn�A�A��@G�!��(%�
θ2 =

[
kp, ∆p, kq, ∆q, kr, ∆r, kax , ∆ax, kay , ∆ay, kaz , ∆az

]T �
8:(!,?��(/.!�A��@D(��

k = 1
�

∆ = 0
�

8:(!,?��(%�#��,���
��'�0�����n�����A�A�A��R�����1&!()��,��10k(!�A@D���
2 ,	�.��
C�C� P#�K�0,?�A���	�!�����43 �
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Æ��	¯¬¢V¶	©ª�g¯A¡��VÊV¥c¢V©a¨"�	�g¯A¡��u«"���g��¡��	©e¢V£-¤V¥ �5 G�g°g¥%¯"��¡� G§"£-¤V¥½µ$¥)«"�u�G�g � G�gµ" G�g�G�g¯A¡ ¢V«"¥
�G�g³%§"¯"«"¥e¢ªÆ��	³%§" �¢ '�Ï ,�Ï

Æ��	³%§" �¢ '�Ï ,���¾��GËÌ§"�g©e¢c«"�� G�g°g¥%¯"��¡� G§"£-¤V¥P«"�\¡� �¢�äG�?¡�¥% G�2¢ Å)�2¢o�g��¡��	©e¢V£-¤V¥o«"��µ¬¢V  *V©ª��´
¡� G¥%�gÏ

·y¥%© �	�G�G¥"ÊÙµ" G�?¡��g¯"«"��´��G� «"�	âg�g MËÌ§"� ¢u�g��¡� �¢5¡�Âg³%�2¢u°g¥%¯"�G�	��¡��O�g© ��²��g°g§�¡ ¢V �¥��G�g³%§"�	¯A¡��
µ" G¥)°g�g«"�	©ª�g¯A¡�¥1�

e%Ï\©ª�g«"�	 _¥%�ª�G�	¯¬¢V�	�¹«¬¢�©e¢V¯"¥%¨" �¢���²��g°g§�¡ ¢V«¬¢��Ç«"¥%�ª³%�	 GÞ%©ª�?¡� G¥%�_� ¢V°g�g¶	�g GÞ%©ª��´
¡� G¥%�!��«"�	��¡�¥% G°g�	«"¥%�o�ª°g¥%¯A¡ ¢V©ª�	¯¬¢V«"¥%�oµ$¥% c G§1�	«"¥�� �ª«¬¢V�oÅV¢V G�2Í-Å%�g�	�c«"�ª�g��¡ ¢V«"¥
�G�g¶	�g°g�	¥%¯¬¢V«¬¢V��°g¥%©ª¥¹��¢#�	«¬¢V��«"¥ª©ª¥)«"�g¶	¥a°g�	¯"Â?¡��	°g¥��

�VÊ¬«"�)��¥% G©e¢a G�g°g§" G�G��ÅV¢�Ê
å)Ï\ G�g°g¥%¯"��¡� G§"�	 @¥%���G�	¯¬¢V�	�@«"� �g¯A¡� �¢V«¬¢�°g¥%©Î¢�§�¡��	¶	�	â-¢V£-¤V¥\«"¥�Å%�?¡�¥% �«"�yµ¬¢V  *V©ª�?¡� G¥%�

�g��¡��	©e¢V«"¥��
'�Ï\§�¡��	¶	�	â-¢V  ¥%�c�G�	¯¬¢V�	�o G�g°g¥%¯"��¡� G§1�	«"¥%�cµ¬¢V �¢n G�g°g¥%¯"��¡� G§"�	 c¥%�c�g��¡ ¢V«"¥%�c«"¥ ©ª¥)«"�g¶	¥

°g�	¯"Â?¡��	°g¥��
ã"Ï\§�¡��	¶	�	â-¢V K¥%�@�G�	¯¬¢V�	�3«"�O��¢#�	«¬¢�«"¥�©ª¥)«"�g¶	¥�°g�	¯"Â?¡��	°g¥��O�G§¬¢V�@ G�g�Gµ$�g°?¡���ÅV¢V��©ª�g«"�	£��)�g�

µ¬¢V �¢_°-¢V¶	°g§"¶2¢V u¯"¥�Å%¥¹ÅV¢V¶	¥% u«"¥¹Å%�?¡�¥% \«"�oµ¬¢V  *V©ª�?¡� G¥%�gÏ
·y¥%© ¥)!¬© «"¥cµ" G¥)°g�g�G�G¥"ÊÌ¥%¨�¡�Âg©_´��G�\¯¬¤V¥c�G¥%©ª�g¯A¡���¢o G�g°g¥%¯"��¡� G§"£-¤V¥P«"¥%�O�g��¡ ¢V«"¥%�

«"¥e©ª¥)«"�g¶	¥¹°g�	¯"Â?¡��	°g¥¹°g¥%©ª¥¹¡ ¢V©a¨$Âg© ¥%�\ÅV¢V¶	¥% G�g�\«"¥%��µ¬¢V  *V©ª�?¡� G¥%�\«"�c³A¢V¯"À"¥e�cµ$¥5´
¶2¢V G�	â-¢V£-¤V¥e G�g�Gµ$¥%¯"��Í-Å%�g�	�oµ$�g¶2¢e«"�	��¡�¥% G£-¤V¥¸«"¥%� �G�	¯¬¢V�	��µ" G¥�Å%�g¯"�	�g¯A¡��g�o«"¥%�½³%�	 GÞ%©ª�?¡� G¥%�
�c¢V°g�g¶	�g GÞ%©ª�?¡� G¥%�gÏ
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� ��� � ` � z�Yk`P[�i�Y\[Mi�Y\[�z�Y\�ob?d���� p `P[

Ä�©w°g�g¯¬ÍV G�	¥¹«"�o�g��¡��	©e¢V£-¤V¥_Âo G�gµ" G�g�G�g¯A¡ ¢V«"¥eµ$�g¶2¢_§�¡��	¶	�	â-¢V£-¤V¥a«"� ��à�¢V¨$�g¶2¢ '�Ï å�� �

• §"© ¢V¶	³%¥% G��¡�©ª¥��

• §"©e¢a©e¢V¯"¥%¨" �¢���°g¥%¯ÙäG§"¯A¡�¥ª«"�o«¬¢V«"¥%��©ª�g«"�	«"¥%��� �

• §"©e¢a°g¥%¯"«"�	£-¤V¥¹«"�o°g¥%¯A¡ ¢V©ª�	¯¬¢V£-¤V¥_µ$¥% � G§1�	«"¥��

• §"© Å%�?¡�¥% \«"�½ÅV¢V G�2Í-Å%�g�	��¥%¨"�G�g �ÅV¢V«¬¢V���

• §"© Å%�?¡�¥% \«"�oµ¬¢V  *V©ª�?¡� G¥%���g��¡��	©e¢V«"¥%�gÏ
¾���¡�� ¡� �¢V¨¬¢V¶	À"¥�°g¥%¯A¡��g©ªµ"¶2¢Á¢�§�¡��	¶	�	â-¢V£-¤V¥Ã«"�Pe ' ¢V¶	³%¥% G��¡�©ª¥%�gÊ 'Á©e¢V¯"¥%¨" �¢V�gÊuã

°g¥%¯"«"�	£��)�g�u«"�o°g¥%¯A¡ ¢V©ª�	¯"À¬¢V£-¤V¥aµ$¥% u G§1�	«"¥"Ê¬åcÅ%�?¡�¥% G�g�\«"� ÅV¢V G�2Í-Å%�g�	�u¥%¨"�G�g �ÅV¢V«¬¢V�\�cå
Å%�?¡�¥% G�g�u«"��µ¬¢V  *V©ª�?¡� G¥%� �g��¡��	©e¢V«"¥%�gÏ�¾��G��¢ ��¥% G©a§"¶2¢V£-¤V¥c«¬Íc¥% G�	³%�g©ÉÊA°g¥%¯���¥% G©ª��°g¥%¯)´
«"§"âg�	«¬¢e¯"�g��¡��P¡� �¢V¨¬¢V¶	À"¥"ÊK¢ å+,%æª«"�����g G�g¯A¡��g� °g�g¯¬ÍV G�	¥%��«"�a G�g°g¥%¯"��¡� G§"£-¤V¥ �5�g��¡��	©e¢V£-¤V¥"Ï
¾��G�G�g�ª°g�g¯¬ÍV G�	¥%�_��¤V¥�¢V³% G§"µ¬¢V«"¥%�_�g© fÇ°g¥%¯ÙäG§"¯A¡�¥%�¹«"� ¡��g��¡��g�¹¯"¥%�¹ËÌ§¬¢V�	�a¡�¥)«"¥%�a¥%�
¢V¶	³%¥% G��¡�©ª¥%����¤V¥¸§�¡��	¶	�	â-¢V«"¥%� D µ¬¢V �¢¸¢e G�g�G¥%¶	§"£-¤V¥¸«"¥¸µ" G¥%¨"¶	�g©e¢¹«"�a G�g°g¥%¯"��¡� G§"£-¤V¥ «"�
¡� �¢�äG�?¡�»% G�2¢ª«"�¹¢V�g G¥%¯¬¢-Å%�g�½°g¥%©l¥%� ã ¯1��Å%�g�	��«"�_°g¥%¯A¡ ¢V©ª�	¯¬¢V£-¤V¥eµ$¥% � G§1�	«"¥¸�g�Gµ$�g°g��!�´
°-¢V«"¥%�gÏ

·u¢V«¬¢¸°g¥%¯ÙäG§"¯A¡�¥ «"�P¡��g��¡��g�o°g¥%¯A¡��g©ªµ"¶2¢�Ê$µ$¥% �¡ ¢V¯A¡�¥"Ê f%åª°g�g¯¬ÍV G�	¥%��«"�_�g��¡��	©e¢V£-¤V¥"Ï
¾��G�G�g��°g¥%¯ÙäG§"¯A¡�¥%�Ã��¤V¥¦«"�����g G�g¯"°g�2¢V«"¥%���G�g³%§"¯"«"¥ ¢V��°-¢V �¢V°?¡��g 3�	��¡��	°-¢V�Ç«"�g�G°g G��¡ ¢V�Ã¯¬¢
à�¢V¨$�g¶2¢ '�Ï '�Ï

à�¢V¨$�g¶2¢5'�Ï å �O���g�G°g G�	£-¤V¥ª«"¥%�\°g¥%¯ÙäG§"¯A¡�¥%�\«"�½¡��g��¡��g�
·y¥%¯ÙäG§"¯A¡�¥ Ý���¢�+���Å%�g¶2¢V«¬¢ Ý�¶�¡���¡�§"«"� 4O�?¡�¥% �¾���¡��	©e¢V«"¥ 4O�?¡�¥%  . ¨"�G�g �ÅV¢V«"¥

e /)�	© ·y¥%¯"��¡ ¢V¯A¡��
θ1 y1å /)�	© → 4 ¢V G�2Í-Å%�g¶
θ1 y1' /)�	© 4 ¢V G�2Í-Å%�g¶
θ1 → y2ã → +�¤V¥ 4 ¢V G�2Í-Å%�g¶
θ1 y2f +�¤V¥ 4 ¢V G�2Í-Å%�g¶ → θ2 y2

º�¢V �¢�°-¢V«¬¢�°g�g¯¬ÍV G�	¥�«"�  G�g°g¥%¯"��¡� G§"£-¤V¥ �5�g��¡��	©e¢V£-¤V¥"Ê�ËÌ§¬¢5¡� G¥ �	¯"«"�	°g�g�a��¤V¥�¢-ÅV¢V¶	�1´
¢V«"¥%�gÏÎ������¥% G©e¢Á©e¢V�	�ª«"�?¡ ¢V¶	À¬¢V«¬¢�Ê\¥%�¸µ" G¥)°g�g«"�	©ª�g¯A¡�¥%� ¢V«"¥V¡ ¢V«"¥%�eµ¬¢V �¢ °-ÍV¶	°g§"¶	¥
«"�g�G�G�g� �	¯"«"�	°g�g��µ$¥)«"�g© �G�g �«"�g�G°g G��¡�¥%�\µ$¥% ��

� � � �����*� !#� �7��/ ������& $�%�� ��'(���"����'<�$�&4��� ������
#�����#$	��% � �*� �43;������/ & 7���+�3���6!#�"%����*%��,��/ ������& $�%��
����%0��� �%� ��$�& -��8!#�;�����	���.�8����'C� �' $��8!#� !��!#� �.)(���	����'	��/ &4�*� ��� $	� $ �4� $�&4����!#�8�*��� !#���*��%�) ��'4��(5



3.3. SOBRE OS TESTES REALIZADOS 45

I1
������Å)�	«"��´��G��¥o�g�Gµ¬¢V£g¥c«"�\�G¥%¶	§"£��)�g��ÅVÍV¶	�	«¬¢V� ��«"�g¯A¡� G¥c«¬¢V� �.¢V�1²"¢V��«"¥%�O�	¯"��¡� G§)´

©ª�g¯A¡�¥%�����g©
20n

�G§"¨$�g�Gµ¬¢V£g¥%�gÊA�g© ËÌ§"�
n

Ây¥ ¯ *"©ª�g G¥�«"�y�g¶	�g©ª�g¯A¡�¥%��«"¥�Å%�?¡�¥% 
«"�¹µ¬¢V  *V©ª�?¡� G¥%�gÏe·y¥%© �	�G�G¥"Ê�°g¥%¯"�G�g³%§"��´��G�e§"©e¢  G�g�G¥%¶	§"£-¤V¥n«"�

5%
�g© °-¢V«¬¢

�g�1²�¥ª«"¥e�g�Gµ¬¢V£g¥e«"�c�G¥%¶	§"£��)�g�gÏ . ÅV¢V¶	¥% �«"�
I1

°g¥%¯"�G�	��¡��c�g¯A¡ ¤V¥e¯¬¢¹©ªÂg«"�2¢_«"¥%�
Å%�?¡�¥% G�g�½µ$�g �¡��g¯"°g�g¯A¡��g�o¢V¥¸�G§"¨$�g�Gµ¬¢V£g¥n°g¥%© ©e¢V�	¥% \ËÌ§¬¢V¯A¡��	«¬¢V«"�a«"�a�G¥%¶	§"£��)�g�gÏ
Ý Æ��	³%§" �¢ '�Ï ço�	¶	§"��¡� �¢o¢o§�¡��	¶	�	â-¢V£-¤V¥½«"�g�G�G� �	¯"«"�	°g�\�g© §"© �g�Gµ¬¢V£g¥a«"���G¥%¶	§"£��)�g�
«"�o«"§¬¢V��«"�	©ª�g¯"�3�)�g�gÏ +��g�G�G�c°-¢V�G¥"Ê

I1 = [0,13; 0,0783]T
���G§"¨$�g�Gµ¬¢V£g¥ª°g�	¯"â-¢'�

µ$¥%�	�
θ̂1 = [0,14; 0,07]T

Ê
θ̂2 = [0,13; 0,09]T

Ê
θ̂3 = [0,12; 0,075]T

�
°g¥%¯"�G�	«"�g �¢Ù´��G�oËÌ§"�c¢V� �.¢V�1²"¢V��µ¬¢V �¢

θ1
�
θ2

��¤V¥"Ê¬¢V©a¨¬¢V�gÊ¬�	³%§¬¢V�	��¢
[0; 1]

�

I1,%
� (\�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ «"�

I1
�g© §"© �g�Gµ¬¢V£g¥¦¯"¥% G©e¢V¶	�	â-¢V«"¥ �

0
¢

100%
��Ï

º� G¥)°g�g«"��´��G�c«"�½¡ ¢V¶ ��¥% G©e¢aËÌ§"�#�

I1,%(i) = 0% ⇒ θ̂i = θ̂
 ���.���
i ;

I1,%(i) = 100% ⇒ θ̂i = θ̂
 ���.���
i ± θ̂

����W
i ,

��'�Ï>e-ã��

�g© ËÌ§"�
θ̂
 ���.���
i

Â�¥½ÅV¢V¶	¥% ��	«"�-¢V¶"µ¬¢V �¢ ¥oµ¬¢V  *V©ª�?¡� G¥½�g��¡��	©e¢V«"¥ �
∆ = 0

�
k = 1

�
�
θ̂
����W
i

Â½¢cÅV¢V G�2¢V£-¤V¥c©eÍÙ²��	©e¢o³A¢V �¢V¯A¡��	«¬¢cµ$�g¶2¢c�	¯"��¡� G§"©ª�g¯A¡ ¢V£-¤V¥a G�g¶2¢V°g�	¥%¯¬¢V«¬¢
¢V¥Çµ¬¢V  *V©ª�?¡� G¥ �g©rËÌ§"�g��¡ ¤V¥ U Ï . ¥%¨ÌäG�?¡���Å%¥Ç«"�g�G��¢�§�¡��	¶	�	â-¢V£-¤V¥ÉÂ¸�g¯��.¢5¡��	â-¢V P¢
«"�	��¡ *V¯"°g�2¢n«"¥ÉÅ%�?¡�¥% P©e¢V�	�)�� G�gË��"�g¯A¡��g©ª�g¯A¡�� �g��¡��	©e¢V«"¥ ¢V¥ÉÅ%�?¡�¥% P G�-¢V¶�Ïn¾��G��¢
«"�	��¡ *V¯"°g�2¢ ÂÃ°-¢V¶	°g§"¶2¢V«¬¢ µ¬¢V  *V©ª�?¡� G¥ µ$¥%  µ¬¢V  *V©ª�?¡� G¥ ¡ ¢V¶ ËÌ§"�VÊ½¯"¥ °-¢V�G¥ «¬¢
Æ��	³%§" �¢ '�Ï çaµ$¥% ���²��g©ªµ"¶	¥"Ê

I1,% = [13; 7,83]T
Ï

Æ��	³%§" �¢ '�Ï ç � 4O�?¡�¥% G�g�
I1

�
I1,%

� ¾��Gµ¬¢V£g¥ª«"�o�G¥%¶	§"£��)�g�\°g¥%© åa«"�	©ª�g¯"�3�)�g�gÏ
� �3��+����g�5 1#=
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�
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I2
�nº� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊO°-¢V¶	°g§"¶2¢Ù´��G� ¢�¯"¥% G©e¢Ù´��	¯�!¬¯"��¡�¥Ç«¬¢�«"�����g G�g¯"£-¢�«"¥ÃÅ%�?¡�¥% 

 G�-¢V¶�°g¥%© °-¢V«¬¢É§"© «"¥%�oÅ%�?¡�¥% G�g�P«"�ªµ¬¢V  *V©ª�?¡� G¥%�o�g��¡��	©e¢V«"¥%� � ‖θ − θ̂i‖∞
��Ï

¾�© �G�g³%§"�	«¬¢�ÊV¥�Å%�?¡�¥% ��g��¡��	©e¢V«"¥�ËÌ§"�u¢Vµ" G�g�G�g¯A¡ ¢V �¢�©ª�g¯"¥% �«"�	��¡ *V¯"°g�2¢�¢V¥�ÅV¢V¶	¥% 
 G�-¢V¶ ���G�g³%§"¯"«"¥É¢¸¯"¥% G©e¢Ù´��	¯�!¬¯"��¡�¥��yÂ_°g¥%¯"�G�	«"�g �¢V«"¥ °g¥%©ª¥¸©ª�g¶	À"¥% ��g��¡��	©e¢V£-¤V¥
�G�g³%§"¯"«"¥¹�g�G�G� �	¯"«"�	°g�VÏ�Æ��	¯¬¢V¶	©ª�g¯A¡��VÊ)§�¡��	¶	�	â-¢Ù´��G�

I2 = ‖θ − θ̂i‖∞
Ï +�¢_Æ��	³%§" �¢

'�Ï ��ÊÙµ$¥% 3��²��g©ªµ"¶	¥"Ê
I2 = 10%

«"�?Å)�	«"¥�¢V¥uÅ%�?¡�¥% @�g��¡��	©e¢V«"¥��	¯"«"�	°-¢V«"¥�µ$�g¶2¢u�G�?¡ ¢�Ï
Ý �	©ªµ$¥% �¡ *V¯"°g�2¢ «¬¢�§�¡��	¶	�	â-¢V£-¤V¥y«"�g�G�G� �	¯"«"�	°g���g��¡ Í�¯¬¢�¯"�g°g�g�G�G�	«¬¢V«"�O«"��«"�6!¬¯"�	£-¤V¥
«"�c§"©w°g G��¡�Âg G�	¥¹«"�cËÌ§¬¢V¯A¡���!¬°-¢V£-¤V¥e«¬¢¹«"�	��¡ *V¯"°g�2¢_��²��	��¡��g¯A¡��P�g¯A¡� G�P¥¹Å%�?¡�¥% �«"�
µ¬¢V  *V©ª�?¡� G¥%�y G�-¢V¶K�½¥_�g��¡��	©e¢V«"¥"Ï +��g�G�G�o°-¢V�G¥"Ê�¥_§"�G¥¹«¬¢a¯"¥% G©e¢Ù´��	¯�!¬¯"��¡�¥!���g©
«"�?¡� G�	©ª�g¯A¡�¥¹_¯"¥% G©e¢_¾�§"°g¶	�	«"�-¢V¯¬¢�Ê ‖ · ‖2

�y�G�uäG§"��¡���!¬°-¢_µ$�g¶2¢a¯"�g°g�g�G�G�	«¬¢V«"�c«"�
�	¯"°g¶	§"��¤V¥ ¢Vµ$�g¯¬¢V�½«"¥%��Å%�?¡�¥% G�g�o�g��¡��	©e¢V«"¥%� µ¬¢V �¢¸¥%� ËÌ§¬¢V�	� ¡�¥)«"¥%� ¥%� �g¶	�g©ª�g¯)´
¡�¥%���g��¡ ¤V¥o°g¥%¯A¡��	«"¥%��«"�g¯A¡� G¥c«¬¢V� �.¢V�1²"¢V��«"¥%�� G�g�Gµ$�g°?¡���Å%¥%�O�	¯"��¡� G§"©ª�g¯A¡�¥%�gÏO·y¥%©
�	�G�G¥"Ê%¢ §�¡��	¶	�	â-¢V£-¤V¥\«"� �� G¥%¯A¡��g�	 �¢V��«"�6!¬¯"�	«¬¢V��µ$¥% �À"�	µ$�g G°g§"¨$¥%� � ‖·‖∞ �@��¤V¥ ©e¢V�	�
°g¥%¯AÅ%�g¯"�	�g¯A¡��g��ËÌ§"�c¢VËÌ§"�g¶2¢V�\«"�6!¬¯"�	«¬¢V�\µ$¥% �À"�	µ$�g G�g� ���g �¢V� � ‖ · ‖2

� �

Æ��	³%§" �¢ '�Ï ��� ��¯"«"�	°g�o«"�o«"�g�G�g©ªµ$�g¯"À"¥
I2

�O¾��Gµ¬¢V£g¥e«"�o�G¥%¶	§"£��)�g��°g¥%© åa«"�	©ª�g¯"�3�)�g�gÏ

I3
��·u¢V¶	°g§"¶2¢Ù´��G� ¥Á¯ *"©ª�g G¥Ã¡�¥V¡ ¢V¶�«"�É��²��g°g§"£��)�g�¸«"¥Á©ª¥)«"�g¶	¥Ã�É«"��Å)�	«"��´��G�n¥

 G�g�G§"¶�¡ ¢V«"¥ µ$�g¶	¥É¯ *"©ª�g G¥Ç«"�ª G�-¢V¶	�	â-¢V£��)�g�c«"¥Ç¢V¶	³%¥% G��¡�©ª¥"Ï$+�¥ °-¢V�G¥Ç«"�¸¢V¶	³%¥5´
 G��¡�©ª¥%�\³%�g¯"Â?¡��	°g¥%�gÊM¥¸ G�g�G§"¶�¡ ¢V«"¥eÂa«"��Å)�	«"�	«"¥ªµ$�g¶	¥¸¯ *"©ª�g G¥¸«"�a�	¯"«"��Å �	«"§"¥%��«¬¢
µ$¥%µ"§"¶2¢V£-¤V¥"Ïc¾��G�G�%�	¯"«"�	°g�a¥#���g G�g°g�_§"©e¢¸�	¯"«"�	°-¢V£-¤V¥"ÊK«"�2��¥% G©e¢eµ¬¢V«" G¥%¯"�	â-¢V«¬¢�Ê
«"¥¸¡��g©ªµ$¥ «"�¹��²��g°g§"£-¤V¥É«"¥É¢V¶	³%¥% G��¡�©ª¥ª§"©e¢eÅ%�gâ¹ËÌ§"�ª¢¸�G�	©a§"¶2¢V£-¤V¥¸«"¥n©ª¥5´
«"�g¶	¥e°g¥%¯"�G�	��¡��a¯¬¢e¡ ¢V G�6�.¢e°g¥%©l©e¢V�	¥% \°g§"��¡�¥n¢V�G�G¥)°g�2¢V«"¥¸¯"¥¸ËÌ§"�_«"�	âP G�g�Gµ$�g��¡�¥
¢V¥_¡��g©ªµ$¥_«"�o��²��g°g§"£-¤V¥��
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I4
�O·u¢V¶	°g§"¶2¢Ù´��G��¢c«"�	��¡ *V¯"°g�2¢c¾�§"°g¶	�	«"�-¢V¯¬¢c�g¯A¡� G��¥cÅ%�?¡�¥% y«"��µ¬¢V  *V©ª�?¡� G¥%�O©e¢V�	�

�� G�gË��"�g¯A¡��g©ª�g¯A¡��a�g��¡��	©e¢V«"¥ªµ$�g¶	¥e¢V¶	³%¥% G��¡�©ª¥ ���G�g³%§"¯"«"¥
I1
���P¥¹Å%�?¡�¥% �«"�cµ¬¢Ù´

  *V©ª�?¡� G¥%�� G�-¢V¶M¯"¥ª�g�Gµ¬¢V£g¥ª«"�o�G¥%¶	§"£��)�g� �.Æ��	³%§" �¢ '�Ï �'� �

I4,%
�Ã·u¢V¶	°g§"¶2¢Ù´��G�É¢�«"�	��¡ *V¯"°g�2¢�¾�§"°g¶	�	«"�-¢V¯¬¢��g¯A¡� G� ¥ÁÅ%�?¡�¥% e«"� µ¬¢V  *V©ª�?¡� G¥%�

©e¢V�	�2�� G�gË��"�g¯A¡��g©ª�g¯A¡�� �g��¡��	©e¢V«"¥�µ$�g¶	¥�¢V¶	³%¥% G��¡�©ª¥ ���G�g³%§"¯"«"¥
I1,%

�a�É¥ÃÅ%��´
¡�¥% \«"�cµ¬¢V  *V©ª�?¡� G¥%�� G�-¢V¶�¯"¥ª�g�Gµ¬¢V£g¥e«"�c�G¥%¶	§"£��)�g��¯"¥% G©e¢V¶	�	â-¢V«"¥ �.æª¢0e�æ%æ

%
��Ê

�G�g³%§"¯"«"¥e¢ªÆ��	³%§" �¢ '�Ï ��Ï

Æ��	³%§" �¢ '�Ï ��� ��¯"«"�	°g�g�n«"��«"�g�G�g©ªµ$�g¯"À"¥
I4

�
I4,%

� ¾��Gµ¬¢V£g¥ «"���G¥%¶	§"£��)�g�n°g¥%© å
«"�	©ª�g¯"�3�)�g�gÏ

. �o G�g�G§"¶�¡ ¢V«"¥%�o¥%¨�¡��	«"¥%�½��¤V¥ ¢Vµ" G�g�G�g¯A¡ ¢V«"¥%�c«"�¹«"§¬¢V�o©e¢V¯"�g�	 �¢V� «"�	��¡��	¯A¡ ¢V���½�G¥%¨
¢$��¥% G©e¢e«"�_¡ ¢V¨$�g¶2¢V� �_«"�_³% �Í !¬°g¥%�gÏ(+�¥nµ" G�	©ª�g�	 G¥¸°-¢V�G¥"Ê3¥%�½ G�g�G§"¶�¡ ¢V«"¥%�½��¤V¥É¢Vµ" G��´
�G�g¯A¡ ¢V«"¥%�P«"��Å)�	«"�	«"¥%�½�g© °g¥%¯ÙäG§"¯A¡�¥%�P«"�¹¡��g��¡��g�gÏ Ý�µ" G�g�G�g¯A¡ ¢V©_´��G�VÊ�µ$¥% �¡ ¢V¯A¡�¥"Ê�°g�	¯"°g¥
¡ ¢V¨$�g¶2¢V��µ¬¢V �¢½°-¢V«¬¢c¢V¶	³%¥% G��¡�©ª¥ I °g¥%© ÅV¢V¶	¥% G�g��µ¬¢V �¢

I1
Ê
I1,%

Ê
I2

�
I3

µ¬¢V �¢o¥%�OËÌ§¬¢5¡� G¥
°g�g¯¬ÍV G�	¥%��«"�o°g¥%¯A¡ ¢V©ª�	¯¬¢V£-¤V¥_µ$¥% \ G§1�	«"¥_�G�g¶	�g°g�	¥%¯¬¢V«"¥%�gÏ

+�¥ �G�g³%§"¯"«"¥ °-¢V�G¥"Ê�¥%�e³% �Í !¬°g¥%�ª¡54g© µ$¥% ª¥%¨ÌäG�?¡���Å%¥'�.¢V°g�	¶	��¡ ¢V _¢ ¢V¯¬ÍV¶	�	�G�n°g¥%©_´
µ¬¢V �¢5¡���ÅV¢�«"� «"�g�G�g©ªµ$�g¯"À"¥ «"¥ ¢V¶	³%¥% G��¡�©ª¥Ç�g��¡�§"«¬¢V«"¥ ¯"¥%�e«"�����g G�g¯A¡��g�ª°g�g¯¬ÍV G�	¥%�ª«"�
�g��¡��	©e¢V£-¤V¥ �5 G�g°g¥%¯"��¡� G§"£-¤V¥"ÏOº�¢V �¢¹�	�G�G¥"Ê"°g G�2¢V©_´��G� ËÌ§¬¢5¡� G¥ª³% �Í !¬°g¥%�u¡ ¢V�	��ËÌ§"�#�

• ³% �Í !¬°g¥<� �O G�gµ" G�g�G�g¯A¡ ¢ª¥%�	¯"«"�	°g�
I4
�


 / ��
����+���������'(�*&4� $��;'� ��/ ������& $�%���!#� � ���(����� � ���.$���'	����C� � �.�����*�/ $	��!#� �.��������)�����*��' $	��!#� �
��% ��) ��'(��� � �(� $����,$	�� ��/4����5
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• ³% �Í !¬°g¥<+ �� G�gµ" G�g�G�g¯A¡ ¢ª¥��	¯"«"�	°g�
I4,%

�

• ³% �Í !¬°g¥B�#�� G�gµ" G�g�G�g¯A¡ ¢ª¥%�	¯"«"�	°g�
I2
�

• ³% �Í !¬°g¥<A �� G�gµ" G�g�G�g¯A¡ ¢e¥%�	¯"«"�	°g�
I3

Ï
. ���	¯"«"�	°g�g�3«"��«"�g�G�g©ªµ$�g¯"À"¥\°g G�2¢V«"¥%�3¯"�g��¡���¡� �¢V¨¬¢V¶	À"¥y¡54g© µ$¥% 3¥%¨ÌäG�?¡���Å%¥�¥% G�	�g¯A¡ ¢V 

¢¹¢V¯¬ÍV¶	�	�G�½�g��¡ ¢5¡5�	��¡��	°-¢_�o°g¥%©ªµ¬¢V �¢5¡���ÅV¢P«"¥%��¢V¶	³%¥% G��¡�©ª¥%� ¯¬¢¹ G�g�G¥%¶	§"£-¤V¥¹«"¥ªµ" G¥%¨"¶	�g©e¢
«"�¸ G�g°g¥%¯"��¡� G§"£-¤V¥�«"�e¡� �¢�äG�?¡�»% G�2¢É«"� ¢V�g G¥%¯¬¢-Å%�g�gÏ'+�¥Ç°-¢V�G¥�«"¥%�PÅ%�?¡�¥% G�g�

I1
�
I1,%

Ê
¢n¢V¯¬ÍV¶	�	�G�PÂ¹«"�	 G�?¡ ¢¸�_�G�g§"�oÅV¢V¶	¥% G�g�  G�gµ" G�g�G�g¯A¡ ¢V© ¥ ÅV¢V¶	¥%  ©e¢V�	���� G�gË��"�g¯A¡�� ��¥%§Ã�g�&´
µ$�g �¢V«"¥��Oµ¬¢V �¢P¥_�g��¡��	©e¢V«"¥%  §�¡��	¶	�	â-¢V«"¥"Ï�·y¥%¯A¡�§"«"¥"Ê¬¢P G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ª«"��Å%�?¡�¥% G�g���g©
�g�Gµ¬¢V£g¥%��«"� «"�	©ª�g¯"��¤V¥a©e¢V�	¥%  ËÌ§"� ¡� 34g�uÂ½«"��� �	°g�	¶�ÊAµ$¥% yËÌ§"�g��¡5�)�g�\³%�g¥%©ªÂ?¡� G�	°-¢V�gÏ�¾��G��¢
Âo§"©e¢a«¬¢V�\©ª¥V¡���ÅV¢V£��)�g�uµ¬¢V �¢¹¢¹°g G�2¢V£-¤V¥_«"¥%� �	¯"«"�	°g�g�

I2
Ê
I3

Ê
I4

�
I4,%

Ï

. �	¯"«"�	°g�
I2

¶	¥)°-¢V¶	�	â-¢c¢a�G¥%¶	§"£-¤V¥a©e¢V�	�yµ" G»-²��	©e¢P«¬¢a�	«"�-¢V¶$�g©�¡��g G©ª¥%�u«¬¢a©e¢V�	¥% 
«"�	��¡ *V¯"°g�2¢_�g© °-¢V«¬¢ª§"© «"¥%���g�1²�¥%��«"¥e�g�Gµ¬¢V£g¥e«"�c�G¥%¶	§"£��)�g�gÏ�º�¢V �¢ª�	�G�G¥"Ê�°-¢V¶	°g§"¶2¢Ù´��G�
¢ª¯"¥% G©e¢Ù´��	¯�!¬¯"��¡�¥_«"�c¡�¥)«¬¢V� ¢V���G¥%¶	§"£��)�g���a¢VËÌ§"�g¶2¢ª°g¥%© ©ª�g¯"¥% \ÅV¢V¶	¥% �¢V�G�G¥)°g�2¢V«"¥eÂ
°g¥%¯"�G�	«"�g �¢V«¬¢�¢Ç©e¢V�	�Pµ" G»-²��	©e¢Ç«¬¢Ç�G¥%¶	§"£-¤V¥��	«"�-¢V¶�ÏÃÝ�µ$�g��¢V _«"� ¯¬¤V¥��G�¸¡� �¢5¡ ¢V a«¬¢
©e¢V�	� �� G�gË��"�g¯A¡��VÊM�g�G��¢e�G¥%¶	§"£-¤V¥eËÌ§¬¢V¯A¡���!¬°-¢e¥eËÌ§¬¤V¥¸µ" G»-²��	©ª¥ª¥e�g��¡��	©e¢V«"¥% \ÂP°-¢Vµ¬¢Vâ
«"�o° À"�g³A¢V \«"¥¹ G�g�G§"¶�¡ ¢V«"¥¹�	«"�-¢V¶�Ï

. �	¯"«"�	°g�
I3

¢-ÅV¢V¶	�2¢�¥%�É¢V¶	³%¥% G��¡�©ª¥%�¹ËÌ§¬¢V¯A¡�¥±¢V¥ ¡��g©ªµ$¥ «"����²��g°g§"£-¤V¥"Ï�¾��G��¢
¢-ÅV¢V¶	�2¢V£-¤V¥�Â ���g��¡ ¢�«"�É©e¢V¯"�g�	 �¢Ç�	¯"«"�	 G�?¡ ¢��nµ¬¢V«" G¥%¯"�	â-¢V«¬¢�ÊOÅ)�2¢Ã°g¥%¯A¡ ¢V¨"�	¶	�	â-¢V£-¤V¥�«"¥
¯ *"©ª�g G¥ «"�ª��²��g°g§"£��)�g�a«"¥ ©ª¥)«"�g¶	¥n°g�	¯"�g©eÍ5¡��	°g¥"Ï¸¾��G�G�¸µ" G¥)°g�g«"�	©ª�g¯A¡�¥ÉÂe¢V«"¥V¡ ¢V«"¥
«"�?Å)�	«"¥Ç °g¥%¯"��¡ ¢5¡ ¢V£-¤V¥ «"�¸ËÌ§"�¸¢ ��²��g°g§"£-¤V¥�«"¥ ©ª¥)«"�g¶	¥É°g¥%¯"�G�	��¡��e¯¬¢É¡ ¢V G�6�.¢É°g¥%©
©e¢V�	¥% @°g§"��¡�¥P¢V�G�G¥)°g�2¢V«"¥½¯"¥oËÌ§"��«"�	â� G�g�Gµ$�g��¡�¥o¢V¥½¡��g©ªµ$¥½«"����²��g°g§"£-¤V¥"Ï�Ý�¶	Âg© «"�	�G�G¥"Ê
¨"§"�G°-¢Ù´��G�u«"�g��Å)�	¯"°g§"¶2¢V �¥�¡��g©ªµ$¥�«"�u��²��g°g§"£-¤V¥½°g¥%©Î°-¢V �¢V°?¡��g 3�	��¡��	°-¢V�@«"¥ °g¥%©ªµ"§�¡ ¢V«"¥% 
§�¡��	¶	�	â-¢V«"¥"Ï

Ý�¶	Âg© «"¥%� �	¯"«"�	°g�g�
I2

�
I3

Ê¬°g G�2¢V©_´��G��«"¥%�	��¯"¥�Å%¥%���	¯"«"�	°g�g�uµ¬¢V �¢_ G�gµ" G�g�G�g¯A¡ ¢V£��)�g�
�g© ³% �Í !¬°g¥%�gÊA«"�	 G�?¡ ¢V©ª�g¯A¡��u G�g¶2¢V°g�	¥%¯¬¢V«"¥%��¢

I1
�
I1,%

Ï�¾�¯"ËÌ§¬¢V¯A¡�¥c¥½µ" G�	©ª�g�	 G¥ �	¯"«"�	°g�
°g¥%¯"�G�	��¡��ª¯¬¢É«"�	��¡ *V¯"°g�2¢É¾�§"°g¶	�	«"�-¢V¯¬¢n�g¯A¡� G�¸¥nÅ%�?¡�¥% P G�-¢V¶O�e¥nÅ%�?¡�¥% P©e¢V�	�)�� G�gË��"�g¯)´
¡��g©ª�g¯A¡��n�g��¡��	©e¢V«"¥Ã¯"¥��g�Gµ¬¢V£g¥�«"�É�G¥%¶	§"£��)�g�gÊy¥Ã�G�g³%§"¯"«"¥Á°g¥%¯"�G�	��¡��n¯"�g�G��¢�©ª�g�G©e¢
³% �¢V¯"«"�gâ-¢� G�gµ" G�g�G�g¯A¡ ¢V«¬¢Á�g©�§"©��g�Gµ¬¢V£g¥ ¯"¥% G©e¢V¶	�	â-¢V«"¥ �.æ�¢1e�æ%æ

%
��Ï¦������¥% G©e¢

 G�g�G§"©ª�	«¬¢P¡� �¢5¡ ¢V©_´��G�½«"�
I4

�
I4,%

Ê" G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡��VÏ

Ý�°g G�2¢V£-¤V¥n«"�g�G�G�g�a«"¥%�	�o¯"¥�Å%¥%�,�	¯"«"�	°g�g� �
I4

�
I4,%

�½³A¢V¯"À¬¢n�	©ªµ$¥% �¡ *V¯"°g�2¢ ¢V¥É�G�
°g¥%¯"��¡ ¢5¡ ¢V  §"©e¢c©e¢V�	¥%  �.¢V°g�	¶	�	«¬¢V«"�u¯¬¢a¢V¯¬ÍV¶	�	�G�\«"¥%�  G�g�G§"¶�¡ ¢V«"¥%�y�g©�³% �Í !¬°g¥%� ËÌ§¬¢V¯"«"¥
°g¥%©ªµ¬¢V �¢V«¬¢ÃÁ¢V¯¬ÍV¶	�	�G� �g© ¡ ¢V¨$�g¶2¢V�¹¯"¥Á°g¥%¯A¡���²)¡�¥ «"�g��¡��É¡� �¢V¨¬¢V¶	À"¥"Ï®·y¥%©ª¥�¥Á«"��´
�G�g©ªµ$�g¯"À"¥Ã³%�g �¢V¶u«"¥%�¹¢V¶	³%¥% G��¡�©ª¥%�oµ$¥)«"� �G�g ¹«"�g�G°g G��¡�¥Ãµ$¥% 

I1
Ê
I1,%

� ¥%�_³% �Í !¬°g¥%�
°g¥%¯"�G�	��¡��g©l¯¬¢V� ©ª�g¶	À"¥% G�g�����g G �¢V©ª�g¯A¡ ¢V� «"�_¢V¯¬ÍV¶	�	�G�VÊ$¨$¥A¢eµ¬¢V �¡��a«¬¢¸�	¯AÅ%�g��¡��	³A¢V£-¤V¥ ¢
 G�g�Gµ$�g��¡�¥P«"¥P«"�g�G�g©ªµ$�g¯"À"¥_«"¥%�y¢V¶	³%¥% G��¡�©ª¥%��¯"¥%�y°g�g¯¬ÍV G�	¥%� �G�g¶	�g°g�	¥%¯¬¢V«"¥%� Â����g��¡ ¢o°g¥%©
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¢Ã§�¡��	¶	�	â-¢V£-¤V¥�«"¥%� �	¯"«"�	°g�g�
I4

�
I4,%

Ï È ¢V�	�¹�g�Gµ$�g°g��!¬°-¢V©ª�g¯A¡��VÊ�«¬ÍÙ´��G�Éµ" G�6���g 34g¯"°g�2¢
¢V¥ª�G�g³%§"¯"«"¥$�	¯"«"�	°g� �

I4,%
�u°g¥%© ¥e�	¯A¡�§"��¡�¥¹«"�c«"�g�G°g¥%¯"�G�	«"�g �¢V �«"�����g G�g¯"£-¢V��«"�c�g�G°-¢V¶2¢

�g¯A¡� G�c¥%��µ¬¢V  *V©ª�?¡� G¥%���g��¡��	©e¢V«"¥%�gÏ

·y¥%©r¢É«"�6!¬¯"�	£-¤V¥ «"¥%�,�	¯"«"�	°g�g�gÊ@¡�¥% G¯¬¢Ù´��G�ª¨¬¢V��¡ ¢V¯A¡��e�	¯A¡�§"��¡���Å%¥ÉËÌ§"�e¥Ç¨$¥%© «"��´
�G�g©ªµ$�g¯"À"¥ «"¥%�a¢V¶	³%¥% G��¡�©ª¥%���G��ä�¢É G�gµ" G�g�G�g¯A¡ ¢V«"¥�µ$¥% oµ$�gËÌ§"�g¯"¥%�PÅV¢V¶	¥% G�g�o«"�

I2
Ê
I3

Ê
I4

�
I4,%

�VÊK°g¥%¯"�G�gË��"�g¯A¡��g©ª�g¯A¡��VÊ�«"�PÅV¢V¶	¥% G�g��«"�
I1

¥¸©e¢V�	��µ" G»-²��	©ª¥%��µ$¥%�G�3��Å%�g¶�«"¥
ÅV¢V¶	¥% u�	«"�-¢V¶ F.H Ï

º@�g¶	¥%� ©ª¥V¡���Å%¥%�O°g��¡ ¢V«"¥%�gÊÌ¥,�	¯"«"�	°g�
I4,%

°g¥%¯"�G�	��¡����g©�§"© «"¥%� ©e¢V�	���	©ªµ$¥% �¡ ¢V¯A¡��g�
¢��G�g G�g©¿¢V¯¬¢V¶	�	��¢V«"¥%�gÏ®���?Å)�	«"¥ ¢Ã�	�G�G¥"Êu�	¯"�	°g�2¢Ù´��G�n¢�¢V¯¬ÍV¶	�	�G�n«"� «"�g�G�g©ªµ$�g¯"À"¥Á«"¥%�
¢V¶	³%¥% G��¡�©ª¥%�y°g¥%© ¢¹�	¯AÅ%�g��¡��	³A¢V£-¤V¥¹«"¥%�\ÅV¢V¶	¥% G�g�\«"�g�G�G�,�	¯"«"�	°g�VÏ º@¥% �§"©e¢_ËÌ§"�g��¡ ¤V¥e«"�
¥% G³A¢V¯"�	â-¢V£-¤V¥"Ê¬�	¯"�	°g�2¢Ù´��G�o¢e¢V¯¬ÍV¶	�	�G�oµ$�g¶	¥%��¢V¶	³%¥% G��¡�©ª¥%�u«"�?¡��g G©ª�	¯1�	��¡��	°g¥%�\� !¬¯¬¢V¶	�	â-¢Ù´��G�
°g¥%©w¥%��¢V¶	³%¥% G��¡�©ª¥%� ³%�g¯"Â?¡��	°g¥%�gÏ

��� � � �����*��!#� � !��!#� � �*& %,�/4��!#� ���
∆ = 0

�
k = 1

5
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���������
	�����

� � � ��� � � �� � � � � ��� � �! "�

� ��� � ]_i3z�` p {n|u}o`

Ä�©�µ" G¥%¨"¶	�g©e¢o«"��¥V¡��	©ª�	â-¢V£-¤V¥½Â�°-¢V �¢V°?¡��g G�	â-¢V«"¥Pµ$�g¶2¢o¯"�g°g�g�G�G�	«¬¢V«"� «"��«"�?¡��g G©ª�1´
¯¬¢V o�G¥%¶	§"£��)�g��A��%�-8:
��
$D;��� �TK%DE8:�L�7� ��«"�g¯A¡� G�¹¡�¥)«¬¢V�c¢V�o�G¥%¶	§"£��)�g� . ����DEQ:����8@�?Ïª¾��G�G�g�
«"¥%�	�\°g¥%¯ÙäG§�¡�¥%�\«"�c�G¥%¶	§"£��)�g����¤V¥ª°g¥%¯"��¡���¡�§1�	«"¥%�\µ$¥% �µ$¥%¯A¡�¥%�

θ ∈ R
n

©e¢Vµ$�-¢V«"¥%��µ$¥% 
§"© Å%�?¡�¥% \«"�)��§"¯"£��)�g��¥%¨ÌäG�?¡���Å%¥ F

c(θ) : R
n → R

m
Ï

��� ��¥% G©e¢ ³%�g �¢V¶�Ê�§"©hµ" G¥%¨"¶	�g©e¢ «"�Ã¥V¡��	©ª�	â-¢V£-¤V¥ ©ª¥%¯"¥5´�¥%¨ÌäG�?¡���Å%¥ C µ$¥)«"�Ã�G�g 
 G�gµ" G�g�G�g¯A¡ ¢V«"¥eµ$¥% ��

min
θ∈Rn

/max
θ∈Rn

c(θ)
��ã"Ï>e �

�G§ÙäG�g��¡�¥ª¢
ri(θ) = 0 i = 1, · · · , l
ri(θ) > 0 i = l + 1, · · · , p

θ
(L)
k ≤ θk ≤ θ

(U)
k k = 1, · · · ,n

�g© ËÌ§"� ¢ ��§"¯"£-¤V¥±¥%¨ÌäG�?¡���Å%¥
c(θ)

Ê½¢V�
l

 G�g��¡� G�	£��)�g�É«"���	³%§¬¢V¶	«¬¢V«"���Á¢V� �
p − l

�
 G�g��¡� G�	£��)�g�¸«"�Ç«"�g�G�	³%§¬¢V¶	«¬¢V«"�Ç��¤V¥'��§"¯"£��)�g� �g�G°-¢V¶2¢V G�g�gÏ ÝZ��²��	��¡54g¯"°g�2¢ «"�g�G��¢V�n G�g�&´
¡� G�	£��)�g�½°g¥%¯"��¡���¡�§"��§"© µ" G¥%¨"¶	�g©e¢¸«"�¹¥V¡��	©ª�	â-¢V£-¤V¥B�T����DE� 8:D;�5Ïe·u¢V�G¥É¯¬¤V¥É��²��	��¡��	�G�G�g©ÉÊ
¡� �¢5¡ ¢V &´��G��´��2¢ «"�n§"© µ" G¥%¨"¶	�g©e¢Ç«"�n¥V¡��	©ª�	â-¢V£-¤V¥P8:� �T����DE� 8:D;�5Ï Ý�¶	Âg©k«"�	�G�G¥"Ê ¥�Å%�?¡�¥% 
«"�_µ¬¢V  *V©ª�?¡� G¥%�

θ
Â_¶	�	©ª��¡ ¢V«"¥ª�	¯����g G�	¥% G©ª�g¯A¡��Pµ$¥% 

θ(L) = [θ
(L)
1 , θ

(L)
2 , · · · , θ(L)

n ]T
�

�G§"µ$�g G�	¥% G©ª�g¯A¡��½µ$¥% 
θ(U) = [θ

(U)
1 , θ

(U)
2 , · · · , θ(U)

n ]T
Ï

� � ��� $�� $��	��(��/ ��?��� )��� �/ ��%8� !#� ��$�& %�& 7���+���� ����'(�*&4� $��+�(���*&4����%���' $�� '(� %�& '& %�& 7���+���� !#�
�%8�;9:�'(+���� ���(� $��(5�� ���*� < �"%���$�& -��") ��/ �,� �(��/��������/ ���� � �*�.����)�����*��' $	�����;9:�'(+����"� �%� ��$�& -��;) ���
c(θ)

�"'(����) ���
f(θ)

�(����%��8!#�"��� � $��%���56 / �*) ��� $�� ������/4����& ��'(��!#� �6�;�����*��/ �(+����;!#� )��� �/ ��%8����!#� ��$�& %�& 7���+����;%,�/ $�& � �%� ��$�& -��"�����"�� ��� �
!��!#� �.'(���*��+������(5 1#5

fFe
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. °g¥%¯ÙäG§"¯A¡�¥ «"¥%��µ$¥%¯A¡�¥%� �.¢V°?¡5��Å%�g�	�@Â ��¥% G©e¢V«"¥�µ$¥% �¡�¥)«"¥%�@¥%��µ$¥%¯A¡�¥%�
θ ∈ R

n
ËÌ§"�

��¢5¡��	� �.¢Vâg�g©Î¢V�� G�g��¡� G�	£��)�g�gÏ�º@¥% ��G§¬¢�Å%�gâVÊA§"© µ$¥%¯A¡�¥ «"¥%©ª�	¯¬¢V¯A¡��
θ∗ °g¥%¯"�G�	��¡��u�g© §"©

µ$¥%¯A¡�¥��.¢V°?¡5��Å%�g¶3¡ ¢V¶�ËÌ§"�
c(θ∗)

Âc§"©e¢ª�G¥%¶	§"£-¤V¥e»V¡��	©e¢��.¢V�	¯"«¬¢¹ËÌ§"�P¶	¥)°-¢V¶	©ª�g¯A¡����u«¬¢
��§"¯"£-¤V¥ª¥%¨ÌäG�?¡���Å%¥"Ïy·y¥%¯"�G�	«"�g �¢V¯"«"¥5´��G�o§"©e¢_ G�g³%�2¤V¥(�.¢V°?¡5��Å%�g¶

Ω(θ∗,δ)
¯¬¢_Å)�	âg�	¯"À¬¢V¯"£-¢

«"�o§"©wµ$¥%¯A¡�¥¹»V¡��	©ª¥"ÊÌ¡��g©_´��G�oËÌ§"�#�

c(θ∗) < c(θ) ⇒ θ∗ / θ, ∀θ ∈ Ω(θ∗,δ), θ 6= θ∗ ��ã"Ï å��
�g© ËÌ§"�

θ∗/θ
«"�g¯"¥V¡ ¢

θ∗ �&«"¥%©ª�	¯¬¢ 

θ

�G�g³%§"¯"«"¥o¢���¥% G©a§"¶2¢V£-¤V¥�«"¥ µ" G¥%¨"¶	�g©e¢ ��¯"�g��¡��
°-¢V�G¥"Ê¬«"�o©ª�	¯"�	©ª�	â-¢V£-¤V¥���Ï

¼½ �¢V¯"«"�eµ¬¢V �¡��e«"¥%�aµ" G¥%¨"¶	�g©e¢V�c G�-¢V�	�P¢Vµ" G�g�G�g¯A¡ ¢��G¥%¶	§"£��)�g�PËÌ§"�VÊ��g©a¨$¥% �¢É¥%¨$��´
«"�g£-¢V© ¢o«"�6!¬¯"�	£-¤V¥ ��ã"Ï å���ÊÌ��¤V¥½¡��	µ"�	°-¢V©ª�g¯A¡����	¯"«"�g�G��ä�¢V«¬¢V�gÏ /)¥%¶	§"£��)�g�O«"�g�G�G�\¡��	µ$¥o��¤V¥
«"�g¯"¥%©ª�	¯¬¢V«¬¢V�y»V¡��	©ª¥%� ¶	¥)°-¢V�	� �g�Gµ1*" G�	¥%��� ��¤V¥_¨¬¢V��¡ ¢V¯A¡��½°g¥%©a§"¯"�u�g© µ" G¥%¨"¶	�g©e¢V�y«"�
�g��¡��	©e¢V£-¤V¥½«"��µ¬¢V  *V©ª�?¡� G¥%�gÏ�Ý Æ��	³%§" �¢½ã"Ï>e\�	¶	§"��¡� �¢½§"© µ$¥%¯A¡�¥c«"��©��	¯"�	©ª¥�¶	¥)°-¢V¶"�g©
°g¥%¯A¡� �¢V��¡��o°g¥%©w§"©wµ$¥%¯A¡�¥¹«"�o©��	¯"�	©ª¥a³%¶	¥%¨¬¢V¶�Ï

Æ��	³%§" �¢aã"Ï>e � ·y¥%©ªµ¬¢V �¢V£-¤V¥_�g¯A¡� G�c»V¡��	©ª¥a¶	¥)°-¢V¶K�o»V¡��	©ª¥a³%¶	¥%¨¬¢V¶ ��©ª�	¯"�	©ª�	â-¢V£-¤V¥���Ï
���¹©e¢V¯"�g�	 �¢e³%�g �¢V¶�Ê3¥%�½©ªÂ?¡�¥)«"¥%� «"�¹¥V¡��	©ª�	â-¢V£-¤V¥eµ$¥)«"�g©Z�G�g o°g¶2¢V�G�G��!¬°-¢V«"¥%�½�G��´

³%§"¯"«"¥¹µ¬¢V �¡��	°g§"¶2¢V G�	«¬¢V«"�g�u«"�o�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥a«"¥%�\�G�g§"��¢V¶	³%¥% G��¡�©ª¥%�gÏ�¾��G��¢ª°g¶2¢V�G�G��!�´
°-¢V£-¤V¥a°g G�2¢c³% �¢V¯"«"�g�u³% G§"µ$¥%�u«"� ©ªÂ?¡�¥)«"¥%� �G�g©ª�g¶	À¬¢V¯A¡��g�u�½¢V§)²��	¶	�2¢o¯¬¢P°g¥%©ªµ" G�g�g¯"��¤V¥
«"¥¹�G�g§É°g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥"Ï�¾�©a¨$¥% �¢a¨$¥A¢_µ¬¢V �¡��½«"¥%�\©ªÂ?¡�¥)«"¥%�u�G��ä�¢(��§"¯"«¬¢V©ª�g¯A¡ ¢V«¬¢�Ê
«"� ��¥% G©e¢½µ$¥%¯"«"�g �¢V«¬¢�ÊÌ�g© °-¢V �¢V°?¡��g 3�	��¡��	°-¢V�O«"��©e¢V�	��«"��§"© «"�g�G�G�g�u³% G§"µ$¥%�gÊ)¢P¢V�G�G¥5´
°g�2¢V£-¤V¥ª�G�c¡�¥% G¯¬¢¹�	©ªµ$¥% �¡ ¢V¯A¡��o¯"¥e�G�g¯A¡��	«"¥e«"�Pµ$�g G©ª��¡��	 �¢V¯¬ÍV¶	�	�G�g��°g 3��¡��	°-¢V�\¨¬¢V�G�-¢V«¬¢V�
�g© ¢V�Gµ$�g°?¡�¥%�\³%�g �¢V�	�gÏ

. �O©ªÂ?¡�¥)«"¥%��«"��¥V¡��	©ª�	â-¢V£-¤V¥ §�¡��	¶	�	â-¢V«"¥%��¯"�g��¡��\¡� �¢V¨¬¢V¶	À"¥½µ$¥)«"�g© �G�g y¢V³% G§"µ¬¢V«"¥%�
�G�g³%§"¯"«"¥e¢_à�¢V¨$�g¶2¢Me%Ï '�Ê" G�g�g�G°g G��¡ ¢ª¢VËÌ§"�3µ$¥% �°g¥%¯AÅ%�g¯"�74g¯"°g�2¢��
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à�¢V¨$�g¶2¢_ã"Ï>e � �¶	§"��¡� �¢V£-¤V¥¹�½°g¶2¢V�G�G��!¬°-¢V£-¤V¥¹«"¥%��¢V¶	³%¥% G��¡�©ª¥%�y«"�g�G�g¯AÅ%¥%¶�Å)�	«"¥%�gÏ
���	��
������������� ��������������� ��!�
"#��$%�'&!()���+*�(!,.-/�0,	1� �2(!$435��$7698:(;������=<

> ���!�.����,?���
�2�������A@)��,�B��A�A��
C(%� �������C1&!(D���E���	��
� > ���!�.����,?����*�(!,!F���$?�!��(

> ���!�.����,?����*�(!,!F���$?�!��(G8H��IJ��*�(!,	�.��
���(!,K�!��(
� I���(L��(%�M���E����;N��(!, > �0�	����������;N��(!,
�OB�,���@D(%��P#�K�!�.���!��(%� 35��Q4��,?RS���A$!���7�0��T?�K�0���.�

� ��@����'�0���C� 
 ,�,	��0����,�$
,n�C
���(!��mHQ%�0���K�0���C� > ��,	���A��
 
 ��$4(!�A������@

mn�A��(L
o!�A�A��
C(%� � ����$��?�����N�!���C� > ��,	���A��
 
 ��$4(!�A������@
> ��,	I��A��
C(%� �O�����A������� -#R.FA�C
��A��Q4� > ��,	���A��
 
 ��$4(!�A������@

��(!,.����(!@)��,K�0���C� � (!�A�A��,�$ > ��,	���A��
 
 ��$4(!�A������@����

� �A����,�$%��� 8 �0������(GmHQ4(!�����A��(!,K�0��� 
 ��$4(!�A������@

Ý±µ" G�	©ª�g�	 �¢\°g¶2¢V�G�G��!¬°-¢V£-¤V¥�°g¥%¯"�G�	��¡��u¯¬¢�«"�	��¡��	¯"£-¤V¥��g¯A¡� G��¢V¶	³%¥% G��¡�©ª¥%�3«"�?¡��g G©ª�	¯1�	�&´
¡��	°g¥%���P�g��¡�¥)°-ÍV��¡��	°g¥%�gÏ ¾��G��¢¸«"�	��¡��	¯"£-¤V¥e�G�a«"�?Å%�a¨¬¢V�G�	°-¢V©ª�g¯A¡��ae©e¢V¯"�g�	 �¢ª°g¥%© ËÌ§"�
¥%�½¢V¶	³%¥% G��¡�©ª¥%��«"�g�G�G�g�o³% G§"µ$¥%� °g¥%¯"«"§"âg�g© ¥ µ" G¥)°g�g�G�G¥n«"�_¥V¡��	©ª�	â-¢V£-¤V¥"Ï½¾�¯"ËÌ§¬¢V¯A¡�¥
¢V¶	³%¥% G��¡�©ª¥%�a«"�?¡��g G©ª�	¯1�	��¡��	°g¥%�¹§�¡��	¶	�	â-¢V©rµ" G¥)°g�g«"�	©ª�g¯A¡�¥%�ª°g§ÙäG¥%�e G�g�G§"¶�¡ ¢V«"¥%�ª«"�gµ$�g¯)´
«"�g©k¢Vµ$�g¯¬¢V�_«¬¢V�a°-¢V �¢V°?¡��g 3�	��¡��	°-¢V�P«"¥Çµ" G¥%¨"¶	�g©e¢É¯"¥��	¯"��¡ ¢V¯A¡��¸«¬¢ �G§¬¢Ç§�¡��	¶	�	â-¢V£-¤V¥"Ê
¥%�P�g��¡�¥)°-Í5¡��	�G°g¥%�cÅ)�	¯"°g§"¶2¢V© �G�g§"�a G�g�G§"¶�¡ ¢V«"¥%�a¢É�?Å%�g¯A¡�¥%�¹¢V¶	�-¢5¡�»% G�	¥%�½¥%§ «"�e°-¢V �Í5¡��g 
µ" G¥%¨¬¢V¨"�	¶7�	��¡��	°g¥"Ï
��G�G¥_�	©ªµ"¶	�	°-¢ «"�	âg�g gÊ)µ$¥%  ��²��g©ªµ"¶	¥"Ê)ËÌ§"��ÅVÍV G�2¢V� ��²��g°g§"£��)�g��«"��§"©�«"�?¡��g G©ª�	¯¬¢V«"¥

¢V¶	³%¥% G��¡�©ª¥ «"�?¡��g G©ª�	¯1�	��¡��	°g¥o¢oµ¬¢V �¡��	 �«"��§"© ©ª�g�G©ª¥cµ$¥%¯A¡�¥c�	¯"�	°g�2¢V¶)�g© §"©e¢o©ª�g�G©e¢
©e¢V�G��¢ª«"�P«¬¢V«"¥%��«¬¤V¥e¥% G�	³%�g©w�G�g©ªµ" G�P¥e©ª�g�G©ª¥e G�g�G§"¶�¡ ¢V«"¥"Ï�·y¥%¯A¡�§"«"¥"ÊM¢ªµ" G»%µ" G�2¢
°g¥%¯"°g�gµ$£-¤V¥�«"� §"© ¢V¶	³%¥% G��¡�©ª¥É�g��¡�¥)°-ÍV��¡��	°g¥ �.¢Vâ °g¥%©kËÌ§"�n°-¢V«¬¢���²��g°g§"£-¤V¥�«"� §"©
¢V¶	³%¥% G��¡�©ª¥oµ$�g �¡��g¯"°g�g¯A¡��c¢P�g�G��¢_°g¶2¢V�G�G� «14½¥% G�	³%�g©�¢P§"©� G�g�G§"¶�¡ ¢V«"¥_«"�	��¡��	¯A¡�¥"Ê�¢V�	¯"«¬¢
ËÌ§"�c�G�½¡� �¢5¡��½«"�o§"©w°g�g¯¬ÍV G�	¥¹°g¥%©ª¥¹¥¹°g��¡ ¢V«"¥"Ï

Ý�� «"�g©e¢V�	��°g¶2¢V�G�G�g�½¢Vµ" G�g�G�g¯A¡ ¢V«¬¢V�½¯¬¢eà�¢V¨$�g¶2¢ªã"Ï>eP��¤V¥¸«"�g�G°g G��¡ ¢V� �g© °g¥%¯ÙäG§"¯A¡�¥
°g¥%© ¥%�� G�g�Gµ$�g°?¡���Å%¥%�y¢V¶	³%¥% G��¡�©ª¥%�gÏ +�¢V� /)�g£��)�g� ã"Ï 'o¢½ã"Ï ��ÊÌ¢Vµ" G�g�G�g¯A¡ ¢V©_´��G��¢V�O°g¶2¢V�G�G�g�
+)(,���T�]A�8:�T��Dj�VÊ$A�8:�T�'Y7����A�� +)(,���T�VÊ2�-Q:
$8:�����H&)(	�,A��'�,A����?ÊF�T�j=�8E����A��?���%
*^[��
#Y7�VÊ�� ��D;�%9
A����0A���I]��� D;�%
®� ��N =��%� 8:DE�����V=���
���DE8t�����  G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡��VÏ ¾�©k°g¥%¯ÙäG§"¯A¡�¥�°g¥%©
�g�G��¢¸¢Vµ" G�g�G�g¯A¡ ¢V£-¤V¥"Ê$µ" G¥)°g�g«"��´��G�P°g¥%© ¢ª«"�g�G°g G�	£-¤V¥e«"¥%��¢V¶	³%¥% G��¡�©ª¥%�y�g© �G���c°g¥%© ¢
¢Vµ" G�g�G�g¯A¡ ¢V£-¤V¥¸«"¥¸�G�g§Ç«"�g�G�g©ªµ$�g¯"À"¥¸¯¬¢e G�g�G¥%¶	§"£-¤V¥e«"¥eµ" G¥%¨"¶	�g©e¢¹«"�P G�g°g¥%¯"��¡� G§"£-¤V¥
«"�a¡� �¢�äG�?¡�»% G�2¢e«"�¹¢V�g G¥%¯¬¢-Å%�g�o�G�g³%§"¯"«"¥É¥%� °g G��¡�Âg G�	¥%� «"�g�G°g G��¡�¥%�½¯"¥É·u¢Vµ1��¡�§"¶	¥ '�Ï,+�¢
/)�g£-¤V¥cã"Ï ��ÊÌ¢Vµ" G�g�G�g¯A¡ ¢Ù´��G��¥ *"¯"�	°g¥c¢V¶	³%¥% G��¡�©ª¥��g��¡�¥)°-ÍV��¡��	°g¥c�	©ªµ"¶	�g©ª�g¯A¡ ¢V«"¥ ¯¬¤V¥o°g¶2¢V�&´
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�G��!¬°-¢V«"¥¸°g¥%©ª¥¸³%�g¯"Â?¡��	°g¥1��¥n¢V¶	³%¥% G��¡�©ª¥¹«"� (#8:�-(FN>��D;�TALkq
$
X�T��Nu8:
F=VÏ½Æ��	¯¬¢V¶	©ª�g¯A¡��VÊK¢
/)�g£-¤V¥�ã"Ï å �	¶	§"��¡� �¢É°g¥%¯"°g�g��¡�¥%�_ G�g¶2¢5¡���Å%¥%�aÇ¥V¡��	©ª�	â-¢V£-¤V¥É©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥ �¸µ" G�g°g�g��¡�¥%�
�g¯AÅ%¥%¶�Å)�	«"¥%�\¯¬¢_�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥a«"�c¢V¶	³%¥% G��¡�©ª¥%�y°g¥%©w�g�G��¢ª¢V¨$¥% G«¬¢V³%�g©ÉÏ

� ��� � i�dgfhd����c|u}o` f { b�i�d?` � �MYui�d�^a`

. ¡��	©ª�	â-¢V£-¤V¥� G�6���g G��´��G�y\¨"§"�G°-¢�¥%§c«"�?¡��g G©ª�	¯¬¢V£-¤V¥�«"�O§"©e¢\¥%§c«"��Å%�g G��¢V�@�G¥%¶	§"£��)�g�
�.¢V°?¡5��Å%�g�	�¸°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��g� ¢ ÅV¢V¶	¥% G�g�¸��²)¡� G�g©ª¥%� ��©��	¯"�	©ª¥ �5©eÍÙ²��	©ª¥��c«"��§"©h¥%§
©e¢V�	�\¥%¨ÌäG�?¡���Å%¥%�gÏ½���?Å)�	«"¥nV��µ" G¥%µ" G�	�g«¬¢V«"�g� ��²)¡� G�g©e¢V� «"�P�G¥%¶	§"£��)�g� »V¡��	©e¢V�gÊ$¢e§�¡��1´
¶	�	â-¢V£-¤V¥ «"�n©ªÂ?¡�¥)«"¥%�a«"� ¥V¡��	©ª�	â-¢V£-¤V¥Éµ$¥%�G�G§"��³% �¢V¯"«"� �	©ªµ$¥% �¡ *V¯"°g�2¢n�g© �G��¡�§¬¢V£��)�g�
µ" �Í5¡��	°-¢V�P°g¥%©ª¥Ç«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥��g©r�g¯"³%�g¯"À¬¢V G�2¢�Ê���²�µ$�g G�	©ª�g¯A¡ ¢V£-¤V¥Ç°g�	�g¯A¡5��!¬°-¢ �
¡�¥%©e¢V«¬¢a«"�o«"�g°g�	��¤V¥¹�g©ªµ" G�g��¢V G�2¢V¶�Ê�µ$¥% ���²��g©ªµ"¶	¥"Ï

Ý�¶	Âg© «"�	�G�G¥"Ê¬³% �¢V¯"«"�oµ¬¢V �¡��½«"¥%�\µ" G¥%¨"¶	�g©e¢V�� G�-¢V�	���g¯AÅ%¥%¶�Å%�P¢¹«"�?¡��g G©ª�	¯¬¢V£-¤V¥_«"�
�G¥%¶	§"£��)�g�yËÌ§"����¢5¡��	� �.¢V£-¢V©�¢P¥V¡��	©ª�	â-¢V£-¤V¥o«"��«"��Å%�g G�G¥%�u¥%¨ÌäG�?¡���Å%¥%�y�G�	©a§"¶�¡ ¢V¯"�-¢V©ª�g¯A¡��VÏ
¾��G�G��°g�g¯¬ÍV G�	¥ �	©ªµ"¶	�	°-¢�Ê�«"� ��¥% G©e¢ ËÌ§¬¢V�G�Ãµ" G�gµ$¥%¯"«"�g �¢V¯A¡��VÊo¢  G�g�G¥%¶	§"£-¤V¥ «"�Ãµ" G¥5´
¨"¶	�g©e¢V�½°g¥%¯ �¬��¡ ¢V¯A¡��g�o�ª¢n¯"�g°g�g�G�G�	«¬¢V«"�e«"�¹³%�g �¢V£-¤V¥É«"�¹§"© °g¥%¯ÙäG§"¯A¡�¥É«"�¹�G¥%¶	§"£��)�g�
�	³%§¬¢V¶	©ª�g¯A¡��c�6!¬°g�	�g¯A¡��g�o�_¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢V���G¥%¨�¥nµ$¥%¯A¡�¥ «"�aÅ)�	��¡ ¢¸«"¥%�½¥%¨ÌäG�?¡���Å%¥%�o¢
�G�g G�g© ¥V¡��	©ª�	â-¢V«"¥%�gÏ

¾��G�G�\°g¥%¯ �¬��¡�¥ Â� G�gµ" G�g�G�g¯A¡ ¢V«"¥o¯¬¢½Æ��	³%§" �¢�ã"Ï å)Ê%�g© ËÌ§"���G���	¶	§"��¡� �¢�§"© µ" G¥%¨"¶	�g©e¢
«"�n¥V¡��	©ª�	â-¢V£-¤V¥ ��©ª�	¯"�	©ª�	â-¢V£-¤V¥�� ©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥�°g¥%© «"§¬¢V�(��§"¯"£��)�g�

c1(θ), c2(θ) :
R → R

°g¥%©k©��	¯"�	©ª¥%�c�g©
θ∗1

�
θ∗2

ÊO G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡��VÏ Ä�©e¢ µ" G�	©ª�g�	 �¢Ç¢V¯¬ÍV¶	�	�G�
«"¥¹°g�g¯¬ÍV G�	¥_�	¯"«"�	°-¢aËÌ§"�o¥¹µ$¥%¯A¡�¥_©��	¯"�	©ª¥P«"¥¹µ" G¥%¨"¶	�g©e¢a©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥P«"�?Å%�c�g��¡ ¢V 
°g¥%¯A¡��	«"¥a¯¬¢_ G�g³%�2¤V¥P«"�g¶	�	©ª��¡ ¢V«¬¢oµ$�g¶	¥%�u»V¡��	©ª¥%� �	¯"«"��Å)�	«"§¬¢V�	�gÊ

[θ∗1, θ
∗
2]
Ï +��g�G��¢¹ G�g³%�2¤V¥"Ê

§"© ¢V§"©ª�g¯A¡�¥n¯"¥ ÅV¢V¶	¥%  «"¥nµ¬¢V  *V©ª�?¡� G¥
θ

µ" G¥�Å%¥)°-¢n§"©e¢¸«"�	©ª�	¯Ì§"�	£-¤V¥¸¯"¥ ÅV¢V¶	¥%  «"�
c2(θ)

©e¢V�u�	©ªµ"¶	�	°-¢o§"©w¢V§"©ª�g¯A¡�¥_¯"¥aÅV¢V¶	¥% y«"�
c1(θ)

Ï . �	¯AÅ%�g G�G¥¹¥)°g¥% G G� ËÌ§¬¢V¯"«"¥¹¥
ÅV¢V¶	¥% u«"�

θ
Â½«"�	©ª�	¯Ì§1�	«"¥a¯"�g�G��¢ª G�g³%�2¤V¥"Ï

. �u©ªÂ?¡�¥)«"¥%�u«"�g�G�g¯AÅ%¥%¶�Å)�	«"¥%��µ¬¢V �¢a¢a¥V¡��	©ª�	â-¢V£-¤V¥c«"� «"��Å%�g G�G¥%��¥%¨ÌäG�?¡���Å%¥%���G�	©a§"¶1´
¡ ¢V¯"�-¢V©ª�g¯A¡��\��¤V¥c«"�g¯"¥%©ª�	¯¬¢V«"¥%�H� ��D;�*A����aA����%DE8:�-8>/��UY7�����-(FNuDE8t�U+Er*��DE8:���5Ï����?Å)�	«"¥a
�.¢V¶�¡ ¢o«"� ¢V¶	³%¥% G��¡�©ª¥%��«"�g«"�	°-¢V«"¥%�uc�G¥%¶	§"£-¤V¥P«"��µ" G¥%¨"¶	�g©e¢V�O°g¥%©��g�G��¢a°-¢V �¢V°?¡��g 3�	��¡��	°-¢
¯"¥Pµ¬¢V�G��¢V«"¥"Ê�°g¥%¯"��¡���¡�§1�2¢Ù´��G��µ" �Í5¡��	°-¢c°g¥%©a§"© ¡� �¢V¯"� ��¥% G©e¢V G�g©_´��G��µ" G¥%¨"¶	�g©e¢V�O©a§"¶�¡��1´
¥%¨ÌäG�?¡���Å%¥¹�g© ©ª¥%¯"¥5´�¥%¨ÌäG�?¡���Å%¥_°g¥%© ¢_«"�6!¬¯"�	£-¤V¥¹«"�o§"©w¯"¥�Å%¥e¥%¨ÌäG�?¡���Å%¥¹©ª¥)«"��!¬°-¢V«"¥
¢�µ¬¢V �¡��	 P«"¥%�¹¥%¨ÌäG�?¡���Å%¥%�_¥% G�	³%�	¯¬¢V�	�gÏ ·y¥%¯A¡�§"«"¥"Ê �g�G��¢Ã©ª�?¡�¥)«"¥%¶	¥%³%�2¢É G�?¡��	 �¢�¢Ç³%�g¯"��´
 �¢V¶	�	«¬¢V«"�o«"¥¸µ" G¥)°g�g«"�	©ª�g¯A¡�¥e°g¥%©l¢ª¡� �¢V¯"� ��¥% G©e¢V£-¤V¥ª«"�a§"© °g¥%¯ÙäG§"¯A¡�¥¸«"�P�G¥%¶	§"£��)�g�
»V¡��	©e¢V�u�g©w§"©e¢2*"¯"�	°-¢_�G¥%¶	§"£-¤V¥¹©ª¥)«"��!¬°-¢V«¬¢�Ï

Ý�¥Ã°g¥%¯ÙäG§"¯A¡�¥�«"� �G¥%¶	§"£��)�g�_�	³%§¬¢V¶	©ª�g¯A¡��¸�6!¬°g�	�g¯A¡��g�¹«"�n§"©k«"�?¡��g G©ª�	¯¬¢V«"¥�µ" G¥5´
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Æ��	³%§" �¢Éã"Ï å � (\�g�G¥%¶	§"£-¤V¥Ç«"� µ" G¥%¨"¶	�g©e¢V�c°g¥%¯ �¬��¡ ¢V¯A¡��g�_�g©r¥V¡��	©ª�	â-¢V£-¤V¥É©a§"¶�¡��	¥%¨ÌäG��´
¡���Å%¥"Ï

¨"¶	�g©e¢�Êu«¬ÍÙ´��G� ¥ ¯"¥%©ª� . �T�%
$D;��8:�'�VÏ�� �� G¥%¯A¡��g�	 �¢�°g§Ùä�¢V�e�G¥%¶	§"£��)�g�e�G��ä�¢V© ¡ ¢V�	�ªËÌ§"�
¯¬¤V¥oÀ¬¢�ä�¢½µ$¥%¯A¡�¥%��©e¢V�	���6!¬°g�	�g¯A¡��g�O¯¬¢o G�g³%�2¤V¥ �.¢V°?¡5��Å%�g¶�ÊA«¬ÍÙ´��G��¥o¯"¥%©ª�qGH���T��D;�%9'K%DE8:���
��à�¢ �5¢VÀ¬¢V�GÀ"��Ê�åVæ%æVãA¢'��Ï@¾��G�G�O°g¥%¯ÙäG§"¯A¡�¥\«"�O�G¥%¶	§"£��)�g�3Â�¡ ¢V¶VËÌ§"� ¢V�3�G�g³%§"�	¯A¡��g��°g¥%¯"«"�	£��)�g�
�G��ä�¢V©w��¢5¡��	� ���g��¡ ¢V���

e%Ï\ËÌ§¬¢V�	�GËÌ§"�g  «"§¬¢V� �G¥%¶	§"£��)�g� «"�?Å%�g©��G�g  ¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢V��ËÌ§¬¢V¯"«"¥P°g¥%©ªµ¬¢V �¢V«¬¢V�
�g¯A¡� G�o�G� �

å)Ï\ËÌ§¬¢V¶	ËÌ§"�g ��G¥%¶	§"£-¤V¥eËÌ§"�a¯¬¤V¥eµ$�g �¡��g¯"£-¢ ¢V¥e°g¥%¯ÙäG§"¯A¡�¥SGH���T��D;�%9'K%DE8:���e«"�?Å%�a�G�g 
«"¥%©ª�	¯¬¢V«¬¢aµ$¥% \¢V¥¹©ª�g¯"¥%��§"©e¢_�G¥%¶	§"£-¤V¥¹µ$�g �¡��g¯"°g�g¯A¡��P¢¹�g�G�G�c°g¥%¯ÙäG§"¯A¡�¥"Ï

Ý Æ��	³%§" �¢¹ã"Ï 'e�	¶	§"��¡� �¢ª¢V��«"�6!¬¯"�	£��)�g��°g��¡ ¢V«¬¢V��µ¬¢V �¢e§"© µ" G¥%¨"¶	�g©e¢¹«"�P¥V¡��	©ª�	â-¢Ù´
£-¤V¥Ç°g¥%©r«"§¬¢V� ��§"¯"£��)�g�a¥%¨ÌäG�?¡���Å%¥1�

c1
�
c2

ÏÇ¾�© ¡�¥)«"¥%�P¥%�a³% �Í !¬°g¥%� �
a
Ê
b
Ê
c
Ê
d
��Ê

¢$�� G¥%¯A¡��g�	 �¢nº�¢V G�?¡�¥5´�»V¡��	©ª¥¸Â¹ G�gµ" G�g�G�g¯A¡ ¢V«¬¢ µ$�g¶	¥ ������¶	�	©ª��¡��'�����\�g© ¶	�	¯"À¬¢¸°g¥%¯A¡5�	¯Ì§¬¢
«¬¢� G�g³%�2¤V¥ �.¢V°?¡5��Å%�g¶�Ï®à�¢V©a¨$Âg© �g© ¡�¥)«"¥%�ª¥%�e³% �Í !¬°g¥%�gÊ�¢V�e�G¥%¶	§"£��)�g�

1
Ê

2
Ê

3
�

4��¥% G©e¢V© §"©e¢��� G¥%¯A¡��g�	 �¢Ç¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢
P1

�n¢V�_�G¥%¶	§"£��)�g�
5
Ê
6

�
7

°g¥%¯"��¡���¡�§"�g©
§"©e¢��� G¥%¯A¡��g�	 �¢�«"¥%©ª�	¯¬¢V«¬¢

P2
Ï �¶	§"��¡� �¢V©_´��G�¸¥%�¹µ" G¥%¨"¶	�g©e¢V�a«"�6�-Q:
$8:���%9;�-Q:
$8:���

�
a
��Ê �L�*nU8:���%9;�L�*nU8:���!�

b
��Ê �-Q:
$8:���%9;�L�*nU8:��� �

c
�u�-�L�*nU8:���%9t4BQ:
$8:��� �

d
��Ï

Ý �g��¡� G§�¡�§" �¢V£-¤V¥ ³%�g �¢V¶�«"�_§"©lµ" G¥%¨"¶	�g©e¢e«"�_¥V¡��	©ª�	â-¢V£-¤V¥ª©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥eµ$¥)«"�
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Æ��	³%§" �¢ ã"Ï '�� ���6!¬¯"�	£��)�g� � ¡��	µ$¥%�¦«"� µ" G¥%¨"¶	�g©e¢V�¦«"� ¥V¡��	©ª�	â-¢V£-¤V¥ ©a§"¶�¡��	¥%¨ÌäG��´
¡���Å%¥1�u¢'� �-Q:
$8:���%9;�-Q:
$8:�����"¨ � �L�*nU8:���%9;�L�*nU8:�����"°�� �-Q:
$8:���%9;�L�*nU8:�����¬« � �L�*nU8:���%9
4BQ:
$8:���5Ï Ý �� G¥%¯A¡��g�	 �¢Ãº�¢V G�?¡�¥5´�»V¡��	©ª¥ÇÂÉ G�gµ" G�g�G�g¯A¡ ¢V«¬¢�µ$�g¶2¢�¶	�	¯"À¬¢�°g¥%¯A¡5�	¯Ì§¬¢Ã�É¢
�� G¥%¯A¡��g�	 �¢ ��¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢'�

P1
«"¥%©ª�	¯¬¢_¢2�� G¥%¯A¡��g�	 �¢

P2
Ï

�G�g \«"�g�G°g G��¡ ¢¹µ$¥% ��

min
θ∈Rn

/max
θ∈Rn

cj(θ) j = 1, · · · , m ��ã"Ï ''�
�G§ÙäG�g��¡�¥ª¢

ri(θ) = 0 i = 1, · · · , l
rii(θ) > 0 ii = l + 1, · · · , p

θ
(L)
k ≤ θk ≤ θ

(U)
k k = 1, · · · ,n

�g© ËÌ§"�
cj(θ)

°g¥%¯"�G��¡��u¯¬¢ ä&´�Âg�G�	©e¢ ��§"¯"£-¤V¥o¥%¨ÌäG�?¡���Å%¥o¢ �G�g �©ª�	¯"�	©ª�	â-¢V«¬¢\¥%§_©e¢Ù²��	©ª�1´
â-¢V«¬¢�Ê

r(θ) = [r1(θ), · · · , rp(θ)]T
 G�gµ" G�g�G�g¯A¡ ¢_¥aÅ%�?¡�¥% �«"�½ G�g��¡� G�	£��)�g�u«"�½«"�g�G�	³%§¬¢V¶1´

«¬¢V«"�o�o�	³%§¬¢V¶	«¬¢V«"���
θ

°g¥%¯"�G�	��¡��o¯"¥_Å%�?¡�¥% �«"�oµ¬¢V  *V©ª�?¡� G¥%�gÏ

Ý�¶	Âg© «"�	�G�G¥"Ê"ËÌ§¬¢V¶	ËÌ§"�g \¢V¶	³%¥% G��¡�©ª¥c«"�½¥V¡��	©ª�	â-¢V£-¤V¥P©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥a«"�?Å%�o�G�g \�	©_´
µ"¶	�g©ª�g¯A¡ ¢V«"¥¹°g¥%© ¥ª�	¯A¡�§"��¡�¥_«"�c¢V¶	°-¢V¯"£-¢V �¢V�\�G�g³%§"�	¯A¡��g��©ª�?¡ ¢V���

e%Ï\¥%¨�¡��g ¹§"©�°g¥%¯ÙäG§"¯A¡�¥Á«"�É�G¥%¶	§"£��)�g�¹¥�©e¢V�	�_µ" G»-²��	©ª¥�µ$¥%�G�3��Å%�g¶\«"¥�°g¥%¯ÙäG§"¯A¡�¥
GH���T��D;�%9'K%DE8:�����
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å)Ï\¥%¨�¡��g ª§"©�°g¥%¯ÙäG§"¯A¡�¥Á«"�É�G¥%¶	§"£��)�g�ª¥Á©e¢V�	�_�g�Gµ¬¢V G��¢V�eµ$¥%�G�3��Å%�g¶�Êu«"����¥% G©e¢Ã¢
³A¢V �¢V¯A¡��	 �¢_«"��Å%�g G�G�	«¬¢V«"�o«¬¢V�\�G¥%¶	§"£��)�g�gÏ

. ��¢V¶	³%¥% G��¡�©ª¥%�3«"�y¥V¡��	©ª�	â-¢V£-¤V¥\©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥�µ$¥)«"�g©Î�G�g �°g¶2¢V�G�G��!¬°-¢V«"¥%��ËÌ§¬¢V¯A¡�¥
�©ª�?¡�¥)«"¥%¶	¥%³%�2¢\§�¡��	¶	�	â-¢V«¬¢\µ¬¢V �¢�¥%¨�¡��g¯"£-¤V¥½«"¥ °g¥%¯ÙäG§"¯A¡�¥�GH���T��D;�%9'K%DE8:�����g©Î«"§¬¢V��°-¢Ù´
¡��g³%¥% G�2¢V����Ý�¶	³%¥% G��¡�©ª¥%� ·y¶2ÍV�G�G�	°g¥%� �_Ý�¶	³%¥% G��¡�©ª¥%� ¼½�g¯"Â?¡��	°g¥%�gÏ . �o¢V¶	³%¥% G��¡�©ª¥%��°g¶2ÍV�&´
�G�	°g¥%�½¨¬¢V�G�g�2¢V©_´��G�P�g©Zµ" G¥)°g�g«"�	©ª�g¯A¡�¥%�½«"�?¡��g G©ª�	¯1�	��¡��	°g¥%��µ¬¢V �¢ ¢n¢Vµ" G¥-²��	©e¢V£-¤V¥e«¬¢V�
�G¥%¶	§"£��)�g��»V¡��	©e¢V� ��à�¢ �5¢VÀ¬¢V�GÀ"��ÊVåVæ%æVã%¨ ��Ï@à��	µ"�	°-¢V©ª�g¯A¡��VÊV�g�G�G�g�O¢V¶	³%¥% G��¡�©ª¥%�K¡54g©Î°g¥%©ª¥
µ" G�	©ª�g�	 G¥�µ¬¢V�G�G¥c¢�³%�g �¢V£-¤V¥½«"��§"©e¢��G¥%¶	§"£-¤V¥o¢V¶	�-¢5¡�»% G�2¢\�	¯"�	°g�2¢V¶Ì�VÊA¨¬¢V�G�-¢V«"¥%���g© §"©e¢
 G�g³% �¢ «"�u¡� �¢V¯"�G�	£-¤V¥½µ" GÂ�´��g�Gµ$�g°g��!¬°-¢V«¬¢½���g© �	¯���¥% G©e¢V£��)�g��¶	¥)°-¢V�	�gÊV«"�?¡��g G©ª�	¯¬¢V©Î§"©e¢
«"�	 G�g£-¤V¥ «"�¹¨"§"�G°-¢�Ï¹·y¥%© �	�G�G¥"ÊM§"©e¢ ¨"§"�G°-¢ §"¯"�	«"�	 G�g°g�	¥%¯¬¢V¶@Â¹��²��g°g§�¡ ¢V«¬¢É¢V¥ ¶	¥%¯"³%¥
«¬¢�«"�	 G�g£-¤V¥�«"�6!¬¯"�	«¬¢�ÏÁÝ ©ª�g¶	À"¥% a�G¥%¶	§"£-¤V¥�Â °g¥%¯"�G�	«"�g �¢V«¬¢�°g¥%©ª¥�¯"¥�Å%¥�µ$¥%¯A¡�¥�«"�
µ¬¢V �¡��	«¬¢a�o¥¹µ" G¥)°g�g«"�	©ª�g¯A¡�¥¹�G�c G�gµ$�?¡��oµ$¥% �§"©w«"�?¡��g G©ª�	¯¬¢V«"¥_¯ *"©ª�g G¥ª«"�½Å%�gâg�g�gÏ

. �ª¢V¶	³%¥% G��¡�©ª¥%�c³%�g¯"Â?¡��	°g¥%�_§�¡��	¶	�	â-¢V© µ" G�	¯"°��	µ"�	¥%�a«"�n³%�g¯"Â?¡��	°-¢Ç�n�G�g¶	�g£-¤V¥Ã¯¬¢5¡�§)´
 �¢V�	�gÏ�Ý�¶	³%§"¯"�\«"�g�G�G�g��µ" G�	¯"°��	µ"�	¥%�u��¤V¥¹�	©ªµ"¶	�g©ª�g¯A¡ ¢V«"¥%��¢V �¡���!¬°g�2¢V¶	©ª�g¯A¡���«"�c©e¢V¯"�g�	 �¢
¢¹°g¥%¯"��¡� G§"�	 \¢V¶	³%¥% G��¡�©ª¥%�y G¥%¨"§"��¡�¥%�gÊ�«"�c¢Vµ"¶	�	°-¢V¨"�	¶	�	«¬¢V«"��³%�g �¢V¶3�o«"� �.ÍV°g�	¶M�	©ªµ"¶	�g©ª�g¯)´
¡ ¢V£-¤V¥"ÏO¾��G��¢_°-¢5¡��g³%¥% G�2¢P«"�½¢V¶	³%¥% G��¡�©ª¥%� ¢Vµ" G�g�G�g¯A¡ ¢¹¥%µ$�g �¢V«"¥% G�g�u G�gµ" G�g�G�g¯A¡ ¢5¡���Å%¥%�\«¬¢
³%�g¯"Â?¡��	°-¢_¯¬¢5¡�§" �¢V¶3°g¥%©ª¥_ G�gµ" G¥)«"§"£-¤V¥"Ê¬�G�g¶	�g£-¤V¥ª�½©a§�¡ ¢V£-¤V¥"Ï

+��g��¡���¡� �¢V¨¬¢V¶	À"¥"Ê «"�g¯A¡� G��¡�¥)«"¥%�n¥%� ¢V¶	³%¥% G��¡�©ª¥%�¸�	©ªµ"¶	�g©ª�g¯A¡ ¢V«"¥%�gÊ ¢Vµ$�g¯¬¢V�É¥%�
³%�g¯"Â?¡��	°g¥%�ª��¤V¥�³%�g¯Ì§"�	¯¬¢V©ª�g¯A¡�� ¢V¶	³%¥% G��¡�©ª¥%�P«"�É¥V¡��	©ª�	â-¢V£-¤V¥�©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥"Ï±·y¥%©
�	�G�G¥"Ê�¢Vµ$�g¯¬¢V� µ¬¢V �¢ �g�G�G�g�É¢V¶	³%¥% G��¡�©ª¥%�¹µ" G¥)°g�g«"��´��G��°g¥%©h¢ ©ª�	¯"�	©ª�	â-¢V£-¤V¥Ã«"¥ �g G G¥
ËÌ§¬¢V«" �Í5¡��	°g¥ ©ªÂg«"�	¥ �	¯"«"��Å)�	«"§¬¢V¶	©ª�g¯A¡��_µ¬¢V �¢É°-¢V«¬¢ §"©e¢É«¬¢V�P°g§" �ÅV¢V�_¢É�G�g G�g©k¢V«"��´
ËÌ§¬¢V«¬¢V�gÏ

º�¢V �¢Ç¥%�a¢V¶	³%¥% G��¡�©ª¥%�o¯¬¤V¥Ç³%�g¯"Â?¡��	°g¥%�gÊ�°g G�2¢Ù´��G�e§"©e¢ ��§"¯"£-¤V¥Ç¥%¨ÌäG�?¡���Å%¥Ã¢V �¡���!¬°g�2¢V¶
*"¯"�	°-¢�Ï º�¢V �¢Á�	�G�G¥"Ê�µ" G¥)°g�g«"��´��G�Ç°g¥%© ¢Á°g¥%¯"°-¢5¡��g¯¬¢V£-¤V¥ «¬¢V�e�GÂg G�	�g�e¡��g©ªµ$¥% �¢V�	�¹«"�
�	¯A¡��g G�g�G�G� E ¯"¥e�G�g¯A¡��	«"¥e«"�c�G�c¥%¨�¡��g �§"©e¢(*"¯"�	°-¢¹�GÂg G�	�VÏ�¾�© �G�g³%§"�	«¬¢_¡�¥)«"¥%��¥%�\µ" G¥5´
°g�g«"�	©ª�g¯A¡�¥%���½°-ÍV¶	°g§"¶	¥%�u��¤V¥ª¢Vµ"¶	�	°-¢V«"¥%��¢V¥%�uÅV¢V¶	¥% G�g�u«"�g�G�G�c¯"¥�Å%¥_Å%�?¡�¥% \«"� ÅV¢V¶	¥% G�g�gÏ

� ��� � {n[�xu� XZd�z�Yui@�

Ý�¶	³%¥% G��¡�©ª¥%��«"� � (,���T� ��8:�T��Dj�P��¤V¥a¢V�G�G�	© °g¶2¢V�G�G��!¬°-¢V«"¥%�Oµ$¥% O§�¡��	¶	�	â-¢V G�g© ¢Vµ$�g¯¬¢V�
ÅV¢V¶	¥% G�g��«¬¢ ��§"¯"£-¤V¥o¢��G�g �¥V¡��	©ª�	â-¢V«¬¢\��¢V¶	³%§"© °g G��¡�Âg G�	¥�«"��¢-ÅV¢V¶	�2¢V£-¤V¥�µ¬¢V �¢ ¥ �G�gË��"�g¯)´
°g�2¢V©ª�g¯A¡�¥ «¬¢V����¡��g �¢V£��)�g� � Ü ���\�	���?¡O¢V¶�Ï�Ê%åVæ%æ%æ'��Ï�È ¢V�	���g�Gµ$�g°g��!¬°-¢V©ª�g¯A¡��VÊA§�¡��	¶	�	â-¢Ù´��G�y¢
°g¥%©ªµ¬¢V �¢V£-¤V¥P«"¥cÅV¢V¶	¥% y¢5¡�§¬¢V¶�«¬¢ ��§"¯"£-¤V¥a°g¥%©�¥ �&©ª�g¶	À"¥%  
�¢5¡�Â�¥P�	¯"��¡ ¢V¯A¡��VÊ��g©�°g¥%¯)´
äG§"¯A¡�¥¹°g¥%© ¢V¶	³%§"©e¢P G�g³% �¢a«"�½«"�	 G�g°g�	¥%¯¬¢V©ª�g¯A¡�¥aµ¬¢V �¢_¢a«"�?¡��g G©ª�	¯¬¢V£-¤V¥_«"¥_µ" G»-²��	©ª¥

� �3<���& ���1$���%�) ���	��&4� !#� � ������/ ��� ��%���$���� � �"��& � ��%���$���� �1!� � 	�� 5
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µ$¥%¯A¡�¥n¢¸�G�g o¢-ÅV¢V¶	�2¢V«"¥"Ï . �o¢V¶	³%¥% G��¡�©ª¥%�\«"� � (,���T� ��8:�T��Dj�n��¤V¥ °g¥%©a§"©ª�g¯A¡��_«"�g¯"¥5´
©ª�	¯¬¢V«"¥%�c¢V¶	³%¥% G��¡�©ª¥%� «"�6�%�'A���� /7���T�5ÏÉ¾��G��¢ °g¶2¢V�G�G��!¬°-¢V£-¤V¥ �G�e¨¬¢V�G�g�2¢É¯"¥Ç¯ *"©ª�g G¥
«"�½¡��g G©ª¥%��§�¡��	¶	�	â-¢V«"¥%�y«¬¢¹��²�µ¬¢V¯"��¤V¥ª�g©w�GÂg G�	�g��«"�oà�¢ �)¶	¥% �«¬¢2��§"¯"£-¤V¥ª¥%¨ÌäG�?¡���Å%¥ T Ï

�¯"�	°g�2¢V¶	©ª�g¯A¡��¸µ" G¥%µ$¥%��¡ ¢�µ$¥% ��.á�¥)¥ �V�n¢V¯"« dV�g�?Å%�g�gÊ?e��",2e ��ÊO�g�G��¢Ã°g¶2¢V�G�G�n«"�É¢V¶1´
³%¥% G��¡�©ª¥%�ª�G��«"�g��¡ ¢V°-¢ µ$�g¶2¢ ¯¬¤V¥5´�¯"�g°g�g�G�G�	«¬¢V«"��«"�Ç§�¡��	¶	�	â-¢V£-¤V¥Á«"�Ç�	¯���¥% G©e¢V£��)�g�e«¬¢
«"�g G��ÅV¢V«¬¢ «¬¢$��§"¯"£-¤V¥É¥%¨ÌäG�?¡���Å%¥"Ï¹Ý�µ$�g��¢V o«¬¢ «"�	�Gµ$¥%¯"�	¨"�	¶	�	«¬¢V«"�P«"�_¡�Âg°g¯"�	°-¢V�o«"�¹°-ÍV¶1´
°g§"¶	¥P¯Ì§"©ªÂg G�	°g¥_¢-ÅV¢V¯"£-¢V«¬¢V�y¡��g¯"«"�g G�g©w¢P©ª¥V¡���ÅV¢V  ¢P§�¡��	¶	�	â-¢V£-¤V¥o«"� ©ªÂ?¡�¥)«"¥%�y¨¬¢V�G�-¢Ù´
«"¥%�e�g© °g¥%¯"°g�g��¡�¥%�e©e¢5¡��g©eÍ5¡��	°g¥%�¹ G�g¶2¢5¡���ÅV¢V©ª�g¯A¡��n©e¢V�	�¹°g¥%©ªµ"¶	��²�¥%�gÊ\¢�§�¡��	¶	�	â-¢V£-¤V¥
«"¥%�P¢V¶	³%¥% G��¡�©ª¥%��«"� � (,���T� ��8:�T��Dj� µ$�g G©e¢V¯"�g°g�ª¨¬¢V��¡ ¢V¯A¡��e G�g°g¥% G G�g¯A¡��VÏ . �cµ" G�	¯"°g�1´
µ¬¢V�	�o©ª¥V¡���Å%¥%�oµ¬¢V �¢n�	�G�G¥ �g¯"°g¥%¯A¡� �¢V©_´��G�ª�g© �G§¬¢��.¢V°g�	¶	�	«¬¢V«"�_«"�ª�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥ �
¢V¨" �¢V¯"³ 4g¯"°g�2¢�¯"¥oËÌ§"��«"�	âu G�g�Gµ$�g��¡�¥c  G�g�G¥%¶	§"£-¤V¥½«"��µ" G¥%¨"¶	�g©e¢V��¯¬¤V¥5´�¶	�	¯"�-¢V G�g� � Ü ���\�	�
�?¡�¢V¶�Ï�Ê�åVæ%æ%æ'��Ï

� ��� ��� ����������� ����� �3�&���M���5���3�O�
. ¢V¶	³%¥% G��¡�©ª¥u«"� +��g¶	«"�g &´�ÈÉ�-¢V« � +��g¶	«"�g �¢V¯"«_ÈÉ�-¢V«MÊ�e��",,f��M°g¥%¯"�G�	��¡�� �g© §"© «"¥%�

©ªÂ?¡�¥)«"¥%��«"�a¥V¡��	©ª�	â-¢V£-¤V¥¹©e¢V�	��§�¡��	¶	�	â-¢V«"¥%��¢5¡�§¬¢V¶	©ª�g¯A¡��VÏ /)§¬¢e�G�	©ª�	¶2¢V G�	«¬¢V«"� °g¥%©l¥
©ªÂ?¡�¥)«"¥o«"�\µ" G¥%³% �¢V©e¢V£-¤V¥½¶	�	¯"�-¢V  (#8:�q"N@�'n � /)µ"¶	�g¯"«"���¹�?¡y¢V¶�Ï�Ê	e��",Aå�����°g¥%¯"�G�gË��"�g¯A¡��
�G�	©ªµ"¶	�	°g�	«¬¢V«"�e«"� �	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥���¤V¥Á¥%�¹µ" G�	¯"°g�	µ¬¢V�	�_©ª¥V¡���Å%¥%�¹µ¬¢V �¢Ã�G§¬¢�³% �¢V¯"«"�
§�¡��	¶	�	â-¢V£-¤V¥e�g© µ" G¥%¨"¶	�g©e¢V� «"�¹¥V¡��	©ª�	â-¢V£-¤V¥e�g© «"��Å%�g G��¢V�cÍV G�-¢V�½«"¥n°g¥%¯"À"�g°g�	©ª�g¯A¡�¥"Ê
¢V�	¯"«¬¢nËÌ§"�e�G§¬¢É°g¥%¯AÅ%�g G³ 4g¯"°g�2¢ ¯¬¤V¥ �G��ä�¢É°g¥%©ªµ" G¥�ÅV¢V«¬¢nµ¬¢V �¢É¨$¥A¢nµ¬¢V �¡��ª«"¥%�P°-¢V�G¥%�
� Ü ¢V³A¢V G�2¢V�u�?¡�¢V¶�Ï�Ê e������'��Ï ���)�.¢5¡�¥"Ê¬�g�G�G�P©ªÂ?¡�¥)«"¥¹�G�½¡� �¢5¡ ¢¹«"�o§"©e¢¹��²)¡��g¯"��¤V¥e©e¢V�	�
¢V¨" �¢V¯"³%�g¯A¡��o�o G¥%¨"§"��¡ ¢_«"¥M��8:�q"N@�'n S Ï

. ©ªÂ?¡�¥)«"¥o«"��+��g¶	«"�g &´�ÈÉ�-¢V«¹¨¬¢V�G�g�2¢½�G�g§ªµ" G¥)°g�g�G�G¥P«"�\¨"§"�G°-¢oµ$�g¶	¥oµ$¥%¯A¡�¥o»V¡��	©ª¥
«"�u§"©e¢���§"¯"£-¤V¥ B  G�-¢V¶

f(x), x ∈ R
n
ÊA¢Vµ$�g¯¬¢V��¯¬¢ ¢-ÅV¢V¶	�2¢V£-¤V¥�«"�g�G��¢ ��§"¯"£-¤V¥"Ï ��G�G¥o�	©_´

µ"¶	�	°-¢\ËÌ§"�y¯¬¤V¥ �G�y§�¡��	¶	�	â-¢�ËÌ§¬¢V¶	ËÌ§"�g @¡��	µ$¥�«"�y�	¯���¥% G©e¢V£-¤V¥\ G�g¶2¢V°g�	¥%¯¬¢V«¬¢��«"�g G��ÅV¢V«¬¢�«"�
f(x)

�VÊ�«"�?Å)�	«"¥¹¢P�	�G�G¥"Ê�µ$�g �¡��g¯"°g�o¢V¥a³% G§"µ$¥a«"¥%�u©ªÂ?¡�¥)«"¥%�y«"�V+)(,���T��A�8:�T��Dj�VÏ�Ý��G�G�	©
°g¥%©ª¥¹ÅVÍV G�	¥%��¥%§�¡� G¥%��¢V¶	³%¥% G��¡�©ª¥%��«"�P¨"§"�G°-¢e«"�	 G�?¡ ¢�Ê�¥ ¢V¶	³%¥% G��¡�©ª¥a«"�2+��g¶	«"�g &´�ÈÉ�-¢V«
§�¡��	¶	�	â-¢a§"©e¢ª©e¢5¡� G�	â½�G�	©ªµ"¶	��²É¢ª°-¢V«¬¢ª��¡��g �¢V£-¤V¥"Ï�¾��G��¢eµ¬¢V �¡��	°g§"¶2¢V G�	«¬¢V«"�½«¬Íª¥% G�	³%�g©
¢Ç§"©e¢�!¬³%§" �¢�³%�g¥%©ªÂ?¡� G�	°-¢ «"�

n
«"�	©ª�g¯"�3�)�g���

n + 1
Å%Âg �¡��	°g�g���P G�g�Gµ$¥%¯"��Í-Å%�g¶\µ$�g¶2¢

¨"§"�G°-¢ª«"¥eµ$¥%¯A¡�¥ª»V¡��	©ª¥_¯¬¢ªÀ"�	µ$�g G�G§"µ$�6� �	°g�	�½«¬¢%��§"¯"£-¤V¥e¢ª�G�g �¥V¡��	©ª�	â-¢V«¬¢�Ï ¾��G�G�PÂc¥
� �3& %�& /4����%���' $�� � � %�<�$��#!#� !#��� )*���$#0��+"! �8<8��/4�����*& � ����!#� ����%�� �% ��/ ������& $�%�� !#��)��& %���& �	�

���	!#��% �,� ��/ ������& $�%�� !#�	�
��
 ! �$+?� � ��,)����- �"� � ��/4���/ � !� )��& %���& �	�����*�����'(!� !#����& - ��!��� !�
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� � � %8��9:�'(+���� � <,����/ �#����!#� !#� 9:����%8�8��
#)/ �4��& $	�8)(���	��& '(!#&4����� � ������� $���� %���'� � � �%� ��$�& -��8!#�
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©ª¥V¡���Å%¥ µ$�g¶	¥½ËÌ§¬¢V¶"�g�G�G�\©ªÂ?¡�¥)«"¥�¡ ¢V©a¨$Âg© Âu°g¥%¯"À"�g°g�	«"¥o°g¥%©ª¥½¥½©ªÂ?¡�¥)«"¥ «¬¢L�����*+��VÏ
Ýw�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥ «"¥Ã¢V¶	³%¥% G��¡�©ª¥nµ" G�?Å 4É¢ «"�6!¬¯"�	£-¤V¥�«"� ËÌ§¬¢5¡� G¥�°g¥)�6!¬°g�	�g¯A¡��g�

 G�g�Gµ$¥%¯"��Í-Å%�g�	�ªµ$�g¶2¢Ç©ª¥�Å)�	©ª�g¯A¡ ¢V£-¤V¥�«¬¢ !¬³%§" �¢�³%�g¥%©ªÂ?¡� G�	°-¢Ç¯"¥Ã�g�Gµ¬¢V£g¥�«"�n¨"§"�G°-¢�Ï
à@ �¢5¡ ¢V©_´��G� «"¥%� °g¥)�6!¬°g�	�g¯A¡��g� «"� �T��� �'n���� �

ρ
��Ê-�'n�"	��
2�*��� �

χ
��Ê-���%
$DE�'�UY7��� �

γ
�ª�

��
X���%N �F8:����
$D;� �
σ
��Ï . ��ÅV¢V¶	¥% G�g�@«"�g�G�G�g��µ¬¢V  *V©ª�?¡� G¥%��«"�?Å%�g© ��¢5¡��	� �.¢Vâg�g �¢V���G�g³%§"�	¯A¡��g�

 G�g��¡� G�	£��)�g� � +��g¶	«"�g \¢V¯"«ÇÈÉ�-¢V«MÊ e��",,f�� �

ρ > 0, χ > 1, χ > ρ, 0 < γ < 1, 0 < σ < 1.
��ã"Ï ã��

. ��ÅV¢V¶	¥% G�g�u¡��	µ"�	°-¢V©ª�g¯A¡�� §�¡��	¶	�	â-¢V«"¥%�u��¤V¥1�

ρ = 1, χ = 2, γ = σ = 1/2
��ã"Ï f��

Ä�©e¢�Å%�gâ\«"�6!¬¯"�	«"¥%��¥%��°g¥)�6!¬°g�	�g¯A¡��g�gÊÌµ¬¢V �¡���´��G��µ¬¢V �¢½¢V����¡��g �¢V£��)�g��«"¥o¢V¶	³%¥% G��¡�©ª¥"Ï
Ý�¥c�	¯1�	°g�	¥�«"�\°-¢V«¬¢o��¡��g �¢V£-¤V¥

k
ÊA§�¡��	¶	�	â-¢Ù´��G�u§"©e¢ ©e¢5¡� G�	âu�G�	©ªµ"¶	��²

∆̄k

�
n+1×n �@�g©

ËÌ§"�y°-¢V«¬¢�¶	�	¯"À¬¢�°g¥% G G�g�Gµ$¥%¯"«"�u¢\§"© µ$¥%¯A¡�¥�«¬¢ !¬³%§" �¢�³%�g¥%©ªÂ?¡� G�	°-¢�«"�
n

«"�	©ª�g¯"�3�)�g� D Ï
Ä�©e¢_«¬¢V«¬¢_��¡��g �¢V£-¤V¥

k
Âo°g¥%©ªµ$¥%��¡ ¢_µ$�g¶	¥%���G�g³%§"�	¯A¡��g�\µ¬¢V�G�G¥%� U �

e%Ï Ð¹Ñ5×�Ó)Ô�Ö "&"Ø�� . ��Ö¬Ú-Ú-Ò�� �%Ö "&"Ø�Û .  G«"�g¯¬¢V©_´��G� ¥%�
n+ 1

Å%Âg �¡��	°g�g�� G�gµ" G�g�G�g¯A¡ ¢Ù´
«"¥%�uµ$�g¶2¢V�u¶	�	¯"À¬¢V� «"�

∆̄
«"� ©ª¥)«"¥aËÌ§"�

f(x1) / f(x2) / · · · / f(xn+1)
ÏO���g�G�G�

©ª¥)«"¥"Ê"¢aµ" G�	©ª�g�	 �¢P¶	�	¯"À¬¢P«¬¢_©e¢5¡� G�	â��G�	©ªµ"¶	��²¸ G�gµ" G�g�G�g¯A¡ ¢ª¥¹µ$¥%¯A¡�¥_°g¥%©w©ª��´
¶	À"¥% O¢-ÅV¢V¶	�2¢V£-¤V¥½«¬¢ ��§"¯"£-¤V¥c¥%¨ÌäG�?¡���Å%¥c��¢V�G�G�	© �G§"°g�g�G�G��ÅV¢V©ª�g¯A¡��VÏOÝ Æ��	³%§" �¢ ã"Ï ã
�	¶	§"��¡� �¢_¢_°g¥%¯�!¬³%§" �¢V£-¤V¥ª�	¯"°g�2¢V¶K«¬¢2!¬³%§" �¢_³%�g¥%©ªÂ?¡� G�	°-¢�Ï

Æ��	³%§" �¢�ã"Ï ã1��·y¥%¯�!¬³%§" �¢V£-¤V¥½�	¯"�	°g�2¢V¶%«¬¢ !¬³%§" �¢�³%�g¥%©ªÂ?¡� G�	°-¢�«"¥½¢V¶	³%¥% G��¡�©ª¥\«"�-+��g¶	«"�g &´
ÈÉ�-¢V«MÏ

å)Ï � Ó���Ó���&"Ø�Û ·u¢V¶	°g§"¶2¢Ù´��G�½¥¹µ$¥%¯A¡�¥¹«"�o G� �¬��²"¤V¥
xr

�

xr = x̄ + ρ(x̄ − xn+1),
��ã"Ï ,'�

� / !#���('&4+���� !#�
∆̄1

� '(� )��& %���& �	� & $����	��+����?��) �#!#�.�*����& '��(���'(��&4��!� ) ���6��/ ���% ����'4�����& %���' $��
)��<�-3& �8!�,9:�'(+������ �%� ��$�& -��?�#%8���1$�& )&4����%���' $��;< ��� �& $�������&4�5

��� ���	� � ��
#��%�)/ & � ����+���� !#� %�<�$��#!#�?���*����� ����'(�*&4!#���	��!#� �% ���*)(��+�� !#�2��(����� !#�8!#�(���"!#& �
%���'(� 3���.�"� �.�*�4� �9� '(!#&4�����

k
�����8�*�)��& %�&4!#� �1) ��� �*& %�)/ &4��&4!��!#��5
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�g© ËÌ§"�
x̄ = 1

n

∑n
i=1 xi

Âª¥É°g�g¯A¡� G»%�	«"�ª«"¥%�
n

©ª�g¶	À"¥% G�g�oµ$¥%¯A¡�¥%� I Ï ·u¢V�G¥Ç¢
¢-ÅV¢V¶	�2¢V£-¤V¥É«"�

fr = f(xr)
�	©ªµ"¶	�	ËÌ§"�

f1 / fr / fn
ÊO¢V°g�g��¡ ¢Ù´��G�e¥�µ$¥%¯A¡�¥

xr
�

¡��g G©ª�	¯¬¢Ù´��G�½¢_��¡��g �¢V£-¤V¥ �.Æ��	³%§" �¢Pã"Ï f���Ï

Æ��	³%§" �¢Pã"Ï f �y·y¥%¯�!¬³%§" �¢V£-¤V¥¹«¬¢(!¬³%§" �¢_³%�g¥%©ªÂ?¡� G�	°-¢_¢Vµ$»%�\¢¹�?¡ ¢Vµ¬¢_«"�V�T��� �'n����5Ï

'�Ï � �  @Ö¬Ô@Ú &"Ø�Û /)�
fr / f1

Ê¬�g¯A¡ ¤V¥¹°-¢V¶	°g§"¶2¢Ù´��G�½¥¹µ$¥%¯A¡�¥¹«"�o��²�µ¬¢V¯"��¤V¥
xe

�

xe = x̄ + χ(xr − x̄).
��ã"Ï ç��

·u¢V�G¥e¢¹¢-ÅV¢V¶	�2¢V£-¤V¥a«"�
fe = f(xe)

�	©ªµ"¶	�	ËÌ§"�
fe / fr

Ê�¢V°g�g��¡ ¢Ù´��G�½¥¹µ$¥%¯A¡�¥
xe

�
¡��g G©ª�	¯¬¢Ù´��G�a¢e��¡��g �¢V£-¤V¥"ÏP·u¢V�G¥ °g¥%¯A¡� �ÍV G�	¥ �

fr / fe
��Ê3¢V°g�g��¡ ¢Ù´��G�a¥ µ$¥%¯A¡�¥

xr
�

¡��g G©ª�	¯¬¢Ù´��G�½¢_��¡��g �¢V£-¤V¥ �.Æ��	³%§" �¢Pã"Ï ,'��Ï

Æ��	³%§" �¢aã"Ï ,�� ·y¥%¯�!¬³%§" �¢V£-¤V¥ª«¬¢2!¬³%§" �¢_³%�g¥%©ªÂ?¡� G�	°-¢_¢Vµ$»%��¢_�?¡ ¢Vµ¬¢¹«"�O�'n�"	��
2�*���5Ï

ã"Ï . Ø$Ô$Õ�ÑÙÖ "&"Ø�Û /)�
fn / fr

Ê$�g¯A¡ ¤V¥e°-¢V¶	°g§"¶2¢Ù´��G�c¥eµ$¥%¯A¡�¥e«"�P°g¥%¯A¡� �¢V£-¤V¥ �
xce

¥%§
xci
�u«"�c¢V°g¥% G«"¥¹°g¥%©w¥¹ G�g�G§"¶�¡ ¢V«"¥ª«¬¢_°g¥%©ªµ¬¢V �¢V£-¤V¥_�g¯A¡� G�

fr
�
fn+1

�

• /)�
fr / fn+1

Ê"�g¯A¡ ¤V¥ªµ" G¥)°g�g«"��´��G�c°g¥%©w¢B���%
$DE�'�UY7���O�'nUD;��� 
� �

xce = x̄ + γ(xr − x̄).
��ã"Ï �'�

·u¢V�G¥½¢ ¢-ÅV¢V¶	�2¢V£-¤V¥\«"�
fce = f(xce)

�	©ªµ"¶	�	ËÌ§"�
fce/fr

Ê%¢V°g�g��¡ ¢Ù´��G� ¥ µ$¥%¯A¡�¥
xce

�½¡��g G©ª�	¯¬¢Ù´��G�o¢_��¡��g �¢V£-¤V¥��.Æ��	³%§" �¢aã"Ï ç���Ï

 � %8� -���78� ��8� ��$	��)(� !#�����	!#��'(��+���� 9:��78����% � ��8� )& ���") ��' $�� 9:� ���*������)�����*��' $	��!#� ��%

xn+1

5
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Æ��	³%§" �¢�ã"Ï ç ��·y¥%¯�!¬³%§" �¢V£-¤V¥Á«¬¢ !¬³%§" �¢�³%�g¥%©ªÂ?¡� G�	°-¢Ã¢Vµ$»%�e¢Ã�?¡ ¢Vµ¬¢�«"�1���%
$DE�'�UY7���
�'nUD;��� 
�VÏ

• /)�
fn+1 / fr

Ê"�g¯A¡ ¤V¥ªµ" G¥)°g�g«"��´��G�c°g¥%© ¢<���%
$DE�'�UY7���V8:
$D;��� 
� �

xci = x̄ − γ(x̄ − xn+1).
��ã"Ï �'�

·u¢V�G¥�¢Ç¢-ÅV¢V¶	�2¢V£-¤V¥É«"�
fci = f(xci)

�	©ªµ"¶	�	ËÌ§"�
fci / fn+1

Ê�¢V°g�g��¡ ¢Ù´��G�e¥
µ$¥%¯A¡�¥

xci
�½¡��g G©ª�	¯¬¢Ù´��G�½¢¹��¡��g �¢V£-¤V¥��.Æ��	³%§" �¢aã"Ï �'��Ï

Æ��	³%§" �¢�ã"Ï ����·y¥%¯�!¬³%§" �¢V£-¤V¥Á«¬¢ !¬³%§" �¢�³%�g¥%©ªÂ?¡� G�	°-¢Ã¢Vµ$»%�e¢Ã�?¡ ¢Vµ¬¢�«"�1���%
$DE�'�UY7���
8:
$D;��� 
�VÏ

f)Ï � Ô��%Ø����@Ò��ÁÓ)Ô$Õ�Ø�Û Ý�ÅV¢V¶	�2¢Ù´��G�
f

µ¬¢V �¢_¥%�
n

µ$¥%¯A¡�¥%�

vi = x1 + σ(xi − x1), ∀ i = 2, · · · ,n + 1.
��ã"Ï>e�æ'�

. �½µ$¥%¯A¡�¥%� ��«"�g�G¥% G«"�g¯¬¢V«"¥%��� «¬¢ ©e¢5¡� G�	âa�G�	©ªµ"¶	��²Çµ¬¢V �¢ ¢ µ" G»-²��	©e¢¸��¡��g �¢V£-¤V¥
°g¥%¯"�G�	��¡��g©w�g©

x1,v1, · · · ,vn+1
�.Æ��	³%§" �¢aã"Ï �'��Ï

Æ��	³%§" �¢ ã"Ï ����·y¥%¯�!¬³%§" �¢V£-¤V¥o«¬¢)!¬³%§" �¢½³%�g¥%©ªÂ?¡� G�	°-¢ ¢Vµ$»%� ¢½�?¡ ¢Vµ¬¢½«"����
X���%N �F8:����
$D;�5Ï
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Ý ¢V¯¬ÍV¶	�	�G� «"�o«"�g�G�g©ªµ$�g¯"À"¥ª«"¥ª¢V¶	³%¥% G��¡�©ª¥P«"� +��g¶	«"�g &´�ÈÉ�-¢V« ¢5¡� G�	¨"§"�M¢_�g¶	� ¡� 34g�
°-¢V �¢V°?¡��g 3�	��¡��	°-¢V��µ" G�	¯"°g�	µ¬¢V�	���

e%Ï\�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥a�G�	©ªµ"¶	�g���
å)Ï\ �ÍVµ"�	«¬¢a°g¥%¯AÅ%�g G³ 4g¯"°g�2¢ ��ËÌ§¬¢V¯"«"¥e¢V¶	°-¢V¯"£-¢V«¬¢'� �
'�Ï\¨¬¢V�1²"¢a G¥%¨"§"��¡��gâVÏ

. µ" G�	©ª�g�	 G¥�¢V�Gµ$�g°?¡�¥ ©ª�g¯"°g�	¥%¯¬¢V«"¥�ä�Í�À¬¢-Å)�2¢\�G�	«"¥�°g��¡ ¢V«"¥�©e¢V�@©ª�g G�g°g�y«"�g��¡ ¢VËÌ§"�VÏ
º@¥% É�G��¨¬¢V�G�-¢V É¯"¥ ©ªÂ?¡�¥)«"¥ «"��µ" G¥%³% �¢V©e¢V£-¤V¥ ¶	�	¯"�-¢V <��8:�q"N@�'n%Ê�¥±¢V¶	³%¥% G��¡�©ª¥ «"�
+��g¶	«"�g &´�ÈÉ�-¢V« §�¡��	¶	�	â-¢_©ª�g°-¢V¯"�	�G©ª¥%�\¨¬¢V��¡ ¢V¯A¡��P�G�	©ªµ"¶	�g�\«"�P¨"§"�G°-¢eµ$¥% �©��	¯"�	©ª¥%��«¬¢
��§"¯"£-¤V¥¸¥%¨ÌäG�?¡���Å%¥"Ï½Ý  G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥n«¬¢¸©e¢5¡� G�	âc°g¥%©ª¥¸§"©l¥%¨ÌäG�?¡�¥ ³%�g¥%©ªÂ?¡� G�	°g¥e«"�
«"�	©ª�g¯"��¤V¥ �	³%§¬¢V¶"¢V¥½�g�Gµ¬¢V£g¥c«"��¨"§"�G°-¢½¡�¥% G¯¬¢ ¥½�g¯A¡��g¯"«"�	©ª�g¯A¡�¥o«"¥o©ªÂ?¡�¥)«"¥½¨¬¢V��¡ ¢V¯A¡��
�	¯A¡�§"��¡���Å%¥"Ï

Ý  �ÍVµ"�	«¬¢o°g¥%¯AÅ%�g G³ 4g¯"°g�2¢P°g¥%¯"�G�	��¡����g©�¥%§�¡� G¥P¢V�Gµ$�g°?¡�¥a¯"¥V¡ Í-Å%�g¶$«"¥P©ªÂ?¡�¥)«"¥"Ï�����´
Å)�	«"¥ ¢V¥%�c©ª�g°-¢V¯"�	�G©ª¥%�o«"�W�'n�"	��
2�*���5Êc���%
$DE�'�UY7���n�W��
X���%N �F8:����
$D;�5Ê@¢V°g G�g�G°g�	«"¥%�P¢V¥
��8:�q"N@�'n�¥% G�	³%�	¯¬¢V¶�Ê�¢e¶	¥)°-¢V¶	�	â-¢V£-¤V¥¹«"�a§"©l©��	©ª�	©ª¥_«¬¢���§"¯"£-¤V¥ ¥%¨ÌäG�?¡���Å%¥¸Â,���g��¡ ¢ª«"�
©e¢V¯"�g�	 �¢o¨¬¢V��¡ ¢V¯A¡��½�6!¬°g�	�g¯A¡�� ¯"¥aËÌ§"� «"�	â� G�g�Gµ$�g��¡�¥_¢V¥a¯ *"©ª�g G¥_«"����¡��g �¢V£��)�g�gÏ�Ý�¶	Âg©
«"�	�G�G¥"Ê ¥ �.¢5¡�¥Ã«"�n¯¬¤V¥�§�¡��	¶	�	â-¢V PËÌ§¬¢V¶	ËÌ§"�g _¡��	µ$¥�«"�n«"�g G��ÅV¢V«¬¢�«¬¢ ��§"¯"£-¤V¥�¥%¨ÌäG�?¡���Å%¥
¡�¥% G¯¬¢_¥_¡��g©ªµ$¥¹«"�o��²��g°g§"£-¤V¥e«"�o°-¢V«¬¢_��¡��g �¢V£-¤V¥¹¨¬¢V��¡ ¢V¯A¡��o G�g«"§"âg�	«"¥"Ï

� ��� XZd�z�Y\|u}o` p Y � {n[�xu�

¾�©a¨$¥% �¢P«"�½�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥c¡��	µ"�	°-¢V©ª�g¯A¡���©e¢V�	�y°g¥%©ªµ"¶	��²"¢PËÌ§"�½¥%�\¢V¶	³%¥% G��¡�©ª¥%�
«"� � (,���T���8:�T��Dj�VÊ�¥%��¢V¶	³%¥% G��¡�©ª¥%�O«"����8:�T�'Y7���VA�� � (,���T�¹ G�gµ" G�g�G�g¯A¡ ¢V©w§"©e¢P°g¶2¢V�G�G�
«"�¸©ªÂ?¡�¥)«"¥%�P«"�¸¥V¡��	©ª�	â-¢V£-¤V¥n¨¬¢V�G�-¢V«"¥%�_�g©rµ" G�	¯"°��	µ"�	¥%�o©e¢V�	�c�	¯A¡�§"��¡���Å%¥%�gÏ�ßu¢V�G�	°-¢Ù´
©ª�g¯A¡��VÊ�§�¡��	¶	�	â-¢Ù´��G�ª�	¯���¥% G©e¢V£-¤V¥ «¬¢Ç«"�g G��ÅV¢V«¬¢ «¬¢���§"¯"£-¤V¥�¥%¨ÌäG�?¡���Å%¥��g©r§"©kµ$¥%¯A¡�¥
�	¯"�	°g�2¢V¶�°g¥%©Z¥ �	¯A¡�§"��¡�¥¸«"�_«"�?¡��g G©ª�	¯¬¢V  ¥ µ" G»-²��	©ª¥¸µ$¥%¯A¡�¥É¢¸�G�g ½�	¯"�Gµ$�g°g�	¥%¯¬¢V«"¥"Ï .
¯"¥�Å%¥aµ$¥%¯A¡�¥P«"��¥% G�	³%�g© µ¬¢V�G��¢P�g¯A¡ ¤V¥a¢c�G�g u¢VËÌ§"�g¶	��¢Vµ$¥%¯A¡ ¢V«"¥Pµ$�g¶	¥L����D;�%��A�8:�T�'Y7���o�
¥½µ" G¥)°g�g�G�G¥cµ" G¥%�G�G�g³%§"�\ G�g°g§" G�G��ÅV¢V©ª�g¯A¡��VÏ����?Å)�	«"¥c¢ �	�G�G¥"ÊA¥%�O¢V¶	³%¥% G��¡�©ª¥%�@«"� ��8:�T�'Y7���
A�� � (,���T�ª��¤V¥ª°g¥%©a§"©ª�g¯A¡��o«"�g¯"¥%©ª�	¯¬¢V«"¥%��¢V¶	³%¥% G��¡�©ª¥%�y«"�a"� 8:����8:�'�M�%�'A����_Ï

Ý °-¢V«¬¢ ��¡��g �¢V£-¤V¥ «"�¸§"©r¢V¶	³%¥% G��¡�©ª¥ «"����8:�T�'Y7���BA�� � (,���T�VÊ�µ¬¢V �¡���´��G�¸«"�e§"©
µ$¥%¯A¡�¥

θk
�uµ" G¥)°g§" �¢Ù´��G�uµ$¥% �§"© µ$¥%¯A¡�¥

θk+1
�&©ª�g¶	À"¥%  
 ËÌ§"�

θk
�G�g³%§"¯"«"¥c¢ �G�g³%§"�	¯A¡��

 G�g¶2¢V£-¤V¥_³%�g �¢V¶ �

θk+1 = θk + αkdk
��ã"Ï>eUe �
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�g©kËÌ§"�
αk

°g¥%¯"�G�	��¡��n�g©k§"©kµ¬¢V  *V©ª�?¡� G¥�¢�äG§"��¡ Í-Å%�g¶\ G�g�Gµ$¥%¯"��Í-Å%�g¶\µ$�g¶	¥�µ¬¢V�G�G¥Ã«"¥
µ" G¥)°g�g�G�G¥e«"�o¨"§"�G°-¢¹¯¬¢_«"�	 G�g£-¤V¥

dk
Ê�¢_°-¢V«¬¢¹��¡��g �¢V£-¤V¥

k
Ï

à��	µ"�	°-¢V©ª�g¯A¡��VÊ�¥aµ" G»%µ" G�	¥_¢�äG§"��¡��½«"�
αk

�g¯AÅ%¥%¶�Å%�c¢P G�g�G¥%¶	§"£-¤V¥_«"� §"©�µ" G¥%¨"¶	�g©e¢
«"�\¥V¡��	©ª�	â-¢V£-¤V¥ F.H �\Â\«"�6!¬¯"�	«"¥c«"��¢V°g¥% G«"¥c°g¥%© ¥P¢V¶	³%¥% �¡��	©ª¥�§�¡��	¶	�	â-¢V«"¥"Ï . µ¬¢V�G�G¥

αkÂ� G�g�Gµ$¥%¯"��Í-Å%�g¶Mµ$�g¶2¢P¢V¨" �¢V¯"³ 4g¯"°g�2¢o«"¥%�y©ªÂ?¡�¥)«"¥%�y«"� ��8:�T�'Y7���-A�� � (,���T�VÊ)¯"¥a�G�g¯A¡��	«"¥
«"�½Å)�2¢V¨"�	¶	�	â-¢V  �G§¬¢¹°g¥%¯AÅ%�g G³ 4g¯"°g�2¢ªµ¬¢V �¢_§"©w»V¡��	©ª¥a³%¶	¥%¨¬¢V¶ � +�¢V G�g¯"«" �¢�Ê e����2e ��Ï

º@¥% o§�¡��	¶	�	â-¢V G�g©l�	¯���¥% G©e¢V£��)�g�½«"�¹«"�g G��ÅV¢V«¬¢�Ê�¢n°g¥%¯AÅ%�g G³ 4g¯"°g�2¢É«"¥%�o©ªÂ?¡�¥)«"¥%�½«"�
��8:�T�'Y7����A�� � (,���T�ª«"�gµ$�g¯"«"�P«¬¢¹«"�����g G�g¯"°g�2¢V¨"�	¶	�	«¬¢V«"��«¬¢(��§"¯"£-¤V¥ª¥%¨ÌäG�?¡���Å%¥"Ïy���?Å)�	«"¥
¢ª�	�G�G¥"Ê��g�Gµ¬¢V£g¥%��«"�c¨"§"�G°-¢e«"�	�G°g G�?¡�¥%�\¡ ¢V©a¨$Âg©  G�gµ" G�g�G�g¯A¡ ¢V©l¶	�	©ª��¡ ¢V£��)�g�yµ¬¢V �¢ª�g�G��¢
°g¶2¢V�G�G�o«"�c¢V¶	³%¥% G��¡�©ª¥%�gÏ

� ��� ��� ����������� �����®�"�O���&�3����
Ý��G�G�	© °g¥%©ª¥oËÌ§¬¢V¶	ËÌ§"�g  ¢V¶	³%¥% G��¡�©ª¥� G�g°g§" G�G��Å%¥"ÊÌ¥P¢V¶	³%¥% G��¡�©ª¥�«"¥�=��'�,A�8t��
$D;�\�	¯"�	°g�2¢

�G§¬¢V�u��¡��g �¢V£��)�g�u¢Pµ¬¢V �¡��	  «"��§"©e¢P°g¥%¯"«"�	£-¤V¥P�	¯"�	°g�2¢V¶¬��¨"§"�G°-¢_¢5¡��	¯"³%�	  ¢V¶	³%§"© °g G��¡�Âg G�	¥
«"�ª°g¥%¯AÅ%�g G³ 4g¯"°g�2¢ÇÉ©ª�g«"�	«¬¢ ËÌ§"�eµ" G¥)°g�g�G��¢ ¯"¥�ÅV¢V�c��¡��g �¢V£��)�g�gÏ . ¢V�Gµ$�g°?¡�¥ ËÌ§"�e«"�1´
���g G�g¯"°g�2¢É¥Ç©ªÂ?¡�¥)«"¥É«"¥6=��'�,A�8t��
$D;�e«"�g¯A¡� G�¸¥%�c©ªÂ?¡�¥)«"¥%�c«"�WA�8:�T�'Y7���WA��M+)(,���T�ÇÂ¸¢
©e¢V¯"�g�	 �¢o°g¥%©�ËÌ§"� ¥PÅ%�?¡�¥% u«"�	 G�g£-¤V¥

dk
Â�°-¢V¶	°g§"¶2¢V«"¥"Ï�º�¢V �¢P�	�G�G¥"Ê�§�¡��	¶	�	â-¢Ù´��G��¢a¢Vµ" G¥5´

²��	©e¢V£-¤V¥n¶	�	¯"�-¢V  ¶	¥)°-¢V¶�«¬¢ ��§"¯"£-¤V¥Ç¢n�G�g c©ª�	¯"�	©ª�	â-¢V«¬¢
c(θ)

¯"¥Éµ$¥%¯A¡�¥
θk+1

Ê@«¬¢V«¬¢
µ$¥% 

c(θk+1) = c(θk + δθk) ≈ ck + gTckδθk.
��ã"Ï>eÙå��

Ý�¯¬¢V¶	�	��¢V¯"«"¥5´��G� ��ã"Ï>eÙå���Ê�¥%¨"�G�g �ÅV¢Ù´��G�¸ËÌ§"�¸§"©e¢É©e¢V¯"�g�	 �¢n�	¯A¡�§"��¡���ÅV¢n«"�e�G�¸©ª�	¯"�1´
©ª�	â-¢V  ¥ ÅV¢V¶	¥%  «¬¢$��§"¯"£-¤V¥n¥%¨ÌäG�?¡���Å%¥É°g¥%© ¢ ��²��g°g§"£-¤V¥ «¬¢V�½��¡��g �¢V£��)�g�½°g¥%¯"�G�	��¡��¹�g©
«"�?¡��g G©ª�	¯¬¢V �ÅV¢V¶	¥% G�g�\«"�

δθk
«"�o¡ ¢V¶3©ª¥)«"¥ªËÌ§"�

gTckδθk
¡��g¯"À¬¢ª³% �¢V¯"«"�oÅV¢V¶	¥% \¢V¨"�G¥5´

¶	§�¡�¥ª�c�G��ä�¢ª¯"�g³A¢5¡���Å%¥"Ï�·y¥%¯A¡�§"«"¥"ÊK¢V¶	³%§"©e¢_¯"¥% G©e¢V¶	�	â-¢V£-¤V¥_«"�?Å%�P�G�g ��	©ªµ$¥%��¡ ¢_�G¥%¨" G�
¥nÅV¢V¶	¥% ½«"¥Éµ¬¢V�G�G¥

δθk
°g¥%© ¥É�	¯A¡�§"��¡�¥ «"�ª�?Å)��¡ ¢V oËÌ§"�e¢n«"�	©ª�	¯Ì§"�	£-¤V¥ ¯"¥nÅV¢V¶	¥% ½«¬¢

��§"¯"£-¤V¥¸¥%¨ÌäG�?¡���Å%¥
gTckδθk

�G��ä�¢¸¢V G¨"��¡� �¢V G�2¢V©ª�g¯A¡��o³% �¢V¯"«"� ��¼½�	¶	¶3�?¡o¢V¶�Ï�Ê e����2e ��Ï�¾��G��¢
¯"¥% G©e¢V¶	�	â-¢V£-¤V¥a«"�?Å%�c�G�g �¡ ¢V¶MËÌ§"�

δθk
�G��ä�¢ª¢_�G¥%¶	§"£-¤V¥¹«"¥ªµ" G¥%¨"¶	�g©e¢

min
δθk∈Rn

gT
ck
δθk

‖δθk‖
,

��ã"Ï>e ''�
�g© ËÌ§"�ª¢ �G¥%¶	§"£-¤V¥ «"�gµ$�g¯"«"�ª«¬¢ ¯"¥% G©e¢¸§�¡��	¶	�	â-¢V«¬¢�ÏP·u¢V�G¥ ¢ ¯"¥% G©e¢¸�G��ä�¢ «"�6!¬¯"�	«¬¢
µ$¥% �§"©e¢_«"�?¡��g G©ª�	¯¬¢V«¬¢a©e¢5¡� G�	â �G�	©ªÂ?¡� G�	°-¢a«"�6!¬¯"�	«¬¢_µ$¥%�G��¡���ÅV¢

P
¡ ¢V¶MËÌ§"�

‖δθk‖P = (δθTkPδθk)
1
2 ,

����� ��/4� $�& - ��%���' $���%���'� �"����%�)/ ��
#�?�%� � � �� �*��$��	� $	� !#�8�% )��� �/ ��%8� !#����$�& %�& 7���+���� �'& �
!#& %���'(�*& ��'(��/ - �*� ����8� !#& ����+����

dk

5 5 � % !#� �"%�<�$��#!#� � ����%,�%���' $��8�#$�& / & 7���!#� �"<8� !��� ���	���
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�g¯A¡ ¤V¥ª¢¹�G¥%¶	§"£-¤V¥¹«"� ��ã"Ï>e ''� °g¥%¯"�G�	��¡��c�g©

δθk = −P−1gck .
��ã"Ï>e-ã��

È ¢V�gÊ�°g¥%©ª¥ ¢É¥ ©ªÂ?¡�¥)«"¥É«"¥W=��'�,A�8t��
$D;�eµ" G�?Å 4¸¢É§�¡��	¶	�	â-¢V£-¤V¥ «¬¢É¯"¥% G©e¢n�g§"°g¶	�1´
«"�-¢V¯¬¢�ÊK¢ª�G¥%¶	§"£-¤V¥e«"� ��ã"Ï>e ''�u�P°g¥%¯"�G�gË��"�g¯A¡��g©ª�g¯A¡��¹¥eµ¬¢V�G�G¥ «"¥¸¢V¶	³%¥% G��¡�©ª¥¹¢e°-¢V«¬¢
��¡��g �¢V£-¤V¥_��¤V¥¹¡ ¢V�	�uËÌ§"�

αkdk = δθk , −αkgck
��ã"Ï>e7f��

�g©wËÌ§"�
αk

°g¥%¯"�G�	��¡��o¯"¥_ÅV¢V¶	¥% u«"¥ªµ¬¢V�G�G¥ª«¬¢V«"¥¹¯¬¢¹«"�	 G�g£-¤V¥
dk

Ï

Ý�¶	Âg©h«"�	�G�G¥"Ê½¯"¥ ©ªÂ?¡�¥)«"¥ «"¥ =��'�,A�8t��
$D;�?Ê�°g¥%¯"�G�	«"�g �¢Ù´��G��ËÌ§"�Á¢ ��§"¯"£-¤V¥®¢ �G�g 
¥V¡��	©ª�	â-¢V«¬¢�µ$¥%�G��¢o�G�g  ¢Vµ" G¥-²��	©e¢V«¬¢ µ$¥% O§"©e¢ ��§"¯"£-¤V¥cËÌ§¬¢V«" �Í5¡��	°-¢ ��ÝPÏ '",'��ÊÌ«"�\©ª¥)«"¥
ËÌ§"�

c(θ) ≈ φ(θ) =
1

2
θTGθ + aTθ + b

��ã"Ï>e ,'�

�É¢Ã«"�?¡��g G©ª�	¯¬¢V£-¤V¥Ã«"¥�ÅV¢V¶	¥% a«"�
αk

�g© ��ã"Ï>eUe �P� ��ã"Ï>e7f��PÂ����g��¡ ¢�¶	�?ÅV¢V¯"«"¥5´��G�n�g©
°g¥%¯"�G�	«"�g �¢V£-¤V¥ ¥��.¢5¡�¥ «"��¥ ©��	¯"�	©ª¥Á�g¯"°g¥%¯A¡� �¢V«"¥ ¯"¥ µ" G¥)°g�g�G�G¥ «"��©ª�	¯"�	©ª�	â-¢V£-¤V¥
§"¯"�	«"�	 G�g°g�	¥%¯¬¢V¶ ��¯¬¢e«"�	 G�g£-¤V¥

dk
�� G�gµ" G�g�G�g¯A¡ ¢V o¥¸µ$¥%¯A¡�¥ ¯"¥¸ËÌ§¬¢V¶�¥eÅ%�?¡�¥% ½³% �¢V«"�	�g¯A¡��

�g¯"°g¥%¯A¡� �¢Ù´��G�oµ$�g Gµ$�g¯"«"�	°g§"¶2¢V \_�G§¬¢¹µ$¥%�G�	£-¤V¥¹�	¯"�	°g�2¢V¶ F�F �.Æ��	³%§" �¢Pã"Ï>e�æ'��Ï

Æ��	³%§" �¢Pã"Ï>e�æ�� .  �¡�¥%³%¥%¯¬¢V¶	�	«¬¢V«"���g¯A¡� G�o¥%�uÅ%�?¡�¥% G�g�\³% �¢V«"�	�g¯A¡��½¯"¥_µ$¥%¯A¡�¥¹�	¯"�	°g�2¢V¶��o¯"¥
µ$¥%¯A¡�¥(!¬¯¬¢V¶3«¬¢_¨"§"�G°-¢ª§"¯"�	«"�	 G�g°g�	¥%¯¬¢V¶�Ï

� � �3�
u
�
v
������) ����) ��'(!#&4���/4���������#��' $	�����*��� )���#!#�#$���& ' $�����'�

u · v = 0
-��#��' $�� ���2143�3�&5 5
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·y¥%©w�	�G�G¥ª�½°g¥%© ¢¹�gË)¢V£-¤V¥ ��ÝPÏ '��'��Ê�¡��g©_´��G�

gTφk+1
gφk

= 0

(Gφθk+1 + a)Tgφk
= 0

(Gφ(θk + αkgφk
) + a)Tgφk

= 0

(Gφθk + a)Tgφk
+ αk(Gφgφk

)Tgφk
= 0

(Gφθk + a)Tgφk
= −αk(Gφgφk

)Tgφk

gTφk
gφk

= −αkgTφk
(Gφgφk

)

αk = −
gTφk

gφk

gTφk
Gφgφk ��ã"Ï>eÙç��

º@¥% �§�¡��	¶	�	â-¢V �¢Vµ$�g¯¬¢V��¥%��«"¥%�	��µ" G�	©ª�g�	 G¥%�3¡��g G©ª¥%��«¬¢� G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥o�g©Î�GÂg G�	�g��«"�
à�¢ �)¶	¥% \«¬¢%��§"¯"£-¤V¥e¥%¨ÌäG�?¡���Å%¥ F.C Ê$¥ª©ªÂ?¡�¥)«"¥ª«"¥O=��'�,A�8t��
$D;�a¢Vµ" G�g�G�g¯A¡ ¢eµ" G¥%¨"¶	�g©e¢V��«"�
Å%�g¶	¥)°g�	«¬¢V«"�y«"�y°g¥%¯AÅ%�g G³ 4g¯"°g�2¢�Ï +�¥ °-¢V�G¥ �g�Gµ$�g°���!¬°g¥½«"�u§"©e¢ ��§"¯"£-¤V¥ °g§Ùä�¢V��°g§" �ÅV¢V��«"�
¯1��Å%�g¶��G��ä�¢V©  G�gµ" G�g�G�g¯A¡ ¢V«¬¢V�cµ$¥% ½�g¶	�	µ"�G»%�	«"�g� «"�¹³% �¢V¯"«"�¹��²�°g�g¯A¡� G�	°g�	«¬¢V«"� � ��¢V° À¬¢5¡ ¢Ù´
«"¥%� 
���Ê@¢ °g¥%¯AÅ%�g G³ 4g¯"°g�2¢ÉÂ¹¶	�g¯A¡ ¢n�ª¢Vµ" G�g�G�g¯A¡ ¢n§"© °g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥ ¥%�G°g�	¶2¢5¡�»% G�	¥e«"�
µ$�gËÌ§"�g¯"¥%�yµ¬¢V�G�G¥%� �.Æ��	³%§" �¢½ã"Ï>eUe ��Ï�Ý�¶	Âg© «"�	�G�G¥"Ê)«"�?Å%��´��G��¥%¨"�G�g �ÅV¢V  ËÌ§"��¥a¢V¶	³%¥% G��¡�©ª¥
«"¥ =��'�,A�8t��
$D;� °g¥%¯AÅ%�g G³%�	 �ÍÇµ¬¢V �¢Ç¥�µ$¥%¯A¡�¥

θ∗ «"�g�G«"�nËÌ§"� ¥�µ$¥%¯A¡�¥��	¯"�	°g�2¢V¶
θ0

�G��ä�¢
«"�6!¬¯"�	«"¥¹¯¬¢¹¨¬¢V°g�2¢_«"�c¢5¡� �¢V£-¤V¥_«"�

θ∗ Ï

Æ��	³%§" �¢aã"Ï>eUe �O����!¬°g§"¶	«¬¢V«"�½«"�o°g¥%¯AÅ%�g G³ 4g¯"°g�2¢ª«"¥¹©ªÂ?¡�¥)«"¥¹«"¥¹³% �¢V«"�	�g¯A¡��VÏ

� ��� � � ����������� �����®�"�O���&�3��������O���Ì���O�O���
. ©ªÂ?¡�¥)«"¥�«"¥ �c�'�,A�8t��
$D;� �R�%
*r (U=,�,A��Ç°g¥%¯"�G�	��¡��n�g©k§"©�¢Vµ" G�	©ª¥% �¢V©ª�g¯A¡�¥ «"¥

©ªÂ?¡�¥)«"¥e«"¥0=��'�,A�8t��
$D;�?Ï\Ý �	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥ª«"�g�G��¢¸©ª�g¶	À"¥% G�2¢_Âa¨¬¢V�G�-¢V«¬¢e¯¬¢e¥%¨"�G�g &´
ÅV¢V£-¤V¥n«"�¹ËÌ§"�¹¥n©ªÂ?¡�¥)«"¥ «"¥<=��'�,A�8t��
$D;�_¡��g¯"«"�ª¢ �?Å%¥%¶	§"�	 ½¢V¥n»V¡��	©ª¥¸«"¥nµ" G¥%¨"¶	�g©e¢
� 6�� � ��"�����	��� $�����& 7�� ��%�<�$��#!#� !#�����	��!#& ��' $��;����%����% ��/ ������& $�%���!#� � ) # ����# )*� �$)*������5
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§�¡��	¶	�	â-¢V¯"«"¥ §"©e¢ ©ª�g�G©e¢ «"�	 G�g£-¤V¥ «"��Å%�g G��¢V� Å%�gâg�g� �.Æ��	³%§" �¢ ã"Ï>eUe �&�.º� G�g�G� �?¡ ¢V¶�Ï�Ê
e����Aå���ÏO·y¥%© �	�G�G¥"Ê"µ" G¥)°g§" �¢Ù´��G�½§�¡��	¶	�	â-¢V y§"© °g¥%¯ÙäG§"¯A¡�¥¹«"�o«"�	 G�g£��)�g��¥% �¡�¥%³%¥%¯¬¢V�	�y¯¬¢V�
ËÌ§¬¢V�	�\¢Vµ$�g¯¬¢V�\§"© *"¯"�	°g¥¹µ¬¢V�G�G¥ª�G�g �Í¹«¬¢V«"¥"Ï

º�¢V �¢a°-¢V«¬¢a§"©e¢a«¬¢V�
n

«"�	 G�g£��)�g�
dk

Ê�¥_µ¬¢V�G�G¥¹«"�?Å%�½�G�g u¡ ¢V¶KËÌ§"�½¥_µ$¥%¯A¡�¥_ G�g�G§"¶1´
¡ ¢V¯A¡��P¡��g¯"À¬¢¸©ª�g�G©e¢ª°g¥)¥% G«"�g¯¬¢V«¬¢

dk
ËÌ§"�a¥ µ$¥%¯A¡�¥¸»V¡��	©ª¥"Ï�¾��G��¢ �	³%§¬¢V¶	«¬¢V«"�c«"�?Å%�

�G�g @³A¢V �¢V¯A¡��	«¬¢�¯"¥��G�	��¡��g©e¢\«"� °g¥)¥% G«"�g¯¬¢V«¬¢V��«"�6!¬¯"�	«"¥�µ$�g¶	¥%�MÅ%�?¡�¥% G�g�
îd0 = d0/‖d0‖

Ê
îd1 = d1/‖d1‖ · · · îdn−1 = dn−1/‖dn−1‖

Ï

º@¥% _��²��g©ªµ"¶	¥"Ê�°g¥%¯"�G�	«"�g G��´��G�n§"©kµ" G¥%¨"¶	�g©e¢ °g§ÙäG¥Ã�g�Gµ¬¢V£g¥Ã«"�¸ÅV¢V G�2Í-Å%�g�	�P¡��g¯"À¬¢
«"�	©ª�g¯"��¤V¥

n = 3
�
θ = [θ1 θ2 · · · θn]

��Ï®·y¥%¯"�G�	«"�g G��´��G�É¡ ¢V©a¨$Âg© ËÌ§"�É¥��G�	��¡��g©e¢
«"�¸°g¥)¥% G«"�g¯¬¢V«¬¢V�,��¥% G©e¢V«"¥Çµ$�g¶	¥%�cÅ%�?¡�¥% G�g�

îd0
Ê
îd1

�
îd2

¡��g¯"À¬¢Ç�G�g©ªµ" G�n¢ ¥% G�	³%�g©
¯"¥Éµ$¥%¯A¡�¥Ç¢5¡�§¬¢V¶ �

θk
�½�ªËÌ§"�¸¢n G¥V¡ ¢V£-¤V¥É«"�g�G�G�g�_�g�1²�¥%�o�g©  G�g¶2¢V£-¤V¥ ¢V¥É�G�	��¡��g©e¢n«"�

°g¥)¥% G«"�g¯¬¢V«¬¢V�
θ1 × θ2 × θ3

�G��ä�¢¹°g¥%¯"��¡ ¢V¯A¡�� F.E Ïy·y¥%©w�	�G�G¥1�
e%Ï\¥ µ" G�	©ª�g�	 G¥¸µ¬¢V�G�G¥n«"�?Å%�ª�G�g  ¡ ¢V¶�ËÌ§"�¹¥nµ$¥%¯A¡�¥  G�g�G§"¶�¡ ¢V¯A¡��

θ1
�.¢V£-¢ µ¬¢V �¡��_«"¥

µ"¶2¢V¯"¥
d1 × d2

�
å)Ï\�g© �G�g³%§"�	«¬¢�ÊK¥¸µ¬¢V�G�G¥ ¯¬¢e«"�	 G�g£-¤V¥

d1
«"�?Å%�_�G�g �¡ ¢V¶@ËÌ§"�a¥¸µ$¥%¯A¡�¥¸ G�g�G§"¶�¡ ¢V¯A¡��

θ2
�g��¡���ä�¢¹�G¥%¨" G�o¥¹�g�1²�¥

d2
�

'�Ï !¬¯¬¢V¶	©ª�g¯A¡��VÊM¥¸¡��g G°g�g�	 G¥ µ¬¢V�G�G¥#��¯¬¢¸«"�	 G�g£-¤V¥
d2
��«"�?Å%�¹�G�g ½�	³%§¬¢V¶�¢¸«"�	��¡ *V¯"°g�2¢

�g¯A¡� G�o¥%�\µ$¥%¯A¡�¥%�
θ2

�
θ∗ � e2 = θ2 − θ∗ ��Ï

Ý�Æ��	³%§" �¢eã"Ï>eÙåe�	¶	§"��¡� �¢e¥ µ" G¥)°g�g«"�	©ª�g¯A¡�¥ µ¬¢V �¢¸§"©Z�g�Gµ¬¢V£g¥n«"�_¨"§"�G°-¢n«"�_«"§¬¢V�
«"�	©ª�g¯"�3�)�g�#�

n = 2
��Ï +�¥ °-¢V�G¥± G�gµ" G�g�G�g¯A¡ ¢V«"¥"Êo§�¡��	¶	�	â-¢V©_´��G� °g¥%©ª¥ «"�	 G�g£��)�g�n¥%�

µ" G»%µ" G�	¥%���g�1²�¥%��«"¥ª�g�Gµ¬¢V£g¥ª«"�½ÅV¢V G�2Í-Å%�g�	��«"�o¥V¡��	©ª�	â-¢V£-¤V¥"Ï

Ý «"�?¡��g G©ª�	¯¬¢V£-¤V¥e«"¥¸ÅV¢V¶	¥% �«"�
αk

�g© ��ã"Ï>eUe ��µ¬¢V �¢¸¥ ¢V¶	³%¥% G��¡�©ª¥¹«"¥0=��'�,A�8t��
$D;�
�R�%
*r (U=,�,A��� G�g�G§"¶�¡ ¢�«¬¢½§�¡��	¶	�	â-¢V£-¤V¥�«¬¢ «"�6!¬¯"�	£-¤V¥½«"�g�G�G�\©ªÂ?¡�¥)«"¥1� & §¬¢V¶	ËÌ§"�g �«"�	 G�g£-¤V¥
dk

§�¡��	¶	�	â-¢V«¬¢P«"�?Å%�P�G�g �¥% �¡�¥%³%¥%¯¬¢V¶3¢V¥_Å%�?¡�¥% �«"�	��¡ *V¯"°g�2¢
ek+1

�.Æ��	³%§" �¢_ã"Ï>eÙå���Ï ���g�G��¢
©e¢V¯"�g�	 �¢�Ê"³A¢V �¢V¯A¡���´��G�oËÌ§"�c¯¬¤V¥ªÀ¬¢-Å%�g �Íe¢¹¯"�g°g�g�G�G�	«¬¢V«"�P«"�c�G�c§�¡��	¶	�	â-¢V u�g�G��¢ª«"�	 G�g£-¤V¥
¯"¥�ÅV¢V©ª�g¯A¡��VÏy·y¥%©w�	�G�G¥"Ê

dTk ek+1 = 0

dTk (ek + αkdk) = 0

αk = −dTk ek

dTkdk
,

��ã"Ï>e��'�

�g©wËÌ§"�c¢¹�G�g³%§"¯"«¬¢¹�	³%§¬¢V¶	«¬¢V«"� Âo G�g�G§"¶�¡ ¢V«"¥¹«"�	 G�?¡�¥¹«"� ��ã"Ï>eUe ��Ï

� � / � & $����	��+�3���.!#�8��/ ������& $�%���'(��������$	����& ��'(��% � �*&4� $���%8��!#�"���3���	!#��'(��!���
îd0

× îd1
× îd2

5
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Æ��	³%§" �¢�ã"Ï>eÙå � ���	 G�g£��)�g�ª«"� ¨"§"�G°-¢�µ¬¢V �¢V¶	�g¶2¢V�¹¢V¥Á�g�1²�¥�«"¥Á©ªÂ?¡�¥)«"¥Ã«"¥Á³% �¢V«"�	�g¯A¡��
·y¥%¯ÙäG§"³A¢V«"¥

·y¥%¯A¡�§"«"¥"Êu¢��gËÌ§¬¢V£-¤V¥ ��ã"Ï>e��'�c¡��g© µ$¥%§"°-¢�§�¡��	¶	�	«¬¢V«"�VÊ�§"©e¢ Å%�gâÉËÌ§"�n«"�gµ$�g¯"«"�
«"¥ÁÅV¢V¶	¥% e«"�

ek
�Ç°-¢V�G¥ �g�G�G�ÇÅV¢V¶	¥% %��¥%�G�G�Ç°g¥%¯"À"�g°g�	«"¥"Ê\¯¬¤V¥ À¬¢-Å%�g G�2¢ µ" G¥%¨"¶	�g©e¢Á¢

�G�g ¸ G�g�G¥%¶�Å)�	«"¥"Ï ÝZ�G¥%¶	§"£-¤V¥ µ¬¢V �¢Á�g�G�G�Ç�	©ªµ¬¢V�G�G� �g��¡ Í ¯¬¢Á§�¡��	¶	�	â-¢V£-¤V¥Ã«"�Ç«"�	 G�g£��)�g�
 G�gµ" G�g�G�g¯A¡ ¢V«¬¢V�@µ$¥% MÅ%�?¡�¥% G�g�ik�9'�%� D;�T=��%
��8@�?Ï���¥%�	�MÅ%�?¡�¥% G�g�

dk
�
dj

��¤V¥\°g¥%¯"�G�	«"�g �¢V«"¥%�
A
´�¥% �¡�¥%³%¥%¯¬¢V�	�u¥%§ ���%
*r (U=,�,A����o�G�!��·yÀ"�g¯MÊ e������'�

dTkAdj = 0.
��ã"Ï>e��'�

Ý Æ��	³%§" �¢_ã"Ï>e 'ª�	¶	§"��¡� �¢_¥e°g¥%¯"°g�g��¡�¥e«"�cÅ%�?¡�¥% G�g�
A
´�¥% �¡�¥%³%¥%¯¬¢V�	�gÏyÝ ©ª¥)«"��!¬°-¢V£-¤V¥

Å)�	�G§¬¢V¶3Âo¢V¯¬ÍV¶	¥%³A¢_¢V¥��&�g��¡��	°-¢V©ª�g¯A¡�¥ 
 «"¥ª�g�Gµ¬¢V£g¥ª�g©wËÌ§"�o¥%��Å%�?¡�¥% G�g����¤V¥ª G�gµ" G�g�G�g¯)´
¡ ¢V«"¥%�gÏO¾��G�G�o�6���g��¡�¥_Â½°-¢V§"��¢V«"¥¹µ$�g¶2¢P§�¡��	¶	�	â-¢V£-¤V¥P«"�½§"©e¢a©e¢5¡� G�	â

A 6= I
�g© ��ã"Ï>e��'��Ï

Æ��	³%§" �¢aã"Ï>e '��O���	 G�g£��)�g�\«"�o¨"§"�G°-¢¹«"¥ª©ªÂ?¡�¥)«"¥_«"¥ª³% �¢V«"�	�g¯A¡��c·y¥%¯ÙäG§"³A¢V«"¥
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º�¢V �¢�ËÌ§"�y¥%��°g¥%¯"°g�g��¡�¥%�@§�¡��	¶	�	â-¢V«"¥%��µ$�g¶	¥�¢V¶	³%¥% G��¡�©ª¥�°g¥%¯A¡��	¯Ì§"�g© ÅVÍV¶	�	«"¥%�gÊ5«"�?Å%��´��G�
³A¢V �¢V¯A¡��	 gÊK«"�2��¥% G©e¢¸�G�g©ª�g¶	À¬¢V¯A¡��¹¢V¥ ËÌ§"�2��¥%� ���g��¡�¥¸�g© ��ã"Ï>e��'��ÊMËÌ§"�_¥%� Å%�?¡�¥% G�g�

dk�
ek+1

�G��ä�¢V©
A
´�¥% �¡�¥%³%¥%¯¬¢V�	�gÏy���c©e¢V¯"�g�	 �¢_�G�	©ª�	¶2¢V �¢V¥ªËÌ§"�P¥)°g¥% G G�o¯"¥e©ªÂ?¡�¥)«"¥ª«"¥

=��'�,A�8t��
$D;� F�T �g�G��¢ °g¥%¯"«"�	£-¤V¥ «"�e¥% �¡�¥%³%¥%¯¬¢V¶	�	«¬¢V«"�¹�gËÌ§"��ÅV¢V¶	�ª¢ «"�?¡��g G©ª�	¯¬¢V o¥Çµ$¥%¯A¡�¥
»V¡��	©ª¥a¯¬¢_«"�	 G�g£-¤V¥

dk
�

d

dα
c(θk+1) = 0

c′(θk+1)
T d

dα
θk+1 = 0

−gTck+1
dk = 0

dTkAek+1 = 0
��ã"Ï åVæ'�

/)�g³%§"¯"«"¥ ��ã"Ï>e��'��Ê"¥_ÅV¢V¶	¥% u«"¥ªµ¬¢V�G�G¥
αk

Âo�g¯A¡ ¤V¥ª«"�6!¬¯"�	«"¥¹µ$¥% 

αk = −dTkAek

dTkAdk

=
dTk gck
dTkAdk

,

§"©e¢PÅ%�gâcËÌ§"�VÊ$¢_µ¬¢V �¡��	 �«"� ��ã"Ï åVæ'��Ê�¥%¨"�G�g �ÅV¢Ù´��G�cËÌ§"�

−gTck+1
dk = −dTk gck+1

= dTkAek+1 = 0,
��ã"Ï åFe �

¥¹ËÌ§"�o�	©ªµ"¶	�	°-¢
Aek+1 = −gck+1

�VÊ¬µ$¥% �¡ ¢V¯A¡�¥"Ê
Aek = −gck

Ï

� ��� ��� ����������� ��� �®�"�O���&�3���� ���O���Ì���O�O��� �Ç� � � ���O�������K�&� �
���O���

º� GÂ�´�°g¥%¯"«"�	°g�	¥%¯¬¢V©ª�g¯A¡�¥e°g¥%¯"�G�	��¡��P�g©l§"©e¢¹¡�Âg°g¯"�	°-¢e«"�a G�g«"§"£-¤V¥¸«"¥¸¯ *"©ª�g G¥¸«"�
°g¥%¯"«"�	°g�	¥%¯¬¢V©ª�g¯A¡�¥Á«"��§"©e¢ «"�?¡��g G©ª�	¯¬¢V«¬¢Á©e¢5¡� G�	âVÏ Ý §�¡��	¶	�	â-¢V£-¤V¥Á«"�g�G��¢ ¡�Âg°g¯"�	°-¢
�g© ¢V¶	³%¥% G��¡�©ª¥%� ¨¬¢V�G�-¢V«"¥%��¯"¥ª©ªÂ?¡�¥)«"¥_«"¥ �c�'�,A�8t��
$D;�o¡��g©wµ$¥% -!¬¯¬¢V¶	�	«¬¢V«"�½¥ª¢Vµ$�g &´
���g�	£g¥A¢V©ª�g¯A¡�¥a«¬¢_¢Vµ" G¥-²��	©e¢V£-¤V¥a«¬¢,��§"¯"£-¤V¥¹¥%¨ÌäG�?¡���Å%¥_µ$¥% u§"©e¢,��§"¯"£-¤V¥_ËÌ§¬¢V«" �Í5¡��	°-¢�Ï
��� �.¢5¡�¥"Ê�¨"§"�G°-¢Ù´��G�½§"©e¢P G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ª¢Vµ" G¥-²��	©e¢V«¬¢V©ª�g¯A¡����g� ��Âg G�	°-¢P«"¥_µ" G¥%¨"¶	�g©e¢
¢V¨$¥% G«¬¢V«"¥"Ï

ÝÎ©ª¥V¡���ÅV¢V£-¤V¥_µ¬¢V �¢ª¢ª§�¡��	¶	�	â-¢V£-¤V¥_«¬¢_¡�Âg°g¯"�	°-¢ª«"¥ªµ" GÂ�´�°g¥%¯"«"�	°g�	¥%¯¬¢V©ª�g¯A¡�¥¹Âc�G�	©_´
µ"¶	�g�gÏ /)§"µ$¥%¯"À¬¢Ù´��G�oËÌ§"�c�G�o«"�g�G��ä�¢¹ G�g�G¥%¶�Å%�g 

Aθ = b,
��ã"Ï å%å��

� � � ��$�� � ��"��2'&4���8!#& 9:������'(+�����' $����;� �.%�<�$��#!#� �.��� $���'(�����*) ����& � ����+�����!��%8� $���& 7
A
5
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µ¬¢V �¢u§"©e¢u©e¢5¡� G�	â
A

©e¢V¶1´�°g¥%¯"«"�	°g�	¥%¯¬¢V«¬¢ F.S � 
 � �����T�qA��H���%
A�8t��8t�%
������
$D;�
κ(A) >>

1
��Ï

+��g�G�G��°g¥%¯A¡���²)¡�¥"Ê�¥ÁÅV¢V¶	¥% ¹«"�
θ

¥%¨�¡��	«"¥�°g¥%©¿¢� G�g�G¥%¶	§"£-¤V¥ «"� ��ã"Ï å%å��_�g��¡ ¢V G�2¢
¢V�G�G¥)°g�2¢V«"¥ ¢e§"©e¢e³% �¢V¯"«"�P�	©ªµ" G�g°g�	��¤V¥"Ê$§"©e¢¹Å%�gâ_ËÌ§"�_¥¸°-ÍV¶	°g§"¶	¥e«¬¢e�	¯AÅ%�g G��¢ «"�

A«"�gµ$�g¯"«"�_«"�
κ(A) ≈ 1

Ï Ý �G¥%¶	§"£-¤V¥¸µ" G¥%µ$¥%��¡ ¢eµ$�g¶	¥¸©ªÂ?¡�¥)«"¥eµ¬¢V �¢e�g�G�G�_µ" G¥%¨"¶	�g©e¢
°g¥%¯"�G�	��¡��ª¯¬¢É«"�6!¬¯"�	£-¤V¥ «"�ª§"©e¢n©e¢5¡� G�	â

M
�G�	©ªÂ?¡� G�	°-¢�Ê3«"�6!¬¯"�	«¬¢Éµ$¥%�G��¡���ÅV¢�Ê3ËÌ§"�e�G�

¢Vµ" G¥-²��	©ª�u«"�
A
�
M ≈ A

��©e¢V��ËÌ§"�\�G��ä�¢½©e¢V�	� �.¢V°g�	¶	©ª�g¯A¡��u�	¯AÅ%�g �¡5��Å%�g¶ �
κ(M) ≈ 1

��Ï
·y¥%©w�	�G�G¥"Ê¬¢¹�gËÌ§¬¢V£-¤V¥ ��ã"Ï å%å��yµ$¥)«"�½�G�g �¡� �¢V¯"� ��¥% G©e¢V«¬¢a�g© �

M−1Aθ = M−1b.
��ã"Ï å+''�

(\�g��¡ ¢Ç�g¯A¡ ¤V¥Ç«"�6!¬¯"�	 
M

«"�e¡ ¢V¶ ©ª¥)«"¥ÉËÌ§"�
κ(M−1A) << κ(A)

Ï�·y¥%¯A¡�§"«"¥"Ê
�g�G��¢P¯¬¤V¥cÂ�§"©e¢½¡ ¢V G�6�.¢½¡� G��Å)�2¢V¶�Ê%§"©e¢½Å%�gâ ËÌ§"�

M−1A
³%�g �¢V¶	©ª�g¯A¡��\¯¬¤V¥PÂ��G�	©ªÂ?¡� G�	°-¢

��¥%§n«"�6!¬¯"�	«¬¢¹µ$¥%�G��¡���ÅV¢'� ¢V�	¯"«¬¢_ËÌ§"�
M

�
A

¥%�\�G��ä�¢V©ÉÏ È ¢V�gÊ¬µ¬¢V �¢a¡�¥)«¬¢_©e¢5¡� G�	â
M�G�	©ªÂ?¡� G�	°-¢¹«"�6!¬¯"�	«¬¢ªµ$¥%�G��¡���ÅV¢�Ê¬��²��	��¡��P§"©e¢ª©e¢5¡� G�	â F.B

E
¡ ¢V¶�ËÌ§"�

M = EET
Ï�·y¥%©

�	�G�G¥"Ê ��ã"Ï å+''�yµ$¥)«"�o�G�g �¡� �¢V¯"� ��¥% G©e¢V«"¥_�g© �

E−1AE−T θ̄ = E−1b,
��ã"Ï å5ã��

�g©wËÌ§"�
θ̄ = ETθ

�o G�g�G¥%¶�Å%��´��G�oµ" G�	©ª�g�	 G¥aµ¬¢V �¢
θ̄

�o�g©w�G�g³%§"�	«¬¢_µ¬¢V �¢
θ
Ï

Ý ©a§"«¬¢V¯"£-¢�«"� ÅV¢V G�2Í-Å%�g�	�a�g© ��ã"Ï å5ã��P�G�PäG§"��¡���!¬°-¢�µ$�g¶2¢Ç°g¥%¯"��¡ ¢5¡ ¢V£-¤V¥Ã«"�nËÌ§"�
M−1A

�
E−1AE−T µ$¥%�G�G§"�g©�¥%� ©ª�g�G©ª¥%� ¢V§�¡�¥�ÅV¢V¶	¥% G�g�gÏ����g�G�G��©ª¥)«"¥"ÊÌ³A¢V �¢V¯A¡���´��G�

E−1AE−T �G�	©ªÂ?¡� G�	°-¢Ã«"�6!¬¯"�	«¬¢�µ$¥%�G��¡���ÅV¢�Êy§"©e¢ÃÅ%�gâÇËÌ§"�
M−1A

¥ Â ��µ$¥% ª°g¥%¯"�&´
¡� G§"£-¤V¥���Ï Ý µ" G¥�ÅV¢�µ¬¢V �¢��g�G��¢�¢ !¬ G©e¢V£-¤V¥�Â �G�	©ªµ"¶	�g�gÏ /)�

v
Â §"©�¢V§�¡�¥�Å%�?¡�¥% _«"�

M−1A
¢V�G�G¥)°g�2¢V«"¥a¢P§"© ¢V§�¡�¥�ÅV¢V¶	¥% 

λ
Ê��g¯A¡ ¤V¥

ETv
Â §"©�¢V§�¡�¥�Å%�?¡�¥% u«"�

E−1AE−T¢V�G�G¥)°g�2¢V«"¥ª¢_§"© ¢V§�¡�¥�ÅV¢V¶	¥% 
λ

�

(E−1AE−T )(ETv) = E−1Av = (ETE−T )E−1Av =

= ET (EET )−1Av = ETM−1Av = λETv.
��ã"Ï åUf��

�¯A¡�§"��¡���ÅV¢V©ª�g¯A¡��VÊy¥�µ" GÂ�´�°g¥%¯"«"�	°g�	¥%¯¬¢V©ª�g¯A¡�¥�¨"§"�G°-¢�«"�6��¥% G©e¢V ª¢Ã G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥
ËÌ§¬¢V«" �Í5¡��	°-¢Á°g¥%©¿¥ �	¯A¡�§"��¡�¥Á«"� ¡�¥% G¯¬ÍÙ´�¶2¢�©e¢V�	�ª�g� ��Âg G�	°-¢ ��ÝPÏ ã�''��Ï Ä�©e¢Á©e¢V¯"�g�	 �¢
�	«"�-¢V¶�«"�n�G� ¢Vµ" G¥-²��	©e¢V _¥%�ª¢V§�¡�¥�ÅV¢V¶	¥% G�g�_«¬¢Ã¯"¥�ÅV¢Ã G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ °g¥%¯"�G�	��¡��	 G�2¢Ç�g©
«"�6!¬¯"�	 

M = A
Ï ·y¥%© �	�G�G¥"Ê

M−1A
�G�g G�2¢o�	³%§¬¢V¶$c©e¢5¡� G�	â �«"�g¯A¡��	«¬¢V«"���VÊ)µ$¥% �¡ ¢V¯A¡�¥"Ê

µ$¥%�G�G§"�	 G�2¢¹¯ *"©ª�g G¥¸«"�P°g¥%¯"«"�	°g�	¥%¯¬¢V©ª�g¯A¡�¥e§"¯"��¡ ÍV G�	¥"Ï�·y¥%¯A¡�§"«"¥"ÊK�g�G��¢e«"�6!¬¯"�	£-¤V¥¸�	©_´
µ"¶	�	°-¢V G�2¢a¢¹¯"�g°g�g�G�G�	«¬¢V«"�c«"�c G�g�G¥%¶	§"£-¤V¥¹«¬¢¹�gËÌ§¬¢V£-¤V¥

Mθ = b
Ê�¥¹ËÌ§"�VÊ�µ$�g¶2¢_µ" G»%µ" G�2¢

��� �3�4�(�*��+�����/ 5 �5 �
� � � �����,%8� $���& 7 '(���,< '��������������&4��%���' $�� 2'&4���,� ) �#!#�;�*���1� �#$�&4!�,-3&4�"9 � $����	��+���� !#�M� ���/ ������� �

) ��� ��
#��%�)/ �(5
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«"�6!¬¯"�	£-¤V¥¹«"�
M

Ê¬¯¬¤V¥¹¡� �¢V G�2¢aËÌ§¬¢V¶	ËÌ§"�g �¡��	µ$¥_«"�o¨$�g¯"�6� �	°g�	¥"Ï
. µ" G¥)°g�g«"�	©ª�g¯A¡�¥ª©e¢V�	���G�	©ªµ"¶	�g��¢V«"¥V¡ ¢V«"¥ªµ¬¢V �¢¹«"�?¡��g G©ª�	¯¬¢V£-¤V¥ª«"�

M
°g¥%¯"�G�	��¡��

�g© �G§¬¢ «"�6!¬¯"�	£-¤V¥ °g¥%©ª¥ �G�g¯"«"¥Ç�	³%§¬¢V¶ ¢É§"©e¢É©e¢5¡� G�	â_«"�2¢V³%¥%¯¬¢V¶�°g§ÙäG¥%�a�g¶	�g©ª�g¯A¡�¥%�
�G��ä�¢V©w�	³%§¬¢V�	��¢V¥%���g¶	�g©ª�g¯A¡�¥%�\«¬¢_«"�2¢V³%¥%¯¬¢V¶K«"�

A
�

M =








a11 0 · · · 0
0 a22 · · · 0ÏÏÏ ÏÏÏ Ï Ï Ï ÏÏÏ
0 0 · · · ann







,

��ã"Ï å+,'�

©e¢V�gÊÙ¢Vµ$�g��¢V �«"��¯¬¤V¥\À¬¢-Å%�g �«"��!¬°g§"¶	«¬¢V«"�g�3 G�g¶2¢5¡���ÅV¢V�3u�	¯AÅ%�g G��¤V¥�«"�
M

Ê5�g�G��¢\«"�6!¬¯"�	£-¤V¥
¡��	µ"�	°-¢V©ª�g¯A¡��P G�g�G§"¶�¡ ¢e�g©Z§"©e¢ª¡� �¢V¯"� ��¥% G©e¢V£-¤V¥¸µ$¥%§"°g¥ �G�	³%¯"��!¬°-¢5¡���ÅV¢ª«"¥ µ" G¥%¨"¶	�g©e¢
¥% G�	³%�	¯¬¢V¶�Ï

Ä�©�©ªÂ?¡�¥)«"¥a©e¢V�	� �G¥#!¬��¡��	°-¢V«"¥_µ¬¢V �¢P«"�?¡��g G©ª�	¯¬¢V£-¤V¥a«¬¢a©e¢5¡� G�	â
M

°g¥%¯"�G�	��¡��½¯¬¢
§�¡��	¶	�	â-¢V£-¤V¥P«¬¢ � ��D;�%�'�UY7��� � 
X���%�q"N@��Dj��A�� �h�$�%N@��� ���5Ï�¾��G�G�cµ" G¥)°g�g«"�	©ª�g¯A¡�¥¹³A¢V �¢V¯A¡��
¢ °g G�2¢V£-¤V¥Ç«"� §"©e¢ ©e¢5¡� G�	â

L̂
¡ ¢V¶yËÌ§"�

A = L̂L̂T
°g¥%©r�g¶	�g©ª�g¯A¡�¥%�a«"�����g G�g¯A¡��g�_«"�

âg�g G¥¸¯¬¢V��©ª�g�G©e¢V��µ$¥%�G�	£��)�g��ËÌ§"�a�g©
A
� � ¢V¯"³¸�?¡½¢V¶�Ï�Ê e����"''��Ï���� �.¢5¡�¥"Ê$�	¯"«"�gµ$�g¯)´

«"�g¯A¡��g©ª�g¯A¡���«"¥c©ªÂ?¡�¥)«"¥o§�¡��	¶	�	â-¢V«"¥½µ¬¢V �¢½«"�6!¬¯"�	£-¤V¥c«¬¢c©e¢5¡� G�	â
M

Ê)¥c§"�G¥P«"��¢V¶	³%§"©
¡��	µ$¥�«"�yµ" GÂ�´�°g¥%¯"«"�	°g�	¥%¯¬¢V©ª�g¯A¡�¥\Âyµ" �Í5¡��	°-¢\°g¥%©a§"© ¯¬¢� G�g�G¥%¶	§"£-¤V¥�«"�yµ" G¥%¨"¶	�g©e¢V��°g¥%©
¢V¶	³%¥% G��¡�©ª¥%� ¨¬¢V�G�-¢V«"¥%��¯"¥¹©ªÂ?¡�¥)«"¥_«"¥ �c�'�,A�8t��
$D;�?Ï

� ��� qtsui�` p `P[ p Y�� Y���i�`P]

. ©ªÂ?¡�¥)«"¥_«"� +�����¡�¥%¯É°g¥%¯"�G�	��¡��½¯¬¢_µ" G�	¯"°g�	µ¬¢V¶M¢V¨$¥% G«¬¢V³%�g©�°g¥%©w§�¡��	¶	�	â-¢V£-¤V¥P«"�
¢Vµ" G¥-²��	©e¢V£��)�g��ËÌ§¬¢V«" �Í5¡��	°-¢V��«¬¢ ��§"¯"£-¤V¥½¥%¨ÌäG�?¡���Å%¥oµ¬¢V �¢  G�g�G¥%¶	§"£-¤V¥½«"��µ" G¥%¨"¶	�g©e¢V��«"�
¥V¡��	©ª�	â-¢V£-¤V¥��	 G G�g��¡� G��¡�¥%�gÏ . �Oµ" G�	¯"°g�	µ¬¢V�	��©ª¥V¡���Å%¥%��µ¬¢V �¢c¢½�g�G°g¥%¶	À¬¢½«¬¢o G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥
«¬¢���§"¯"£-¤V¥Ã¥%¨ÌäG�?¡���Å%¥�µ$¥% ,��§"¯"£��)�g�_ËÌ§¬¢V«" �Í5¡��	°-¢V�_��¤V¥Ã¢V�_ G�g¶2¢5¡���ÅV¢V�P�G�	©ªµ"¶	�	°g�	«¬¢V«"�¹�
¢V¨" �¢V¯"³ 4g¯"°g�2¢¹¢5¡� G�	¨"§1�	«¬¢V��¢V¥%�\¢V¶	³%¥% G��¡�©ª¥%�gÏ

·u¢V�G¥c¢V��«"�g G��ÅV¢V«¬¢V��«"���G�g³%§"¯"«¬¢½¥% G«"�g© «¬¢ ��§"¯"£-¤V¥½¥%¨ÌäG�?¡���Å%¥
c(θ)

���G¥%¨ª¢ ��¥% G©e¢
«¬¢P©e¢5¡� G�	â�á��g�G�G�2¢V¯¬¢

Gc

�Oµ$¥%�G��¢V©��G�g u°-¢V¶	°g§"¶2¢V«¬¢V�gÊ)§"©e¢P¢Vµ" G¥-²��	©e¢V£-¤V¥cËÌ§¬¢V«" �Í5¡��	°-¢
�g© ¡�¥% G¯"¥®«"�

θk
«"�g�G��¢
��§"¯"£-¤V¥¦µ$¥)«"� �G�g Ç¥%¨�¡��	«¬¢±°g¥%© ¢®§�¡��	¶	�	â-¢V£-¤V¥ «"¥%� ¡� 34g�

µ" G�	©ª�g�	 G¥%� ¡��g G©ª¥%�\«¬¢_��²�µ¬¢V¯"��¤V¥ª�g© �GÂg G�	�g�\«"�oà�¢ �)¶	¥% �«"�
c(θ)

�

c(θk + δθk) ≈ ck + gTckδθk +
1

2
δθTkGckδθk,

��ã"Ï å%ç��
�g©ZËÌ§"�

ck = c(θk)
Ê
gck

Â¹¥ Å%�?¡�¥% o³% �¢V«"�	�g¯A¡��_�
Gck

Âª¢ná��g�G�G�2¢V¯¬¢ «"�
c
Ê�¢V©a¨$¥%�

¢-ÅV¢V¶	�2¢V«"¥%�y�g©
θk

Ï
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º@¥% ��G�u¡� �¢5¡ ¢V �«¬¢½¢Vµ" G¥-²��	©e¢V£-¤V¥ ËÌ§¬¢V«" �Í5¡��	°-¢ �g©Î¡�¥% G¯"¥½«"��§"© µ$¥%¯A¡�¥½�g�Gµ$�g°���!¬°g¥
θk

Ê�Â½°g¥%¯AÅ%�g¯"�	�g¯A¡��o��²�µ" G�g�G��¢V  ��ã"Ï å%ç��O°g¥%©ª¥,��§"¯"£-¤V¥¹«"¥�"	�7�����
δθk

� ¯¬¤V¥_«"¥_µ$¥%¯A¡�¥
θk + δθk

µ" G¥%µ" G�2¢V©ª�g¯A¡��¹«"��¡�¥"Ï¸���?¡��g G©ª�	¯¬¢V c¥É»V¡��	©ª¥n«"¥ ¶2¢V«"¥É«"�	 G�g��¡�¥n«"�&��ã"Ï å%ç��
�gËÌ§"��ÅV¢V¶	�o¢_«"�?¡��g G©ª�	¯¬¢V �¥¹µ¬¢V�G�G¥ª»V¡��	©ª¥

δθ∗
k

¡ ¢V¶MËÌ§"�c¢(��§"¯"£-¤V¥¹ËÌ§¬¢V«" �Í5¡��	°-¢

φ(δθk) , gTckδθk +
1

2
δθTkGckδθk

��ã"Ï å��'�
�G��ä�¢ ¥V¡��	©ª�	â-¢V«¬¢�Ï . §MÊ�«"� ��¥% G©e¢ °g¥%©ªµ¬¢V°?¡ ¢�Ê�«"�?Å%��´��G�Á G�g�G¥%¶�Å%�g n¥ µ" G¥%¨"¶	�g©e¢ «"�
¥V¡��	©ª�	â-¢V£-¤V¥

min
δθk∈Rn

/ max
δθk∈Rn

gTckδθk + 1
2
δθTkGckδθk.

��ã"Ï å��'�
Ý µ" G�	©ª�g�	 �¢½°g¥%¯"«"�	£-¤V¥Pµ¬¢V �¢cËÌ§"�

δθ∗
k

�G��ä�¢c§"©�©��	¯"�	©ª¥½«"�
φ(δθk)

°g¥%¯"�G�	��¡����g©
Oφ(δθ∗

k) = 0
Ï È ¢V�gÊ¬°g¥%¯���¥% G©ª�½¥¹«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥e¯¬¢_�G�g£-¤V¥ªÝPÏ f

Oφ(δθk) = Gckδθk + gck .·y¥%©w�	�G�G¥"Ê"¡��g©_´��G�

Oφ(δθ∗
k) = Gckδθ

∗
k + gck = 0,

��ã"Ï '%æ'�
¥¹ËÌ§"�c�	©ªµ"¶	�	°-¢cËÌ§"�c¥¹©ªÂ?¡�¥)«"¥_«"� +�����¡�¥%¯ «"�?Å%�c G�g�G¥%¶�Å%�g \¥¹�G�	��¡��g©e¢_¶	�	¯"�-¢V 

Gckδθ
∗
k = −gck .

��ã"Ï '2e �
Ä�©�¢V¶	³%¥% G��¡�©ª¥ «"��¥V¡��	©ª�	â-¢V£-¤V¥ �g© ËÌ§"�

δθ∗
k

Â�«"�6!¬¯"�	«"¥c°g¥%©ª¥c�g© ��ã"Ï '2e ��Â�«"��¡�¥
�G�g �¨¬¢V�G�-¢V«"¥_¯"¥¹©ªÂ?¡�¥)«"¥a«"�)+�����¡�¥%¯MÏOÝ�¶	Âg©�«"�	�G�G¥"Ê"¢a�G¥%¶	§"£-¤V¥

δθ∗
k

Â «"�g¯"¥%©ª�	¯¬¢V«¬¢
A�8:�T�'Y7����A��aI]��� D;�%
¬Ï

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊM¢¸�G�g³%§"¯"«¬¢ °g¥%¯"«"�	£-¤V¥¸��²��	³%�aËÌ§"�
Gck

�G��ä�¢ «"�6!¬¯"�	«¬¢¸µ$¥%�G��¡���ÅV¢ª�g©
δθ∗

k

Ïy·u¢V�G¥e�g�G��¢ª°g¥%¯"«"�	£-¤V¥¹�G��ä�¢ª��¢5¡��	� ���g��¡ ¢�Ê�¥e¢V¶	³%¥% G��¡�©ª¥P°g¥%¯AÅ%�g G³%�Pµ¬¢V �¢¹¥¹©��	¯"�	©ª¥
«¬¢���§"¯"£-¤V¥ÃËÌ§¬¢V«" �Í5¡��	°-¢ �g©k§"©e¢ *"¯"�	°-¢ ��¡��g �¢V£-¤V¥ F�D ¢Çµ¬¢V �¡��	 a«"�¸ËÌ§¬¢V¶	ËÌ§"�g _µ$¥%¯A¡�¥
�	¯"�	°g�2¢V¶

θk
Ïa���?Å)�	«"¥É¢¸�	�G�G¥"Ê3�g�Gµ$�g �¢Ù´��G�_¨$¥%©Z«"�g�G�g©ªµ$�g¯"À"¥n«"¥%�o¢V¶	³%¥% G��¡�©ª¥%��¨¬¢V�G�-¢Ù´

«"¥%�\¯"¥¹©ªÂ?¡�¥)«"¥¹«"� +�����¡�¥%¯É°-¢V�G¥ ��ã"Ï å%ç��y�G��ä�¢¹«"�)�.¢5¡�¥_§"©e¢_¨$¥A¢¹¢Vµ" G¥-²��	©e¢V£-¤V¥"Ï

¾�© «"�?¡� G�	©ª�g¯A¡�¥�V�@°-¢V �¢V°?¡��g 3�	��¡��	°-¢V��ËÌ§"� °g¥%¯����g G�g© ¨$¥%© «"�g�G�g©ªµ$�g¯"À"¥ ¢V¥%��¢V¶	³%¥5´
 G��¡�©ª¥%�� G�g¶2¢V°g�	¥%¯¬¢V«"¥%�gÊA¢ ��¥% G©a§"¶2¢V£-¤V¥ ¥% G�	³%�	¯¬¢V¶Ì«"¥o©ªÂ?¡�¥)«"¥½«"� +�����¡�¥%¯¹¡��	µ"�	°-¢V©ª�g¯A¡��
¯¬¤V¥PÂ�§�¡��	¶	�	â-¢V«¬¢�Ï . ©ª¥V¡���Å%¥cµ¬¢V �¢c�	�G�G¥P�g¯"°g¥%¯A¡� �¢Ù´��G� ¯"¥ �.¢5¡�¥c«"� ¢c©e¢5¡� G�	â�á��g�G�G�2¢V¯¬¢
�?Å%�g¯A¡�§¬¢V¶	©ª�g¯A¡��a¯¬¤V¥¸�G�g �µ$¥%�G��¡���ÅV¢¹«"�6!¬¯"�	«¬¢&���g�Gµ$�g°g�2¢V¶	©ª�g¯A¡��P�g© µ$¥%¯A¡�¥%��«"�	��¡ ¢V¯A¡��g�
«¬¢e�G¥%¶	§"£-¤V¥

θ∗
k = θk + δθ∗

k

��Ï�¾��G��¢¸Âa¢e©ª¥V¡���ÅV¢V£-¤V¥¹µ¬¢V �¢¸¢ª�g¶2¢V¨$¥% �¢V£-¤V¥e«"�P©ªÂ?¡�¥5´
«"¥%�u¨¬¢V�G�-¢V«"¥%�u�g©�©ª¥)«"��!¬°-¢V£��)�g�y«"¥a©ªÂ?¡�¥)«"¥a«"�)+�����¡�¥%¯MÊ"°g¥%©ª¥P¥%��¢V¶	³%¥% G��¡�©ª¥%��«"�
¼o¢V§"�G�&´ +�����¡�¥%¯ � /)�g£-¤V¥ªã"Ï f)Ï>e �y�o«"� Ü �?Å%�g¯Ì¨$�g G³5´�È ¢V GËÌ§¬¢V G«�¡ � /)�g£-¤V¥ªã"Ï ,�Ï>e ��Ï
� � � �(�*����-���� �*�1� ��.� ��)��� 
#& %8��+���� � �(��!#��� $�&4���
-��(5 1��45��*�:�(���*��&4� '� 9 � $��;!#� � %8� $���& 7 � �����*&4��'(�

Gck

�*��� ����'(� $	��' $���5
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� ������� ����������� ��� �¦�O���)� � � ��� ���O�
. ©ªÂ?¡�¥)«"¥Á«"��¼o¢V§"�G�&´ +�����¡�¥%¯®°g¥%¯"�G�	��¡��Ç�g© §"©e¢Á¢V«¬¢Vµ�¡ ¢V£-¤V¥Á«"¥ ¢V¶	³%¥% G��¡�©ª¥

«"� +�����¡�¥%¯Á°g¥%© ¥É�	¯A¡�§"��¡�¥n«"�ªµ" G�?Å%�g¯"�	 Pµ" G¥%¨"¶	�g©e¢V�½ G�g¶2¢5¡���Å%¥%�c¢V¥É°-ÍV¶	°g§"¶	¥n�ªµ¬¢V &´
¡��	°g§"¶2¢V G�	«¬¢V«"�g� F.U «¬¢¸á��g�G�G�2¢V¯¬¢e«¬¢���§"¯"£-¤V¥ ¥%¨ÌäG�?¡���Å%¥"Ï ¾��G��¢ ¢V«¬¢Vµ�¡ ¢V£-¤V¥¸°g¥%¯"�G�	��¡��a¯¬¢
¡� �¢V¯"� ��¥% G©e¢V£-¤V¥P«"¥a©ªÂ?¡�¥)«"¥P«"�)+�����¡�¥%¯ ¯"¥a�G�g¯A¡��	«"¥a«"�  G�g�G¥%¶�Å%�g u§"©�µ" G¥%¨"¶	�g©e¢c«"�
©��	¯"�	©ª¥%��ËÌ§¬¢V«" �¢V«"¥%�gÏo·y¥%©l�	�G�G¥"ÊK�G§"¨"��¡���¡�§"�	¯"«"¥5´��G�a¢V� «"�6!¬¯"�	£��)�g� «"�cÅ%�?¡�¥%  ³% �¢V«"�1´
�g¯A¡�� ��ã"Ï 'Aç��3�y©e¢5¡� G�	â á��g�G�G�2¢V¯¬¢ ��ã"Ï '��'�3�G�g³%§"¯"«"¥½¥�©ªÂ?¡�¥)«"¥�«"�y©��	¯"�	©ª¥%�3ËÌ§¬¢V«" �¢V«"¥%�
¯¬¢V�\�gËÌ§¬¢V£��)�g��«"� +�����¡�¥%¯ ��ã"Ï '2e �y¥%¨�¡�Âg©_´��G�

(JTfk
Jfk

+Qfk
)δθ∗

k = JTfk
.f(θk)

��ã"Ï 'Aå��

. ¢V¶	³%¥% G��¡�©ª¥e«"�e¼o¢V§"�G�&´ +�����¡�¥%¯�µ¬¢V �¡��¹«¬¢ °g¥%¯"��¡ ¢5¡ ¢V£-¤V¥n«"�¹ËÌ§"�VÊ�¢ °-¢V«¬¢n��¡���´
 �¢V£-¤V¥

k
°g¥%© ¥Ç¥%¨ÌäG�?¡���Å%¥ «"�¸©ª�	¯"�	©ª�	â-¢V  ¢ ��§"¯"£-¤V¥ ËÌ§¬¢V«" �Í5¡��	°-¢

φ(δθk)
��ã"Ï å��'��Ê�¥

 G�g�3�	«"§"¥ ‖f(θk)‖
¡��g¯"«"� ¢Éâg�g G¥� ©ª�g«"�	«¬¢nËÌ§"�

θk
�G� ¢Vµ" G¥-²��	©e¢n«¬¢ �G¥%¶	§"£-¤V¥

θ∗
k

Ï
·y¥%©w�	�G�G¥"Ê

Qfk

¡ ¢V©a¨$Âg©�¡��g¯"«"�P¢_âg�g G¥ª�c¢¹«"�	 G�g£-¤V¥¹«"� +�����¡�¥%¯ µ$¥)«"�½�G�g �¢Vµ" G¥-²��1´
©e¢V«¬¢aµ$¥% 

JTfk
Jfk

δθ∗
k = JTfk

f(θk).
��ã"Ï '"''�

/)�g³%§"¯"«"¥ ��ã"Ï '",'��Ê"¢2��¥% G©a§"¶2¢V£-¤V¥ ��ã"Ï '"''�O�	©ªµ"¶	�	°-¢P¢a G�g�G¥%¶	§"£-¤V¥¹«"�½§"© µ" G¥%¨"¶	�g©e¢
«"�o©��	¯"�	©ª¥%� ËÌ§¬¢V«" �¢V«"¥%��«"�6!¬¯"�	«"¥¹µ$¥% 

min
δθ∈Rn

/ max
δθ∈Rn

1
2
‖Jfk

δθk + f(θk)‖2.
��ã"Ï 'Vã��

Ý�µ$�g��¢V ª«"�Éµ" G¥%µ$¥% ¹¢Ã°g G�2¢V£-¤V¥�«"�É§"©e¢�©e¢5¡� G�	â
JTfk

Jfk

µ¬¢V �¢�¢Ã G�g�G¥%¶	§"£-¤V¥�«"�
��ã"Ï '"''��Ê�¢ª©e¢V�	¥% �µ¬¢V �¡��c«¬¢V��Å%�g G�3�)�g� «"�P¢V¶	³%¥% G��¡�©ª¥%�u«"�_¼o¢V§"�G�&´ +�����¡�¥%¯ �?Å)��¡ ¢ª�g�G�G�
µ" G¥)°g�g«"�	©ª�g¯A¡�¥"Ï . ©ª¥V¡���Å%¥_µ¬¢V �¢a�	�G�G¥¹Âo�G�	©ªµ"¶	�g��� . ¯ *"©ª�g G¥¹«"�½°g¥%¯"«"�	°g�	¥%¯¬¢V©ª�g¯A¡�¥
«"�
JTfk

Jfk

Â\�	³%§¬¢V¶¬¢V¥oËÌ§¬¢V«" �¢V«"¥c«¬¢VËÌ§"�g¶	�\ G�g¶2¢5¡���Å%¥c¢
Jfk

ÊÌ¥cËÌ§"���	©ªµ"¶	�	°-¢�¢o�	¯"�G�g G£-¤V¥
«"� �g G G¥%�_¯Ì§"©ªÂg G�	°g¥%�a«"�g�G¯"�g°g�g�G��ÍV G�	¥%�ª¯"¥�°-¢V¶	°g§"¶	¥�«"¥ÇÅ%�?¡�¥% _«"�n«"�	 G�g£-¤V¥�«"� ¨"§"�G°-¢
��¯"�g��¡��o°-¢V�G¥"Ê¬«"�g¯"¥%©ª�	¯¬¢V«"¥_Å%�?¡�¥% \«"��A�8:�T�'Y7����A�� � ��(,����9tI]��� D;�%
 ��Ï

. §�¡� G¥�µ" G¥%¨"¶	�g©e¢ �� G�gË��"�g¯A¡��g©ª�g¯A¡��Ç�g¯��� G�g¯A¡ ¢V«"¥Á«"§" �¢V¯A¡�� ¢Ã§�¡��	¶	�	â-¢V£-¤V¥�«"¥Á¢V¶1´
³%¥% G��¡�©ª¥Ã«"�Ã¼o¢V§"�G�&´ +�����¡�¥%¯¦ G�6���g G��´��G��¢V¥ "$����D;��«¬¢Á©e¢5¡� G�	âBd%¢V°g¥%¨"�2¢V¯¬¢�Ê

ρ(Jfk
)
Ï

·u¢V�G¥
Jfk

¯¬¤V¥Çµ$¥%�G�G§¬¢�µ$¥%��¡�¥Ç°g¥%©ªµ"¶	�?¡�¥Ç�g©r°g¥%¶	§"¯¬¢V� F.I ÊO¢ �G¥%¶	§"£-¤V¥Ç«"¥�µ" G¥%¨"¶	�g©e¢
��ã"Ï 'Vã��P¯¬¤V¥ÃÂ�*"¯"�	°-¢��VÊO¡��	µ"�	°-¢V©ª�g¯A¡��VÊO¥%µ�¡ ¢Ù´��G�nµ$�g¶2¢��G¥%¶	§"£-¤V¥Ã°g¥%© ©ª�g¯"¥% _¯"¥% G©e¢
�g§"°g¶	�	«"�-¢V¯¬¢�Ï�¾��G�G�PÅ%�?¡�¥% �µ$¥)«"�c�G�g ��g¯"°g¥%¯A¡� �¢V«"¥¸°g¥%© ¢ª§�¡��	¶	�	â-¢V£-¤V¥¹«"�c©ªÂ?¡�¥)«"¥%��«"�
�.¢5¡�¥% �¢V£-¤V¥_�G¥%¨" G�

Jfk

¥%§n°g¥%© ¢_�G§¬¢¹«"�g°g¥%©ªµ$¥%�G�	£-¤V¥¹�g© ÅV¢V¶	¥% G�g���G�	¯"³%§"¶2¢V G�g�gÏ
� � � ��%�����9 � $��8!#�"'(���8�*��� !#���('&4!��) � �*& $�& - �5
� 
�� � ��"& %�)/ &4���

ρ(Jfk
) < n

5
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� ��� q��g] dgfh`P[���{n� p z�� p `P[

¾�© §"©¿³% �¢V¯"«"�Ç¯ *"©ª�g G¥ «"��µ" G¥%¨"¶	�g©e¢V�ªµ" �Í5¡��	°g¥%�gÊ�¢ ��§"¯"£-¤V¥ ¥%¨ÌäG�?¡���Å%¥
c(θ)¢V�G�G§"©ª�c¢2��¥% G©e¢a«¬¢¹�G¥%©e¢_«"¥%��ËÌ§¬¢V«" �¢V«"¥%��«"�)��§"¯"£��)�g�\¯¬¤V¥5´�¶	�	¯"�-¢V G�g���

c(θ) , c ��� (θ) =
1

2

N∑

i=1

f(θ,ti)
2 =

1

2
‖f(θ,t)‖2 ��ã"Ï ',f��

�g©ZËÌ§"� C�H
f(θ,ti) : R

n → R
Ê
f(θ,t) : R

n → R
N
Ê
n

Â_¢ «"�	©ª�g¯"��¤V¥¸«"�
θ

�
N

Â
¥ª¡ ¢V©e¢V¯"À"¥ª«¬¢ª�GÂg G�	�!�7¡��g©ªµ$¥% �¢V¶ �y°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��_ª�G�	©a§"¶2¢V£-¤V¥¹«"�

f(θ,t)
Ï�Ý�¶	Âg©

«"�	�G�G¥"ÊM¥$�.¢5¡�¥%  1
2

Â_�	¯"�G�g G�	«"¥¸µ¬¢V �¢¸�?Å)��¡ ¢V  ¥n¢Vµ¬¢V G�g°g�	©ª�g¯A¡�¥¸«"�_§"© �.¢5¡�¥% 
2

¢Vµ$»%� ¥
°-ÍV¶	°g§"¶	¥_«¬¢V�\«"�g G��ÅV¢V«¬¢V��«"�

c ��� (θ)
Ï

º� G¥%¨"¶	�g©e¢V�_°g§Ùä�¢V�¹�G¥%¶	§"£��)�g�_°g¥%¯"�G�	��¡��g©�¯¬¢�«"�?¡��g G©ª�	¯¬¢V£-¤V¥�«"�nµ$¥%¯A¡�¥%�¹»V¡��	©ª¥%�
«"�

c ��� (θ)
��¤V¥_¡5�	µ"�	°g¥%�u�g©w°g�g¯¬ÍV G�	¥%��«"�o�g��¡��	©e¢V£-¤V¥_«"�oµ¬¢V  *V©ª�?¡� G¥%�uÅ)�2¢_¢�äG§"��¡��o«"�

°g§" �ÅV¢V� �T��(F� ���h^_DEDE8:
F= ��Ï�º@¥%  ��²��g©ªµ"¶	¥"Ê)°g¥%¯"�G�	«"�g G��´��G��ËÌ§"��§"© �G�	��¡��g©e¢o G�-¢V¶�µ$¥%�G�G§¬¢
¢Vµ$�g¯¬¢V��§"© �G�	¯¬¢V¶3«"�c��¢#�	«¬¢�Ê

y(t)
Ê��cËÌ§"�P�G��ä�¢ª©ª¥)«"�g¶2¢V«"¥¹µ$¥% 

φ(θ,t)
Ï +��g�G�G�P°-¢V�G¥"Ê

¢¸«"�6!¬¯"�	£-¤V¥
f(θ,ti) = φ(θ,ti) − y(ti)

�g© ��ã"Ï ',f���Å)�	¯"°g§"¶2¢¸¢¸�g��¡��	©e¢V£-¤V¥e«"¥¸Å%�?¡�¥% 
«"��µ¬¢V  *V©ª�?¡� G¥%�

θ = [θ1 · · · θn]T
o©ª�	¯"�	©ª�	â-¢V£-¤V¥ «"�

c ��� (θ)
ÊÌ°g¥%¯���¥% G©ª��¢PÆ��	³%§" �¢

ã"Ï>e-ã"Ï

Æ��	³%§" �¢½ã"Ï>e-ã1� (\�gµ" G�g�G�g¯A¡ ¢V£-¤V¥a«"��§"© µ" G¥%¨"¶	�g©e¢o«"���g��¡��	©e¢V£-¤V¥o«"��µ¬¢V  *V©ª�?¡� G¥%��Å)�2¢
¢�äG§"��¡��o«"�o°g§" �ÅV¢V�gÏ

���?Å)�	«"¥o���¥% G©a§"¶2¢V£-¤V¥)��ã"Ï ',f���Ê5¥ ©ªÂ?¡�¥)«"¥�«"�u�g��¡��	©e¢V£-¤V¥�«"�yµ¬¢V  *V©ª�?¡� G¥%�@Å)�2¢�©ª�1´
¯"�	©ª�	â-¢V£-¤V¥\«"�

c ��� (θ)
Ây«"�g¯"¥%©ª�	¯¬¢V«"¥�©ªÂ?¡�¥)«"¥�«"�?4BQ:
$8:������wc(	�,A��'�,A���� ��Ý�³%§"�	 G G�VÊ

6�� � %8� � �(�*����- ��+����8�*� ���� '��$	��+����(= �7% -��(5 � ��5A�
f(θ,t)

9:��&�%8��' $�&4!#� ��% 9:��' $��,'����%8��/=�(��% �
� ���	� �*��$��	� $��1!#� �%8� ���	��'(!#��7��.-���$�����&4��/ 5 � ����� ��������/ �(� <79:��& $	� ����% � & ' $��& $�� !#�1��) ��'(��� �#$�& / & 7����
/ ��$��	��� ��% '������& $�� )(���	��9:�'(+�3��� -���$�����&4��&4� !#�,9:����%8�8��� $���& $	�5 � ��� $��������*�?�

f(θ,t)
����'(�*&4� $��,��%

�%8�,9:�'(+����8��������/4���.� ��"%8��) ��&4����)(���
(θ,ti)

��% �% 2'&4����- ��/ ����5
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åVæ%æVã���Ïn¾��G�G�¸©ªÂ?¡�¥)«"¥É�G�e¨¬¢V�G�g�2¢É¯¬¢É G�g�G¥%¶	§"£-¤V¥ «"�e§"© µ" G¥%¨"¶	�g©e¢n«"�ª¥V¡��	©ª�	â-¢V£-¤V¥
¨¬¢V�G�-¢V«"¥ª¯¬¢_«"�?¡��g G©ª�	¯¬¢V£-¤V¥¹«"�o§"© Å%�?¡�¥% \«"�oµ¬¢V  *V©ª�?¡� G¥%��»V¡��	©ª¥

θ∗ ¡ ¢V¶MËÌ§"�

θ∗ = arg
θ
min ‖φ(θ,ti) − y(ti)‖2,

��ã"Ï '",'�
¥½ËÌ§"�VÊA«"�-��¥% G©e¢��G�	©ªµ"¶	��!¬°-¢V«¬¢�Ê5�	©ªµ"¶	�	°-¢�¢ «"�?¡��g G©ª�	¯¬¢V£-¤V¥ «"��§"© Å%�?¡�¥% �«"��µ¬¢V  *V©ª��´
¡� G¥%�

θ∗ ¡ ¢V¶"ËÌ§"�
φ(θ∗,t)

�G��ä�¢o¥o©e¢V�	��µ" G»-²��	©ª¥½µ$¥%�G�3��Å%�g¶ CGF «¬¢VËÌ§"�g¶	�\°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��
¢V¥¹�G�	��¡��g©e¢_ G�-¢V¶M G�g�Gµ$¥%¯"��Í-Å%�g¶@µ$�g¶2¢_°g G�2¢V£-¤V¥_«¬¢¹�GÂg G�	�

y(t)
Ï

¾�©a¨$¥% �¢Ç¥Ãµ" G¥%¨"¶	�g©e¢ ��ã"Ï '",'�cµ$¥%�G��¢��G�g ¹ G�g�G¥%¶�Å)�	«"¥Çµ$¥% gÊO�g© µ" G�	¯"°��	µ"�	¥"Ê�ËÌ§¬¢V¶1´
ËÌ§"�g ¸©ªÂ?¡�¥)«"¥Á«"�Ç¥V¡��	©ª�	â-¢V£-¤V¥Ã�	 G G�g��¡� G��¡�¥"Ê�¢V¶	³%§"©e¢V�¹µ¬¢V �¡��	°g§"¶2¢V G�	«¬¢V«"�g�ª«¬¢ ��¥% G©a§)´
¶2¢V£-¤V¥#��ã"Ï ',f���¡�¥% G¯¬¢V© °g¥%¯AÅ%�g¯"�	�g¯A¡�� ¢n§�¡��	¶	�	â-¢V£-¤V¥ «"�e©ªÂ?¡�¥)«"¥%�o�g�Gµ$�g°���!¬°g¥%�Pµ¬¢V �¢É¢
 G�g�G¥%¶	§"£-¤V¥¹«"�oµ" G¥%¨"¶	�g©e¢V��«"�PÈ �	¯"�	©ª¥%� & §¬¢V«" �¢V«"¥%�gÏ ¾�© µ¬¢V �¡��	°g§"¶2¢V gÊ�¥_Å%�?¡�¥% �³% �¢Ù´
«"�	�g¯A¡�� �Ç¢Á©e¢5¡� G�	âÉá��g�G�G�2¢V¯¬¢Á«"�

c ��� (θ)
µ$¥)«"�g© �G�g ¸«"�6!¬¯"�	«"¥%�eµ$¥%  � /)§"¨"�G�g£-¤V¥

ÝPÏ '�Ï>e � �

gc ��� (θ) = Jφ(t)(θ)Tf(θ)
��ã"Ï 'Aç��

Gc ��� (θ) = Jφ(t)(θ)TJφ(t)(θ) +Qφ(θ,t)
��ã"Ï '��'�

 G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡��VÊ¬�g©wËÌ§"�
Jφ(t)(θ)

Âc¢�d%¢V°g¥%¨"�2¢V¯¬¢a«"�
φ(θ)

�

Qφ(θ) =
N∑

i=1

∂2φ(θ,ti)

(∂θ)2
(φ(θ,ti) − y(ti)),

¥ÃËÌ§"�n�	¯"«"�	°-¢Ç§"©e¢Ç�	©ªµ$¥% �¡ ¢V¯A¡��e°-¢V �¢V°?¡��g 3�	��¡��	°-¢�«¬¢�©e¢5¡� G�	â¸á��g�G�G�2¢V¯¬¢ ��ã"Ï '��'��ÊO�g�&´
µ$�g°���!¬°-¢�«"�uµ" G¥%¨"¶	�g©e¢V��«"�\È �	¯"�	©ª¥%� & §¬¢V«" �¢V«"¥%���

Gc ��� (θ,t)
°g¥%¯A¡�Âg©Î�	¯���¥% G©e¢V£��)�g�

 G�g¶2¢5¡���ÅV¢V��_µ" G�	©ª�g�	 �¢P�c_�G�g³%§"¯"«¬¢ª«"�g G��ÅV¢V«¬¢V��«¬¢2��§"¯"£-¤V¥ª¥%¨ÌäG�?¡���Å%¥"Ï

ÈÉÂ?¡�¥)«"¥%��«"��È �	¯"�	©ª¥%� & §¬¢V«" �¢V«"¥%����¤V¥�¡��	µ"�	°-¢V©ª�g¯A¡�� ¨¬¢V�G�-¢V«"¥%��¯¬¢�µ" G�g©ª�	�G��¢�«"�
¥ª¡��g G©ª¥

Jφ(t)(θ)TJφ(t)(θ)
«"¥%©ª�	¯¬¢V \¥ª¡��g G©ª¥

Qφ(θ)
Ê$¥eËÌ§"�P�G�	©ªµ"¶	��!¬°-¢_¥e°-ÍV¶	°g§"¶	¥

«¬¢_©e¢5¡� G�	â½á��g�G�G�2¢V¯¬¢��

Gc ��� (θ) ≈ Jφ(t)(θ)TJφ(t)(θ).
��ã"Ï '��'�

·y¥%¯A¡�§"«"¥"Ê�¯¬¤V¥n�G�_µ$¥)«"�¹¢V�G�G§"©ª�	  �g�G�G�%�.¢5¡�¥ °-¢V�G¥n¥%�½ G�g�3�	«"§"¥%� ‖f(θ∗)‖ ¥%¨"�G�g &´
ÅV¢V«"¥%� ¯¬¢ �G¥%¶	§"£-¤V¥¸«"¥nµ" G¥%¨"¶	�g©e¢eµ$¥%�G�G§¬¢V©lÅV¢V¶	¥% G�g���G�	³%¯"��!¬°-¢5¡���Å%¥%� C�C Ï,+��g�G�G�¹°-¢V�G¥"Ê
«"�?Å%�g©_´��G��§�¡��	¶	�	â-¢V �¥%§�¡� G¥%� ©ªÂ?¡�¥)«"¥%�O«"��¥V¡��	©ª�	â-¢V£-¤V¥½�	 G G�g��¡� G��¡�¥%�gÏ�¾�© «"�?¡� G�	©ª�g¯A¡�¥a¢
�g�G�G� �.¢5¡�¥"ÊÙ¨$¥A¢uµ¬¢V �¡���«"¥%�3µ" G¥%¨"¶	�g©e¢V�M«"��¥V¡��	©ª�	â-¢V£-¤V¥u¢Vµ" G�g�G�g¯A¡ ¢�ÅV¢V¶	¥% G�g�3«"�� G�g�3�	«"§"¥%�
�G§�!¬°g�	�g¯A¡��g©ª�g¯A¡��½µ$�gËÌ§"�g¯"¥%�\¢Pµ$¥%¯A¡�¥a«"�OäG§"��¡���!¬°-¢V G�g© ¢P§�¡��	¶	�	â-¢V£-¤V¥c«"� ©ªÂ?¡�¥)«"¥%�y«"�
È �	¯"�	©ª¥%� & §¬¢V«" �¢V«"¥%�gÏ
6A��� ���*$	��' $��?� ��$�& %�� !#�"�������	!#������% ��%�<�$���&4����!#���('&4!����% -��(5 � ��5 56*6�� ��� - ��/ ������� �*& ��'& � ��� $�& -�� ��� ��' $���'(!#��� �*� ‖f(θ∗)‖ ����%�)(����� -���/8��� %8��& ��� ���#$�� - ��/ ��� !#�

Jf (θ∗)TJf (θ∗)
- � & / / ��$ ��/ 5 ����
��4� 5 5
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� ��� ��� ����������� �����a�M�O�3���P�M�"� �5����� �u�����"� �
�¯"�	°g�2¢V¶	©ª�g¯A¡���µ"§"¨"¶	�	°-¢V«"¥�µ$¥%  �½�g¯"¯"�?¡�À Ü �?Å%�g¯Ì¨$�g G³��g© e��Vã%ã � Ü �?Å%�g¯Ì¨$�g G³"Ê,e��Vã%ã��

�c¢Vµ" G�	©ª¥% �¢V«"¥aµ$¥% \��¥%¯¬¢V¶	« È ¢V GËÌ§¬¢V G«�¡��g© e��","' ��È ¢V GËÌ§¬¢V G«�¡-Ê e��","''��Ê"¥¹©ªÂ?¡�¥)«"¥
«"� Ü �?Å%�g¯Ì¨$�g G³5´�È ¢V GËÌ§¬¢V G«�¡e¡��g© ¢V©ªµ"¶2¢Ç§�¡��	¶	�	â-¢V£-¤V¥�¯¬¢V�¹©e¢V�	�_«"��Å%�g G��¢V�eÍV G�-¢V�ª«"¥
°g¥%¯"À"�g°g�	©ª�g¯A¡�¥ª°g�	�g¯A¡5��!¬°g¥"ÏOà@ �¢5¡ ¢Ù´��G�o«"�o§"© ¢V¶	³%¥% G��¡�©ª¥P«"�c¥V¡��	©ª�	â-¢V£-¤V¥a«"�o°g¶2¢V�G�G��!�´
°-¢V£-¤V¥\�	¯A¡��g G©ª�g«"�2ÍV G�2¢�Êg�G�	©a§"¶�¡ ¢V¯"�-¢V©ª�g¯A¡���¨¬¢V�G�-¢V«"¥\¯"¥%��©ªÂ?¡�¥)«"¥%�M«"� � ��(,����9tI]��� D;�%

�o«"¥ �c�'�,A�8t��
$D;�?Ï

¾��G��¢P°-¢V �¢V°?¡��g 3�	��¡��	°-¢oÀ1�	¨" G�	«¬¢½°g¥%¯����g G� ¢V¥P¢V¶	³%¥% G��¡�©ª¥½«"� Ü �?Å%�g¯Ì¨$�g G³5´�È ¢V GËÌ§¬¢V G«�¡
§"© «"�g�G�g©ªµ$�g¯"À"¥É¡��g¯"«"�g¯"°g�2¢V¶	©ª�g¯A¡��¹©ª�g¯"¥%�o�G§"�G°g�gµ�¡5��Å%�g¶yV�o°g¥%¯"«"�	£��)�g�c�	¯"�	°g�2¢V�	���G�
°g¥%©ªµ¬¢V �¢V«"¥�°g¥%© ¥%�ª©ªÂ?¡�¥)«"¥%�ª«"� �c�'�,A�8t��
$D;� � «"� � ��(,����9tI]��� D;�%
¬Ï º@¥% ª¥%§�¡� G¥
¶2¢V«"¥"ÊM�G§¬¢¸Å%�g¶	¥)°g�	«¬¢V«"�a«"�_°g¥%¯AÅ%�g G³ 4g¯"°g�2¢nÂa¡��	µ"�	°-¢V©ª�g¯A¡��P�G§"µ$�g �¢V«¬¢ µ$�g¶2¢¸«"¥%�o¢V¶	³%¥5´
 G��¡�©ª¥%�uµ$�g �¡��g¯"°g�g¯A¡��g� (*"¶�¡��	©e¢P°g¶2¢V�G�G�VÏ

�����.¢5¡�¥"ÊuËÌ§¬¢V¯"«"¥ ¢��G¥%¶	§"£-¤V¥ ¢5¡�§¬¢V¶��g��¡ ÍÁ«"�	��¡ ¢V¯A¡�� «"¥ µ$¥%¯A¡�¥ ©��	¯"�	©ª¥�¶	¥)°-¢V¶�Ê
¥ ¢V¶	³%¥% G��¡�©ª¥��G�Ç°g¥%©ªµ$¥% �¡ ¢Ã«"����¥% G©e¢Ã¶	�g¯A¡ ¢��Ç�G�g©ª�g¶	À¬¢V¯A¡��Ç¢�§"© ¢V¶	³%¥% G��¡�©ª¥�«"¥
�c�'�,A�8t��
$D;�?ÏP·u¢V�G¥ °g¥%¯A¡� �ÍV G�	¥"ÊK�G§¬¢¸°g¥%¯AÅ%�g G³ 4g¯"°g�2¢ �G�2�.¢Vâa«"�,��¥% G©e¢e©e¢V�	��Å%�g¶	¥%âa�a¥
¢V¶	³%¥% G��¡�©ª¥½�G��°g¥%©ªµ$¥% �¡ ¢o°g¥%©ª¥P§"©�¢V¶	³%¥% G��¡�©ª¥½«"� � ��(,����9tI]��� D;�%
 �.Æ¬ �¢V¯"° À"¥%�	�y¢V¯"«
º��	° À"¥V¡-Ê e����Aç���Ï

. ¢V¶	³%¥% G��¡�©ª¥½«"� Ü �?Å%�g¯Ì¨$�g G³5´�È ¢V GËÌ§¬¢V G«�¡�Â�¨¬¢V�G�-¢V«"¥_¯¬¢a G�g�G¥%¶	§"£-¤V¥a«"� §"©�µ" G¥5´
¨"¶	�g©e¢_«"�V�-Q:
$8:������&)(	�,A��'�,A����?ÏOÝ ��§"¯"£-¤V¥ª°g§"��¡�¥ª°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��a¹��¡��g �¢V£-¤V¥

k
Â

�g¯A¡ ¤V¥ª«"�6!¬¯"�	«¬¢_µ$¥% 

c(θ̂k) =
1

2

m∑

j=1

sj(θ̂k)
2 =

1

2
sT (θ̂k)s(θ̂k) =

1

2
‖s(θ̂k)‖2,

��ã"Ï ãAæ'�

�g©kËÌ§"�
sj

°g¥%¯"�G�	��¡�� �g©k§"© �	¯"«"�	°g�eËÌ§"�nËÌ§¬¢V¯A¡���!¬°-¢�¢ÇËÌ§¬¢V¶	�	«¬¢V«"�¸«¬¢Ç�g��¡��	©e¢V£-¤V¥
«"¥ªÅ%�?¡�¥%  «"�Pµ¬¢V  *V©ª�?¡� G¥%�

θ
Ê$ G�gµ" G�g�G�g¯A¡ ¢V«¬¢¸µ$¥% 

θ̂
Ê$¯"¥¸ËÌ§"�P«"�	âc G�g�Gµ$�g��¡�¥ %��§"¯"£-¤V¥

fj(θ)
C�E ��¼½»)�g���?¡�¢V¶�Ï�Ê¬åVæ%æVã�� �

sj(θ̂k) =

n∑

i=1

ξj(i,θ̂k)
2 = ξTj (θ̂k)ξj(θ̂k) = ‖ξj(θ̂k)‖2,

��ã"Ï ã	e �

�g©wËÌ§"�
ξj

Âo¥_Å%�?¡�¥% �«"�o G�g�3�	«"§"¥%��¡ ¢V¶MËÌ§"�
fj(θ) = fj(θ̂) + ξj

Ï

6 � � �����"9:����%,�/4��+���� & / �(� $��	�"��������� $���� %���'� � � �%� ��$�& -�� !#�,%�<�$��#!#��!#� � ��-���'!� ����� � 	 ���	� �(���	!3$�5
� ��/ ������& $�%����*� �(���*��&4��'(��%�& '& %�& 7���+����8!#�;�%8��2'&4���,9:�'(+������ �%� ��$�& -��(=

c(θ)
5



76 4. MÉTODOS DE OTIMIZAÇÃO

���)��¥% G©e¢a°g¥%©ªµ¬¢V°?¡ ¢�Ê¬¢(��§"¯"£-¤V¥¹¥%¨ÌäG�?¡���Å%¥
c(θ̂k)

µ$¥)«"�½�G�g �«"�g�G°g G��¡ ¢_µ$¥% 

c(θ̂k) =
1

2

m∑

j=1

(
n∑

i=1

ξj(i,θ̂k)
2

)2

=
1

2

m∑

j=1

(

‖ξj(θ̂k)‖2
)2

.
��ã"Ï ãÌå��

& §¬¢V¯A¡�¥ ¢V¥¸¢V¶	³%¥% G��¡�©ª¥_µ" G¥%µ" G�2¢V©ª�g¯A¡��c«"��¡�¥"Ê$¥¸�G�g³%§"�	¯A¡��Pµ" G¥)°g�g«"�	©ª�g¯A¡�¥eÂa¢V«"¥5´
¡ ¢V«"¥"Ï º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊ�«"�6!¬¯"�g©_´��G�oÅV¢V¶	¥% G�g�\�	¯"�	°g�2¢V�	�yµ¬¢V �¢_¥¹Å%�?¡�¥% �«"�oµ¬¢V  *V©ª�?¡� G¥%�
θ
���g��¡��½Â½¥¹µ$¥%¯A¡�¥_«"�oµ¬¢V �¡��	«¬¢P«"¥ª¢V¶	³%¥% G��¡�©ª¥c¯"¥¹�g�Gµ¬¢V£g¥¹«"�½¨"§"�G°-¢'��Ï ¾�©w�G�g³%§"�	«¬¢�Ê

µ¬¢V �¢�°-¢V«¬¢\��¡��g �¢V£-¤V¥
k
Ê5¥\Å%�?¡�¥% @«"�Oµ¬¢V  *V©ª�?¡� G¥%�3Â �G§"¨"��¡���¡�§1�	«"¥\µ$¥% 

θ̂k = θk−1+δθk
Ï

º�¢V �¢¹ËÌ§"�o�G�oµ$¥%�G��¢¹«"�?¡��g G©ª�	¯¬¢V �¥_ÅV¢V¶	¥% u«"�
δθk

Ê
s(θ̂k)

Âc¢Vµ" G¥-²��	©e¢V«¬¢aµ$¥% 

s(θ̂k) = s(θk−1 + δθk) ≈ s(θk−1) + Jsδθk,
��ã"Ï ã�''�

�g©wËÌ§"�
Js

Âc¢_©e¢5¡� G�	â�d%¢V°g¥%¨"�2¢V¯¬¢a«"�
s(θ)

��ÝPÏ>e��'��Ï
¾�© §"© µ$¥%¯A¡�¥É«"�ª©��	¯"�	©ª¥¸«¬¢ ��§"¯"£-¤V¥É°g§"��¡�¥"Ê@¡��g©_´��G�

~Oc = 0
ÏeÝ�µ¬¢V �¡��	 ½«"�

��ã"Ï ã�''��Ê�¡��g©_´��G�½�g¯A¡ ¤V¥

(JTs Js)δθk = −JTs s(θk−1).
��ã"Ï ã%ã��

+�¢ �gËÌ§¬¢V£-¤V¥ ��ã"Ï ã%ã���Ê
δθ

µ$¥)«"���G�g  ¥%¨�¡��	«"¥ �	¯AÅ%�g �¡��g¯"«"¥5´��G�
JTs Js

Ï ·y¥%¯A¡�§"«"¥"Ê
¥ ¢V¶	³%¥% G��¡�©ª¥Á«"� Ü �?Å%�g¯Ì¨$�g G³5´�È ¢V GËÌ§¬¢V G«�¡ �	¯"�G�g G�Ã¥ . ��D;�%�6A�� �����%� D;����8:����
$D;� ¥%§
�T�j=�(FN>��� 8>/��UY7���

λ > 0
«"�)��¥% G©e¢aËÌ§"� ��ã"Ï ã%ã��y�G�½¡�¥% G¯"�

(JTs Js + λkI)δθk = −JTs s(θk−1)
��ã"Ï ã�f��

. ÅV¢V¶	¥% �«"�
λk ∈ R

Âa¢�äG§"��¡ ¢V«"¥n¢e°-¢V«¬¢e��¡��g �¢V£-¤V¥e�a«"�g¶	�P«"�gµ$�g¯"«"�_¥¸°g¥%©ªµ$¥% &´
¡ ¢V©ª�g¯A¡�¥�¢Vµ" G�g�G�g¯A¡ ¢V«"¥�µ$�g¶	¥�¢V¶	³%¥% G��¡�©ª¥"Ï���� ��¥% G©e¢Ç�G�	©ªµ"¶	��!¬°-¢V«¬¢�Ê��G�É¢� G�g«"§"£-¤V¥
«¬¢ ��§"¯"£-¤V¥a¥%¨ÌäG�?¡���Å%¥

c(θ)
¢c°-¢V«¬¢P��¡��g �¢V£-¤V¥ ��¥% y G�g¶2¢5¡���ÅV¢V©ª�g¯A¡���¢V°g�g¯A¡�§¬¢V«¬¢�Ê��g¯A¡ ¤V¥_¢

¢5¡� G�	¨"§"�	£-¤V¥¸«"�_ÅV¢V¶	¥% G�g� µ$�gËÌ§"�g¯"¥%�cµ¬¢V �¢
λk

³A¢V �¢V¯A¡��_�G�g§�°g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥ �G�	©ª�	¶2¢V 
¢V¥ «"�¹§"© ¢V¶	³%¥% G��¡�©ª¥ª«"� � ��(,����9tI]��� D;�%
¬Ï_·u¢V�G¥n°g¥%¯A¡� �ÍV G�	¥"Ê3¥$�.¢5¡�¥%  «"�ª¢V©ª¥% �¡��g°�´
�	©ª�g¯A¡�¥�«"�?Å%�Ç�G�g ¸¢V§"©ª�g¯A¡ ¢V«"¥Á� �G�g§®°g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥��G�Ç¢V�G�G�g©ª�g¶	À¬¢Á¢V¥Á«"� §"©
¢V¶	³%¥% G��¡�©ª¥P«"¥ �c�'�,A�8t��
$D;�?Ï

Ý °g¥%¯AÅ%�g G³ 4g¯"°g�2¢n«"¥n¢V¶	³%¥% G��¡�©ª¥ª«"� Ü �?Å%�g¯Ì¨$�g G³5´�È ¢V GËÌ§¬¢V G«�¡o¡��g©a¨$Âg©Z«"�gµ$�g¯"«"�
«¬¢�¢5¡� G�	¨"§"�	£-¤V¥u«"��ÅV¢V¶	¥% G�g�3¢V«"�gËÌ§¬¢V«"¥%��µ¬¢V �¢u¥ �.¢5¡�¥% M«"�O¢V©ª¥% �¡��g°g�	©ª�g¯A¡�¥ ��y¢V©e¢V�GÀ"��¡ ¢
¢V¯"« Æ¬§ �Ì§"�GÀ"�	©e¢�Ê�åVæ%æ%æ'��Ï à��	µ"�	°-¢V©ª�g¯A¡��VÊ�¥ �G�g³%§"�	¯A¡���µ" G¥)°g�g«"�	©ª�g¯A¡�¥ ÂÃ¢V«"¥V¡ ¢V«"¥
��È ¢V GËÌ§¬¢V G«�¡-Ê e��","''� �

e%Ï����6!¬¯"��´��G� C�T
λ0

¢V G¨"��¡� �ÍV G�	¥P�
ν > 1

�
6 � / !#���('&4+���� !#�

λ0

� � �(��� %8��& ���,� ��
1
!#��-�� �*����� - ��/ ����� $���& ��4�4!#� �

ν
!#��) ��'(!#��% !#�

)��� �/ ��%8�����*��� �����*��/ -3&4!#��� !#�8����'4�����& %���' $���)��<�-3& ���������	����!#��/ ��5
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å)Ï\Ý °-¢V«¬¢o��¡��g �¢V£-¤V¥
k > 0

ÊÌ��²��g°g§�¡ ¢Ù´��G��§"©e¢o��¡��g �¢V£-¤V¥o«"¥a¢V¶	³%¥% G��¡�©ª¥ °g¥%©
λk =

λk−1
�c¥%§�¡� �¢�Ê$¢ªµ¬¢V �¡��	 �«"¥e©ª�g�G©ª¥ªµ$¥%¯A¡�¥ª�	¯"�	°g�2¢V¶

θk−1
Ê�°g¥%©

λk = λk−1/ν
Ï

·y¥%©w�	�G�G¥"Ê"¥%�\�G�g³%§"�	¯A¡��g��µ" G¥)°g�g«"�	©ª�g¯A¡�¥%��«"�?Å%�g© �G�g ���²��g°g§�¡ ¢V«"¥%���

• /)�¹¢V©a¨¬¢V�½¢V�o¢-ÅV¢V¶	�2¢V£��)�g��«¬¢$��§"¯"£-¤V¥n°g§"��¡�¥ ��¥% G�g©Zµ"�	¥% G�g� ËÌ§"�¹¥¸ÅV¢V¶	¥% 
�	¯"�	°g�2¢V¶

c(θk−1)
Ê��g¯A¡ ¤V¥

λk
Â¸�	¯"°g G�g©ª�g¯A¡ ¢V«"¥Çµ$¥% 

n
�G§"°g�g�G�G��ÅV¢V�¹©a§"¶�¡��1´

µ"¶	�	°-¢V£��)�g��µ$¥% 
ν

¢5¡�ÂcËÌ§"�c�G�c¥%¨�¡��g¯"À¬¢ª§"© ÅV¢V¶	¥% �«"�
c(θk)

©ª�g¶	À"¥% �ËÌ§"�
¥ °g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��Á ��¡��g �¢V£-¤V¥ ¢V¯A¡��g G�	¥% 

c(θk−1)
Ï . ¯"¥�Å%¥ �.¢5¡�¥% ¸«"�

¢V©ª¥% �¡��g°g�	©ª�g¯A¡�¥aÂo�g¯A¡ ¤V¥
λk = λk−1ν

n
�

• /)�
λk = λk−1/ν

�	©ªµ"¶	�	°-¢V �§"©e¢  G�g«"§"£-¤V¥É¯"¥ ÅV¢V¶	¥%  «¬¢ ��§"¯"£-¤V¥n°g§"��¡�¥"Ê
�g¯A¡ ¤V¥¹�g�G�G�cÂo¥¹ÅV¢V¶	¥% �¢5¡� G�	¨"§"�	«"¥_¢

λk
�

• /)�
λk = λk−1

�	©ªµ"¶	�	°-¢V ¹§"©e¢� G�g«"§"£-¤V¥ ¯"¥ÁÅV¢V¶	¥% e«¬¢ ��§"¯"£-¤V¥ °g§"��¡�¥"Ê
�g¯A¡ ¤V¥¹©e¢V¯A¡�Âg©_´��G�½�g�G�G�oÅV¢V¶	¥% uµ¬¢V �¢¹¥(�.¢5¡�¥% �«"�c¢V©ª¥% �¡��g°g�	©ª�g¯A¡�¥"Ï

� ��� vwY �cdg}o` p Y��Î`P] � �c]n|u�

Ý�¶	³%¥% G��¡�©ª¥%�ª¨¬¢V�G�-¢V«"¥%� �g© � �j=�8E���1A����R�%
*^[��
#Y7� Å 4g©_´��G��°g¥%¯"��¡���¡�§"�	¯"«"¥ �g©
§"©e¢e¢V¶�¡��g G¯¬¢V �¡���ÅV¢_¨¬¢V��¡ ¢V¯A¡��P°g¥%©a§"© «"�g¯A¡� G�a¥%��©ªÂ?¡�¥)«"¥%��«"�P¥V¡��	©ª�	â-¢V£-¤V¥"Ï ��G�G¥¸�G�
«"�?Å%�P¨¬¢V�G�	°-¢V©ª�g¯A¡��c¢¹µ" G¥%µ" G�	�g«¬¢V«"�g��ËÌ§"�c³A¢V �¢V¯A¡��g©w�G§¬¢ª°g¥%¯AÅ%�g G³ 4g¯"°g�2¢ª¯¬¢ª�G¥%¶	§"£-¤V¥
«"¥%�\©e¢V�	�u«"��Å%�g G�G¥%�\¡��	µ$¥%�u«"�oµ" G¥%¨"¶	�g©e¢V� � /)À"��¢V¯"«�/)À"�g¯MÊKåVæ%æ",'��Ï

Ä�©k¢V¶	³%¥% G��¡�©ª¥ «"� � �j=�8E���WA�� �R�%
*^[��
#Y7� �G�¸°-¢V �¢V°?¡��g G�	â-¢ µ$¥% c§�¡��	¶	�	â-¢V o�	¯���¥% &´
©e¢V£��)�g�É¢  G�g�Gµ$�g��¡�¥ «¬¢ ��§"¯"£-¤V¥ ¥%¨ÌäG�?¡���Å%¥

c(θ)
¯¬¢ °g¥%¯"��¡� G§"£-¤V¥ «"��§"©e¢���§"¯"£-¤V¥

ËÌ§¬¢V«" �Í5¡��	°-¢
φ(δθ)

°g§ÙäG¥Á°g¥%©ªµ$¥% �¡ ¢V©ª�g¯A¡�¥Ã�G� ¢Vµ" G¥-²��	©ª�n«¬¢VËÌ§"�g¶	�n«¬¢ ��§"¯"£-¤V¥�¥%¨)´
äG�?¡���Å%¥Á¯¬¢ÃÅ)�	âg�	¯"À¬¢V¯"£-¢�«"� §"© «¬¢V«"¥Áµ$¥%¯A¡�¥

θ0
���g© ËÌ§"�

δθ , θ − θ0
��Ï ¾��G��¢

Å)�	âg�	¯"À¬¢V¯"£-¢ÇÂ «"�6!¬¯"�	«¬¢Çµ$¥% _§"©e¢ À"�	µ$�g &´��g� ���g �¢�«"�  �¢V�	¥
∆

°g¥%©k°g�g¯A¡� G¥Ã�g©
θ0

�
�g�G�G�cÂo¥ª¢V�Gµ$�g°?¡�¥ªËÌ§"�uäG§"��¡���!¬°-¢_¥¹¯"¥%©ª�½«"¥ª©ªÂ?¡�¥)«"¥"Ï

·y¥%© �	�G�G¥"Ê�¢É¥V¡��	©ª�	â-¢V£-¤V¥ «¬¢ ��§"¯"£-¤V¥Ç¥%¨ÌäG�?¡���Å%¥ Â����g��¡ ¢n°g¥%©r¢ ¥V¡��	©ª�	â-¢V£-¤V¥ «"�
§"©e¢)��§"¯"£-¤V¥P¢Vµ" G¥-²��	©e¢V«¬¢ ��©ª�g¯"¥%� °g¥%©ªµ"¶	��²"¢'�

φ(δθ)
�g©  G�g³%�7�)�g�O«"��°g¥%¯�!�¢V¯"£-¢

Γk¢�°-¢V«¬¢Ã��¡��g �¢V£-¤V¥
k
Ï ������¥% G©e¢Ç�G�	©ªµ"¶	��!¬°-¢V«¬¢�Ê�°-¢V«¬¢���¡��g �¢V£-¤V¥�¡��g© µ$¥% _¥%¨ÌäG�?¡���Å%¥

�G¥%¶	§"°g�	¥%¯¬¢V u¥¹µ" G¥%¨"¶	�g©e¢

min
δθ∈Rn

/ max
δθ∈Rn

φ(δθ)
��ã"Ï ã�,'�

�G§ÙäG�g��¡�¥ª¢ ‖δθ‖ ≤ ∆k

. µ" G¥%¨"¶	�g©e¢�«"�u¥V¡��	©ª�	â-¢V£-¤V¥ ��ã"Ï ã�,'���	¶	§"��¡� �¢�¢��	©ªµ$¥% �¡ *V¯"°g�2¢\«"¥�ÅV¢V¶	¥% @«"¥½ �¢V�	¥�«¬¢
 G�g³%�2¤V¥_«"�c°g¥%¯�!�¢V¯"£-¢ª¢_°-¢V«¬¢¹��¡��g �¢V£-¤V¥"Ï ·u¢V�G¥ª�G��ä�¢¹©a§"��¡�¥_³% �¢V¯"«"�VÊ�¢¹¢Vµ" G¥-²��	©e¢V£-¤V¥
«"�

c(θ)
µ$�g¶2¢%��§"¯"£-¤V¥¸ËÌ§¬¢V«" �Í5¡��	°-¢ªµ$¥)«"�c¯¬¤V¥¸�G�g �¨$¥A¢ª�g©

Γk
Ï ��G�G¥ �	©ªµ"¶	�	°-¢aËÌ§"�a¥

©��	¯"�	©ª¥¹«"�
φ(δθ)

�G�g �Í¸©a§"��¡�¥e«"�����g G�g¯A¡��a«¬¢VËÌ§"�g¶	�a«¬¢���§"¯"£-¤V¥ ¥%¨ÌäG�?¡���Å%¥ ¯¬¢e G�g³%�2¤V¥
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µ$�g�GËÌ§"�	��¢V«¬¢�Ï º@¥% �¥%§�¡� G¥_¶2¢V«"¥"Ê)µ$�gËÌ§"�g¯"¥%�\ÅV¢V¶	¥% G�g�u«"�
∆

µ$¥)«"�g© ¶	�?ÅV¢V u¥¹¢V¶	³%¥% G��¡�©ª¥
¢¸°g¥%¯AÅ%�g G³%�	 ½µ¬¢V �¢ §"©Z©��	¯"�	©ª¥e¶	¥)°-¢V¶�Ê$§"©e¢eÅ%�gâªËÌ§"�¹¢ �G¥%¶	§"£-¤V¥ «"� ��ã"Ï ã�,'��¶	�?ÅV¢V G�2¢
�g©w°g¥%¯A¡ ¢ª¢Vµ$�g¯¬¢V�\§"©e¢aµ$�gËÌ§"�g¯¬¢%�� �¢V£-¤V¥¹«"¥¹�g�Gµ¬¢V£g¥e«"�o¨"§"�G°-¢¹³%¶	¥%¨¬¢V¶�Ï

¾�©l«"�?¡� G�	©ª�g¯A¡�¥ e��²��	��¡54g¯"°g�2¢¸«"�_¢V¶	³%¥% G��¡�©ª¥%��µ¬¢V �¢¸�	¯"�	°g�2¢V¶	�	â-¢V£-¤V¥_«"¥eÅV¢V¶	¥% �«"¥
 �¢V�	¥c«¬¢c G�g³%�2¤V¥c«"��°g¥%¯�!�¢V¯"£-¢ � /�¢V �¡��g¯¬¢V�g gÊe����",'��ÊA¡��	µ"�	°-¢V©ª�g¯A¡��

∆0
Â ¢V G¨"��¡� �¢V«"¥"Ï@Ý

°-¢V«¬¢ª��¡��g �¢V£-¤V¥"Ê$¥ªÅV¢V¶	¥% \«"�
∆k

ÂP«"�6!¬¯"�	«"¥¸«"�a¢V°g¥% G«"¥¸°g¥%©l¢ªËÌ§¬¢V¶	�	«¬¢V«"�c«¬¢e¢Vµ" G¥5´
²��	©e¢V£-¤V¥_«¬¢2��§"¯"£-¤V¥ª¥%¨ÌäG�?¡���Å%¥¹µ$¥% 

φ(δθ)
�g©

Γk
Ï

º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊÌµ" G¥)°g�g«"��´��G� °g¥%© ¢P�G¥%¶	§"£-¤V¥P«"� ��ã"Ï ã�,'��� ¥%¨�¡�Âg©_´��G�
δθ∗ Ï ·u¢V�G¥

¢�«"�	©ª�	¯Ì§"�	£-¤V¥ C�S ¯"¥ ÅV¢V¶	¥% @«¬¢���§"¯"£-¤V¥½ËÌ§¬¢V«" �Í5¡��	°-¢
φ(δθ∗)−φ(0)

�G��ä�¢ °g¥%©ªµ¬¢V �Í-Å%�g¶"
«"�	©ª�	¯"�	§"£-¤V¥u G�-¢V¶Ì«¬¢ ��§"¯"£-¤V¥�¥%¨ÌäG�?¡���Å%¥

c(θk+δθ
∗
k)−c(θk)

ÊV¥�¯"¥�Å%¥ µ$¥%¯A¡�¥
θk+δθ

∗ Â
¢V°g�g��¡�¥"Ï�Ý�¶	Âg© «"�	�G�G¥"ÊÌ�g�G�G��µ$¥%¯A¡�¥cµ¬¢V�G��¢P¢o G�gµ" G�g�G�g¯A¡ ¢V y¥c°g�g¯A¡� G¥P«¬¢o¯"¥�ÅV¢o G�g³%�2¤V¥o«"�
°g¥%¯�!�¢V¯"£-¢

Γk+1
�

∆
Â ���?Å%�g¯A¡�§¬¢V¶	©ª�g¯A¡�����¢V§"©ª�g¯A¡ ¢V«"¥"Ï�·u¢V�G¥½°g¥%¯A¡� �ÍV G�	¥"ÊV«"�	©ª�	¯Ì§"�1´��G�

¥_ÅV¢V¶	¥% u«"¥ª �¢V�	¥_�½ G�g�G¥%¶�Å%��´��G�!��ã"Ï ã�,'�y¯"¥�ÅV¢V©ª�g¯A¡��VÏ

� ��� ��� ����������� ��� �n� ���3�&��� � �O� �a�3���
Ý��G�G�	© °g¥%©ª¥ª¯"¥ª°-¢V�G¥e«"� Ü �?Å%�g¯Ì¨$�g G³5´�È ¢V GËÌ§¬¢V G«�¡-Ê$¥¸¢V¶	³%¥% G��¡�©ª¥P«"�Pº@¥��y�g¶	¶@ G��´

�G¥%¶�Å%��µ" G¥%¨"¶	�g©e¢V�O«"��¥V¡��	©ª�	â-¢V£-¤V¥½�	 G G�g��¡� G��¡ ¢½°g¥%¯"°g�	¶	�2¢V¯"«"¥o¥%� ©ªÂ?¡�¥)«"¥%�O«"¥-=��'�,A�8t��
$D;�
�n«"� � ��(,����9tI]��� D;�%
¬Ï Ý µ" G�	¯"°g�	µ¬¢V¶y«"�����g G�g¯"£-¢Ã�g��¡ ÍÃ¯"¥ �.¢5¡�¥Ã«"�É¥�¢V¶	³%¥% G��¡�©ª¥ «"�
º@¥��y�g¶	¶3§�¡��	¶	�	â-¢V y«"�	 G�?¡ ¢V©ª�g¯A¡��½°g¥%¯"°g�g��¡�¥%�\«"¥¹©ªÂ?¡�¥)«"¥¹«"� � �j=�8E����A�� �R�%
*^[��
#Y7� C�B Ï

·y¥%© ¥¹¥%¨ÌäG�?¡���Å%¥_«"�o G�g�G¥%¶�Å%�g �¥_�G§"¨)´�µ" G¥%¨"¶	�g©e¢ ��ã"Ï ã�,'��Ê �.º@¥��y�g¶	¶�Ê e��AçVæ'� µ" G¥%µ$Þ%�
§"©¿©ªÂ?¡�¥)«"¥ÁËÌ§"��°g¥%¯"�G�	��¡��Ç¯¬¢ §�¡��	¶	�	â-¢V£-¤V¥�«"�Ç«"¥%�	�eµ$¥%¯A¡�¥%� ¢V§)²��	¶	�2¢V G�g� �.¢V¶	Âg© «"¥
°g�g¯A¡� G¥¸«"�P G�g³%�2¤V¥¹«"�P°g¥%¯�!�¢V¯"£-¢'�\¯¬¢ª¨"§"�G°-¢eµ$�g¶	¥e©��	¯"�	©ª¥_«¬¢%��§"¯"£-¤V¥e¥%¨ÌäG�?¡���Å%¥"Ï .
µ" G�	©ª�g�	 G¥�µ$¥%¯A¡�¥��G� ¡� �¢5¡ ¢�«"¥�«"�g¯"¥%©ª�	¯¬¢V«"¥ �_��($��� �_"$�%8:
$D.ÊVËÌ§"�y°g¥%¯"�G�	��¡��y¯"¥�©��	¯"�	©ª¥
«"�
L(δθ)

�G�g³%§"¯"«"¥o¥½©ªÂ?¡�¥)«"¥�«"¥]=��'�,A�8t��
$D;�?Ï�¾��G�G��µ$¥%¯A¡�¥½ÂVÊ%µ$¥% �¡ ¢V¯A¡�¥"Ê%�g¯"°g¥%¯A¡� �¢V«"¥
°g¥%©Î¢�©ª�	¯"�	©ª�	â-¢V£-¤V¥�«¬¢���§"¯"£-¤V¥ ËÌ§¬¢V«" �Í5¡��	°-¢ ¢Vµ" G¥-²��	©e¢V«¬¢�¯¬¢�«"�	 G�g£-¤V¥

JTφ ε
���g©ÎËÌ§"�

ε
°g¥%¯"�G�	��¡��o¯"¥¹�g G G¥ª«"�o�g��¡��	©e¢V£-¤V¥"Ê

θ − θ̂
�u�½Âo«"�6!¬¯"�	«"¥ªµ$¥% 

δθ 9�0 =
gTg

gTJTφ Jφg
g.

��ã"Ï ãÌç��

. �G�g³%§"¯"«"¥¹µ$¥%¯A¡�¥¹°g¥%¯"�G�	��¡��½¯"¥_µ$¥%¯A¡�¥_«"�c¼o¢V§"�G�&´ +�����¡�¥%¯
δθ ��� Ê�«"�6!¬¯"�	«"¥_µ$�g¶2¢

�G¥%¶	§"£-¤V¥¹«"� ��ã"Ï '"''��Ê� G�gµ$�?¡��	«"¥ª¢VËÌ§"�3µ$¥% \°g¥%¯AÅ%�g¯"�74g¯"°g�2¢��

JTφ Jφδθ
��� = JTφ ε.6�� � ���	� �('(� !#�"��
#��%�)/ & � ����+����?�#����'(�*&4!#���	� � �*� �% )��� �/ ��%8��!#�;%�& '& %�& 7���+����(56 ��� ��/ ������& $�%�� !#� � ��-���'!� ����� � 	 ���	� �(���	!3$ $	��%#� <�% ) �#!#� �*��������'(�*&4!#���	��!#� ����%�� ) ���*$���'(����' $��

��� �����) � !#� ��%�<�$��#!#� �6!#��� � �4#���� ���	� �$+�
 �$+ � � - � ��'� ��'(� $ �(��'	�$143�3�&5A� ��) �������6!#�1'(��� �#$�& / & 7����
$	��&4� ����'(����& $�� �.!#& ����$	��%���' $���5
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Ý °-¢V«¬¢���¡��g �¢V£-¤V¥"Ê ¢�§�¡��	¶	�	â-¢V£-¤V¥ «"¥%�¹µ$¥%¯A¡�¥%�
δθ 9�0 �

δθ ��� Â ���g��¡ ¢Ç�G�g³%§"¯"«"¥�¥
�G�g³%§"�	¯A¡��oµ" G¥)°g�g«"�	©ª�g¯A¡�¥1�

e%Ï�·u¢V�G¥ª¥ �_��($��� ��"$�%8:
$Dy�G�c�g¯"°g¥%¯A¡�� ��¥% �¢_«¬¢_ G�g³%�2¤V¥_«"�o°g¥%¯�!�¢V¯"£-¢ � ‖δθ 9�0 ‖ ≥
∆
��Ê@¥ µ¬¢V�G�G¥ «"¥ ¢V¶	³%¥% G��¡�©ª¥¸�G�g �ÍÉ�	³%§¬¢V¶�É�	¯A¡��g G�G�g£-¤V¥ �g¯A¡� G�ª¥É�G�g³%©ª�g¯A¡�¥ «"�

 G�?¡ ¢PËÌ§"� °g¥%¯"�g°?¡ ¢P¥a°g�g¯A¡� G¥_«¬¢P G�g³%�2¤V¥c«"� °g¥%¯�!�¢V¯"£-¢P�
δθ 9�0 ��¥a¶	�	©ª��¡��u«"�

Γ
Ï

��G�G¥ª�	©ªµ"¶	�	°-¢

δθ =
∆

‖δθ 9�0 ‖δθ
9�0 , ��ã"Ï ã'�'�

°g¥%¯���¥% G©ª�o¢¹Æ��	³%§" �¢aã"Ï>e7f)Ï

Æ��	³%§" �¢aã"Ï>e7f �Oº�¢V�G�G¥e«"¥ª¢V¶	³%¥% G��¡�©ª¥P«"�cº@¥��y�g¶	¶�µ¬¢V �¢ ‖δθ 9�0 ‖ ≥ ∆
Ï

å)Ï�·u¢V�G¥ª¥ �_��($��� �a"$�%8:
$Dy�o¥¹µ$¥%¯A¡�¥¹«"�P¼o¢V§"�G�&´ +�����¡�¥%¯n�G�o�g¯"°g¥%¯A¡� G�g© «"�g¯A¡� G¥
«¬¢� G�g³%�2¤V¥u«"�O°g¥%¯�!�¢V¯"£-¢ � ‖δθ 9�0 ‖ < ∆

� ‖δθ ��� ‖ < ∆
��Ê5¥�µ¬¢V�G�G¥�«"¥�¢V¶	³%¥% G��¡�©ª¥

�G�g �Í¹�	³%§¬¢V¶M¢
δθ ��� Ê¬°g¥%¯���¥% G©ª�o¢¹Æ��	³%§" �¢aã"Ï>e ,�Ï
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Æ��	³%§" �¢aã"Ï>e ,��Oº�¢V�G�G¥e«"¥ª¢V¶	³%¥% G��¡�©ª¥P«"�cº@¥��y�g¶	¶�µ¬¢V �¢ ‖δθ 9�0 ‖ < ∆
� ‖δθ ��� ‖ < ∆

Ï

'�Ï�·u¢V�G¥ ¥ �_��($��� �S"$�%8:
$D¹�G�Ç�g¯"°g¥%¯A¡� G��«"�g¯A¡� G¥ «¬¢Á G�g³%�2¤V¥Á«"�Ç°g¥%¯�!�¢V¯"£-¢ �Ç¥
µ$¥%¯A¡�¥e«"�_¼o¢V§"�G�&´ +�����¡�¥%¯��g¯"°g¥%¯A¡� G��´��G�,��¥% �¢ � ‖δθ 9�0 ‖ < ∆

� ‖δθ ��� ‖ ≥ ∆
��Ê

¥ µ¬¢V�G�G¥É«"¥n¢V¶	³%¥% G��¡�©ª¥e�G�g �Í �	³%§¬¢V¶�¸�	¯A¡��g G�G�g£-¤V¥É�g¯A¡� G�_¥n�G�g³%©ª�g¯A¡�¥n«"�¹ G�?¡ ¢
ËÌ§"�o°g¥%¯"�g°?¡ ¢

δθ 9�0 �
δθ ��� �o¥¹¶	�	©ª��¡���«"�

Γ
Ï ��G�G¥ª�	©ªµ"¶	�	°-¢

δθ = δθ 9�0 + β(δθ ��� − δθ 9�0 ), ��ã"Ï ã'�'�

�g©wËÌ§"�
β

Â½¡ ¢V¶MËÌ§"� ‖δθ‖ = ∆
Ê¬°g¥%¯���¥% G©ª�o¢¹Æ��	³%§" �¢aã"Ï>eÙç)Ï

Æ��	³%§" �¢Pã"Ï>eÙç �Oº�¢V�G�G¥e«"¥ª¢V¶	³%¥% G��¡�©ª¥P«"�cº@¥��y�g¶	¶�µ¬¢V �¢ ‖δθ 9�0 ‖ < ∆
� ‖δθ ��� ‖ ≥ ∆

Ï
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� ��� j b��c`oz�d�i@fh`P[��lY\] sui�dgxy`P[

·y¥%©ª¥�¥�µ" G»%µ" G�	¥Ç¯"¥%©ª�e�G§"³%�g G�VÊ ¥�µ" G�	¯"°��	µ"�	¥ «"�$��§"¯"°g�	¥%¯¬¢V©ª�g¯A¡�¥Ç«"� §"©rÝ�¶1´
³%¥% G��¡�©ª¥e¼½�g¯"Â?¡��	°g¥&��Ý�¼ ��ÂP¨¬¢V�G�-¢V«"¥¸�g©  G�g³% �¢V��«"�P�G�g¶	�g£-¤V¥e�P�?Å%¥%¶	§"£-¤V¥e¯¬¢5¡�§" �¢V�	�gÏ
Ý�¶	³%§"¯"��«"¥%�Oµ" G�	¯"°g�	µ¬¢V�	��°g¥%¯"°g�g��¡�¥%�O G�g¶2¢V°g�	¥%¯¬¢V«"¥%��¢½�g��¡�§"«"¥%�O�g© ³%�g¯"Â?¡��	°-¢½��¤V¥c¢V«¬¢Vµ)´
¡ ¢V«"¥%�uµ¬¢V �¢P§�¡��	¶	�	â-¢V£-¤V¥o�g© µ" G¥%¨"¶	�g©e¢V� «"� ¥V¡��	©ª�	â-¢V£-¤V¥"Ï�¾��G��¢a¯"¥�ÅV¢_¢V¨$¥% G«¬¢V³%�g©�«¬Í
¥% G�	³%�g© ¢e¢V¶	³%¥% G��¡�©ª¥%�u G¥%¨"§"��¡�¥%� �PËÌ§"�c¡��	µ"�	°-¢V©ª�g¯A¡��c«"�gµ$�g¯"«"�g©l«"�P§"©e¢ªµ$�gËÌ§"�g¯¬¢
ËÌ§¬¢V¯A¡��	«¬¢V«"�O«"�O�	¯���¥% G©e¢V£-¤V¥�¢V°g�g G°-¢\«"¥�µ" G¥%¨"¶	�g©e¢�¢��G�g � G�g�G¥%¶�Å)�	«"¥ ��¼½¥%¶	«"¨$�g G³��?¡�¢V¶�Ï�Ê
e������'��Ï

Ý�¯A¡��g�y«"�\�	¯"�	°g�2¢V �¥c«"�?¡ ¢V¶	À¬¢V©ª�g¯A¡�¥c¢o G�g�Gµ$�g��¡�¥o«"¥%� ©ª�g°-¢V¯"�	�G©ª¥%��§�¡��	¶	�	â-¢V«"¥%��µ$¥% 
§"©h¢V¶	³%¥% G��¡�©ª¥�³%�g¯"Â?¡��	°g¥"Ê�¡�¥% G¯¬¢Ù´��G�Ç°g¥%¯AÅ%�g¯"�	�g¯A¡��� G�g�G��¢V¶�¡ ¢V  ¢V� µ" G�	¯"°g�	µ¬¢V�	�ª°-¢V �¢V°�´
¡��g 3�	��¡��	°-¢V� «"�_§"© ¢V¶	³%¥% G��¡�©ª¥ª«"�?¡��g G©ª�	¯1�	��¡��	°g¥ �&°g¶2ÍV�G�G�	°g¥ 
 Ïc¾��G�G�_¡��	µ$¥¸«"�ª¢V¶	³%¥% G��¡�©ª¥
µ¬¢V �¡��ª«"�ª§"© µ$¥%¯A¡�¥É¡��	µ"�	°-¢V©ª�g¯A¡��ª¢V¶	�-¢5¡�»% G�	¥ �VÊ��G�g³%§"¯"«"¥Ç¢V¶	³%§"©e¢  G�g³% �¢n«"�ª¡� �¢V¯)´
�G�	£-¤V¥ªµ" GÂ�´��g��¡ ¢V¨$�g¶	�g°g�	«¬¢_�P¢V¶	³%§"©�¡��	µ$¥¹«"�c�	¯���¥% G©e¢V£-¤V¥_¶	¥)°-¢V¶�Ê��G§"³%�g G�c§"©e¢_«"�	 G�g£-¤V¥
«"�P¨"§"�G°-¢�Ï�¾�© �G�g³%§"�	«¬¢�Ê�µ" G¥)°g�g«"��´��G�a°g¥%© §"©e¢¹¨"§"�G°-¢e§"¯"�	«"�	 G�g°g�	¥%¯¬¢V¶���¯¬¢¹«"�	 G�g£-¤V¥
�G§"³%�g G�	«¬¢'�\¢5¡�ÂcËÌ§"�P�G�P�g¯"°g¥%¯A¡� G�a§"© µ$¥%¯A¡�¥e»V¡��	©ª¥"Ï�¾��G�G�aµ$¥%¯A¡�¥ª¡�¥% G¯¬¢Ù´��G�c�g¯A¡ ¤V¥¸¢
¯"¥�ÅV¢_�G¥%¶	§"£-¤V¥_�½¢_ G�g�G¥%¶	§"£-¤V¥_«"¥¹µ" G¥%¨"¶	�g©e¢Pµ" G¥)°g�g«"�½°g¥%©w¢a��²��g°g§"£-¤V¥ª«"¥¹µ" G¥)°g�g«"�1´
©ª�g¯A¡�¥¹�	¯"�	°g�2¢V¶$«"� ��¥% G©e¢a G�g°g§" G�G��ÅV¢�Ï

Ý §�¡��	¶	�	â-¢V£-¤V¥o«"� ¢V¶	³%¥% G��¡�©ª¥%��³%�g¯"Â?¡��	°g¥%� �g©�«"�?¡� G�	©ª�g¯A¡�¥a¢V¥%�y¢V¶	³%¥% G��¡�©ª¥%��«"�?¡��g &´
©ª�	¯1�	��¡��	°g¥%�O°g¶2ÍV�G�G�	°g¥%�yÂ�¡��	µ"�	°-¢V©ª�g¯A¡���äG§"��¡���!¬°-¢V«¬¢Pµ$�g¶	¥%�y�G�g³%§"�	¯A¡��g��¶	�	©ª��¡ ¢V£��)�g��«"�g�G�G�
*"¶�¡��	©ª¥P¡��	µ$¥_«"�c¢V¶	³%¥% G��¡�©ª¥%� �.���g¨MÊKåVæ%æ"''� �

• «"�g�G�g©ªµ$�g¯"À"¥ª�G�g¯"�3��Å%�g¶�_�g�G°g¥%¶	À¬¢_«"¥ªµ$¥%¯A¡�¥¹�	¯"�	°g�2¢V¶ �

• ¡��g¯"«14g¯"°g�2¢ª¹¢5¡� �¢V£-¤V¥¹µ¬¢V �¢_»V¡��	©ª¥%�u¶	¥)°-¢V�	� ���g�Gµ1*" G�	¥%��� �

• �	¯"�6!¬°g�74g¯"°g�2¢a�g©wµ" G¥%¨"¶	�g©e¢V��°g¥%©w�g�Gµ¬¢V£g¥%��«"�o¨"§"�G°-¢¹«"�	�G°g G�?¡�¥%���

• ¢V¶	³%¥% G��¡�©ª¥%�O¡��	µ"�	°-¢V©ª�g¯A¡��½�g�Gµ$�g°g�2¢V¶	�	â-¢V«"¥%�u�g©w°g¶2¢V�G�G�g��«"�oµ" G¥%¨"¶	�g©e¢V�gÏ
. µ" G�	©ª�g�	 G¥¹¢V�Gµ$�g°?¡�¥eËÌ§"�P«"�����g G�g¯"°g�2¢¹¢V¶	³%¥% G��¡�©ª¥%�u³%�g¯"Â?¡��	°g¥%���o«"�?¡��g G©ª�	¯1�	��¡��	°g¥%�

°g¥%¯"�G�	��¡�� ¯"¥_©ª¥)«"¥a«"�  G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ª«"� §"©e¢P�G¥%¶	§"£-¤V¥"Ï�Ä�©e¢cÅ%�gâ½ËÌ§"�½¥_µ" G¥)°g�g�G�G¥
«"�¹¥V¡��	©ª�	â-¢V£-¤V¥e«"�¹§"©ZÝ�¼ �G�¹¨¬¢V�G�g�2¢¸�g© �?Å%�g¯A¡�¥%�c G�g¶2¢V°g�	¥%¯¬¢V«"¥%�½ ³%�g¯"Â?¡��	°-¢�Ê3§"©
µ" G¥)°g�g«"�	©ª�g¯A¡�¥e°g¥%¯AÅ%�g¯"�	�g¯A¡��a°g¥%¯"�G�	��¡��P¯¬¢ª G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ «¬¢V���G¥%¶	§"£��)�g���g© °g»)«"�	³%¥
¨"�	¯¬ÍV G�	¥"Ï +��g�G��¢o°g¥)«"��!¬°-¢V£-¤V¥"Ê%°-¢V«¬¢ ¨"��¡�°g¥% G G�g�Gµ$¥%¯"«"�\¢ §"© ³%�g¯"���u¡�¥)«"¥ ¥½°g¥%¯ÙäG§"¯A¡�¥
«"�c¨"��¡���«¬¢¹�G¥%¶	§"£-¤V¥ª°g¥% G G�g�Gµ$¥%¯"«"�a¢ª§"© °g G¥%©ª¥%�G�G¥%©ª¥"ÏyÝ��G�G�	© °g¥%©ª¥ª�g© ³%�g¯"Â?¡��	°-¢
¯¬¢5¡�§" �¢V¶�ÊA§"© °g G¥%©ª¥%�G�G¥%©ª¥cµ$¥)«"�\°g¥%¯A¡��g  �	¯���¥% G©e¢V£��)�g�O¢c G�g�Gµ$�g��¡�¥c«"��§"©e¢o¥%§ª©e¢V�	�
�&°-¢V �¢V°?¡��g 3�	��¡��	°-¢V��«"¥¹�	¯"«"��Å �	«"§"¥ 
 Ï
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º@¥% ���²��g©ªµ"¶	¥"Ê5°-¢V�G¥ �G� ¡� �¢5¡�� «"� §"© µ" G¥%¨"¶	�g©e¢\°g¥%© «"§¬¢V�@ÅV¢V G�2Í-Å%�g�	�@«"�y¥V¡��	©ª�	â-¢Ù´
£-¤V¥ �

θ = [θ1 θ2]
T
��Ê"§"©e¢_µ$¥%�G�3��Å%�g¶� G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥e«"�o§"©w°g G¥%©ª¥%�G�G¥%©ª¥

si
�G�g G�2¢

si = 0100
︸︷︷︸

s1i

1010
︸︷︷︸

s2i

��ã"Ï fVæ'�

ËÌ§"�VÊAµ$¥% ��G�u¡� �¢5¡ ¢V �«"�u§"©e¢ ¢V¯¬¢V¶	¥%³%�2¢� ³%�g¯"Â?¡��	°-¢ ¯¬¢5¡�§" �¢V¶�ÊVÂu«"�g¯"¥%©ª�	¯¬¢V«"¥�=���
XK%DE8 "$�
«"¥ª�	¯"«"��Å �	«"§"¥

θi
Ï Ý�¶	Âg©w«"�	�G�G¥"Ê¬°-¢V�G¥ª¥%��¶	�	©ª��¡��g�y©��	¯"�	©ª¥a�o©eÍÙ²��	©ª¥_«¬¢V��ÅV¢V G�2Í-Å%�g�	�

«"��¥V¡��	©ª�	â-¢V£-¤V¥)��¥%�G�G�g©�«"�6!¬¯"�	«"¥%�u°g¥%©ª¥
0

�
31

 G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡�� �
θ1, θ2 ∈ [0 31]

��Ê
¥ . ��
XK%DE8 "$�_«"�

θi
�G�g G�2¢

θi = [4 10]T
Ï

+�¥ÃËÌ§"� «"�	â  G�g�Gµ$�g��¡�¥Ã� G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥�«"�n§"©e¢Ç�G¥%¶	§"£-¤V¥�µ$¥% a§"© ¢V¶	³%¥% G��¡�©ª¥
³%�g¯"Â?¡��	°g¥"Ê�«"¥%�	�n¢V�Gµ$�g°?¡�¥%�n©ª�g G�g°g�g© «"�g��¡ ¢VËÌ§"�VÏ º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊ�«"�?Å%��´��G��¯"¥V¡ ¢V 
ËÌ§"�¹¯¬¤V¥n��²��	��¡��ª¢ ¯"�g°g�g�G�G�	«¬¢V«"�ª«"�¹�G�¹§�¡��	¶	�	â-¢V �¥n©ª�g�G©ª¥n¯ *"©ª�g G¥n«"�¹¨"��¡��½µ¬¢V �¢n¢
 G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥_«"��°-¢V«¬¢cÅV¢V G�2Í-Å%�g¶�«"��¥V¡��	©ª�	â-¢V£-¤V¥"Ï +��g�G�G� °g¥%¯A¡���²)¡�¥"Ê�«"�?Å%��´��G� ¥%¨"�G�g &´
ÅV¢V yËÌ§"�VÊ¬¢Vµ$�g��¢V u«"� ¥_¯ *"©ª�g G¥a«"� ¨"��¡��y¡��g  ��¥% �¡����	¯ �¬§14g¯"°g�2¢P�G¥%¨" G�½¢aËÌ§¬¢V¶	�	«¬¢V«"��«¬¢
«"�	�G°g G�?¡��	â-¢V£-¤V¥e«"¥¸�g�Gµ¬¢V£g¥ «"�a¨"§"�G°-¢�ÊMµ$¥)«"�P�G�g  �g�G°g¥%¶	À"�	«"¥¸«"� ��¥% G©e¢e¢V G¨"��¡� �ÍV G�2¢¹¥%§
©e¢V�	�u°g¥%¯AÅ%�g¯"�	�g¯A¡��VÏ

Ý �G�g³%§"¯"«¬¢¹¥%¨"�G�g �ÅV¢V£-¤V¥ªÂo G�g¶2¢V°g�	¥%¯¬¢V«¬¢_¢V¥%��¶	�	©ª��¡��g�y«¬¢V��ÅV¢V G�2Í-Å%�g�	��«"�o¥V¡��	©ª�	â-¢Ù´
£-¤V¥"ÏÁ¾�Å)�	«"�g¯A¡��g©ª�g¯A¡��VÊ µ¬¢V �¢�¢Ç G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥�«"� §"©e¢ ÅV¢V G�2Í-Å%�g¶

θi
°g¥%©

`i
¨"��¡��gÊ

¢ �g�G°g¥%¶	À¬¢ «"�e¶	�	©ª��¡��g�o©��	¯"�	©ª¥n�e©eÍÙ²��	©ª¥n¡ ¢V�	�PËÌ§"�
θi ∈ [0 2`i−1]T

¶	�?ÅV¢  «"�	�&´
°g G�?¡��	â-¢V£-¤V¥ «"¥ �g�Gµ¬¢V£g¥ «"��¨"§"�G°-¢ �g©¿ÅV¢V¶	¥% G�g� �	¯A¡��g�	 G¥%�¸¢Vµ$�g¯¬¢V�gÏ�·y¥%¯A¡�§"«"¥"Ê�¯¬¤V¥
��²��	��¡��oËÌ§¬¢V¶	ËÌ§"�g � G�g��¡� G�	£-¤V¥ª¢V�G�G¥)°g�2¢V«¬¢_¢_�g�G�G�g��¶	�	©ª��¡��g�gÊ)¥¹ËÌ§"�o¶	�?ÅV¢_¢_°g¥%¯AÅ%�g G��¤V¥¸¢V¥
ÅV¢V¶	¥% u G�-¢V¶M«"�o§"©e¢aÅV¢V G�2Í-Å%�g¶3«"�o¥V¡��	©ª�	â-¢V£-¤V¥

θi
¢_�G�g \«"�6!¬¯"�	«¬¢¹µ$¥% 

θi = θ
�3 �
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θ
����W
i − θ

�3 �
i

2`i − 1
vd(si),

��ã"Ï fFe �

�g© ËÌ§"�
`i

°g¥%¯"�G�	��¡�� ¯"¥ ¯ *"©ª�g G¥ «"� ¨"��¡��e§�¡��	¶	�	â-¢V«"¥%�¹¯¬¢Á G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ «"�
θi

�
vd(si)

Âa¥6�%��N@�%�-A������*A�8 ^c�T�,A��5ÊKËÌ§"�_ G�gµ" G�g�G�g¯A¡ ¢n¥¸ÅV¢V¶	¥% �«"�
θi

°-¢V�G¥n¥%� ¶	�	©ª��¡��g��«"�
°g¥%¯AÅ%�g G��¤V¥P©��	¯"�	©ª¥ �

θ
�3 �
i

����©eÍÙ²��	©ª¥ �
θ
����W
i

� ��¥%�G�G�g©
0
�

2`i−1
ÊÌ G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡��VÏ

Ä�©e¢eÅ%�gâªËÌ§"�_�G�_¡��g¯"À¬¢n«"�6!¬¯"�	«"¥ ¥n�g�GËÌ§"�g©e¢n«"�_ G�gµ" G�g�G�g¯A¡ ¢V£-¤V¥ «"�_°-¢V«¬¢¸ÅV¢Ù´
 G�2Í-Å%�g¶y«"�¸¥V¡��	©ª�	â-¢V£-¤V¥"Ê@µ¬¢V �¡���´��G�¸µ¬¢V �¢Ç¢Ç°g G�2¢V£-¤V¥Ç«¬¢ µ$¥%µ"§"¶2¢V£-¤V¥Ç�	¯"�	°g�2¢V¶ ��³%�g �¢V£-¤V¥
0
��Ï_¾��G��¢Éµ$¥%µ"§"¶2¢V£-¤V¥ Âa¡��	µ"�	°-¢V©ª�g¯A¡��a°g G�2¢V«¬¢ «"�(��¥% G©e¢ ¢V¶	�-¢5¡�»% G�2¢ª�¹Â¹°g¥%¯"��¡���¡�§1�	«¬¢

µ$¥% 
N

�	¯"«"��Å �	«"§"¥%�MËÌ§"�O G�gµ" G�g�G�g¯A¡ ¢V©ÉÊ5°-¢V«¬¢\§"©ÉÊ�§"© µ$¥%¯A¡�¥\¯"¥\�g�Gµ¬¢V£g¥�«"��ÅV¢V G�2Í-Å%�g�	�gÏ
. ���	¯"«"��Å �	«"§"¥%�u��¤V¥_�g¯A¡ ¤V¥ª¢-ÅV¢V¶	�2¢V«"¥%�yµ¬¢V �¢_°-¢V«¬¢_§"©e¢a«¬¢V�-��§"¯"£��)�g��¥%¨ÌäG�?¡���Å%¥¹�VÊ

«"��¢V°g¥% G«"¥P°g¥%©�¥Pµ" G¥%¨"¶	�g©e¢o¢V¨$¥% G«¬¢V«"¥"Ê)µ$¥)«"�g© �G�g y©e¢Vµ$�-¢V«"¥%�Oµ¬¢V �¢c§"©��G�g³%§"¯"«"¥
�g�Gµ¬¢V£g¥�«"�¸�G¥%¶	§"£��)�g�gÏÃ¾��G�G� �g�Gµ¬¢V£g¥Ç¡��g©r°g¥%©ª¥Ç�g�1²�¥%�a¢V� . (F
#Y������0A���� ��� 8:D;� ��¥%§
��§"¯"£��)�g� ^_DE
X����� � «"¥_µ" G¥%¨"¶	�g©e¢P� ¡��g© ¢_©ª�g�G©e¢P«"�	©ª�g¯"��¤V¥a«"¥¹�g�Gµ¬¢V£g¥¹«"� ��§"¯"£��)�g�
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¥%¨ÌäG�?¡���Å%¥ C&D ÏnÝ�� ��§"¯"£��)�g�P«"�e©ªÂg G��¡�¥n¡��g¯"«"�g©k¢É�G�g P§�¡��	¶	�	â-¢V«¬¢V�½°g¥%© ¥ �	¯A¡�§"��¡�¥É«"�
µ¬¢V �¡��	°g§"¶2¢V G�	â-¢V �¢ª G�g�G¥%¶	§"£-¤V¥ª«"¥eµ" G¥%¨"¶	�g©e¢¹¥%§É�	¯"�G�g G�	 \ G�g��¡� G�	£��)�g��©e¢V�gÊ¬¯¬¢ª©e¢V�	¥% G�2¢
«"¥%�\°-¢V�G¥%�gÊ¬��¤V¥ª�	³%§¬¢V�	��V�� G�g�Gµ$�g°?¡���ÅV¢V� ��§"¯"£��)�g�\¥%¨ÌäG�?¡���Å%¥"Ï

Ä�©e¢eÅ%�gâ¹ËÌ§"�_°-¢V«¬¢¸�	¯"«"��Å �	«"§"¥e¡��g¯"À¬¢¸�G�	«"¥ ©e¢Vµ$�-¢V«"¥ ¯"¥ �g�Gµ¬¢V£g¥n«"�_�G¥%¶	§"£��)�g�
�u^_DE
X����� ¥%§ ¯¬¤V¥���ÊcÅ%�g G��!¬°-¢Ù´��G� ¢V¶	³%§"© ¡��	µ$¥®«"� °g¥%¯"«"�	£-¤V¥¦«"� µ¬¢V �¢V«¬¢�Ïk·u¢V�G¥ ¢
°g¥%¯"«"�	£-¤V¥Ã�G��ä�¢Ã��¢5¡��	� ���g��¡ ¢�Ê�¡�¥)«"¥%�¹¥%�_�	¯"«"��Å �	«"§"¥%�_��¤V¥Ã°g¥%¯"�G�	«"�g �¢V«"¥%�¹�G¥%¶	§"£��)�g�¹»V¡��1´
©e¢V�o«"¥Éµ" G¥%¨"¶	�g©e¢¸�VÊ@�g© ³% �¢V¯"«"�¹µ¬¢V �¡��¹«"¥%�P¢V¶	³%¥% G��¡�©ª¥%�gÊ"��¥% G©e¢V©Z§"© °g¥%¯ÙäG§"¯A¡�¥
«"�a�G¥%¶	§"£��)�g� ¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢V� C�U Ïc·u¢V�G¥ °g¥%¯A¡� �ÍV G�	¥"ÊM¢eµ$¥%µ"§"¶2¢V£-¤V¥¸Âa�G§"¨"©ª�?¡��	«¬¢¸¢V¥%�
��"$���'�,A��%�T���q=���
���DE8t�����?Ï

. �Ç¥%µ$�g �¢V«"¥% G�g� ³%�g¯"Â?¡��	°g¥%� ��¤V¥ ��¥% G©e¢V«"¥%�Éµ$�g¶2¢V� ¥%µ$�g �¢V£��)�g� «"� �T�;"�T�*A�(2Y7���5Ê
��� (U/�������
$D;�Á�\�-(FDj�UY7���Á�Ç��¤V¥  G�g�Gµ$¥%¯"��Í-Å%�g�	�nµ$�g¶	¥ µ" G¥)°g�g�G�G¥ «"�Ç¨"§"�G°-¢ �g©¿§"©
¢V¶	³%¥% G��¡�©ª¥_³%�g¯"Â?¡��	°g¥ ��à�¢ �5¢VÀ¬¢V�GÀ"���?¡½¢V¶�Ï�ÊKåVæ%æ"''��Ï����a§"©e¢ª©e¢V¯"�g�	 �¢¹³%�g �¢V¶�Ê$¥%��¥%µ$��´
 �¢V«"¥% G�g�¹³%�g¯"Â?¡��	°g¥%�¹³A¢V �¢V¯A¡��g©�¢ �����%Nu(2Y7����«¬¢�µ$¥%µ"§"¶2¢V£-¤V¥Ã�g© «"�	 G�g£-¤V¥�¢V¥Ãµ$¥%¯A¡�¥
»V¡��	©ª¥ ��³%¶	¥%¨¬¢V¶ �u«"�a©e¢V¯"�g�	 �¢e¢V¯¬ÍV¶	¥%³A¢ª¢V¥¸ËÌ§"�_�G�a�g¯A¡��g¯"«"�_µ$¥% ��?Å%¥%¶	§"£-¤V¥¸«"�a�g�Gµ$Â�´
°g�	�g� ¨"�	¥%¶	»%³%�	°-¢V�gÏ�Ý�¥$!¬©l«"�g�G��¢¸�?¡ ¢Vµ¬¢�ÊM�	¯"°g G�g©ª�g¯A¡ ¢Ù´��G�P¥ °g¥%¯A¡ ¢V«"¥% �«"�_³%�g �¢V£��)�g� �
¢-ÅV¢V¶	�2¢Ù´��G�a¢¸µ$¥%µ"§"¶2¢V£-¤V¥ °g¥% G G�g¯A¡��¹�G�g³%§"¯"«"¥É¢V� ��§"¯"£��)�g�o¥%¨ÌäG�?¡���Å%¥"ÏaÆ¬�g° À¬¢Ù´��G�ª¢V�G�G�	©
¥¹°g�	°g¶	¥_«"�o��¡��g �¢V£��)�g� ��³%�g �¢V£��)�g���y«"�c§"©w¢V¶	³%¥% G��¡�©ª¥P³%�g¯"Â?¡��	°g¥ �.Æ��	³%§" �¢Pã"Ï>e��'��Ï

6 � �.& )&4����%���' $�� ��#$�& / & 7�� � �*�;�%8�,9:�'(+����8!#�"%�<���& $���)(���	������!�,9:�'(+������ �%� ��$�& -��(56 � � % & '(!#& -!�4!#�� < ��/4�����*& � ����!#� ����%�� '(��� � !#��%�& '(��!#� �*��%�)���7� ��7'(��� ��
#&4� $�& �����#$���� & '(!#& -!�4!#��
!��) ��)�/4��+����8� ��;�8!#��%�& '� �*�����'(!#��� �(��/4� ���� !���19:�'(+�3���.� �%� ��$�& -��(5
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Æ��	³%§" �¢ ã"Ï>e����PÆ�¶	§)²�¥%³% �¢V©e¢¸«"¥ µ" G�	¯"°��	µ"�	¥n«"�%��§"¯"°g�	¥%¯¬¢V©ª�g¯A¡�¥É³%�g �¢V¶�«"�e§"© ¢V¶	³%¥5´
 G��¡�©ª¥a³%�g¯"Â?¡��	°g¥

Ð  �ÓÌÑÙÖ¬×�Ø�Ñ ×�Ó � Ó� @ÑÙØ3×��� "&"Ø�� �MÓ���Ó� "&"Ø��
. µ" G�	¯"°g�	µ¬¢V¶�¥%¨ÌäG�?¡���Å%¥c«"¥c¥%µ$�g �¢V«"¥% �«"�\ G�gµ" G¥)«"§"£-¤V¥cÂ\°g G�2¢V �°g»%µ"�2¢V��«"�\�G¥%¶	§"£��)�g�

�6!¬°g�	�g¯A¡��g���½�g¶	�	©ª�	¯¬¢V O�G¥%¶	§"£��)�g�u�	¯"�6!¬°g�	�g¯A¡��g���G�g©w¢V¶�¡��g �¢V y¥_¯ *"©ª�g G¥_«"�½�	¯"«"��Å �	«"§"¥%�
«¬¢Pµ$¥%µ"§"¶2¢V£-¤V¥"Ï +��g�G�G�½°g¥%¯A¡���²)¡�¥"Ê¬�G¥%¶	§"£��)�g�y��¤V¥_°g¥%¯"�G�	«"�g �¢V«¬¢V�u�6!¬°g�	�g¯A¡��g�\ËÌ§¬¢V¯"«"¥_¥
�	¯"«"��Å �	«"§"¥�¢V�G�G¥)°g�2¢V«"¥�µ$¥%�G�G§"�A¢V¶	³%§"© ¡��	µ$¥u«"��¡��g¯"«14g¯"°g�2¢\¢u�G��¡�¥% G¯¬¢V M¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«"¥"Ï
���?Å)�	«"¥  ��¥% G©a§"¶2¢V£-¤V¥�«"� §"© ¢V¶	³%¥% G��¡�©ª¥u³%�g¯"Â?¡��	°g¥"Ê5�g�G��¢�¡��g¯"«14g¯"°g�2¢��g��¡ Í�«"�y¢V¶	³%§"©e¢
©e¢V¯"�g�	 �¢¹°g¥)«"��!¬°-¢V«¬¢e�g©l�G�g§�³%�g¯"»V¡��	µ$¥ ��ã"Ï fVæ'���aÂa©e¢V¯"�����g��¡ ¢V«¬¢¹�g©l�G�g§ ���g¯"»V¡��	µ$¥
��ã"Ï fFe ��ÏÁ���g¯A¡� G�n¥%�a¡��	µ$¥%�P«"� ¥%µ$�g �¢V«"¥% G�g�_«"�n G�gµ" G¥)«"§"£-¤V¥�©e¢V�	� �� G�gË��"�g¯A¡��g©ª�g¯A¡��
§�¡��	¶	�	â-¢V«"¥%�y�g��¡ ¤V¥ª¥¹«"������N@�'Y7���a"�T��"$�%�T��8t�%
��N,Ê�¥0D;�%� 
X��8t�_�o¥0�'��
&)($�T������
$D;�5Ï

. ¥%µ$�g �¢V«"¥% Ç«"� �G�g¶	�g£-¤V¥¦µ" G¥%µ$¥% G°g�	¥%¯¬¢V¶c�G� ¨¬¢V�G�g�2¢®¯¬¢¦°g»%µ"�2¢±«"� �	¯"«"��Å �	«"§"¥%�
�6!¬°g�	�g¯A¡��g�_«"�$��¥% G©e¢Éµ" G¥%µ$¥% G°g�	¥%¯¬¢V¶y¢V¥ ÅV¢V¶	¥% P«"� ¢V¶	³%§"©e¢���§"¯"£-¤V¥�«"� ©ªÂg G��¡�¥

(f)
Ï

º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊ$¥%� �	¯"«"��Å �	«"§"¥%����¤V¥ ©e¢Vµ$�-¢V«"¥%� �G�g³%§"¯"«"¥É¢ ��§"¯"£-¤V¥ «"�_©ªÂg G��¡�¥e«"�
¡ ¢V¶u©e¢V¯"�g�	 �¢ÇËÌ§"� ¢V¥%�¹©e¢V�	�a�6!¬°g�	�g¯A¡��g�ª�G��ä�¢V© ¢5¡� G�	¨"§1�	«"¥%�a©e¢V�	¥% G�g�PÅV¢V¶	¥% G�g�gÏ ¾�©
�G�g³%§"�	«¬¢�ÊO¡�¥)«"¥%�¹¥%�¹ÅV¢V¶	¥% G�g�_��¤V¥�¯"¥% G©e¢V¶	�	â-¢V«"¥%�a«"�n¡ ¢V¶-��¥% G©e¢ÇËÌ§"� ∑N

i fi = 1
�

°g¥%¯"��¡� G»%�1´��G�¹§"©e¢ �g��¡� G§�¡�§" �¢É�G�g©ª�g¶	À¬¢V¯A¡��ª¢n§"©e¢  G¥%¶	�?¡ ¢ °g¥%© µ$�g 3�	©ª�?¡� G¥n§"¯"��¡ ÍV G�	¥
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�.Æ��	³%§" �¢aã"Ï>e��'��Ï
Ý ¥%µ$�g �¢V£-¤V¥c«"�� G�gµ" G¥)«"§"£-¤V¥PÂ��g¯A¡ ¤V¥P G�-¢V¶	�	â-¢V«¬¢o°g¥%©�¢c�g�G°g¥%¶	À¬¢c«"�

N
¯ *"©ª�g G¥%�

¢V¶	�-¢5¡�»% G�	¥%�c G�g¶2¢5¡���Å%¥%�aÇµ$¥%�G�	£-¤V¥Ç«¬¢Ç G¥%¶	�?¡ ¢ �¸°g¥%¯"�G�gË��"�g¯A¡��g©ª�g¯A¡�� ¢V¥��	¯"«"��Å �	«"§"¥Ç¢
�G�g \°g¥%µ"�2¢V«"¥"Ï�¾��G�G�oµ" G¥)°g�g«"�	©ª�g¯A¡�¥¹°g¥%¯����g G�o¢_°-¢V«¬¢_�	¯"«"��Å �	«"§"¥a§"©e¢aµ" G¥%¨¬¢V¨"�	¶	�	«¬¢V«"�
«"�o G�gµ" G¥)«"§"£-¤V¥ªµ" G¥%µ$¥% G°g�	¥%¯¬¢V¶M¢V¥_ÅV¢V¶	¥% �¢-ÅV¢V¶	�2¢V«"¥aµ¬¢V �¢¹¢(��§"¯"£-¤V¥¹«"�o©ªÂg G��¡�¥"Ï

Æ��	³%§" �¢¸ã"Ï>e���� �¶	§"��¡� �¢V£-¤V¥ «"¥Éµ" G¥)°g�g«"�	©ª�g¯A¡�¥ «"�¹ G�gµ" G¥)«"§"£-¤V¥ Å)�2¢ �G�g¶	�g£-¤V¥nµ" G¥%µ$¥% &´
°g�	¥%¯¬¢V¶�Ï

. �G�g³%§"¯"«"¥c¡��	µ$¥o«"��¥%µ$�g �¢V«"¥% O«"�� G�gµ" G¥)«"§"£-¤V¥c°g¥%¯"�G�	��¡���¯"¥o¡�¥% G¯"�g�	¥"Ï . ¡�¥% G¯"�g�	¥
�g��¡ ¢V¨$�g¶	�g°g�_«"�	�Gµ"§�¡ ¢V� �g¯A¡� G�_µ¬¢V G�g�½«"�_�	¯"«"��Å �	«"§"¥%���g�G°g¥%¶	À"�	«"¥%� «"�2��¥% G©e¢e¢V¶	�-¢5¡�»% G�2¢�Ï
Ý�¥�!¬© «"�P°-¢V«¬¢ª«"�	�Gµ"§�¡ ¢�Ê�¥e�	¯"«"��Å �	«"§"¥¹©e¢V�	���6!¬°g�	�g¯A¡��PÂc°g¥%µ"�2¢V«"¥ªµ¬¢V �¢ª§"©e¢ªÍV G�-¢
 G�g�G�g �ÅV¢V«¬¢ � �L��DE8:
F=�"$���%N ��Ï

. µ" G¥)°g�g«"�	©ª�g¯A¡�¥ °g¥%©ªµ"¶	�?¡�¥½°g¥%¯"�G�	��¡���¯¬¢ ��²��g°g§"£-¤V¥c«"�g�G�G�\¥%µ$�g �¢V«"¥% �«"§¬¢V��Å%�gâg�g�
µ¬¢V �¢n°-¢V«¬¢n�	¯"«"��Å �	«"§"¥n«¬¢nµ$¥%µ"§"¶2¢V£-¤V¥"Ïe���g�G�G�e©ª¥)«"¥"Ê3¥É�	¯"«"��Å �	«"§"¥n©e¢V�	�½�6!¬°g�	�g¯A¡��
«¬¢cµ$¥%µ"§"¶2¢V£-¤V¥cµ" G¥)«"§"â�«"§¬¢V�y°g»%µ"�2¢V� ¯¬¢PÍV G�-¢P G�g�G�g �ÅV¢V«¬¢P��¥P©ª�g¯"¥%� �6!¬°g�	�g¯A¡�� «"�g��¢Ù´
µ¬¢V G�g°g�¹«¬¢ µ$¥%µ"§"¶2¢V£-¤V¥"ÏcÝ�¶	Âg©Z«"�	�G�G¥"Ê3�g�G�G�¹µ" G¥)°g�g«"�	©ª�g¯A¡�¥ ³A¢V �¢V¯A¡��¹¢ µ" G�g�G�g �ÅV¢V£-¤V¥
«"¥¹¯ *"©ª�g G¥ª«"�o�	¯"«"��Å �	«"§"¥%�u«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥"Ï

Ý Æ��	³%§" �¢½ã"Ï åVæo�	¶	§"��¡� �¢½¥Pµ" G¥)°g�g«"�	©ª�g¯A¡�¥c«"���G�g¶	�g£-¤V¥cÅ)�2¢½¡�¥% G¯"�g�	¥"Ï +�¥c��²��g©ªµ"¶	¥"Ê
¥cµ" G¥%¨"¶	�g©e¢½«"��¥V¡��	©ª�	â-¢V£-¤V¥½°g¥%¯"�G�	��¡����g© «"�?¡��g G©ª�	¯¬¢V O¢P¢V�g G¥%¯¬¢-Å%��«"��©ª�g¯"¥% O°g§"��¡�¥
¢V�G�G¥)°g�2¢V«"¥ C�I Ï . ¨"�G�g �ÅV¢Ù´��G�VÊ3µ$¥% �¡ ¢V¯A¡�¥"ÊKËÌ§"�¹¢ ¢V�g G¥%¯¬¢-Å%�_«"�a°g§"��¡�¥

90
µ" G¥)«"§"âa«"§¬¢V�

°g»%µ"�2¢V�c¯¬¢ ÍV G�-¢  G�g�G�g �ÅV¢V«¬¢�Ê��g¯"ËÌ§¬¢V¯A¡�¥Ã¢É«"�e°g§"��¡�¥
370

«"�g�1²"¢É«"���.¢Vâg�g cµ¬¢V �¡��e«¬¢
6 
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�a§"©e¢e¯"¥�ÅV¢ ��§"¯"£-¤V¥ «"�a©ªÂg G��¡�¥
r′(θi) = r(θi)/nc(θi)

Âa°g G�2¢V«¬¢�Ï½¾��G�G�¹Âa¥eÅV¢V¶	¥% 
§�¡��	¶	�	â-¢V«"¥aµ¬¢V �¢¹¢_°g¶2¢V�G�G��!¬°-¢V£-¤V¥¹«¬¢V�\�G¥%¶	§"£��)�g�gÏ
�©ªµ$¥% �¡ ¢V¯A¡��e«"�g��¡ ¢V°-¢V PËÌ§"�¸�g�G��¢ «"�g³% �¢V«¬¢V£-¤V¥Ç«"¥ ÅV¢V¶	¥% o«¬¢ ��§"¯"£-¤V¥ «"�¸©ªÂg G��¡�¥

¡��g© µ$¥% ½¥%¨ÌäG�?¡���Å%¥Éµ" G��Å)�	¶	�g³%�2¢V ��G¥%¶	§"£��)�g�o�g©  G�g³%�7�)�g�½�	�G¥%¶2¢V«¬¢V�gÏ_Ý�°-¢V �¢V°?¡��g G�	â-¢V£-¤V¥
«"�g�G��¢V�½ G�g³%�7�)�g��Â,���g��¡ ¢ª�G¥%¨Ç¥¸µ$¥%¯A¡�¥¸«"�PÅ)�	��¡ ¢ª«¬¢e�G§"¨)´� G�g³%�2¤V¥e«"�6!¬¯"�	«¬¢eµ$¥% 
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µ$¥%µ"§"¶2¢V£-¤V¥"ÊÙµ" G¥)°g�g«"��´��G�y°g¥%© ¢�§�¡��	¶	�	â-¢V£-¤V¥�«"¥%�@¥%µ$�g �¢V«"¥% G�g�@³%�g¯"Â?¡��	°g¥%�@�y¢V��³%�g �¢V£��)�g�
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«"�����g G�g¯"°g�2¢Ç¥�È . ¼½Ýw«"¥%�_«"�g©e¢V�	�a¢V¶	³%¥% G��¡�©ª¥%�c³%�g¯"Â?¡��	°g¥%�a�g��¡ Í�¯¬¢�©e¢V¯"�g�	 �¢É°g¥%©
ËÌ§"�P¢2��§"¯"£-¤V¥¹«"�o©ªÂg G��¡�¥_Âc¢5¡� G�	¨"§1�	«¬¢_¢_°-¢V«¬¢¹�	¯"«"��Å �	«"§"¥a«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥"Ï

º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊM°-¢V«¬¢ �G¥%¶	§"£-¤V¥ Â¹¢-ÅV¢V¶	�2¢V«¬¢e�G�g³%§"¯"«"¥É�G§¬¢ «"¥%©ª�	¯*V¯"°g�2¢e�g©Z G��´
¶2¢V£-¤V¥aV�y«"�g©e¢V�	� °g¥%©�¢P§�¡��	¶	�	â-¢V£-¤V¥o«"��§"©�°g G��¡�Âg G�	¥P«"�� �¢V¯"ËÌ§"�-¢V©ª�g¯A¡�¥"ÏOº�¢V �¢P�	�G�G¥"Ê
¢Vµ"¶	�	°-¢Ù´��G�½¢_°-¢V«¬¢¹�G¥%¶	§"£-¤V¥

θi
§"©e¢,��§"¯"£-¤V¥ª«"�o©ªÂg G��¡�¥

r(θi)
¡ ¢V¶MËÌ§"�

r(θi) = 1 + nθi
,

��ã"Ï ,2e �
�g©ZËÌ§"�

nθi

°g¥%¯"�G�	��¡��_¯"¥n¯ *"©ª�g G¥n«"�_�G¥%¶	§"£��)�g�½©e¢V�	���6!¬°g�	�g¯A¡��g�oËÌ§"�
θi

Ï ��G�G¥É�	©_´
µ"¶	�	°-¢ ËÌ§"��¥½ÅV¢V¶	¥% �«¬¢ ��§"¯"£-¤V¥c«"�\©ªÂg G��¡�¥o¢V�G�G¥)°g�2¢V«¬¢o¢o§"©e¢ �G¥%¶	§"£-¤V¥o¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢
θ∗
i

Â
r(θ∗

i ) = 1
Ï

& §¬¢V¯A¡�¥P¢V¥%�Oµ$¥%�G�3��Å%�g�	��ÅV¢V¶	¥% G�g�O¢5¡� G�	¨"§1�	«"¥%��¢V¥%�O�	¯"«"��Å �	«"§"¥%��«¬¢oµ$¥%µ"§"¶2¢V£-¤V¥"Ê%«"¥%�	�
¢V�Gµ$�g°?¡�¥%��©ª�g G�g°g�g©  G�g¶	�?Å+*V¯"°g�2¢�Ï . µ" G�	©ª�g�	 G¥_«"�g¶	�g���G�c G�6���g G�P¢V¥%�.¢5¡�¥ª«"�

r(θi)
�G�g 

¶	�	©ª��¡ ¢V«¬¢\µ$¥% 
1
�
N
��¥%§MÊA«"� ��¥% G©e¢ ©e¢V�	�� G�	³%¥% G¥%��¢��

r(θi) ∈ {Z|1 ≤ r(θi) ≤ N} ��Ï�����.¢5¡�¥"ÊÌÂ�«"���G���g�Gµ$�g �¢V yËÌ§"� ¢V¥P©ª�g¯"¥%�y§"©e¢o�G¥%¶	§"£-¤V¥P�G��ä�¢c¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢½��ËÌ§"�VÊ
°-¢V�G¥ °-¢V«¬¢ �� G¥%¯A¡��g�	 �¢��G��ä�¢ ��¥% G©e¢V«¬¢Ãµ$¥% e¢Vµ$�g¯¬¢V�e§"© �	¯"«"��Å �	«"§"¥"Êy¥ ©e¢V�	¥% aÅV¢V¶	¥% 
¢5¡� G�	¨"§1�	«"¥_�G��ä�¢¹�	³%§¬¢V¶M¢V¥¹¯ *"©ª�g G¥¹«"�o�	¯"«"��Å �	«"§"¥%��«¬¢_µ$¥%µ"§"¶2¢V£-¤V¥"Ï
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. �G�g³%§"¯"«"¥ ¢V�Gµ$�g°?¡�¥ �g��¡ ÍÁ G�g¶2¢V°g�	¥%¯¬¢V«"¥Á¢V¥'�.¢5¡�¥Á«"� ��ã"Ï ,2e �a¡��	µ"�	°-¢V©ª�g¯A¡��É¯¬¤V¥
¢5¡� G�	¨"§"�	 �¡�¥)«"¥%� ¥%�yµ$¥%�G�3��Å%�g�	� ÅV¢V¶	¥% G�g�O«"¥a�	¯A¡��g �ÅV¢V¶	¥

[1 N ]
¢V¥%�y�	¯"«"��Å �	«"§"¥%�O«¬¢cµ$¥%µ"§)´

¶2¢V£-¤V¥"Ï�¾��G��¢_�G��¡�§¬¢V£-¤V¥P¥)°g¥% G G���G�g©ªµ" G� ËÌ§"�½��²��	��¡��	 u¢V¶	³%§"©e¢)�� G¥%¯A¡��g�	 �¢ ��¥% G©e¢V«¬¢cµ$¥% 
©e¢V�	��«"�\§"©e¢o�G¥%¶	§"£-¤V¥c�\µ$¥)«"��°-¢V§"��¢V Oµ" G¥%¨"¶	�g©e¢V�O«"��«"�	�G°g G�gµ*V¯"°g�2¢o«"�\�g�G°-¢V¶2¢�Ï�º@¥% 
��²��g©ªµ"¶	¥"ÊK�G�

N − 1
�	¯"«"��Å �	«"§"¥%� ��¥% G©e¢V G�g©l¢ �� G¥%¯A¡��g�	 �¢e¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢¹�_¢Vµ$�g¯¬¢V�

1
�	¯"«"��Å �	«"§"¥¹°g¥%¯"��¡���¡�§"��§"©e¢¹�?Å%�g¯A¡�§¬¢V¶��G�g³%§"¯"«¬¢��� G¥%¯A¡��g�	 �¢�Ê"¡��g &´��G��´&Í

r(θ1) = · · · =
r(θN−1) = 1

�
r(θN ) = N

Ï

���?Å)�	«"¥ ¢Á�	�G�G¥"Ê\§"©e¢Á¯"¥�ÅV¢ �?¡ ¢Vµ¬¢ÁÂÇ�	¯"°g¶	§1�	«¬¢�¯"¥ µ" G¥)°g�g�G�G¥ «"�Ç°g¶2¢V�G�G��!¬°-¢V£-¤V¥
«"¥%�\�	¯"«"��Å �	«"§"¥%��«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥"Ï º� G�	©ª�g�	 �¢V©ª�g¯A¡��VÊ�§�¡��	¶	�	â-¢Ù´��G� §"©e¢_¯"¥�ÅV¢(��§"¯"£-¤V¥ª«"�
©ªÂg G��¡�¥�¡ ¢V¶)ËÌ§"�\¢V¥ �	¯"«"��Å �	«"§"¥�©e¢V�	�@�6!¬°g�	�g¯A¡����G��ä�¢½¢5¡� G�	¨"§1�	«"¥�¥ ÅV¢V¶	¥% 

N
��¢V¥½©ª�g¯"¥%�

�6!¬°g�	�g¯A¡��
1
Ï ¾�© �G�g³%§"�	«¬¢�Ê�¢5¡� G�	¨"§"�1´��G�¹¢É°-¢V«¬¢n�	¯"«"��Å �	«"§"¥É¢É�G¥%©e¢n«"¥%�oÅV¢V¶	¥% G�g�o«"�

¡�¥)«"¥%��¥%���	¯"«"��Å �	«"§"¥%��«¬¢e©ª�g�G©e¢��� G¥%¯A¡��g�	 �¢ª«"��Å)�	«"�	«¬¢¹µ$�g¶	¥¸¯ *"©ª�g G¥¸«"�a�	¯"«"��Å �	«"§"¥%�
«"�g�G��¢��� G¥%¯A¡��g�	 �¢�Ï_à@¥)«"¥É¥nµ" G¥)°g�g«"�	©ª�g¯A¡�¥n«¬Ín¥% G�	³%�g©  . (F
#Y7���<A��V� ��� 8:D;�S� �TA�8E�
ravg(θi)

�oµ$¥)«"�½�G�g \�	©ªµ"¶	�g©ª�g¯A¡ ¢V«"¥a�G�g³%§"¯"«"¥&��ã"Ï ,Aå�� �

ravg(θi) = N −
r(θi)−1
∑

k=1

µ(k) − 0,5(µ(r(θi)) − 1),
��ã"Ï ,Aå��

�g©wËÌ§"�
µ(k)

°g¥%¯"�G�	��¡��o¯"¥¹¯ *"©ª�g G¥ª«"�o�	¯"«"��Å �	«"§"¥%�u«¬¢2�� G¥%¯A¡��g�	 �¢
k
Ï

à@¥)«"¥½¥½µ" G¥)°g�g«"�	©ª�g¯A¡�¥ «"��°g¶2¢V�G�G��!¬°-¢V£-¤V¥ ³A¢V �¢V¯A¡���¢ ¨"§"�G°-¢½µ$�g¶2¢ ©ª�g¶	À"¥% @�G¥%¶	§"£-¤V¥
°g¥%© ¢ ¢5¡� G�	¨"§"�	£-¤V¥ «"��ÅV¢V¶	¥% G�g� ©e¢V�	�¸�g¶	�?ÅV¢V«"¥%�É¢V¥%� �	¯"«"��Å �	«"§"¥%� ©e¢V�	�¸�6!¬°g�	�g¯A¡��g�gÏ
·y¥%¯A¡�§"«"¥"Ê��g�G��¢e�g��¡� �¢5¡�Âg³%�2¢¹¯¬¤V¥e³A¢V �¢V¯A¡��o«"��Å%�g G�G�	«¬¢V«"�c�g¯A¡� G�a¢¹µ$¥%µ"§"¶2¢V£-¤V¥ª¯¬¤V¥ª«"¥5´
©ª�	¯¬¢V«¬¢ E�B Ïn¾��G��¢ ©ª�?¡ ¢nÂ¸¢5¡��	¯"³%�	«¬¢ °g¥%© ¢É°g G�2¢V£-¤V¥É«"�<
$8t���$���e¯¬¢V� �� G¥%¯A¡��g�	 �¢V�c«"�
�G¥%¶	§"£��)�g�gÏ

. µ" G�	©ª�g�	 G¥¹µ¬¢V�G�G¥¸µ¬¢V �¢ª�	�G�G¥e°g¥%¯"�G�	��¡��P¯¬¢e«"�6!¬¯"�	£-¤V¥e«¬¢ª«"�	��¡ *V¯"°g�2¢ ��¯"¥¸�g�Gµ¬¢V£g¥
«"�o�G¥%¶	§"£��)�g� E&D �y�g¯A¡� G�c«"¥%�	���	¯"«"��Å �	«"§"¥%�uµ$�g �¡��g¯"°g�g¯A¡��g� ¢_§"©e¢_©ª�g�G©e¢,�� G¥%¯A¡��g�	 �¢��

dij =

√
√
√
√

µ(j)
∑

k=1

(
ck(θi) − ck(θj)

c
����W
k − c

�3 �
k

)2

,
��ã"Ï ,"''�

�g© ËÌ§"�
ck(θi)

°g¥%¯"�G�	��¡��½¯"¥aÅV¢V¶	¥% y«¬¢,��§"¯"£-¤V¥¹¥%¨ÌäG�?¡���Å%¥
ck

¢-ÅV¢V¶	�2¢V«¬¢c¯"¥_µ$¥%¯A¡�¥
θi

�
c
�3 �
k

�
c
����W
k

°g¥% G G�g�Gµ$¥%¯"«"�g© ¢V¥%�uÅV¢V¶	¥% G�g��©��	¯"�	©ª¥P�o©eÍÙ²��	©ª¥a«"�g�G��¢%��§"¯"£-¤V¥"Ï

� ��� � 9 � $��?�3�;%���$��#!#��/ ����&4� �#$�& / & 7���!�") ��/ � �7��/ ������& $�%�� �6����'<�$�&4��� ��'(���"� ���	��' $��.�"%8��'3�#$���'(+����
!#�8!#& -����	�*&4!��!#��!� ) ��)�/4��+����(5 � ���	� &4���*�?� ��/ ���% $�& ) � !#��)���#����!#& %���' $�� ���*) ����� � ��� !#��-����*���
& %�)/ ��%���' $	��!#�(5
� � � & 9:������' $���%���' $�� !#�8� ��;�#��������� '�8��/ ������& $�%���� � � /M���% � ��"��!#&4� $�����&4��< ����/4���/4��!�,'�

���*)(��+���!#�"- ����&�� -���&4��5
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���6!¬¯"��´��G�a�g¯A¡ ¤V¥e§"©e¢(��§"¯"£-¤V¥e«"�Pµ¬¢V �¡��	¶	À¬¢���ã"Ï f��'�u°g¥%©
α = 1

�VÊ��g© �G�g³%§"�	«¬¢�Ê
¥Ã°g¥%¯A¡ ¢V«"¥% ¹«"�n¯"�	° À"¥ �

nc
�_¢V�G�G¥)°g�2¢V«"¥�¢�§"©e¢��G¥%¶	§"£-¤V¥

θi
Ân°-¢V¶	°g§"¶2¢V«"¥��G�g³%§"¯"«"¥

��ã"Ï ,%æ'��Ï¦Æ��	¯¬¢V¶	©ª�g¯A¡��VÊ °g G�2¢Ù´��G�É§"©e¢Ã¯"¥�ÅV¢ ��§"¯"£-¤V¥Á«"� ©ªÂg G��¡�¥
r′(θi)

¡ ¢V¶\ËÌ§"� �G�g§
ÅV¢V¶	¥% \�G��ä�¢e�	³%§¬¢V¶

r ��;G� (θi)/nc(θi) �P�g�G�G�aµ¬¢V�G��¢¸¢e�G�g �¥ªÅV¢V¶	¥% \«¬¢e�G¥%¶	§"£-¤V¥
θi

µ¬¢V �¢
!¬¯"�\«"�o°g¶2¢V�G�G��!¬°-¢V£-¤V¥"Ï

¾�©a¨$¥% �¢É�G¥%¶	§"£��)�g�c«"�ª§"©e¢n©ª�g�G©e¢ �� G¥%¯A¡��g�	 �¢nµ$¥%�G�G§¬¢V© ©ª�g�G©ª¥
r ��;G� Ê@¥%�P G�g�&´

µ$�g°?¡���Å%¥%�uÅV¢V¶	¥% G�g�u«"� ��§"¯"£-¤V¥¹«"�½µ¬¢V �¡��	¶	À¬¢!���½µ$¥% �¡ ¢V¯A¡�¥_«"�½°g¥%¯A¡ ¢V«"¥% �«"�½¯"�	° À"¥�� ��¤V¥
«"�����g G�g¯A¡��g�gÏ�·y¥%© �	�G�G¥"Ê�³A¢V �¢V¯A¡��g©_´��G�o©e¢V�	¥% G�g��ÅV¢V¶	¥% G�g��«"� ��§"¯"£-¤V¥e«"�P©ªÂg G��¡�¥¹µ¬¢V �¢
�G¥%¶	§"£��)�g�_�g©k G�g³%�7�)�g�_©ª�g¯"¥%�aµ$¥�Å%¥A¢V«¬¢V�¹«"� §"©e¢Ç«"�?¡��g G©ª�	¯¬¢V«¬¢��� G¥%¯A¡��g�	 �¢�Ê�¥ÃËÌ§"�
��¥% G£-¢¹¢_©e¢V¯Ì§�¡��g¯"£-¤V¥ª«¬¢_«"��Å%�g G�G�	«¬¢V«"�o«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥"Ï

Ý��G�G�	©l°g¥%©ª¥¸ËÌ§¬¢V¶	ËÌ§"�g  ¢V¶	³%¥% G��¡�©ª¥¹«"�a¥V¡��	©ª�	â-¢V£-¤V¥¹³%�g¯"Â?¡��	°g¥"ÊK¥nÈ . ¼½Ý µ" G�?Å 4
¢a§�¡��	¶	�	â-¢V£-¤V¥c«"¥%��¥%µ$�g �¢V«"¥% G�g�u³%�g¯"Â?¡��	°g¥%�\¢Vµ$»%��¢a¢5¡� G�	¨"§"�	£-¤V¥P«"� ��§"¯"£��)�g��«"�½©ªÂg G��¡�¥
¢V¥%�P�	¯"«"��Å �	«"§"¥%�gÏnº� G¥)°g�g«"��´��G�¸�g¯A¡ ¤V¥Ç°g¥%©r¢ ��²��g°g§"£-¤V¥�«¬¢V�P³%�g �¢V£��)�g�P°g¥%¯���¥% G©ª�e¢
Æ��	³%§" �¢aã"Ï>e���Ï

� ��� ��� ��� �������

à�¢V©a¨$Âg© µ¬¢V �¢�¥)+ /"¼½Ý ���jI]�%
$9vA��%�-8:
��D;�TA ( �%� DE8:
F= �?��
X��DE8t�_kqN =��%� 8:D:�F� � � ��Ê
¢V�½«"§¬¢V�½©ª�?¡ ¢V� «"�¹§"© ¢V¶	³%¥% G��¡�©ª¥ª«"�_¥V¡��	©ª�	â-¢V£-¤V¥e©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥e��¤V¥n³A¢V �¢V¯A¡��	«¬¢V�
°g¥%©l¢e§�¡��	¶	�	â-¢V£-¤V¥¹«"� ��§"¯"£��)�g� «"�P©ªÂg G��¡�¥ª� ��§"¯"£��)�g� «"�Pµ¬¢V �¡��	¶	À¬¢�Ï�Ý «"�����g G�g¯"£-¢e�G�
�.¢Vâ�¨¬¢V�G�	°-¢V©ª�g¯A¡���¯"¥P¢Vµ" G�	©ª¥% �¢V©ª�g¯A¡�¥o«"�g�G��¢P�g��¡� �¢5¡�Âg³%�2¢o��¯¬¢c§�¡��	¶	�	â-¢V£-¤V¥½«"¥P¥%µ$�g �¢Ù´
«"¥% �«"�\¾�¶	��¡��	�G©ª¥\°g¥%©ª¥ ©e¢V�	�@§"©e¢����g G �¢V©ª�g¯A¡ ¢�µ¬¢V �¢�§"© ¢V§"©ª�g¯A¡�¥½«"�u�6!¬°g�74g¯"°g�2¢�«"¥
µ" G¥)°g�g�G�G¥¸«"�P¨"§"�G°-¢e°g¥%©l¢ª©e¢V¯Ì§�¡��g¯"£-¤V¥e«¬¢e«"��Å%�g G�G�	«¬¢V«"�c«¬¢ªµ$¥%µ"§"¶2¢V£-¤V¥ ��«"�34 ¢V�&´
°g¥%¯"°g�g¶	¥%���?¡y¢V¶�Ï�ÊAåVæ%æAå���Ï�¾��G�G��Â�¥c¢V�Gµ$�g°?¡�¥oËÌ§"�\«"�����g G�g¯"°g�2¢ «"� ��¥% G©e¢�µ" G�g«"¥%©ª�	¯¬¢V¯A¡��
¢e�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥ª«"¥ + /"¼½Ý ���g©l G�g¶2¢V£-¤V¥¸ªÅ%�g G��¤V¥ ¯¬¤V¥5´��g¶	��¡��	��¡ ¢%+ /"¼½Ý �.���2¢V�
¢V¯"«É«"� 4 ¢V�G°g¥%¯"°g�g¶	¥%�gÊ$åVæ%æAå���Ï

Ý ©e¢V¯"�g�	 �¢u°g¥%© ËÌ§"�y¥\¥%µ$�g �¢V«"¥% �«"� �g¶	��¡��	�G©ª¥uÂO§�¡��	¶	�	â-¢V«"¥�¯"¥ + /"¼½Ý �Kµ¬¢V �¡��	°g§)´
¶2¢V G�	â-¢c�G§¬¢a�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥"Ï�Ý�¥_�	¯1�	°g�	¥P«"� °-¢V«¬¢a³%�g �¢V£-¤V¥"Ê)¡��g©_´��G� §"©e¢Pµ$¥%µ"§"¶2¢V£-¤V¥
P ′ °g¥%©ªµ$¥%��¡ ¢oµ$¥% 

N
�g¶	�g©ª�g¯A¡�¥%�gÏ . µ" G�	©ª�g�	 G¥oµ¬¢V�G�G¥a°g¥%¯"�G�	��¡���¯¬¢c³%�g �¢V£-¤V¥P«¬¢c�g¶	��¡��

Q
°g¥%©Z¢ §�¡��	¶	�	â-¢V£-¤V¥ª«"¥%�½¥%µ$�g �¢V«"¥% G�g�½«"�_ G�gµ" G¥)«"§"£-¤V¥"ÊM°g G§"â-¢V©ª�g¯A¡�¥n�_©a§�¡ ¢V£-¤V¥ E�U

�.Æ��	³%§" �¢ªã"Ï åUf���Ïo¾�©Z�G�g³%§"�	«¬¢�ÊKµ" G¥)°g�g«"��´��G�_°g¥%© ¢e°g G�2¢V£-¤V¥¸«"�_§"©e¢eµ$¥%µ"§"¶2¢V£-¤V¥
P

Ê
°g¥%©ªµ$¥%��¡ ¢_µ$¥% 

2N
�	¯"«"��Å �	«"§"¥%�gÊ�°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��P¹§"¯"�2¤V¥_�g¯A¡� G�

P ′ � Q Ï

. µ" G»-²��	©ª¥�µ¬¢V�G�G¥�«"¥�¢V¶	³%¥% G��¡�©ª¥É°g¥%¯"�G�	��¡��n¯¬¢�¥% G«"�g¯¬¢V£-¤V¥Ã«¬¢�µ$¥%µ"§"¶2¢V£-¤V¥��G��´
³%§"¯"«"¥¸°g G��¡�Âg G�	¥%��«"�a«"¥%©ª�	¯*V¯"°g�2¢�Ï�¾��G��¢¸�?¡ ¢Vµ¬¢e°g¥%¯"�G�	��¡��a¯¬¢e°g G�2¢V£-¤V¥e«"� �� G¥%¯A¡��g�	 �¢V�
� � �7% ���*) ����&4��/=� �#$�& / & 7�� � �*�,�% ��) ���	��!#��� !#������)���#!#�(+���� -3&4�8$�����'��& � -* �)*� 
 ���"� ! �(& ) +,�$����+"!

)���� �" '! #0�$+ � � ��)*�(! �$)45 ���C� � � !#��$	��/ ���� ��������%�& $�&4!#� �.) ��� ����'3-���'& ��'(��&4�5
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Æ��	³%§" �¢aã"Ï åUf � . µ$�g �¢V«"¥% �«"�c¾�¶	��¡��	�G©ª¥Pµ¬¢V �¢¹¥�+ /"¼½Ý	�

Pj
¡ ¢V�	�uËÌ§"�

{
P =

⋃ρ

j=1 Pj
P1 / P2 / · · · / Pρ,

��ã"Ï ,Vã��
�g©lËÌ§"�

ρ
Âa¥¸¯ *"©ª�g G¥ «"�,�� G¥%¯A¡��g�	 �¢V����²��	��¡��g¯A¡��g�gÊ3«¬¢V«"¥%� ¥¸µ" G¥%¨"¶	�g©e¢ªµ" G¥%µ$¥%��¡�¥¸�

¢_µ$¥%µ"§"¶2¢V£-¤V¥_°g¥% G G�g¯A¡��VÏ

Ä�©e¢¹Å%�gâaËÌ§"�_¢eµ$¥%µ"§"¶2¢V£-¤V¥¹¡��g¯"À¬¢e�G�	«"¥¸°g¶2¢V�G�G��!¬°-¢V«¬¢�Ê�¡��g©_´��G�cËÌ§"�
P1

°g¥%¯A¡�Âg©
¢V�c�G¥%¶	§"£��)�g�P©e¢V�	�o�6!¬°g�	�g¯A¡��g� ��¯¬¤V¥5´�«"¥%©ª�	¯¬¢V«¬¢V����Ê

P2
µ$¥%�G�G§"� �G¥%¶	§"£��)�g�P«"¥%©ª�	¯¬¢V«¬¢V�

¢Vµ$�g¯¬¢V�eµ$�g¶2¢V�ª�	¯A¡��g³% �¢V¯A¡��g�e«"�
P1

�Ç¢V�G�G�	© �G§"°g�g�G�G��ÅV¢V©ª�g¯A¡��VÏ ·y¥%© �	�G�G¥"Êu¡�¥% G¯¬¢Ù´
�G�_¯¬¢5¡�§" �¢V¶�¢5¡� G�	¨"§"�	 �©e¢V�	¥% G�g��ÅV¢V¶	¥% G�g� «"�2��§"¯"£��)�g�o«"�_©ªÂg G��¡�¥n¢V¥%�½�	¯"«"��Å �	«"§"¥%��«¬¢V�
�� G¥%¯A¡��g�	 �¢V��©e¢V�	��µ" G»-²��	©e¢V��«¬¢Pº�¢V G�?¡�¥5´�»V¡��	©ª¥ �

P1
Ê
P2

Ê · · · ����©ª�g¯"¥% G�g��ÅV¢V¶	¥% G�g� ¢V¥%�
�	¯A¡��g³% �¢V¯A¡��g�P«¬¢V�,�� G¥%¯A¡��g�	 �¢V�P©e¢V�	�c«"�	��¡ ¢V¯A¡��g� � · · · Ê Pρ−1

Ê
Pρ
��ÏÇÝ ©e¢V¯"�g�	 �¢n°g¥%©ª¥

�g�G�G�cµ" G¥)°g�g«"�	©ª�g¯A¡�¥¹Â)���g��¡�¥_°-¢V �¢V°?¡��g G�	â-¢_¥ª¢V¶	³%¥% G��¡�©ª¥2+ /"¼½Ý � Ï

Ý ¢5¡� G�	¨"§"�	£-¤V¥c«"��ÅV¢V¶	¥% G�g� «"����§"¯"£��)�g�u«"��©ªÂg G��¡�¥P¢o¡�¥)«¬¢a¢cµ$¥%µ"§"¶2¢V£-¤V¥c�G� �	¯"�	°g�2¢
°g¥%©w¢2�� G¥%¯A¡��g�	 �¢a¯¬¤V¥¹«"¥%©ª�	¯¬¢V«¬¢ �

P1
��Ï +��g�G�G�c°-¢V�G¥"Ê�¢5¡� G�	¨"§"�1´��G��¥_ÅV¢V¶	¥% 

2N
���	³%§¬¢V¶

¢V¥o¯ *"©ª�g G¥o«"�\�	¯"«"��Å �	«"§"¥%��«¬¢½µ$¥%µ"§"¶2¢V£-¤V¥���¢ ¡�¥)«"¥%��¥%�O�	¯"«"��Å �	«"§"¥%��«"�g�G��¢)�� G¥%¯A¡��g�	 �¢��

r(θi) = 2N ∀ θi ∈ P1
��ã"Ï ,,f��

¾�©a¨$¥% �¢e�g�G�G�_µ" G¥)°g�g«"�	©ª�g¯A¡�¥ ��¥% G°g�a¥¸µ" G¥)°g�g�G�G¥n«"�a¨"§"�G°-¢ �g©l«"�	 G�g£-¤V¥ ��� G¥%¯)´
¡��g�	 �¢Ãº�¢V G�?¡�¥5´�»V¡��	©ª¥"ÊO¯¬¤V¥���²��	��¡��nËÌ§¬¢V¶	ËÌ§"�g ª³A¢V �¢V¯A¡��2¢�ËÌ§¬¢V¯A¡�¥ÁÃ©e¢V¯Ì§�¡��g¯"£-¤V¥Á«¬¢
«"��Å%�g G�G�	«¬¢V«"�c«¬¢ªµ$¥%µ"§"¶2¢V£-¤V¥"Ï\º�¢V �¢ª�	�G�G¥"Ê$§�¡��	¶	�	â-¢Ù´��G�o¢ª�g��¡� �¢5¡�Âg³%�2¢¹«"�a¢5¡� G�	¨"§"�	£-¤V¥¹«"�
ÅV¢V¶	¥% G�g�¹«"�É§"©e¢ ��§"¯"£-¤V¥Á«"�Éµ¬¢V �¡��	¶	À¬¢�«"�É©ª¥)«"¥Á¢Ãµ" G��Å)�	¶	�g³%�2¢V  ��¯¬¢�¥%µ$�g �¢V£-¤V¥�«"�
 G�gµ" G¥)«"§"£-¤V¥_�G�g³%§"�	¯A¡����y¢V�u�G¥%¶	§"£��)�g�u¶	¥)°-¢V¶	�	â-¢V«¬¢V�O�g©  G�g³%�7�)�g�y©ª�g¯"¥%�uµ$¥�Å%¥A¢V«¬¢V�u«¬¢V�
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�� G¥%¯A¡��g�	 �¢V�gÏ

Ý §�¡��	¶	�	â-¢V£-¤V¥ «¬¢)��§"¯"£-¤V¥cÂ\�g¯A¡ ¤V¥c�	¯"�	°g�2¢V«¬¢�°g¥%© ¢o«"�6!¬¯"�	£-¤V¥c«¬¢½«"�	��¡ *V¯"°g�2¢½�g¯A¡� G�
�G¥%¶	§"£��)�g�\¯"¥¹�g�Gµ¬¢V£g¥ª«"�oÅV¢V G�2Í-Å%�g�	���

dij =

√
√
√
√

|Pl|∑

k=1

(

θik − θjk
θ
����W
k − θ

�3 �
k

)2
��ã"Ï ,",'�

�g©hËÌ§"� |Pl|
ÂÃ¥ ¯ *"©ª�g G¥ «"�Ã�g¶	�g©ª�g¯A¡�¥%� «"��°-¢V«¬¢ Å%�?¡�¥% 

θi
°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��Á¢

§"© �	¯"«"��Å �	«"§"¥Ã«¬¢ �� G¥%¯A¡��g�	 �¢
Pl

Ê
θik

ÂÉ¥
k
´�Âg�G�	©ª¥��g¶	�g©ª�g¯A¡�¥�«"¥�Å%�?¡�¥% 

θi
�
θ
�3 �
k�

θ
����W
k

°g¥% G G�g�Gµ$¥%¯"«"�g© ¢V¥%� ÅV¢V¶	¥% G�g��©��	¯"�	©ª¥ª�_©eÍÙ²��	©ª¥eËÌ§"�_�g�G�G�¹�g¶	�g©ª�g¯A¡�¥ µ$¥)«"�
¢V�G�G§"©ª�	  E�I Ï

. µ" G»-²��	©ª¥eµ¬¢V�G�G¥ °g¥%¯"�G�	��¡��P¯¬¢¸«"�6!¬¯"�	£-¤V¥¸«"�a§"©e¢%��§"¯"£-¤V¥ «"�Pµ¬¢V �¡��	¶	À¬¢ ��ã"Ï f��'�
°g¥%©

α = 2
Ï�¾��G��¢ ��¥% G©a§"¶2¢V£-¤V¥��	©ªµ"¶	�	°-¢�ËÌ§"�uËÌ§¬¢V¶	ËÌ§"�g ��G¥%¶	§"£-¤V¥

θj
¢�§"©e¢�«"�	��¡ *V¯"°g�2¢

©e¢V�	¥% KËÌ§"�
σ !	6 ����� «"�O¥%§�¡� �¢u�G¥%¶	§"£-¤V¥

θi
¯¬¤V¥u¡��g© ËÌ§¬¢V¶	ËÌ§"�g 3µ¬¢V �¡��	°g�	µ¬¢V£-¤V¥u�g©

Sh(θi)
Ï

¾�© �G�g³%§"�	«¬¢�ÊP¥ °g¥%¯A¡ ¢V«"¥% Ç«"� ¯"�	° À"¥ ��ã"Ï ,%æ'�É¢V�G�G¥)°g�2¢V«"¥ ¢®°-¢V«¬¢¦�G¥%¶	§"£-¤V¥
θi«¬¢ �� G¥%¯A¡��g�	 �¢ T&H Â §�¡��	¶	�	â-¢V«"¥"Ï�Ý�¶	Âg©k«"�	�G�G¥"Ê °g G�2¢Ù´��G�¸§"©e¢�¯"¥�ÅV¢ ��§"¯"£-¤V¥Ã«"�n©ªÂg G��¡�¥

r′(θi) = r(θi)/nc(θi)
�¸�g�G�G� µ¬¢V�G��¢�¢Ç�G�g a¥ÇÅV¢V¶	¥% c«¬¢Ç�G¥%¶	§"£-¤V¥

θi
µ¬¢V �¢ !¬¯"�a«"�

°g¶2¢V�G�G��!¬°-¢V£-¤V¥"Ï

·y¥%©¿�	�G�G¥"Ê-!¬¯¬¢V¶	�	â-¢Ù´��G�É¥ µ" G¥)°g�g�G�G¥ «"�Ç¢5¡� G�	¨"§"�	£-¤V¥Á«"� ÅV¢V¶	¥% G�g�ª«"����§"¯"£-¤V¥ «"�
©ªÂg G��¡�¥ÃV�_�G¥%¶	§"£��)�g�_«¬¢ �� G¥%¯A¡��g�	 �¢

P1
Ï . ©ª�g�G©ª¥Ãµ" G¥)°g�g«"�	©ª�g¯A¡�¥�«"�?Å%�É�G�g (���g��¡�¥

°g¥%© ¢V�o«"�g©e¢V�	� �� G¥%¯A¡��g�	 �¢V�c¢nµ¬¢V �¡��	  «"�
P2

Ï¸º�¢V �¢n�	�G�G¥"Ê@¢V¥%�o�	¯"«"��Å �	«"§"¥%�½«"�ª°-¢V«¬¢
¯"¥�ÅV¢%�� G¥%¯A¡��g�	 �¢�Ê¬«"�?Å%�g©_´��G�a¢5¡� G�	¨"§"�	 yÅV¢V¶	¥% G�g�\�	¯����g G�	¥% G�g��¢V¥%��¢V¶	°-¢V¯"£-¢V«"¥%��¢V¥%!¬© «"¥
µ" G¥)°g�g�G�G¥e«"�o«"�g³% �¢V«¬¢V£-¤V¥¹«¬¢2�� G¥%¯A¡��g�	 �¢¹¢V¯A¡��g G�	¥% gÏ

Æ��	¯¬¢V¶	©ª�g¯A¡��VÊ�¢ªµ$¥%µ"§"¶2¢V£-¤V¥
P

«"�?Å%�a�G�g � G�g«"§"âg�	«¬¢eµ$�g¶2¢¹©ª�?¡ ¢V«"�P¢%!¬© «"�P°g¥%¯)´
��¡���¡�§"�	 o§"©e¢Éµ$¥%µ"§"¶2¢V£-¤V¥É«"� ¢V¯A¡��g°g�g�G�G¥% G�g�

P ′  G�g�Gµ$¥%¯"��Í-Å%�g¶uµ$�g¶2¢É°g G�2¢V£-¤V¥É«¬¢ ¯"¥�ÅV¢
�g¶	��¡��VÏy¾��G��¢ª¡� �¢V¯"� ��¥% G©e¢V£-¤V¥¹Âc�	©ªµ"¶	�g©ª�g¯A¡ ¢V«¬¢a�G�	©ªµ"¶	�g�G©ª�g¯A¡��o°g¥%© ¥e«"�g�G°-¢V �¡��c«"¥%�
N

�	¯"«"��Å �	«"§"¥%�o©ª�g¯"¥%�c�6!¬°g�	�g¯A¡��g�gÏÉÝ�¥ !¬¯¬¢V¶O«¬¢É¡� �¢V¯"� ��¥% G©e¢V£-¤V¥"Ê�µ¬¢V�G��¢Ù´��G�eµ¬¢V �¢ ¢
µ" G»-²��	©e¢a³%�g �¢V£-¤V¥¹�o¥e¢V¶	³%¥% G��¡�©ª¥cµ" G¥%�G�G�g³%§"�VÏ

� 
 � ��$	� �*� �����'��%���'(��/4� $���	�= �7% -��(5 � ��5A���% & '(!#& -!�4!#�� <7����)�����*��' $	��!#�.) ���
θi 5�� ���*� )(��!#�	���

!#& 9:����� !#�;�#$�& / & 7���!#�"����%,�%���' $�� -
θi

56����% �;& ' $��& $��"!#� !#��� $	�������6�;�*& %�& /4����&4!��!#�1��
#&4� $���' $��.��' $����
����������� �(��+����,� -��(5 � ��5 5
� � � ��� $�� �����*�?�#��& '(!���*�;$��	� $	��!��)��& %���& �	� 9:����' $���& �	��-:'(��� � !#��%�& '(��!��5

P1

5
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� ��� ��� ��� � � � �KÕ�ÑÙÓ)Ô �¬Õ � � Ö"ÑÙÓAÕ�Ø � �$Ø����3ÕÙÒ�Ø$Ô�Ö"Ñ�� 	 ����Ø�Ñ5Ò7Õ ��� �
. /�ºO¾�Ý�� (#DE�T��
F=�D:�LGH���T��D;��Z[���%Nu(FDE8t�%
���	�]kqN =��%� 8:D:�F�!�O°g¥%¯"�G�	��¡�� �g©�§"© ¢V¶	³%¥5´

 G��¡�©ª¥ª³%�g¯"Â?¡��	°g¥¸«"�a¥V¡��	©ª�	â-¢V£-¤V¥¹©a§"¶�¡��	¥%¨ÌäG�?¡���Å%¥ª°-¢V �¢V°?¡��g G�	â-¢V«"¥¸µ$�g¶2¢e©e¢V¯"�g�	 �¢¹°g¥%©
ËÌ§"�É¡� �¢5¡ ¢Á¢V�ª�G¥%¶	§"£��)�g�eµ$�g �¡��g¯"°g�g¯A¡��g�¸� ¯¬¤V¥5´�µ$�g �¡��g¯"°g�g¯A¡��g� ��g¶	��¡��VÏ /)§¬¢��	©ªµ"¶	��´
©ª�g¯A¡ ¢V£-¤V¥Ç�G�¸¨¬¢V�G�g�2¢ ¯¬¢Ç©e¢V¯Ì§�¡��g¯"£-¤V¥Ç«"�¸§"©e¢ µ$¥%µ"§"¶2¢V£-¤V¥ �g¶	��¡��	��¡ ¢É«"�e¡ ¢V©e¢V¯"À"¥
¶	�	©ª��¡ ¢V«"¥a°g§ÙäG¥%���	¯"«"��Å �	«"§"¥%�� G�gµ" G�g�G�g¯A¡ ¢V©Z¢V��©ª�g¶	À"¥% G�g�\�G¥%¶	§"£��)�g���g¯"°g¥%¯A¡� �¢V«¬¢V�½¢5¡�Â
¢�³%�g �¢V£-¤V¥Á°g¥% G G�g¯A¡��VÏ ¾��G��¢V�¸�G¥%¶	§"£��)�g�¹¡ ¢V©a¨$Âg©���¤V¥ §�¡��	¶	�	â-¢V«¬¢V�_¯"¥Áµ" G¥)°g�g�G�G¥ «"�
�?Å%¥%¶	§"£-¤V¥¹«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥_°g¥%©w�G§¬¢¹µ¬¢V �¡��	°g�	µ¬¢V£-¤V¥a¯¬¢V�\¥%µ$�g �¢V£��)�g�\³%�g¯"Â?¡��	°-¢V�gÏ

. ¢V¶	³%¥% G��¡�©ª¥½Â �	¯"�	°g�2¢V«"¥o°g¥%© ¢P°g G�2¢V£-¤V¥P«"��§"©e¢Pµ$¥%µ"§"¶2¢V£-¤V¥
P

°g¥%©
N

�	¯"«"��Å �1´
«"§"¥%���a¢ª¢V¶	¥)°-¢V£-¤V¥ª«¬¢ªµ$¥%µ"§"¶2¢V£-¤V¥¹�g¶	��¡��	��¡ ¢

P
�	¯"�	°g�2¢V¶	©ª�g¯A¡���ÅV¢Vâg�2¢�Ï . ���	¯"«"��Å �	«"§"¥%�

«"�
P

��¤V¥�¶	�	©ª��¡ ¢V«"¥%�K�g© ¯ *"©ª�g G¥�µ$¥% 
N

�O¡54g© µ$¥% ���§"¯"£-¤V¥� G�gµ" G�g�G�g¯A¡ ¢V �¢V���G¥%¶	§"£��)�g�
©e¢V�	�y�6!¬°g�	�g¯A¡��g�\¢5¡�Âo¢a³%�g �¢V£-¤V¥_°g¥% G G�g¯A¡��VÏOÝ °-¢V«¬¢a³%�g �¢V£-¤V¥"Ê)¡�¥)«¬¢_¢,�� G¥%¯A¡��g�	 �¢P¯¬¤V¥5´
«"¥%©ª�	¯¬¢V«¬¢P«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥_Âc¢V°g G�g�G°g�g¯A¡ ¢V«¬¢e_�g¶	��¡��VÏ

+�¥�/�ºO¾�ÝPÊM¢ª°g¶2¢V�G�G��!¬°-¢V£-¤V¥e«"¥%���	¯"«"��Å �	«"§"¥%��µ$�g �¡��g¯"°g�g¯A¡��g�oe�g¶	��¡��oÂ ���g��¡ ¢ª°g¥%©
¢¸§�¡��	¶	�	â-¢V£-¤V¥ª«"�_§"©e¢���§"¯"£-¤V¥ «"�a©ªÂg G��¡�¥¸�g�Gµ$�g°���!¬°-¢ T�F

s(θi)
Ïc¾��G��¢$��§"¯"£-¤V¥ Âaµ" G¥5´

µ$¥% G°g�	¥%¯¬¢V¶½¢V¥ ¯ *"©ª�g G¥	�
nθi

� «"���	¯"«"��Å �	«"§"¥%�n«¬¢ µ$¥%µ"§"¶2¢V£-¤V¥ ¯¬¤V¥5´��g¶	��¡��	��¡ ¢ÁËÌ§"�Á¥
�	¯"«"��Å �	«"§"¥ ��µ$�g �¡��g¯"°g�g¯A¡��a_�g¶	��¡���� «"¥%©ª�	¯¬¢a�oÂo«"�6!¬¯"�	«¬¢_µ$¥% 

s(θi) =
nθi

N + 1
,

��ã"Ï ,Aç��

�g©wËÌ§"�o¥¹¡��g G©ª¥
N + 1

Âo§�¡��	¶	�	â-¢V«"¥a°g¥%©w¥¹�	¯A¡�§"��¡�¥_«"�o³A¢V �¢V¯A¡��	 
s(θi) ∈ [0 1).

º@¥% a¥%§�¡� G¥Ç¶2¢V«"¥"Ê�¢5¡� G�	¨"§"�1´��G�e¢Ç°-¢V«¬¢Ç�	¯"«"��Å �	«"§"¥ «¬¢Çµ$¥%µ"§"¶2¢V£-¤V¥ ¯¬¤V¥5´��g¶	��¡��	��¡ ¢n¥
ÅV¢V¶	¥% u«"�o§"©e¢,��§"¯"£-¤V¥ª«"�½©ªÂg G��¡�¥_�	³%§¬¢V¶M¢V¥¹�G¥%©e¢5¡�»% G�	¥a«"¥%��ÅV¢V¶	¥% G�g�\¢5¡� G�	¨"§1�	«"¥%�u�g©
��ã"Ï ,Aç��y¢_¡�¥)«¬¢V�\¢V�\�G¥%¶	§"£��)�g��ËÌ§"�c¥¹«"¥%©ª�	¯¬¢V© �

r(θj) = 1 +
∑

θi∈P | θi/θj

s(θi),
��ã"Ï ,��'�

�g© ËÌ§"�a�G¥%©e¢Ù´��G�
1

¢V¥e�G¥%©e¢5¡�»% G�	¥ª°g¥%© ¥¸�	¯A¡�§"��¡�¥ª«"�P³A¢V �¢V¯A¡��	 �ËÌ§"�a¥%���	¯"«"��Å �	«"§"¥%�
«¬¢¸�g¶	��¡��aµ$¥%�G�G§¬¢V© ©ª�g¯"¥% G�g� ÅV¢V¶	¥% G�g�½¢V�G�G¥)°g�2¢V«"¥%� ËÌ§"�ª¢VËÌ§"�g¶	�g�o°g¥% G G�g�Gµ$¥%¯"«"�g¯A¡��g�P
µ$¥%µ"§"¶2¢V£-¤V¥_¯¬¤V¥5´��g¶	��¡��	��¡ ¢�Ï

Ý��gËÌ§¬¢V£-¤V¥ ��ã"Ï ,Aç����	©ªµ"¶	�	°-¢eËÌ§"�ª©e¢V�	¥% G�g��ÅV¢V¶	¥% G�g�o�G�g �¤V¥ ¢5¡� G�	¨"§1�	«"¥%�o¢V¥%�o�	¯"«"�1´
Å �	«"§"¥%�\�g¶	��¡��	��¡ ¢V�uËÌ§"�c«"¥%©ª�	¯¬¢V©�§"©w©e¢V�	¥% u¯ *"©ª�g G¥ª«"�o�	¯"«"��Å �	«"§"¥%��«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥
� � / / ��$��	� �#$�& / & 7���!� )(���	� � ����)�����*��' $	��+���� !� 9:�'(+���� 9 �47 ����9:������'(��&4� ��� $�����%�� )�! )*��+&� !��35

�3�����'(!#�(-�� & $*7�/ ��� ��'(!E� �& ��/ � �L��
�
���5A�������*� $�����%��,����)�����*��' $	�"� �*� �(��' $�& � ����+���� !� �#$�& / &4!��!#�;!#�
�%8���������	��� 5
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¯¬¤V¥5´��g¶	��¡��	��¡ ¢�Ï@Ý�¶	Âg©�«"�	�G�G¥"Ê"¥a©ªÂ?¡�¥)«"¥a�	«"�g¯A¡���!¬°-¢P°g¥%©ª¥a�	¯"«"��Å �	«"§"¥%�y©e¢V�	� �6!¬°g�	�g¯A¡��g�
¢VËÌ§"�g¶	�g��¢V¥%�\ËÌ§¬¢V�	����¤V¥e¢5¡� G�	¨"§1�	«"¥%�u¥%�\©ª�g¯"¥% G�g�uÅV¢V¶	¥% G�g�gÏ

¾�© µ" G�	¯"°��	µ"�	¥"Êg�g�G�G� µ" G¥)°g�g«"�	©ª�g¯A¡�¥�µ$¥)«"��µ¬¢V G�g°g�g �°g¥%¯A¡� �¢V«"��¡�»% G�	¥1�Kà��	µ"�	°-¢V©ª�g¯A¡��VÊ
°g¶2¢V�G�G��!¬°-¢V©_´��G��°g¥%©ª¥�©e¢V�	�K�6!¬°g�	�g¯A¡��g�@¢V�3�G¥%¶	§"£��)�g�3ËÌ§"��«"¥%©ª�	¯¬¢V© §"© ©e¢V�	¥% $¯ *"©ª�g G¥
«"�\�	¯"«"��Å �	«"§"¥%�gÏ�·y¥%¯A¡�§"«"¥"ÊÌÂ\�	©ªµ$¥% �¡ ¢V¯A¡��u¥%¨"�G�g �ÅV¢V �ËÌ§"��¥,/�ºO¾�Ý �G�\¨¬¢V�G�g�2¢½¯"¥ �.¢5¡�¥
«"�uËÌ§"��¢ ��²��	��¡54g¯"°g�2¢�«"�u G�g³%�7�)�g���	¯A¡��g¯"��¢V©ª�g¯A¡��uµ$¥�Å%¥A¢V«¬¢V��µ$¥)«"�y�G�g �«"�?¡��g°?¡ ¢V«¬¢ °g¥%©
¢n�	«"�g¯A¡���!¬°-¢V£-¤V¥n«"�¹�	¯"«"��Å �	«"§"¥%� ���g¶	��¡��	��¡ ¢V����°g¥%© ³% �¢V¯"«"�g�½ÅV¢V¶	¥% G�g�½«"�

nθi

¢V�G�G¥)°g�2¢Ù´
«"¥%�gÏ Ý�¶	Âg© «"�	�G�G¥"Ê ��ã"Ï ,Aç��y� ��ã"Ï ,��'�y³A¢V �¢V¯A¡��g© ¢_µ$�g¯¬¢V¶	�	â-¢V£-¤V¥a¡ ¢V¯A¡�¥ª«"�o�	¯"«"��Å �	«"§"¥%�
«¬¢¹µ$¥%µ"§"¶2¢V£-¤V¥¹¯¬¤V¥5´��g¶	��¡��	��¡ ¢a«"¥%©ª�	¯¬¢V«"¥%���G�	©a§"¶�¡ ¢V¯"�-¢V©ª�g¯A¡��½µ$¥% �ÅVÍV G�	¥%���	¯"«"��Å �	«"§"¥%�
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¢-ÅV¢V¶	�2¢V£-¤V¥o«"��¢V¶	³%§"©e¢½°g¥%¯"«"�	£-¤V¥c«"��µ¬¢V �¢V«¬¢�Ï�¾��G��¢P°g¥%¯"«"�	£-¤V¥P°g¥%¯"�G�	��¡��\¡��	µ"�	°-¢V©ª�g¯A¡��
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�g© §"© ¯ *"©ª�g G¥n©eÍÙ²��	©ª¥¸«"�¹��¡��g �¢V£��)�g�gÏ_Ý�Æ��	³%§" �¢¸ã"Ï å%ç¸�	¶	§"��¡� �¢¸¥É¢V¶	³%¥% G��¡�©ª¥e«"¥
��8:�-(FN>��D;�TAO��
$
X�T��Nu8:
F=VÏ

Æ��	³%§" �¢yã"Ï å%ç ��Æ�¶	§)²�¥%³% �¢V©e¢ «"¥\µ" G�	¯"°��	µ"�	¥u«"� ��§"¯"°g�	¥%¯¬¢V©ª�g¯A¡�¥�³%�g �¢V¶%«"¥�¢V¶	³%¥% G��¡�©ª¥ «"�
(#8:�-(FN>��D;�TA�kq
$
X�T��Nu8:
F=VÏ

x
°g¥%¯"�G�	��¡��o�g© §"©e¢aÅV¢V G�2Í-Å%�g¶@¢V¶	�-¢5¡�»% G�2¢P°g¥%© «"�	��¡� G�	¨"§"�	£-¤V¥

¯"¥% G©e¢V¶$¡ ¢V¶3ËÌ§"�
x ∈ [0 1]

Ï

���¹©e¢V¯"�g�	 �¢¸³%�g �¢V¶�ÊM¥ /)Ý�¢Vµ" G�g�G�g¯A¡ ¢É§"©e¢¸�GÂg G�	�¹«"�¹µ¬¢V �¡��	°g§"¶2¢V G�	«¬¢V«"�g��¯"¥ÉËÌ§"�
«"�	â\ G�g�Gµ$�g��¡�¥ac�G§¬¢P�	©ªµ"¶	�g©ª�g¯A¡ ¢V£-¤V¥"Ï@���g¯A¡� G� �g¶2¢V� �g��¡ ¤V¥a¢c«"�?¡��g G©ª�	¯¬¢V£-¤V¥c«"¥cÅV¢V¶	¥% 
�	¯"°g�2¢V¶)«¬¢ ¡��g©ªµ$�g �¢5¡�§" �¢

T0
ÊA¥o¯ *"©ª�g G¥o«"�u¡� �¢V¯"�G�	£��)�g��«"���g��¡ ¢V«"¥ ��¥%§¹¥½ÅV¢V¶	¥% �©ªÂg«"�	¥

«"�
∆E

��¢�µ¬¢V �¡��	 3«"¥�ËÌ§¬¢V¶Ì«"�?Å%��´��G�u«"�	©ª�	¯Ì§"�	 M¥�ÅV¢V¶	¥% 3«"�
T

� ©ª�g�G©ª¥�¢��g��¡� �¢5¡�Âg³%�2¢\«"�
 G�g«"§"£-¤V¥n«"�g�G�G�¹µ¬¢V  *V©ª�?¡� G¥"Ï2& §¬¢V¯A¡�¥n¢V¥ *"¶�¡��	©ª¥¸¢V�Gµ$�g°?¡�¥"Ê3§�¡��	¶	�	â-¢Ù´��G�c¡��	µ"�	°-¢V©ª�g¯A¡��
§"© �.¢5¡�¥% c«"�¸ G�g«"§"£-¤V¥ ���g¯A¡� G�

0,8
�

0,99
�½°g§ÙäG¥ÇÅV¢V¶	¥% c��²"¢5¡�¥�Â¸¥%¨�¡��	«"¥ «"� ��¥% G©e¢

��²�µ$�g G�	©ª�g¯A¡ ¢V¶�Ï
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à@¥)«"¥c¥P«"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥P G�g�Gµ$¥%¯"��Í-Å%�g¶$µ$�g¶2¢o³%�g �¢V£-¤V¥c«"¥%�  G�g�G§"¶�¡ ¢V«"¥%� ¢Vµ" G�g�G�g¯)´
¡ ¢V«"¥%�½¯"�g��¡��_¡� �¢V¨¬¢V¶	À"¥¸«¬Í ¥% G�	³%�g©l¢ §"©e¢ ¢Vµ"¶	�	°-¢V£-¤V¥ *"¯"�	°-¢�Ïa¾��G��¢É¢Vµ"¶	�	°-¢V£-¤V¥ª¡��g©
µ$¥%  ¥%¨ÌäG�?¡���Å%¥a¯¬¤V¥_¢Vµ$�g¯¬¢V�y G�g§"¯"�	 O¡�¥)«¬¢V�u¢V�y G¥V¡��	¯¬¢V� «"�g�G�g¯AÅ%¥%¶�Å)�	«¬¢V�u°g¥%©ª¥c¡ ¢V©a¨$Âg©
¥#���g G�g°g�g �§"© ¢V©a¨"�	�g¯A¡�� �¬��²���Å%�g¶3�o¢V©ª�	³AÍ-Å%�g¶$µ¬¢V �¢_�	¯AÅ%�g��¡��	³A¢V£��)�g�\¢a G�g�Gµ$�g��¡�¥_«"�o�g�&´
¡��	©e¢V£-¤V¥¹«"�cµ¬¢V  *V©ª�?¡� G¥%�\�P G�g°g¥%¯"��¡� G§"£-¤V¥e«"�c¡� �¢�äG�?¡�»% G�2¢_«"�P�G�	��¡��g©e¢V�\«"�	¯*V©ª�	°g¥%� F Ï
à@ �¢5¡ ¢Ù´��G�o«"�c§"©e¢ª¢Vµ"¶	�	°-¢V£-¤V¥_«"�g�G�g¯AÅ%¥%¶�Å)�	«¬¢ª�g© ¢V©a¨"�	�g¯A¡��PÈ ¢5¡�¶2¢V¨ � /)�	©a§"¶	�	¯ ���

©
�g�&´

¡� G§�¡�§" �¢V«¬¢Ã«"����¥% G©e¢�¢Ã³A¢V �¢V¯A¡��	 ¹¢ ��§"¯"°g�	¥%¯¬¢V¶	�	«¬¢V«"�¸«"�n¡�¥)«"¥%�¹¥%�¹©ªÂ?¡�¥)«"¥%�¹�G�g¶	��´
°g�	¥%¯¬¢V«"¥%�¹�G�g© ËÌ§"� À¬¢�ä�¢Á¢�¯"�g°g�g�G�G�	«¬¢V«"� «"�É©e¢V�	¥% G�g�¹�	¯A¡��g  ���g 34g¯"°g�2¢V�ª«"¥Á§"�G§¬ÍV G�	¥
!¬¯¬¢V¶3¯¬¢¹¢Vµ"¶	�	°-¢V£-¤V¥_�g©w�G��Ï

¾���¡��e°-¢Vµ1��¡�§"¶	¥ ¡��g© µ$¥% o¥%¨ÌäG�?¡���Å%¥ «"�?¡ ¢V¶	À¬¢V o¥É©ª¥)«"¥n«"����§"¯"°g�	¥%¯¬¢V©ª�g¯A¡�¥É�e¢V�
��§"¯"°g�	¥%¯¬¢V¶	�	«¬¢V«"�g�O«¬¢a¢Vµ"¶	�	°-¢V£-¤V¥c«"�g�G�g¯AÅ%¥%¶�Å)�	«¬¢a«"� ¢V°g¥% G«"¥P°g¥%©��G§¬¢P°g¥%¯"°g�gµ$£-¤V¥"Ï +�¢
/)�g£-¤V¥1f)Ï>e%Ê\¢Vµ" G�g�G�g¯A¡ ¢V©_´��G��¢V�e«"§¬¢V� ��¥% G©e¢V�e¢V«"¥V¡ ¢V«¬¢V�eµ¬¢V �¢Á�g��¡� G§�¡�§" �¢V£-¤V¥'��§"¯)´
°g�	¥%¯¬¢V¶@«¬¢¸¢Vµ"¶	�	°-¢V£-¤V¥1�u�g©l°-¢V©e¢V«¬¢V��«"�a G¥V¡��	¯¬¢V�� G�g¶2¢V°g�	¥%¯¬¢V«¬¢V���a�g©l«"�	 G�?¡�»% G�	¥%�\«"�
°g¶2¢V�G�G�g�\«"�o G¥V¡��	¯¬¢V�gÏ +�¢_�G�g£-¤V¥Of)Ï å)Ê¬¢Vµ" G�g�G�g¯A¡ ¢V©_´��G�)��§"¯"£��)�g��¢V§)²��	¶	�2¢V G�g�gÊ� G�g�Gµ$¥%¯"��ÍÙ´
Å%�g�	�@µ$¥% �¢5¡���Å)�	«¬¢V«"�g��µ$�g G����Âg G�	°-¢V�3¯¬¢�¢Vµ"¶	�	°-¢V£-¤V¥"Ï +�¢V� /)�g£��)�g� f)Ï '��cf)Ï ã"ÊV¢Vµ" G�g�G�g¯A¡ ¢V©_´
�G�y«"�g�G°g G�	£��)�g�@«¬¢V� ��§"¯"£��)�g��«"�O¡�¥)«"¥%�@¥%��¢V¶	³%¥% G��¡�©ª¥%�K«"�?¡��g G©ª�	¯1�	��¡��	°g¥%�3� �g��¡�¥)°-ÍV��¡��	°g¥%�
�	©ªµ"¶	�g©ª�g¯A¡ ¢V«"¥%�gÊ¬ G�g�Gµ$�g°?¡���ÅV¢V©ª�g¯A¡��VÏ�+�¢$/)�g£-¤V¥Mf)Ï f¹«"�?¡ ¢V¶	À¬¢V©_´��G�o¥%��©ª¥)«"�g¶	¥%�\§�¡��1´
¶	�	â-¢V«"¥%�\µ¬¢V �¢e¢ª G�g�G¥%¶	§"£-¤V¥e«"¥¸µ" G¥%¨"¶	�g©e¢¹«"�c G�g°g¥%¯"��¡� G§"£-¤V¥ «"�c¡� �¢�äG�?¡�»% G�2¢¹«"�a¢V�g G¥5´
¯¬¢-Å%�g�gÏ Æ��	¯¬¢V¶	©ª�g¯A¡��VÊÌ¢2/)�g£-¤V¥-f)Ï ,o�	¶	§"��¡� �¢c¢V� ��§"¯"°g�	¥%¯¬¢V¶	�	«¬¢V«"�g��«¬¢c�	¯A¡��g  �.¢V°g��³% �Í !¬°-¢
 G�g�Gµ$¥%¯"��Í-Å%�g¶@µ$�g¶2¢P¡� G¥)°-¢_«"�o�	¯���¥% G©e¢V£-¤V¥_°g¥%© ¥ª§"�G§¬ÍV G�	¥"Ï

� � %�) ���*$	��' $���� �(�*����- ��� �.����'���	��/ & 7���+����.!#� � ����'	����& � � ��% � �� � ��)/ &4����+����.) �#!#�7�*��� �#$�& / & 7���!�5
	 �(� $�& � ��� $�& - ���.)(���	�,��������� �(��%8��+����������,9:����'����&4!���.'(��� �3��+�3��� �*�4�(�*����
��' $�����5

e�æ,f
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� ��� � [Mi3z�{¸i@{¸z��c|u}o` p �hj �nb?dgxu�c|u}o`

. «"�g�G�g¯AÅ%¥%¶�Å)�	©ª�g¯A¡�¥�«"� ¢Vµ"¶	�	°-¢V£��)�g�M�g© ËÌ§"�OÅVÍV G�2¢V�M�g¯A¡��	«¬¢V«"�g��«"�?Å%�g© ¡��g �¢V°g�g�G�G¥
¢Ã§"©�°g¥%¯ÙäG§"¯A¡�¥Á«"� ��§"¯"°g�	¥%¯¬¢V¶	�	«¬¢V«"�g�_°g¥%©ªµ¬¢V �¡��	¶	À¬¢V«¬¢V�_¢Vµ" G�g�G�g¯A¡ ¢ ¢V�Gµ$�g°?¡�¥%�e¨¬¢V�&´
¡ ¢V¯A¡��¹µ¬¢V �¡��	°g§"¶2¢V G�g�gÏ . µ" G�	¯"°g�	µ¬¢V¶�«"�g¶	�g�o°g¥%¯"�G�	��¡��¹¯¬¢n¯"�g°g�g�G�G�	«¬¢V«"�ª«"�¹�G�¹³A¢V �¢V¯A¡��	 
ËÌ§"�c¥e¢V°g�g�G�G¥¸¢¹«"�?¡��g G©ª�	¯¬¢V«¬¢V� ��§"¯"°g�	¥%¯¬¢V¶	�	«¬¢V«"�g��«¬¢ª¢Vµ"¶	�	°-¢V£-¤V¥_�G��ä�¢ª G�g��¡� G��¡�¥e¢¹«"��´
¡��g G©ª�	¯¬¢V«"¥%�½°g¥%¯ÙäG§"¯A¡�¥%�c«"�¹�g¯A¡��	«¬¢V«"�g�!�.Æ�¢V³%§"¯"«"�g�gÊ�åVæ%æVã���Ïe·y¥%© �	�G�G¥"Ê�³A¢V �¢V¯A¡���´��G�
¢Ç¥% G³A¢V¯"�	â-¢V£-¤V¥Ç«¬¢Ã¢Vµ"¶	�	°-¢V£-¤V¥ «"� ��¥% G©e¢ ��§"¯"°g�	¥%¯¬¢V¶�Ê�«"�¸¡ ¢V¶u©e¢V¯"�g�	 �¢Ç¢Çµ$¥%�G�G�	¨"�	¶	�1´
¡ ¢V e¢�«"�	�Gµ$¥%¯"�	¨"¶	�	â-¢V£-¤V¥Ã«"� �	¯���¥% G©e¢V£-¤V¥��g¯A¡� G�Ç¢V�e�g¯A¡��	«¬¢V«"�g�¸«"� ��¥% G©e¢Ã�G�g³%§" �¢Á�
µ¬¢V«" G¥%¯"�	â-¢V«¬¢�Ï

·y¥%© ¥Á�	¯A¡�§"��¡�¥�«"�nÅ)�2¢V¨"�	¶	�	â-¢V _¢�°g¥%©a§"¯"�	°-¢V£-¤V¥Á�g¯A¡� G�Ç¢V�e«"��Å%�g G��¢V�e�g¯A¡��	«¬¢V«"�g�
ËÌ§"� °g¥%©ªµ"�)�g©r¢�¢Vµ"¶	�	°-¢V£-¤V¥"Ê�µ" G¥ÙäG�?¡�¥%§)´��G� §"©e¢Ç¢V GËÌ§"��¡��?¡�§" �¢Ç°g¥%©ªµ$¥%��¡ ¢ µ$¥% P¡� 34g�
°-¢V©e¢V«¬¢V�_µ" G�	¯"°g�	µ¬¢V�	�gÏÁ¾��G��¢Á¢V GËÌ§"��¡��?¡�§" �¢ÇÂÉ¢� G�g�Gµ$¥%¯"��Í-Å%�g¶�µ$�g¶2¢Ç¥% G³A¢V¯"�	â-¢V£-¤V¥�«¬¢
¢Vµ"¶	�	°-¢V£-¤V¥��G�g³%§"¯"«"¥ ¥ �¬§)²�¥ «"�É�	¯���¥% G©e¢V£-¤V¥��g¯A¡� G�Ç¢V�ª G¥V¡��	¯¬¢V�¹�ÉÂÉ�	¶	§"��¡� �¢V«¬¢�¯¬¢
Æ��	³%§" �¢Vf)Ï>e%Ï

Æ��	³%§" �¢ f)Ï>e �3Ý� GËÌ§"��¡��?¡�§" �¢�� �¬§)²�¥�«"�O�	¯���¥% G©e¢V£-¤V¥u�g¯A¡� G�y¢V���g¯A¡��	«¬¢V«"�g��«¬¢\¢Vµ"¶	�	°-¢V£-¤V¥"Ï

Ý ¢V GËÌ§"��¡��?¡�§" �¢a�	¶	§"��¡� �¢V«¬¢P¯¬¢_Æ��	³%§" �¢-f)Ï>e½³A¢V �¢V¯A¡��½§"©e¢a�GÂg G�	� «"� ÅV¢V¯A¡ ¢V³%�g¯"�\¯"¥
ËÌ§"�o«"�	â½ G�g�Gµ$�g��¡�¥e_«"�	�Gµ$¥%¯"�	¨"�	¶	�	â-¢V£-¤V¥P«¬¢V�-��§"¯"°g�	¥%¯¬¢V¶	�	«¬¢V«"�g�u«¬¢ª¢Vµ"¶	�	°-¢V£-¤V¥1�

• e ¢ ·u¢V©e¢V«¬¢��
◦ à@¥)«¬¢P¥%µ$�g �¢V£-¤V¥a«"��¡� G¥)°-¢P«"� �	¯���¥% G©e¢V£-¤V¥c°g¥%©�¥a§"�G§¬ÍV G�	¥PÂ ���g��¡ ¢cµ$¥% y�g��¡ ¢
°-¢V©e¢V«¬¢�Ï�¼o¢V �¢V¯A¡���´��G�VÊAµ$¥% �¡ ¢V¯A¡�¥"Ê#�.¢V°g�	¶	�	«¬¢V«"� ¯"¥oËÌ§"��«"�	âu G�g�Gµ$�g��¡�¥o½�	¯"�G�g G£-¤V¥
�  G�g°g�gµ$£-¤V¥¹«"�½�	¯���¥% G©e¢V£-¤V¥cµ$¥% uµ¬¢V �¡�� «"¥_§"�G§¬ÍV G�	¥"Ï�Ý�¶	Âg©�«"�	�G�G¥"Ê�³A¢V �¢V¯A¡���´��G�
§"© *"¯"�	°g¥_¡��	µ$¥_«"�c¢V°g�g�G�G¥¸ªå ¢ ·u¢V©e¢V«¬¢���Å)�2¢Me ¢ ·u¢V©e¢V«¬¢��
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• å ¢ ·u¢V©e¢V«¬¢��
◦ ¾���¡ ¢oÂ\¢½°-¢V©e¢V«¬¢ «"��¢VËÌ§"�	�G�	£-¤V¥½��µ" G¥)°g�g�G��¢V©ª�g¯A¡�¥c«"�\«¬¢V«"¥%�O«¬¢o¢Vµ"¶	�	°-¢V£-¤V¥"Ï
/)�g§Ç¥%¨ÌäG�?¡���Å%¥eÂc�	¯A¡��g G©ª�g«"�2¢V �¥¸¢V°g�g�G�G¥ ¢V¥%��«¬¢V«"¥%��«"�P�g¯A¡� �¢V«¬¢ª�P¢V¥e©ª¥)«"�g¶	¥
§�¡��	¶	�	â-¢V«"¥%�gÏ�¾���¡ ¢¹°-¢V©e¢V«¬¢_Â½¡ ¢V©a¨$Âg©ÉÊ"µ$¥% �¡ ¢V¯A¡�¥"Ê" G�g�Gµ$¥%¯"��Í-Å%�g¶@µ$�g¶2¢_°g G�2¢V£-¤V¥
«"¥%�\ G�g�G§"¶�¡ ¢V«"¥%�-!¬¯¬¢V�	��¢_�G�g G�g© ��²��	¨"�	«"¥%��µ$�g¶2¢a�	¯A¡��g  �.¢V°g�o³% �Í !¬°-¢��
◦ Ý °g¥)¥% G«"�g¯¬¢V£-¤V¥c«¬¢V� ¢5¡���Å)�	«¬¢V«"�g��«"�g�G�g©ªµ$�g¯"À¬¢V«¬¢V� µ$�g¶2¢cå ¢ ·u¢V©e¢V«¬¢½Â\�6����´
¡�§¬¢V«¬¢Ãµ$¥% ¹§"©e¢Ã G¥V¡��	¯¬¢�µ" G�	¯"°g�	µ¬¢V¶�ÊO�	¯"«"�	°-¢V«¬¢�µ$¥% ��G·y¥% Gµ$¥Ã«¬¢�Ý�µ"¶	�	°-¢V£-¤V¥ 
 Ï
¾��G��¢a G¥V¡��	¯¬¢oÂ� G�g�Gµ$¥%¯"��Í-Å%�g¶3µ$�g¶2¢½¡� �¢V¯"� ��¥% G©e¢V£-¤V¥P«"¥%�y°g¥%©e¢V¯"«"¥%�y«"¥a§"�G§¬ÍV G�	¥
�g©l��²��g°g§"£��)�g�o«¬¢V� ��§"¯"£��)�g�½«"�_¢V¶	³%¥% G��¡�©ª¥%�\�a«¬¢V� ��§"¯"£��)�g�o¢V§)²��	¶	�2¢V G�g�gÏ ¾�¯)´
ËÌ§¬¢V¯A¡�¥a¢V� ��§"¯"£��)�g�y«"��¢V¶	³%¥% G��¡�©ª¥%���	©ªµ"¶	�g©ª�g¯A¡ ¢V© «"�	 G�?¡ ¢V©ª�g¯A¡��\¥%� ©ªÂ?¡�¥)«"¥%�
�G�g¶	�g°g�	¥%¯¬¢V«"¥%�gÊK¢V����§"¯"£��)�g�½¢V§)²��	¶	�2¢V G�g�\��¤V¥¸ G�g�Gµ$¥%¯"��Í-Å%�g�	�½µ$¥% �¢5¡���Å)�	«¬¢V«"�g��µ$��´
 G����Âg G�	°-¢V�gÊ�¡ ¢V�	�a°g¥%©ª¥�¢ Å%�g G��!¬°-¢V£-¤V¥�«"� �g G G¥%�_³%�g �¢V�	�P� «¬¢Ç�	¯A¡��g³% G�	«¬¢V«"�e«"¥%�
«¬¢V«"¥%�\«"�o�g¯A¡� �¢V«¬¢��
◦ . ¢V°g�g�G�G¥e5' ¢ ·u¢V©e¢V«¬¢_µ$¥)«"�½�G�g  ���g��¡�¥_«"�o«"§¬¢V�\©e¢V¯"�g�	 �¢V����Å)�2¢2��§"¯"£��)�g�
«"�c¢V¶	³%¥% G��¡�©ª¥%� ¥%§nÅ)�2¢2��§"¯"£��)�g��¢V§)²��	¶	�2¢V G�g���

• '
¢ ·u¢V©e¢V«¬¢��

◦ ¾���¡ ¢�°-¢V©e¢V«¬¢\°g¥%¯A¡�Âg© ¥�©ª¥)«"�g¶	¥\°g§ÙäG¥%�@µ¬¢V  *V©ª�?¡� G¥%��«"�?Å%�g©Î�G�g ��g��¡��	©e¢V«"¥%�gÏ
º@¥% y�G��¡� �¢5¡ ¢V  «¬¢c°-¢V©e¢V«¬¢o©e¢V�	� �	¯����g G�	¥% �«¬¢P¢V GËÌ§"��¡��?¡�§" �¢�Ê)°g¥%¯"�G�	��¡���¡ ¢V©a¨$Âg©
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u =
[
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m
y , a

m
z , g

m
]T * �DM��.0

x = [ u, v, w, φ, θ, ψ, xe, ye, ze]
T * �DM � 0

�SIY!$#&+&#&?:'"8:9"� *�2 -��.%�� I5%6!$� /5*�� � *�� �5+&�D-��.�`/ �V�.� #&<.*�2 '"� �5+&�D-�� � � �D/5*�+&� � #�@
%5*�2 �\!$#&-����7TY� *�35� *�� *�%6!7'"/5� %('��;#&<.I5�$'��DM�� � M

�;#&%('"+&24*�%6!$*"T /5*_F.*�@�� *4/5*_[(%5#&�EI52 -�*�% �"� #&� /5*R*��B!$#&2 '"8:9"�5M�NO� � *4-�*�% �"� #&�V/5*_F.*
35� *_F.*�� 'E#&%5� *�� 8:9"�/5�.��3('"���"24*_!$� �.��<6'"% �5�`*�3C�.+,'"� #&?:'"8:9"�5T"-��.%YK��.� 24*�/5*�� -�� #=!$�`3C*�+,'
*�PQI('"8:9"� �DM 
 TY!7'"2 �C^�2 � *�*�� -�� #=!$� '"PQI5# 3C�.��-��.%6F.*�%5#���%5-�#,'YJ

θ = [ kp, ∆p, kq, ∆q, kr, ∆r, kax
, ∆ax, kay

, ∆ay, kaz
, ∆az,

kg, ∆g, ku, ∆u, kv, ∆v, kw, ∆w, kφ, ∆φ, kθ, ∆θ, kψ, ∆ψ,
kxe

, ∆xe, kye
, ∆ye, kze

, ∆ze, kvT
, ∆vT , kα, ∆α, kβ, ∆β ]T* �DM 
 0
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!7'"+�PQI5*

pm = kpp+ ∆p; qm = kqq + ∆q; rm = krr + ∆r;
amx = kax

ax + ∆ax; amy = kay
ay + ∆ay; amz = kaz

az + ∆az;
um = kuu+ ∆u; vm = kvv + ∆v; wm = kww + ∆w;
φm = kφφ+ ∆φ; θm = kθθ + ∆θ; ψm = kψψ + ∆ψ;
xme = kxe

xe + ∆xe; yme = kye
ye + ∆ye; zme = kze

ze + ∆ze;
pm = kpp+ ∆p; qm = kqq + ∆q; rm = krr + ∆r;
vmT = kvT

vT + ∆vT ; αm = kαα + ∆α; βm = kββ + ∆β;
gm = kgg + ∆g;

* �DM ��0

NO� � *]-�*�% �"� #&�4^/5*�� -�� #=!$� %('��;#&<.I5�$'��DM�� 
 M ��243C�.�B!7'"%6!$*� �5� *��BF"'"��'X*�Y#&�B!���%5-�#,'
/5* �5+&�D-��.�X/5* !$�$'"%5�BK��.� 2 '"8:9"� � 24*�/5#&8:9"��� → � F"'"+&�.�U� *:'"+�V3('"�$' '"�RF"'"� # �:F.*�#&�X/5*
*�%6!$�$'"/(']*�/5* � F"'"+&�.� � *:'"+� → � 24*�/5#&8:9"���13('"�$']'"�>F"'"� # �:F.*�#&�>/5*��$'"A&/('YM�� *_F.�.+&I58:9"�
/5�.��'"+&<.�.� #=!$24�.��/5*��"!$#&24#&?:'"8:9"�R� *K '"?�*�5'\!7'"24*�%6!$*�-��.2�'4'"+=!$*��$'"8:9"�4/5�.��F"'"+&�.� *��
/5�.��3('"���"24*_!$� �.�F*�� *�35� *�� *�%6!7'"/5�.� 3C*�+&�HF.*_!$�.��/5*�3('"���"24*_!$� �.��*��B!$#&2 '"/5�.� � FD3('"� *��B!��50
*�'R� �5� *��BF"'"8:9"�4/('"��F"'"� # �:F.*�#&��/5*�$'"A&/('YM
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SCFBDT69POQ9Az6�GTF\69:m?\6{Lb6�GTD #<Nb; #<LUYB:<=�Xg � ACL #<;>;>ABn�A{YBD>A.JE=E;>;>A�?B=EYZ=E8B?B=�Lb6"#<;R?\69;
JEAC8Y[\SCFBDT69PE|.=E;]#<85#<J�#i6"#<; *}=UJEACD>D>=E8^GT=E; 02?\6cLb6�GTD #<N�; #<LUYB:<=�z?BA~[�FB=bYBD>ACYBD #i69LU=E8^GT=
?B=#<8It}ACD>Lb69PE|.=E;_6rD>=E;>YZ=�#HGTA�?\6�?5#<8 �9L4#<JO6R?BA�; #<;�GT=ELb6Ig

�o6 �Z=E:i6 �Ig��C�f�)8B?5#<JE=E;�?B=�?B=E;>=ELUYZ=E8 �BAxY\69DT6{Ax69:<SCACD #HGTLUAc?B= � ��nKJEAC8��>FB8^GTA�?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NM,C1, 0σ θ̂NM,C1, 1σ θ̂NM,C1, 2σ θ̂NM,C1, 4σ

I1,% θ̂NM,C1, 0σ,% θ̂NM,C1, 1σ,% θ̂NM,C1, 2σ,% θ̂NM,C1, 4σ,%

I2 30,0% 20,0% 30,0% 20,0%

I3 168,54 172,10 175,90 179,10

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig��C�







θ̂NM, C1, 0σ = [−0,04138; 0,16552; 0,08276; 0,00690; −0,00414; −0,01379]T

θ̂NM, C1, 0σ, % = [3,448; 13,793; 6,897; 17,241; 10,345; 34,483]T

θ̂NM, C1, 1σ = [0,00000; 0,16552; 0,04138; 0,00690; −0,00552; −0,00138]T

θ̂NM, C1, 1σ, % = [0,000; 13,793; 3,448; 17,241; 13,793; 3,448]T

θ̂NM, C1, 2σ = [−0,53793; 0,16552; 0,20690; −0,01517; 0,00690; −0,00552]T

θ̂NM, C1, 2σ, % = [44,828; 13,793; 17,241; 37,931; 17,241; 13,793]T

θ̂NM, C1, 4σ = [−0,37241; 0,16552; 0,08276; −0,00966; 0,00966; 0,00000]T

θ̂NM, C1, 4σ, % = [31,034; 13,793; 6,897; 24,138; 24,138; 0,000]T
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�o6 �Z=E:i6 �Ig � �f�)8B?5#<JE=E;U?B=�?B=E;>=ELUYZ=E8 �BA�Y\69DT6zA�69:<SCACD #HGTLUAc?B= � ��nKJEAC8��>FB8^GTA�?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NM,C2, 0σ θ̂NM,C2, 1σ θ̂NM,C2, 2σ θ̂NM,C2, 4σ

I1,% θ̂NM,C2, 0σ,% θ̂NM,C2, 1σ,% θ̂NM,C2, 2σ,% θ̂NM,C2, 4σ,%

I2 35,0% 30,0% 20,0% 25,0%

I3 175,62 179,66 176,78 175,12

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �






θ̂NM, C2, 0σ = [−0,24828; 0,08276; −0,16552; 0,00276; 0,00138; −0,00828]T

θ̂NM, C2, 0σ, % = [20,690; 6,897; 13,793; 6,897; 3,448; 20,690]T

θ̂NM, C2, 1σ = [−0,28966; 0,16552; −0,12414; 0,00138; −0,00138; −0,01379]T

θ̂NM, C2, 1σ, % = [24,138; 13,793; 10,345; 3,448; 3,448; 34,483]T

θ̂NM, C2, 2σ = [−0,16552; 0,16552; 0,08276; 0,01103; −0,00276; −0,01241]T

θ̂NM, C2, 2σ, % = [13,793; 13,793; 6,897; 27,586; 6,897; 31,034]T

θ̂NM, C2, 4σ = [−0,20690; 0,16552; −0,12414; 0,00690; −0,00138; 0,00000]T

θ̂NM, C2, 4σ, % = [17,241; 13,793; 10,345; 17,241; 3,448; 0,000]T

�o6 �Z=E:i6 �Ig 
 �f�)8B?5#<JE=E;U?B=�?B=E;>=ELUYZ=E8 �BA�Y\69DT6zA�69:<SCACD #HGTLUAc?B= � ��nKJEAC8��>FB8^GTA�?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NM,C3, 0σ θ̂NM,C3, 1σ θ̂NM,C3, 2σ θ̂NM,C3, 4σ

I1,% θ̂NM,C3, 0σ,% θ̂NM,C3, 1σ,% θ̂NM,C3, 2σ,% θ̂NM,C3, 4σ,%

I2 35,0% 50,0% 45,0% 35,0%

I3 189,98 188,70 191,52 193,22

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig 
 �






θ̂NM, C3, 0σ = [−0,12414; −0,12414; −0,33103; 0,00276; −0,01103; −0,00828]T

θ̂NM, C3, 0σ, % = [10,345; 10,345; 27,586; 6,897; 27,586; 20,690]T

θ̂NM, C3, 1σ = [−0,08276; −0,12414; −0,45517; −0,01379; 0,00276; −0,01103]T

θ̂NM, C3, 1σ, % = [6,897; 10,345; 37,931; 34,483; 6,897; 27,586]T

θ̂NM, C3, 2σ = [−0,08276; 0,04138; −0,04138; −0,00414; −0,00966; −0,00966]T

θ̂NM, C3, 2σ, % = [6,897; 3,448; 3,448; 10,345; 24,138; 24,138]T

θ̂NM, C3, 4σ = [0,00000; 0,00000; −0,24828; −0,01379; −0,01103; −0,01379]T

θ̂NM, C3, 4σ, % = [0,000; 0,000; 20,690; 34,483; 27,586; 34,483]T
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�o6 �Z=E:i6 �Ig �B�f�)8B?5#<JE=E;�?B=�?B=E;>=ELUYZ=E8 �BAxY\69DT6{Ax69:<SCACD #HGTLUAc?B= � ��nKJEAC8��>FB8^GTA�?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NM,C4, 0σ θ̂NM,C4, 1σ θ̂NM,C4, 2σ θ̂NM,C4, 4σ

I1,% θ̂NM,C4, 0σ,% θ̂NM,C4, 1σ,% θ̂NM,C4, 2σ,% θ̂NM,C4, 4σ,%

I2 40,0% 45,0% 25,0% 40,0%

I3 199,60 195,82 199,46 201,40

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig �B�







θ̂NM, C4, 0σ = [0,33103; 0,00000; 0,04138; 0,00138; 0,00138; −0,00276]T

θ̂NM, C4, 0σ, % = [27,586; 0,000; 3,448; 3,448; 3,448; 6,897]T

θ̂NM, C4, 1σ = [0,04138; 0,12414; −0,12414; 0,00828; −0,00690; −0,00276]T

θ̂NM, C4, 1σ, % = [3,448; 10,345; 10,345; 20,690; 17,241; 6,897]T

θ̂NM, C4, 2σ = [0,20690; 0,00000; −0,45517; −0,00828; −0,00690; −0,00828]T

θ̂NM, C4, 2σ, % = [17,241; 0,000; 37,931; 20,690; 17,241; 20,690]T

θ̂NM, C4, 4σ = [0,04138; 0,00000; −0,45517; −0,00966; 0,00276; −0,01931]T

θ̂NM, C4, 4σ, % = [3,448; 0,000; 37,931; 24,138; 6,897; 48,276]T

�o6 �Z=E:i6 �Ig �.�f�)8B?5#<JE=E;�?B=�?B=E;>=ELUYZ=E8 �BAxY\69DT6{Ax69:<SCACD #HGTLUAc?B= � ��nKJEAC8��>FB8^GTA�?B=
GT=E;�GT=E; �.g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NM,C5, 0σ θ̂NM,C5, 1σ θ̂NM,C5, 2σ θ̂NM,C5, 4σ

I1,% θ̂NM,C5, 0σ,% θ̂NM,C5, 1σ,% θ̂NM,C5, 2σ,% θ̂NM,C5, 4σ,%

I2 80,0% 50,0% 65,0% 50,0%

I3 219,02 224,82 217,60 223,18
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig �.�






θ̂NM, C5, 0σ = [0,00000; 0,08276; −0,49655; 0,00828; 0,00138; −0,00966;
0,99655; 0,99931; 1,00552; 1,00069; 1,00276; 0,99586]T

θ̂NM, C5, 0σ, % = [0,000; 6,897; 41,379; 20,690; 3,448; 24,138;
17,241; 3,448; 27,586; 3,448; 13,793; 20,690]T

θ̂NM, C5, 1σ = [0,12414; 0,04138; −0,20690; −0,00552; −0,00276; −0,00414;
0,99793; 0,99655; 1,00207; 0,99931; 0,99310; 1,00345]T

θ̂NM, C5, 1σ, % = [10,345; 3,448; 17,241; 13,793; 6,897; 10,345;
10,345; 17,241; 10,345; 3,448; 34,483; 17,241]T

θ̂NM, C5, 2σ = [0,04138; 0,00000; −0,53793; 0,00000; 0,00552; −0,00552;
0,99379; 1,00138; 0,99586; 0,99310; 0,99862; 1,00207]T

θ̂NM, C5, 2σ, % = [3,448; 0,000; 44,828; 0,000; 13,793; 13,793;
31,034; 6,897; 20,690; 34,483; 6,897; 10,345]T

θ̂NM, C5, 4σ = [0,37241; 0,08276; −0,37241; −0,01103; −0,00690; −0,01793;
0,99793; 0,99793; 1,00138; 1,00000; 1,00069; 0,99517]T

θ̂NM, C5, 4σ, % = [31,034; 6,897; 31,034; 27,586; 17,241; 44,828;
10,345; 10,345; 6,897; 0,000; 3,448; 24,138]T
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5;>; #<LkJEACLUAfAc69:<SCACD #HGTLUAU?B= ?
=veC=E8 �Z=ED>S�V��c69D>[�F\69D>?IGOnoAW69:<SCACD #HGTLUAb?B= � A>=@V
=E:<:Y* � ?70_JEAC8BJ�#<:&#i6�6UFIG$#<:&#<NO69POQ9A�?BAC;qL4^vGTA.?BAC;q?BAbSCDT69?5#<=E8^GT=2=R?B= �h69FB;>;�V � =3=_GTAC8�g
� AC8^GTFB?BA�=E;>;T6�FIG$#<:&#<NO69POQ9A^ �\69;>=O69?\6R8\62:<A.JO69:&#<NO69POQ9Ah?BA ��#
� ����� � '�� 	 	�=?BA�YZAC8^GTA
?B= �h69FB;>;�V � =3=_GTAC8W=EL D>=E:i69POQ9AUarD>=ES.#iQ9Ar?B=hJEAC8Y[ 698BPO6Ig

� ACL #<;>;>ABnIA�69:<SCACD #HGTLUAMGT=E8B?B=26�69YBD>=E;>=E8^G$69D�JEACLUYZACD�G$69LU=E8^GTAR?B=EYZ=E8B?B=E8^GT=2?\6
YZAC; #<POQ9A�?B=E;>;>=E;RYZAC8^GTAC;h=�?BA�e969:<ACD�?BAWDT6"#<Af?\6�D>=ES.#iQ9Af?B=UJEAC8Y[ 698BPO6Ig � tu6�GTA�?B=
FIG$#<:&#<NO69DoGTACLb69?\69;K?B=q?B=EJ�#<;TQ9Aht}ACD�GT=ELU=E8^GT=q?B=EYZ=E8B?B=E8^GT=E;@?BA2YZAC8^GTAR=E;�G$#<Lb69?BA26�GTF\69:
*u69;>; #<L JEACLUA8BAM69:<SCACD #HGTLUA�?B= � =E:<?B=ED�V��W=O69?J0�YZA.?B= V);>=lGTDT6�G$69Do?B=mFBL&?BAC;`LUA9G$#HeCAC;
YZ=E:<AC;2[�F\6"#<;2A~69:<SCACD #HGTLUAf69YBD>=E;>=E8^G$6~YZACFBJO6W;>=E8B; #��5#<:&#<?\69?B=rG$698^GTA~6�e969D #i69PE|.=E;2?BA
8BdHeC=E:�?B=UJEAC8^G$69L4#<8\69POQ9AW?BAC;2; #<8\6"#<;h?B=U=E8^GTDT69?\6WYZACD2D>FBd<?BAW[�F\698^GTAc?\6WLb698BA �BDT6
FIG$#<:&#<NO69?\6Ig

�o6 �Z=E:i6 �Ig �I�{�)8B?5#<JE=E;b?B=~?B=E;>=ELUYZ=E8 �BA Y\69DT6�A 69:<SCACD #HGTLUA{?B= � ?KnmJEAC8��>FB8^GTA ?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂DL,C1, 0σ θ̂DL,C1, 1σ θ̂DL,C1, 2σ θ̂DL,C1, 4σ

I1,% θ̂DL,C1, 0σ,% θ̂DL,C1, 1σ,% θ̂DL,C1, 2σ,% θ̂DL,C1, 4σ,%

I2 55,0% 55,0% 45,0% 40,0%

I3 134,96 130,20 130,76 130,90

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig �I�







θ̂DL, C1, 0σ = [0,34759; −0,24828; 0,04966; 0,00331; −0,01655; −0,00497]T

θ̂DL, C1, 0σ, % = [28,966; 20,689; 4,138; 8,276; 41,380; 12,414]T

θ̂DL, C1, 1σ = [−0,37241; 0,57931; 0,20690; −0,00414; 0,01103; −0,01655]T

θ̂DL, C1, 1σ, % = [31,034; 48,276; 17,241; 10,345; 27,586; 41,379]T

θ̂DL, C1, 2σ = [−0,49242; −0,21104; 0,28138; −0,00469; −0,00704; −0,00235]T

θ̂DL, C1, 2σ, % = [41,035; 17,587; 23,448; 11,725; 17,587; 5,862]T

θ̂DL, C1, 4σ = [−0,29793; 0,19862; −0,29793; −0,01545; 0,01324; 0,00993]T

θ̂DL, C1, 4σ, % = [24,827; 16,552; 24,827; 38,621; 33,103; 24,827]T
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�o6 �Z=E:i6 �Ig��.�{�)8B?5#<JE=E;j?B=c?B=E;>=ELUYZ=E8 �BA Y\69DT6�A 69:<SCACD #HGTLUA{?B= � ?KnlJEAC8��>FB8^GTA ?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂DL,C2, 0σ θ̂DL,C2, 1σ θ̂DL,C2, 2σ θ̂DL,C2, 4σ

I1,% θ̂DL,C2, 0σ,% θ̂DL,C2, 1σ,% θ̂DL,C2, 2σ,% θ̂DL,C2, 4σ,%

I2 70,0% 60,0% 45,0% 45,0%

I3 130,76 140,98 131,74 131,04

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig��.�






θ̂DL, C2, 0σ = [−0,08276; 0,37241; −0,37241; −0,01103; −0,01793; 0,01655]T

θ̂DL, C2, 0σ, % = [6,897; 31,034; 31,034; 27,586; 44,828; 41,379]T

θ̂DL, C2, 1σ = [−0,20690; 0,33103; 0,37241; −0,01379; −0,00690; 0,00690]T

θ̂DL, C2, 1σ, % = [17,241; 27,586; 31,034; 34,483; 17,241; 17,241]T

θ̂DL, C2, 2σ = [−0,20690; 0,41379; −0,08276; −0,01931; −0,00276; 0,00828]T

θ̂DL, C2, 2σ, % = [17,241; 34,483; 6,897; 48,276; 6,897; 20,690]T

θ̂DL, C2, 4σ = [−0,04138; 0,20690; −0,53793; 0,01655; −0,00828; 0,01655]T

θ̂DL, C2, 4σ, % = [3,448; 17,241; 44,828; 41,379; 20,690; 41,379]T

�o6 �Z=E:i6 �Ig �I�{�)8B?5#<JE=E;j?B=c?B=E;>=ELUYZ=E8 �BA Y\69DT6�A 69:<SCACD #HGTLUA{?B= � ?KnlJEAC8��>FB8^GTA ?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂DL,C3, 0σ θ̂DL,C3, 1σ θ̂DL,C3, 2σ θ̂DL,C3, 4σ

I1,% θ̂DL,C3, 0σ,% θ̂DL,C3, 1σ,% θ̂DL,C3, 2σ,% θ̂DL,C3, 4σ,%

I2 60,0% 50,0% 50,0% 65,0%

I3 128,80 124,60 124,04 135,10

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig �I�






θ̂DL, C3, 0σ = [−0,12414; 0,12414; −0,08276; −0,01241; −0,01793; −0,01655]T

θ̂DL, C3, 0σ, % = [10,345; 10,345; 6,897; 31,034; 44,828; 41,379]T

θ̂DL, C3, 1σ = [−0,12414; −0,04138; −0,49655; −0,01655; 0,01517; −0,01241]T

θ̂DL, C3, 1σ, % = [10,345; 3,448; 41,379; 41,379; 37,931; 31,034]T

θ̂DL, C3, 2σ = [−0,20690; 0,28966; −0,53793; −0,01241; 0,01103; 0,00000]T

θ̂DL, C3, 2σ, % = [17,241; 24,138; 44,828; 31,034; 27,586; 0,000]T

θ̂DL, C3, 4σ = [−0,04138; 0,53793; −0,20690; −0,01931; −0,01379; 0,00138]T

θ̂DL, C3, 4σ, % = [3,448; 44,828; 17,241; 48,276; 34,483; 3,448]T
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�o6 �Z=E:i6 �Ig �I�{�)8B?5#<JE=E;b?B=~?B=E;>=ELUYZ=E8 �BA Y\69DT6�A 69:<SCACD #HGTLUA{?B= � ?KnmJEAC8��>FB8^GTA ?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂DL,C4, 0σ θ̂DL,C4, 1σ θ̂DL,C4, 2σ θ̂DL,C4, 4σ

I1,% θ̂DL,C4, 0σ,% θ̂DL,C4, 1σ,% θ̂DL,C4, 2σ,% θ̂DL,C4, 4σ,%

I2 45,0% 35,0% 65,0% 35,0%

I3 123,20 127,82 142,24 130,20

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig �I�







θ̂DL, C4, 0σ = [−0,20690; 0,28966; −0,24828; −0,00552; 0,01931; 0,00552]T

θ̂DL, C4, 0σ, % = [17,241; 24,138; 20,690; 13,793; 48,276; 13,793]T

θ̂DL, C4, 1σ = [−0,28966; 0,37241; −0,16552; −0,00552; 0,00552; −0,01931]T

θ̂DL, C4, 1σ, % = [24,138; 31,034; 13,793; 13,793; 13,793; 48,276]T

θ̂DL, C4, 2σ = [−0,20690; 0,16552; −0,49655; −0,00966; −0,00828; −0,01793]T

θ̂DL, C4, 2σ, % = [17,241; 13,793; 41,379; 24,138; 20,690; 44,828]T

θ̂DL, C4, 4σ = [−0,16552; 0,24828; −0,04138; −0,01655; 0,01241; 0,01517]T

θ̂DL, C4, 4σ, % = [13,793; 20,690; 3,448; 41,379; 31,034; 37,931]T

�o6 �Z=E:i6 �Ig�� � ���)8B?5#<JE=E;r?B=j?B=E;>=ELUYZ=E8 �BAzY\69DT6cAz69:<SCACD #HGTLUA�?B= � ?Kn`JEAC8��>FB8^GTA{?B=
GT=E;�GT=E; �.g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂DL,C5, 0σ θ̂DL,C5, 1σ θ̂DL,C5, 2σ θ̂DL,C5, 4σ

I1,% θ̂DL,C5, 0σ,% θ̂DL,C5, 1σ,% θ̂DL,C5, 2σ,% θ̂DL,C5, 4σ,%

I2 75,0% 80,0% 75,0% 75,0%

I3 240,50 248,56 244,66 237,12
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig�� � �






θ̂DL, C5, 0σ = [−0,37241; 0,04138; −0,08276; −0,00828; 0,00138; 0,00000;
1,00483; 0,99241; 0,99172; 0,99586; 1,00690; 1,00759]T

θ̂DL, C5, 0σ, % = [31,034; 3,448; 6,897; 20,690; 3,448; 0,000;
24,138; 37,931; 41,379; 20,690; 34,483; 37,931]T

θ̂DL, C5, 1σ = [−0,28966; 0,24828; −0,57931; 0,01241; 0,00966; −0,01517;
0,99793; 1,00759; 0,99379; 0,99310; 1,00897; 0,99310]T

θ̂DL, C5, 1σ, % = [24,138; 20,690; 48,276; 31,034; 24,138; 37,931;
10,345; 37,931; 31,034; 34,483; 44,828; 34,483]T

θ̂DL, C5, 2σ = [−0,24828; 0,28966; −0,37241; −0,00690; −0,01793; −0,00966;
1,00621; 1,00276; 0,99379; 0,99793; 0,99310; 0,99655]T

θ̂DL, C5, 2σ, % = [20,690; 24,138; 31,034; 17,241; 44,828; 24,138;
31,034; 13,793; 31,034; 10,345; 34,483; 17,241]T

θ̂DL, C5, 4σ = [−0,08276; −0,20690; 0,00000; −0,00414; −0,01793; 0,00690;
0,99655; 1,00621; 0,99655; 1,00000; 0,99310; 0,99379]T

θ̂DL, C5, 4σ, % = [6,897; 17,241; 0,000; 10,345; 44,828; 17,241;
17,241; 31,034; 17,241; 0,000; 34,483; 31,034]T
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� � 85#<JEAU69:<SCACD #HGTLUAR=E;�GTA.J��9;�G$#<JEAU8\Q9A�JE:i69;>; #=[\JO69?BAUJEACLUA�SC=E85^vG$#<JEA�JEAC8B; #<;�GT=28BA
�D#<L�FB:i6�GT=E?158B8B=O69:&#<8BS * �.5 0 g � ;bD>=E;>FB:HG$69?BAC;bA �IG$#<?BAC;UJEACLy=E;>;>=z69:<SCACD #HGTLUA{?\Q9A
ACD #<SC=EL abLU=E;>Lb6U698 �9:&#<;>=ht}=�#HG$6�Y\69DT6UAC;L4^vGTA.?BAC;q?B= � =E:<?B=ED�V��W=O69?~=2?B= � A>=m=E:<:3g
�=veC= V);>=2A �B;>=ED�e969DEnIG$69L �C^EL Y\69DT6rA�69:<SCACD #HGTLUA2?B= �D#<L�FB:i6�GT=E?j58B8B=O69:&#<8BSBnI6r=�Y#<;�V
G��E8BJ�#i6?B=mJED #HG$^ED #<AC;o?B=mGTACLb69?\6�?B=@?B=EJ�#<;TQ9A�t}ACD�GT=ELU=E8^GT=�#<8 � FB=E8BJ�#i69?BAC;oYZ=E:<A=E;�G �9S.#<A
?\6r=E;�G$#<Lb69POQ9ABg � =E;>;>=2JO69;>AU6r?B=EJ�#<;TQ9A�?B=MGTDT698B; #<POQ9Ar=E8^GTD>=h=E;�G$69?BAC;�?B=EYZ=E8B?B= �\69; # V
JO69LU=E8^GT=r?\6jJEACLUY\69DT69POQ9Af=E8^GTD>=rAje969:<ACD?\6jt}FB8BPOQ9Af8BA�YZAC8^GTA�6�GTF\69:o=r8BA�YZAC8^GTA
6Oe969:&#i69?BA�=9n\?B=Mt}ACD>Lb6U#<8B?5#<D>=vG$6InI?BA�e969:<ACD@?BA�Y\69D��9LU=vGTD>A�� * GT=ELUYZ=EDT6�GTFBDT6$0 g

�o6 �Z=E:i6 �Ig��3�C�b�)8B?5#<JE=E;r?B=f?B=E;>=ELUYZ=E8 �BA�Y\69DT6~Az69:<SCACD #HGTLUAW?B= �.5Rn`JEAC8��>FB8^GTAz?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SA,C1, 0σ θ̂SA,C1, 1σ θ̂SA,C1, 2σ θ̂SA,C1, 4σ

I1,% θ̂SA,C1, 0σ,% θ̂SA,C1, 1σ,% θ̂SA,C1, 2σ,% θ̂SA,C1, 4σ,%

I2 55,0% 0,0% 0,0% 0,0%

I3 401,00 401,00 401,00 401,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig��3�C�







θ̂SA, C1, 0σ = [−0,57931; −0,08276; 0,24828; −0,01931; 0,02000; −0,01931]T

θ̂SA, C1, 0σ, % = [48,276; 6,897; 20,690; 48,276; 50,000; 48,276]T

θ̂SA, C1, 1σ = [−0,57931; −0,08276; 0,24828; −0,01931; −0,01931; 0,02000]T

θ̂SA, C1, 1σ, % = [48,276; 6,897; 20,690; 48,276; 48,276; 50,000]T

θ̂SA, C1, 2σ = [−0,57931; −0,08276; 0,24828; −0,01931; −0,01931; −0,01931]T

θ̂SA, C1, 2σ, % = [48,276; 6,897; 20,690; 48,276; 48,276; 48,276]T

θ̂SA, C1, 4σ = [−0,57931; −0,08276; 0,24828; −0,01931; −0,01931; −0,01931]T

θ̂SA, C1, 4σ, % = [48,276; 6,897; 20,690; 48,276; 48,276; 48,276]T
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�o6 �Z=E:i6 �Ig�� � �U�)8B?5#<JE=E;�?B=f?B=E;>=ELUYZ=E8 �BAzY\69DT6~A�69:<SCACD #HGTLUAW?B= �.5RnoJEAC8��>FB8^GTAz?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SA,C2, 0σ θ̂SA,C2, 1σ θ̂SA,C2, 2σ θ̂SA,C2, 4σ

I1,% θ̂SA,C2, 0σ,% θ̂SA,C2, 1σ,% θ̂SA,C2, 2σ,% θ̂SA,C2, 4σ,%

I2 60,0% 0,0% 70,0% 70,0%

I3 401,00 401,00 401,00 401,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig�� � �






θ̂SA, C2, 0σ = [−0,20690; 0,08276; −0,04138; −0,01931; 0,02000; −0,01931]T

θ̂SA, C2, 0σ, % = [17,241; 6,897; 3,448; 48,276; 50,000; 48,276]T

θ̂SA, C2, 1σ = [0,00000; 0,16552; 0,41379; −0,01931; −0,01931; −0,01931]T

θ̂SA, C2, 1σ, % = [0,000; 13,793; 34,483; 48,276; 48,276; 48,276]T

θ̂SA, C2, 2σ = [−0,20690; 0,16552; −0,08276; −0,01931; −0,01931; −0,01931]T

θ̂SA, C2, 2σ, % = [17,241; 13,793; 6,897; 48,276; 48,276; 48,276]T

θ̂SA, C2, 4σ = [−0,41379; 0,12414; 0,00000; −0,01931; 0,02000; −0,01931]T

θ̂SA, C2, 4σ, % = [34,483; 10,345; 0,000; 48,276; 50,000; 48,276]T

�o6 �Z=E:i6 �Ig�� 
 �U�)8B?5#<JE=E;�?B=f?B=E;>=ELUYZ=E8 �BAzY\69DT6~A�69:<SCACD #HGTLUAW?B= �.5RnoJEAC8��>FB8^GTAz?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SA,C3, 0σ θ̂SA,C3, 1σ θ̂SA,C3, 2σ θ̂SA,C3, 4σ

I1,% θ̂SA,C3, 0σ,% θ̂SA,C3, 1σ,% θ̂SA,C3, 2σ,% θ̂SA,C3, 4σ,%

I2 80,0% 85,0% 60,0% 0,0%

I3 401,00 401,00 401,00 401,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig�� 
 �






θ̂SA, C3, 0σ = [0,28966; 0,45517; −0,53793; −0,01931; 0,02000; −0,01931]T

θ̂SA, C3, 0σ, % = [24,138; 37,931; 44,828; 48,276; 50,000; 48,276]T

θ̂SA, C3, 1σ = [0,41379; 0,49655; −0,57931; −0,01931; −0,01931; −0,01931]T

θ̂SA, C3, 1σ, % = [34,483; 41,379; 48,276; 48,276; 48,276; 48,276]T

θ̂SA, C3, 2σ = [0,49655; 0,04138; −0,57931; −0,01931; −0,01931; −0,01931]T

θ̂SA, C3, 2σ, % = [41,379; 3,448; 48,276; 48,276; 48,276; 48,276]T

θ̂SA, C3, 4σ = [0,28966; 0,45517; −0,57931; 0,02000; 0,02000; −0,01931]T

θ̂SA, C3, 4σ, % = [24,138; 37,931; 48,276; 50,000; 50,000; 48,276]T
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�o6 �Z=E:i6 �Ig�� �B�b�)8B?5#<JE=E;r?B=f?B=E;>=ELUYZ=E8 �BA�Y\69DT6~Az69:<SCACD #HGTLUAW?B= �.5Rn`JEAC8��>FB8^GTAz?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SA,C4, 0σ θ̂SA,C4, 1σ θ̂SA,C4, 2σ θ̂SA,C4, 4σ

I1,% θ̂SA,C4, 0σ,% θ̂SA,C4, 1σ,% θ̂SA,C4, 2σ,% θ̂SA,C4, 4σ,%

I2 80,0% 0,0% 30,0% 0,0%

I3 401,00 401,00 401,00 401,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig�� �B�







θ̂SA, C4, 0σ = [0,33103; 0,49655; −0,12414; 0,02000; −0,01931; −0,01931]T

θ̂SA, C4, 0σ, % = [27,586; 41,379; 10,345; 50,000; 48,276; 48,276]T

θ̂SA, C4, 1σ = [0,33103; 0,12414; −0,12414; −0,01931; −0,01931; −0,01931]T

θ̂SA, C4, 1σ, % = [27,586; 10,345; 10,345; 48,276; 48,276; 48,276]T

θ̂SA, C4, 2σ = [0,24828; −0,04138; −0,12414; −0,01931; −0,01931; −0,01931]T

θ̂SA, C4, 2σ, % = [20,690; 3,448; 10,345; 48,276; 48,276; 48,276]T

θ̂SA, C4, 4σ = [0,33103; 0,49655; −0,12414; 0,02000; 0,02000; −0,01931]T

θ̂SA, C4, 4σ, % = [27,586; 41,379; 10,345; 50,000; 50,000; 48,276]T

�o6 �Z=E:i6 �Ig�� �.�b�)8B?5#<JE=E;r?B=f?B=E;>=ELUYZ=E8 �BA�Y\69DT6~Az69:<SCACD #HGTLUAW?B= �.5Rn`JEAC8��>FB8^GTAz?B=
GT=E;�GT=E; �.g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SA,C5, 0σ θ̂SA,C5, 1σ θ̂SA,C5, 2σ θ̂SA,C5, 4σ

I1,% θ̂SA,C5, 0σ,% θ̂SA,C5, 1σ,% θ̂SA,C5, 2σ,% θ̂SA,C5, 4σ,%

I2 0,0% 0,0% 0,0% 0,0%

I3 401,00 401,00 401,00 401,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig�� �.�






θ̂SA, C5, 0σ = [0,33103; 0,49655; −0,16552; −0,01931; −0,01931; −0,01931;
0,99034; 0,99034; 1,01000; 1,01000; 1,01000; 0,99034]T

θ̂SA, C5, 0σ, % = [27,586; 41,379; 13,793; 48,276; 48,276; 48,276;
48,276; 48,276; 50,000; 50,000; 50,000; 48,276]T

θ̂SA, C5, 1σ = [0,16552; 0,04138; −0,12414; −0,01931; −0,01931; −0,01931;
0,99034; 0,99034; 1,01000; 0,99034; 0,99034; 1,01000]T

θ̂SA, C5, 1σ, % = [13,793; 3,448; 10,345; 48,276; 48,276; 48,276;
48,276; 48,276; 50,000; 48,276; 48,276; 50,000]T

θ̂SA, C5, 2σ = [0,04138; 0,16552; −0,57931; −0,01931; 0,02000; −0,01931;
1,01000; 0,99034; 1,01000; 1,01000; 1,01000; 0,99034]T

θ̂SA, C5, 2σ, % = [3,448; 13,793; 48,276; 48,276; 50,000; 48,276;
50,000; 48,276; 50,000; 50,000; 50,000; 48,276]T

θ̂SA, C5, 4σ = [0,33103; 0,49655; −0,57931; −0,01931; −0,01931; 0,02000;
0,99034; 0,99034; 1,01000; 0,99034; 0,99034; 0,99034]T

θ̂SA, C5, 4σ, % = [27,586; 41,379; 48,276; 48,276; 48,276; 50,000;
48,276; 48,276; 50,000; 48,276; 48,276; 48,276]T
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69YBD>=E;>=E8^G$69DoLU=E: �BACD
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GTFB?5#<8\69:�=M: ��GT=ED>A�V)?5#<D>=EJ�#<AC8\69:Z?\6U69=ED>AC8\6OeC=h?B=Mt}ACD>Lb6r69YBD>ACYBD #i69?\6Ig
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�c69;`AC;`; #<8\6"#<;]D>=E;>YZAC8B;��OeC=�#<;�YZ=E:i6q=�IJ�#HG$69POQ9AM?\69;`?5#<8 �9L4#<JO69;�:<AC8BS.#HGTFB?5#<8\69:^=@: ��GT=ED>A�V
?5#<D>=EJ�#<AC8\69:K?B=bFBLb6c69=ED>AC8\6OeC=j?B=veC=ELWn`;>FBYZAC;�G$69LU=E8^GT=9n`=�IJ�#HG$69D�6W?5#<8 �9L4#<JO6f8\Q9A�V
:&#<8B=O69Dq?BAfLUA.?B=E:<AbJ�#<8B=EL ��G$#<JEABg � ACLG#<;>;>ABn
6b=�IJ�#HG$69POQ9Af?\6b?5#<8 �9L4#<JO6U8\Q9A�V):&#<8B=O69D
?BA2LUA.?B=E:<AMJ�#<8B=EL ��G$#<JEAMYZA.?B=�JEAC8B;�G$#HGTF5#<DKAhLUA9G$#HeCAhYZ=E:<Ah[�F\69: A269:<SCACD #HGTLUA�?BA2SCDT6,V
?5#<=E8^GT=h;>=hJEACLUYZACD�G$6�JEAC8It}ACD>LU=M?B=E;>JED #HGTABg

�o6 �Z=E:i6 �Ig�� �I���)8B?5#<JE=E;R?B=j?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA~69:<SCACD #HGTLUAf?B= �h�hn�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GR,C1, 0σ θ̂GR,C1, 1σ θ̂GR,C1, 2σ θ̂GR,C1, 4σ

I1,% θ̂GR,C1, 0σ,% θ̂GR,C1, 1σ,% θ̂GR,C1, 2σ,% θ̂GR,C1, 4σ,%

I2 55,0% 35,0% 75,0% 55,0%

I3 350,00 350,00 350,00 350,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig�� �I�






θ̂GR, C1, 0σ = [−0,35172; 0,24621; −0,31655; −0,01524; 0,00000; 0,00235]T

θ̂GR, C1, 0σ, % = [29,311; 20,517; 26,379; 38,104; 0,000; 5,862]T

θ̂GR, C1, 1σ = [−0,46345; 0,19862; −0,13242; −0,00552; −0,00882; −0,01434]T

θ̂GR, C1, 1σ, % = [38,621; 16,552; 11,034; 13,793; 22,069; 35,862]T

θ̂GR, C1, 2σ = [−0,35379; 0,35379; −0,51103; −0,00393; 0,00524; −0,00787]T

θ̂GR, C1, 2σ, % = [29,482; 29,482; 42,587; 9,828; 13,103; 19,656]T

θ̂GR, C1, 4σ = [−0,18621; 0,37242; −0,24828; −0,01449; −0,00207; −0,01449]T

θ̂GR, C1, 4σ, % = [15,518; 31,035; 20,689; 36,207; 5,172; 36,207]T
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�o6 �Z=E:i6 �Ig�� �.���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA{69:<SCACD #HGTLUAf?B= �h�hn�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GR,C2, 0σ θ̂GR,C2, 1σ θ̂GR,C2, 2σ θ̂GR,C2, 4σ

I1,% θ̂GR,C2, 0σ,% θ̂GR,C2, 1σ,% θ̂GR,C2, 2σ,% θ̂GR,C2, 4σ,%

I2 75,0% 55,0% 60,0% 60,0%

I3 350,00 350,00 350,00 350,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig�� �.�






θ̂GR, C2, 0σ = [−0,49655; 0,16552; −0,41379; −0,01931; −0,01793; −0,00138]T

θ̂GR, C2, 0σ, % = [41,379; 13,793; 34,483; 48,276; 44,828; 3,448]T

θ̂GR, C2, 1σ = [−0,64552; 0,21518; −0,21518; −0,01256; −0,01256; 0,01076]T

θ̂GR, C2, 1σ, % = [53,793; 17,931; 17,931; 31,379; 31,379; 26,897]T

θ̂GR, C2, 2σ = [−0,37241; 0,20690; −0,57931; 0,00138; −0,00414; −0,01655]T

θ̂GR, C2, 2σ, % = [31,034; 17,241; 48,276; 3,448; 10,345; 41,379]T

θ̂GR, C2, 4σ = [−0,43034; 0,21518; −0,75310; 0,00000; 0,00179; 0,00000]T

θ̂GR, C2, 4σ, % = [35,862; 17,931; 62,759; 0,000; 13,449; 0,000]T

�o6 �Z=E:i6 �Ig�� �I���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA{69:<SCACD #HGTLUAf?B= �h�hn�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GR,C3, 0σ θ̂GR,C3, 1σ θ̂GR,C3, 2σ θ̂GR,C3, 4σ

I1,% θ̂GR,C3, 0σ,% θ̂GR,C3, 1σ,% θ̂GR,C3, 2σ,% θ̂GR,C3, 4σ,%

I2 80,0% 85,0% 65,0% 75,0%

I3 350,00 350,00 350,00 350,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig�� �I�






θ̂GR, C3, 0σ = [−0,41379; 0,24828; −0,24828; 0,01931; −0,01931; −0,01241]T

θ̂GR, C3, 0σ, % = [34,483; 20,690; 20,690; 48,276; 48,276; 31,034]T

θ̂GR, C3, 1σ = [0,16552; 0,20690; −0,57931; 0,00000; −0,01793; −0,01931]T

θ̂GR, C3, 1σ, % = [13,793; 17,241; 48,276; 0,000; 44,828; 48,276]T

θ̂GR, C3, 2σ = [−0,45517; 0,20690; −0,12414; −0,01931; −0,01931; 0,00276]T

θ̂GR, C3, 2σ, % = [37,931; 17,241; 10,345; 48,276; 48,276; 6,897]T

θ̂GR, C3, 4σ = [−0,28966; 0,20690; −0,57931; −0,00828; −0,00552; −0,00138]T

θ̂GR, C3, 4σ, % = [24,138; 17,241; 48,276; 20,690; 13,793; 3,448]T
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�o6 �Z=E:i6 �Ig�� �I���)8B?5#<JE=E;R?B=j?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA~69:<SCACD #HGTLUAf?B= �h�hn�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GR,C4, 0σ θ̂GR,C4, 1σ θ̂GR,C4, 2σ θ̂GR,C4, 4σ

I1,% θ̂GR,C4, 0σ,% θ̂GR,C4, 1σ,% θ̂GR,C4, 2σ,% θ̂GR,C4, 4σ,%

I2 65,0% 85,0% 80,0% 80,0%

I3 350,00 350,00 350,00 350,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig�� �I�







θ̂GR, C4, 0σ = [−0,39103; 0,08690; −0,52138; −0,01738; −0,01593; −0,01593]T

θ̂GR, C4, 0σ, % = [32,586; 7,242; 43,448; 43,448; 39,828; 39,828]T

θ̂GR, C4, 1σ = [−0,27311; 0,18207; −0,63724; 0,02124; 0,01213; −0,01063]T

θ̂GR, C4, 1σ, % = [22,759; 15,172; 53,104; 53,104; 30,345; 26,552]T

θ̂GR, C4, 2σ = [−0,57103; 0,42827; −0,19035; 0,01268; 0,01745; −0,02062]T

θ̂GR, C4, 2σ, % = [47,586; 35,689; 15,862; 31,724; 43,621; 51,552]T

θ̂GR, C4, 4σ = [−0,54620; 0,44689; −0,64552; 0,01159; −0,01986; 0,00166]T

θ̂GR, C4, 4σ, % = [45,517; 37,241; 53,794; 28,966; 49,655; 4,138]T

�o6 �Z=E:i6 �Ig � � ���)8B?5#<JE=E;R?B=j?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA~69:<SCACD #HGTLUAf?B= �h�hn�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; �.g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GR,C5, 0σ θ̂GR,C5, 1σ θ̂GR,C5, 2σ θ̂GR,C5, 4σ

I1,% θ̂GR,C5, 0σ,% θ̂GR,C5, 1σ,% θ̂GR,C5, 2σ,% θ̂GR,C5, 4σ,%

I2 85,0% 90,0% 80,0% 90,0%

I3 650,00 650,00 650,00 650,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � � �






θ̂GR, C5, 0σ = [−0,49655; 0,45517; −0,08276; −0,01793; 0,00828; −0,01655;
0,99310; 0,99448; 0,99862; 0,99103; 0,99586; 1,00345]T

θ̂GR, C5, 0σ, % = [41,379; 37,931; 6,897; 44,828; 20,690; 41,379;
34,483; 27,586; 6,897; 44,828; 20,690; 17,241]T

θ̂GR, C5, 1σ = [0,41379; 0,08276; −0,53793; −0,01379; 0,01379; −0,01241;
0,99793; 1,00276; 0,99034; 0,99103; 1,00621; 0,99517]T

θ̂GR, C5, 1σ, % = [34,483; 6,897; 44,828; 34,483; 34,483; 31,034;
10,345; 13,793; 48,276; 44,828; 31,034; 24,138]T

θ̂GR, C5, 2σ = [0,00000; 0,16552; −0,04138; 0,00552; −0,01517; 0,00000;
1,00483; 0,99448; 1,00138; 1,00414; 0,99517; 0,99172]T

θ̂GR, C5, 2σ, % = [0,000; 13,793; 3,448; 13,793; 37,931; 0,000;
24,138; 27,586; 6,897; 20,690; 24,138; 41,379]T

θ̂GR, C5, 4σ = [−0,20690; 0,33103; −0,24828; 0,00000; 0,00690; 0,01793;
0,99931; 0,99793; 0,99448; 0,99310; 1,00828; 1,00069]T

θ̂GR, C5, 4σ, % = [17,241; 27,586; 20,690; 0,000; 17,241; 44,828;
3,448; 10,345; 27,586; 34,483; 41,379; 3,448]T
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5 698 �9:&#<;>=�?BAC;mD>=E;>FB:HG$69?BAC;mA �IG$#<?BAC;lJEACL A�69:<SCACD #HGTLUAM?BARSCDT69?5#<=E8^GT=JEAC8��>FBS^69?BA
* � � 0l;>=ESCFB=h69[�FB=E:i6�D>=E:i6�G$#He96�69A�69:<SCACD #HGTLUAh?BA�SCDT69?5#<=E8^GT=9gK5 ?5#<;�G$#<8BPOQ9A�;>=Mtu69N�=EL
FBL ?B=E;>=ELUYZ=E8 �BAUSC=EDT69:
FBL YZACFBJEA�LU=E: �BACD@8B=E;�GT=2JO69;>ABg

�o6 �Z=E:i6 �Ig � �C���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6cA~69:<SCACD #HGTLUAf?B= � � n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GC,C1, 0σ θ̂GC,C1, 1σ θ̂GC,C1, 2σ θ̂GC,C1, 4σ

I1,% θ̂GC,C1, 0σ,% θ̂GC,C1, 1σ,% θ̂GC,C1, 2σ,% θ̂GC,C1, 4σ,%

I2 65,0% 55,0% 60,0% 60,0%

I3 350,00 350,00 350,00 350,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � �C�







θ̂GC, C1, 0σ = [−0,07448; −0,22345; −0,48414; 0,00497; −0,00993; −0,00248]T

θ̂GC, C1, 0σ, % = [6,207; 18,621; 40,345; 12,414; 24,827; 6,207]T

θ̂GC, C1, 1σ = [−0,33517; 0,14897; −0,48414; 0,00124; 0,00248; −0,00869]T

θ̂GC, C1, 1σ, % = [27,931; 12,414; 40,345; 3,103; 6,207; 21,724]T

θ̂GC, C1, 2σ = [−0,31655; 0,31655; −0,42207; 0,00469; −0,00938; −0,00938]T

θ̂GC, C1, 2σ, % = [26,379; 26,379; 35,172; 11,724; 23,448; 23,448]T

θ̂GC, C1, 4σ = [−0,26069; −0,11173; −0,33517; −0,01614; −0,00248; −0,01117]T

θ̂GC, C1, 4σ, % = [21,724; 9,311; 27,931; 40,345; 6,207; 27,931]T

�o6 �Z=E:i6 �Ig � � ���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6cA~69:<SCACD #HGTLUAf?B= � � n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GC,C2, 0σ θ̂GC,C2, 1σ θ̂GC,C2, 2σ θ̂GC,C2, 4σ

I1,% θ̂GC,C2, 0σ,% θ̂GC,C2, 1σ,% θ̂GC,C2, 2σ,% θ̂GC,C2, 4σ,%

I2 65,0% 75,0% 75,0% 70,0%

I3 350,00 350,00 350,00 350,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � � �







θ̂GC, C2, 0σ = [0,20690; −0,28966; −0,37241; 0,01379; −0,01931; 0,01241]T

θ̂GC, C2, 0σ, % = [17,241; 24,138; 31,034; 34,483; 48,276; 31,034]T

θ̂GC, C2, 1σ = [−0,24828; 0,20690; 0,12414; 0,01793; −0,01793; −0,00138]T

θ̂GC, C2, 1σ, % = [20,690; 17,241; 10,345; 44,828; 44,828; 3,448]T

θ̂GC, C2, 2σ = [−0,37241; 0,20690; 0,20690; −0,01793; 0,00138; −0,01379]T

θ̂GC, C2, 2σ, % = [31,034; 17,241; 17,241; 44,828; 3,448; 34,483]T

θ̂GC, C2, 4σ = [−0,34759; −0,09931; −0,24828; −0,01159; −0,00497; −0,01820]T

θ̂GC, C2, 4σ, % = [28,966; 8,276; 20,689; 28,966; 12,414; 45,517]T

�o6 �Z=E:i6 �Ig � 
 �r�)8B?5#<JE=E;R?B=j?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA{69:<SCACD #HGTLUAf?B= � � n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GC,C3, 0σ θ̂GC,C3, 1σ θ̂GC,C3, 2σ θ̂GC,C3, 4σ

I1,% θ̂GC,C3, 0σ,% θ̂GC,C3, 1σ,% θ̂GC,C3, 2σ,% θ̂GC,C3, 4σ,%

I2 60,0% 70,0% 90,0% 65,0%

I3 350,00 350,00 350,00 350,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � 
 �







θ̂GC, C3, 0σ = [−0,57931; −0,04138; −0,37241; −0,01793; −0,00552; −0,01517]T

θ̂GC, C3, 0σ, % = [48,276; 3,448; 31,034; 44,828; 13,793; 37,931]T

θ̂GC, C3, 1σ = [0,00000; −0,26897; −0,16138; −0,01793; −0,01613; −0,01076]T

θ̂GC, C3, 1σ, % = [0,000; 22,413; 13,449; 44,828; 40,344; 26,897]T

θ̂GC, C3, 2σ = [−0,41379; 0,20690; −0,57931; −0,00828; −0,01793; −0,01379]T

θ̂GC, C3, 2σ, % = [34,483; 17,241; 48,276; 20,690; 44,828; 34,483]T

θ̂GC, C3, 4σ = [−0,54620; 0,24828; −0,64552; −0,00662; −0,01324; −0,00166]T

θ̂GC, C3, 4σ, % = [45,517; 20,689; 53,794; 16,552; 33,103; 4,138]T
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�o6 �Z=E:i6 �Ig � �B���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6cA~69:<SCACD #HGTLUAf?B= � � n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GC,C4, 0σ θ̂GC,C4, 1σ θ̂GC,C4, 2σ θ̂GC,C4, 4σ

I1,% θ̂GC,C4, 0σ,% θ̂GC,C4, 1σ,% θ̂GC,C4, 2σ,% θ̂GC,C4, 4σ,%

I2 90,0% 70,0% 75,0% 70,0%

I3 350,00 350,00 350,00 350,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � �B�







θ̂GC, C4, 0σ = [0,46345; −0,36414; −0,46345; −0,00110; −0,00993; −0,01434]T

θ̂GC, C4, 0σ, % = [38,621; 30,345; 38,621; 2,758; 24,827; 35,862]T

θ̂GC, C4, 1σ = [−0,57931; −0,24828; −0,24828; 0,01379; −0,00552; 0,01655]T

θ̂GC, C4, 1σ, % = [48,276; 20,690; 20,690; 34,483; 13,793; 41,379]T

θ̂GC, C4, 2σ = [−0,57931; −0,28966; −0,49655; −0,00552; −0,01793; 0,01517]T

θ̂GC, C4, 2σ, % = [48,276; 24,138; 41,379; 13,793; 44,828; 37,931]T

θ̂GC, C4, 4σ = [−0,48413; 0,37656; −0,10759; −0,00897; −0,02151; 0,00718]T

θ̂GC, C4, 4σ, % = [40,344; 31,379; 8,966; 22,413; 53,793; 17,931]T

�o6 �Z=E:i6 �Ig � �.���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6cA~69:<SCACD #HGTLUAf?B= � � n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; �.g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GC,C5, 0σ θ̂GC,C5, 1σ θ̂GC,C5, 2σ θ̂GC,C5, 4σ

I1,% θ̂GC,C5, 0σ,% θ̂GC,C5, 1σ,% θ̂GC,C5, 2σ,% θ̂GC,C5, 4σ,%

I2 80,0% 80,0% 75,0% 65,0%

I3 650,00 650,00 650,00 650,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �.�






θ̂GC, C5, 0σ = [0,24828; 0,04138; −0,08276; 0,00000; −0,01241; −0,01655;
0,99379; 0,99448; 0,99517; 0,99241; 1,00069; 0,99172]T

θ̂GC, C5, 0σ, % = [20,690; 3,448; 6,897; 0,000; 31,034; 41,379;
31,034; 27,586; 24,138; 37,931; 3,448; 41,379]T

θ̂GC, C5, 1σ = [−0,08276; 0,41379; −0,16552; −0,01931; −0,01103; −0,00276;
0,99310; 1,00552; 1,00207; 1,00759; 1,00207; 1,00690]T

θ̂GC, C5, 1σ, % = [6,897; 34,483; 13,793; 48,276; 27,586; 6,897;
34,483; 27,586; 10,345; 37,931; 10,345; 34,483]T

θ̂GC, C5, 2σ = [−0,24828; 0,45517; −0,24828; −0,01793; −0,01793; −0,00966;
0,99034; 1,00345; 0,99241; 0,99310; 0,99862; 1,00207]T

θ̂GC, C5, 2σ, % = [20,690; 37,931; 20,690; 44,828; 44,828; 24,138;
48,276; 17,241; 37,931; 34,483; 6,897; 10,345]T

θ̂GC, C5, 4σ = [0,24828; −0,12414; −0,33103; 0,00966; −0,00552; −0,01241;
0,99172; 0,99448; 1,00690; 0,99379; 0,99793; 0,99586]T

θ̂GC, C5, 4σ, % = [20,690; 10,345; 27,586; 24,138; 13,793; 31,034;
41,379; 27,586; 34,483; 31,034; 10,345; 20,690]T
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YBD>A �B:<=ELb6Ig � ACL #<;>;>ABnBAU69:<SCACD #HGTLUA2GT=E8B?B=R6r?5#HeC=ED>S.#<DEg

�o6 �Z=E:i6 �Ig � �I�_�)8B?5#<JE=E;?B=�?B=E;>=ELUYZ=E8 �BAfY\69DT6bAj69:<SCACD #HGTLUA�?B= � � � nXJEAC8��>FB8^GTAj?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GCP,C1, 0σ θ̂GCP,C1, 1σ θ̂GCP,C1, 2σ θ̂GCP,C1, 4σ

I1,% θ̂GCP,C1, 0σ,% θ̂GCP,C1, 1σ,% θ̂GCP,C1, 2σ,% θ̂GCP,C1, 4σ,%

I2 85,0% 0,0% 0,0% 75,0%

I3 1976,66 1809,92 1739,64 1778,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � �I�






θ̂GCP, C1, 0σ = [0,20690; 0,57931; 0,53793; −0,00138; −0,00276; −0,01931]T

θ̂GCP, C1, 0σ, % = [17,241; 48,276; 44,828; 3,448; 6,897; 48,276]T

θ̂GCP, C1, 1σ = [0,20690; 0,57931; −0,45517; −0,01931; −0,01103; −0,01241]T

θ̂GCP, C1, 1σ, % = [17,241; 48,276; 37,931; 48,276; 27,586; 31,034]T

θ̂GCP, C1, 2σ = [0,20690; 0,57931; 0,12414; −0,01931; −0,01931; −0,01931]T

θ̂GCP, C1, 2σ, % = [17,241; 48,276; 10,345; 48,276; 48,276; 48,276]T

θ̂GCP, C1, 4σ = [0,20690; 0,57931; −0,49655; −0,01793; −0,00276; −0,00138]T

θ̂GCP, C1, 4σ, % = [17,241; 48,276; 41,379; 44,828; 6,897; 3,448]T
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�o6 �Z=E:i6 �Ig � �.�_�)8B?5#<JE=E;�?B=R?B=E;>=ELUYZ=E8 �BAfY\69DT6bAf69:<SCACD #HGTLUAr?B= � � � nZJEAC8��>FB8^GTAj?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GCP,C2, 0σ θ̂GCP,C2, 1σ θ̂GCP,C2, 2σ θ̂GCP,C2, 4σ

I1,% θ̂GCP,C2, 0σ,% θ̂GCP,C2, 1σ,% θ̂GCP,C2, 2σ,% θ̂GCP,C2, 4σ,%

I2 0,0% 55,0% 0,0% 0,0%

I3 1974,14 1790,60 1844,50 1724,10

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �.�






θ̂GCP, C2, 0σ = [0,37241; 0,28966; −0,49655; −0,01793; −0,01931; 0,00690]T

θ̂GCP, C2, 0σ, % = [31,034; 24,138; 41,379; 44,828; 48,276; 17,241]T

θ̂GCP, C2, 1σ = [0,45517; −0,37241; −0,04138; −0,00138; −0,00276; −0,01379]T

θ̂GCP, C2, 1σ, % = [37,931; 31,034; 3,448; 3,448; 6,897; 34,483]T

θ̂GCP, C2, 2σ = [0,45517; −0,41379; −0,04138; −0,01931; −0,01931; −0,01931]T

θ̂GCP, C2, 2σ, % = [37,931; 34,483; 3,448; 48,276; 48,276; 48,276]T

θ̂GCP, C2, 4σ = [0,45517; −0,37241; −0,04138; −0,01931; −0,01931; −0,01931]T

θ̂GCP, C2, 4σ, % = [37,931; 31,034; 3,448; 48,276; 48,276; 48,276]T

�o6 �Z=E:i6 �Ig � �I�_�)8B?5#<JE=E;�?B=R?B=E;>=ELUYZ=E8 �BAfY\69DT6bAf69:<SCACD #HGTLUAr?B= � � � nZJEAC8��>FB8^GTAj?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GCP,C3, 0σ θ̂GCP,C3, 1σ θ̂GCP,C3, 2σ θ̂GCP,C3, 4σ

I1,% θ̂GCP,C3, 0σ,% θ̂GCP,C3, 1σ,% θ̂GCP,C3, 2σ,% θ̂GCP,C3, 4σ,%

I2 85,0% 70,0% 0,0% 0,0%

I3 1758,12 1906,24 1844,50 1724,10

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �I�






θ̂GCP, C3, 0σ = [−0,20690; 0,20690; −0,24828; −0,01931; 0,01379; −0,00552]T

θ̂GCP, C3, 0σ, % = [17,241; 17,241; 20,690; 48,276; 34,483; 13,793]T

θ̂GCP, C3, 1σ = [0,20690; 0,20690; −0,33103; −0,01655; −0,00966; 0,00000]T

θ̂GCP, C3, 1σ, % = [17,241; 17,241; 27,586; 41,379; 24,138; 0,000]T

θ̂GCP, C3, 2σ = [0,45517; −0,41379; −0,04138; −0,01931; −0,01931; −0,01931]T

θ̂GCP, C3, 2σ, % = [37,931; 34,483; 3,448; 48,276; 48,276; 48,276]T

θ̂GCP, C3, 4σ = [0,45517; −0,37241; −0,04138; −0,01931; −0,01931; −0,01931]T

θ̂GCP, C3, 4σ, % = [37,931; 31,034; 3,448; 48,276; 48,276; 48,276]T
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�o6 �Z=E:i6 �Ig � �I�_�)8B?5#<JE=E;?B=�?B=E;>=ELUYZ=E8 �BAfY\69DT6bAj69:<SCACD #HGTLUA�?B= � � � nXJEAC8��>FB8^GTAj?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GCP,C4, 0σ θ̂GCP,C4, 1σ θ̂GCP,C4, 2σ θ̂GCP,C4, 4σ

I1,% θ̂GCP,C4, 0σ,% θ̂GCP,C4, 1σ,% θ̂GCP,C4, 2σ,% θ̂GCP,C4, 4σ,%

I2 85,0% 55,0% 0,0% 0,0%

I3 1758,12 1790,60 1784,02 1824,90

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � �I�







θ̂GCP, C4, 0σ = [−0,20690; 0,24828; −0,20690; −0,01931; 0,01379; −0,00552]T

θ̂GCP, C4, 0σ, % = [17,241; 20,690; 17,241; 6,897; 3,448; 13,793]T

θ̂GCP, C4, 1σ = [0,45517; −0,37241; −0,04138; −0,01931; −0,01931; −0,01379]T

θ̂GCP, C4, 1σ, % = [37,931; 31,034; 3,448; 34,483; 48,276; 34,483]T

θ̂GCP, C4, 2σ = [0,49655; 0,41379; −0,37241; −0,00276; −0,00138; −0,01931]T

θ̂GCP, C4, 2σ, % = [41,379; 34,483; 31,034; 48,276; 48,276; 48,276]T

θ̂GCP, C4, 4σ = [−0,20690; −0,04138; −0,37241; −0,01931; −0,01931; −0,01931]T

θ̂GCP, C4, 4σ, % = [17,241; 3,448; 31,034; 48,276; 48,276; 48,276]T

�o6 �Z=E:i6 �Ig 
�� �_�)8B?5#<JE=E;?B=�?B=E;>=ELUYZ=E8 �BAfY\69DT6bAj69:<SCACD #HGTLUA�?B= � � � nXJEAC8��>FB8^GTAj?B=
GT=E;�GT=E; �.g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GCP,C5, 0σ θ̂GCP,C5, 1σ θ̂GCP,C5, 2σ θ̂GCP,C5, 4σ

I1,% θ̂GCP,C5, 0σ,% θ̂GCP,C5, 1σ,% θ̂GCP,C5, 2σ,% θ̂GCP,C5, 4σ,%

I2 0,0% 0,0% 0,0% 0,0%

I3 2967,64 2967,64 2967,64 2967,64
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig 
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θ̂GCP, C5, 0σ = [0,49655; −0,08276; −0,04138; 0,00966; −0,00138; −0,00552;
1,00207; 0,99517; 0,99034; 0,99034; 0,99034; 0,99586]T

θ̂GCP, C5, 0σ, % = [41,379; 6,897; 3,448; 24,138; 3,448; 13,793;
10,345; 24,138; 48,276; 48,276; 48,276; 20,690]T

θ̂GCP, C5, 1σ = [0,49655; −0,12414; 0,24828; 0,00966; −0,00276; −0,00552;
0,99379; 0,99172; 0,99172; 0,99034; 1,00483; 0,99034]T

θ̂GCP, C5, 1σ, % = [41,379; 10,345; 20,690; 24,138; 6,897; 13,793;
31,034; 41,379; 41,379; 48,276; 24,138; 48,276]T

θ̂GCP, C5, 2σ = [−0,12414; −0,12414; −0,04138; 0,00966; −0,00276; −0,00552;
0,99724; 0,99517; 1,00414; 0,99034; 0,99034; 0,99034]T

θ̂GCP, C5, 2σ, % = [10,345; 10,345; 3,448; 24,138; 6,897; 13,793;
13,793; 24,138; 20,690; 48,276; 48,276; 48,276]T

θ̂GCP, C5, 4σ = [−0,12414; −0,08276; 0,16552; 0,01103; −0,00138; −0,00552;
1,00552; 0,99034; 0,99655; 0,99034; 0,99034; 1,00069]T

θ̂GCP, C5, 4σ, % = [10,345; 6,897; 13,793; 27,586; 3,448; 13,793;
27,586; 48,276; 17,241; 48,276; 48,276; 3,448]T
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69:<SCACD #HGTLUAR?B= �h69FB;>;�V � =3=_GTAC8W8B=E;�GT=hGTDT6 �\69: �BABg

�o6 �Z=E:i6 �Ig 
 �C���)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � n�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GN,C1, 0σ θ̂GN,C1, 1σ θ̂GN,C1, 2σ θ̂GN,C1, 4σ

I1,% θ̂GN,C1, 0σ,% θ̂GN,C1, 1σ,% θ̂GN,C1, 2σ,% θ̂GN,C1, 4σ,%

I2 0,0% 0,0% 0,0% 0,0%

I3 140,00 140,00 140,00 140,00

��� 8	8M6JU B�DFB>	= ��B @C65X B �LWK?X�IKOB78M6 ?@.;	698M65IL>/?D ;	698MW.X >/?�G�BL8�G�698	8M6J?X T�B�;	= >	DFB @K?;/? B7:<B�I� W.IL>	B
G�6 >	698 >	698 � �



6.1. QUALIDADE DA RECONSTRUÇÃO 167

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig 
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θ̂GN, C1, 0σ = [0,20690; 0,57931; −0,49655; −0,01931; −0,01931; −0,01931]T

θ̂GN, C1, 0σ, % = [17,241; 48,276; 41,379; 48,276; 48,276; 48,276]T

θ̂GN, C1, 1σ = [0,20690; 0,57931; −0,57931; −0,01931; −0,01931; −0,01931]T

θ̂GN, C1, 1σ, % = [17,241; 48,276; 48,276; 48,276; 48,276; 48,276]T

θ̂GN, C1, 2σ = [0,20690; 0,57931; −0,57931; −0,01931; −0,01931; −0,01931]T

θ̂GN, C1, 2σ, % = [17,241; 48,276; 48,276; 48,276; 48,276; 48,276]T

θ̂GN, C1, 4σ = [0,20690; 0,57931; −0,16552; −0,01931; −0,01931; −0,01931]T

θ̂GN, C1, 4σ, % = [17,241; 48,276; 13,793; 48,276; 48,276; 48,276]T

�o6 �Z=E:i6 �Ig 
 � ���)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA{69:<SCACD #HGTLUAf?B= � � n�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GN,C2, 0σ θ̂GN,C2, 1σ θ̂GN,C2, 2σ θ̂GN,C2, 4σ

I1,% θ̂GN,C2, 0σ,% θ̂GN,C2, 1σ,% θ̂GN,C2, 2σ,% θ̂GN,C2, 4σ,%

I2 0,0% 0,0% 0,0% 75,0%

I3 140,00 140,00 140,00 140,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig 
 � �







θ̂GN, C2, 0σ = [0,37241; −0,53793; −0,12414; −0,01931; −0,01931; −0,01931]T

θ̂GN, C2, 0σ, % = [31,034; 44,828; 10,345; 48,276; 48,276; 48,276]T

θ̂GN, C2, 1σ = [0,53793; 0,20690; −0,49655; −0,01931; −0,01931; −0,01931]T

θ̂GN, C2, 1σ, % = [44,828; 17,241; 41,379; 48,276; 48,276; 48,276]T

θ̂GN, C2, 2σ = [0,28966; −0,28966; −0,53793; −0,01931; −0,01931; −0,01931]T

θ̂GN, C2, 2σ, % = [24,138; 24,138; 44,828; 48,276; 48,276; 48,276]T

θ̂GN, C2, 4σ = [0,41379; 0,28966; −0,53793; −0,01103; 0,00276; −0,01655]T

θ̂GN, C2, 4σ, % = [34,483; 24,138; 44,828; 27,586; 6,897; 41,379]T
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�o6 �Z=E:i6 �Ig 
 
 ���)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � n�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GN,C3, 0σ θ̂GN,C3, 1σ θ̂GN,C3, 2σ θ̂GN,C3, 4σ

I1,% θ̂GN,C3, 0σ,% θ̂GN,C3, 1σ,% θ̂GN,C3, 2σ,% θ̂GN,C3, 4σ,%

I2 0,0% 0,0% 0,0% 0,0%

I3 140,00 140,00 140,00 140,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig 
 
 �






θ̂GN, C3, 0σ = [0,45517; 0,16552; −0,24828; −0,01931; −0,01931; −0,01931]T

θ̂GN, C3, 0σ, % = [37,931; 13,793; 20,690; 48,276; 48,276; 48,276]T

θ̂GN, C3, 1σ = [0,04138; −0,08276; −0,49655; −0,01931; −0,01931; −0,01931]T

θ̂GN, C3, 1σ, % = [3,448; 6,897; 41,379; 48,276; 48,276; 48,276]T

θ̂GN, C3, 2σ = [0,45517; −0,04138; −0,41379; −0,01931; −0,01931; −0,01931]T

θ̂GN, C3, 2σ, % = [37,931; 3,448; 34,483; 48,276; 48,276; 48,276]T

θ̂GN, C3, 4σ = [−0,57931; 0,20690; −0,49655; −0,01931; −0,01931; −0,01931]T

θ̂GN, C3, 4σ, % = [48,276; 17,241; 41,379; 48,276; 48,276; 48,276]T

�o6 �Z=E:i6 �Ig 
 �B���)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � n�JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂GN,C4, 0σ θ̂GN,C4, 1σ θ̂GN,C4, 2σ θ̂GN,C4, 4σ

I1,% θ̂GN,C4, 0σ,% θ̂GN,C4, 1σ,% θ̂GN,C4, 2σ,% θ̂GN,C4, 4σ,%

I2 0,0% 0,0% 0,0% 0,0%

I3 140,00 140,00 140,00 140,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig 
 �B�






θ̂GN, C4, 0σ = [0,41379; 0,16552; −0,53793; −0,01931; −0,01931; 0,01103]T

θ̂GN, C4, 0σ, % = [34,483; 13,793; 44,828; 48,276; 48,276; 27,586]T

θ̂GN, C4, 1σ = [−0,45517; −0,33103; −0,04138; −0,01931; −0,01931; −0,01931]T

θ̂GN, C4, 1σ, % = [37,931; 27,586; 3,448; 48,276; 48,276; 48,276]T

θ̂GN, C4, 2σ = [−0,04138; 0,20690; −0,57931; −0,01931; −0,01931; −0,01931]T

θ̂GN, C4, 2σ, % = [3,448; 17,241; 48,276; 48,276; 48,276; 48,276]T

θ̂GN, C4, 4σ = [−0,37241; 0,00000; −0,45517; −0,01931; −0,01931; −0,01931]T

θ̂GN, C4, 4σ, % = [31,034; 0,000; 37,931; 48,276; 48,276; 48,276]T
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�o6 �Z=E:i6 �Ig 
 �.���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA~69:<SCACD #HGTLUAf?B= ? ��n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E;��Cg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂LM,C1, 0σ θ̂LM,C1, 1σ θ̂LM,C1, 2σ θ̂LM,C1, 4σ

I1,% θ̂LM,C1, 0σ,% θ̂LM,C1, 1σ,% θ̂LM,C1, 2σ,% θ̂LM,C1, 4σ,%

I2 65,0% 50,0% 70,0% 75,0%

I3 205,80 200,20 213,08 206,22

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig 
 �.�







θ̂LM, C1, 0σ = [0,49655; 0,24828; −0,37241; 0,01517; −0,01103; 0,01103]T

θ̂LM, C1, 0σ, % = [41,379; 20,690; 31,034; 37,931; 27,586; 27,586]T

θ̂LM, C1, 1σ = [0,49655; 0,28966; −0,33103; −0,00414; −0,00966; −0,01379]T

θ̂LM, C1, 1σ, % = [41,379; 24,138; 27,586; 10,345; 24,138; 34,483]T

θ̂LM, C1, 2σ = [0,41379; 0,34482; −0,27586; −0,01609; 0,01264; −0,01264]T

θ̂LM, C1, 2σ, % = [34,483; 28,736; 22,988; 40,230; 31,609; 31,609]T

θ̂LM, C1, 4σ = [0,49655; 0,28966; −0,37241; −0,01103; −0,01241; −0,01793]T

θ̂LM, C1, 4σ, % = [41,379; 24,138; 31,034; 27,586; 31,034; 44,828]T

�o6 �Z=E:i6 �Ig 
 �I���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA~69:<SCACD #HGTLUAf?B= ? ��n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; � g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂LM,C2, 0σ θ̂LM,C2, 1σ θ̂LM,C2, 2σ θ̂LM,C2, 4σ

I1,% θ̂LM,C2, 0σ,% θ̂LM,C2, 1σ,% θ̂LM,C2, 2σ,% θ̂LM,C2, 4σ,%

I2 70,0% 30,0% 30,0% 55,0%

I3 221,20 210,00 230,02 198,24
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig 
 �I�







θ̂LM, C2, 0σ = [0,22345; −0,14897; −0,03724; −0,01613; −0,01737; −0,01241]T

θ̂LM, C2, 0σ, % = [18,621; 12,414; 3,103; 40,345; 43,448; 31,035]T

θ̂LM, C2, 1σ = [0,20690; 0,57931; 0,08276; 0,00000; 0,00690; −0,00828]T

θ̂LM, C2, 1σ, % = [17,241; 48,276; 6,897; 0,000; 17,241; 20,690]T

θ̂LM, C2, 2σ = [0,20690; 0,57931; −0,16552; 0,00690; −0,01379; −0,00828]T

θ̂LM, C2, 2σ, % = [17,241; 48,276; 13,793; 17,241; 34,483; 20,690]T

θ̂LM, C2, 4σ = [0,20690; 0,57931; −0,20690; −0,01655; 0,00552; −0,00966]T

θ̂LM, C2, 4σ, % = [17,241; 48,276; 17,241; 41,379; 13,793; 24,138]T

�o6 �Z=E:i6 �Ig 
 �.���)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= ? ��n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; 
 g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂LM,C3, 0σ θ̂LM,C3, 1σ θ̂LM,C3, 2σ θ̂LM,C3, 4σ

I1,% θ̂LM,C3, 0σ,% θ̂LM,C3, 1σ,% θ̂LM,C3, 2σ,% θ̂LM,C3, 4σ,%

I2 45,0% 65,0% 70,0% 25,0%

I3 215,74 217,14 210,42 211,82

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig 
 �.�







θ̂LM, C3, 0σ = [−0.37241; 0.03724; −0.29793; −0.01365; −0.01489; −0.00869]T

θ̂LM, C3, 0σ, % = [31.035; 3.103; 24.827; 34.138; 37.24; 21.724]T

θ̂LM, C3, 1σ = [−0,57931; 0,04138; −0,28966; −0,00828; −0,01517; −0,01655]T

θ̂LM, C3, 1σ, % = [48,276; 3,448; 24,138; 20,690; 37,931; 41,379]T

θ̂LM, C3, 2σ = [−0,37241; 0,04138; −0,41379; −0,00414; 0,01931; 0,00276]T

θ̂LM, C3, 2σ, % = [31,034; 3,448; 34,483; 10,345; 48,276; 6,897]T

θ̂LM, C3, 4σ = [−0,04138; 0,08276; −0,49655; −0,01241; 0,00276; −0,01517]T

θ̂LM, C3, 4σ, % = [3,448; 6,897; 41,379; 31,034; 6,897; 37,931]T
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�o6 �Z=E:i6 �Ig 
 �I���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA~69:<SCACD #HGTLUAf?B= ? ��n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; �Bg

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂LM,C4, 0σ θ̂LM,C4, 1σ θ̂LM,C4, 2σ θ̂LM,C4, 4σ

I1,% θ̂LM,C4, 0σ,% θ̂LM,C4, 1σ,% θ̂LM,C4, 2σ,% θ̂LM,C4, 4σ,%

I2 80,0% 65,0% 70,0% 60,0%

I3 217,28 203,28 214,48 214,90

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig 
 �I�







θ̂LM, C4, 0σ = [−0,14897; 0,04966; −0,14897; −0,01076; 0,00414; −0,00993]T

θ̂LM, C4, 0σ, % = [12,414; 4,138; 12,414; 26,897; 10,345; 24,827]T

θ̂LM, C4, 1σ = [0,02483; 0,04966; −0,14897; −0,00827; −0,01076; −0,00910]T

θ̂LM, C4, 1σ, % = [2,069; 4,138; 12,414; 20,690; 26,897; 22,759]T

θ̂LM, C4, 2σ = [−0,03104; 0,09310; −0,12414; −0,01034; −0,01448; −0,00207]T

θ̂LM, C4, 2σ, % = [2,586; 7,759; 10,345; 25,862; 36,207; 5,173]T

θ̂LM, C4, 4σ = [0,04966; −0,02483; −0,12414; −0,01159; −0,00993; −0,01159]T

θ̂LM, C4, 4σ, % = [4,138; 2,069; 10,345; 28,966; 24,827; 28,966]T

�o6 �Z=E:i6 �Ig 
 �I���)8B?5#<JE=E;�?B=b?B=E;>=ELUYZ=E8 �BA~Y\69DT6cA~69:<SCACD #HGTLUAf?B= ? ��n]JEAC8��>FB8^GTA~?B=
GT=E;�GT=E; �.g

�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂LM,C5, 0σ θ̂LM,C5, 1σ θ̂LM,C5, 2σ θ̂LM,C5, 4σ

I1,% θ̂LM,C5, 0σ,% θ̂LM,C5, 1σ,% θ̂LM,C5, 2σ,% θ̂LM,C5, 4σ,%

I2 75,0% 85,0% 85,0% 75,0%

I3 358,02 363,48 363,48 358,02
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig 
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θ̂LM, C5, 0σ = [−0,24828; 0,28966; −0,04138; −0,01655; −0,01379; −0,00414;
0,99379; 0,99034; 0,99793; 0,99034; 0,99862; 0,99310]T

θ̂LM, C5, 0σ, % = [20,690; 24,138; 3,448; 41,379; 34,483; 10,345;
31,034; 48,276; 10,345; 48,276; 6,897; 34,483]T

θ̂LM, C5, 1σ = [−0,04552; 0,09104; −0,09104; −0,01972; 0,01063; −0,01063;
1,09165; 1,08937; 1,09621; 1,09165; 1,09469; 1,09317]T

θ̂LM, C5, 1σ, % = [3,793; 7,587; 7,587; 49,311; 26,552; 26,552;
41,724; 53,104; 18,965; 41,724; 26,552; 34,137]T

θ̂LM, C5, 2σ = [−0,04552; 0,09104; −0,09104; −0,01972; 0,01063; −0,01063;
1,09165; 1,08937; 1,09621; 1,09165; 1,09469; 1,09317]T

θ̂LM, C5, 2σ, % = [3,793; 7,587; 7,587; 49,311; 26,552; 26,552;
41,724; 53,104; 18,965; 41,724; 26,552; 34,137]T

θ̂LM, C5, 4σ = [−0,24828; 0,28966; −0,04138; −0,01655; −0,01379; −0,00414;
0,99379; 0,99034; 0,99793; 0,99034; 0,99862; 0,99310]T

θ̂LM, C5, 4σ, % = [20,690; 24,138; 3,448; 41,379; 34,483; 10,345;
31,034; 48,276; 10,345; 48,276; 6,897; 34,483]T
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� F\698^GTA�69AC;@69:<SCACD #HGTLUAC;KSC=E8�	vG$#<JEAC;En\6RYBD #<8BJ�#<Y\69: JEAC8BJE:<FB;TQ9ArJEAC8B; #<;�GT=�8\6RYZAC;>; # V

�5#<:&#<?\69?B=2?\6j;>F\6j?5#HeD#<;TQ9Aj=ELs?BA.#<;�SCD>FBYZAC;�?B=r69:<SCACD #HGTLUAC;�JEACLs?B=E;>=ELUYZ=E8 �BAC;M;>= V
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:i69POQ9ARJEACL ArFB;>A�?B=�=E:&#HG$#<;>LUA2=Lb698^G 	ELp6R?5#HeC=ED>; #<?\69?B=�?\6RYZACYBFB:i69POQ9ARJEACL
G 	EJE85#<JO6x?B={69SCD>FBY\69LU=E8^GTABg � YZ=EDT69?BACD>=E;jFIG$#<:&#<NO69?BAC;E�~D>=EYBD>A.?BFBPOQ9ABn�JED>FBNO6,V
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LU=E: �BACDEn AC;�69:<SCACD #HGTLUAC;_?B= � � �M5Rn � � �M5 � �_= � � � 5RnXD>=E;>YZ=EJvG$#He969LU=E8^GT=9g � ;>;T6
JEAC8BJE:<FB;TQ9A 	@JEAC8B;>=E[��1�E8BJ�#i6M?\6�698 �9:&#<;>=m?5#<D>=vG$6q?BAC;`SCD����\JEAC;�EnC[�FB=�#<:<FB;�GTDT69L AMJEACLrV
YZACD�G$69LU=E8^GTA2?\6R?5#<;�G �98BJ�#i6h?BA2eC=vGTACDm=E;�G$#<Lb69?BA2JEACL Lb6"#<ACD`t}D>=E[��1�E8BJ�#i6InI=EL [�FB=AC;
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69:<SCACD #HGTLUAC;M?B= � � �M5Rn � � �M5Rn � � �M5Rn � � �M5 � �M= � � � 5 69YBD>=E;>=E8^G$69L ?5#<;�V
G �98BJ�#i69;_YZ=ED>JE=E8^GTF\6"#<;�L 	E?5#i69;_?B= � �

%
n � �

%
n � �

%
n � �

%
=+� 


%
D>=E;>YZ=EJvG$#He969LU=E8^GT=9g

�o6 �Z=E:i6 �Ig � � �R�)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E;��Cg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂V EGA,C1, 0σ θ̂V EGA,C1, 1σ θ̂V EGA,C1, 2σ θ̂V EGA,C1, 4σ

I1,% θ̂V EGA,C1, 0σ,% θ̂V EGA,C1, 1σ,% θ̂V EGA,C1, 2σ,% θ̂V EGA,C1, 4σ,%

I2 50,0% 25,0% 25,0% 35,0%

I3 28252,00 28864,00 28558,00 29476,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � � �







θ̂V EGA, C1, 0σ = [−0,04138; −0,37241; −0,20690; 0,00276; 0,00828; −0,00414]T

θ̂V EGA, C1, 0σ, % = [3,448; 31,034; 17,241; 6,897; 20,690; 10,345]T

θ̂V EGA, C1, 1σ = [−0,16552; −0,16552; 0,08276; −0,00690; −0,00138; 0,00828]T

θ̂V EGA, C1, 1σ, % = [13,793; 13,793; 6,897; 17,241; 3,448; 20,690]T

θ̂V EGA, C1, 2σ = [−0,08276; −0,08276; −0,16552; −0,00414; 0,00828; 0,00000]T

θ̂V EGA, C1, 2σ, % = [6,897; 6,897; 13,793; 10,345; 20,690; 0,000]T

θ̂V EGA, C1, 4σ = [−0,16552; 0,04138; −0,24828; −0,00966; 0,00414; 0,00138]T

θ̂V EGA, C1, 4σ, % = [13,793; 3,448; 20,690; 24,138; 10,345; 3,448]T

�o6 �Z=E:i6 �Ig �1�C�R�)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; � g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂V EGA,C2, 0σ θ̂V EGA,C2, 1σ θ̂V EGA,C2, 2σ θ̂V EGA,C2, 4σ

I1,% θ̂V EGA,C2, 0σ,% θ̂V EGA,C2, 1σ,% θ̂V EGA,C2, 2σ,% θ̂V EGA,C2, 4σ,%

I2 35,0% 20,0% 30,0% 25,0%

I3 29068,00 29476,00 29374,00 29476,00
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�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig �1�C�







θ̂V EGA, C2, 0σ = [0,08276; 0,00000; −0,08276; 0,00000; −0,00966; −0,00138]T

θ̂V EGA, C2, 0σ, % = [6,897; 0,000; 6,897; 0,000; 24,138; 3,448]T

θ̂V EGA, C2, 1σ = [0,04138; 0,08276; −0,08276; 0,00000; 0,00414; −0,00552]T

θ̂V EGA, C2, 1σ, % = [3,448; 6,897; 6,897; 0,000; 10,345; 13,793]T

θ̂V EGA, C2, 2σ = [0,12414; 0,24828; 0,04138; 0,00138; 0,00000; 0,00414]T

θ̂V EGA, C2, 2σ, % = [10,345; 20,690; 3,448; 3,448; 0,000; 10,345]T

θ̂V EGA, C2, 4σ = [−0,12414; 0,08276; −0,20690; −0,00552; 0,00690; −0,00414]T

θ̂V EGA, C2, 4σ, % = [10,345; 6,897; 17,241; 13,793; 17,241; 10,345]T

�o6 �Z=E:i6 �Ig � � ���)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; 
 g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂V EGA,C3, 0σ θ̂V EGA,C3, 1σ θ̂V EGA,C3, 2σ θ̂V EGA,C3, 4σ

I1,% θ̂V EGA,C3, 0σ,% θ̂V EGA,C3, 1σ,% θ̂V EGA,C3, 2σ,% θ̂V EGA,C3, 4σ,%

I2 55,0% 65,0% 40,0% 50,0%

I3 30772,00 30448,00 30124,00 30988,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � � �







θ̂V EGA, C3, 0σ = [0,24828; −0,16552; −0,41379; 0,01103; −0,00276; 0,00000]T

θ̂V EGA, C3, 0σ, % = [20,690; 13,793; 34,483; 27,586; 6,897; 0,000]T

θ̂V EGA, C3, 1σ = [0,08276; 0,24828; −0,45517; 0,00552; −0,01241; −0,00690]T

θ̂V EGA, C3, 1σ, % = [6,897; 20,690; 37,931; 13,793; 31,034; 17,241]T

θ̂V EGA, C3, 2σ = [0,08276; −0,12414; −0,33103; 0,01103; −0,00690; −0,00414]T

θ̂V EGA, C3, 2σ, % = [6,897; 10,345; 27,586; 27,586; 17,241; 10,345]T

θ̂V EGA, C3, 4σ = [0,37241; −0,12414; −0,24828; 0,00690; −0,00276; 0,00966]T

θ̂V EGA, C3, 4σ, % = [31,034; 10,345; 20,690; 17,241; 6,897; 24,138]T
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�o6 �Z=E:i6 �Ig � 
 �R�)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; �Bg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂V EGA,C4, 0σ θ̂V EGA,C4, 1σ θ̂V EGA,C4, 2σ θ̂V EGA,C4, 4σ

I1,% θ̂V EGA,C4, 0σ,% θ̂V EGA,C4, 1σ,% θ̂V EGA,C4, 2σ,% θ̂V EGA,C4, 4σ,%

I2 55,0% 60,0% 60,0% 55,0%

I3 2908,00 2908,00 2908,00 2908,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � 
 �







θ̂V EGA, C4, 0σ = [0,12414; 0,20690; −0,41379; 0,00138; −0,00414; 0,00552]T

θ̂V EGA, C4, 0σ, % = [10,345; 17,241; 34,483; 3,448; 10,345; 13,793]T

θ̂V EGA, C4, 1σ = [0,12414; −0,41379; −0,45517; −0,01379; −0,00966; 0,01379]T

θ̂V EGA, C4, 1σ, % = [10,345; 34,483; 37,931; 34,483; 24,138; 34,483]T

θ̂V EGA, C4, 2σ = [0,33103; −0,24828; 0,04138; −0,01103; 0,01517; −0,00276]T

θ̂V EGA, C4, 2σ, % = [27,586; 20,690; 3,448; 27,586; 37,931; 6,897]T

θ̂V EGA, C4, 4σ = [−0,04138; −0,16552; −0,41379; 0,00138; −0,00966; 0,00966]T

θ̂V EGA, C4, 4σ, % = [3,448; 13,793; 34,483; 3,448; 24,138; 24,138]T

�o6 �Z=E:i6 �Ig ���B�R�)8B?5#<JE=E;R?B=b?B=E;>=ELUYZ=E8 �BA{Y\69DT6WA~69:<SCACD #HGTLUAf?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; �.g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂V EGA,C5, 0σ θ̂V EGA,C5, 1σ θ̂V EGA,C5, 2σ θ̂V EGA,C5, 4σ

I1,% θ̂V EGA,C5, 0σ,% θ̂V EGA,C5, 1σ,% θ̂V EGA,C5, 2σ,% θ̂V EGA,C5, 4σ,%

I2 80,0% 65,0% 75,0% 65,0%

I3 2908,00 2908,00 2800,00 29692,00
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�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig ���B�






θ̂V EGA, C5, 0σ = [0,20690; 0,33103; −0,37241; 0,01103; −0,01517; 0,00000;
0,99862; 0,99655; 0,99793; 0,99448; 0,99793; 0,99103]T

θ̂V EGA, C5, 0σ, % = [17,241; 27,586; 31,034; 27,586; 37,931; 0,000;
6,897; 17,241; 10,345; 27,586; 10,345; 44,828]T

θ̂V EGA, C5, 1σ = [0,49655; −0,41379; −0,28966; 0,00000; 0,01517; 0,01241;
1,00207; 1,00759; 1,00690; 0,99655; 1,00483; 0,99517]T

θ̂V EGA, C5, 1σ, % = [41,379; 34,483; 24,138; 0,000; 37,931; 31,034;
10,345; 37,931; 34,483; 17,241; 24,138; 24,138]T

θ̂V EGA, C5, 2σ = [0,49655; 0,45517; −0,24828; −0,01241; −0,01379; 0,00828;
1,00759; 0,99793; 0,99862; 1,00483; 0,99379; 1,00138]T

θ̂V EGA, C5, 2σ, % = [41,379; 37,931; 20,690; 31,034; 34,483; 20,690;
37,931; 10,345; 6,897; 24,138; 31,034; 6,897]T

θ̂V EGA, C5, 4σ = [0,28966; −0,28966; −0,49655; −0,01379; −0,00414; 0,00966;
1,00690; 0,99379; 0,99586; 1,00207; 1,00552; 0,99724]T

θ̂V EGA, C5, 4σ, % = [24,138; 24,138; 41,379; 34,483; 10,345; 24,138;
34,483; 31,034; 20,690; 10,345; 27,586; 13,793]T
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%
0 nBJ�0
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=M?J0

I3
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�o6 �Z=E:i6 �Ig � �.��)8B?5#<JE=E;h?B=r?B=E;>=ELUYZ=E8 �BAWY\69DT6jA�69:<SCACD #HGTLUAU?B= � � �M5RnXJEAC8��>FB8^GTA
?B=MGT=E;�GT=E;��Cg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂WBGA,C1, 0σ θ̂WBGA,C1, 1σ θ̂WBGA,C1, 2σ θ̂WBGA,C1, 4σ

I1,% θ̂WBGA,C1, 0σ,% θ̂WBGA,C1, 1σ,% θ̂WBGA,C1, 2σ,% θ̂WBGA,C1, 4σ,%

I2 65,0% 55,0% 50,0% 30,0%

I3 19900,00 19900,00 19900,00 19900,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �.�






θ̂WBGA, C1, 0σ = [0,04138; −0,49655; 0,00000; −0,00552; 0,00552; −0,00690]T

θ̂WBGA, C1, 0σ, % = [3,448; 41,379; 0,000; 13,793; 13,793; 17,241]T

θ̂WBGA, C1, 1σ = [−0,41379; 0,20690; −0,24828; −0,00414; −0,00276; −0,00276]T

θ̂WBGA, C1, 1σ, % = [34,483; 17,241; 20,690; 10,345; 6,897; 6,897]T

θ̂WBGA, C1, 2σ = [−0,37241; −0,08276; 0,08276; −0,00552; 0,00276; −0,00414]T

θ̂WBGA, C1, 2σ, % = [31,034; 6,897; 6,897; 13,793; 6,897; 10,345]T

θ̂WBGA, C1, 4σ = [0,00000; 0,04138; 0,20690; 0,00276; −0,00138; −0,00828]T

θ̂WBGA, C1, 4σ, % = [0,000; 3,448; 17,241; 6,897; 3,448; 20,690]T

�o6 �Z=E:i6 �Ig � �I��)8B?5#<JE=E;h?B=r?B=E;>=ELUYZ=E8 �BAWY\69DT6jA�69:<SCACD #HGTLUAU?B= � � �M5RnXJEAC8��>FB8^GTA
?B=MGT=E;�GT=E; � g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂WBGA,C2, 0σ θ̂WBGA,C2, 1σ θ̂WBGA,C2, 2σ θ̂WBGA,C2, 4σ

I1,% θ̂WBGA,C2, 0σ,% θ̂WBGA,C2, 1σ,% θ̂WBGA,C2, 2σ,% θ̂WBGA,C2, 4σ,%

I2 20,0% 60,0% 60,0% 55,0%

I3 19900,00 19900,00 19900,00 19900,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �I�






θ̂WBGA, C2, 0σ = [−0,16552; 0,04138; −0,16552; −0,00414; −0,00414; 0,00414]T

θ̂WBGA, C2, 0σ, % = [13,793; 3,448; 13,793; 10,345; 10,345; 10,345]T

θ̂WBGA, C2, 1σ = [−0,41379; 0,41379; −0,16552; −0,00276; 0,00414; 0,00552]T

θ̂WBGA, C2, 1σ, % = [34,483; 34,483; 13,793; 6,897; 10,345; 13,793]T

θ̂WBGA, C2, 2σ = [0,41379; 0,20690; 0,45517; −0,00138; −0,00276; 0,00276]T

θ̂WBGA, C2, 2σ, % = [34,483; 17,241; 37,931; 3,448; 6,897; 6,897]T

θ̂WBGA, C2, 4σ = [0,28966; 0,12414; 0,37241; 0,00552; −0,00690; 0,00276]T

θ̂WBGA, C2, 4σ, % = [24,138; 10,345; 31,034; 13,793; 17,241; 6,897]T



180 6. RESULTADOS E DISCUSSÃO

�o6 �Z=E:i6 �Ig � �.��)8B?5#<JE=E;M?B=�?B=E;>=ELUYZ=E8 �BA�Y\69DT6fA�69:<SCACD #HGTLUAU?B=�� � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; 
 g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂WBGA,C3, 0σ θ̂WBGA,C3, 1σ θ̂WBGA,C3, 2σ θ̂WBGA,C3, 4σ

I1,% θ̂WBGA,C3, 0σ,% θ̂WBGA,C3, 1σ,% θ̂WBGA,C3, 2σ,% θ̂WBGA,C3, 4σ,%

I2 55,0% 20,0% 35,0% 40,0%

I3 19900,00 19900,00 19900,00 19900,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � �.�







θ̂WBGA, C3, 0σ = [0,20690; 0,41379; −0,04138; 0,00000; −0,00138; 0,00276]T

θ̂WBGA, C3, 0σ, % = [17,241; 34,483; 3,448; 0,000; 3,448; 6,897]T

θ̂WBGA, C3, 1σ = [0,00000; 0,12414; −0,20690; 0,00138; −0,00414; 0,00000]T

θ̂WBGA, C3, 1σ, % = [0,000; 10,345; 17,241; 3,448; 10,345; 0,000]T

θ̂WBGA, C3, 2σ = [−0,04138; 0,28966; 0,16552; 0,00552; 0,00552; 0,00552]T

θ̂WBGA, C3, 2σ, % = [3,448; 24,138; 13,793; 13,793; 13,793; 13,793]T

θ̂WBGA, C3, 4σ = [−0,28966; 0,33103; −0,12414; 0,00552; −0,00276; 0,00552]T

θ̂WBGA, C3, 4σ, % = [24,138; 27,586; 10,345; 13,793; 6,897; 13,793]T

�o6 �Z=E:i6 �Ig � �I��)8B?5#<JE=E;M?B=�?B=E;>=ELUYZ=E8 �BA�Y\69DT6fA�69:<SCACD #HGTLUAU?B=�� � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; �Bg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂WBGA,C4, 0σ θ̂WBGA,C4, 1σ θ̂WBGA,C4, 2σ θ̂WBGA,C4, 4σ

I1,% θ̂WBGA,C4, 0σ,% θ̂WBGA,C4, 1σ,% θ̂WBGA,C4, 2σ,% θ̂WBGA,C4, 4σ,%

I2 55,0% 40,0% 60,0% 35,0%

I3 1900,00 1900,00 1900,00 1900,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �I�







θ̂WBGA, C4, 0σ = [0,33103; 0,41379; −0,04138; −0,00276; −0,00414; 0,00000]T

θ̂WBGA, C4, 0σ, % = [27,586; 34,483; 3,448; 6,897; 10,345; 0,000]T

θ̂WBGA, C4, 1σ = [−0,20690; 0,28966; 0,16552; 0,00276; −0,00138; 0,00138]T

θ̂WBGA, C4, 1σ, % = [17,241; 24,138; 13,793; 6,897; 3,448; 3,448]T

θ̂WBGA, C4, 2σ = [0,28966; 0,41379; −0,16552; −0,00414; 0,00276; 0,00276]T

θ̂WBGA, C4, 2σ, % = [24,138; 34,483; 13,793; 10,345; 6,897; 6,897]T

θ̂WBGA, C4, 4σ = [0,12414; 0,28966; 0,12414; 0,00276; −0,00138; 0,00138]T

θ̂WBGA, C4, 4σ, % = [10,345; 24,138; 10,345; 6,897; 3,448; 3,448]T

�o6 �Z=E:i6 �Ig � �I��)8B?5#<JE=E;h?B=r?B=E;>=ELUYZ=E8 �BAWY\69DT6jA�69:<SCACD #HGTLUAU?B= � � �M5RnXJEAC8��>FB8^GTA
?B=MGT=E;�GT=E; �.g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂WBGA,C5, 0σ θ̂WBGA,C5, 1σ θ̂WBGA,C5, 2σ θ̂WBGA,C5, 4σ

I1,% θ̂WBGA,C5, 0σ,% θ̂WBGA,C5, 1σ,% θ̂WBGA,C5, 2σ,% θ̂WBGA,C5, 4σ,%

I2 30,0% 10,0% 55,0% 45,0%

I3 1900,00 1900,00 1900,00 1900,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �I�







θ̂WBGA, C5, 0σ = [0,00000; 0,00000; −0,16552; 0,00276; −0,00690; 0,00138;
0,99586; 1,00345; 1,00000; 0,99931; 0,99862; 1,00345]T

θ̂WBGA, C5, 0σ, % = [0,000; 0,000; 13,793; 6,897; 17,241; 3,448;
20,690; 17,241; 0,000; 3,448; 6,897; 17,241]T

θ̂WBGA, C5, 1σ = [−0,08276; 0,08276; 0,08276; 0,00414; −0,00276; 0,00276;
0,99931; 1,00000; 1,00138; 1,00000; 0,99793; 0,99793]T

θ̂WBGA, C5, 1σ, % = [6,897; 6,897; 6,897; 10,345; 6,897; 6,897;
3,448; 0,000; 6,897; 0,000; 10,345; 10,345]T

θ̂WBGA, C5, 2σ = [0,24828; 0,41379; −0,20690; 0,00000; 0,00552; 0,00138;
1,00207; 1,00276; 1,00069; 0,99931; 0,99724; 1,00276]T

θ̂WBGA, C5, 2σ, % = [20,690; 34,483; 17,241; 0,000; 13,793; 3,448;
10,345; 13,793; 3,448; 3,448; 13,793; 13,793]T

θ̂WBGA, C5, 4σ = [0,28966; 0,33103; −0,08276; 0,00138; 0,00138; 0,00138;
0,99655; 0,99862; 1,00138; 0,99724; 0,99931; 0,99931]T

θ̂WBGA, C5, 4σ, % = [24,138; 27,586; 6,897; 3,448; 3,448; 3,448;
17,241; 6,897; 6,897; 13,793; 3,448; 3,448]T
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=�eC=vGTACDh=E;�G$#<Lb69?BA�6$0q8BA�=E;>Y\69PEAW?B=�;>AC:<FBPE|.=E;M= �J08BA�=E;>Y\69PEAW8BACD>Lb69:&#<NO69?BA * � 6
� ���

%
0 nBJ�0

I2
=M?J0

I3
g � AC8��>FB8^GTAC;�?B=MGT=E;�GT= �C�KA	� � � × � 
 ��� ���B�

�
= �.� 4 g

�o6 �Z=E:i6 �Ig � � ���)8B?5#<JE=E;h?B=r?B=E;>=ELUYZ=E8 �BAWY\69DT6fAW69:<SCACD #HGTLUAU?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E;��Cg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂MOGA,C1, 0σ θ̂MOGA,C1, 1σ θ̂MOGA,C1, 2σ θ̂MOGA,C1, 4σ

I1,% θ̂MOGA,C1, 0σ,% θ̂MOGA,C1, 1σ,% θ̂MOGA,C1, 2σ,% θ̂MOGA,C1, 4σ,%

I2 10,0% 30,0% 5,0% 5,0%

I3 15000,00 15000,00 15000,00 15000,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � � �







θ̂MOGA, C1, 0σ = [0,16552; 0,00000; 0,00000; 0,00138; 0,00000; 0,00276]T

θ̂MOGA, C1, 0σ, % = [13,793; 0,000; 0,000; 3,448; 0,000; 6,897]T

θ̂MOGA, C1, 1σ = [0,12414; −0,24828; −0,20690; 0,00414; 0,00276; −0,00552]T

θ̂MOGA, C1, 1σ, % = [10,345; 20,690; 17,241; 10,345; 6,897; 13,793]T

θ̂MOGA, C1, 2σ = [0,04138; −0,12414; −0,08276; −0,00138; −0,00276; −0,00276]T

θ̂MOGA, C1, 2σ, % = [3,448; 10,345; 6,897; 3,448; 6,897; 6,897]T

θ̂MOGA, C1, 4σ = [0,12414; −0,12414; −0,08276; 0,00276; 0,00000; −0,00414]T

θ̂MOGA, C1, 4σ, % = [10,345; 10,345; 6,897; 6,897; 0,000; 10,345]T

�o6 �Z=E:i6 �Ig � �C���)8B?5#<JE=E;h?B=�?B=E;>=ELUYZ=E8 �BAWY\69DT6fA�69:<SCACD #HGTLUAb?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; � g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂MOGA,C2, 0σ θ̂MOGA,C2, 1σ θ̂MOGA,C2, 2σ θ̂MOGA,C2, 4σ

I1,% θ̂MOGA,C2, 0σ,% θ̂MOGA,C2, 1σ,% θ̂MOGA,C2, 2σ,% θ̂MOGA,C2, 4σ,%

I2 10,0% 15,0% 10,0% 40,0%

I3 15000,00 15000,00 15000,00 15000,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �C�







θ̂MOGA, C2, 0σ = [0,08276; 0,00000; −0,04138; 0,00414; 0,00138; −0,00276]T

θ̂MOGA, C2, 0σ, % = [6,897; 0,000; 3,448; 10,345; 3,448; 6,897]T

θ̂MOGA, C2, 1σ = [0,16552; −0,12414; −0,08276; −0,00414; −0,00414; −0,00414]T

θ̂MOGA, C2, 1σ, % = [13,793; 10,345; 6,897; 10,345; 10,345; 10,345]T

θ̂MOGA, C2, 2σ = [0,04138; −0,08276; −0,12414; 0,00414; −0,00414; −0,00138]T

θ̂MOGA, C2, 2σ, % = [3,448; 6,897; 10,345; 10,345; 10,345; 3,448]T

θ̂MOGA, C2, 4σ = [0,16552; −0,12414; −0,16552; −0,00966; 0,00138; 0,00138]T

θ̂MOGA, C2, 4σ, % = [13,793; 10,345; 13,793; 24,138; 3,448; 3,448]T
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�o6 �Z=E:i6 �Ig � � ���)8B?5#<JE=E;h?B=r?B=E;>=ELUYZ=E8 �BAWY\69DT6fAW69:<SCACD #HGTLUAU?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; 
 g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂MOGA,C3, 0σ θ̂MOGA,C3, 1σ θ̂MOGA,C3, 2σ θ̂MOGA,C3, 4σ

I1,% θ̂MOGA,C3, 0σ,% θ̂MOGA,C3, 1σ,% θ̂MOGA,C3, 2σ,% θ̂MOGA,C3, 4σ,%

I2 5,0% 5,0% 0,0% 5,0%

I3 15000,00 15000,00 15000,00 15000,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � � �






θ̂MOGA, C3, 0σ = [0,04138; −0,04138; −0,12414; 0,00000; 0,00000; −0,00138]T

θ̂MOGA, C3, 0σ, % = [3,448; 3,448; 10,345; 0,000; 0,000; 3,448]T

θ̂MOGA, C3, 1σ = [0,04138; 0,00000; −0,04138; 0,00414; 0,00000; 0,00000]T

θ̂MOGA, C3, 1σ, % = [3,448; 0,000; 3,448; 10,345; 0,000; 0,000]T

θ̂MOGA, C3, 2σ = [0,04138; −0,04138; −0,08276; −0,00138; 0,00138; 0,00276]T

θ̂MOGA, C3, 2σ, % = [3,448; 3,448; 6,897; 3,448; 3,448; 6,897]T

θ̂MOGA, C3, 4σ = [0,12414; −0,12414; −0,08276; 0,00414; −0,00138; −0,00138]T

θ̂MOGA, C3, 4σ, % = [10,345; 10,345; 6,897; 10,345; 3,448; 3,448]T

�o6 �Z=E:i6 �Ig � 
 ���)8B?5#<JE=E;h?B=r?B=E;>=ELUYZ=E8 �BAWY\69DT6fAW69:<SCACD #HGTLUAU?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; �Bg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂MOGA,C4, 0σ θ̂MOGA,C4, 1σ θ̂MOGA,C4, 2σ θ̂MOGA,C4, 4σ

I1,% θ̂MOGA,C4, 0σ,% θ̂MOGA,C4, 1σ,% θ̂MOGA,C4, 2σ,% θ̂MOGA,C4, 4σ,%

I2 10,0% 15,0% 35,0% 15,0%

I3 15000,00 15000,00 15000,00 15000,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � 
 �






θ̂MOGA, C4, 0σ = [0,04138; 0,08276; −0,12414; −0,00138; −0,00138; 0,00000]T

θ̂MOGA, C4, 0σ, % = [3,448; 6,897; 10,345; 3,448; 3,448; 0,000]T

θ̂MOGA, C4, 1σ = [0,16552; −0,04138; −0,08276; 0,00138; 0,00000; −0,00138]T

θ̂MOGA, C4, 1σ, % = [13,793; 3,448; 6,897; 3,448; 0,000; 3,448]T

θ̂MOGA, C4, 2σ = [0,28966; 0,00000; 0,08276; −0,00138; −0,00138; −0,00276]T

θ̂MOGA, C4, 2σ, % = [24,138; 0,000; 6,897; 3,448; 3,448; 6,897]T

θ̂MOGA, C4, 4σ = [0,16552; −0,04138; −0,08276; −0,00276; 0,00000; 0,00276]T

θ̂MOGA, C4, 4σ, % = [13,793; 3,448; 6,897; 6,897; 0,000; 6,897]T
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�o6 �Z=E:i6 �Ig ���B���)8B?5#<JE=E;h?B=�?B=E;>=ELUYZ=E8 �BAWY\69DT6fA�69:<SCACD #HGTLUAb?B= � � �M5Rn�JEAC8��>FB8^GTA
?B=MGT=E;�GT=E; �.g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂MOGA,C5, 0σ θ̂MOGA,C5, 1σ θ̂MOGA,C5, 2σ θ̂MOGA,C5, 4σ

I1,% θ̂MOGA,C5, 0σ,% θ̂MOGA,C5, 1σ,% θ̂MOGA,C5, 2σ,% θ̂MOGA,C5, 4σ,%

I2 10,0% 0,0% 15,0% 20,0%

I3 15000,00 15000,00 15000,00 15000,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig ���B�







θ̂MOGA, C5, 0σ = [0,12414; 0,04138; 0,00000; 0,00000; 0,00276; −0,00414;
1,00000; 0,99931; 1,00138; 1,00276; 1,00069; 1,00069]T

θ̂MOGA, C5, 0σ, % = [10,345; 3,448; 0,000; 0,000; 6,897; 10,345;
0,000; 3,448; 6,897; 13,793; 3,448; 3,448]T

θ̂MOGA, C5, 1σ = [0,04138; 0,08276; 0,00000; 0,00000; 0,00000; −0,00138;
0,99931; 1,00000; 0,99931; 1,00000; 1,00000; 0,99931]T

θ̂MOGA, C5, 1σ, % = [3,448; 6,897; 0,000; 0,000; 0,000; 3,448;
3,448; 0,000; 3,448; 0,000; 0,000; 3,448]T

θ̂MOGA, C5, 2σ = [0,04138; −0,04138; −0,12414; −0,00414; 0,00000; 0,00000;
1,00207; 0,99931; 0,99724; 1,00207; 0,99931; 0,99793]T

θ̂MOGA, C5, 2σ, % = [3,448; 3,448; 10,345; 10,345; 0,000; 0,000;
10,345; 3,448; 13,793; 10,345; 3,448; 10,345]T

θ̂MOGA, C5, 4σ = [0,12414; 0,00000; −0,08276; 0,00000; 0,00552; 0,00552;
0,99931; 1,00207; 0,99793; 0,99793; 1,00069; 1,00138]T

θ̂MOGA, C5, 4σ, % = [10,345; 0,000; 6,897; 0,000; 13,793; 13,793;
3,448; 10,345; 10,345; 10,345; 3,448; 6,897]T
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=�eC=vGTACDh=E;�G$#<Lb69?BA�6$0q8BA�=E;>Y\69PEAW?B=�;>AC:<FBPE|.=E;M= �J08BA�=E;>Y\69PEAW8BACD>Lb69:&#<NO69?BA * � 6
� ���

%
0 nBJ�0

I2
=M?J0

I3
g � AC8��>FB8^GTAC;�?B=MGT=E;�GT= �C�KA	� � � × � 
 ��� ���B�

�
= �.� 4 g

�o6 �Z=E:i6 �Ig � �.�o�)8B?5#<JE=E;m?B=q?B=E;>=ELUYZ=E8 �BARY\69DT6hA�69:<SCACD #HGTLUA?B= � � �M5Rn^JEAC8��>FB8^GTAR?B=
GT=E;�GT=E;��Cg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NSGA,C1, 0σ θ̂NSGA,C1, 1σ θ̂NSGA,C1, 2σ θ̂NSGA,C1, 4σ

I1,% θ̂NSGA,C1, 0σ,% θ̂NSGA,C1, 1σ,% θ̂NSGA,C1, 2σ,% θ̂NSGA,C1, 4σ,%

I2 10,0% 0,0% 20,0% 0,0%

I3 18000,00 18000,00 18000,00 18000,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �.�







θ̂NSGA, C1, 0σ = [−0,12414; 0,12414; 0,08276; 0,00414; 0,00138; −0,00138]T

θ̂NSGA, C1, 0σ, % = [10,345; 10,345; 6,897; 10,345; 3,448; 3,448]T

θ̂NSGA, C1, 1σ = [−0,04138; 0,00000; 0,08276; 0,00138; −0,00138; −0,00276]T

θ̂NSGA, C1, 1σ, % = [3,448; 0,000; 6,897; 3,448; 3,448; 6,897]T

θ̂NSGA, C1, 2σ = [−0,20690; 0,04138; 0,00000; −0,00138; 0,00138; −0,00414]T

θ̂NSGA, C1, 2σ, % = [17,241; 3,448; 0,000; 3,448; 3,448; 10,345]T

θ̂NSGA, C1, 4σ = [0,04138; −0,04138; 0,08276; −0,00276; −0,00138; 0,00276]T

θ̂NSGA, C1, 4σ, % = [3,448; 3,448; 6,897; 6,897; 3,448; 6,897]T

�o6 �Z=E:i6 �Ig � �I�o�)8B?5#<JE=E;l?B=q?B=E;>=ELUYZ=E8 �BARY\69DT62AR69:<SCACD #HGTLUA�?B= � � �M5Rn^JEAC8��>FB8^GTAR?B=
GT=E;�GT=E; � g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NSGA,C2, 0σ θ̂NSGA,C2, 1σ θ̂NSGA,C2, 2σ θ̂NSGA,C2, 4σ

I1,% θ̂NSGA,C2, 0σ,% θ̂NSGA,C2, 1σ,% θ̂NSGA,C2, 2σ,% θ̂NSGA,C2, 4σ,%

I2 15,0% 15,0% 5,0% 20,0%

I3 18000,00 18000,00 18000,00 18000,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �I�







θ̂NSGA, C2, 0σ = [0,00000; −0,08276; −0,04138; −0,00552; 0,00138; 0,00276]T

θ̂NSGA, C2, 0σ, % = [0,000; 6,897; 3,448; 13,793; 3,448; 6,897]T

θ̂NSGA, C2, 1σ = [0,08276; −0,16552; 0,00000; 0,00138; −0,00276; 0,00000]T

θ̂NSGA, C2, 1σ, % = [6,897; 13,793; 0,000; 3,448; 6,897; 0,000]T

θ̂NSGA, C2, 2σ = [0,00000; 0,08276; 0,00000; −0,00138; 0,00000; −0,00276]T

θ̂NSGA, C2, 2σ, % = [0,000; 6,897; 0,000; 3,448; 0,000; 6,897]T

θ̂NSGA, C2, 4σ = [−0,20690; 0,12414; 0,00000; −0,00138; −0,00414; 0,00138]T

θ̂NSGA, C2, 4σ, % = [17,241; 10,345; 0,000; 3,448; 10,345; 3,448]T
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�o6 �Z=E:i6 �Ig � �.�o�)8B?5#<JE=E;m?B=q?B=E;>=ELUYZ=E8 �BARY\69DT6hA�69:<SCACD #HGTLUA?B= � � �M5Rn^JEAC8��>FB8^GTAR?B=
GT=E;�GT=E; 
 g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NSGA,C3, 0σ θ̂NSGA,C3, 1σ θ̂NSGA,C3, 2σ θ̂NSGA,C3, 4σ

I1,% θ̂NSGA,C3, 0σ,% θ̂NSGA,C3, 1σ,% θ̂NSGA,C3, 2σ,% θ̂NSGA,C3, 4σ,%

I2 15,0% 10,0% 20,0% 5,0%

I3 18000,00 18000,00 18000,00 18000,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � �.�






θ̂NSGA, C3, 0σ = [−0,04138; 0,08276; 0,12414; 0,00552; −0,00138; 0,00138]T

θ̂NSGA, C3, 0σ, % = [3,448; 6,897; 10,345; 13,793; 3,448; 3,448]T

θ̂NSGA, C3, 1σ = [−0,04138; −0,12414; −0,12414; 0,00000; 0,00276; 0,00138]T

θ̂NSGA, C3, 1σ, % = [3,448; 10,345; 10,345; 0,000; 6,897; 3,448]T

θ̂NSGA, C3, 2σ = [0,04138; −0,12414; 0,20690; 0,00414; 0,00000; −0,00276]T

θ̂NSGA, C3, 2σ, % = [3,448; 10,345; 17,241; 10,345; 0,000; 6,897]T

θ̂NSGA, C3, 4σ = [−0,08276; −0,04138; 0,04138; 0,00000; 0,00276; −0,00138]T

θ̂NSGA, C3, 4σ, % = [6,897; 3,448; 3,448; 0,000; 6,897; 3,448]T

�o6 �Z=E:i6 �Ig � �I�o�)8B?5#<JE=E;m?B=q?B=E;>=ELUYZ=E8 �BARY\69DT6hA�69:<SCACD #HGTLUA?B= � � �M5Rn^JEAC8��>FB8^GTAR?B=
GT=E;�GT=E; �Bg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NSGA,C4, 0σ θ̂NSGA,C4, 1σ θ̂NSGA,C4, 2σ θ̂NSGA,C4, 4σ

I1,% θ̂NSGA,C4, 0σ,% θ̂NSGA,C4, 1σ,% θ̂NSGA,C4, 2σ,% θ̂NSGA,C4, 4σ,%

I2 5,0% 10,0% 15,0% 5,0%

I3 18000,00 18000,00 18000,00 18000,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � �I�






θ̂NSGA, C4, 0σ = [0,04138; 0,08276; 0,04138; 0,00138; −0,00138; −0,00276]T

θ̂NSGA, C4, 0σ, % = [3,448; 6,897; 3,448; 3,448; 3,448; 6,897]T

θ̂NSGA, C4, 1σ = [0,12414; −0,04138; −0,08276; −0,00276; 0,00000; −0,00414]T

θ̂NSGA, C4, 1σ, % = [10,345; 3,448; 6,897; 6,897; 0,000; 10,345]T

θ̂NSGA, C4, 2σ = [0,04138; 0,04138; −0,04138; 0,00276; 0,00552; 0,00000]T

θ̂NSGA, C4, 2σ, % = [3,448; 3,448; 3,448; 6,897; 13,793; 0,000]T

θ̂NSGA, C4, 4σ = [−0,04138; −0,04138; 0,12414; 0,00000; −0,00276; 0,00138]T

θ̂NSGA, C4, 4σ, % = [3,448; 3,448; 10,345; 0,000; 6,897; 3,448]T
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�o6 �Z=E:i6 �Ig �
�I�o�)8B?5#<JE=E;l?B=q?B=E;>=ELUYZ=E8 �BARY\69DT62AR69:<SCACD #HGTLUA�?B= � � �M5Rn^JEAC8��>FB8^GTAR?B=
GT=E;�GT=E; �.g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂NSGA,C5, 0σ θ̂NSGA,C5, 1σ θ̂NSGA,C5, 2σ θ̂NSGA,C5, 4σ

I1,% θ̂NSGA,C5, 0σ,% θ̂NSGA,C5, 1σ,% θ̂NSGA,C5, 2σ,% θ̂NSGA,C5, 4σ,%

I2 15,0% 5,0% 0,0% 25,0%

I3 18000,00 18000,00 18000,00 18000,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig �
�I�







θ̂NSGA, C5, 0σ = [−0,08276; 0,04138; −0,12414; −0,00414; 0,00138; −0,00276;
1,00138; 1,00069; 1,00000; 0,99724; 0,99931; 0,99862]T

θ̂NSGA, C5, 0σ, % = [6,897; 3,448; 10,345; 10,345; 3,448; 6,897;
6,897; 3,448; 0,000; 13,793; 3,448; 6,897]T

θ̂NSGA, C5, 1σ = [−0,08276; −0,04138; 0,00000; −0,00138; 0,00000; −0,00138;
0,99862; 0,99862; 1,00000; 1,00138; 0,99862; 1,00138]T

θ̂NSGA, C5, 1σ, % = [6,897; 3,448; 0,000; 3,448; 0,000; 3,448;
6,897; 6,897; 0,000; 6,897; 6,897; 6,897]T

θ̂NSGA, C5, 2σ = [0,04138; −0,04138; 0,08276; −0,00138; 0,00000; 0,00138;
1,00000; 1,00000; 0,99931; 1,00000; 0,99862; 1,00138]T

θ̂NSGA, C5, 2σ, % = [3,448; 3,448; 6,897; 3,448; 0,000; 3,448;
0,000; 0,000; 3,448; 0,000; 6,897; 6,897]T

θ̂NSGA, C5, 4σ = [0,00000; 0,00000; 0,00000; 0,00138; −0,00138; 0,00414;
0,99793; 1,00276; 0,99931; 1,00000; 0,99931; 0,99655]T

θ̂NSGA, C5, 4σ, % = [0,000; 0,000; 0,000; 3,448; 3,448; 10,345;
10,345; 13,793; 3,448; 0,000; 3,448; 17,241]T
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�;#<SCFBDT6 �Ig�� � � � ACLUY\69DT69POQ9Ac?BA~?B=E;>=ELUYZ=E8 �BA{?BA~69:<SCACD #HGTLUA�?B= � � �M5pY\69DT6c?5# V
t}=ED>=E8^GT=E;�JEAC8��>FB8^GTAC;?B=hGT=E;�GT=R;>=ESCFB8B?BAB��6U?5#<;�G �98BJ�#i6 � FBJE:&#<?B=O698\6�=E8^GTD>=ReC=vGTACDqD>=O69:
=�eC=vGTACDh=E;�G$#<Lb69?BA�6$0q8BA�=E;>Y\69PEAW?B=�;>AC:<FBPE|.=E;M= �J08BA�=E;>Y\69PEAW8BACD>Lb69:&#<NO69?BA * � 6
� ���

%
0 nBJ�0

I2
=M?J0

I3
g � AC8��>FB8^GTAC;�?B=MGT=E;�GT= �C�KA	� � � × � 
 ��� ���B�

�
= �.� 4 g

�o6 �Z=E:i6 �Ig � � �`�)8B?5#<JE=E;@?B=?B=E;>=ELUYZ=E8 �BArY\69DT6RAr69:<SCACD #HGTLUAh?B= � � � 5RnIJEAC8��>FB8^GTAr?B=
GT=E;�GT=E;��Cg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SPEA,C1, 0σ θ̂SPEA,C1, 1σ θ̂SPEA,C1, 2σ θ̂SPEA,C1, 4σ

I1,% θ̂SPEA,C1, 0σ,% θ̂SPEA,C1, 1σ,% θ̂SPEA,C1, 2σ,% θ̂SPEA,C1, 4σ,%

I2 5,0% 0,0% 5,0% 5,0%

I3 73800,00 121680,00 73680,00 73620,00
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�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � � �







θ̂SPEA, C1, 0σ = [−0,04138; 0,08276; −0,04138; 0,00000; 0,00138; 0,00138]T

θ̂SPEA, C1, 0σ, % = [3,448; 6,897; 3,448; 0,000; 3,448; 3,448]T

θ̂SPEA, C1, 1σ = [−0,04138; −0,08276; −0,04138; 0,00276; 0,00138; −0,00138]T

θ̂SPEA, C1, 1σ, % = [3,448; 6,897; 3,448; 6,897; 3,448; 3,448]T

θ̂SPEA, C1, 2σ = [0,08276; −0,08276; −0,04138; −0,00138; 0,00138; 0,00138]T

θ̂SPEA, C1, 2σ, % = [6,897; 6,897; 3,448; 3,448; 3,448; 3,448]T

θ̂SPEA, C1, 4σ = [−0,08276; −0,08276; 0,08276; −0,00138; −0,00138; 0,00414]T

θ̂SPEA, C1, 4σ, % = [6,897; 6,897; 6,897; 3,448; 3,448; 10,345]T

�o6 �Z=E:i6 �Ig � �C�`�)8B?5#<JE=E;@?B=�?B=E;>=ELUYZ=E8 �BArY\69DT62Ar69:<SCACD #HGTLUAh?B= � � � 5RnIJEAC8��>FB8^GTA�?B=
GT=E;�GT=E; � g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SPEA,C2, 0σ θ̂SPEA,C2, 1σ θ̂SPEA,C2, 2σ θ̂SPEA,C2, 4σ

I1,% θ̂SPEA,C2, 0σ,% θ̂SPEA,C2, 1σ,% θ̂SPEA,C2, 2σ,% θ̂SPEA,C2, 4σ,%

I2 0,0% 5,0% 0,0% 0,0%

I3 120420,00 74640,00 74460,00 73560,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �C�







θ̂SPEA, C2, 0σ = [0,00000; −0,04138; 0,04138; 0,00000; 0,00138; 0,00138]T

θ̂SPEA, C2, 0σ, % = [0,000; 3,448; 3,448; 0,000; 3,448; 3,448]T

θ̂SPEA, C2, 1σ = [0,12414; 0,00000; −0,04138; −0,00138; −0,00414; −0,00138]T

θ̂SPEA, C2, 1σ, % = [10,345; 0,000; 3,448; 3,448; 10,345; 3,448]T

θ̂SPEA, C2, 2σ = [0,00000; 0,08276; 0,00000; −0,00138; −0,00138; −0,00138]T

θ̂SPEA, C2, 2σ, % = [0,000; 6,897; 0,000; 3,448; 3,448; 3,448]T

θ̂SPEA, C2, 4σ = [0,08276; 0,04138; −0,04138; 0,00138; 0,00000; 0,00138]T

θ̂SPEA, C2, 4σ, % = [6,897; 3,448; 3,448; 3,448; 0,000; 3,448]T
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�o6 �Z=E:i6 �Ig � � �`�)8B?5#<JE=E;@?B=?B=E;>=ELUYZ=E8 �BArY\69DT6RAr69:<SCACD #HGTLUAh?B= � � � 5RnIJEAC8��>FB8^GTAr?B=
GT=E;�GT=E; 
 g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SPEA,C3, 0σ θ̂SPEA,C3, 1σ θ̂SPEA,C3, 2σ θ̂SPEA,C3, 4σ

I1,% θ̂SPEA,C3, 0σ,% θ̂SPEA,C3, 1σ,% θ̂SPEA,C3, 2σ,% θ̂SPEA,C3, 4σ,%

I2 0,0% 0,0% 5,0% 15,0%

I3 75000,00 74940,00 74700,00 75000,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � � �






θ̂SPEA, C3, 0σ = [−0,04138; 0,08276; 0,08276; 0,00138; −0,00276; 0,00138]T

θ̂SPEA, C3, 0σ, % = [3,448; 6,897; 6,897; 3,448; 6,897; 3,448]T

θ̂SPEA, C3, 1σ = [0,00000; −0,04138; 0,08276; −0,00276; −0,00138; −0,00276]T

θ̂SPEA, C3, 1σ, % = [0,000; 3,448; 6,897; 6,897; 3,448; 6,897]T

θ̂SPEA, C3, 2σ = [0,04138; 0,04138; 0,08276; −0,00276; −0,00138; 0,00138]T

θ̂SPEA, C3, 2σ, % = [3,448; 3,448; 6,897; 6,897; 3,448; 3,448]T

θ̂SPEA, C3, 4σ = [−0,16552; 0,00000; 0,08276; 0,00138; 0,00138; 0,00000]T

θ̂SPEA, C3, 4σ, % = [13,793; 0,000; 6,897; 3,448; 3,448; 0,000]T

�o6 �Z=E:i6 �Ig � 
 �`�)8B?5#<JE=E;@?B=?B=E;>=ELUYZ=E8 �BArY\69DT6RAr69:<SCACD #HGTLUAh?B= � � � 5RnIJEAC8��>FB8^GTAr?B=
GT=E;�GT=E; �Bg
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SPEA,C4, 0σ θ̂SPEA,C4, 1σ θ̂SPEA,C4, 2σ θ̂SPEA,C4, 4σ

I1,% θ̂SPEA,C4, 0σ,% θ̂SPEA,C4, 1σ,% θ̂SPEA,C4, 2σ,% θ̂SPEA,C4, 4σ,%

I2 5,0% 5,0% 0,0% 10,0%

I3 75000,00 74700,00 114600,00 127500,00

�=vG$69: �\69LU=E8^GTA�?\6 �o6 �Z=E:i6 �Ig � 
 �






θ̂SPEA, C4, 0σ = [−0,12414; −0,04138; −0,08276; −0,00138; 0,00000; −0,00276]T

θ̂SPEA, C4, 0σ, % = [10,345; 3,448; 6,897; 3,448; 0,000; 6,897]T

θ̂SPEA, C4, 1σ = [0,08276; 0,00000; −0,12414; 0,00276; −0,00138; 0,00276]T

θ̂SPEA, C4, 1σ, % = [6,897; 0,000; 10,345; 6,897; 3,448; 6,897]T

θ̂SPEA, C4, 2σ = [0,08276; 0,04138; 0,00000; 0,00000; 0,00138; 0,00000]T

θ̂SPEA, C4, 2σ, % = [6,897; 3,448; 0,000; 0,000; 3,448; 0,000]T

θ̂SPEA, C4, 4σ = [0,08276; −0,04138; −0,12414; 0,00000; 0,00138; −0,00414]T

θ̂SPEA, C4, 4σ, % = [6,897; 3,448; 10,345; 0,000; 3,448; 10,345]T
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�o6 �Z=E:i6 �Ig � �B�`�)8B?5#<JE=E;@?B=�?B=E;>=ELUYZ=E8 �BArY\69DT62Ar69:<SCACD #HGTLUAh?B= � � � 5RnIJEAC8��>FB8^GTA�?B=
GT=E;�GT=E; �.g
�)8B?5#<JE= ��FBd<?BA

0 σ 2 σ 4 σ

I1 θ̂SPEA,C5, 0σ θ̂SPEA,C5, 1σ θ̂SPEA,C5, 2σ θ̂SPEA,C5, 4σ

I1,% θ̂SPEA,C5, 0σ,% θ̂SPEA,C5, 1σ,% θ̂SPEA,C5, 2σ,% θ̂SPEA,C5, 4σ,%

I2 10,0% 5,0% 5,0% 10,0%

I3 75000,00 74940,00 120480,00 74940,00

�=vG$69: �\69LU=E8^GTA�?\6��o6 �Z=E:i6 �Ig � �B�







θ̂SPEA, C5, 0σ = [0,12414; −0,04138; 0,00000; 0,00276; 0,00000; 0,00000;
0,99931; 0,99793; 1,00138; 1,00000; 1,00069; 1,00069]T

θ̂SPEA, C5, 0σ, % = [10,345; 3,448; 0,000; 6,897; 0,000; 0,000;
3,448; 10,345; 6,897; 0,000; 3,448; 3,448]T

θ̂SPEA, C5, 1σ = [0,04138; 0,00000; −0,08276; 0,00138; 0,00414; 0,00138;
1,00000; 1,00069; 1,00138; 1,00000; 1,00069; 0,99862]T

θ̂SPEA, C5, 1σ, % = [3,448; 0,000; 6,897; 3,448; 10,345; 3,448;
0,000; 3,448; 6,897; 0,000; 3,448; 6,897]T

θ̂SPEA, C5, 2σ = [−0,08276; 0,00000; −0,04138; 0,00000; 0,00000; 0,00000;
0,99862; 0,99862; 1,00000; 1,00069; 0,99862; 1,00000]T

θ̂SPEA, C5, 2σ, % = [6,897; 0,000; 3,448; 0,000; 0,000; 0,000;
6,897; 6,897; 0,000; 3,448; 6,897; 0,000]T

θ̂SPEA, C5, 4σ = [0,12414; 0,12414; 0,00000; −0,00276; 0,00000; −0,00138;
1,00207; 1,00069; 1,00207; 1,00138; 1,00207; 1,00069]T

θ̂SPEA, C5, 4σ, % = [10,345; 10,345; 0,000; 6,897; 0,000; 3,448;
10,345; 3,448; 10,345; 6,897; 10,345; 3,448]T
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{
0, i 6= j
1, i = j.

�}5Rg 
 �

� Lb6U#<LUYZACD�G$698^GT=JEAC8B;�G$6�G$69POQ9AU6rY\69D�G$#<D@?B= �}5Rg 
 � 	M[�FB=hAC;@eC=vGTACD>=E;�FB85#HG��9D #<AC;
ACD�GTACSCAC8\6"#<;qY\69DT69:<=E:<AC;69AC;�=�# �IAC;

x
n
y
=
z
?BAf=E;>Y\69PEAfGTD #<?5#<LU=E8B; #<AC8\69:

A
�
iA
n
jA
=
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⇒ r1 = iB; r2 = jB; r3 = kB.
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=�# �IAC;�?BAU; #<;�GT=ELb6r?B=hJEA.ACD>?B=E8\69?\69;Eg�#=veD#<?BAb6X#<;>;>ABn\AC;_eC=vGTACD>=E;q[�FB=2JEACLUYZ|.=EL 69;
JEAC:<FB8\69;_?\6rLb6�GTD #<N�?B=hD>A9G$69POQ9ArG$69L � 	ELp;T6�G$#<;�tu69NE=EL 69;�;>=ESCF5#<8^GT=E;�YBD>ACYBD #<=E?\69?B=E;E�

r1 × r2 = r3

r2 × r3 = r1

r3 × r1 = r2.

� G$#<:&#<NO698B?BA�V);>==E;>;T69;�YBD>ACYBD #<=E?\69?B=E;EnBYZA.?B= V);>=MLUAC;�GTDT69D �  �B=E8�n � � � � �l[�FB=MFBLb6
Lb6�GTD #<N?B=MD>A9G$69POQ9ArD>=E;>YZ=�#HG$6�6�YBD>ACYBD #<=E?\69?B=M?5#<;�GTD # �BFIG$#He96RJEAC8It}ACD>LU=E#<:<FB;�GTDT69?BA�=EL
�}5Rg ��� g

R(u × v) = (Ru) × (Rv).
�}5Rg ���

#=�t}ACD>Lb6�Lb6"#<;K?5#<D>=vG$6I���7D>=E;>FB:HG$69?BA2?\6hD>A9G$69POQ9Ah?B=�FBL!YBD>A.?BFIGTAheC=vGTACD #i69:�	H#<SCF\69:
69AzYBD>A.?BFIGTA{eC=vGTACD #i69:@?BAC;�LU=E;>LUAC;�eC=vGTACD>=E;UYBD>=veD#i69LU=E8^GT=fD>A9G$69J�#<AC8\69?BAC;Eg 5�#<LrV
YZACD�G �98BJ�#i6h?B=E;>;T6�JEAC8B;�G$6�G$69POQ9AR=E;�G���8BA2tu6�GTAR?B=[�FB=�;>=qGTACD>8\6�#<8B?5#Ht}=ED>=E8^GT=�62ACD>?B=EL
D>=E:i6�G$#He96R?\6U69YB:&#<JO69POQ9A�?\69;�ACYZ=EDT69PE|.=E;�?B=hD>A9G$69POQ9A�=hYBD>A.?BFIGTAreC=vGTACD #i69:3g

5kACD #<=E8^G$69POQ9A ?B=~FBL ; #<;�GT=ELb6 ?B=~JEA.ACD>?B=E8\69?\69;f=EL D>=E:i69POQ9A 6 ACFIGTD>A YZA.?B=
;>=ED2?B=E;>JED #HG$6WYZACDhFBLb6�;>=E[�� �E8BJ�#i6W?B=UD>A9G$69PE|.=E;2;>A��BD>=U;>=EFB;R=�# �IAC;Eg � ACD2=��I=ELUYB:<ABn
JEAC8B; #<?B=EDT698B?BA�V);>=�[�FB=UA�; #<;�GT=ELb6f?B=UJEA.ACD>?B=E8\69?\69;

2
JEAC8B; #<;�GT=U8BAW; #<;�GT=ELb6f?B=�JEA�V

ACD>?B=E8\69?\69;
1
D>A9G$69J�#<AC8\69?BA�?B=

θ > 0
;>A��BD>=2AU=�# �IAU?BAC;

z
� �;#<SCFBDT6�5Rg � � n\?B=E;>= �T6,V);>=

A��IGT=ED_A�e969:<ACD@?B=
v2 = [x2 y2 z2]

T
?\69?BA�[�FB=2;>=hJEAC8 �B=EJE=

v1 = [x1 y1 z1]
T
g



A.1. ROTAÇÃO DE COORDENADAS 207

�;#<SCFBDT6�5Rg � �l��A9G$69POQ9Ar?B=hJEA.ACD>?B=E8\69?\69;�=EL FBL YB:i698BA

5 Lb6�GTD #<N�?B=�D>A9G$69POQ9AR8B=EJE=E;>; �9D #i6�?B=veC=9n(#<8^GTF5#HG$#He969LU=E8^GT=9n�69YBD>A%�Y#<Lb69D�V);>=q?B=
I
a

LU=E?5#<?\6U[�FB=
θ
GT=E8B?B=r6jNE=ED>ABgM5: 	EL ?5#<;>;>ABn�?B=veC=rJEAC8^GT=EDGT=ED>LUAC;�?BAbG$#<YZA

sen θ
=

cos θ
=�8\Q9A�?B=veC=MLUA.?5#��\JO69DlArJEACLUYZAC8B=E8^GT==EL

z
?BA�eC=vGTACD_6R;>=ED_D>A9G$69J�#<AC8\69?BABgo5

698��9:&#<;>=�SC=EACL 	vGTD #<JO6�?BAUYBD>A��B:<=ELb6�:<=ve96�6




x2

y2

z2



 =





cos θ sen θ 0
− sen θ cos θ 0

0 0 1









x1

y1

z1




�}5Rg � �

� 8^GT=ED>=E;>;T698^GT= A��B;>=ED�e969DW=EL �}5Rg � �j[�FB= 6 L�FB?\698BPO6 8BA1;>=E8^G$#<?BA ?B=�D>A9G$69POQ9A
�
θ < 0

�E#<LUYB:&#<JO6b6�FIG$#<:&#<NO69POQ9Aj?B=
RT

JEACLUA�Lb6�GTD #<N�?B=UD>A9G$69POQ9ABg�5: 	ELk?5#<;>;>ABn]6
JEAC8B;�G$6�G$69POQ9AR?B=[�FB=�62ACD>?B=EL ?\69;lACYZ=EDT69PE|.=E;m?B=D>A9G$69POQ9A�#<8 � FB=E8BJ�#i6R62ACD #<=E8^G$69POQ9A
?BAh; #<;�GT=ELb6M?B=�JEA.ACD>?B=E8\69?\69;KD>=E;>FB:HG$698^GT=1#<8B?BFBN�ah8B=EJE=E;>; #<?\69?B=q?B=_=E;>YZ=EJ�#��\JO69POQ9A2?B=
FBLb6r;>=E[�� �E8BJ�#i6�Y\69DT6�=E;>;T69;qACYZ=EDT69PE|.=E;Eg

5 YBD ��G$#<JO6�8\64#<8B?��B;�GTD #i6U69=ED>AC8��9FIG$#<JO6�?B= �\8B=r69;qD>A9G$69PE|.=E;;>A��BD>=2AC;=�# �IAC;
z
n
y=

x
ACD>?B=E8\69?BAC;m?B=E;>;T6�Lb698B=�#<DT6Ig mACL #<;>;>ABnI6RD>=EYBD>=E;>=E8^G$69POQ9Ar?B=�FBL!eC=vGTACD@=EL FBL

8BA eCAU; #<;�GT=ELb6r?B=hJEA.ACD>?B=E8\69?\69;1#<LUYB:&#<JO6

v2 = RxRyRzv1

�}5Rg � �

=9n\?B=veD#<?BAb6R#<;>;>ABn\6rACYZ=EDT69POQ9A4#<8^eC=ED>;T6rGTACD>8\6,V);>=

v1 = (RxRyRz)
−1v2 = RT

z R
T
yR

T
xv2.

�}5Rg�� �



208 A. ALGUMAS PROPRIEDADES MATEMÁTICAS

�
��� � 2 � 4 � 4 6 � 2 � :<; � �54�� 4 � � � 4 8
� 69DT6�6z69YB:&#<JO69POQ9A~?\69;�:<=�#<;�?B= � =3=_GTAC81D>=E:i69J�#<AC8\69?\69;razJ�#<8B=EL ��G$#<JO6c?B=�JEACD�V

YZAC;�D>d<S.#<?BAC;En�GTACD>8\6,V);>=�8B=EJE=E;>; �9D #<Ax?B= �\85#<DU6zG$6 �B6z?B=�e969D #i69POQ9Az?B=WFBLb6{[�F\698^G$# V
?\69?B=_eC=vGTACD #i69:3g �c6"#<;�=E;>YZ=EJ�#��\JO69LU=E8^GT=9n�?B=veC= V);>=JO69:<JEFB:i69DK6h?B=ED #He969?\6M8BAMGT=ELUYZAh?B=
FBLpeC=vGTACDq?B=heC=E:<A.J�#<?\69?B=h6&�B;>AC:<FIG$6r=2D>=EYBD>=E;>=E8^G$69DqAUD>=E;>FB:HG$69?BAU=EL ACFIGTD>A�; #<;�GT=ELb6
?B=�JEA.ACD>?B=E8\69?\69; � � g 
 � g � 8BA eCAc; #<;�GT=ELb6f?B=�JEA.ACD>?B=E8\69?\69;hYZA.?B=rYZAC;>;>F5#<DMeC=E:<A.J�# V
?\69?B=�698BSCFB:i69Do8\Q9A�V)8�FB:i6;>A��BD>=_;>=EFB;�YBD�!CYBD #<AC;o=�# �IAC;KACFrJEACL D>=E:i69POQ9AM69AMD>=vt}=ED>=E8BJ�#i69:
#<8B=ED>J�#i69: � �;#<SCFBDT6f5Rg � � g #=veD#<?BA~6 #<;>;>ABn`6W?B=ED #He969?\6W=EL [�FB=E;�G$Q9A~JEACD>D>=E;>YZAC8B?B=ED �
abYBD>A��>=EPOQ9A #<8B;�G$698^G �98B=O6b?\6j?B=ED #He969?\6b6&�B;>AC:<FIG$6b8BAj; #<;�GT=ELb6U?B=�JEA.ACD>?B=E8\69?\69;�=EL
D>A9G$69POQ9ABg

�;#<SCFBDT6 5Rg � � � :<FB;�GTDT69POQ9A ?B=�LUA eD#<LU=E8^GTAC;�?B=�D>A9G$69POQ9A1=E8^GTD>=�?BA.#<;�; #<;�GT=ELb69;�?B=
JEA.ACD>?B=E8\69?\69;

5 8BA9G$69POQ9Az69?BA9G$69?\6~Y\69DT6~?B= �\85#<D�6{ACYZ=EDT69POQ9A{?B=f?5#Ht}=ED>=E8BJ�#i69POQ9A{?B=jeC=vGTACD>=E;
?B=veC=f;>=EDRG$69:l[�FB=jG$698^GTA~A{; #<;�GT=ELb6W?B=jJEA.ACD>?B=E8\69?\69;�8BA{[�F\69:@6c?B=ED #He969?\6 	jJO69: V
JEFB:i69?\6W[�F\698^GTA{69[�FB=E:<=b8BA~[�F\69:lA~D>=E;>FB:HG$69?BAc?B=veC=j;>=ED�D>=EYBD>=E;>=E8^G$69?BA{?B=veC=EL ;>=ED
=��IYB:&#<J�#HG$69?BAC;Eg � 69DT6 #<;>;>ABn�AW;>F �Bd<8B?5#<JE=�8BAWACYZ=EDT69?BACDh?B=U?5#Ht}=ED>=E8BJ�#i69POQ9A

d/dt
;>=ED �

FIG$#<:&#<NO69?BA�Y\69DT64#<8B?5#<JO69D�Aj; #<;�GT=ELb6U?B=RJEA.ACD>?B=E8\69?\69;8BAj[�F\69:o6U?B=ED #He969?\6 	RJO69:<JEF.V
:i69?\6M=qA2;>F �Bd<8B?5#<JE=q8BAheC=vGTACD@6h;>=EDl?B=ED #He969?BA�#<8B?5#<JO69D �h69[�FB=E:<=q=EL![�FB=A2D>=E;>FB:HG$69?BA
;>=ED �UD>=EYBD>=E;>=E8^G$69?BABg @69;>Ab;>=hGTDT6�GT=2?BAULU=E;>LUAU; #<;�GT=ELb6�?B=2JEA.ACD>?B=E8\69?\69;En AC;q;>F �.V
d<8B?5#<JE=E;_;>=EDTQ9AUACL4#HG$#<?BAC;Eg

� =
v
JEAC8B; #<;�GT=h=EL FBL eC=vGTACDq?BA�=E;>Y\69PEAUGTD #<?5#<LU=E8B; #<AC8\69:3n�=E8^G$Q9A

v = vxi + vyj + vzk.
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mACL #<;>;>A

d

dt
(v) , v̇ , v̇xi + v̇yj + v̇zk.

�}5Rg � �

@69;>A�AC;M; #<;�GT=ELb69;M?B=rJEA.ACD>?B=E8\69?\69;M;>= �T69Lk?5#Ht}=ED>=E8^GT=E;M=rJEAC8B; #<?B=ED>= V);>=
R
FBLb6

Lb6�GTD #<N�?B=hD>A9G$69POQ9A�[�FB=hD>=EYBD>=E;>=E8^G$6�eC=vGTACD>=E;q?BAU=E;>Y\69PEA
A
8BA�=E;>Y\69PEA

B
=E8^G$Q9A

v � = Rv � ,
�}5Rg � �

=@FBLb6�=��IYBD>=E;>;TQ9A2Y\69DT6�6�?B=ED #He969?\6�?B=
v �

=EL D>=E:i69POQ9AM69A�; #<;�GT=ELb6�?B=@JEA.ACD>?B=E8\69?\69;
A
YZA.?B=M;>=ED�D>=EYBD>=E;>=E8^G$69?\6UYZACD

d

dt �
(v � ) = Rv̇ � .

�}5Rg � � �
5: 	ELp?5#<;>;>ABnI;>=ESCFB8B?BA �}5Rg � �l=h6�D>=ESCDT6�?\6rJO69?B=�#i6�Y\69DT6�?5#Ht}=ED>=E8BJ�#i69POQ9A�?B=MYBD>A�V

?BFIGTAC;EnBGT=ELrV);>=h[�FB=

d

dt �
(v � ) = v̇ � = Ṙv � +Rv̇ � ,

�}5Rg ��� �
=ELy[�FB=

Ṙ 6= 0
;>=
R = R(t)

=9n@YZACD�G$698^GTABn
A
YZAC;>;>F5#�eC=E:<A.J�#<?\69?B=W?B=cD>A9G$69POQ9A

8\Q9A�V)8�FB:i6�=EL D>=E:i69POQ9AU69A�; #<;�GT=ELb6r?B=hJEA.ACD>?B=E8\69?\69;
B
g

mACL #<;>;>ABn 6r;>F �B;�G$#HGTF5#<POQ9A�?B= �}5Rg ��� �m=EL �}5Rg � � ��#<LUYB:&#<JO6

d

dt �
(v � ) = v̇ � − Ṙv � .

�}5Rg ��� �
5 =E[�F\69POQ9A �}5Rg ��� �]#<8B?5#<JO6{FBL #<LUYZACD�G$698^GT=fD>=E;>FB:HG$69?BABg 5 ?B=ED #He969?\6{?B=�FBL

eC=vGTACD2=EL D>=E:i69POQ9AW6�FBL ; #<;�GT=ELb6�?B=�JEA.ACD>?B=E8\69?\69;2?5#Ht}=ED>=E8^GT=U?\69[�FB=E:<=U8BAW[�F\69: 	
D>=EYBD>=E;>=E8^G$69?BAWYZAC;>;>F5#o?BF\69;MY\69D>JE=E:i69;EgM5 YBD #<LU=�#<DT6UY\69D>JE=E:i6bJEAC8B; #<;�GT=r8\6j?B=ED #He969?\6
JEACLsD>=E;>YZ=�#HGTA�69Af; #<;�GT=ELb6b?B=rJEA.ACD>?B=E8\69?\69;M8BAf[�F\69:`AjeC=vGTACD 	rD>=EYBD>=E;>=E8^G$69?BA�=�6
;>=ESCFB8B?\6�=EL FBL GT=ED>LUA�?5#Ht}=ED>=E8^GT=h?B=hNE=ED>Ab69YZ=E8\69;�;>=hAU; #<;�GT=ELb6�?B=hJEA.ACD>?B=E8\69?\69;
8BA2[�F\69:\AhD>=E;>FB:HG$69?BA2?B=veC=q;>=EDlD>=EYBD>=E;>=E8^G$69?BA�69YBD>=E;>=E8^G$69D�eC=E:<A.J�#<?\69?B=�698BSCFB:i69DK8\Q9A�V
8�FB:i6�=EL D>=E:i69POQ9Aq69A�; #<;�GT=ELb6�?B=lJEA.ACD>?B=E8\69?\69;�ACD #<S.#<8\69:3g mACL #<;>;>ABn96�?5#Ht}=ED>=E8BJ�#i69POQ9A
?B=�FBLseC=vGTACD2=ELkD>=E:i69POQ9A�6�FBLk; #<;�GT=ELb6f?B=�JEA.ACD>?B=E8\69?\69;h?5#Ht}=ED>=E8^GT=�?\69[�FB=E:<=�8BA
[�F\69: 	D>=EYBD>=E;>=E8^G$69?BA 	q?5#Ht}=ED>=E8^GT=q?BARJO69;>AR=EL [�FB=;>=�GTDT6�G$6h?BARLU=E;>LUA2; #<;�GT=ELb6h?B=
JEA.ACD>?B=E8\69?\69;69YZ=E8\69;;>=RAC;q; #<;�GT=ELb69;q?B=2JEA.ACD>?B=E8\69?\69;�69YBD>=E;>=E8^G$69D>=EL eC=E:<A.J�#<?\69?B=
698BSCFB:i69D@D>=E:i6�G$#He96�?5#Ht}=ED>=E8^GT=h?B=hNE=ED>ABg

� Lb6_eC=ED>;TQ9A�69:HGT=ED>8\6�G$#He96_?\6�=E[�F\69POQ9A �}5Rg ��� � n�;>=ESCFB8B?BA�A����������
	 #�������������������vn
JEAC8B; #<;�GT=h=EL

d

dt �
(v � ) = v̇ � + ω � × v � ,

�}5Rg � 
 �
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=EL [�FB=
ω �

D>=EYBD>=E;>=E8^G$6z6WeC=E:<A.J�#<?\69?B=j698BSCFB:i69D2D>=E:i6�G$#He96�?BA~; #<;�GT=ELb6c?B=jJEA.ACD>?B= V
8\69?\69;

B
=ELsD>=E:i69POQ9Aj69A

A
g mACLG#<;>;>ABnZGTA.?BAC;AC;eC=vGTACD>=E;M;TQ9AfD>=EYBD>=E;>=E8^G$69?BAC;h8BA

LU=E;>LUAr; #<;�GT=ELb6r?B=hJEA.ACD>?B=E8\69?\69;Eg

5pJEACLUY\69DT69POQ9Ac=E8^GTD>=f69;R=E[�F\69PE|.=E; �}5Rg ��� �h= �}5Rg ��� �#<8B?5#<JO6W6cYZAC;>; # �5#<:&#<?\69?B=
?B=R=��Y#<;�G��E8BJ�#i6U?B=RFBLb6UD>=E:i69POQ9AbJ�#<8B=EL ��G$#<JO6r=E8^GTD>=r6�G$6 �B6b?B=2e969D #i69POQ9AU?\6ULb6�GTD #<N
?B=�D>A9G$69POQ9A

Ṙ
=�A�eC=vGTACDh?B=reC=E:<A.J�#<?\69?B=U698BSCFB:i69D

ω �
g #=rtu6�GTABn�;>F �B;�G$#HGTF5#<8B?BA�V);>=

A{YBD>A.?BFIGTAceC=vGTACD #i69:m=EL �}5Rg ��� �hYZ=E:i6~Lb6�GTD #<NU?B=fYBD>A.?BFIGTAceC=vGTACD #i69:
Ω �

=jJEACLw6
FIG$#<:&#<NO69POQ9Ac?\6{=E[�F\69POQ9A �}5Rg � �R8\6{;>F �B;�G$#HGTF5#<POQ9A{?B=

v �
nm69Y !C;�6{JEACLUY\69DT69POQ9A{?BA

D>=E;>FB:HG$69?BA�JEACL �}5Rg ��� �mA��IG 	ELrV);>=

Ṙ = −Ω � R,
�}5Rg � ���

A�[�FB=#<LUYB:&#<JO6

Ω � = RṘT .
�}5Rg � � �

5 YBD>A e96b?\6b=��Y#<;�G��E8BJ�#i6j?B=RFBLb6bLb6�GTD #<N
Ω
JO69Y\69NR?B=�;>F �B;�G$#HGTF5#<DqFBL YBD>A.?BFIGTA

eC=vGTACD #i69:
v × w

	h?5#<D>=vG$6Ig mAC8B; #<?B=EDT698B?BA�V);>=

v × w =

∣
∣
∣
∣
∣
∣

i j k

v1 v2 v3

w1 w2 w3

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

v2 v3

w2 w3

∣
∣
∣
∣
i,

∣
∣
∣
∣

v1 v3

w1 w3

∣
∣
∣
∣
j,

∣
∣
∣
∣

v1 v2

w1 w2

∣
∣
∣
∣
k,

=EL [�FB=
v = [v1 v2 v3]

T =
w = [w1 w2 w3]

T nBGT=ELrV);>=

v × w =





0 −v3 v2

v3 0 −v1

−v2 v1 0









w1

w2

w3



 , Ωw.
�}5Rg � � �

5 =E[�F\69POQ9A �}5Rg � ���RJEAC8B; #<;�GT=f=ELwFBLb6~D>=E:i69POQ9A{J�#<8B=EL ��G$#<JO6ct}FB8B?\69LU=E8^G$69:@8\6
698��9:&#<;>=_?\62D>A9G$69POQ9A2D>=E:i6�G$#He96M=E8^GTD>=q?BA.#<;l; #<;�GT=ELb69;�?B=JEA.ACD>?B=E8\69?\69;Eg � ;>;T6R=E[�F\69POQ9A
D>=E:i69J�#<AC8\6�69;�?BF\69;]D>=EYBD>=E;>=E8^G$69PE|.=E;`?B=�e969D #i69PE|.=E;]698BSCFB:i69D>=E;�D>=E;>YZAC8B; �OeC=�#<;oYZ=E:i6�?B=E;�V
JED #<POQ9A�?BAMLUA eD#<LU=E8^GTA?BAM; #<;�GT=ELb6?B=@JEA.ACD>?B=E8\69?\69;

B
=EL D>=E:i69POQ9AM69A

A
go5;>;>A.J�#i6,V

;>=m6�G$6 �B6q?B=lD>A9G$69POQ9AD>=E:i6�G$#He96_?BAq; #<;�GT=ELb6q?B=lJEA.ACD>?B=E8\69?\69;
B
�}=EL

R
�
JEACL AqeC=vGTACD

?B=MeC=E:<A.J�#<?\69?B=h698BSCFB:i69D@LU=E?5#<?BAr8BAULU=E;>LUAr; #<;�GT=ELb6r?B=hJEA.ACD>?B=E8\69?\69; �}=EL
Ω �
� g

5 #<LUYZACD�G �98BJ�#i6W?\6~=E[�F\69POQ9A �
� �9#�� ����	� �}5Rg � ���2;>=jtu69Nj8\6~YZAC;>; # �5#<:&#<?\69?B=U?B=
;>F\6 #<8^GT=ESCDT69POQ9Ab8�FBL 	ED #<JO6b=EL ; #<;�GT=ELb69;?B=R8\6OeC=ES^69POQ9AV#<8B=ED>J�#i69:]6 �ZACD>?BAb=r69;>; #<L
?B=qJO69:<JEFB:i69D�6R6�G$#HGTFB?B=�?BAheC=Ed<JEFB:<A � � 698^G$698\6h=vG@69:3gHn � ��� ��� g �`#<D � LU=vGTD>AC;�69:&#<8�
\69?BAC;
69AC;@=�# �IAC;_?BA�; #<;�GT=ELb6�?B=MJEA.ACD>?B=E8\69?\69;_?BAreC=Ed<JEFB:<ArLU=E?B=EL 69;@eC=E:<A.J�#<?\69?B=E;�698BSCF.V
:i69D>=E;q=EL

Ω �
=�6bLb6�GTD #<Nh?B=�D>A9G$69POQ9A 	RJO69:<JEFB:i69?\6UJEACLUAbFBLb6�t}FB8BPOQ9Aj?BAbGT=ELUYZABg
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5a#<8It}ACD>Lb69POQ9A262D>=E;>YZ=�#HGTAR?\6R6�G$#HGTFB?B=qJEAC8^G$#<?\6h8\6RLb6�GTD #<N_?B=D>A9G$69POQ9A 	=E8^G$Q9ARFIG$# V
:&#<NO69?\6�Y\69DT6h6��>FB;�G$69Dl69;�LU=E?5#<PE|.=E;K?B=69JE=E:<=EDT69POQ9AhYBD>A eC=E85#<=E8^GT=E;l?BAC;m69JE=E:<=ED � LU=vGTD>AC;
�'�B69?BAC;q69A�JEACD>YZAU?BAreC=Ed<JEFB:<ABg
� #<8\69:<LU=E8^GT=9nZ?B=veC= V);>=�?B= �\85#<DM6j?5#Ht}=ED>=E8BJ�#i69POQ9Aj?B=rFBL YBD>A.?BFIGTAjeC=vGTACD #i69:3g � =EF

?B=E;>=E8^eCAC:HeD#<LU=E8^GTAUYBD>A e 	EL ?\6�FIG$#<:&#<NO69POQ9A�?\6rD>=ESCDT6r?\6�JO69?B=�#i6rY\69DT6r?5#Ht}=ED>=E8BJ�#i69POQ9A
?B=hACYZ=EDT69PE|.=E;�?B=hL�FB:HG$#<YB:&#<JO69POQ9ABg

d

dt
(u × v) = u̇ × v + u × v̇.

�}5Rg � � �

����� � � �	�5234 6 � 4�
� � �
� �92 � 6 ��4�� 4 8
8 2 � 6 �
�seC=vGTACDb?B=~?5#<LU=E8B;TQ9A

n
JEACLUYZAC;�GTAxYZ=E:i69;b?B=ED #He969?\69;UY\69D>J�#i6"#<;U?B=cFBLb6�?B= V

GT=ED>L4#<8\69?\6�t}FB8BPOQ9A~=E;>JO69:i69D
c(θ)

=EL D>=E:i69POQ9A~6
θ ∈ R

n×1
	j?B=E8BACL4#<8\69?BA�� �
�����

� �9# � ��� � ���h?B= c(θ)
�

Oc(θ) , gc(θ) ,








∂c
∂θ1
∂c
∂θ2ggg
∂c
∂θn







.

�}5Rg � � �

� F\698B?BA�;>=`GTDT6�G$6@?B=�FBLb6mt}FB8BPOQ9A@eC=vGTACD #i69:
c(θ) = [c1(θ) c2(θ) · · · cm(θ)]T

n
=E;�GT=E8B?B= V);>=UA�JEAC8BJE=�#HGTA�?BAfeC=vGTACDhSCDT69?5#<=E8^GT=r;>A���6jt}ACD>Lb6b?B=�FBLb6jLb6�GTD #<N9n�?B=E8BA�V
L4#<8\69?\6 	 # � �������1#����  �M# � #U?B=

c(θ)
�

Jc(θ) ,








gTc1
gTc2ggg
gTcm








=








∂c1
∂θ1

∂c1
∂θ2

· · · ∂c1
∂θn

∂c2
∂θ1

∂c2
∂θ2

· · · ∂c2
∂θnggg ggg g g g ggg

∂cm
∂θ1

∂cm
∂θ2

· · · ∂cm
∂θn







.

�}5Rg � � �

� #<8\69:<LU=E8^GT=9n 6UD>=EYBD>=E;>=E8^G$69POQ9Aj?\6U;>=ESCFB8B?\6b?B=ED #He969?\6�?B=RFBLb6rt}FB8BPOQ9Ab=E;>JO69:i69D
ci(θ)

69;>;>FBLU=h6�t}ACD>Lb6R?B=MFBLb6�Lb6�GTD #<N[�F\69?BDT69?\6
n× n

g�5 �q=E;>; #i698\6�?B=
ci(θ)

	
?B= �\85#<?\6rYZACDE�

O2ci(θ) , O(Oci(θ))T , Gci(θ) =









∂2ci
∂θ1

2
∂2ci
∂θ1∂θ2

· · · ∂2ci
∂θ1∂θn

∂2ci
∂θ2∂θ1

∂2ci
∂θ2

2 · · · ∂2ci
∂θ2∂θnggg ggg g g g ggg

∂2ci
∂θn∂θ1

∂2ci
∂θn∂θ2

· · · ∂2ci
∂θn
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.
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� ������� ���K� � ��� �	��K� ������� � � � ��� ��� � � ��� ����q�B���� �
� L YBD>A��B:<=ELb69;?B= �Wd<85#<LUAC; � F\69?BDT69?BAC;En
6Ut}FB8BPOQ9AfA����>=vG$#HeCA

c(θ)
69;>;>FBLU=r6

t}ACD>Lb6

c(θ) , c ��� (θ) =
1

2

N∑

i=1

f(θ,ti)
2 =

1

2
‖f(θ,t)‖2,

�}5Rg � � �

=EL [�FB=
f(θ,ti) : R

n → R
n
f(θ,t) : R

n → R
N
n
n

	�6j?5#<LU=E8B;TQ9Aj?B=
θ
=
N

	rA
G$69Lb698�
BAr?\6�;
	ED #<= � GT=ELUYZACDT69: �lJEACD>D>=E;>YZAC8B?B=E8^GT=Rar; #<L�FB:i69POQ9Ar?B=

f(θ,t)
g

mACL #<;>;>ABnK6WD>=EYBD>=E;>=E8^G$69POQ9A{?B=b;>=ESCFB8B?\6~ACD>?B=EL ?\6c=��IY\698B;TQ9A~=EL ;
	ED #<=E;R?B=
� 6	�.:<ACD@?B=

c ��� (θ)
=ELpGTACD>8BAr?B=MFBL YZAC8^GTA

θ̄
8BAr=E;>Y\69PEAU?B=hY\69D��9LU=vGTD>AC;�#<LUYB:&#<JO6

c ��� (θ) = c ��� (θ̄) + gc 
�� (θ̄) · (θ − θ̄) +
1

2
·Gc 
�� (θ̄) · (θ − θ̄)2.

�}5Rg � � �

�c69;
f(θ,t)

	�G$#<Y5#<JO69LU=E8^GT=R?B= �\85#<?BA�JEACLUAfA�=ED>D>A �}?B=r=E;�G$#<Lb69POQ9A��qJEACLU=vG$#<?BA
69AW;>=UGT=E8^G$69D�69YBD>A%�Y#<Lb69DhAcJEACLUYZACD�G$69LU=E8^GTA�?B=bFBL LUA.?B=E:<ABn

φ(θ,t)
nK69AW?B=bFBL

; #<;�GT=ELb6rD>=O69:�JEF �T6�;T69d<?\6r;>= �T6rD>=EYBD>=E;>=E8^G$69?\6bYZACD
y(t)

nBYZACD_=��I=ELUYB:<AB�
f(θ,t) = φ(θ,t) − y(t).

�}5Rg � � �
mACL&6?B= �\85#<POQ9A�?B=

c ��� (θ)
8BAGT=ED>JE=�#<D>AGT=ED>LUA?\6=E[�F\69POQ9A �}5Rg � � � n9A��IG 	ELrV);>=

gc 
�� (θ) =
∂c ��� (θ)

∂θ

=
N∑

i=1

∂f(θ,ti)

∂θ
f(θ,ti).

�c69;En\?B=269JEACD>?BAUJEACL �}5Rg � � � n

∂f(θ,t)

∂θ
=
∂φ(θ,t)

∂θ
,

�}5Rg � ���

A�[�FB=9n JEACL �}5Rg � � � n(#<LUYB:&#<JO6

gc 
�� (θ) =
N∑

i=1

∂φ(θ,ti)

∂θ
(φ(θ,ti) − y(ti)).

�}5Rg �� �

#=Lb698B=�#<DT62698��9:<ACS^6269AR[�FB=qt}A.# ?B=E;>JED #HGTA�Y\69DT62ARJ �9:<JEFB:<A2?BA2eC=vGTACD@SCDT69?5#<=E8^GT=9n
6rLb6�GTD #<N �q=E;>; #i698\6

Gc 
�� (θ)
;>=MGTACD>8\6

Gc 
�� (θ) =
N∑

i=1

∂φ(θ,ti)

∂θ

∂φ(θ,ti)

∂θ
+

N∑

i=1

∂2φ(θ,ti)

(∂θ)2
(φ(θ,ti) − y(ti)),
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� � ����g
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∂θn
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∂α
= dTgc

= ∂2c(θ)

∂α2
= dTGcd

�}5Rg �'� �
JEACLUAf;>=E8B?BAW6 � � �
��� � #��
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l(θ) : R
n → R
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l(θ) = a1θ1 + · · · + anθn + b =
n∑

i=1

aiθi + b = aTθ + b,
�}5Rg � � �

=EL [�FB=
b ∈ R
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n
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Ol(θ) = O(aTθ + b) = O(aTθ),
�}5Rg � � �
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Oφ(θ) = O(
1
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θTGθ) + O(aTθ) + O(b).
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=
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∣
∣
∣
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∣
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∣
∣
∣
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∣
∣
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∣
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∣
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∣
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∣
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∣
∣
∣
∣
∣
∣
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m21 m22 m23
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∣
∣
∣
∣
∣
∣
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M n × n
;TQ9Aj?B= �\85#<?BAC;qJEACLUAbAC;?B=vGT=ED>L4#<8\698^GT=E;q?\69;;>F �BLb6�GTD #<NE=E;qA��IG$#<?\69;qJEACL

6~=��IJE:<FB;TQ9Az?\69; �B:HG$#<Lb69;
k
:&#<8�
\69;R=fJEAC:<FB8\69;r?B=

M
n�JEACL

k = n − 1, · · · , 0
g

� ACD=��I=ELUYB:<ABnZ;>=
M
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∣

m11 m12

m21 m22

∣
∣
∣
∣
,

∣
∣
∣
∣
∣
∣
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∣
∣
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