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Abstract

The purpose of this work is to investigate some questions about the initial
value problem (IVP) for the inhomogeneous nonlinear Schrédinger equation
(INLS)

iy + Au A+ M| "|u|*u = 0,

where A = £1, o and b > 0.

First, we consider the local and global well-posedness of the (IVP) for
the (INLS) with initial data in H*(R"), 0 < s < 1. We study this problem
using the standard fixed point argument based on the Strichartz estimates
related to the linear problem. These results are showed in Chapter 2.

In the sequel, in Chapter 3, we study scattering for the (INLS) in H*(RY)
for the focusing case (A = 1), with radial initial data. The method employed
here is parallel to the approach developed by Kenig-Merle [26] in their study
of the energy-critical NLS, Roudenko-Holmer [23] and Fang-Xie-Cazenave
[11] (see also Guevara [22]) for the mass-supercritical and energy-subcritical

NLS.

Keywords
Global well-posedness. Inhomogeneous nonlinear Schrodinger. Local

well-posedness.  Scattering.



Introduction

In this work, we study the initial value problem (IVP), also called the Cauchy

problem for the inhomogenous nonlinear Schrédinger equation (INLS)

i0u + Au+ M| Plul*u =0, teR, zeRY, )
u(0, ) = uo(x),
where u = u(t, z) is a complex-valued function in space-time Rx RV, \ = £1
and a,b > 0. The equation is called “focusing INLS” when A\ = +1 and
“defocusing INLS” when A\ = —1.

The case b = 0 is the classical nonlinear Schrédinger equation (NLS) and
is named in honor of the Austrian physicist Erwin Schrédinger who was one
of the first researchers of Quantum Mechanics. It is a prototypical dispersive
nonlinear partial differential equation (PDE) that has been derived in many
areas of physics and analyzed mathematically for over 40 years. It appears
as a model in hydrodynamics, nonlinear optics, quantum condensates, heat
pulses in solids and various other nonlinear instability phenomena, see, for
instance, Newell [36] and Scott-Chu-McLaughlin [38].

In the end of the last century, it was suggested that stable high power
propagation can be achieved in a plasma by sending a preliminary laser beam
that creates a channel with a reduced electron density, and thus reduces the
nonlinearity inside the channel, see Gill [18] and Liu-Tripathi [34]. In this

case, the beam propagation can be modeled by the inhomogeneous nonlinear
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Schrodinger equation in the following form:
i + Au + K(z)|u|u = 0.

This model has been investigated by several authors, see, for instance, Merle
[35] and Raphaél-Szeftel [37], for k; < K(x) < ko with ki, ks > 0, and Fibich-
Wang [13], for K (¢|z|) with € small and K € C*(RY) N L>°(RY). However,
in these works K (x) is bounded which is not verified in our case.

Notice that if u(¢, z) is solution of (1) so is us(t, z) = 6°a u(6%t, dx), with
initial data ugs(z) for all § > 0. Computing the homogeneous Sobolev norm
we get

e = 073 fug

[0,6] s

N 2—b
2 o

Thus, the scale-invariant Sobolev norm is H*(RY), where s. =
(critical Sobolev index). Note that, if s, = 0 (alternatively o = 4522 the

problem is known as the mass-critical or L%-critical; if s, = 1 (alternatively

a = %’) it is called energy-critical or H'-critical, finally the problem is

known as mass-supercritical and energy-subcritical if 0 < s. < 1. That is,

4-2b

2 <a <o, N=1,2 )
4-2b 4—2b

T<Oé<m, NZS

On the other hand, the inhomogeneous nonlinear Schrodinger equa-
tion has the following conserved quantities: Mass = M[u(t)] = M[up] and
Energy = Flu(t)] = E[ug], where

Miu(o)] = [ Jutt,)fda @
and

Elu®) =+ [ [Vut,o)Pde — |l P, . @)
2 RN o+ 2 x

Moreover, since

lusllze =07 flullzz,  [1Vusllzz = 6" [[Vul 2 (5)
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and

ol st = 570
x

R
the following quantities enjoy a scaling invariant property, indeed

1—sc

u”Lg:
(6)

These quantities were introduced in [23] in the context of mass-supercritical

1—sc

E[U(S]SCM[U(;]I_SC — E[U]SCM[U]I_SC’ ||VU(S U(SHL% — ||Vu

Sc Sc
2 2
Lx La:

and energy-subcritical NLS (equation (1) with b = 0), and they were used to
understand the dichotomy between blowup/global regularity.

By Duhamel’s Principle the solution of (1) is equivalent to
t
u(t, z) = U)ug(x) + iX / Ut — ) (et o)t 2) &', (T)
0

where U(t) denotes the unitary group associated with the linear problem

10w + Au = 0, with initial data wug, defined by
U(t)uo = ug * (e 7).

Concerning the local and global well-posedness question, several results
have been obtained for (1). Hereafter, we refer to the expression “well-

posedness theory” in the sense of Kato according to the following definition.

Definition 0.1. We say that the IVP (1) is locally well-posed if for any ug €
H*(RY), there exist a time T' > 0, a closed subspace X of C([-T,T]; H*(RY))

and a unique solution u such that
1. w is solution of the integral equation (7),
2. u € X (Persistence),

3. the solution varies continuously depending upon the initial data (Con-

tinuous Dependence).
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Global well-posedness requires that the same properties hold for all time
T > 0.

The well-posedness theory for the INLS equation (1) was studied for
many authors in recent years. Let us briefly recall the best results available
in the literature. Cazenave [2] studied the well-posedness in H'(R") using
an abstract theory. To do this, he analyzed (1) in the sense of distributions,
that is, i0u + Au + |z||ul*u = 0 in H~*(RY) for almost all ¢ € I. There-
fore, using some results of Functional Analysis and Semigroups of Linear

Operators, he proved that it is appropriate to seek solutions of (1) satisfying
ue C([0,T7); H' (RY))nC* ([0,T); H ' (RY)) for some T > 0.

It was also proved that for the defocusing case (A = —1) any local solution
of the IVP (1) with uy € H'(RY) extends globally in time.
Other authors like Genoud-Stuart [15] (see also references therein) also stud-
ied this problem for the focusing case (A = 1). Using the abstract theory
developed by Cazenave [2], they showed that the IVP (1) is locally well-posed
in HY(RY) if 0 < o < 2*, where
N ®)
00 N=1,2.

Recently, using some sharp Gagliardo-Nirenberg inequalities, Genoud [14]
and Farah [12] extended for the focusing INLS equation (1) some global
well-posedness results obtained, respectively, by Weinstein [42] for the L2-
critical NLS equation and by Holmer-Roudenko [23] for the L?-supercritical
and H'-subcritical case. These authors proved that the solution w of the
Cauchy problem (1) is globally defined in H'(R") quantifying the smallness
condition in the initial data.

However, the abstract theory developed by Cazenave and later used by

Genoud-Stuart [15] to show well-posedness for (1), does not give sufficient
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tools to study other interesting questions, for instance, scattering and blow
up investigated by Kenig-Merle [26], Duyckaerts-Holmer-Roudenko [10] and
others, for the NLS equation. To study these problems, the authors rely on
the Strichartz estimates for NLS equation and the classical fixed point argu-
ment combining with the concentration-compactness and rigidity techniques.

Inspired by these papers and working toward the proof of scattering for
the INLS equation, our first main goal here is to establish local and global re-
sults for the Cauchy problem (1) in H*(RY), with 0 < s < 1, applying Kato’s
method. Indeed, we construct a closed subspace of C' ([T, T]; H*(RY)) such
that the operator defined by

G(u)(t) = Ut)ug + i /O Ut — )| u(®)|u(t)dt, 9)

is stable and contractive in this space, thus by the contraction mapping
principle we obtain a unique fixed point. The fundamental tools to prove
these results are the classic Strichartz estimates satisfied by the solution of
the linear Schrodinger equation. These results are presented in Chapter 2.
In the sequel, we consider the scattering problem for (1) in H'(RY).

First, we need the following definition

Definition 0.2. A global solution u(t) to the Cauchy problem (1) scatters
forward in time in H'(RY), if there exists ¢* € H'(RY) such that

lim_[u(t) — U6 |y = 0.

t——+00

Also, we say that u(t) scatters backward in time if there exists ¢~ € H'(RY)
such that
tim[lut) — U() s = 0.

t——o0

Similarly, we can define scattering in H*(RY).
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For the 3D defocusing NLS equation, scattering has been established for
all H' solutions (regardless of size) by Ginibre-Velo [21] using a Morawetz
inequality. This proof was simplified by Colliander-Keel-Staffilani-Takaoka-
Tao [7] using a new interaction Morawetz inequality they discovered. Other
authors like Killip-Tao-Visan [30], Tao-Visan-Zhang [40] and Killip-Visan-
Zhang [32] extended this result for arbitrary dimension N > 1, showing
scattering for the L?-critical NLS in the defocusing case.

Regarding the focusing case, Kenig-Merle [26] developed a powerful
method to study scattering and blow-up for the energy-critical NLS equation,
which is commonly referred as the concentration-compactness and rigidity
technique. The concentration-compactness method previously appeared in
the context of the Wave equation in Gérard [16] and for the NLS equation
in Keraani [28]. The rigidity argument (estimates on a localized variance)
is the technique introduced by Merle in mid 1980’s. Years later, Killip and
Visan [31] extended Kenig-Merle’s result for N > 5. Several authors also
applied the concentration compactness and rigidity approach to study the
L*-supercritical and H'-subcritical focusing NLS, see for instance [23], [10],
[22] and [11]. They showed that, if ug € HY(RY), E(ug)% M (ug)'=% <

E(Q)*M(Q)** and ||Vuo\|‘zz2HuOHlL;sz <||IV@Q Q||1L;s:, then the solution

se
L2

u scatters in H'(RY). Here, the critical Sobolex index is given by s; = § —2

and () is the ground state solution of the following equation

—Q@+AQ+|Q|"Q@=0.

In the spirit of Holmer-Roudenko [23], we prove scattering with radial
data for the Cauchy Problem (1) in the case 0 < s. < 1, i.e. L*-supercritical

and H'-subcritical. This result is showed in Chapter 3.



Chapter 1

Preliminaries

In this first chapter, we introduce some general notations and give basic

results that will be used along the work.

1.1 Notations

e We use ¢ to denote various constants that may vary line by line.
e (,, denotes a constant depending on p and gq.

e Given any positive numbers a and b, the notation ¢ < b means that

there exists a positive constant ¢ that a < cb.
e Given a set A C RY then A® = RV\ A denotes the complement of A.
e Given z,y € R then z -y denotes the inner product of z and y on RY.
e B denotes the unite ball in RY defined by B(0,1) = {z € RV : |z| < 1}.

e For s € R, J° and D?® denote the Bessel and the Riesz potentials of

order s, given via Fourier transform by the formulas

— ~ — -~
S

Jof(€) = (L+[€))2f(€) and  Dsf = [¢[°f(€),
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where the Fourier transform of f(x) is given by
for = [ et
RN

e We denote the support of a function f, by

supp(f) = {J 1 RN = C: [(z) £ 0}.

e C5°(RY) denotes the space of functions with continuous derivatives of

all orders and compact support in RY.

e We use ||.||z» to denote the LP(RY) norm with p > 1. If necessary, we

use subscript to inform which variable we are concerned with.

1.2 Functional spaces
We start with the definition of the well-known Sobolev spaces and the mixed
“space-time” Lebesgue spaces.

Definition 1.1. Let s € R, 1 < p < co. The homogeneous Sobolev space and
the inhomogeneous Sobolev space are defined, respectively, as the completion

of S(RY) with respect to the norms

[ fllsr s= N Fllr and | fllgor == D fller
If r = 2 we denote H*2(RN) (or H*2(RN)) simply by H*(RN) (or H*(R)).

Definition 1.2. Let 1 < ¢,7 < oo and T > 0, the LE’[),T]LQ and LLL" spaces

are defined, respectively, by

r :
Lty = {f [0.T) X RY = € ||y, 15 = ( | s .>||q5dt) < +oo}

o0 q
LyL; = {f [7,400) x RY = € | flluge; = ( | -)H";dt> < +oo} .
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Remark 1.3. In the case when I = [0,7] and we restrict the z-integration

to a subset A C RY then the mixed norm will be denoted by || f|| LIL7(A)

HSdt) < —i—oo}

Remark 1.4. When f(¢, x) is defined for every time ¢ € R, we shall consider

In the same way, we also define

ﬁH&={WIXRN%CIWMy@=(/Wf

where s € R.

the notations || f||a, and || f||Lop;-

Next we recall some Strichartz norms. We begin with the following

definitions:

Definition 1.5. The pair (¢,r) is called L?*-admissible if it satisfies the con-

dition
N

)

2 N
q 2 T

where
ON
2< r< 55 if N2>3,

2< r<4o00 if N=2, (1.1)
2< r<4o0 if N=1.

Remark 1.6. We included in the above definition the improvement, due to

M. Keel and T. Tao [25], to the limiting case for Strichartz’s inequalities.
Definition 1.7. We say the pair (q,r) is He#-admissible if*

oA (1.2)

Tt is worth mentioning that the pair (oo, NQszs) also satisfies the relation (1.2), how-
ever, in our work we will not make use of this pair when we estimate the nonlinearity

2| =0 ful*u.
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where
< r < ()T if N>3,
< r (&) i N2 (13
1_22s< r < 400 if N=1

Here, a~ is a fixed number slightly smaller than a (¢~ = a — ¢ with € > 0

small enough) and, in a similar way, we define a™. Moreover, (a™)" is the

number such that

1 1 1
= 4= 1.4
a (at) ' at’ (1.4)

that is (a™) := aaf—_‘z Finally we say that (¢,r) is H *-admissible if

2 N N
=4 s,
q 2 r
where
(#5)" < r<(5) i N3,
()" < re(2)) i N=2, (15)
(1—225)+ < r<+o0 it N=

Given s € R, let A, = {(¢,7); (g,7) is H® — admissible} and (¢/,r’) is
such that % + 5 =1land 1 4+ % =1 for (¢,r) € A;. We define the following

Strichartz norm

ullsrey = sup  |lullLors
(g,r)EAs

and the dual Strichartz norm

s = inf el

Remark 1.8. Note that, if s = 0 then A is the set of all L?-admissible
pairs. Moreover, if s = 0, S(H°) = S(L?) and S'(H°) = S'(L?). We just
write S(H®) or S'(H~*) if the mixed norm is evaluated over R x RY. To
indicate a restriction to a time interval I C (—o0,00) and a subset A of RV,

we will consider the notations S(H*(A); I) and S"(H5(A); I).
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1.3 Basic estimates

In this section we list (without proving) some well known estimates associated

to the linear Schrodinger propagator.

Lemma 1.9. Ift #0, -+ = 1 and p' € [1,2], then U(t) : LY (RY) —
LP(RY) is continuous and

N
2(1 1

10z S 1722l
Proof. See Linares-Ponce [33, Lemma 4.1]. O
Lemma 1.10. (Sobolev embedding) Let s € (0,+00) and 1 < p < +oc.

(i) If s € (0, %) then HSP(RY) is continuously embedded in L™(RY) where

s=Y_ N Moreover,
P T

[fller < ell D fll o (1.6)
(it) If s =% then H*(RN) C L"(RY) for all r € [2,+00). Furthermore,

[l < el fllas- (1.7)

Proof. See Bergh-Lofstrom [1, Theorem 6.5.1] (see also Linares-Ponce [33,
Theorem 3.3] and Demenguel-Demenguel [9, Proposition 4.18]). O

Remark 1.11. Using (i), with p = 2, we have that H*(R"), with s € (0, %),

is continuously embedded in L"(RY) and

Ifller < el fllme, (1.8)

2N ]

where 7 € [2, 5;
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Lemma 1.12. (Fractional product rule) Let s € (0,1] and 1 < r, 11,79, p1,p2 <

400 are such that % = Tll + z%- fori=1,2. Then,

ID*(f )l < el fllr 1D°gllLe + cl| D fll L2 ]| o>
Proof. See Kenig-Ponce-Vega [27]. O

Lemma 1.13. (Fractional chain rule) Suppose G € C*(C), s € (0,1],

and 1 < r,ri,ry < +o00 are such that % = % + % Then,
ID°G () < |G (]| | Dl 72
Proof. See Kenig-Ponce-Vega [27]. O

The main tool to show the local and global well-posedness are the well-
known Strichartz estimates. See for instance Linares-Ponce [33] and Kato

[24] (see also Holmer-Roudenko [23] and Guevara [22]).
Lemma 1.14. The following statements hold.

(i) (Linear estimates).

WU ) flls2y < cll fll2, (1.9)

U@ sy < el flls- (1.10)

(i1) (Inhomogeneous estimates).

t
’/U(t—t’)g(.,t')dt’ + /U(t—t’)g(.,t’)dt’ < clglls za,
R S(L2) 0 S(L2)
(1.11)
t
/U(t—t’)g(.,t’)dt’ - < dlglls sy (1.12)
0 S(Ere)

The relations (1.11) and (1.12) will be very useful to perform estimates
on the nonlinearity |z|=°|u|%u.

We end this section with three important remarks.
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Remark 1.15. Let F(z,2) = |z|7°]2|%z, and f(z) = |2|*2. The complex

derivative of f is

2
f2) = Sl and () = Spale R

For z,w € C, we have

1) = f(w) = [ [Felw+ 66— w)e = w) + frlw+ 8z — w) T~ w)] db.
0
Thus,
|F(2,2) = Fz,w)| < |27 (|21 + [w|*) |2 — wl. (1.13)
Now we are interested in estimating V (F(z,z2) — F(z,w)). A simple
computation gives
VF(z,2) = V(|2]7) f(2) + 2] "V f(2) (1.14)
where
V(z) = f'(2)Vz = f.(2)V2 + fo(2) V.

First we estimate |V (f(z) — f(w))|. Note that

V(f(2) = f(w)) = [(2)(Vz = Vw) + (f'(2) = ['(w)) V. (1.15)

So, since (the proof of the following estimate can be found in Cazenave-Fang-
Han [3, Remark 2.3])
(Jz]*7t + w|* Y]z —w| ifa>1,

|z — w|* fo<a<1
and

1fo(2) = fo(w)] < { (J2[* " + Jw|* ]z —w| ifa>1,

|z — wl|® ifo<a<l,
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we get by (1.15)
IV(f(2) = f)] S 2171V (z = w)] + (217 + Jw]* )| Vwllz — w] if o> 1
and

IV(f(2) = F)] S 27V (2 = w)[ + |z = w|*|Vw] if 0 <a<1.
Therefore, by (1.14), (1.13) and the two last inequalities we obtain
IV (F(2,2) = F(z,w)| S |27 (21" +[w]*) [a—w]+|2] 7 [2]*[V (z—w) |+,

(1.16)

where
|z (|z]*7 + |w|e™) [Vw] |z —w] if a>1
|z| | Vwl|z — w|® if 0<a<l.
Remark 1.16. Let B = B(0,1) = {z € RY;|z| <1} and b > 0. If z € B¢

then |z|7® < 1 and so

12171

i < W llgsey + (1217 £l 1y 5 -

The next remark provides a condition for the integrability of |z|™® on B

and BC.

Remark 1.17. Note that if % —b > 0 then |||z || v5) < +oo. Indeed
! 1 N
/ 2| dx = c/ r Ny = o TN*VI"O < +o0 if ——=0>0.
B 0 v

Similarly, we have that |||z|™°||;+ (e is finite if % —b<0.



Chapter 2

Well-posedness theory

In this chapter, we study the well-posedness of the Cauchy problem (1). We
obtain local and global results for initial data in H*(R"Y), with 0 < s < 1.
To this end, we use a contraction mapping argument based on the Strichartz

estimates given in Lemma 1.14.

2.0.1 Introduction

As mentioned before, our goal here lies in establishing local and global results
for the Cauchy problem (1) in H*(RY) using the Kato’s method. That is, we
construct a closed subspace of C' ([T, T]; H*(RY)) such that the integral
equation (9) is stable and contractive in this space. Then by the Banach
Fixed Point Theorem we obtain a unique fixed point, which is the solution
of the integral equation (7).

Applying this technique in the case b = 0 (classical nonlinear Schrodinger
equation), the IVP (1) has been extensively studied over the three decades.
The L?-theory was obtained by Y. Tsutsumi [41] in the case 0 < a < %. The
H'-subcritical case was studied by Ginibre-Velo [19]-[20] and Kato [24] (these

papers also consider nonlinearities much more general than a pure power).
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Later, Cazenave-Weissler [4] treated the L2-critical case and the H'-critical
case.

We summarize the well known well-posedness theory for the NLS equa-
tion in the following theorem (we refer, for instance, to Linares-Ponce [33]

for a proof of these results).

Theorem 2.1. Consider the Cauchy problem for the NLS equation ((1) with
b=0). Then, the following statements hold

1. If 0 < o < +, then the IVP (1) with b = 0 is locally and globally
well posed in L*(RY). Moreover if a = %, it is globally well posed in

L2(RYN) for small initial data.

2. The IVP (1) with b= 0 is locally well posed in H*(RY) if 0 < a < 55
for N >3 or0 < a < +oo, for N =1,2. Also, it is globally well-posed
in HY(RY) if

(i) A <0,
(it) A>0and 0 < a < +,

(i) X >0, v < a < v and small initial data,

(iv) A\ >0, a = 5 and small initial data.

In addition, Cazenave-Weissler [5] and recently Cazenave-Fang-Han [3] showed

that the IVP for the NLS is locally well posed in H*(RY) if 0 < a < Nf2s

and 0 < s < %, moreover the local solution extends globally in time for small
initial data.

Our main interest in this chapter is to prove similar results for the INLS
equation. First, we show local-well posedness in H*(RY), with 0 < s < 1.
These results are presented in Section 2.2. Next, in Section 2.3, we establish

the global theory.
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2.1 Local well posedness

In this section we give the precise statements of our main local results. First,

we consider the local well posedness of the IVP (1) in L*(RY).

Theorem 2.2. Let 0 < o < =22 and 0 < b < min{2, N}, then for all
ug € L*(RY) there exist T = T(||uo|| 2, N, ) > 0 and a unique solution u of

the integral equation (7) satisfying
ue C([-T,7T); L*(RY)) n L ([-T,T); L"(RY)) ,

for any (q,r) L*-admissible. Moreover, the continuous dependence upon the

itial data holds.

It is worth mentioning that the last theorem is an extension of the result
by Tsutsumi [41] (which asserts local well-posedness for the NLS equation,
(1) with b= 0, when 0 < a < +) to the INLS model.

Next, we treat the local well posedness in H*(R") for 0 < s < 1. Before

stating the theorem, we define the following numbers

N - 4—2b : N

~ = if N=1,2,3, if s <=,

2:=¢ °? and aq,:={ NV 2 (2.1)
2 if N>4 +o0o if s = %

Theorem 2.3. Assume 0 < o < a,, 0 < b < 2 and max{0,s,} < s <
min{%,1}. If ug € H*(RY) then there exist T = T | uo|

s, N,a) >0 and a

unique solution u of the integral equation (7) with
ue C([-T,7); H*(RY)) N L ([-T,T); H>"(R"))

for any (q,r) L*-admissible. Moreover, the continuous dependence upon the

mitial data holds.



2.1 Local well posedness 12

Remark 2.4. Note that a < ]‘\1[__221’8 is equivalent to s. < s. On the other

hand, if 0 < a < %’ then s. < 0, for this reason we add the restriction
s > max{0, s.} (recalling that s, = & — £2) in the above statement.

As an immediate consequence of Theorem 2.3, we have that the Cauchy

problem (1) is locally well-posed in H*(RY).

Corollary 2.5. Assume N >2,0<a < a, and0 < b < 2. Ifuy € H'(RV)

then the initial value problem (1) is locally well posed and
ueC(-T,T); H'(RY)) N LI ([-T,T); H""(RY)),
for any (q,7) L*-admissible.

Remark 2.6. One important difference of the previous results and its coun-

terpart for the NLS model (see Theorem 2.1-(2)) is that we do not treat the

critical case here, i.e. a = ;\1,1225’5 with 0 < s <1 and N > 3. It is still an

open problem.

Our plain is the following: Subsection 2.2.1 will be devoted to prove
Theorem 2.2 and in Subsection 2.2.2 we show Theorem 2.3 and Corollary

2.5.

2.1.1 L?-Theory

We begin with the following lemma. It provides an estimate for the INLS

model nonlinearity in the Strichartz spaces.

Lemma 2.7. Let 0 < a < 2 and 0 < b < min{2, N}. Then,

[l ="l

S’(L2:1) S C(Tel + T02)||u||g(L2;I)||v||S(L2;I)7 (22)

where I =10,T] and ¢, 01,605 > 0.
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Proof. By Remark 1.16, we have

| ~*ful*v] sz < Mul®llgapeyn + H|$|_b|u|%||3f(L2(B);1)

= Al + AQ.
Note that in the norm A; we do not have any singularity, so we know that
Ay < T ull§ e vl sz, (2.3)

where 6; > 0. See Kato [24, Theorem 0] (also see Linares-Ponce [33, Theorem
5.2 and Corollary 5.1]).
On the other hand, we need to find an admissible pair to estimate As,.

In fact, using the Holder inequality twice we obtain

/
q
LI

A < el ul0l gy < Il ol
1
< Ml T ullgoespor 025,
Lo
< Tl llullgys 0l

if (¢,7) L*-admissible and

1 1 1 1

vyt

11,141

7 w T wm g (2.4)
q= g2 , T =AQry.

In order to have |||z|™°|| () < +00 we need % > b, by Remark 1.17. Hence,

in view of (2.4) (g, r) must satisfy

= NN oy
a+2 (25)
= 1-5=

Bl= 2=

From the first equation in (2.5) we have N —b—w > (, which is equivalent

to

o< _]Iz[) —2N (2.6)
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for r > 1\21_]1]1; By hypothesis a < 4;,—2{’, then setting r such that

r(N—b)—2N 4-—2b
N - N

we get! r = 4_]2\;’—372]\[ satisfying (2.6). Consequently, since (g, r) is L?-admissible

we obtain ¢ = %. Next, applying the second equation in (2.5) we de-

duce
1 4 —2b—aN

@ 4—2b+2N’
. . o . . 472b
which is positive by the hypothesis a < =5~. Thus,

Ay < T a3 ol (27)
where 6, = qif Therefore, combining (2.3) and (2.7) we prove (2.2). O

Our goal now is to show Theorem 2.2.

Proof of Theorem 2.2. We define
X =C(-T.7; L*RY)) (| L ([-T.T); L"(RY))
for any (q,r) L?*-admissible, and
B(a,T) ={u € X : ||lullsz-1.m) < a},

where a and T are positive constants to be determined later. We follow
the standard fixed point argument to prove this result. It means that for

appropriate values of a, T" we shall show that
t
G(u)(t) = Gy (u)(t) = U(t)up + i)\/ Ut —t)(|o||u|*u)(t)dt  (2.8)
0

defines a contraction map on B(a,T).

Note that, since 0 < b < min{N,2} the denominator of r is positive and r > f,—lfb.
Moreover, by a simple computations we have 2 < r < % if N>3,and 2 <r < +o0 if

N = 1,2, that is r satisfies (1.1). Therefore, the pair (g, r) above defined is L2-admissible.
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Without loss of generality we consider only the case t > 0. Applying
Strichartz inequalities (1.9) and (1.11), we have

IG@W)llsz2in) < elluollze + elllel ™ [ul* sz,
where I = [0,7]. Moreover, Lemma 2.7 yields

1G(u)lls2ny < clluol|re + ¢(T™ +T02)||u||ga12;[)

< cllugl|zz + c(TQ1 + T02)a0‘+1,

provided u € B(a,T). Hence,
IG@)lls@ai-rmy < clluollre + e(T™ + T%)a*.
Next, choosing a = 2c¢||ug|z2 and T > 0 such that

ca®(T" +T%) < (2.9)

1
47
we conclude G(u) € B(a,T).

Now we prove that GG is a contraction. Again using Strichartz inequality

(1.11) and (1.13), we deduce

1G () = G(o) sz

IA

ellel~*(ful"u ~ Jo]*)

S'(L2)

IN

eIt = olllg

+ e[l ol — o

S'(L3I)

IN

(T + T%)Jul|§ 2. lu = vll sz

+e(T + T%)[oll§ 2 lu = vl s,
where I = [0,7]. That is,

1G (1) = G(v)llsez2n < (T +T%) (HUHg(LQ;z) + HUH§<L2;1)) lu = vllsze.n

< 2¢(T™ +T%)aJu — |52,
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provided u,v € B(a,T). Therefore, the inequality (2.9) implies that
G(w) — GO)lsarm < 26T + %)% u — ol sz riny
< %HU — V|ls2-1.m,
i.e., G is a contraction on S(a,T).

The proof of the continuous dependence is similar to the one given above

and it will be omitted. O

2.1.2 H*-Theory

The aim of this subsection is to prove the local well posedness in H*(R")
with 0 < s <1 (Theorem 2.3) as well as Corollary 2.5. Before doing that we
establish useful estimates for the nonlinearity |z|~°|u|®u. First, we consider
the nonlinearity in the space S’(L?) and in the sequel in the space D~*S’(L?),
, and | D* (|| ~*|u|*w)|

that is, we estimate the norm |[|z|~*|u|*u|

S1(L%1 SM(L%I)

We start this subsection with two remarks.

Remark 2.8. Since we will use the Sobolev embedding (Lemma 1.10), we
divide our study in three cases: N > 3 and s < %; N =1,2 and s < %;
N =1,2 and s = &. (see respectively Lemmas 2.10, 2.11 and 2.12 bellow).
Remark 2.9. Another interesting remark is the following claim

D (|z]™°) = Onplz|"~*. (2.10)
Indeed, we use the facts Ds f = ]§|3]?and (W) = ‘gNL_% for 8 € (0, N). Let
f(x) = |2]7°, we have

— — C C
D*(lal ™) = I¢l*(1=1™*) = 161" w5 = sy

Since 0 < b < 2and 0 < s < min{Z,1} then 0 < b+ s < N, so taking
b =s+b, we get

DS b\ CN,B Y —C b—s
(’$| )_ ‘y’N_(b_H) - N”B'x‘ :
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Lemma 2.10. Let N >3 and 0 < b < 2. ]fs<—and0<a< 2b then

the following statements hold:
(i) |||z~ |ul*|

(ii) || D> (|~ fu|*u))|

srr2) S (T + T2) | D*ul|§ oy 0| s(22:0)

< (T +T%)|| D*ull§ 2 )

SHL2) =

where I =1[0,T] and ¢, 0,05 > 0.

Proof. (i) We divide the estimate in the regions B and B¢, indeed

—b|,, |« =b|,, |« —b|,, |
Hm |ul UHS’(LQ;I) < Hm Jul U‘ s(2(BOyn T H|x| |ul U“s' L2(B):I)
= Bl —+ BQ.
First, we consider B;. Let (qo,79) L*-admissible given by?
4o +2) N(a+2)
= =7 d = —, 2.11
1 a(N — 2s) T = TN T as (2.11)

Its< 5 then §< = and so using the Sobolev inequality (1.6) and the Holder

mequahty twice, we get

I [ e [ g Pt e T P

2 L
<l ooy 10wl oo
1
<IN~z 3oy T | Dl Fosa o 0]l 120 120
1
=21l ey T = | Dl Fao o V1] 2o 120, (2.12)
where
1 1 1 1
mT oA Tu Tt
L 1,11
- o lw W (2.13)
o = Qq2 , 5:%—%-

2Tt is not difficult to check that gy and 7 satisfy the conditions of admissible pair, see

(1.1).



2.1 Local well posedness 18

In view of Remark 1.17 in order to show that the first norm in the right hand
side of (2.12) is bounded we need % — b < 0. Indeed, (2.13) is equivalent to

M= N2 _Noy g
v 70 T0
1 1 at2
q1 9 ’
which implies, by (2.11)
N 1 4—a(N -2
N_o ana L_izalN=29 (2.14)
g ¢ 4

Therefore % —b < 0 and q% > 0, by our hypothesis a < ;:221. Therefore,

setting 0, = qil we deduce
B1 S CTel||DSU||g(L2;I)||U||S(L2;I)' (215)

We now estimate B,. To do this, we use similar arguments as the ones
in the estimation of Ay in Lemma 2.7. It follows from Holder’s inequality

twice and Sobolev embedding (1.6) that

By

IN

!

Il gy < [t~ s,

IA

ez I D ullg folles | o

IN

1
=l ) T [ D*ullFoon 0]l g

1
|||iL“|_b||L7(B)qu ||DSU||%§L;||U||L;1L5

if (¢,r) L*-admissible and the following system is satisfied

(

11,1 1
I 'y+7"1+r

11,1 ,1

qg (I1+¢I2+q

q= Qg
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Similarly as in Lemma 2.7 we need to check that % > b (so that |||z|™°|| 1)
is finite) and qil > ( for a certain choice of (g,r) L*-admissible pair. From

(2.16) this is equivalent to

N= N2 _Fayas>bh

K (2.17)
L= 1-2250.

q1 q

The first equation in (2.17) implies that o < %

. N
(assuming s < ),
then let us choose r such that

(N —b)r —2N  4—2b

N —rs N —2s
since, by our hypothesis a < ]‘\*[%2;;. Therefore r and ¢ are given by?3

_ 2N[N —b+2(1 - s)]
~ N(N —2s) +4s — bN

2[N —b+2(1 —s)]
N —2s ’

r and q = (218)

where we have used that (q,7) is a L?>-admissible pair to compute the value
of g. Note that s < % if, and only if, b+2s — N < 0. Since s <1, b < 2 (see
(2.1)) and N > 3 it is easy to see that s < & holds. In addition, from the
second equation of (2.17) and (2.18) we also have

1 4—-2b—a(N —2s)
- = 2.1
@ 2(N—-b+2—2s) >0, (2.19)

4—2b
N-2s"

since o <
Hence,

By < T D ullg e pllollsienn, (2:20)

where 6y is given by (2.19). Finally, collecting the inequalities (2.15) and
(2.20) we obtain (i).
(ii) Observe that

| D* (|| ~*|ul® ) S G+ Gy,

U)HS/(LQ;I

3Tt is easy to see that r > 2 if, and only if, s < % and r < % if, and only if, b < 2.

Therefore the pair (g,7) given in (2.18) is L?-admissible.
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where

C, = ||DS(|:U|_b|u|O‘u)‘ and Cy = HDS(\x|_b\u|au)

S'(L*(BC)s1) HS’(L2(B);1) '

We first consider €. To this end, we use the same admissible pair (go, 7)

used to estimate the term By in item (i). Indeed, let

Cu(t) = HDS x|~ b|u|a )|

L0 (Be)
then Lemma 1.12 (fractional product rule), Lemma 1.13 (fractional chain

rule) and Remark 2.9 yield
Cr(t) <Ml ey 1D (ul*w)ll g + 1D (12" g llull e
<Ml sy e, 1Dl 0 + ] e 1Dl
<IN~ Nzvme) D ullF5" + ™= | ace) [ D*ullFH (2-21)

where we also have used the Sobolev inequality (1.6) and (2.10). Moreover,

we have the following relations

4

,

<

o

—
o
+
—

Nt
®

which implies that

= N—w—%—i—cxs

N (2.22)

= N—%—%—Fas—l—s.

alz 2=

Note that, in view of (2.11) we have % —b<0and & —b—s < 0. These
relations imply that |||2|~°||;(sc) and |||2|7°%||La(pe) are bounded quantities

(see Remark 1.17). Therefore, it follows from (2.21) that

Cll(t> S C“DSUH(za}}.
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On the other hand, using % = L 4 o*l and applying the Hélder inequality

q1 q0
in the time variable we conclude

ICnll 4 < T | Doul!
I

q, T
LIO LIO )

where qil is given in (2.14). The estimate of C1 is finished since C} < ||C1y ||Lq6'

I
Next, we consider Cy. Let Cas(t) = ||D*(|z|bful*u)] we have

Ly (B)
Cy < ||Cosl| ;- Using the same arguments as in the estimate of C1; we
I

obtain
Coa(t) < 1]~ o |1 Dl + ™Ml ey 1D g, (2.23)
if (2.22) is satisfied replacing ro by r (to be determined later), that is

= N-2_al 4 g

(2.24)

alz 2|z

= N—%—%—I—as—f—s.

In order to have that |||z]|||,+(p) and |||z|7**||pe(p) are bounded, we need

% > b and % > b+ s, respectively, by Remark 1.17. Therefore, since the

first equation in (2.24) is the same as the first one in (2.17), we choose r as

in (2.18). So we get % > b, which also implies that % — s> b. Finally, (2.23)
and the Holder inequality in the time variable yield

L s, ||o+1

Cg S cl'a ||D u||L<Ia+l)q2L§

1
= T |Dulgyy

where

11,1 (@+1) (2.25)
— =4 — q=(« . :
¢ @ @ ?

Notice that (2.25) is exactly to the second equation in (2.17), so qil > 0 (see
the relation (2.19)). This completes the proof of Lemma 2.10. O
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Notice that Lemma 2.10 only holds for N > 3, since the admissible par
(g,r) defined in (2.18) doesn’t satisfy the condition s < &, for N =1,2. In

the next lemma we study these cases.

Lemma 2.11. Let N = 1,2 and 0 < b < 2. If s < %
then

(i) |||~ fu|*v|

sz S (T + 1) | D*ul|§ oy 0| s(22:0)

(ii) || D*(|] =" fu|*u))| < o(T% 4+ T%)|| D*ul§ 7 ),

S(L2T) =
where I =1[0,T] and ¢,0y,05 > 0.

Proof. (i) As before, we divide the estimate in B and B®. The estimate on
B¢ is the same as the term B; in Lemma 2.10 (i), since (go,70) given in
(2.11) is L*-admissible for s < & in all dimensions. Thus we only consider

the estimate on B.

Indeed, set the L*-admissible pair (¢,7) = (72—, 2¥). We deduce from
the Holder inequality twice and Sobolev embedding (1.6)

!

—-b —-b
[ Py [ P N P
1
S [ e s 0 [ P

1
= el oy T 1Dl ol

if (¢,r) is L*-admissible and the following system is satisfied

SEREEE
s= - i; s< ¥

g oo " (2.26)
7= wtwty
4= oq
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Using the values of ¢ and 7 given above, the previous system is equivalent to

+b

4(N—b)—s N a(N—sr)
4 r r

(2.27)

Bl 2=

_ 8-2N-s o+l
8 q

(4(N—b)—s)—4N

From the first equation in (2.27) if o < ===F" then % > b, and so

2b

|z|™® € L7(B). Now, in view of the hypothesis o < =2 we set r such that

r(4(N —b)—s)—4N  4-2b
A(N — sr) - N —2s’
that is?*
AN (N —2s+4 — 2b)
r= :
4s(4 —2b) + (N — 2s) (AN — 4b — s)
Note that, in order to satisfy the second equation in the system (2.26) we

(2.28)

need to verify that s < g A simple calculation shows that it is true if, and
only if, 4b + 5s < 4N and this is true since b < % and s < %
On the other hand, since we are looking for a pair (¢,r) L*admissible
we deduce
8(N —2s+4 —2b)

1= 8—2N + ) (N —2s)° (2:29)

Finally, from (2.29) the second equation in (2.27) is given by

1 (8—2N+s) (4—26—04(]\7—23)). (2:30)

Qi 8 N —2s+4—-2b

which is positive, since a < J‘\*,_éb cs<Y¥and N =1,2.
—2s 2

(ii) Similarly as in item (i) we only consider the estimate on B. Let

Da(t) = 2] |ulu

LY(B)

We use analogous arguments as the ones in the estimate of C; in Lemma

2.10 (ii). Lemmas 1.12-1.13, the Hélder inequality, the Sobolev embedding

4We claim that r satisfies (1.1). In fact, obviously r < +o0o. Moreover r > 2 if, and
only if, 8 — 2N + s > 0 and this is true since s > 0 and N =1, 2.
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(1.6) and Remark 2.9 imply that

Ds(t) <[l ™[l | D* (Rl )l 2 + 11D (2l ™) o llull e

<[~z lullar, 1 D% ullzy + M2l a1 D*ull 7

<[l I Dl g + 2l a1 D*ullE,  (2.31)
where
(3= bai-ja
b= L4l
s = % - O%; s < g
[ 5T % - (afl)e’

which is equivalent to

N (a+1)N

% = N — = + as
o (2.32)
N N-X_@UN 454
Hence, setting again (7, 7) = (55—, 2*) the first equation in (2.32) the same

as the first one in (2.27). Therefore choosing r as in (2.28) we have & = >0,
which also implies % > b+ s. Therefore, it follows from Remark 1.17 and
(2.31) that

Dy(t) < cl| D*ul|z, "

Since, % = qil + QTH (recall that ¢ is given in (2.29)) and applying the Holder

inequality in the time variable, we conclude

1Dl < T Dol

where qil > 0 (see (2.30)). O

We finish the estimates for the nonlinearity considering the case s = %

Note that this case can only occur if N = 1,2, since here we are interested

in local (and global) results in H*(R") for max{0,s.} < s <min{%,1}.
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Lemma 2.12. Let N = 1,2 and0<b<%. Ifs:%and0<a<+oo

then

(i) ||| ful*v|

(ii) || D* (|~ fu|*u))|

sz S T |ulFe s 10| 50 22

S/ 2. I) < CTOlHUH%;lI{;?

where I =[0,T] and ¢,0, > 0.

Proof. (i) First, we define the following numbers

_NMae+2) g g Mat?) (2.33)

N —2b No + 4b’
it is easy to check that (q,r) is L?-admissible.
We divide the estimate in B and B€. We first consider the estimate on

B. From Holder’s inequality

[~ Jul vl Ly gy < M= NzaemllullZer vz,

where
1 1

1
- - 2.34
S= ity (2.34)
Ly

In view of Remark 1.17 to show that |z|~® € LY(B), we need % —b > 0. So,

the relations (2.33) and (2.34) yield

N o aN-2) N
N~ b= 20 +2) 1 (2.35)

If we choose ar, € ( ]Xf(a;f),—i-oo) then the right hand side of (2.35) is

positive. Therefore,

[~ ul*v| < cflullZers 0]l 2

L7'(B) =

2N(a+2)

On the other hand, since > 2 we can apply the Sobolev embedding

(1.7) to obtain

< cf|ull$

[~ [ul 0| s 5 sl Lz (2.36)
(B) =
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Next, we consider the estimate on BY. Using the same argument as in

the first case, we get

[

L;/(BC) S |||x|_b||L'Y(BC)||U/||%gT1 ||U||L%7

where the relations (2.34) and (2.35) hold. Thus, choosing ar; € <2, Q%f;f))
we have that % — b < 0, which implies |z|~® € L?(BY), by Remark 1.17.

Therefore, again by the Sobolev embedding (1.7), we obatin

el ~*1alo]] e, < el o]z

Finally, it follows from the Holder inequality in time variable, (2.36) and
the last inequality that

H|$|_b|u|aUHL‘}’L;’ < eI [lullgge s ol e,

where ¢, = & > 0, by (2.33).

(ii) Similarly as in the proof of item (i), we start setting

N(a+2) 4o +2)

—-nors) S ./ 2.37
N_b—s M 0= N2 (237)
N

Note that, since s = 5 and 0 < b < % the denominator of r is a positive

2
number. Furthermore it is easy to verify that (¢, r) is L*-admissible.
First, we consider the estimate on B. Lemma 1.13 together with the

Hélder inequality and (2.10) imply

Ev(t) < |2l 1 | D*(ful*w) | g + 1D ("M o [ull e

< Nl N lullggn 1D w2 + ™" o [l

where E(t) = HDS(\:B|"’\U|C“U>| L7 (B) and
i _ 1,1 __1,41
Ty + B d to
11,1
E — E—i_i?
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which implies

(2.38)

alz 2|z
no
3
3

_ N_N_N
= N-Y¥_¥X

Now, we claim that |||z]7°||,+(s) and |||z|™*~%|| (s are bounded quanti-
ties for a suitable choice of r; and e. Indeed, using the value of r in (2.37),

2.38) and the fact that s = ¥, we deduce
2

N_p (et N
2(a+2 r
Y (a+2) 1 (239)
N g v N
d 2(a+2) e’

Note that, by Remark 1.17, if ry,e > % then the right hand side of
both equations in (2.39) are positive, so |z|~° € LY(B) and |z|~°~* € L4(B).

Hence

Ei(t) < CHUH%gnHDsuHLg+C||U||ZL1+1)6-

Choosing r; and e as before, it is easy to see that® ar; > 2 and (a+1)e > 2,

thus we can use the Sobolev inequality (1.7)

a+

E(t) < dul H:

D?ul[rz + cf|ul

o
s
Hz

< cflul

Gl (2.40)

To complete the proof, we need to consider the estimate on B¢. Using

the same arguments as before we have

Ex(t) < (ll2]™ | zomoy lullZen 1D ullz + 2]~ | pagse) [ull G

where E5(t) = || D*(|z| b |u|*u)|

Ly sy and (2.39) holds. Similarly as in item

Increasing the value of r; if necessary.
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6 2Na(a+2) 2N(a+2)
(a+1)(N—2b)> N—b—s

ar € (2, (QQin)((O]‘V+_2;b)) and  (a+ 1)e € (2%) ,

and thus we get from (2.39) that % —b<0and & —b—s < 0. In other words,

> 2, we can choose r; and e such that

(i), since

||| ~°|| ey and |||z ~*~#|| a(pey are bounded quantities for these choices of
r1 and e (see Remark 1.17). Furthermore, by the Sobolev inequality (1.7) we

conclude

a+1

E(t) < cf|ulls

Finally, (2.40) and the last inequality lead to

1D (el w)| e < €T Jull 5
Ly — Ly Hz»

where i > 0 by (2.37). O

We now have all tools to prove Theorem 2.3.
Proof of Theorem 2.3. We define
X = C (ZT.T) @) (L (=T, T): B (R))
for any (g,r) L*-admissible and
ullr = [Julls2-ray + 1Dl sy

We shall show that G = G, defined in (2.8) is a contraction on the complete

metric space

S(a,T)={ue X :|u||r <a}

6Notice that, since N = 1,2 and by hypothesis a > 4_T2b we have

2Na(a+2) _ 2Na _ 2(4-2b)
(a+1)(N—-2b) " N—2b~ N —2b

> 2.
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with the metric
dr(u,v) = |lu = vls@z-rm,

for a suitable choice of a and T

First, we claim that S(a,T) with the metric dr is a complete metric
space. Indeed, the proof follows similar arguments as in [2] (see Theorem
1.2.5 and the proof of Theorem 4.4.1 page 94). Since S(a,T) C X and X
is a complete space, it suffices to show that S(a,T’), with the metric dr, is
closed in X. Let u,, € S(a,T) such that dr(u,,u) — 0 as n — +o0, we want
to show that u € S(a,T). If u, € C ([T, T); H*(R")) (see the definition of
S(a,T)) we have, for almost all ¢t € [T, T}, u,(t) bounded in H*(R") and

so (since H*(RY) is reflexive)

u(t) = v(t) in H*RY) and ||v(t)]

e < liminf ||u,||gs <a.  (2.41)
n—+oo

On the other hand, the hypothesis dz(u,,u) — 0 implies that u, — win L1L"
for all (¢,r) L*-admissible. Since (00, 2) is L?-admissible we get u, (t) — u(t)
in L2 for almost all ¢t € [T, T]. Therefore, by uniqueness of the limit we

deduce that u(t) = v(t). Moreover, we have from (2.41)
[u(®)][a; < a.
That is, u € C ([-T, T]; H*(RY)).
From similar arguments, if u, € L1 ([T, T}; H*"(R")) we obtain u € S(a,T).
This completes the proof of the claim.

Returning to the proof of the theorem, it follows from the Strichartz

inequalities (1.9) and (1.11) that

|G (w)|| sz, < clluollze + || F s/ p2—r,m))
and

| D*G(u) || sp2y—ray) < cl|D*uol|z2 + c|| D*F|[gr(z2—1.17),
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where F(x,u) = |z|™°|u|*u. Similarly as in the proof of Theorem 2.2, without
loss of generality we consider only the case ¢ > 0. So, using Lemmas 2.10-

2.11-2.12 and (2.1.2) we deduce
1Fllsz2ny < (T + T%)[lullF ™!

and

ID*Fllsz2y < (T +T%)|ullF*,
where I = [0,7] and 6,65 > 0. Hence, if u € S(a,T) we get

|G (w7 < cl|uol| s + c(TG'1 + TOQ)aO‘H.

Now, choosing a = 2¢||ug||gs and T' > 0 such that

ca®(T" +T%) < (2.42)

1
4 Y
we obtain G(u) € S(a,T). Such calculations establish that G is well defined
on S(a,T).

On the other hand, using (1.13), an analogous argument as before yields

dr(G(u),G(v)) < c|F(z,u) = F(z,0)|s/@w2 -1

< T +T%) (lull7 + lvll7) dr(u, v),

and so, taking u,v € S(a,T), the last inequality imply
dr(G(u), G(v)) < e(T" + T%)a%dy(u,v).

Therefore, from (2.42), G is a contraction on S(a,7’) and by the Contraction
Mapping Theorem we have a unique fixed point u € S(a,T’) of G such that
(7) holds. O

We finish this section noting that Corollary 2.5 follows directly from
Theorem 2.3. It is worth to mention that Corollary 2.5 only holds for N > 2

since we assume s < min{Z,1} in Theorem 2.3.
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2.2 Global well posedness

This section is devoted to study the global well-posedness of the Cauchy
problem (1). Similarly as the local theory we use the fixed point theorem
to prove our small data results in H*(RY). We start with a global result in

L?*(RY), which does not require any smallness assumption.

Theorem 2.13. If 0 < o < %’ and 0 < b < min{2, N}, then for all

ug € L2(RY) the local solution u of the IVP (1) extends globally with
ue C (R; L*(RY)) N L (R; L"(RY)),
for any (q,7) L?*-admissible.
Next, we establish a small data global theory for the INLS model (1).

Theorem 2.14. Let 222 < o < oy with 0 < b < 2 (see definition (2.1)),

se < s < min{%,1} and ug € H(RY). If ||uo|

6 = 6(A) such that if ||U(t)uol| (=) < 0, then the solution of (7) is globally

s < A then there exists

defined. Moreover,
[ullgprsey < 20U (E)uoll s

and

lulls2) + | D*ullsz2y < 2¢llugl| s

Remark 2.15. Note that in the last result we do not need the condition

4-2b

s > max{0, s.} as in Theorem 2.3, since o > 7= implies s, > 0.

Remark 2.16. Also note that by the Strichartz estimates (1.10), the condi-

tion [|U(t)uol|g(zrsc) < 0 is automatically satisfied if [uo|| go. < g,

A similar small data global theory for the NLS model can be found in
Cazenave-Weissler [6], Holmer-Roudenko [23] and Guevara [22].
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2.2.1 L?-Theory

The global well-posedness result in L?(R") (see Theorem 2.13) is an im-

mediate consequence of Theorem 2.2. Indeed, using (2.9) we have that

T(||uol|z2) = # for some C,d > 0, then the conservation law (3) al-
U 2

lows us to reapply Theorem 2.2 as many times as we wish preserving the

lenght of the time interval to get a global solution.

2.2.2 H?-Theory

In this subsection, we turn our attention to proof the Theorem 2.14 and again
the heart of the proof is to establish good estimates on the nonlinearity
F(z,u) = |z|~°|u/*. First, we estimate the norm [ ()| gr(gr-se) (see
Lemma 2.17 below), next we estimate || F'(z,u)||s/(z2) (see Lemma 2.18) and
finally we consider the norm ||D*F(xz,u)| g2 (see Lemmas 2.19, 2.21 and
2.23).

We start defining the following numbers (depending only on N, « and b)

dafa+2—0) N Na(a+2—0)

= a(Na+2b) —9(Na—4+20) = a(N—b)—6(2—-b) (2.43)
and
5 = 20(a +2—10) . 2a(a+2-0)
“ - alN(a+1—-0)—2+2b — (4 —2b)(1 —0) a_4_25_(N_2)&v

(2.44)

where 6 > 0 sufficiently small”. Tt is easy to see that (g,7) is L*-admissible,

First note that, since > 0 is sufficiently small, we have that the denominators of g, 7", @

and a are all positive numbers. Moreover, it is easy to see that 7 satisfies (1.3). In fact @ can
at2—6
1-s

c

and since # < o we have a > 1% which implies that 7 < 22

be rewritten as a = 5o N—2>

for N > 3. We also note that 7 < ((%)*)’, for N = 2. Indeed, the last inequality is
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(a,7) is H*e-admissible® and (a,7) is H*-admissible. Moreover, we observe

that
1 1 2
==, (2.45)
a a ¢

Using the same notation of the previous section, we set B = B(0,1) and
we recall that [z~ € L(B) if 2 > b. Similarly, we have that [z] € L7(B€)
if % < b (see Remark 1.17).

Our first result reads as follows.

Lemma 2.17. Let % <a<a,and 0 < b< 2. If s < s < min{%,l}

then the following statement holds

—0
u| Z‘(Hsc)

1|0 gy gy—vey < cllulltee g Vlls(rscs (2.46)

where ¢ > 0 and 0 € (0, «) is a sufficiently small number.

Proof. The proof follows from similar arguments as the ones in the previous
lemmas. We study the estimates in B and B¢ separately.

We first consider the set B. From the Holder inequality we deduce

a0l gy < Ml el s Nl 0
= el Lzl for Null5z 0]l oz, (2.47)
where
1 1 1 1 1
— =4+ -4+ —+= and 7= (o — . 2.48
= 7—|—T1—|—r2+ran r=(a—0)r (2.48)

2
1+s.

equivalent to eT < (ﬁ)"‘( ) (recall (1.4)) and this is true since ¢ > 0 is a small enough

number. For N = 1, we see that 7 < co. Finally, we have 7 > N2ivs = év—_“b. Indeed, this is

equivalent to (a+2—6)(2—b) > a(N—b)—0(2—b) & (a+2)(2-b) > a(N—-b) & a < 2.

So, since o < ;\1[:221’5 and s < 1 (our hypothesis), we have that a < % holds, consequently
T> A

N 2-b
2 a

8Recall that s, is the critical Sobolev index given by s. =
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Now, we make use of the Sobolev embedding (Lemma 1.10), so we consider

N

two cases: s = 5

and s < %
Case s = 5. Since s < min{Z,1}, we only have to consider the cases
where (N, s) is equal to (1, 1) or (2,1). In order to have the norm |[||z|~°||1+(s)

bounded we need % > b. In fact, observe that (2.48) implies

N_ oy Nat2-0) N
v r ™
and from (2.43) it follows that
N 2 — N
N_,_0e=bh N (2.49)
Y « ™

Since o > 4—sz then % > 2, therefore choosing

Ory € (%,4—00) : (2.50)

we have % > b. Hence, inequality (2.47) and the Sobolev embedding (1.7)
yield

el gy < cllulls i35z (251)

Case s < % In this case, we will also obtain the inequality (2.51).

Indeed, we already have the relation (2.49), then the only change is the choice
of Ory since we can not apply the Sobolev embedding (1.7) when s < % In

this case we set

2N
= 2.52
oy N —2s’ (2.52)
SO
N
— —b=0(s—s.) >0,
g

that is, the quantity |||z|™°(/1+(p) is finite. Therefore by the Sobolev embed-
ding (1.8) we obtain the desired inequality (2.51).

Next, we consider the set B¢. We claim that

[~ Jul*v|

Li./(BC) S C||U|

el ol (2.53)
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Indeed, arguing in the same way as before we deduce

[~ fuu|*0]

17 (BO) S |Hx|_b”LV(BC)HUHigr1HUH%?HUHL@

where the relation (2.49) holds. We first show that |||z|™*(|;(gc) is finite

for a suitable of r{. Similarly as before, we consider two cases: s = % and

5 < % In the first case, we choose r; such that

Na

then, from (2.49), % —b < 0, s0 |z|7® € LY(BY). Thus, by the Sobolev
inequality (1.7) and using the last inequality we deduce (2.53). Now if s < %,

choosing again 0r; as (2.54) we obtain % —b < 0. In addition, since o < =2

we have 22 < 2N therefore the Sobolev inequality (1.8) implies (2.53).

This completes the proof of the claim.
Now, inequalities (2.51) and (2.53) yield

[~ ul*v]

pz < cllullb lulls =7 ol (2.55)

and the Holder inequality in the time variable leads to

| a—~0

1]~ u|*v] poa e [Vl

L«z’Li’ < cHuHifng

cllulfe g lull 2 10l gz

where

1 a—-0 1
= — + =.
a a a

Since @ and @ defined in (2.44) satisfy the last relation we conclude the proof

of (2.46).° O

9Recall that (@,7) is H®-admissible and (a,7) is H~*-admissible.



2.2 Global well posedness 36

Lemma 2.18. Let 22 < o < a; and 0 < b <2 Ifs,<s< min{Z, 1}
then

[~ ul*v|

sy < ellulliee g el g Vs, (2.56)

where ¢ > 0 and 6 € (0,«) is a sufficiently small number.

Proof. By the previous lemma we already have (2.55), then applying Holder’s

inequality in the time variable we obtain

[l =l 0[] g o < ellull e pg lullz 2 N0l
since
1 a—-6 1
L_a-0,1 2.57
7 a4 (257)
by (2.43) and (2.44). The proof is finished in view of (7,7) be L?-admissible.
[

We now estimate ||DS (|x|*b|u|a We divide our study in three

cases: N >4, N=3and N =1,2.

Msriaz:

Lemma 2.19. Let N > 4, 0<b<2andﬂ<a<as If s < s <1 then

the following statement holds

H‘DS (|x|_b|u|au)||S/(L2 CH“”LOOHSHUHS(HSC DSUHS(L2)7 (258)

where ¢ >0 and 0 € (0, «) is a sufficiently small number.

Proof. First note that we always have s < % in this lemma, since we are
assuming N > 4 and s, < s < 1. Here, we also divide the estimate in B and
B separately.

We begin estimating on B. The fractional product rule (Lemma 1.12)

yields

1D* (21" lul*w)|

i < Nt B) + Na(t, B),
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where

Ni(t, B) = 127" o 5 107l w)ll s Na(t, B) = [|D*(12]7) || a5y Nl

and

1 1 1 1 1
=4 =4 2.
T oy B d e (2:59)

First, we consider N;(t, B). It follows from the fractional chain rule (Lemma

1.13) and Holder’s inequality that

Nilt,B) < ]l o [l | Dl

= el lulljor Iull§Z° 1D ull g, (2.60)

where

1 1 1 1 ~
B:r—l—i-g—i—?\ and 7= (a—0)rs. (2.61)

Note that, the right hand side of (2.60) is the same as the right hand side
of (2.47), with v = D*u, so combining (2.59) and (2.61) we also have (2.48).
Thus, arguing in the same way as in Lemma 2.17 we obtain (recall that (2.51)

also holds when s < %)
Ni(t,B) < cllullig lullzz 1 D*ull s (2.62)

On the other hand, from (2.10), Holder’s inequality and the Sobolev emdeb-
bing (1.6) we deduce

No(t, B) < el ™= Npags llull ) ory 1ull 0oy, Nl 25

= Mal™ Nl lullor, lull 77711 D*ull s, (2.63)

where
+L ’/f'\: ( —9)7"2

1

Ty 73 o

(2.64)

s= Y _ N with s<¥&,
r r3 T
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which implies using (2.59) that

N N(a+2-60) N
— — 8§ = — — P
d r T
and so, by (2.43)
N 0(2—-b) N
——b—s= - —. 2.
d ° o r1 (2:65)

Note that the right hand side of (2.65) is the same as the right hand side

of (2.49). Hence, choosing 67, as in (2.52) (recall that s < &) we have

2
X —b—s >0, so the quantity ||[z|™"*||,4(p) is bounded, by Remark 1.17.

Now, the Sobolev embedding (1.8) and (2.63) imply that

Ny(t, B) < ¢||u]

2l gz D%l oz

Therefore, from the last inequality together with (2.62) we obtain

1D* (J2)*lul*w)]

s < el

eIl Dl

Thus, applying Holder’s inequality in the time variable and recalling (2.57)

we get
10° el k) g gy < Ml I Dl
< el el | D" uls0). (2.66)
Next we consider the norm || D* (|| ~b|u|*u) | L7 (BC) Similarly as before,

replacing B by B, we also get (2.60)-(2.61) and consequently, by the proof
of Lemma 2.17, the inequality (2.62), that is

Nl(t,BC) < c||u|

ullgz D%l

x

0
H;
We also have (replacing B by B©)

Na(t, BE) < ll=[7=* | pacsey l[ull ) ory 1ull 777 1 D*ull 1z,
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where the relation (2.65) holds, thus setting 6r; = 2 we deduce

N
E—b—s:—936<0,

which implies that |z|7=% € L%(B%), by Remark 1.17. Now, the Sobolev
embedding (1.8) yields

Na(t, BY) < cl|ully lull 3z 1 D*ull 1z
Therefore,
HDS (|a:\’b|u|°‘u)‘ LF (BY) < Ni(t, B) + No(t, BC)
< cflullf [l 1 Dl g

Finally, using Holder’s inequality in the time variable, the last inequality

(recalling (2.57)) and the relation (2.66) we deduce the estimate (2.58). [

Remark 2.20. Notice that Lemma 2.19 does not hold in dimension three
for every a < a (recall (2.1)). In fact, the condition s < & (used in (2.64))
is only true for N > 4. Indeed, since s < 1 it suffices to verify 1 < % and

the last inequality is equivalent to
02—-0) <a(N—-2—-b+0—q) (2.67)

Now if N = 3, we have (2 — b) < a(1 — b+ 0 — «), which cannot holds for

every a < 3=2 (take s = 1 and o = 2 for example).

On the other hand, if N > 4 we claim that the inequality (2.67) holds for
6 > 0 small enough. Indeed, in this case we have N —-2—b+0—a > 2—b+60—a,

SO

a(N-2-b+0—-a)—02—-0)> a2—-b+60—a)—0(2—-0)
= (a—0)2—-b—a).
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Since o > 6, (2.67) holds if

2-b—a>0. (2.68)

- 4-2b 4-2b  4-2b
By our assumption o < 55> and the fact that 2 — b > =5 > =5, for
N >4 and s < 1, we deduce (2.68). In the next lemma we consider the case

N = 3.
Before stating the lemma, we define the following numbers:

da(a+1—10) ~ bafa+1-10)
4—2b—« p_(4—2b)(oz—9)+oz

b (2.69)

and
I da(a+1—-10)
~ a(3a—2+2b) — 0(3a — 4+ 2b)’
where 6 € (0, ). It is not difficult to verify that (I,p) is L*-admissible and
(k,p) is H-admissible'?.

We also define

(2.70)

4D 6D
= = 2.71
m D—¢ " 2D + ¢ (2.71)
and
460 6a0
* f— 2.72
“To7e-D " TU-200-2+c-D)a’ (2.72)

where D = a — 6 + pu with g € (b,1) and ¢ is a sufficiently small number
such that ¢ < p —b. Note that 2 < n < 3 (n satisfies the condition (1.1)

for N = 3) and (m,n) is L*-admissible. Moreover, choosing § = Fa with!!

10We claim % = 3762& < p < 6, i.e., p satisfies the condition (1.3) (and therefore (1.1),

since 5= > 2) for N = 3. Indeed, % < p & (4—2b)(a—0)+a < (4-2b)(a+1-0) &

a < 4—2b. Moreover, p < 6 < ala+1—-0) < (d-20)(a—0)+a e ala—10) <
(4—-2b)(a—6) & a <4—2b. Now o < 4 — 2b always holds under the assumptions

4-2b
a < =57 and s < 1.

1Tt is easy to check that F' € (3,1) if ¢ < p — b. Therefore, since § = Fa, we have

0 < a.
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F = 224'—‘2‘17% we claim that (a*,r*) is H*-admissible. We first show that

the denominators of a* and r* are positive numbers. Indeed

2 —
94e—D = 2+e—ptFa—a =2+e—p—a(l-F) = 24e—p—a (u) ,

4 —2b
so by the hypothesis a < 4 2b and since s < 1 we deduce 2+e¢—D > 0. We

also have (using the value of F' and the fact that D > p)
(4—-20)0 — 2+e—D)a=a((4—20)F —2—c+ D) > (2(u — b) — 2¢),

which is positive setting ¢ < p — 0.
Next, we show that r* satisfies the condition (1.3), with N = 3. Note that

6aF

* : *
r* can be rewritten as r* = Sib—e)ra(1=F)"

Hence, r* < 6 is equivalent to

2(p — b —
aF <2(u—b—¢e)+a(l-F) & a<u:4—2b,
2F —1
which is true since a < g:—gls’ and s < 1. In addition, r* > 3_62SC = ;’—_O‘b is

equivalent to
(A4—20)F >2(p—b—¢e)+a(l—F) & a<4—2b

Finally, it is easy to see that (a*,r*) satisfy the condition (1.2).

The next lemma is concerned with the case N = 3.

Lemma 2.21. Let N = 3, —<a<—§i’and0<b<1. Ifs. <s<1

then there exists u € (b,1) such that

1D (2" [ul*u) || g2y < ellullige g ISy (1D ullseez) + lullsezs))
(L?)
s jja—0
el g [ullS ey D7 ul 22 (2.73)

where ¢ > 0, 0 = oF with F' = Q_Zf—gb_gb and € > 0 is a sufficiently small

number.
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Proof. Note that

[D* (l " u)

< [|D* (]~ fu|*u)

5(L2) S’(LQ(B))—’_HDS (‘x|7b‘u|a“) ||S/(L2(BC)) :

Let A C RY that can be B or BY. Since (2,6) is L*admissible in 3D we
have

1D* (J21*lul*w) < |07 (ll ™ ulu) |

| | S/(L2(A L2'L8 (A)

As before, applying the fractional product rule (Lemma 1.12) we have

| D* (||~ |u|*u) < My(t, A) + My(t, A), (2.74)

{ ’ L8 (A)

where

Mi(t, A) = (|2 7°|| o 1Dl W)l o, Mot A) = || D* (] )| g o Il "u

Lg
and
1 1 11 1
— =4 -==+4- 2.75
6 v 6 d + e ( )
First, we estimate M;(t, A). It follows by the fractional chain rule

(Lemma 1.13) and Hélder’s inequality that

Mi(t,A) < =™ lzva IIUIleer1IIUII°‘<a oy [ D]l g

= ey llull ory Nll 727l D*ull 22, (2.76)

where

1 1 1 1
- = — 4+ — 4+ - and :O[—GT. 277
g r T2 p = )re @70)

Combining (2.75) and (2.77) we obtain

which implies, by (2.69)
3_,_02=b 3

Y « T

(2.78)
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In to order to show that |||z|™"|| 1~ () is finite we need to verify that % —b>0
if A= B and % —b<0if A= B¢ by Remark 1.17. Indeed if 0r, = 3_‘#,
by (2.78), we have

3
——b=0(s—s.) >0
= b= 6(s -5
and if 8r; = 2 then

§—b:—9$c<0.
~y

Therefore, the inequality (2.76) and the Sobolev embedding (1.8) yield

M (t, A) < ¢||u]

e el 52" 1 D%l . (2.79)

Next, we estimate My(t, A). Let A = B, applying the Holder inequality
and (2.10) we have

Mo(t, BO) < el Nuse Nl 5 )22
S R P A e P

where

1 1 1 1
-=—+—+4+- and p=(a—0)r.
e T T2 p

The relation (2.75) and the last relation imply

In view of (2.69) we deduce

3, _6@-b) 3
d o« ry

Setting Or; = 2 we have % —b = —0s., so % —b—s=—0s.—s <0, ie.,

|z|70=% € LYBY). Thus, by the Sobolev inequality (1.8)

My(t, BY) < cllullty, lull; llull 2 (2.80)
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We now consider Mj(t, B). From the Holder inequality, the Sobolev
embedding!? (1.6) and (2.10), we deduce

My(t, B) < ™ | aca lulGor el o, Null o [l 0,

IN

‘—b—s

2™ llza lulljor, | D*ullZ I D*ullEy lull, e,

0
Doul g, "l

2] paey 1z, L

if the following system is satisfied

_ 3 3 3 _ 3
S= a (a—0)re §=a urs
r* = 0r
It follows from (2.75) and the previous system that
3 5 30 3D 3
2oty gp_XL_ 22 _ =2
d 2 ts r* n Ty
which implies by (2.71) and (2.72)
37 —
37, (-t 30 3
d 2 «Q 2 T4

where D = a — 0 + p1. In view of Remark 1.17 to show that [||z]™"7%||a(p) is

LS we have

bounded we need % —b— 5> 0. In fact, choosing (1 — p)ry = 375

3 B 3 30 (2 —0b)0

Z (a@)( %9;’) 10 (g _ QT_Z’> +s(a—0)

which is positive since s > s.. So |z|77% € L4(B) and we have

M,(t, B) < o || D%ul| 50 (2.81)

12We can use the Sobolev embedding (1.6) since s <1 < 2
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where we have used the Sobolev embedding (1.8).
Therefore, combining (2.74), (2.79) with A = B¢ and (2.80) we obtain

1D (|7 lul®w) | o ey < ellullizg llull 721Dl 2 + ellully

ull 22l z.

Moreover, by (2.79) with A = B and (2.81) we have

s 1o s a—0
1D (2~ ul*u) || g ) < ellull llullg 2wl + ellull g lull 2 1Dl 237
Finally, since
I a- 0 n 1
2k l

and

1 0 a—0+u
7 T
2 a* m
we can use Holder’s inequality in the time variable in the last two inequalities

to conclude

1% (ol lat* ) |y gy ey < cllulliesllulsy gy (1D ulze + ey e

and

10° (12l 1ul) | g 5y < cllelle gl 1Dl g e

- -6
+C||“||Lg°H; “Heg*Lg* DSUH%;’ILJ’F;M'

The proof is completed recalling that (m,n) and (I, p) are L?-admissible
as well as (k,p) and (a*,r*) are H%-admissible. O

Remark 2.22. Note that in the previous lemma 6 > 0 is given by § = Fa
and since F' < 1, we only have that § < « and it might be not true that 6
is close to 0. In Lemma 3.12 below we show that if s = 1 we can actually

choose 6 to be a small number.
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Before proving our global well-posedness results, we finish estimating the

norm || D* (|2|~*|u|u)]|

(L) in dimensions N = 1, 2.

Lemma 2.23. Let N =1,2 and‘“T%<a<as with 0 < b < 2. If s, < s <

min{Z, 1} then

—0

HDS (’x‘—b’u‘au)‘ u‘g(HSC)

< cllullien [1D%ul|s(z2)

5(L?)

+ elpull gl (2.82)

where ¢ > 0 and 0 € (0, «) is a sufficiently small number.

Proof. The proof follows from analogous arguments as the ones used in the
previous lemmas. Let A C RY™ that can be B or B® and (¢,r) any L*

admissible pair. By the fractional product rule (Lemma 1.12) we get

1D° (21 ul*w)|

< Pi(t,A)+ B(t, A), (2.83)

Ly (A)

where

Pu(t, A) = |2 o 1D (0l 5. Palt, 4) = [|D* (2| Ml
(2.84)

and

SR (2.85)
oy B do e '
To estimate P;(t, A) and Py(t, A), we consider three cases: N = 1 and

3<%;Nz?ands<1;N:1,2ands:%.

Case N =1 and s < % We define the following numbers

da(a+1-10) da+1-0)
g (4-20)(a—0+1) —« : a—10 b (a+ %)
(2.86)
2 2
o a and 7y a (2.87)

T ab+0(2-0b) " a(l—2b) — 0(4—2b)
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It is straightforward to verify that, if 6 > 0 is a small enough number, the
assumption 0 < b < % implies that the denominators of qq, rg, £* and [* are
all positive numbers. Furthermore, (qo,70), (I*,p*) are L*-admissible' and
(k*,p*) is H*-admissible.

First, we estimate P, (¢, A) with r = 5. The fractional chain rule (Lemma

1.13) and Hélder’s inequality yield

Pi(t,A) < H!flfl’bllLv(A)IIUIl(’LgnIIUI‘z;emHDSUHLg*
= H’xrbHLV(A)HuHiZnHUHZ}G Deul| e,
where
1 1 1 1
—=—+—+— and p"=(a—0)r,. 2.88
B r. ry p* ( ) 2 ( )
This implies
1 - 6(2 —10) 1
Y B Q ry’

where we have used (2.85), (2.88), (2.86) and (2.87). Now, if A = B and
setting fr; = ﬁ we get % —b=0(s—s.) > 0, furthermore, taking A = B¢
and choosing #r; = 2 one has %y — b = —0s. < 0. Hence, from the Sobolev

embedding'* (1.8) and Remark 1.17 we deduce

Pt A) < cljullfy a1

Doul . (2.89)

We now consider Py(t, A) with r = rg. It follows from (2.84) and (2.10)
that

Po(t, A) <l g ol foen 55 (2.90)
and by (2.85)
1 1 62-0b) 1
- —b== - —. 2.91
d 2 o) e (2.91)
3Note that, 7o > 2 (see (1.1) for N = 1). Moreover, since 0 < b < % we have
p* > 1_2250 = 5% (see (1.2) for N =1).

2—
MSince Ory € [2, 2] in both cases.
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We claim that |||~ za(4) is a finite quantity for a suitable choice of e. If

A = B we choose (0 +1)e = 2, and if A = B we set (§ +1)e = 2. In the

first case we obtain

1
E—b—s:e(s—sc)>0,

and in the second case we have

1
——b—s=—-0s.<0.
fy

So, the Sobolev embedding (1.8), Remark 1.17 and (2.90) yield

Py(t, A) < cllullg llulliz

Therefore, the relations (2.83), (2.89) and the last inequality with A = B
and A = B® imply that

1D (12l Tl ) [ g, < ellalls llly 11Dl
and
19 (e el) g e, < ellll Nl D%l + elhull
Finally since
i a—0 1

4w F
we apply the Holder inequality in the time variable to get (recalling (I*, p*)
is L2-admissible and (k*, p*) is H*-admissible)

HDS (’x‘_b’u‘au)HL%L;{) < CHU'HLOOHS U‘Lk*LP uHLi*Lﬁ*
JOL,

+ cllull 7%y

u||a(a G)qOL

IN

ellull e g el ) 1Dl sc22)

+ cllullzEy, [lu

| HSC)



2.2 Global well posedness 49

where we have used the fact that (o —6)g) = —5—, by (2.87), and (—%—, 00)

1-2sc? 1-2s.?

is H%-admissible.

Case N =2 and s < 1. We start defining

~ 2a - 2c
I= b+ 2e(@—0)]+02—-b) ' all-b—2:(a—0)]—02—10)
(2.92)
C 20a+1-06) C 2(a+1-0)
a2 P Ttz 0 (293)
and
ko 20(a+1—-0) (2.94)

T all—b—2e(a—0)]+ (2-0b)(1—-90)

Note that, (3,7), (lo, po) are L2-admissible’® and (ko, po) is H*-admissible!®.
We first estimate P;(t, A) (recall (2.84)-(2.85)) with = 7. Analogous as

before, the fractional chain rule (Lemma 1.13) and Holder’s inequality lead

to
Pi(t,A) < |||56|_b||m(A)||U||igr1|IUI|2@976>Q||DSU||L§0
= Nz a1l o, lJul| S 1Dl 2o,
54 b
where

1 1 1 1
B T T2 Do bo ( )2 ( )

The hypothesis 0 < b < & with N = 2 guarantee that the denominators of g, 7, ko, lo
and pg are all positive numbers. Moreover, 7 > 2 is equivalent to a(b+2e(a—0)) > —60(2—-b)
which is true, therefore 7 satisfies (1.1) for N = 2.

16We claim that 22—_% = 1_QSC <po < ((%)Jr)’ . Indeed, the first inequality is equivalent

to a(l —b) + (1 —0)(2—0b) > 2ca(aor — 0) which holds true since € > 0 is a small enough

number. On the other hand, the later inequality holds since epg < (135 - )ﬂ%) (recall

(1.4)) can be verified for € > 0 small enough.



2.2 Global well posedness 50

so the relations (2.85), (2.95), (2.93) and (2.92) imply

2_,_02-b 2

Y B @ T
As in the previous case, if A = B we set 0r; = 1%5 and then % —b>0. On
the other hand, if A = B, we set fr; = 2 and then % — b < 0. Hence, the

Sobolev embedding (1.8) and Remark 1.17 yield

Pi(t, A) < cful

uHa*HHDSuHLgo. (2.96)

0
H3 LPo

Next we estimate Py(t, A) with r = 7. An application of the Holder
inequality together with (2.84) and (2.10) imply

Py, A) < ™ paga [ull i, 1ull

ng9+1)r1 L;a—@)rz

o 0
[ Lacayllul L?H)TlHuHZ% ,

x

IA

(I

where

—=— 4 (@—9)@:1_ (2.97)

2 2 1
S o9 T o(a—0)
T (&1
0(2—0b
(e ™

where we have used (2.92). In addition, if A = B and (64 1)r; = 12 we get

2
E_b_829(8_86)>0’

likewise if A = B and (6 + 1)r, = 2, we have

2
C—Z—b—s:—ﬁsc—s<0.
Thus
Py(t, A) < cllull 35 ull*1?,
® LE

T
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where we have used the Sobolev inequality (1.8) and Remark 1.17.
Hence, the relations (2.83), (2.96) and the last inequality lead to

1D (j2 I lul*u) |

< c||u|

ull$20 [ D°

HS

z

Finally, from (2.92) and (2.94), we have that
1 a—-0 1

7 kI

so applying the Holder inequality in the time variable one has

0% (ol g < el 50l Dl
t cllull iyl Ha(f o, 1
< dlullzemllullyy.., ||DSUHS<L2
+ ellullf lllSE
where we have used the fact that (o — 0)¢ = 7%= and (52%=, 1) is

Hc-admissible!”.

Case N =1,2 and s = % As before, we start defining the following

numbers
- 2(0‘;_—18—‘9) i % (2.98)
o 2N(a+1—-10)
"TNa+1-0)—2s.(a—0)—4 (2:99)
and
P _ 20a+1-16) T 2(a+1—6)?
2(a—0)(1 — s.) — S¢ 20— 0)(1 —sc) + 5. ((a+1—60)2—1)
(2.100)
5= 2N(a+1—06)? (2.101)

(N —2s.)(a+1—0)2—4(a—0)(1 —s.) + 25,
"Note that 1 satisfies assumption (1.3) with N = 2. Also recall that (ly,po) is L*-

admissible and (kg, po) is H%-admissible.
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Remark 2.24. We claim that the denominator of the numbers defined above
is positive. Indeed, first it is easy to see that the denominators of @ and ¢ are
positive numbers (since s. < 1 and a > 6). We now show the denominators
of 7, k,l and p are also positive numbers for # > 0 sufficiently small.

Note that the denominator of 7 can be written as N(1 — ) — 2b + 2s.0 =

N —2b—0(N — 2s.) and this is positive since b < % and 6 is small enough.

4-—2b
N

20(1—s.) =2a—aN+4—2b—s.—20(1—s.) > a(2—N)+3—-2b—20(1—s.),

Moreover, since o > , the denominator of k is given by 2a — 2ass, — s, —
(where we have used s, < 1) which is positive since N = 1,2; b < & and 6 is
small enough.

It is clear that the denominator of [ is a positive number since s, < 1 and
a>0.

Finally, the denominator of p is positive. Indeed, p can be written as p =

2Na(a+1-0)?
(4—2b)(a+1-0)2—2(a—0)(4—2b—a(N—2))+ Na—(4—2b)

If N =2 we have (4 — 2b)(a+1—0)* —2(a — 0)(4 — 2b) + 2c — (4 — 2b) >
(4 —2b) ((a+1—=0)>—2(a—6)) > 0, where we have used the assumption
a > 2 — b and the fact that b < 2/3.

Similarly if N = 1, we use @ > 4 — 2b to obtain (4 — 2b)(a+ 1 —0)? — 2(a —
0)(4—2b+a)+a—(4—2b) > (4—2b) (e +1—0)* —2(a — 0)) —2a(a—0) =
(4—2b) ((a — 0)? + 1) —2a(a—0) = (a—0) ((a — 0)(4 — 2b) — 2a) +4—2b >
(a—0) (2a(1 — b) — 6(4 — 2b)), which is positive since  is small enough and
b<1/3.

On the other hand, it is not difficult to check that (g,7) and (I,p) L*-
admissible and (a@,7), (k,p) H*-admissible.!8

First, we estimate P;(t, A) with r = 7. The fractional chain rule (Lemma

18We also have 7,p > NQJ\ZIS = %. Indeed 7 = % > % < ad—N)+

(1-6)(4—2b) > —6a(N —2s..) which is true since N = 1,2 and 6 < 1. Moreover, p > %
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1.13) and Hélder’s inequality lead to

Pit, A) <l llull o Tull oo, 1 D*ull 2
= Wl sy lullFor, 1ull 271Dl g, (2.102)
where
1 1 1 1
—=—+4+ —4+ = and = (a0 — 0)rs, 2.103
3=ntnts p=(a—0)r (2.103)
and so combining (2.85), (2.103) (2.99) and (2.101) we obtain
N o, ,_N_N_Na+1-6)
Y 1 T }5
_ N N (a+1—=0)(N—2s.)+ N —2(2—s,.)
N T1 2
02—-b) N
_ e-bh N (2.104)
(6% ™

In order to have that the first norm in the right hand side of (2.102) is finite,
we need to verify % —b>0if A= B and % — b < 0if A= BC for suitable

choices of r;. To this end, we set r; such that

Na

N
Ory > 2-0) (when A=B) and 2<60r < ﬁ (when A = BY)
(2.105)
Hence, the Sobolev embedding (1.7) and (2.102) yield
Pi(t,A) < cllully, lullf; 1Dl - (2.106)

We now consider Py(t, A) with r = 7. By the Holder inequality and
(2.84) we deduce

Pyt A) < 2" pagayllul 0;(%1+1>r1‘| |L<a o)y

= el e el llullz; "

is equivalent to 2(a — 0)(4 — 2b — a(N — 2)) > Na — (4 — 2b) so
a(2(4—2b) — N —2a(N —2)) + (4 —2b) > 20(4 — 2b — a(N — 2)),

this is true since 8 small enough, N = 1,2 and b < %
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where
1 1 1
-_= — 4+ — and 7 = (Ck — 6)7‘2, (2107)
e T T2

The relations (2.85) and (2.107) as well as 7 defined in (2.99), yield (recall

s:%)

N g - N_p_g N _Netl-0)
d r1 8
N N N(a+1-96)
= SH@-D- - (e 0)
9(2—b) N
_ e-h) N (2.108)
« T1

Note that the right hand side of (2.108) is equal to the right hand side of
(2.104), so choosing r; as in (2.105) and again applying the Sobolev inequality
(1.7), we deduce

Py(t, A) <

So the inequalities (2.83), (2.106) and the last inequality imply that

1D° (I |ul*w)|

Lo < clullys

ull 277 1Dl g

Since

7 k

we can apply the Holder inequality in the time variable to deduce

1 a—0 1
7

1D (e~ ul) | oy < c||u\|LstHu||LkLp||DSuHW

L = I

HDSUHS(L?)

IN

cllull g mg el ey

+ellull 7%

UHLC‘LT’

where in the last equality we have used the fact that a = (o — 0)¢’. This

completes the proof since (a, 7) H#e-admissible. ]
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The next result follows directly from Lemmas 2.19, 2.21 and 2.23.

4-2b

~ <a<asand0<b<§. If s, < s <

Corollary 2.25. Assume
min{%, 1} then the following statement holds:

g(_lg) (1D ullscz2y + llullsee2y + NullLoms)

ID*Fllowsy < cllullfsop lul

—6
UHg(mc) “DSUHE(L;)_#:

1—
+ cffull s
where F(z,u) = |z|~°|ul*u.

Now, we have all the tools to prove Theorem 2.14. Similarly as in the

local theory, we use the contraction mapping principle.

Proof of Theorem 2.14. First, we define

B ={u: |lullgggse) < 20U @)uollg(zse) and [Jull g2y +[[D*ull sy < 2¢]uol

s}

We show that G = G, defined in (9) is a contraction on B equipped with
the metric

d(u,v) = [lu = vllsw2) + llu = vllgese-

Indeed, by the Strichartz inequalities (1.9), (1.10), (1.11) and (1.12), we

deduce
1G (W)l s¢rsey < NU @)t ggzsey + llF s i-se) (2.109)
1G5z < clluollze + el Fllsrz) (2.110)
and
I1D°G(u)llsr2y < el D*uol| 2 + | D Flls(12), (2.111)

where F(x,u) = |z|7°|u|*u. On the other hand, it follows from Lemmas 2.17

and 2.18 together with Corollary 2.25 that

a—~0
ull§ rsey
0
(7<)

1F gy < cllullZpon ll srree)

1Pl < ellullipomllullgy.., lullsee
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and

”DSF”S'(L2) < C”UHLOOHS UHS(HSC (HDSUHS(L2 +HUHS(L2)+||U||L§>°H§)
_ 0
+ C”“”LgOH; UHg(Hsc ||DSU||3 LZ—HL'

In addition, combining (2.109)-(2.111) and the last inequalities, we get for

u € B

1G @) ls(ireey <NUOuollsiziee) + cllulliee sy

<N ol sgeey + 27" [Juoll?

ull2 gl Il

U( )UOHa 0+1

Hs HSC)
Also, setting X = || D*ul|gz2) + [|ul|gz2) + [[u|/ Lz s we have
IG@W)llsze) + ID°GW)lswey < elluollms + cllullfe g lull§ .., X
s jja—0
+ CHUHLtOOHS UHG S(Esc) D u”s(L;—H
< clluollms + (Dol

+2““ca"’+2|\uo!|%2"“ I\U(t)uOHf;(HsC)a

where we have used the fact that X < 22¢||lug| g since u € B.

Now if [|U(t)uo||ggsc) < & with

O s s
— 269+120¢+1A9’ 400+12a+2A9’ 4ca—9+12a+1Aa—9 )

(2.112)

where A > 0 is a number such that |[ugl|gs < A, we get

G (W)l szzeey < 20U (E)uollsizse

and

1G(W)l|sz2) + [1D°G(w)|s(z2) < 2¢ljuol

Hs»

that is G(u) € B
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Now we show that G is a contraction on B. From (1.13) and repeating
the above computations, one has
1G () = G) [ ggrrsey <cllF(w,u) = F(x,0) || g(1-50)
<c|llal *Jul*u - v|HS(H_SC) llal ol e = ol g,

U= UHS(HSC)

ull§)

S(HSc)

<C||“||L°°Hs

vll§

+cllollTee g 0115 ey 1 = Vll ey

which implies, taking u,v € B

< 20(20)" Jluoll3s 21U ()0l s Il = vl sggreey

1G () = G(0) | szzse)

(t)uoll3 oy It = vl st

By similar arguments we also obtain

u — UHS(L2)~

IG(u) = G()lIszay < 277" Hluoll - U (B)uollg ...

Finally, from the last two inequalities and (2.112) we deduce

d(u,v),

N —

(ol du,v) <

d(G(u), G(v)) <

i.e., G is a contraction.

Therefore, by the Banach Fixed Point Theorem, GG has a unique fixed

point u € B, which is a global solution of (7). O



Chapter 3

Scattering for INLS equation

3.1 Introduction

In this chapter, we consider the Cauchy problem for the focusing inhomoge-
nous nonlinear Schrédinger equation, that is
10w + Au+ 2| Plulu =0, teR, zeRY,
u(0, ) = ug(x),

(3.1)

Our principal aim here is to study scattering (recall Definition 0.2) for
INLS equation in RY, N > 2, with radial data in H'(R"). We focus on the
L?-supercritical and H'-subcritical case, which as explained in the introduc-

tion, corresponds to the cases where

2—b<a< oo, N =2,
(3.2)
2 ca<F®  N>3

N—2°

In the particular case b = 0, i.e., the classical nonlinear Schrédinger equa-
tion (NLS), this problem was already studied for many authors. Let us recall
the best results available in the literature. The cubic NLS in 3D case with

radial initial data was considered by Holmer-Roudenko [23], then Duyckaerts-

Holmer-Roudenko [10] extended the same result for non radial initial data. It
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was later generalized, for arbitrary dimension N > 1 and all L2-supercritical
and H'-subcritical NLS equations, by Fang-Xie-Cazenave [11] (see also Gue-
vara [22]). All these works used the concentration-compactness method and
rigidity technique introduced by Kenig-Merle [26] in their study of the en-
ergy critical NLS. Inspired in these works we show scattering for the INLS
equation (3.1) under the assumption (3.2).

In a recent work, Farah [12] showed global well-posedness for the L2-
supercritical and H'-subcritical INLS (3.1). More precisely, he obtained the

following result:

Theorem 3.1. Let N > 1, 4_721’ <a<2*and 0 < b< min{2, N}. Suppose
that u(t) is the solution of (3.1) with initial data ug € H*(RY) satisfying

Bluol M)~ < E[Q)* M[Q]"* (3.3)

and

Sc

L2

Vol lluoll 2% < IVQ

Qll}=". (3.4)

Then u(t) is a global solution in H'(RYN). Furthermore, for any t € R we

have

2 11Q = (3.5)

S
L2

Va3 lu@)lz* < 1VQ
where Q) is the unique smooth, radial and positive solution of the elliptic
equation

—Q+AQ+z*lQI*Q =0. (3.6)

Remark 3.2. In [12, Teorema 1.6] was also showed that, if the condition
(3.3) holds, [[Vuol[55luoll;2% > |[VQ

S
L2

s ||Q|l}>° and ug has finite variance,

i.e., |zlug € L*(RY). Then the solution u blows up in finite time. This is an
extension to the INLS model of the result proved by Holmer-Roudenko [23]
for the NLS equation.

'Recalling that s. = % — 27_5.



3.1 Introduction 60

The goal here is to prove scattering for the INLS equation (3.1) under
the conditions (3.3)-(3.4). Before stating the main result we define

s N>4
2,:=4 3-2 N =3, (3.7)
0 N = 2.

Note that, for N # 3 we have 2, = 2* (recalling that 2* is given in (8)). For
dimension N = 3, we need the condition o < 3 — 2b to have the exponent of
| Vul|s(z2) equal to 1, see Lemma 3.12 and also the footnote 3 below.

We now give the precise statement of our main result of this chapter.

Theorem 3.3. Let N > 2, ug € HYRY) be radial and 4’TQb < a < 2,
with 0 < b < min{&,1}. Suppose that (3.3) and (3.4) are satisfied then the

solution u of (3.1) with initial data ug is global and scatters in H'(RY), i.e.,

there exists = € HY(RN) such that

lim lu(t) = U(t)¢* | = 0. (3.8)

t—+o0

Remark 3.4. Note that, for the scattering result we replace the condition
0<b<2by0<b< min{%,1}. Recalling 2 =2 for N > 4 (see definition
(2.1)), in the previous chapter we consider b < 2 for N > 4. However, in
this chapter we assume the condition b < 1 when N > 4 (we need this
condition to show the existence of the critical solution, see Proposition 3.28

and footnote 15 below).

Remark 3.5. It is worth to mention that although the above theorem does
not hold for all L?-supercritical and H'-subcritical INLS equation (3.1), when
N = 3, we still have scattering for the cubic INLS equation in 3D. Therefore,
we were able to extend the result of Holmer-Roudenko [23] for INLS setting.

Also, since the solutions of the INLS equation do not enjoy conservation
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of momentum, we can not use the ideas introduced by Duyckaerts-Holmer-

Roudenko [10] to remove the radial assumption in Theorem 3.3.

Similarly as in the NLS model, the criteria to establish scattering is given

by the following proposition (we will show it after the Proposition 3.14):

Proposition 3.6. (H' scattering) Let u(t) be a global solution of (3.1)

with initial data uo € H'(RN). If [Jull g(jpsc) < +00 and sup |[u(t)||m < B.
teR

Then u(t) scatters in H*(RY) as t — 400 in the sense defined in (3.8).

The plan of this chapter is as follows: in Section 3.2, we give the idea of
the proof of the main result (Theorem 3.3), assuming all the technical points.
In section 3.3, we collect many preliminary results for the Cauchy problem
(3.1). Next in Section 3.4, we recall some properties of the ground state
and show the existence of the wave operator. In Section 3.5, we construct
a critical solution denoted by wu. and show some of its properties (the key
ingredient in this step is a profile decomposition result related to the linear

flow). Finally, Section 3.6 is devoted to the rigidity theorem.

3.2 Sketch of the proof of the main result

Let u(t) be the corresponding H' solution for the Cauchy problem (3.1) with

radial data ug € H'(RY) satisfying (3.3) and (3.4). We already know by

Theorem 3.1 that the solution is globally defined and sup ||u(t)|| g1 < co. So,
teR

in view of Proposition 3.6, our goal is to show that
[l szrse) < +o00- (3.9)

The technique employed here to achieve the scattering property (3.9) com-
bines the concentration-compactness with rigidity ideas introduced by Kenig-

Merle [26]. It is also based on the works of Holmer-Roudenko [23], Fang-Xie-
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Cazenave [11] and Guevara [22]. We describe it in the sequel, but first we

need some preliminary definitions.

Definition 3.7. We shall say that SC(ug) holds if the solution u(t) with
initial data uy € H'(RY) is global and (3.9) holds.

Definition 3.8. For each § > 0 define the set As to be the collection of all
initial data in H'(R") satisfying

As = {uo € H' : Eluo]*M[uo]' ™ < & and [|Vuo||33 [[uoll 2™ < VOl QlI ="}
and define
de=sup{d>0: uy € As = SC(up) holds} = sup Bs. (3.10)

>0

First note that Bs # (). In fact, applying the Strichartz estimate (1.10),

interpolation and Lemma 3.21 (i) below, we obtain

1—sc

10U uollsesey < clluollgse < el Vuollzalluoll 2

< c(Na—i—Qb

Qas,

Sc
L2

1—s¢

) ‘ Elug]® Mug) ="

So if ug € As we have

S, se
BlulMlu'~ < (5o2eg;) 6"

which implies

1U () uoll ggrsey < 0.

Then, by the small data theory (Proposition 3.14 below) we have that SC'(ug)
holds for ¢ > 0 small enough.

Next, we sketch the proof of Theorem 3.3. If 6, > E[Q]* M[Q]'~* then
we are done. Assume now, by contradiction, that 6. < E[Q]*M[Q]'~*.
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Therefore, there exists a sequence of radial solutions u, to (3.1) with H*

initial data u, o (rescale all of them to have |lu,o/rz = 1 for all n) such that?

HVUH,O

r <[V@

Qllz=" (3.11)

Sc
L2

and

Elu,)® N\ 0. as n — 400,

for which SC(u,) does not hold for any n € N. However, we already
know by Theorem 3.1 that w, is globally defined. Hence, we must have
|unlls(grscy = +00. Then using a profile decomposition result (see Proposi-
tion 3.25 below) on the sequence {u,, o }nen We can construct a critical solution
of (1), denoted by u., that lies exactly at the threshold 9., satisfies (3.11)
(therefore u, is globally defined again by Theorem 3.1) and ||ue|| g5y = +00
(see Proposition 3.28 below). On the other hand, we prove that the critical
solution u, has the property that K = {u.(t) : t € [0,400)} is precompact
in H*(RY) (see Proposition 3.29 below). Finally, the rigidity theorem (The-
orem 3.32 below) will imply that such a critical solution is identically zero,

which contradicts the fact that [[uc|g(s) = +o00.

3.3 Cauchy Problem

In this section we show a miscellaneous of results for the Cauchy problem
(3.1). These results will be useful in the next sections. We start by stating

the following two lemmas.

*We can rescale w0 such that [upolz> = 1. Indeed, if u) o(x) = )\%umo()\x)
then by (6) we have Efu} o]* M([u} o]' =% < E[Q]** M[Q]'~*c and |[Vu} ol|5%[lup oll ;2 <
||VQ||SLC2||QH;SC. Moreover, since ||uf‘L’0||Lz = A% ||up0l| 2 by (5), setting A% = |Jun 02

we have [Ju)) ol|z2 = 1.
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Lemma 3.9. Let N > 2, 22 < a0 <2, and 0 < b < min{%, 1}. Then there

exist ¢ >0 and 6 € (0, a) suﬁ‘iczently small such that

1~ 1l 0| g1 ey < ellullzee s el &gy 101 sz
Proof. See Lemma 2.17, with s = 1. O]
Lemma 3.10. Let N > 2, =2 < a < 2, and 0 < b < min{F,1}. Then

there exist ¢ > 0 and 6 € (0, a) sufficiently small such that
1™ Jul 0| g1 2y < ellullzee sy el g 0] sc22)-
Proof. See Lemma 2.18, with s = 1. ]

Remark 3.11. In the perturbation theory we use the following estimate for

a>1

=l o] g, o) < ellullzee sy lull g5 10l sareey 1w llsces)

where 6 € (0, — 1) is a sufficiently small number.
Its proof follows from the ideas of Lemma 3.10, that is, we can repeat

|a71

all the computations replacing |u|*v by |u|*"'vw or, to be more precise,

|a79 ‘afl |a7179

replacing |u|* = |u|®|u|*%v by |u|*tvw = |u|’|u vw.

Similarly as in the proof of Theorem 2.14, to show the small data the-
ory in H' (see Theorem 3.14 below), we need to estimate the nonlinearity
|z|7*|u|*u. We already have the estimates in the spaces S'(H*) and S'(L?)
by the previous lemmas. To estimate ||V(|z|™®|u|*u)||s/(z2), when N # 3,
the proof is the same as the one in Section 2.2, see Lemmas 2.19 and 2.23
with s = 1. In the next lemma we consider the case N = 3 separately. As it
was mentioned before, we will need the exponent in the norm ||Vu|| g2y that
appears in the right hand side of (2.73) to be equal to 1, however in Lemma

2.21 we got the exponent o — 6 + u # 1.
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Lemma 3.12. Let N > 2, 2 < a < 2, and 0 < b < min{§,1}. There

exist ¢ >0 and 6 € (0, a) suﬁ‘iczently small such that

NG

s z2) < ellullzee s lullgrge I Vells + cllull (Em lull 5. -

Proof. For N # 3, the above inequality was already proved in Lemmas 2.19
and 2.23, with s = 1. Now, we only consider the case N = 3. We claim that

[V (J| " ul*w) < cllullzge mllull e IVl sze).-

HS’ (L2) — Hsc)|

Indeed, the proof follows from similar ideas as the ones in Lemma 2.21.

Since (2,6) is L*-admissible in 3D we deduce

IV (l )|

< [V (J2*lul*u) | yHIV (e el ) |

S'(L2) 2 L8 (B) L2 L8 (BC) "

Let A C RY. Applying the product rule for derivatives and Holder’s inequal-

ity we have

IV (el )|l g gy < IV (217°) bl g ) + (1217 (il |y

< Ml(t7A> + M2(t7A>7

where

Mt A) = o] o IVl )l s Mot 4) = [V ()| pagy Nl

x

and

S VL (3.12)
6 ~ B d e )

From the proof of Lemma 2.21 with s = 1 we already have

1M (E Al < ellulliee m lully

VUJHS(LQ)- (313)

Héc
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To estimate Ms(t, A) we use the pairs (a, 7) = < (a — 26), 60 (a—20) )

(3—2b)—20(4—2b)
Hee-admissible and (¢,7) = <4S:3299), 653:??) L?-admissible.?

From the Holder inequality, the Sobolev embedding (1.6) and (2.10) we ob-

tain
Myt A) < el ™ o lull ol o, 1] 2o
< Ml Mz lullfor Il 1V ullz; (3.14)

if

1 1,01, 1

cT mTnty

_ 3_ 3
r= (a—0)ry

Note that the second equation is valid since » < 3. On the other hand, in
order to show that [||z|™°"!||1a(4) is bounded, we need 2 —b —1 > 0 when
A is the ball B and % —b—1< 0 when A= BY by Remark 1.17. In fact,
it follows from (3.12), the previous system and the values of ¢, 7, ¢ and 7

defined above that

3 5 3 3a—-0) 3
--b-1= --b-—————
d 2 1 T r
2 — 2 2
e (5 2)
2 T « a 2 q
3 6= 2a-0) 2
N 1 e} a q
= 02-b 3 (3.15)
a T '
*Note that 2% = 3_6QSC < 7 < 6 (condition (1.3) with N = 3), indeed 7 > 2%

is equivalent to 2(a — 20)(2 — b) > (3 —2b) —20(4 —2b) & o > 0. Also, 7 < 6 <
20(4 — 2b — a) < a(3 — 2b — «), which is true by the assumption o < 3 —2b and 6 > 0 is
a small number. Moreover it is easy to see that 2 < r < 6, i.e., r satisfies the condition of

admissible pair (1.1) with N = 3.



3.3 Cauchy Problem 67

Now choosing 71 such that

9r1>23—abwhenA:B and (97“1<23—OébwhenA:BC

Weget%—b—l >OwhenA:Band%—b—l < 0 when A = B¢, so
|z| 771 € LY(A). In addition, we have by the Sobolev embedding (1.8) (since
2 < 2% < 6) and (3.14)

My(t, A) < cllulli lullf7 1Vl

Therefore, using now Holder’s inequality in the time variable and the fact

that
I a-0 1
2 a q
we conclude
1Mt ALy < el Il 352, Il (3.16)
The proof is completed combining (3.13) and (3.16). O

Remark 3.13. A consequence of the previous lemma is the following esti-

mate

[~ ]| g 2y S Nl e el gy (IV0lsze) + 0]l -

Our first result in this section concerning the Cauchy problem (3.1) is

the following

Proposition 3.14. (Small data global theory in H') Let N > 2, 4_7% <
a < 2, with 0 < b < min{%, 1} and ug € H'(RY). Assume ||Jug|m < A.
There there exists § = 6(A) > 0 such that if |[U(t)uollggse) < 9, then there

exists a unique global solution u of the integral equation (7) such that

||UHS(HSc) < 2||U(t)U0HS(HsC)
and

lullsez2y + | Vulls2y < 2¢llug|| -
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Proof. The proof follows directly from Theorem 2.14 with* s = 1. O

Remark 3.15. It is worth mentioning that the previous results were proved
in Chapter 2 under the condition 0 < b < 2 (see definition (2.1)). Conse-

quently, it is easy to see that they also hold for 0 < b < min{%, 1}.

We now show Proposition 3.6 (this result gives us the criterion to estab-

lish scattering).

Proof of Proposition 3.6. First, we claim that
ulls2y + | Vulls2) < +oo. (3.17)

Indeed, since [|ul|ggs) < 400, given § > 0 we can decompose [0, 00)
into n intervals I; = [t;,t;41) such that |lullg g,y < 0 for all j =1,...,n.
On the time interval I; we consider the integral equation

i+l
uw(t) =U(t —t))u(ty) +1 Ut — s) (|2 |u|*u)(s)ds.

tj

It follows from the Strichartz estimates (1.9) and (1.11) that
lull sz < ellult)lez +el[lel ™l g 2.y (3.18)
and
IVullszzs,y < el Vut)liez +c [Vl 0], - (3.19)

From Lemmas 3.10 and 3.12 we have

Nt ulull gy < ellullmg Il Iellswn

Il lul )0y < llullgy 0l ) (Il + ullen )

“In Theorem 2.14 we have the condition s < min{Z%,1} and since s = 1 in this case,

we deduce N > 2. For this reason, we study scattering in H*(RY) with N > 2.
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Thus, using (3.18), (3.19) and the two last estimates, we get
[ullszz,) < B+ eB?*|lullsqra
and
IVull g1, < ¢B + cBOt1ga0 4 cBeéa_9||Vu||S(L2;1j), (3.20)

where we have used the assumption sup ||u(t)||z: < B.
teR

Taking § > 0 such that ¢cB?3*~? < 1 we obtain’
ullsz2,y + 1 Vullser,y < eB,

and by summing over the n intervals, we conclude the proof of (3.17).

Returning to the proof of the proposition, let

+o0

¢ =wug+i / U(—8)|z|(Ju|*u)(s)ds.

0
Note that, ¢+ € H'(RY). Indeed, by the same arguments as before, we
deduce that

1671122 < elluollze + ellulltee el e lullsizo)

and

IVoTlle < ellVuollze + cllull e mllull g, (IVullse) + lullzem) -

Therefore, (3.17) yields |||z < +oo.

On the other hand, since u is a solution of (3.1) we get

—+00

u(t) = U)ot = —i / U(t — s)|z| 7" (|u|*u)(s)ds.

t

5Here, in order to prove that Vulls(r2; 1;) is bounded we need the exponent on this
norm to be equal to 1 since otherwise we can not absorb this term on the right-hand side

of (3.20).
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Similarly as before, we have

lut) ~ U(@)6llzz < ellul b a0 el

and

IV0u(t) = U@z < cllulbpm Nl ey, (IFullsieo) + lull o)

The proof is completed after using (3.17) and the fact that [|ullg¢gse. 00y — 0

as t — +o0. O

Remark 3.16. In the same way we define

o =uwoti | U )l (s)ds,

so that we have ¢~ € H! and

t

u(t) — Ut =i / Ut — )] (jul*u) (s)ds,

—0o0

which also satisfies (using the same argument as before)
|u(t) =U(t)¢™ ||g2 — 0 as t — —o0.

Next, we study the perturbation theory for the IVP (3.1) following the
exposition in Killip-Kwon-Shao-Visan [29, Theorem 3.1]. We first obtain a
short-time perturbation which can be iterated to obtain a long-time pertur-

bation result.

Proposition 3.17. (Short-time perturbation theory for the INLS)
Let I C R be a time interval containing zero and let u defined on I x RN be

a solution (in the sense of the appropriated integral equation) to

10U + A+ |z 7Pu|*u = e,
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with initial data g € HY(RY), satisfying
oup [0y < M ane [y < 2 (521

for some positive constant M and some small £ > 0.

Let ug € H'(RY) such that
lluo — Ug|lgn < M and ||U(t)(ug — ﬂO)HS(HSC;I) <e, for M'>0. (3.22)
In addition, assume the following conditions
lells z2.0) + 1Vellsi 2y + llellsg-se.) < & (3.23)

There exists eo(M,M') > 0 such that if ¢ < g¢, then there is a unique

solution u to (3.1) on I x RN with initial data ug, at the time t = 0, satisfying

lull scrrsesry S € (3.24)

and

lulls2in + 1 Vullsean S e(M, M'). (3.25)

Proof. We use the following claim (we will show it later): there exists 9 > 0

sufficiently small such that, if ||u| g gs..;) < €0 then
||a||s(L2;]) S M and ||Vﬂl|S(L2;1) 5 M (326)

We may assume, without loss of generality, that 0 = inf I. Let us first
prove the existence of a solution w for the following initial value problem
0w + Aw + H(x,u,w) +e =0,
N (3.27)
w(0, ) = uo(x) — uo(x),

where H(z,u,w) = |z|=° (|Ju + w|*(@ + w) — |a|*w).
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To this end, let
Gw)(t) == U(t)wo + i /0 Ut — ) (H(w Tw) + ¢)(s)ds (3.28)
and define
Bk ={we C(I; H'(RY)) : wllsgse.ry < pand [Jwl|sze.y+[|Vwl[szn < K}

For a suitable choice of the parameters p > 0 and K > 0, we need to show
that G in (3.28) defines a contraction on B, i. Indeed, applying Strichartz
inequalities (1.9), (1.10), (1.11) and (1.12), we have

G (W)l s¢rse;ry S NUOwoll segrse;ry + 1H G5t w) | srg=sesry + el s r-ses)
(3.29)
1G(w)l[szn S llwollrz + [H (- w, w)lls ez + [lellsi i (3.30)

and
IVG(w)lsrz;n S [Vwollrz + [IVH (- @, w) sz + I Vellsirzn. (3.31)
On the other hand, since
[T+ w]*(@ + w) — [a]*a| < [a@|*|w] + |w]*™ (3.32)
by (1.13), we get
1H (-, 0) oo,y < M2l Wl o gg-sesmy + Nl Tl @l g1y
which implies using Lemma 3.9 that

VGt ) isesny S (N VTG ey + ol 0l ) el sy

(3.33)

The same argument and Lemma 3.10 also yield

VE G0l S (10100 TGy + 10l ol ) Tollsezan,

(3.34)
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Now, we estimate ||VH (-, u,w)| s (z21)- It follows from (1.16) and (3.32) that
VH (@, @ w)| < |77 (@] + wl®)w] + |2~ ([a]* + [w]*)|[ V| + E,

where
)7 (7]t + |w|* ) |w||Va] i a>1
|||V [w]|* if a<l1.

Thus, Lemma 3.10 and Remark 3.13 lead to
IVEC )l S (e Sy + ol el ) IV wllsczzn

o (G i Ny + 0l ey 0l ) ) Tl e
(0 Ny + Tl 0l ) ) 90020, B
(
S (0 s 5. py + N0 ) ) 90220

(1 s N g + el ) Mol B

(3.35)

Moreover, using Remark 3.11,

(P e L e B P 7 P
13
||w” °°H1||w‘ S(HSCI ||Vﬁ||S(L2;I) ) « S ]-7

where § € (0, —1)ifa>1orf € (0,a)if a < 1.
Hence, combining (3.33), (3.34) and if u € B(p, K), we have

1H (-t w) grig—sery S (MO0 + Kp*7%) p (3.36)
and

IH (-t w)]| sz S (M + K p* ) K. (3.37)
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Furthermore, (3.35) and (3.26) imply
IVH (-, 0, w)|[ sz S (M0 + K" ) K + B, (3.38)

where

(MO0 4 KOpo=1=0) pM if o > 1,
E, <
KM if a<l1.

Therefore, we deduce by (3.29)-(3.30) together with (3.36)- (3.37) that
|G (W)l gqgreery < €2+ cAp

and

G (w)]s(z2,0) < cM' 4+ ce + cAK,

where we also used the hypothesis (3.22)-(3.23) and A = M%>~% + K%p.
We also have, using (3.31), (3.38), that if & > 1

IVG(w)||sr2r) < M+ ce + cAK + cBpM,
where B = M%* 179 1 K9po=1=9 and if a < 1
IVG(w) |52y < eM' + ce + cAK + K°p*? M.
Choosing p = 2ce, K = 3¢M’ and ¢ sufficiently small such that
1 0 a—6 K
cA < 3 and c(e + BpM + K°p* ™" M) < 3
we obtain

G (W) sggse,ry < pand (|G (w)ls2y + IVG(W)|lsz20) < K.

The above calculations establish that G is well defined on B(p, K). The

contraction property can be obtained by similar arguments. Hence, by the
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Banach Fixed Point Theorem we obtain a unique solution w on I x RY such
that

lwllseeery S € and |wlis@en + lwllsezn S M

Finally, it is easy to see that u = w4+ w is a solution to (3.1) satisfying (3.24)
and (3.25).
To complete the proof we now show (3.26). Indeed, we first show that

\Vallsen S M. (3.39)
Using the same arguments as before, we have

IVallsezzn S IVaollzz + ||V (I ~al"a)]

siezn T IVellsrw2n-

Now, Lemma 3.12 leads to
-y
(Hse;T)

S M e+ MG+ MOg™ | V| sz

IVillsan S M+ a7y 1l

~

(IV@ll sz + |l o) + €

Therefore, choosing ¢, sufficiently small the linear term M%5~%|| V|| S(L2:0)

may be absorbed by the left-hand term and we conclude the proof of (3.39).

Similar estimates also imply ||@|/sz2.ny S M. O
Remark 3.18. From Proposition 3.17, we also have the following estimates:
V(e 0) g gr-eesry < CM, M)z (3.40)

and
IH (-, 0, w) || sz + |VH (@ w)| s rzn < C(M, M), (3.41)

with 6 € (0, a).
Indeed, from (3.36), (3.37) and (3.38) we deduce

1 w) | gmseiry S (M7 + Kp"") p,
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[H (-6 w)|| g2 S (M0 + Kp* %) K
and
HVH(a ﬂa w)“S’ L2;] S El + Meé"aig + K0pa70 K,
(L%1)

where

(Meso‘_l_e + K(’pa_l_(’) pM if a>1,
E; <

~Y

KoM if a<l.

Therefore, the choice p = 2¢e and K = 3c¢M’ in Proposition 3.17 yield (3.40)
and (3.41).

The long-time perturbation result for the mass-supercritical and energy-

subcritical INLS will be obtained iteratively from the previous result.

Proposition 3.19. (Long-time perturbation theory for the INLS)
Let I C R be a time interval containing zero and let u defined on I x RN be

a solution (in the sense of the appropriated integral equation) to
104 + AT+ |zl = e,
with initial data g € HY(RY), satisfying
sup [z < M and [illscry < L (3.42)

for some positive constants M, L.

Let ug € HY(RY) such that
o — Tollr < M’ and [U(#)(o — o) lsqiiesy < &1 (343)

for some positive constant M’ and some 0 < ¢ < g1 = &(M,M',L). More-

over, assume also the following conditions

lells zz.0) + 1Vellsrzz) + llellsig-se.y < &
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Then, there exists a unique solution u to (3.1) on I x RN with initial data

ug at the time t = 0 satisfying

Ju =l g,y < C(M,M',L)e  and (3.44)
[ellserreery + Nullsezn + IVullsean < C(M, M, L). (3.45)

Proof. First observe that since ||| g(gec.;) < L, given® e < go(M,2M") we
can partition [ into n = n(L,¢) intervals I; = [t;,¢;+1) such that for each j,
the quantity ||17||S(H8c;1j) < . Note that M’ is being replaced by 2M’, as the
H'-norm of the difference of two different initial data may increase in each
iteration.

Again, we may assume, without loss of generality, that 0 = inf I. Let w
be defined by u = w4+ w, then w solves IVP (3.27) with initial time ¢;. Thus,

the integral equation in the interval I; = [t;,%;41) reads as follows
t
w(t) =U(t —t;)w(t;) + z/ Ut — s)(H(z,u,w) + €)(s)ds,
t

where H(z,u,w) = |z|=° (|Ju + w|*(@ + w) — |a|*w).
Thus, choosing ¢; sufficiently small (depending on n, M, and M'), we
may apply Proposition 3.17 (Short-time Perturbation Theory) to obtain for

each 0 < j <nandall e <eq,

Ju— ﬂHS(HSc;Ij) < C(M, M, j)e (3.46)
and
lwlls(ise;ryy + lwlls @) + IVwllsiez,) < C(M, M, j) (3.47)
provided we can show
1U (¢ = t5) (u(ty) = ultj) | sseur;y < C(M, M’ j)e < o (3.48)

6gy is given by the previous result and ¢ to be determined later.



3.3 Cauchy Problem 78

and

lu(ty) — Tty < 20, (3.49)

For each 0 < j < n.
Indeed, by the Strichartz estimates (1.10) and (1.12), we have

U = t))w(t) |sesry S NU@wollgsesry + 1H 5 U w0) | gig-seou,)
+||€||S’(H*SC;I)7

which implies by (3.40) that

i—1
Ut —t5)(u(ty) — () sreery Se+ ) Clk, M, Me.
0

<

i

Similarly, it follows from Strichartz estimates (1.9), (1.11) and (3.41)
that

u(t;) —u(t)lm < luwo—uollmr + llells @z + [IVellsi e

HH (s ww)llszzpey + IVHC @ w)[s 2.
j—1
S M +et+d Ck, M, M)
k=0

Taking 1 = e(n, M, M’) sufficiently small, we see that (3.48) and (3.49) hold
and so, it implies (3.46) and (3.47).

Finally, summing this over all subintervals I;, we obtain
lw = ullggree.sy < C(M, M, L)e

and

1wl s(gse.ry + wllsi 2 + IVwllszz < C(M, M', L).

This completes the proof. O
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3.4 Properties of the ground state, energy
bounds and wave operator

In this section, we recall some properties that are related to our problem. In

[12] Farah proved the following Gagliardo-Nirenberg inequality

b at2 Na+2b 4—2b—a(N—-2)
el ul**?]l,, < ConlVulls® Ml * . (3.50)
with the sharp constant
2a+2) (4—2b—a(N—2)\""* 1
Con = Gha) < o )) —— (3.51)
Na +2b Na +2b Q1%

where ) is the ground state solution of (3.6). Moreover, () satisfies the

following relations

Na +2b
2 2
2 = 2 .52
IVQIE: = =5 e = 191 (3.52)
and

_ 2(a+2)

b o

™10+ = Fra gl Ve (3.53)

Note that, combining (3.51), (3.52) and (3.53) we obtain

200+ 2
Con ( as) R (3.54)
(Na+ 20| V|2 QI

where s. = % — 274’ is the critical Sobolev index. On the other hand, we also
have
E(Q) = SIVQIE: — —— [llal1QI™*||,. = e [V QI (3.55)
2 a2 L' Na+2b L= '

We now show the radial Sobolev Gagliardo-Nirenberg inequality in N

dimension. The proof follows the ideas introduced by Strauss [39].
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Lemma 3.20. Let N > 2, R > 0 and f € HY(RY) a radial function. Then
the following inequality holds

sup |£(@)] < —as [ F12l9 £ (3.56)

N—-1
|z|>R Rz

Proof. Since f is radial we deduce

o [ = s 3 [ 0 ()dr

o[> R >R 2 Jaf
+o0
< fo, fdr

R

< ([ - ear) ([ ” ram?dr)é ,

where we have used that f has to vanish at infinite and the Cauchy-Schwarz

N

inequality. On the other hand, the fact that |x| > R (or r > R) implies

+oo N-1 3 +oo N-1 2
2 (I 2 (I
L)) () e () )
1 e 2(N-1) Pl o 2,2(N-1) ?
T |f|*r R 0. f|"r dr

2 R 2 R

- = ([ |f|2d:c>é ([ vrea)

1
< W!\f“BHVfHL%

1< &s0

1=

sup [f(@) < (

j2[>R

IN

where in the third line we have used the fact that |0, f| = |V f] for radial

functions. We finish the proof taking the square root on both sides. O

The next lemma provides some estimates that will be needed for the

compactness and rigidity results.

Lemma 3.21. Let v € HY(RY) such that
IVollzlivlz < IVQIIZEIQN ™ (3.57)

Then, the following statements hold
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(i) ozl Vullz. < B(v) < 3[IVvliZ.,
.. _ 1
(i) Vol vl 2% < w2 [VQIEllQl:™,

(iii) 16AB[e] < 8A|Vol[3, < 8] VolF2 — *C5 [l 1ol 1,

a+2

where w = %ﬁ:c and A = (1 —w?).

Proof. (i) The second inequality is immediate from the definition of Energy

(4). The first one is obtained by observing that

1 OGN 4—2b ;(N 2)
Bl 2 SIVels — SO vl ol

1 2CaN as a(l—sc)
= Livele. (1—a Vol ol

]' 2C’GJV QSe alfsc
> 5Ivolz: (1= Zvals o

Na—(4—2b),_ 1y
= \Y

sNat ) VYl

as
Y

e IVl

where we have used (3.50), (3.54) and (3.57).
(ii) The first inequality in (i) yields [|[Vv]|7, < Ng‘—;;%E (v), multiplying it

by M[v]° = ||v]|33, where 0 = +=%, we have
Na +2b
Vel < Y22 ppape

Na+2b E[v|Mv]°
as.  ElQIM[Q)
= w|VQI*IQIE,

where we have used (3.55).

(iii) The first inequality obviously holds. Next, let B = 8||Vv||7,

4(Na+2b)

e H |z| 0 |v]ot? H 1+ Applying the Gagliardo-Niremberg inequality (3.50)
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and item (ii) we obtain

4(NOZ+2b)OGN 4-2b— ;(N 2)
e =

A Na+ 2 s se

> vl (s - 0 Bogt vz ene )

= |[Vo||728(1 - w?),
where in the last equality, we have used (3.54). O

Now, using the ideas introduced by Cote [8] for the KAV equation (see
also Guevara [22] Proposition 2.18), we show the existence of the Wave Op-

erator. Before stating our result, we define

2N
p*:N 2ifN23andp*:ooifN:2. (3.58)

Moreover, we prove the following lemma.

Lemma 3.22. Let 4_72” <a<2and0<b<?2. Iff and g € HY(RY) then
(i) |71 1 ]| 0 < el FlISatligliase +cll FIE gl

(ii) [l 7Lf 1 gl o < el FI5E gl

. b at1
i) Jm [0S, =
where” 2 < (O‘+2) <r <p

Proof. (i) We divide the estimate in B¢ and B. Applying the Hélder in-

O‘H 4+ ——_ we obtain

equality, since 1 = +2,

121~ 1£17 g s

IN

H|x|_b|f‘a+19”Ll(BC) + H\x|_b\f|“+1gHL1(B)
IS gl Lo + 2~ vy 1A IS ER s gl e
= IS gl e + 2~ v 1A N5 gl e, (3.59)

. . . N(a+2) *
"Note that, the hypothesis 0 < a < 2, (recall (3.7)) implies 3~ < p*.

IN
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where

1:%4-;4—1 and 7= (a+1)5. (3.60)

To complete the proof we need to check that |||z|™||v(p) is bounded, i.e.,
% > b (see Remark 1.17). In fact, we deduce from (3.60)
N _ N N(a+2)

Y r

and thus, since r > N](\?_Jf) we obtain the desired result (— —b>0).

(ii) By the Sobolev inequality (1.7) (for N =2 and s = 1) and (1.8) (for
N >3 and s = 1), it is easy to see that H' — L2 and H' — L" (where

(a+2)

)

2 < <1 < p*), then using (3.59) we get (ii).

(iii) Similarly as (i) and (ii), we obtain

[zl 10 @) 1 g, < cllU@ FlIzElglm + lU@ LIE Mgl (3.61)

fOI‘2<M<T<p

We now show that [|U(t) ||z, and ||U(t)f| e+2 — 0 as [t| = +oo. Indeed,
since r and « + 2 belong to (2, p*) then it suffices to show

lim [[U(t)f[|zz = 0, (3.62)

[t|—+o0
where 2 < p < p*. Let f € H' N L”, the Sobolev embedding (1.7) if N = 2
or (1.8) if N > 3 and Lemma 1.9 yield

W) fllzz < ellf = Fllan + el =5 (| Fl-

Since p > 2 then the exponent of |t| is negative and so approximating f by
feCin HY, we deduce (3.62). O

Proposition 3.23. (Existence of Wave Operator) Suppose ¢ € H*(RY)

and, for some® 0 < X < (]\?g—j%)f,

(Na+2b Se

1612 20 ) EQPMQI.  (3.63)

Qas,

8Note that (st‘f%)T < 1.
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Then, there exists ug € H*(RY) such that u solving (3.1) with initial data
ugd is global in HY(RN) with

(i) Mlu) = Mg),
(ii) Elu] = V6|3,

(i) Jim_[Ju(t) = U ()] =0,

(iv) [Vu(t) 35 a5 < NIVQI QU™

Proof. We will divide the proof in two parts. First, we construct the wave

operator for large time. Indeed, let I+ = [T, +o0) for "> 1 and define

G(w)(t) = —i/t N Ut — s)(|z||w+ Ut)o|*(w + Ut)¢)(s)ds, t € Ip

B(T,p) = {w € C (Ir; H'(RY)) : [[wllr < p},
where
lwllz = lwllsggrse; iy + lwllsir + 1Vwllsz.-
Our goal is to find a fixed point for G on B(T, p).

Applying the Strichartz estimates (1.11) (1.12) and Lemmas 3.9-3.10-
3.12, we deduce

G (W)l s(grse1ry Slw + Ul g0 m lw + UG ey 0+ Ul s 75017
T ( ) T)

(3.64)

IGW)szaitr) Sllw+ Ul 1z mllw + U .., 0 + U@ Dl 52221y
(3.65)
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and

IVGW)llsezr Slw + Ul 5 myllw + U oy, IV (w0 + U sz

+llw + U®ll v + U@, (3.66)

HSC i)

Thus,

IGw)llz < llw+ Ul mlw + URONS gy, I+ U Sll7
Hlw+ U@l w+ Uo7

|

Hsc I7)
Since?

U@l s(srse.1,) — O (3.67)

as T — 400, we can find Ty > 0 large enough and p > 0 small enough such
that G is well defined on B(Ty, p). The same computations show that G is
a contraction on B(Ty, p). Therefore, G has a unique fixed point, which we
denote by w.

On the other hand, from (3.64) and since

Jw +U#)9l| Lo < [Jwl[z + (|9l < +o0,
one has (recalling G(w) = w)

S AHwHS(HSc;IT) +A||U( )P sgrserr
where A = ||lw + U(t)9| g(_fng)' In addition, if p has been chosen small

enough and since [|U(t)®| g(frsc.r, 18 also sufficiently small for T' large, we

deduce

—_

A < ellwl§ e gy + ATOENG vy < 5

2N
9Note that (3.67) is possible not true using the norm L Ly ~* and for this reason

we remove the pair (oo, Nzl\zfs ) in the Definition 1.7.
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and so (using the last two inequalities)

1
§Hw||S(H5c;IT) S A||U(t)¢||S(H5c;IT)7

which implies,

|wllggse.rpy =0 as T — +oo. (3.68)

Hence, (3.65), (3.66) and (3.68) also yield that!”
||wHS(L2;IT) ) ||vaS(L2;IT) —+0 as T — +o0,

and finally
|lwllr — 0 as T — +oo. (3.69)

Next, we claim that u(t) = U(t)¢+w(t) satisfies (3.1) in the time interval
[Ty, 00). To do this, we need to show that

u(t) =U(t — To)u(Ty) + Z/ U(t — s)(|z||u|*u)sds, (3.70)

To

for all t € [Ty, 00). Indeed, since

wlt) = =i [ U= s)lal o+ U0l w + U(©)0) s)ds.
then
U= 0u(t) = =i [ U= s)lal "o+ U)ol (w -+ U0)o) (s
_ / U(Ty — 8)le|~w + U] (1w + U(1)6) (s)ds + w(T),
and so applying U(t — Ty) on both sides, we get

w(t) =U(t — Ty)w(Tp) +i/ U(t — s)|z|Plw + Ut)d|*(w + U(t)p)(s)ds.

To

0Observe that lwtU @)l sfree;10) < MWllg(rree;1) HIU @O s(frec;1,) = 0a8T — +00
by (3.68) and [0+ U642 s, 0 + UOBls(zastr, 17w+ VO sz < o0 since
w € B(T,p) and ¢ € H(RY).
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Finally, adding U(t)¢ in both sides of the last equation, we deduce (3.70).
Now we show relations (i)-(iv). Since u(t) = U(t)¢ + w then

[u(t) = U@l my = lwlirgmy < cllwllswen + cllVollseen < clwlir

(3.71)

and so from (3.65) we obtain (iii). Furthermore, using (3.71) it is clear that

T [u(®)lz2 = 6l (372

and
lm [[Vu(t)|z = [Vl 2. (3.73)
By the mass conservation (3) we have ||u(t)||2 = ||u(Tp)|z2 for all ¢, so from

(3.72) we deduce ||u(Tp)||r2 = ||#]| 2, i-e., item (i) holds. On the other hand,

it follows from Lemma 3.22 (ii)

el )", < efllallute) = UOST] ,, + e [l U0,

< cllut) = U®elll5" + [l U@, -
which goes to zero as t — +o0, by item (iii) and Lemma 3.22 (iii), i.e.
lim H|x|’b|u(t)|a+2HL; = 0. (3.74)

Combining (3.73) and (3.74), it is easy to deduce (ii).

Next, in view of (3.63), (i) and (ii) we have

s —S 1 s —Sc NOé—l—Qb * Sc —Sc
Bl Ml = S IVol ol <02 (Y5 2) " EiQraio)

2as,

and by our choice of A we conclude

EfulMu]'* < B[Q)* M[Q)'"~*.
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Moreover, from (3.72), (3.73) and (3.63)

lim VeI [w@IE ™ = IVl el
Noa+2b\™ ) .
< #(FRR) weranar
aSc
= N|valFlQlz "

where we have used (3.55). Thus, one can take 77 > 0 sufficiently large such

that
IV (T35 u(T) 153 < MVQIE QI

Therefore, since A < 1, we deduce that relations (3.3) and (3.4) hold with
uy = u(Ty) and so, by Theorem 3.1, we have in fact that u(¢) constructed

above is a global solution of (3.1). ]

Remark 3.24. A similar Wave Operator construction also holds when the

time limit is taken as t — —oo (backward in time).

3.5 Existence and compactness of a critical
solution

The goal of this section is to construct a critical solution (denoted by u.)
of (3.1). We divide the study in two parts. First, we establish a profile
decomposition result and also an Energy Pythagorean expansion for such a
decomposition. In the sequel, using the results of the first part we construct
u. and discuss some of its properties.

We start this section recalling some elementary inequalities (see Gérard

[17] inequality (1.10) and Guevara [22] page 217). Let (z;) € CM with
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M > 2. For all ¢ > 1 there exists C, ps > 0 such that

M M
25| ~ 25l
j=1 j=1

and for 8 > 0 there exists a constant C s > 0 such that

q

M
< Conr ) I5llzl" ™, (3.75)
ik

B M M

cj Z|Za| <j <OﬁMZ Z |ZJ|6’Z]€| (3.76)
1

7=1 1<j#k<M

M
2%
i=1

i=
3.5.1 Profile decomposition

This subsection contains the profile decomposition and energy Pythagorean
expansion results. We use similar arguments as the ones in Holmer-Roudenko
[23, Lemma 5.2] (see also Fang-Xie-Cazenave [11, Theorem 5.1] and Guevara
[22, Proposition 3.4]) and, for the sake of completeness, we provide the details

here.

Proposition 3.25. (Profile decomposition)Let ¢,(x) be a radial uni-
formly bounded sequence in H*(R™). Then for each M € N there exists a
subsequence of ¢, (also denoted by ¢y, ), such that, for each 1 < j < M, there
exist a profile 7 in HY(RYN), a sequence tJ, of time shifts and a sequence WM

of remainders in H'(RY), such that

M
= U(=t) (x) + W (x) (3.77)
7j=1

with the properties:

e Pairwise divergence for the time sequences. For 1 <k # j < M,

lim [t/ —t*] = +oo0. (3.78)

n—-+00

e Asymptotic smallness for the remainder sequence
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M—+o00 \ n—+o0

lim ( lim HU(t)W%yS(HSC)> =0, (3.79)

e Asymptotic Pythagoream expansion. For fited M € N and any s €
[0, 1], we have

M
9l = D2 102 5+ W11 + 0 (1) (3.80)
j=1
where o,(1) — 0 as n — +o0.

Proof. Let Cy > 0 such that ||¢,||;n < Cy. For every (a,r) H®-admissible

we can define r; = 2r and a; = T(N_gﬁ. Note that (aq,7;) is also Hse-
admissible, then combining the interpolation inequality with n = m €

(0,1) and the Strichartz estimate (1.10), we have

JOOW gz < WOWL I IWEWN
UOWHI (381)

Lo LN —2se

1-n
Hse

< W

Since we will have ||[W] ;.. < Cy, then we need to show that the second
norm in the right hand side of (3.81) goes to zero as n and M go to infinity,
that is

. . M _
i (i sup [COW ) =0 (352)

! tl and W!. Let

First we construct 1,,, ¢,

Ay = limsup [U()6all 2y
Ly

n—+o0o Lévf%ﬂ

If A, = 0, the proof is complete with ¢ = 0 for all j = 1,..., M. As-
sume that A; > 0. Passing to a subsequence, we may consider A; =

lim ||U(t)én]] oy . We claim that there exist a time sequence ¢! and
n—-+o0 Lo N=2sc

x

" such that U(t))é, — o' and

N—2s¢ N—2s2

BOE T e > AT (3.83)
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where 8 > 0 is independent of C}, A; and ¢,. Indeed, let ¢ € C*(RY) a
real-valued and radially symmetric function such that 0 < ¢ <1, (&) =1
for [¢] < 1 and ((£) = 0 for |¢| > 2. Given r > 0, define x, by %,(€) = ¢(£).
From the Sobolev embedding (1.6) and since the operator U(t) is an isometry
in H%, we deduce (recalling 0 < s. < 1)

IU ) ¢n — xr * U@)%Hiﬂﬂ < Ut bn — xr % U#)Pnll e e

N—2s¢
T

< / €5 (1 — 0)%1Bu ()]

< C/ 720 =se)
€[>r

Ol < er07ICR,

£ (€) 2l

S CT.,*2(17.SC)

Choosing

r= (4f101) o (3.84)

and for n large enough we have

A
b s UBGll 2y > 5 (3.85)

Note that, from the standard interpolation in Lebesgue spaces

Xr % U()nl|7 1o

ClN_QSCHXT * U(t)qanﬁ;LgOa (3.86)

N—2s¢
T

b+ UOGIT_ oy, S e UOnlz2

N

thus inequalities (3.85) and (3.86) lead to

N
A 2sc
X * U#)dnllporee > (%> :
20, ¥

It follows from the radial Sobolev Gagliardo-Nirenberg inequality (3.56) (since
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all ¢, are radial functions and so are x, * U(t)¢,) that!!

1 1 1
IXr * U@)nll Lo Loz < @er * U)nl| 22 [IV O+ U (8) ) 72

1
N—1>

R =2
which implies for R > 0 sufficiently large

Q:U

<

1 4 \™
Ixr * U )Pl rse(aizry = 5 <—1 m) )
20

where we have used the two last inequalities. Now, let ¢! and z!, with

|z1| < R, be sequences such that for each n € N

o * UlE)on(a)| 2 1 <A—> c

2C

1(2() 25°> ’/X n ~ YU (E)9n(y)d ’ (3.87)

On the other hand, since [|U(t})p,llm = ||¢nllmr < Cy then U(tl)¢, con-

or

verges weakly in H' (since U(tl)¢, is a bounded sequence a Hilbert space),
i.e., there exists ¢! a radial function such that (up to a subsequence) U (t})®, —
Pl in H' and ||[¢!||gn < limsup ||¢y]|zr < €. In addition, =} — z! (also
up to a subsequence) sincg ;,ltofs bounded. Hence the inequality (3.87), the

Plancherel formula and the Cauchy-Schwarz inequality yield

1
- ( ) ’/x ' =yt (y )dy‘ < e |l s
20

which implies
N
1 Al 2o 296
3 (T) <ert |yl
2C

"' Note the radial Gagliardo-Nirenberg inequality only holds for dimensions N > 2. As

U

Hses

HSC7

pointed out in Holmer-Roudenko [23] page 466 this is probably an obstruction to extend
the scattering result stated in Theorem 3.3 for 1D.
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where we have used

1 1
— o~ 2 r _9g _ 2 N—2s¢
erumz(/ € 2Sc><r<»s>|2d£) sC( [ 1dp) < o
o0<[g|<2r 0

Therefore in view of our choice of r (see (3.84)) we obtain (3.83), concluding

the claim.
Next, define W! = ¢, — U(—t})y!. Tt is easy to see that, for any

0<s<1,
o U(tHYW! —0in H! (since U(t])p, — 1),

o (Dn, U(=t,)0") g = (U(tn)n, V') s — 0]

2
Hs?
o Wallg. = lonllz. — 1915, + on(1).

The last item, with s = 0 and s = 1, implies |[W.}||; < C.
Next, let Ay = limsup [|[U®)W, | an . If Ay = 0 the result follows
LeLN-%

n—-4o0o z

taking ¢/ = 0 for all j = 2,...,M.. Let Ay > 0, repeating the above
argument with ¢, replaced by W! we obtain a sequence ¢2 and a function
¥? such that U(t2)W}! — 4% in H' and

N—QSz
. 2sc(l—sec)
Free Z A2 c c .

ooy |12
BOT T [%)

We now prove that [t2 —t}| — +o0o. In fact, if we suppose (up to a subse-

quence) t2 —tl — ¢* finite, then
Uty =) (Ult)on = ¥') = U(8) (6 = U(=t,)0") = U)W, — ¢

On the other hand, since U(t})®,, — 1!, the left side of the above expression

converges weakly to 0, and thus ¢? = 0, a contradiction. Define W? =
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W —U(—t2)y?. For any 0 < s < 1, since |t} — 2| — +o00, we deduce

(fn U)o = (U (t3) 00, %% gy
= (U(ty) (W +U(=t,)0") 4% e
= (UE)Wo, %) g + (Ut — )00 0%)
— 07113

In addition, the definition of W2 implies that

Wl = Wl

frse — 197

and ||W,3||H1 S Cl-
By induction we can construct ™, t™ and WM such that U(tM)WM-1 —

Y™ in H' and

N—2sc N—2s2
Bcl%c(l*sc) wMHHSC > A;;c(lfsc)’ (388)
_ : M-—1
where Ay = ngrfm U)W ?OLINa_zgsc :

Next, we show (3.78). Suppose 1 < j < M, we prove that [t} —#/ | — 400
by induction assuming [tM —t*| — 400 for k= j+1,..., M — 1. Indeed, let

tM — ] — t, finite (up to a subsequence) then it is easy to see
Uty =) (U)W —o7) = Uty =t )7 — = U = et

— U@ g

Since the left side converges weakly to 0, we have ¥ = 0, a contradiction.

We now consider
= ¢n — U(=t,)0! =U(=t)¢? — .. = U (=t ).
Similarly as before, by (3.78) we get for any 0 < s <1

(fn, U=t )0M) e = (UYWL M) e + 0a(1),
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and so (¢, U(=t,1)¢™) . = ||
that (3.80) also holds.
Finally, the inequality (3.88) together with the relation (3.80) yield

2 ‘ 2
2.~ Thus expanding | 2. we deduce

2
N—2sg

A]S\}(lfsc)
N—2s¢ S RLI)IE ||¢’I’L|
Mz1\ B2Oe

Hs < _I_OO’

which implies that Ay, — 0 as M — +oo i.e., (3.82) holds'?. Therefore,
from (3.81) we get (3.79). This completes the proof. O

Remark 3.26. It follows from the proof of Proposition 3.25 that

lim [|[WM|| =0, (3.89)
M,n—oo

where 2 < p < p* (recalling p* is defined in (3.58)). Indeed, first we show

lim < lim ||U(t )WML?OL;;) =0. (3.90)

M—+o00 \ n—+oo

Note that, H® < L? where s = %—% (see inequality (1.6)). Since 2 < p < p*
then 0 < s < 1, thus repeating the argument used for showing (3.82) with

szgsc replaced by p and s. by s, we obtain (3.90). On the other hand, (3.89)

follows directly from (3.90) and the inequality
W lle < NUOWR N e e
since WM = U(0)WM,

n

Proposition 3.27. (Energy Pythagoream Expansion) Under the hy-
pothesis of Proposition 3.25 we obtain

ZE —t) ) 4+ E[WM] + 0,(1). (3.91)

12Note that N — 2s2 > 0 since s, < min{1, N/2}.
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Proof. By definition of E[u| and (3.80) with s = 1, we have

M
o A
J— J— J— M _—_— n
Elo] = Y B ()] = W] = =25 o)
where
M . .
A = ||2171a] 2] 0 = D 2l P (=) w12 P e e i PP
j=1

For a fixed M € N, if A, — 0 as n — 400 then (3.91) holds. To prove

this fact, pick M; > M and rewrite the last expression as

a = <|x|—b|¢n|a+2—furbw(—tmww—|x|—b|wy|a+2> da
' 12412, "~
where
o= el [l = 6 — W) da
o= [l W - W ] do
and

M
I = / 2|~ [wn = WRE = Y (U (=) " — W — W
j=1
We first estimate I}. Combining (3.75) and Lemma 3.22 (i)-(ii) we have

< / 2™ (WM (o[ 1 W42 g
< (gl 5

(I @nllZasa W pose + @l Losa W 1285 + (IWR" [15222)

(W lzr =+ Nl W0

IR IE) +

S Noall g W e+l [WRRIEE + [WRRIEE +

Il W zave + lldnllen (W 1552 + WP I5EE,
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where %_Jf) < r < p* (recall that p* is defined in (3.58)). In view of
inequality (3.89) and since {¢,} is uniformly bounded in H', we conclude
that'?

I! = 400 as n, M; — +o0.

Also, by similar arguments (replacing ¢, by WM) we have
[2 — +00 as n, My — +o0,

where we have used that W is uniformly bounded by (3.80).
Finaly we consider the term I3. Since,

My

G — W= " U(—t] )9

j=1

and
My

WM W= S U,

J=M+1

we can rewrite > as

o / 2]

a+2

Ml . . Ml . .
SUE)| =D U= | da
j=1 j=1

M, a+2 M,
- / a2 v S e | e
j=M+1 j=M+1

To complete the prove we make use of the following claim.
Claim. For a fixed M; € N and for some jo € N (jo < M;), we get
a+2

My
Dy = lal =3 [l U= ), — o,

Lalc J=J0

S U(—t)

J=Jjo

as n — +oo.

13We can apply Remark 3.26 since r and « + 2 € (2, p*).
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Indeed, it is clear that the last limit implies that I3 — 0 as n — 400
completing the proof of relation (3.91).
To prove the claim note that (3.75) implies

My
D, <Y / 2| U (8 ) || U (—t ) e
7k

Thus, from Lemma 3.22 (i) one has

B < ellU (=t F (155 U (=) | ge + el U(=t) " 15 U (—=t0)4 |l

where 2 < N](\?_Jf) < r < p*and EXF = [|z|°\U(=t)¢||U(—tF) k| da.
In view of (3.78) we can consider that t*. J or both go to infinite as n goes
to infinite. If #/ — +o00 as n — +00, so it follow from the last inequality and

since H' < L2 and H' — L" that

B* < et U () v + el I 10 (=007

< U)o + | U(—1,)0 |

r
Ly

where in the last inequality we have used that (¢*),cy is a uniformly bounded
sequence in H'. Hence, if n — +o0o we have #/ — +o0o and using (3.62) with
t =t and f = 9’ we conclude that E* — 0 as n — +oo. Similarly for the

case tf — +00 as n — 400, we have

EPF < el[U(=t NS 10 + el U (=t w815 147 m

< U)ot + Ut

which implies that E2* — 0 as n — +o0 by (3.62) with ¢ = t* and f = ¢*.
Finally, since D,, is a finite sum of terms in the form of E%* we deduce

D, — 0asn— 4oo. O
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3.5.2 Critical solution

In this subsection we study a critical solution of (3.1). First, assuming that
0 < Elu]® Mu]'~* (see (3.10)), we construct a global solution called w, of

(3.1) with infinite Strichartz norm || - [| gz, satisfying

Eluc)® Mu]' ™% = 6,.
After that, we show that the flow associated to this critical solution is pre-
compact in H'(RY).

Proposition 3.28. (Existence of a critical solution) Let 0 < b <
min{%¥,1}. If
0. < E[Q*MI[Q]' ™,

then there exists a radial function u.o € H'(RY) such that the corresponding
solution u. of the IVP (3.1) is global in H'(RY). Moreover the following

properties hold
(1) Mlu =1,
(i) Eluc]™ =0,
(iii) [[Vueoll 3o lucoll2* < IVQIIQI2",

(1) [|uellg(zzse) = +o0.

Proof. Recall from Subsection 3.2 that there exists a sequence of solutions
u, to (3.1) with H' initial data u,, with |ju,||z2 = 1 for all n € N, such
that

[Vunoll7 < [IVQ

21l = (3.92)

S
L2

and

1
Elu,) N\, 0c° as n — +o0.
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Moreover

”uan(Hsc) = +00 (3.93)
for every n € N. Note that, in view of the assumption §. < E[Q]* M[Q]'~*,
there exists a € (0, 1) such that

Elun] < aE[QIM[Q), (3.94)

where o = 1=%. Furthermore, (3.92) implies by Lemma 3.21 (ii) that

c

[Vnoll2e < wie

VQz: QI

where w = %, thus we deduce from (3.94) and ||u,||zz = 1 that

whe < a which implies
IVunollz: < al VQIIZ:QIIZ. (3.95)

On the other hand, the linear profile decomposition (Proposition 3.25)
applied to u,, o, which is a uniformly bounded sequence in H*(RY) by (3.95),
yields

tno(@) = 3 U (=) (2) + W (2), (3.96)

where M will be taken large later. It follows from the Pythagorean expansion

(3.80), with s = 0, that for all M € N

M
Do + i I < i funolf =1 (30T
]:

this implies that
M
> i <1 (3.98)
j=1

In addition, another application of (3.80), with s = 1, and (3.95) lead to

M
DIV + lim VW5 < lim [ Vunllz: < ol VQ|Z: QU7
st n—-+o0o n—-+0o00

(3.99)
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and so

Sc
2

V97

V@

w<a QIR j=1,..., M. (3.100)
Let {t},en be the sequence given by Proposition 3.25. From (3.98),
(3.100) and the fact that U(t) is an isometry in L*(RY) and H'(RY) we

deduce

U (=)0 (|5 VU (=8)4 155 < o [ VQI55 QI
Now, Lemma 3.21 (i) yields
E[U(—=t)y7] > ¢(N,b,a)||Vi |2 >0 (3.101)

A complete similar analysis also gives, for all M € N,

lim [|[WM|3, <1,

n—-+o0o
Jim [V < o (IVQII QI
and for n large enough (depending on M)
EW'] > 0. (3.102)

The energy Pythagorean expansion (Proposition 3.27) allows us to de-

duce
M 1
lim E[U(—t)¢] + lim E[WM] = lim Elu,) = 6:°,

— n—+o0o n—+0o0o n—+oo
]:

which implies, by (3.101) and (3.102), that

lim E[U(—t))y’] < é, forall j=1,..., M. (3.103)

n—o0

Now, if more than one 1) # 0, we show a contradiction and thus the

profile expansion given by (3.96) is reduced to the case that only one profile
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is nonzero. In fact, if more than one ¢’ # 0, then by (3.97) we must have
M|[y7] < 1 for each j. Passing to a subsequence, if necessary, we have two
cases to consider:

Case 1. If for a given j, #/, — t* finite (at most only one such j exists

by (3.78)), then the continuity of the linear flow in H'(R") yields
U(—t2)p? — U(—t*)p?  strongly in H'. (3.104)

Let us denote the solution of (3.1) with initial data ¢» by INLS(¢)1. Set
7 = INLS(#*)(U(—t*)?) so that INLS(—t*))! = U(—t*)1. Since the set

K = {ug € H'(R") : relations (3.3) and (3.4) hold }

is closed in H'(RY) then ¢/ € K and therefore INLS(£)7 is a global solution
by Theorem 3.1. Moreover from (3.28), (3.103) and the fact that M[¢7] < 1

we have
171>V 3 < IVQILllQN™
and

E[7]% M)~ < 6,.

So, the definition of J. (see (3.10)) implies
IINLS (607 g ey < +00. (3.105)
Finally, from (3.104) it is easy to see
i [INLS(~#)5 — U(~t)0 |y = 0. (3.106)
Case 2. If |t/ | — 400 then by Lemma 3.22 (iii)

el U (=)0 142, = 0,
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and thus, by the definition of Energy (4) and the fact that U(¢) is an isometry
in H'(RN), we deduce

(GIV18:) = tim Bl <4, < BQEMIQP (3107

where we have used (3.103). Therefore, by the existence of wave operator,

Proposition 3.23 with A = ( Ni?fr%)T < 1 (see also Remark 3.24), there exists
U7 € H'(RY) such that

M) = M) and B = IV, (3108)

[VINLS(t)1)’ Q|lt5% (3.109)

Ve < IVQ 12
and (3.106) also holds in this case.
Since M[17] < 1 and using (3.107)-(3.108), we get E[¢]* M [11]} =5 < 4.

Hence, the definition of . together with (3.109) also lead to (3.105).

Sc Sc
2 2
Lz L

To sum up, in either case, we obtain a new profile ¢ for the given ¥
such that (3.106) (3.105) hold.
Next, we define

U (t) = INLS(¢)ty 0,

v (t) = INLS(t)4,
Un(t) = Zvj(t — 1),

and
M

WM =3 [U(—tg;)w - INLS(—tgL)iz?j] + WM, (3.110)
j=1

Then w,(t) solves the following equation
10ty + Ay, + || P[00, |, = e, (3.111)
where

M
eM — |z (\ﬁn\“ﬂn — Z |07 (t — )]0 (t — t%)) : (3.112)
j=1
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Also note that by definition of W,{” in (3.110) and (3.96)we can write
M ~ —~
tno =D INLS(=t)07 + W,
j=1

so it is easy to see u,o — u,(0) = WM then combining (3.110) and the
Strichartz inequality (1.10), we estimate

M
IO EW M 5oy < €Y IINLS(=#2)07 = U(=t)8 [ + |UGWR [l sz7ee):

j=1
which implies
lim lim ||U(#)(uno — ﬂn,O)HS(HSc) =0, (3.113)

M—+oc0o |:n—>+oo

where we used (3.79) and (3.106).
The idea now is to approximate u,, by u,. Therefore, from the long time

perturbation theory (Proposition 3.19) and (3.105) we conclude
[l 5756y < +00,

for n large enough, which is a contradiction with (3.93). Indeed, we assume
the following two claims to conclude the proof.

Claim 1. For each M and ¢ > 0, there exists ng = ng(M, ¢) such that
n>ng = ey e +llen s + 11V o <e (3.114)

Claim 2. There exist L > 0 and S > 0 independent of M such that for any
M, there exists n; = ny(M) such that

n>ny = |nllggeey) <L oand |[upl[rem < S (3.115)

Note that by (3.113), there exists M; = M; () such that for each M > M,
there exists ny = ny(M) such that

n>ny = ||U(t)(uno— ﬂn,O)HS(HSC) <¢,
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with € < €1 as in Proposition 3.19. Thus, if the two claims hold true, by
Proposition 3.19, for M large enough and n > max{ng, ni,ns}, we obtain
[|wnll s(grscy < 400, reaching the desired contradiction .

Up to now, we have reduced the profile expansion to the case where
Yt # 0 and ¢ = 0 for all j > 2. We now begin to show the existence of a
critical solution. From the same arguments as the ones in the previous case

the case when more than one 17 # 0). we can find 1! such that
( :

Unjo = INLS(—t1)9! + WM,

with
Mg = M[p'] < 1 (3.116)
B = (GIvel) <a (3117
IVINLS@)F 5515 5% < IVQlslQET (311

and

lim (| (8) (0 = ) sgazoey = T [UOW g0y = 0. (3.119)

n—-+o0o

Let ¢! = U and u. be the global solution to (3.1) (in view of Theorem
3.1 and inequalities (3.116)-(3.118)) with initial data ', that is, u.(t) =
INLS(¢)i*. We claim that

[wells¢rsey = +o0. (3.120)
Indeed, suppose, by contradiction, that |[uc||g .., < +00. Let,
i (t) = INLS(t — )9,

then

18 (8) | g7sey = IINLS(E=t)0 | g¢grse) = NINLS(£)0H | g ggsey = [[ttellgzisey < +oo.
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Furthermore, it follows from (3.116)-(3.119) that
sup ||t | 1 = sup [Juel| g < +-o00.
teR teR

and
1U ) (un.0 = tno)llgzse) < &
for n large enough. Hence, by the long time perturbation theory (Proposition
3.19) with e = 0, we obtain [Juy||g(ss.) < +00, which is a contradiction with
(3.93).
On the other hand, the relation (3.120) implies Elu]* Mu.)'™% = 4,
(see (3.10)). Thus, we conclude from (3.116) and (3.117)

Mlu.) =1 and FElu.* = ..

Also note that (3.118) implies (iii) in the statement of the Proposition 3.28.
To complete the proof it remains to establish Claims 1 and 2 (see (3.115)
and (3.114)). To show these claims we use the same admissible pairs already

used in Subsection 2.2.2.

da(a+2—10) . Na(a+2-0)

I= aNat2h) —0(Na—152) '~ alN—b—02-0)
and
- 20(av +2 —0) . 20(a+2-0)
T ANat1-60)—2+20]—(4-26)(1—-0) " 4—2— (N —2)a’

Recall that (¢,7) is L>-admissible, (@,7) is [H*-admissible and (a,7) is

H%-admissible.

Proof of Claim 1. First, we show that for each M and € > 0, there

exists ng = no(M,¢) such that [} ||gz-sc) < §. From (3.112) and (3.76)

we deduce

M
len ey < Canr Y Y [zl o1

J=1 1<j#k<M

T (3.121)
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We claim that the norm in the right hand side of (3.121) goes to 0 as n —
+00. Indeed, using (2.55) with s = 1 we have

[t

l*(t = 152 v (¢ = 1)z

SC“UkHi,?OH;

L'y 172 L

(3.122)
Fix 1 < j # k < M. Note that, [[v*|m < +oo (see (3.108) - (3.109)) and
by (3.105) v/, v* € S(HSC) and , so we can approximate v’ by functions of
Ce°(RNT1). Hence, defining

gn(l) = IIUk(t)Iligellvj(t — (th —ti)les,
we deduce

(i) gn € LY. Indeed, applying the Holder inequality since % = O“T_e —i—% we

get

“Il 1 ey 17 50y < o0

lgnll g < Mo NG5 L 10 g < o

S(Hsc)

Furthermore, (3.78) implies that g,(t) — 0 as n — +o0.

(ii) [gn(t)] < K Lguppwi ||0F (¢ )||0‘ 9 = ¢(t) for all n, where K > 0 and I

S upp

is the characteristic function of supp(v’). Similarly as (i), we obtain

Il

lgll g < 0¥ 112 Houppen | g g < +o0.

That is, g € L&
Then, the dominated convergence theorem yields ||g,|| pz = 0asn— oo,
and so combining this result with (3.122) we conclude the proof of the first
estimate.
Next, we prove |len!||s/12) < 5. Using again the elementary inequality
(3.76) we estimate

M
leallsrceny < Cane 3 D2 Nl W10l | e

J=1 1<j#k<M
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On the other hand, we have (see proof of Lemma 2.18 with s = 1)

~
q
Lt

[~ oM ] g < ellv®l ey |[10" (=t (= )11z

R L e T
< C||Uk||%§°H;||Uk||g(_gsc) ijS(L?)'

Since v/ € S(H*) then by (3.17) the norms ||v/ |52y and ||Vv7| gz2) are
bounded quantities. This implies that the right hand side of the last inequal-
ity is finite. Therefore, using the same argument as in the previous case we
get

e e = ez e = ele |, =0,

as n — 400, which lead to H|:z:|_b|vk|a]vj||Lq~L;, — 0.
Finally, we prove [|[Ve)||s/r2) < §. Note that
M M
Ve = V() (fm - Zf(vﬂ)) + |2V (fm - f(vﬂ))
j=1

Jj=1

(3.123)

where f(v) = |v|*v. First, we consider R.. The estimate (3.76) yields

M
||R111HS'(L2)§COQ,MZ Z H’$|_b_1|vk|a|vj|||Lg/L§f

=1 1<j k<M
and by Remark 3.13 we deduce that [||z|==|v*|*[v/] HL(;/L?, is finite, then by
t T
the same argument as before we have

|| 7> ok (¢ — o) (t — ti)]HL?L? — 0 as n — +oo.

Therefore, the last two relations yield || R})||s/ 12y — 0 as n — +o0.

On the other hand, observe that

V(i) =3 f@) = [@)Vin =3 )V
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Since (by Remark 1.15)

/) = ') < Canr D (0P + 1050 i > 1

1<k#j<M

and
(@) = f'(v7)] < Cam Z WF|* if o <1,
1<k#j<M

we deduce using the last two relations together with (3.123) and (3.124)

if a>1,

M
IR sy S D Ml k(0?12 + o) Ve

j=1 1<k#j<M

S7(L?)
and

if a<l.

1R s L2>NZ o ke v

=1 1<k#j<M

S/(L2)

Therefore, from Lemma 3.10 (see also Remark 3.11) we have that the right
hand side of the last two inequalities are finite quantities and, by an analogous

argument as before, we conclude that
IR ||s(r2) — 0 as n — +oo.

This completes the proof of Claim 1.

Proof of Claim 2. First, we show that |, em and ||, Ly.y are

2N+2)
N

bounded quantities where v = . Indeed, we already know (see (3.98)

and (3.99)) that there exists Cy such that
Z 19713 < Co,
j=1
then we can choose M, € N large enough such that

< 5
> ¥l < 5. (3.125)

Jj=Mo
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where 0 > 0 is a sufficiently small.
Fix M > M,. From (3.106), there exists ny (M) € N where for all n > n (M),

we obtain
M ~.
> IINLS(=t))¢7 |31 <6,
Jj=Mo

where we have used (3.125). This is equivalent to

M
> (=) < 6. (3.126)

Jj=Mpo

Therefore, by the Small Data Theory (Proposition 3.14)

M
D N0t = ) e < €6 for n > ny(M).
Jj=Mp
Note that,
M 2 M
o= =D IWE=t)F+2 > @ —t), v =) uy,
j=Mp gL J=Mo Mo<l#k<M

so, for | # k we deduce from (3.78) that (see [11, Corollary 4.4] for more
details)

sup |(v'(t — ), v"(t — &) g1 | = 0 as n — +oo.
teR

Hence, since ||| e g1 is bounded (see (3.108) - (3.109)), by definition of @,
there exists S > 0 (independent of M) such that

sup ||t, |3 < S for n > ny(M). (3.127)
teR *

We now show ||t ||y < Li. Using again (3.126) with § small enough
and the Small Data Theory (noting that (v,~) is L*-admissible and v > 2),

we have
M M M
>t —1) Wigry <c Do < e D (=)l < ed,
j=Mo j=M, j=My

(3.128)

14Recall that the pair (co,2) is L2-admissible (see (1.1)).
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for n > ny(M).
On the other hand, in view of (3.75)

M v M
St <Y Wlgron Y [ Wit
=My Lry =M Mo<j#h<y TRV

for all M > M. Observe that, given j such that My < j # k < M, the

Holder inequality yields

[ Wl snwu—ﬁwqu(/ |wmwﬁ)”
RN+1 RN+1

< dW%—ﬂHM;(/ wﬂ%wﬂ)”.<amw
RN+1

Since v/ and v* € L] L) we have that the right hand side of (3.129) is bounded
and so by similar arguments as in the previous claim, we deduce from (3.78)
that the integral in the right hand side of the previous inequality goes to 0
as n — 400 (another proof of this fact can be found in [11, Lemma 4.5]).

This implies that there exists L; (independent of M) such that

My M
[l <D 10+ D> o7 <Ly forn>n (M), (3.130)
Jj=1 Jj=Mo

LyL)
where we have used (3.128).

To complete the proof of the Claim 2 we show the following inequalities

= it || e < el e prp I (3.131)
and
N - 1-2 - X
[tn | gy < [nl o 0l 2o s (3.132)

where 6 € (0, ) is a small enough number and the pairs (a, ) and (a,r) are

H*-admissible and H*-admissible, respectively.
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Assuming the last two inequalities for a moment let us conclude the
proof of the Claim 2. Indeed combining (3.127) and (3.130) we deduce from
(3.132) that

. oy X
@l e, < S aLy = Ly, forn >ny(M).

Then, since u,, satisfies the perturbed equation (3.111) we can apply the
Strichartz estimates (Lemma 1.14) and (3.131) to the integral formulation

and conclude (using also Claim 1)

nllsreey < elltimollm + e |[l2l ™1t o 0+ llen s ir-sc)

< ¢S+cly+e=1L,

for n > ny (M), which completes the proof of the Claim 2.

To prove the inequalities (3.131) and (3.132) we divide in two cases:
N > 3 and N = 2, since we will make use of the Sobolev embeddings in
Lemma 1.10.

Case N > 3: We begin defining

_ 4a(N +2) B 2aN(N +2)
“=7"ND "TE-2)(N+2)—ND
_— da(N + 2)

da(N+2) — (o +1—-0)ND

and
2aN (N + 2)

2IN+2)(a(N—=2)—(2-0b)+ND(a+1-106)
where D =4 —2b— (N — 2) and 0 € (0, «) to be chosen below.

Note that 7 satisfies the condition (1.5), that is 2_]\2750 <7 < 22 Indeed

7=

N

— 2N . .
T < 75 Is equivalent to

a(N+2)(N—2) <2(N+2)(a(N—2)—(2-0)) + ND(a+1—0) <
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(N+2)D < ND(a+1-0)
Na+1—-60)>N+2 & aN—-2—-60N > 0.

Since a > (4—2b)/N we have aN —2—60N > 4—-2b—2—0N = 2(1—b)—6ON

(here we use the condition 0 <

o L . 2(1—b)
and this is positive choosing 6 < =5

b < min{%, 1} to guarantee that 6 can be chosen to be a positive number).

Therefore, since aN — 2 — N > 0 one gets 7 < ]\2]—]_\[2 On the other hand,

Nozs. = 23 18 equivalent to

(N+2)(4—2b) >2(N+2)(a(N—-2)—(2—-0))+ ND(a+1-0) &

N+4+6N
AN+2)D> ND(a+1-0) < a< %
Since o < 2, (defined in (3.7)) we need to verify that 22 < NH0N for

N >4 and 3 —2b < 7+T39 for N = 3. The first inequality is equivalent to
N(4—2b) <(N+4+6N)(N —2) and this is always true since N > 4. The
second case is also true choosing!® 6 > max {0, @}

Moreover, it is not difficult to see that (a,r) is H*-admissible! and (a, 7)

is H—%-admissible.

We first show the inequality (3.132). Indeed, by interpolation we have
- ~ 1= N x
alliprs < 1l Il

where
1
_:@_1>G)+;
r al \p a

5In the particular case when N = 3, we need to choose # > 0 such that

max {07 M} <0< @7 since also need 6 < # to obtain 7 < 255.

16We notice that r satisfies (1.3), that is 25— < r < 285, Indeed r < 2% is

equivalent to a(N?—4) < 2(4—2b)+aN (N —2) & a < 12 Moreover, 7 > NQ_AQ’SC = f«

. . —2b
is equivalent to (N + 2)(4 — 2b) > 2(4 — 2b) + aN(N — 2) & a < 3-2.
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which is equivalent to (recall that v = W)
(1-2) (1) S
a/ \p rooa
20-D  24-2b)—ND
P N 2N
2N
b= N=2

Hence, since H' — L% (see inequality (1.8) with s = 1) we obtain the
desired result. On the other hand, the proof of inequality (3.131) follows
from similar ideas as the ones used in the previous chapter. We divide the
estimate in B and BY. Let A C RY that can be the ball B or B. From the

Holder inequality we deduce

el gy < || Wl sl ars N2 2, |
¢ t
< Ml sl I 1 10
el Yl [ 522,
where
1 1 1 1 _
g:a+r—l+g r=(a+1-0r, a=(a+1-20)d.

Using the values of @ and a above defined, it is easy to check a = (a+1—0)a’.
Moreover, to show that |||z|™|| L4(a) is a bounded quantity we need & —b >0

for A = B and % —b < 0for A= BY see Remark 1.17. Indeed, the last
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relation implies

N N N N 1-—
A S N—b———T—M
d r1 7 r
N 2—-b 2 2—-0 2
Y () g (2
& a a a a
N 2-0b 2 2—-b 2 1-0
T a a a a
N 6(2-b 2 2
-~ —2——+g+j+,—,
! a a a
_ #2-b) N
N o ry
Choosing 6r1 = 2 we have & — b = —fs. < 0, so |z|™* € LYB°) and if

Or1 = 22 then & — b =0(1 — s.) > 0, ie., |z|™* € LY(B). Therefore, since
in both cases 0r; € [2, ]3—11[2] by the Sobolev embedding (1.8) we complete
the proof of the inequality (3.131).

Case N = 2. In this case we use the following numbers

_ 20(a+1-0) . 2a(a+1-0)
- 2-b+e S 2=-b(a—0)—¢
and
_ 200 2«
a = r=—
20— (2—-b) —¢ e’

where 6 € (0,) and £ > 0 are sufficiently small numbers. A simple compu-
tation shows that (a,r) is H*-admissible and (a,7) is H—* admissible.!”

The interpolation inequality implies (in this case v = 4)

~ O T A
HunHLiLL; < ”unHLtooaLiz’HunH[a/?L;v

"Note that 7 satisfies assumption (1.5) with N = 2, that is 1323 = % <7<

!/
((1 fsc)’L) . The first inequality is equivalent to 2?“ > QQTO‘b and this holds since

I
2 —b—¢ > 0. On the other hand by the definition of ((Lﬁ) (see (1.4)) we con-

1+4+s,
!/
= _ 2« 2 —+
clude 7 = =% < <(1+sc) ) .
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where

This is equivalent to

-2) - 2

_ 270 4
B (2a—b)(o7—9+1)—2(2—b—6)
B ala—60+1) '

So we obtain

ala—0+1)—2[(2—-b) —¢]
(2—=b)(a+1—-0)—2[(2—-0b) —¢]
Since we are assuming o > 2 — b we have p > 2, thus by the Sobolev

embedding H' < LP (see (1.7) with N = 2) the inequality (3.132) holds. To

p:

show the inequality (3.131) we use the same argument as the previous case,

that is
T [ P A P A e
= |||$|_"||Ld<A)||ﬁn||ignIIﬂnII%ﬁ{l,
where A = B or B¢ and
1 1 1 1 .,
;:C—Z+r—1+g r=(a+1-0ry, a=(a+1-0)d.
Moreover, we obtain
2 2 2 2 1-6
S_p - 2—p—_Z_ (a+1-0)
d r T r
0(2 —b) 2

If we choose Ory € (2, 2%) then 2 —b < 0 (so |z|™" € L4(B)) and if Ory €

(£%,+00) we have 2 —b < 0 (so |z[™" € L4(B)). Therefore |z|™" € L4(A)
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and so by the Sobolev inequality (1.7) with s = 1, we complete the proof of
the inequality (3.131).
]

In the next proposition, we prove the precompactness of the flow asso-
ciated to the critical solution u.. The argument is very similar to Holmer-

Roudenko [23, Proposition 5.5].

Proposition 3.29. (Precompactness of the flow of the critical solu-

tion) Let u. be as in Proposition 3.28 and define
K ={u.(t) : t€[0,+00)} C H'.
Then K is precompact in H*(RY).

Proof. Let {t,} C [0,+00) a sequence of times and ¢, = u.(t,) be a uni-
formly bounded sequence in H'(RY). We need to show that u.(t,) has
a subsequence converging in H*(RY). If {t,} is bounded, we can assume
t, — t* finite, so by the continuity of the solution in H'(RY) the result is
clear. Next, assume that t,, — +o00.

The linear profile expansion (Proposition 3.25) implies the existence of

profiles 1)/ and a remainder W such that
M
ueltn) = Y U(=th)e! + W,
j=1

with [t — tF| — +00 as m — +oo for any j # k. Then, by the energy

Pythagorean expansion (Proposition 3.27), we get

lim E[U(—t)y] + lim E[WM] = Elu.] = 6., (3.133)

— n—+o0o n—+oo
]:

where we have used Proposition 3.28 (ii). This implies that

lim E[U(-t))¢'] <0 VY,

n—+oo
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since each energy in (3.133) is nonnegative by Lemma (3.21) (i).
Moreover, by (3.80) with s = 0 we obtain

ZMW + lim M[WM] = M[u.] =1, (3.134)

n—-+00

by Proposition 3.28 (i).
If more than one v’ # 0, similar to the proof in Proposition 3.28, we
have a contradiction with the fact that [[ucl|g .., = +00. Thus, we address

the case that only 17 = 0 for all j > 2, and so
ue(ty,) = U(—tL)yt + WM. (3.135)
Also as in the proof of Proposition 3.28, we obtain that

M@l = Mlu] =1 and lim E[U(-t))y'] =6, (3.136)

n——+0o00

and using (3.133), (3.134) together with (3.136), we deduce that

lim MWM] =0 and lim E[WM]=o0. (3.137)

n—-+00 n—-+00

Thus, Lemma 3.21 (i) yields

lim ||[WM| ;= o0. (3.138)

n—-+o0o

We claim now that ¢} converges to some finite t* (up to a subsequence).
In this case, since U(—tL)yp! — U(=t*)y! in HY(RY) and (3.138) holds,
the relation (3.135) implies that u.(t,) converges in H'(RY), concluding the
proof.

Assume by contradiction that |t1| — 400, then we have two cases to

consider. If & — —oco, by (3.135)

1T (et lsarseoroen < N0 Et)Y (e 10,400 FNIT O W lg(izsesfo oo
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Next, note that since t. — —oo we obtain

1
HU(t - t111>¢1||S(HSc;[O,+oo)) < ||U<t)1/}1||S(H8c;[_t{“+oo)) < 567

and also
1
HU(t>Wr]LVI||s(HSC) < 55,

given 0 > 0 for n, M sufficiently large, where in the last inequality we have

used (1.10) and (3.138). Hence,

HU(t)uC(tn)|’S(H$c;[07+oo)) < 4.

Therefore, choosing § > 0 sufficiently small, by the small data theory (Propo-
sition 3.14) we get that

[uellrrsc) < 20,

which is a contradiction with Proposition 3.28 (iv).
On the other hand, if ¢} — 400, the same arguments also give that for

n large,
HU(t)uC(tn)HS(HSC;(foQO]) S 5,

and again the small data theory (Proposition 3.14) implies

HUCHS(HSC;(_OO%]) < 29.

Since t, — +00 as n — 400, from the last inequality we get |[uc|| g s < 26,
which is also a contradiction. Thus, ¢, must converge to some finite t*

completing the proof of Proposition 3.29.

3.6 Rigidity theorem

The main result of this section is a rigidity theorem, which implies that the

critical solution u, constructed in Section 3.5.2 must be identically zero and
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so reaching a contradiction in view of Proposition 3.28 (iv). Before proving
this result, we begin showing some preliminary results that will help us in

the proof.

Proposition 3.30. (Precompactness of the flow implies uniform lo-

calization) Let u be a solution of (3.1) such that
K ={u(t) : t€[0,400)}
is precompact in H*(RY). Then for each e > 0, there exists R > 0 so that
/| . |Vu(t,z)|*dz < ¢, for all 0 < t < +o0. (3.139)
x|>

Proof. The proof is similar to that in Holmer-Roudenko [23, Lemma 5.6]. If
(3.139) does not hold, then there exists ¢ > 0 and a sequence t,, — +00 such

that, for each n € N,
/ |Vu(t,, z)|*dr > 2. (3.140)
lz|>n

The fact that K is precompact yields that there exists some ¢ € H' such

that, up to a subsequence of t,, u(t,) — ¢ in H', which implies

1
/ V() — 6)Pdr < e (3.141)
On the other hand, since ¢ € H', taking n sufficiently large we can get
1
/ |Vo|Pdr < —¢. (3.142)
|z|>n 4

Thus, (3.141) and (3.142) lead to

/ Vult,z) 2z < 2/ V(ult,) — 6)Pdz + 2/ VoPdz < e,
lz|>n

lz|>n

which is a contradiction with (3.140). []

We will also need the following local virial identity.
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Proposition 3.31. (Virial identity) Let ¢ € C°(RY), ¢ > 0 and T > 0.
For R> 0 and t € [0,T] define

_ 2, (T 2
anlt) = [ R () lutt.o) s
where u is a solution of (3.1). Then we have
/ T —
2o(t) = 2RIm | V¢ (-) . Vuadz (3.143)
RN R

and

Ou du ¢ :v 2
_4ZR€ Oy O, (’hkax] “”__/| [Fa%

/m byu\wm( d:c+—/V 2| ) w( )|u|a+2dx.
(3.144)

a+2

Proof. We first compute z5. Note that
Oul* = 2Re(ustt) = 2Im(iusu).
Since u satisfies (3.1) and using integration by parts, we have
2p(t) = 2Im / R*¢ zutudx
= —2!m/R2 (Aut + [z ~"|u|*"?) dx
= —2Im / R2¢ E v (Vuii)dx
= 2RIm/V¢ (}%) - Vuudzx.

On the other hand, using again integration by parts and the fact that z —z =

2iImz, we obtain
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() = 2RIm / Vo (%) (@ Vu + V) do

= o {5 [a0,00,0(5) as - (10,0 (5)) |
J
= 2RIm {; 2i]m/ﬁtaxju8mjgb (%) dx — / }%utﬂaijgzﬁ (}%) dx}
— 4RI, +2I,,
where
L=ImY / 140y, Uy, & <}%) and I, = —Imy_ / wad? (}%) do
J J

We start considering I,. Since u is a solution of (3.1) we get
x
I, = —Im {2/132 utid? ¢ )dg;} — Z/ |~ |ul* 202 ¢ (}—%) dx

- Im{Z/ <|8mku! 92 ¢ ( )+ 3xkuﬂai3§$ (‘x))d:c}
= [ lalul 286 (3) do

3
- /(|Vu|2—|m|_b|u|a+2) 26 () do+ ZRe/axkuuai;; (%) dr.

where we have used integration by parts and the fact that Im(iz) = Re(z).

Furthermore, since 0, |u|* = 2Re (9,, uii) another integration by parts yields

= /(|vu|2_|x|_b|“|a+2) A¢ (%) d“’_QR?Z/| |23:1328m ke
k

— /(]Vu]Q 2|0 |ul**?) A¢ :c—2—R2/1 |?A%¢ dx(3 145)

Next, we deduce using the equation (3.1) and I'm(z) = —Im(Z) that
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I, = —ImZutﬁxjﬂ&chb (%) dx
J
= —]miz {/ (Au + |:B|—b|u|au) Oy U0y, & (%) d$}
J
= —Rejzk/&%kua Uy, @ Z dm—Z/m ba,rjqﬁ \u|aRe(8xjﬂu)dx
_ 33 a
= —Re;/aikuaxju&cj(b R> dx——Z/m baqus On, (Jul ) dg

=A+ B,

where we have used Im(iz) = Re(z) and 0,, (|u|*"?) = (a+2)|u|*Re(0,,uu).
Moreover, since 0y, |0, ul* = 2Re (@cku af gx ) and using integration by parts

twice, we get

b
I

0% 0% T
Rez {/ (@Jqﬁ( > ' &L'kaxj + Ra «U0r; U Oz 0z}, (E)) d:c}
P sx
— _ZQR/](?MM 62 )dx—i— ;Re/a LU0 U Dz 0m8 (E) dx
_ P¢ s
- _ﬁ/\vuﬁw = d:z:—l—E;jRe/@ LU0y T Pz 00 (E) dz.

Similarly, integrating by parts

—b [ 33’ —b «
L (/am o0 el + 3, [ 0 () e Hul2ar)

1
/w V(|| b)|u]a+2da:+m/A¢ (%) 2| b Ju|*+2dz.

B =
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Therefore,

1 0%y sz
/qu] Agb dm+EiZjRe/8 u@x]ua e <}—%> dx

5 [ V0 (F) - Tl e + s [ 80 () ol Ml

(3.146)

Finally it is easy to check that combining (3.145) and (3.146), we obatin
(3.144), which completes the proof. ]

Finally, we apply the previous results to prove the rigidity theorem.
Theorem 3.32. (Rigidity) Let uo € HY(RY) satisfying
Blug]* Mlug]=* < B[Q M[Q)'

and

‘1 sc.

IVuollz2 lluoll 2"

If the global HY(RN)-solution u with initial data uy satisfies
K = {u(t) : t €[0,+00)} is precompact in H'(R")

then ug must vanish, i.e., ug = 0.

Proof. By Theorem 3.1 we have that u is global in H'(R") and

IVu@)ll lu) (3.147)

On the other hand, let ¢ € C§° be radial, with

|z|* for|z| <1
¢(x) =
0 for|z| > 2.
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Then, using (3.143), the Holder inequality and (3.147) we obtain

R0 < cR / Vu@)llu@®)ldr < cR|Va(t)| zl|ult) 2 S k.

|z|<2R
Hence,

|25 (t) — 25(0)] < [2R()] + |2R(0)] < 2¢R, for all ¢ > 0. (3.148)

The idea now is to obtain a lower bound for 2} (¢) strictly greater than

zero and reach a contradiction. Indeed, from the local virial identity (3.144)

" _ 82¢ ZL’ 2
t)=4 ]Ek Re/@ U0y T axka% dx — —/| °A%¢
_ 2a —b|, |a+2 x ) a+2
/ | ~*ul Aqs(R)dH / (e ws( ) lul*+2da

o+ 2
4(No + 2b)
o+ 2

= 8|[Vull?; - [l *2]|, + Ru(t)), (3.149)

where

it =13 se [ (220 (R)_Q) oo +4 3R s () duom
J

- [1uPae (5) + 25 [Vl w( )l
+/ (—Qa(Agb () - 2N) +8b) |l

o+ 2

Since ¢(z) is radial and ¢(x) = |z|* if |z] < 1, the sum of all terms in the
definition of R(u(t)) integrating over |z| < R is zero. Indeed, for the first

three terms this is clear by the definition of ¢(z). In the fourth term we have

8 8
V(2|7 - xlu|*Pde = —— —blz||u|*"?dz,
a+2 Ji<r a+2 Jip<r

and adding the last term (also integrating over |z| < R) we get zero since
A¢ = 2N, if |z| < R. Therefore, for the integration on the region |z| > R,

we have the following bound

R < ¢ [ (IVaF + gl + e ) ?) do

|z|>R
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< ¢ / <|Vu(t)]2+%]u(t)]sz%m(t)\‘”z) dr,  (3.150)
l2|>R
where we have used that all derivatives of ¢ are bounded and |Rd,, (|z|~%)| <
clz| = if |z] > R.
Next we use that K is precompact in H'(R"). By Proposition 3.30,
given € > 0 there exists [ty > 0 such that [, [Vu(t)|* < e. Furthermore,

by mass conservation (3), there exists Ry > 0 such that 7 f| t)* <e.
2

1“>R2 |U
Finally, by the Sobolev embedding H! <« L*™2, there exists Rs such that

= Jiaisry [0@)]*? < ce (vecall that [ju(t)]|y is uniformly bounded for all
3

t > 0 by (3.147) and Mass conservation (3)). Taking R = max{R;, Ra, R3}
the inequality (3.150) implies

1

|R(u(t))| < c/ (|Vu(t)]2 + %m(t)]? + ﬁ|u(t)\o‘+2> dr < ce. (3.151)

|z|>R
On the other hand, Lemma 3.21 (iii), (3.149) and (3.151) yield

2p(t) > 16AE[u] — |R(u(t))| > 16 AE[u] — ce,
Elv]se M[]1—s¢

E[Qse M[Q]! ~s¢
Now, choosing ¢ = #4 E[u], with ¢ as in (3.151) we have

where A =1 —w? and w =

25 (t) > 8AFE|ul.
Thus, integrating the last inequality from 0 to ¢ we deduce that
2n(t) — 25(0) > 8AEult. (3.152)

Now sending ¢ — oo the left hand of (3.152) also goes to +o0o, however
from (3.148) it must be bounded. Therefore, we have a contradiction unless

Elu] = 0 which implies © = 0 by Lemma 3.21 (i). O
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