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Abstract

A celebrated result of Kontsevich-Zorich ensures that the moduli space G, of pointed
curves of genus g whose marked point is subcanonical has three irreducible components. In
this work we present an explicit method to construct a compactification of the loci which
corresponds to a general point of an irreducible component of G,, namely the loci of pointed
curves whose symmetric Weierstrass semigroup is odd. The construction is an extension of
Stoehr’s techniques using equivariant deformation of monomial curves given by Pinkham by
exploring syzygies. As an application we prove the rationality of the loci for genus six. By
fixing a family of semigroups of multiplicity 6, we also compute the dimension of the moduli
space of pointed curve whose Weierstrass semigroup at the marked point belogns to the fixed
family.

Key-words: Weierstrass point, Symmetric semigroup, Deformation, Syzygy, Moduli space.
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1 Introduction

It is very known that a billiard on a convex polygon with 2n sides induces on compact
Riemann surface of genus g := [(n — 1)/2] an abelian differential with a zero of order 2g — 2 at a
point P. One of the first to observe this was W. Veech in [Vee]. By the Riemann-Roch theorem
the Weierstrass semigroup of the compact Riemann surfaces at P is symmetric, in terms of
algebraic geometry, the compact Riemann surfaces with such abelian differential corresponds to
a subcanonical algebraic curve. In a celebrated result, Kontsevich-Zorich [KZ] showed that the
locus G, of compact Riemann surfaces of genus g with a fixed abelian differential with a zero of
order 2g — 2 has exactly three irreducible components, the locus gg;yp of hyperelliptic points, the
even Gg¥" and the odd Q;’dd points. Ten years late E. Bullock [Bu] computed a general point of

each component of G,.

Furthermore the sets M;{l which parametrizes pointed smooth genus g curves with
Weierstrass semigroup H at the marked point form a stratification of the moduli M, ; of pointed
genus g curves. They are also important to obtain some classes in the Chow ring of M, ;, as can
be seen in the work of Gatto-Ponza [GP].

Besides the above two applications of Weierstrass points we do not know general results,
as we would like, about ./\/lz}fl. For example, when it is non empty? If no empty, what is this
dimension? When are they rationals? Of coarse that are some beautiful works answering the
above questions in suitable cases. We will talk about them in the Chapter one of this thesis, in

order to set our work in the known literature.

We have to cite two relevant works for this thesis, the works of Stoehr [S] and Contiero—
Stoehr [CS] on the construction of a compactification of M;ﬁ when H is symmetric. We note that
in both of these works there is a restriction on the symmetric semigroup, whichis 3 < ny < g. It is
clear that if ny = 2 or n; = 3 the symmetric semigroup can be generated by less than 5 elements.

Now, by the jacobian criterion and elimination theory, the moduli space .#% is an open subspace

of A 97:[1. If the symmetric semigroup H is generated by 4 elements, say H = <mgi, ma, ms, m4>,
then by using Pinkham’s equivariant deformation theory [P], complete intersection theory and
a quasi-homogeneous version of Buchsbaum-Eisenbud’s structure theorem for Gorenstein ideals
of codimension 3 (see [BE, p.466]), one can deduce that the affine monomial curve Spec k[H] =
Spec k[t™1 2 ¢™3 {™4] can be negatively smoothed without any obstructions (see [B], [W1]
[W2, Satz 7.1]), hence dim .#3; = dim P(T&E;[”k), and therefore

. -
'%;:tl = P(Tkm”k)a

and so .4 is a dense open subvariety of ///g?fl.

So it remains to study the excluded case when the multiplicity of the symmetric semigroup

is g. Thus H := (g,g+1,...,29—2) which corresponds to the odd general family of the Bullock’s
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theorem, see Theorem (2.4.7). Let C be a trigonal curve, not necessarilly smooth, by taking a
non-ramification nonsingular Weierstrass point P of C we show that if H symmetric, then the
Weierstrass semigroup at P is Hp = {0,¢9,9 + 1,...29 — 2,2¢,2g + 1...}. This semigroups
are negatively graded, see theorem (2.4.3), hence dim ./\/l;fl = 2g + 1. Here we extend the
Stoehr and Contiero—Stoehr techniques to deal with trigonal curves. We proof that the ideal
of a gorenstein monomial curve which realizes a trigonal symmetric semigroup of genus g is
generated by quadrics and cubic forms. By deform the ideal of the trigonal monomial curve and
by exploring syzygies we get a rather explicity construction (3.2.9) of the moduli space ./\/l;fl
with H := (g,g+1,...,2g9 — 1). We also note that our construct can be applied for nontrigonal
cases, just because it is a generalization of the Stoehr and Contiero—Stoehr results. With this

we conclude the Chapter one.

In the chapter two we apply the our construction and we get explicity the moduli spaces
M}f{l and M%’fl when H is a symmetric trigonal semigroup. For genus 5, since the trigonal
symmetric semigroup ‘H = (5,6, 7, 8) is negatively graded and genetared by less than 5 elements,
we know that ./\/l;fl = PY. Let us consider the trigonal symmetric semigroup H := (6,7,8,9,10)
of genus 6. Since it is negatively graded, dim M;ﬁ = 11. Applying our construction we conclude
that M;{J is irreducible in ./\/l%fl, locally given by three equations and therefore, we show that the

variety /\/l%“fl is rational, while in Bullock [BUL] theorem 1.1, he only shows M;{J is irreducible.

A theorem of Deligne [D] ensures that dim M;ﬁ < 29+ X — 2, where A > 1 stands for
the number of gaps [ such that [ 4+ m is a nongap for each positive nongap m, whose proof
involves an interplay between three different moduli spaces that in symmetric semigrous is equal
to 2g—1. Moreover, in [CS] is developed a method to calculate an upper bound of M;ﬁ, with H a
symmetric semigroup, which consists in approximate the compactified moduli space M;’fl by an

affine quadratic quasi-cone (see [CS], thm. 3.1). This upper bound improves the Deligne’s upper
bound in infinitely many exemples of symmetric semigroups. With this same approach and the
lower bound obtained by Nathan in the theorem (2.4.8), in the chapter three we calculate the

exact dimension of the moduli space Mz;fl for the family of symmetric semigroups
H=1(6,3+67,4+ 67,7+ 67,8+ 67),

of genus 3 + 67. We found the upper bound 87 + 7 of Mz]'fl which for each 7 > 1 it is better
than the Deligne’s upper bound 2¢g — 1 = 127 + 5. On the other hand, by the theorem (2.4.8)
the lower bound of /\/l;'fl is 87 4+ 7 which is equal to the upper bound.
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2 Preliminaries

2.1 The Dualizing Sheaf

Let k be an algebraically closed field. A curve C is a reduzed complete integral scheme
of dimension one defined over k. We recall that a scheme X with rational function field K
is complete if for each discrete valuation ring R of K| there is an unique x € X such that
Oz x € R C K. Alternatively, fixed an algebraic function field of one variable K|k a complete
reduced integral curve C defined over k with field rational function K is the set {Op}po of
local k-algebras, properly contained in k(C) satisfying the follows properties:

i. For almost all P € C, the local ring Op is a discrete valuation ring.

ii. For each discrete valuation ring B of k(C)|xk there is an unique P € C such that Op¢ C
BCK.

The first condition means that there is a finite number of singular points of C. By the second
condition we obtain a surjective map 7 : C — C, where C is called normalization of C defined to
be the set of all discrete valuation rings of k(C)|x. For P € C, the elements of the fiber 7—1(P)
are called branches of C centered at P. Since the branches over a point P are zeros of rational

functions vanishing at P, the branches are finite.

For a singular point P of C, let Q1,...,Qm € C be the branches centered at P. The
integral closure
@p:OQlﬁ...ﬂOQm

of Op is a principal ideal domain. By a Rosenlicht theorem ([R], Theorem 1), the dimension
513 = dimk @p/Op

is finite, called the singularity degree of P.

Let us recall the notion of dualizing sheaf of a curve C. For any curve C with normalization
v:C — C, the dualizing sheaf we associates to each U C C the space of the rational one-forms
A on v~ HU) c C such that for each P € U and f € O¢ p,

Z Res(v*f-A) =0. (2.1)

Qeri(p) ¢
Alternatively, to introduce the concept of dualizing sheaf on curves defined from a fixed algebraic
function field, we first recall the notion of fractional ideal sheafs. We say that a sheaf F is a
fractional ideal sheaf over C if it is coherent and for each point P of C , the stalk Fp is a fractional

Op-ideal. Equivalently, F is a fractional ideal sheaf if
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1. For every P € C

a) Fp C k(C);
b) there is fp € k(C) such that fpFp is an ideal of Op.

2. Fp = Op for almost every P € C.

The dualizing sheaf can also be introduced as in [S2] as follows: for each n € Qllc(c)\k’
let w;, be the fractional ideal sheaf such that for all point P € C the stalk w, p is the largest
fractional Op-ideal in k(C) such that satisfies the condition (2.1). Since the vector space Qllc(c)|k
of differentials is one-dimensional over the function field k(C), we way assume that the dualizing

sheaf we = wy, - n for every n € Qi(c)‘k. We note that if P € C is a smooth point then w, p =
tl—DUP(ﬂ) . OP-

Instead of canonical sheaf for smooth curves we use the dualizing sheaf to obtain the
Riemann-Roch theorem. For F, G fractional Op-ideal sheafs, let us consider the sheaf Hom(F,G)
such that on a point P € C the stalk

Hom(F,G)p = hom(Fp,Gp) = (Gp : Fp) = {f € k(C)|fFp C Gp}.
Thus for n € Qyc)/x and F a fractional Op-ideal sheaf we can show that
hY(F) = deg(F) + 1 — g + h®(Hom(F,wy)),
and applying the Serre duality
HO(Hom(F, wy)) -1 = H’(Hom(F, we)) = hom(F,we) ~ H'(F),
and therefore

Theorem 2.1.1. (Riemann-roch) For each fractional ideal sheaf F over a curve C the following
relation is true

hO(F) = deg(F) 4+ 1 — g + h'(F).

Remark 2.1.2. By Riemann-Roch theorem we get the genus formula

g:§+Z5P7
PeC

where g is the geometric genus of C which is defined as the arithmetical genus of the normalization

C.

Example 2.1.1. Let C be the curve given by the projective closure of Spec(A), where A =
k[t3,t*,#5]. The curve C has only singular point P which corresponds to ¢t = 0, where Op =
Ags 44,45 Since t € K[t] is integral over A and A C k[t] C k(¢3,t4,%), we conclude that k[t] is
the integral closure of A in its field fractions, hence the normalization of C is C = P'. We can
see that the fiber over the point P is an unique point P and we have Op = Op = k[t}(t) and
therefore the genus of C is g = g+ dim(Op/Op) = 0+ 2 = 2, where g is the genus of C. As the

dualizing sheaf does not depend on the chosen form, we take the form n = f—gf and by what was
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written above we ~ wy,. In the singular point P we wish to show that we ~ w, p = Op +tOp.
On the one hand, t? ¢ w, p because Resp(tzn) = 1 and the same is true for every t=",n > —1
since that w, p is a Op-module and t" € Op for n > 3, hence w, p € Op + tOp. The other
inclusion it is immediate because Resp(fn) = 0 for f € Op +tOp. Now if Q is a nonsingular
point of C given parametrically by ¢ = a, then t% is an unity in Op and so w, p = Op. Finally,
in the infinite point P, the local parameter is t~! and can write n = ¢t~1d(t~!) and we obtain
wy, P, = tOp, . This means that H(C,wc) = (1,t).

A point P € C is said to be a Gorenstein point if the stalk of the dualizing sheaf we p
is a free Op-module. The curve C is Gorenstein if all of its points so, or equivalently, if w is an

invertible sheaf.

Let f = (O : O) be the conductor of C such that for any P € C its stalk is
(O: @)P = (Op: @p) ={he k(C)|h@p C Op},

which is the largest fractional Op-ideal smaller than or equal to Op. Now, let xg,...,x, be

k-linear independent elements of k(C), so that for n > 1 we have the morphism
(20,...,2n) : C — P,

whose image by the extension theorem of valuation theory is a projective algebraic curve (see

[S3]). Thus we obtain a morphism C — P™ such that the diagram

c—p (2.2)

commutes if and only if the Op-ideal Z(’)px,- is principal. Let 1 be a non-zero differential

7=
one form such that we = wy, - n. By choosing a basis 7o, ...,ny—1 for the space of the regular

differentials on C, we can write
n=xm (i=0,...,9—1),
where g, ..., 241 is a basis of H°(C,wc). In this way, we have
Moy -3 Mg—1) = (X0, .-, Tg—1).

The following theorem is well known in the literature and we will reproduce its proof which can
be found in [S2].

Theorem 2.1.3. Let C be a curve of genus g > 1. For each P € C, we have
we,p = Opzro+...+ Opngl.

The morphism (ng, . ..,nmg—1) : C — P9~ induces a morphism C — PI~L if only if the curve C

is Gorenstein.



14 Capitulo 2. Preliminaries

Demonstracao. We know that a curve C is Gorenstein if and only if the dualizing sheaf w¢ is
locally principal which is equivalent to diagram (2.2) being commutative, and so we have a

morphism C — P91, In this manner, we will proof that the ideal we,p = Opxo+...+O0pxy_1.

If P € C is a singular point, then the conductor sheaf fp C mp and by Nakayama lemma
it is enough to observe that we p C - Opx; +fp-we p. On the other hand, if P is a nonsingular
point of C, then Op is a discrete valuation ring and we p is a principal ideal. The idea is to
consider the sheaf F on C such that

Fp=mp s we,p and fQ =we,Q for Q € C\{P}

We need to prove that if there is a function s € H(C,we)\H(C, F), then we p = Op-s. For this it
is enouth to show that h%(C, F) < h%(C,wc). By Riemann Roch theorem h°(C, F) = h°(C,wc)—1
that implies h°(we : F) < 1 and still

(wC:f):mI_gl H Op > 0O,
Q#P

hence H? (C, (we : F)) 2 k = H%(C,O). We suppose, by contradiction, that there is a non-
constant function z € H (C, (we : F)). Note that function z has only a simple pole in P and
does not other pole in X \ {P}. Thus K = k(z), and therefore the geometric genus § of the curve
C is zero. Now, for a point @ € C — { P} let’s consider ¢ the value of the function z at this point
Q. Since z—c is zero at () and P is the only simple pole of z — ¢ follows that dimy Og/(z—c) =1,
hence O is not discret valuation ring, so the point () is nonsingular. This means that X = X

has genus g = 0 that it is not possible. O

We will not prove the next result which can be found in [R].

Theorem 2.1.4. Let C be a Gorenstein curve. The morphism C — P91 is an isomorphism

onto the image curve if only if C is non-hyperelliptic.

2.2  Weierstrass Points

A numerical semigroup is a submonoide H of N (that is, a subset of N such that contains
0 and it is closed with respect to addition) such that L = N\ H is finite.

The genus g = g(H) of H is
g=9H):=|N-H|

The elements 1 =11 < ... <!, of L and the elements 0 = ng < ny < ... of H are called of gaps

and nongaps of H, respectively. If ny = 2 the semigroup is called hyperelliptic. For ny,...,n,
relatively prime positive integers, we denote (ni,...,n,) := {ain1 + ... + a,n.|a; € N} the
numerical semigroup generated by ni,...,n,, and conversely all numerical semigroup can be

generated by a finite number of elements. For example, the hyperelliptic semigroup is given by
H=(2,2g+1).
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Let H be a numerical semigroup. The least positive integer ¢ = ¢(H) such that c+N C H
is called the conductor of H. We say that H is symmetric if there is an integer d such that
n € H if, and only if, d — 1 — n ¢ H, equivalently if ¢(H) = 2g(H). Alternatively, if we denote
End(H) = {n € N|n + HT C H} which is the set of the translations of H, then H is symmetric
when A\ = [End(#) : H] = 1. It’s important to observe that End(#) is also a numerical semigroup
which contains H and the largest gap l,. We also note that [, = ¢ — 1. To see this, given any
non-negative interger x such that Iy + (14 ) > [, follows Iy + 1 + = € H, and by minimality of
¢, c <ly+1.If ¢ — 1 < I, then there is an integer ¢ > 1 such that [; = c+ (¢ —1) € H that is a

contradiction. This means that [, = ¢ — 1.

Example 2.2.1. The semigroups H = (2,5) and H' = (3,4,5) are the only semigroups of genus
2 and both are symmetrical. There are four semigroups of genus 3: H; = (2,7), Ha = (3,5,7),
Hs = (3,4), Ha = (4,5), of which H; and H3 are symmetrical since [z = 5.

Proposition 2.2.1. Let C be a monomial curve of genus g, see (2.4), P be a Weierstrass point of
C having semigroup H = (no,...,ng—1) and c be the conductor of H. The curve C is Gorenstein

if and only if the semigroup H is symmetric.

Demonstracdo. Initially we will show
f = {h € Op|Ordp(h) > I, + 1}, (2.3)

where f is the conductor of C. Since c is the conductor of H, we have ¢ = [; + 1. By definition
of the conductor of C, f must be contained in the set of the right side of the equality (2.3).
Conversely, given h € Op with Ordp(h) > ¢ means that Ordp(h) = Ordp(g) for some g € Op.
Thus there is an unity e € Op such that Ordp(h —eg) > Ordp(h). By applying induction there
is also an element ¢’ in Op satisfying Ordp(h — ¢’) > ¢/ where ¢ is the last value of an element
of f. Each element /' € Op with Ordp (k) > ¢ are in Op, so h € Op. In particular, h € f.

We will suppose that H is a symmetric semigroup and h € m~! h ¢ Op, where m is the
maximal ideal of Op. We must to show that the length of the O p-module m~1/Op is 1 (see [EK]
to the equivalences of Gorenstein rings). If Ordp(h) € H then we can find an element g € Op
such that Ordp(h — g) ¢ H and still h — g € m~!, and so we may assume that Ordp(h) ¢ H.
If Ordp(h) < l4, then since H is symmetric l; — Ordp(h) € H. Take an element ¢' € Op with
Ordp(g’) = ly — Ordp(h), so that Ordp(¢g’h) = I, and hence ¢’h ¢ Op, contradicting h € m~1.
Thus Ordp(h) = I, that means m~! contains besides Op only elements of order /,. This implies
that m~—! /Op is a Op-module of length 1 and hence Op is Gorenstein.

Conversely, we assume that the local ring Op is Gorenstein. Define I; as the set of all
elements h € Op with Ordp(h) > n;, j =0,...g—1. We obtain the strictly decreasing sequence
of ideals of Op

Op=1y>DhLD>...0I; 1 DOf.

Moreover, this sequence is maximal because if we adjoin to I; an element g € Op of order n;_1,

then we get all of I;_;. Therefore

2g = length(Op/f),
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hence ¢ = ¢, + 1 = 2g and therefore H is a symmetric semigroup. O

Let C be a curve and P a smooth point of C. We have an ascending chain of k-vector
spaces

where
HO(C,0c(n - P)) = {f € k(C)|div(f) +nP > 0}.

By Riemann-Roch theorem (2.1.1) we obtain
dimy H'(C, Oc((2g —1)P)) = g

and
ho(C, Oc((n+1)P)) — h°(C,Oc(nP)) <1,

therefore there are precisely g integers [y < ... <, between 0 and 2g — 1 for which there exist
no rational function on k(C) with pole of order precisely l; at P. These integers li,...,l, are
called gap sequence of C at P. We define the Hp to be the set of the pole orders of meromorphic

functions of C which are regular away from P. Then

ne€Hp < HC,0c((n—1)-P))C H'(C,O¢ (n-P)).

Let C be a curve and P a smooth point of C. We say that P is an ordinary point of
C if H%(C,Oc(g - P)) = 0, that is, if Hp = Hy = {0,g + 1,9 + 2,...}. Otherwise P is called
Weierstrass point of the curve C. A semigroup H is called hyperordinary if H = mN+ H, where
Hq is ordinary and 0 <m < g.

For any Weierstrass point P € C, let 0 =ng < n; < ... be the nongaps of C at P. So for
each n; we can take a function x,, € H*(C,O¢(n; - P))\ H°(C,Oc((n; — 1) - P)) which the pole

order at P is n;, hence
H°(C,O0c(n; - P)) = katp, ®ky, & ... O kay,.
In particular, h(C, O¢(n; P)) = n; + 1.

Theorem 2.2.2. Let C be a Gorenstein curve and P € C a nonhyperelliptic Weierstrass point.
If H is the Weierstrass semigroup of the pointed curve (C, P) and it is symmetric, then C can be
viewed as a canonical curve (in P9=1 of degree 2g — 2 and genus g) and the integers l; — 1(i =
1,...,9) are the contact orders of C with the hyperplanes at P = (0 : ... : 0 : 1). Conversely,

every nonhyperelliptic symmetric semigroup H is a Weierstrass semigroup of some curve.

Proof. Since H is a symmetric semigroup, ng_1 = 2g — 2 and therefore the vector space
H°(C,0¢((2g — 2) - P)) is generated by the g functions @pg,&n,,...,&n, , where the sheaf
Oc((2g —2) - P) has degree 2g — 2. Thus the sheaf O¢((2g —2) - P) is isomorphic to the dualizing
sheaf we. By applying the theorem (2.1.4), follows that C can be embedded

) ~1
(Tngs Tags e vy Tng_y) : C =PI,



2.8. A Moduli Problem 17

so C is a curve of degree 2g — 2. Moreover, if we consider the hyperplane corresponding to

Xgy-i(i=1,...,9) its order contact with the curve at P is

Tn

Ordp(Xg—i) = wvp (a;jl> =vp(@n,_;) = vP(@n, ) = —Ng—i — (—ng-1)
=29—1-— lg—(g—l) — (29 —-1- lg—(g—i)) =lLi—-l1=10—-1.

Conversely, if H = (n1,...ng—1) is a nonhyperelliptic symmetric semigroup then we take the

rational curve
c© .= {(a”obl"_1 ca™blorh o gMeiph T (i b) € IP’I} c P9l (2.4)

The symmetric semigroup H is realized as the Weierstrass semigroup of C(9) at the smooth point
P=(0:...:0:1). O

The curve C(¥) in (2.4) is called canonical monomial curve. The monomial curve C(©) has
an unique singular point, namely the unibranched point @ = (1 : 0 : ... : 0) of multiplicity n;
(see [S], pp 190). The point Q is the image of the only point Q = (0 : 1) under the normalization
map 7. This class of curves will be very important as a tool to construct the moduli space of
the classes of the pairs (C, P) where C is a projective Gorenstein curve of arithmetical genus g

and P is a smooth point of C whose Weierstrass semigroup is fixed.

2.3 A Moduli Problem

A moduli problem consists of two things: the first, a class of algebraic-geometric objects
with a notion of what it means to have a family of these objects over a scheme B; the second,

is to determine an equivalence relation ~ on the set of all these families over each scheme B.

Example 2.3.1. The first exemple of moduli space is all of the lines subspaces of R?, which is

the projective space ]P’%&. So the projective space P} over the field £ is a moduli space.

Example 2.3.2. The Grassmanian G,(V), the collection of r-dimensional linear subspaces of
V.

More precisely, if we consider a class M of algebraic varieties over a field k then a family
will be a flat morphism 7 : X — S whose fibers X (s) = 7—!(s), s € 9, are elements of M. The
spaces X and S are called the total space and the parameter space of the family m, respectively.
When the space S is connected, we call 7 a family of deformations of X (sg) for sy be a closed

point in S. Now, for each scheme S over a field k we take two differents families over S:

X X’
I™ and |,
S S

we say that m and «’ are isomorphics if there is an isomorphism ¢ : X — X’ such that the

diagram
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commutes, i.e, T = pon’. Thus we can define a contravariant functor F : (Schemes /k) — (Sets)

as follows:

F(S) = {isomorphism classes of families over S of objects of M}.

Moreover if f: T — S is a morphism, then we have a morphism
F(f): F(S) — F(T),
induced by the pullback
F(H)([X = 8]) =T xg X = T1.

We can ask whether the functor F' is representable by a scheme M, that is, if there is an
isomorphism of functors ¥ : Hom(—, M) — F, such isomorphism will be induced by an uniquely
family v : Y — M, called universal family. When this happens, M will be a moduli space or a
fine moduli space in the strongest sense. The problem (or no for the us researchers) is that such
moduli space very seldom exists, but in the most of the time M will have a weaker structure

which corresponds to the structure of the morphism F.

It is interesting that we can study the structure of M even F' not being representa-
ble. For this the idea is to consider an element [X] of M and realize an infinitesimal study by
constructing a family over [ X] parameterized by the spectrum of a local ring, getting informations
in a neighborhood of this element [X]. Then we separate the global moduli problem from the

local moduli problem. The moduli problem is studied through deformation theory.
According to Edoardo Sernesi,

"Deformation theory is the study of infinitesimal deformations as a tool to understand

the local structure of the moduli space'.

Definition 2.3.1. Let M, be the moduli space of the smooth curves of arithmetical genus g.

We also define the moduli space M, ,, of the smooth curves with n marked points.

Proposition 2.3.1. The moduli space Mgy has dimension 3g — 3.

2.4 Known results

Let M;ﬁ be the moduli space of the smooth complete integral pointed algebraic curves
with a Weierstrass point of semigroup H of genus g. There are many important questions about
these spaces, namely: when M;‘fl is not empty? What is your dimension? What are their irre-

ducible componets? When are they rationals or stably rational: In this thesis we will approach
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the questions about the dimension and global structure of M;’fl when the semigroup H is sym-

metric.

Let O be a local ring of a projective curve defined over k and FE be a component of the
formal moduli of deformations of Spec(Q). Assuming that the fiber over the generic point of O
is smooth, P. Deligne [D] stablished, by analyzing three different moduli spaces, the following

formula:

Theorem 2.4.1 ([D] Deligne, thm. 2.27 ).
dim F = 3§ — mq,
where
my = [T : 7] :=dimy (7/7 NT) — dimy (7/7 N T),

and T is the module of the differentials of the local ring O while T is the module of the differentials
of the ring O.

By considering monomial curves and following the Pinkham’s work [P] on equivariant

deformation, Deligne’s formula becomes

Theorem 2.4.2 (Deligne-Pinkham bound).
dim M2, <29+ X -2,

where A = [End(H) : H].

It is important to mention that Pinkham knew that this upper bound was attained for
some exemples, eg. the hyperelliptic semigroup generated by 2 and 2¢g + 1. Pinkham constructs
the moduli spaces M;’fl by considering equivariant deformations, his basic idea is that the group
action of the multiplicative group of the ground field extends to a group action on the space of

deformations.

A numerical semigroup H is called negatively graded if the positively graded part of the
first cohomology module of the cotangent complex of the semigroup ring By over k is zero. Rim

and Vitulli in [RV] classified the negatively graded semigroups, as follows.

Theorem 2.4.3 ([RV], Theorem 4.7). Let H be a numerical semigroup of genus g and A = A\(H).
Then H is negatively graded if and only if H is of one of the following types:

i. H is ordinary;
1. H s hyperordinary;

1t Fxcluding the ordinary and hyperordinary cases, given g and X with 2 < X\ < g — 2 there
exists an unique negatively graded semigroup (denoted by Hy ) of given g and X. Namely,

Horn=1{0,g,....20—=A—1,29 — A\, 29 — A+ 1,29 — A +2,...}.
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If X =1 we have two possibilities:
Hor ={0,9,9+1,...,29 — 2,29 — 1,29,2g + 1.}

or

—

Hg71:{079_17§,9+1,,29_2,29_1,29,29""1,}

In the same work Rim and Vitulli [RV] showed that the upper bound dim /\/l;'fl < 2g+2-2
is optimal whenever H is a negatively graded semigroup. In the case of symmetric semigroups
it follows that A = 1, because End(#H) = H U {l4}.

In the late of 80’s, using theory of limit linear series on algebraic curves, Eisenbud—Harris

in [EH] computed an upper bound for the codimension of M;{?I in Mg 1.

Theorem 2.4.4 (Eisenbud-Harris bound). Let X be an irreducible component of M;ﬁ. Then
codim X > 3g — 2 — wt(H)

where wt(H) := > ¢; — i is the weight of the semigroup H.

This lower bound is attained for primitive Weierstrass semigroups whose weight is not
bigger than g—1, see [EH]. However, if the weight is large, as in the case of symmetric semigroups,

then their bound may be far from being sharp, and it may even be negative.

By considering symmetric semigroups Stoehr [S] constructs an explicit compactification
of the moduli space /\/lz;fl by allowing Gorenstein singularities. His construction is done by
deformations of a suitable monomial curve. Since his construction is in our particular interest

we will described it breafly.

Let H be a symmetric semigroup of genus g with canonical system of generators ng =
0<ni <...<ng 1 and the gap sequence 1 =1; <2 =10y <l3...l; =29 — 1. Let us consider
a complete irreducible Gorenstein curve C over k and P be a nonsigular point of C such that
the Weierstrass semigroup of C at P is ‘H. By definition of the Weierstrass point P, there are
functions 2y, . . ., Zn,_; in k(C) whose pole orders at P is equal to n;,i =0,...,g—1. Since I = 2
the curve C is nonhyperelliptic and by theorem (2.1.4) the Gorenstein curve C can be embedded
in P9~1. As in Petri’s analysis, the Stoehr’s idea is to construct a basis for the space of global
sections HY(C,r(2g — 2)P), for r > 1 and calculating the ideal of C. Conversely, making some
considerations on the symmetric semigroup H, Stohr introduces homogeneous quadratic forms
and asks for the conditions on their coefficients in order that the intersection that quadratic
hypersurfaces in P9~! is a complete irreducible Gorenstein curve whose Weierstrass semigroup

at P is H. We will now describe this procedure.

Let I(C) be the canonical ideal of the Gorenstein curve C C P9~1. Thus I(C) = @°°, I.(C),
where I,.(C) is the vector space of n-forms vanishing identically at C. Since the divisor (2g—2)P is
canonical and the functions @, ..., 7,,_, in k(C) are linearly independent, this functions form
a basis for the space H%(C, (2g —2)P). For a nongap s < 4g — 4 we write all the partitions of s as

sum of two generators of the symmetric semigroup H, s = as + bs with a; < by < 2g — 2 so that
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the 3g—3 products x,, 7y, form a P-hermitian basis of the space global sections H°(C, (49 —4)P)
which allows to construct a P-hermitian basis of H°(C,7(2g —2)P), r > 3. So for each partition

as sum of two nongaps s = as; + bs; we have z, 3, € HO(C, sP), hence

xasi ':Ub.si = z : CSir$arixbri7

where the summation only varies through nongaps. Multiplying the x,, by suitable constants

we normalize cg; = 1 and so we obtain the W quadratic forms
s—1
Fy = Xasiszi - )(113)(17S - Z CSi'I‘Xam'XbM: (2-5)
r=0

that vanish identically on the canonical curve C. Thus they form a basis of the quadratic relations
I5(C). To show that the quadratic forms Fj; generate the ideal I(C) stohr [S], Contiero and Stohr

[CS], made the following assumptions on the semigroup H:
3<n; <gand N # (4,5).

Conversely, Stohr makes the same considerations on the symmetric semigroup H, assumes that
are given quadratic forms Fy; as (2.5) and answers what are the conditions on their coefficients
csir in order that the intersection of the quadratic hypersurfaces in P91 is a complete irreducible
Gorenstein curve with gap sequence l1, .. .,l; at P. The key to answer this question is the lemma
2.3 in [S], whose proof involves Petry’s analysis, and it is improved, by using only combinatorial
facts in [CS]

Lemma 2.4.5. (Syzygy Lemma 2.3, [CS])For each quadratic form Fs(?) = X0, Xb,, — Xa, Xp,

s

different from F, F )+29 91(1=0,...,9 —3) there is a linear isobaric syzygy of the form

XogoF) + 3 5 x, FO — o, (2.6)

St

(s'7)

where the coefficients e,

are integers equal to 1,—1 or 0, and where the sum is take over the

nongaps r < 2g — 2.

Replacing the quadratic forms F, © 2 and Fy; O in (2.6) with the forms Fy; and Fy; and
applying the division algorithm on the monomials that are not in the basis of H%(C, 3(2g —2)P),
Stohr gets equations between the forms Fy; and Fy; which he imposes that are syzygies. By
replacing X,,, — t™ in this syzygies we have the relations py;,» = 0 between the coefficients cg;;.
After normalizing 1g(g — 1) of the coefficients c,;, (see proposition 3.1 in [S]), the only freedon
left to us is to transform x,, — c"iz,, for some ¢ € Gy, (k) = k*. Finally we present the theorem

that explains the construction of a compactification of the moduli space Mz;fl

Theorem 2.4.6 (Stohr’s Construction). The isomorphism classes of the projective irreducible
pointed Gorenstein curves of arithmetical genus g and Weierstrass gap sequence ly,...,l; cor-
respond bijectively to the orbits of the invariant G, (k)-action (2, csiy) — 2" *csir on the quasi-
homogeneous affine algebraic set of the systems of constants cg; normalized and satisfying the

isobaric polynomial equations 041 = 0.
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As we mentioned in the Introduction, E. Bullock, in a beautiful work due his PhD thesis,

computed the general family of each component of the Kontsevich-Zorich space G4, namely

Theorem 2.4.7 (E. Bullock). If g > 4, then

(a) a general point of g;}yp has Weierstrass gaps {1,3,5,...,29 — 5,29 — 3,29 — 1},
(b) a general point of Q;’dd has Weierstrass gaps {1,2,3,...,9 —2,9 — 1,29 — 1}, and

(c) a general point of g;ven has Weierstrass gaps {1,2,3,...,9 —2,9,2g — 1}.

Thereafter Bullock [BUL] also made investigations on the structure of the moduli space
M;’fl for small genus. He showed that for genus g < 6, the moduli variety /\/lz;fl is irreducible and
stably rational with the possible exceptions of the semigroups (5,7,8,9,11) and (6,7,8,9,10).
Moreover, he shows that the existence of an irreducible component of the expected dimension
for each semigroup. As an exemple of our tools we show the rationality of the moduli variety

M;’fl having Weierstrass semigroup (6,7, 8,9, 10).

As noted above Contiero—Stoehr made a purely combinatorial proof of the syzygy lemma
[CS, lemma 2.3] which provides an implementable algorithm to construct the space M;fl when
‘H is symmetric. Furthermore, they created a method which allows to deal with families of
symmetric semigroups, getting upper bounds for the dimension of M;{l which provides better
bounds them Deligne—Pinkham’s one. In the chapter 4 of this thesis we will apply this method

to compute the dimension of some spaces.

In the last year N. Pflueger [PF1] improved the Eisenbud-Harrris bound. He introduced

the effective weight of a numerical semigroup H

ewt(H) = Z (# generators n; < l;).
gaps I;
Alternatively, ewt(H) is the number of pair (n;, l;) where n; € H and Iy, ¢ H, so wt(H) —ewt(H)
is equal to the number of pairs (n;, ) where n; < I, n; is composite, and I is a gap. Therefore,
wt(H) = ewt(H) if and only if H is primitive.

Theorem 2.4.8. (Theorem 1.2, [PF1]) If M;’fl in nonempty, and X 1is any irreducible compo-

nent of it, then
dim X > dim My — ewt(H).

Remark 2.4.9. We observe that for the semigroup H = (6, 7, 8) of genus 9 we have ewt(#) = 12
while codim(M?,) = 11 (see [PF1], 2.6), and so codim(M?f;) < ewt(#). This bound is sharp
(see [PF1], thm 1.3) whenever ewt(#H) < g — 2.

Pflueger in [PF2] also studied a class of semigroups called Castelnuevo semigroups where
his lower bound can not be attained, he produced the first examples where the moduli spaces

/\/l;'fl is reducible and computed these components, see [PF2, thm 1.1].
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3 Moduli space of curves with symmetric

Weierstrass semigroup

3.1 Gorenstein subcanonical curves and Weierstrass points

Let C be a complete integral Gorenstein curve of arithmetical genus g > 1 defined over
an algebraically closed field k. Following the terminology introduced by Bullock [Bu], we assume
that C is subcanonical, ie. there is a rational function on C with pole divisor (2g — 2)P, where
P is a nonsingular point of C. By the Riemann—Roch theorem for singular curves, the dualizing

sheaf w is O¢((2g — 2) P). Hence, the vector space of its global sections is
H(C,w) =k p, @k -ap, & Dk 2y, ,,

where z,, is a rational function on C whose pole divisor is n; P, for ¢« > 1, with ng := 0 and
ng—1 = 2g — 2. Equivalently, the base point P € C is a Weierstrass point with gap sequence
1=0 <t < -+ </l = 29— 1, whose symmetric Weierstrass semigroup H of genus g is
canonically generated by (ng,n1,...,ng—1) = H. We recall that a semigroup #H of genus g is
symmetric if its Frobenius number ¢, is the largest possible, namely ¢, = 2g — 1. Equivalently,

H is symmetric if and only if ¢; = {43 —ng_;, foralli=1,...,g.

Let us assume that C is also non-hypereliptic, thus its dualizing sheaf w is very ample

and induces an embedding in the (g — 1)-dimensional projective space P9~!
(Tny v, 4):C 2 Pl = P(HO(C,w))

defined over k, a rather general and beautiful approach on canonical models can be found in
[KM], in particular theorem 4.3. Therefore, C can be identified with its image under the canonical

embedding. Hence, C C P9~ is a projective curve of genus ¢g and degree 2g — 2.

Conversely, every symmetric numerical semigroup H of genus g > 1 can be realized as a

Weierstrass semigroup of a canonical Gorenstein curve. We just have to consider the canonical

generators 0 = ng < ny,...,<ng_1 = 2g — 2 of H and take the induced monomial curve
Coy = {(s"0tfo™l s giglo—1=1 . gno—2gfe—l . gno-1gi=ly 1 (5 ) e P} c P9,
It can be checked that it has an unique singular point, namely (1 : 0 : ... : 0), which is unibranch

and has singularity degree g. Since the semigroup H is symmetric, Cy is a Gorenstein curve.
The contact orders with hyperplanes at its unique point P = (0 : ...0 : 1) at the infinity are
exactly £; — 1,7 =1,...,g. Thus Cy has degree 2g — 2 and its Weierstrass semigroup at P is H.

For a more detailed exposition on monomial curves we refer to [B].

We want to study the canonical ideal of C. According to Enriques—Babbage’s theorem

[ACGH] for the smooth curves and the generalization to Petri’s singular curves obtained by
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Schreyer [F'S] on homogeneous ideal of a smooth canonically-embedded curve, if we assume C
not isomorphic to a plane quintic, then its ideal can be generated by quadratic forms, when it is
non-trigonal, and by quadratic and cubic forms when it is trigonal, in the case of Petri’s curves

we also assume that it has a simple (g — 2)-secant.

An extended version of Max Noether’s theorem for complete integral non-hypereliptic
curves, which is proven for uni and bi-branched points, see [Ma] and [ACM], states there is a
surjective homomorphism

Sym" (H°(C,w)) — H(C,w")

for all 7 > 1. In the following, we review a suitable proof of Max-Noether’s theorem for sub-

canonical curves given by Stohr in [S] , which is fundamental for this work.

Let H be a numerical symmetric semigroup of genus g > 1. Since C is non-hyperelliptic,
we must to assume that the symmetric semigroup H is not hyperelliptic, ie. 2 ¢ H, equivalently
H # (2,29 + 1). For each nongap s < 4g — 4, we consider the partitions of s as sums of two
nongaps as following

s=as+bs, as <bs < 29— 2,

with as the smallest possible nongap. It follows from Oliveira’s work [O, theorem 1.3] that the
3g — 3 rational functions z,,xp, of C form a P-hermitian basis for the space of the global sections
of the bicanonical divisor w? = O¢((4g — 4)P). Now, for each integer » > 3 a P-hermitian basis

for the space H°(C,w") is given by the r-monomials expressions

r—1 :
Tny Tn, (1=0,...,9—1),
r—2—i i . _
Tro” Ta,To,Tp, , (1=0,...,71 =2, s=2g,...,49 — 4),
r—3—1 ) .
T Ty T2g—ny Tng 2Ty, (t=0,...,7—3).

Let 1(C) = ®22,1,(C) be the homogeneous canonical ideal of C C P91, As an immediate
consequence of the existence of a above P-hermitian basis of r-monomials for the k-vector space
H°(C,w"), the homomorphism

k[Xnov v 7X7"Lg_1]r — HO(C7 wr)

induced by the substitutions X, — x,, is surjective for each r > 1. Thus we get a proof of
Max-Noether’s theorem for subcanonical Gorenstein curves.

It is clear from Riemann’s theorem that the codimension of I,.(C) in the ("9 ~1)-dimensional
vector space K[Xp, ..., Xp, ] of homogeneuos r-forms is equal to (2r — 1)(g — 1), for each
r > 2. An immediate consequence is that the vector space of quadratic and cubic relations have

dimensions

—2)(g — 2
dim Ir(C) = (9)2(93) and dim I5(C) = (g‘g ) — (59 — 5),
respectively.

For each r > 2, we define the vector subspace A, of k[Xp,, ..., Xy, ]| spanned by the

lifting of the above P-hermitian r-monomial basis of H°(C,w"). It is spanned by the r-monomials
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in Xp,,..., Xy, , whose weights are pairwise different between all the nongaps n < r(2g — 2).
Since A, NI (C) = 0 and

dim A, = dim H°(C,w") = codim I,.(C),

we obtain
K[ Xy ooy Xny 4], = 1:(C) ® Ay, for each r > 2.

Let rH be the set of all sums of r nongaps not bigger than 2g — 2. Oliveira showed, cf. [O,
theorem 1.5], that each nongap smaller than or equal to 7(2g —2) belongs to H. Moreover, each
sum of r nongaps < 2¢g — 2 is a nongap < r(2g — 2). Consequently, #rH = (2r — 1)(g — 1) and
therefore

#rH = dim H°(C,w").

In particular, for each nongap s < 4g — 4 we list all the partitions s = ag; + bs; € 2H, where
ag; <bg; <29—2 (i =0,...,05) and as := a50 < a51 < Ag2 < ... < Agy, -

Since 4,7, € H°(C,sP) and {x,, x,} is the above fixed basis, we can write

s
Lag; g = Z CsinZa, Lb,
n=0

for each ¢+ = 0,...,v,, where the coefficients ¢y, are uniquely determined constants and the
summation index only varies through nongaps. In the same way, for each nongap o < 6g — 6 we
consider the partitions 0 = aj + byj + ¢oj € 3H where 55 < byj < o5 <29—-2(j=0,...,0,)

with a, = ap0 < @51 < ... <@gy, and by := byo > by1 > ... > byy, . Analogously, we may write

g
LagjThy;Leg; = E dajnxanxbnxcny
n=0
for each integer j =0, ..., v,, where the coefficients d,, are uniquely determined constants and

the summation index only varies through nongaps.

Multiplying the functions @y, ..., s, , by constants we do not change the P-hemitian
property of the above basis, thus we can normalize the coefficients cg;s = 1 and dyje = 1.

Therefore, by construction the (g;rl) — (39 —3) = (9 — 3)(g — 2) quadratic forms

s—1
Fy = Xasiszi — Xa, Xp, — Z dsinXa, Xb, <31)
n=0
and the (9£%) — (5g — 5) cubic forms
o—1
Goj = Xaanbanch - Xao'XboXCU - Z de"XananXCn’ (3'2)
n=0

that vanish identically on the canonical curve C. We attach to the variable X, the weight n, to
the coefficient cg;;, the weight s —n and to dyj, the weight 0 —n. Thus the above quadric and
cubic forms seen as polynomial expressions in the variables X, and the coefficients cgy,, dojn are

also isobaric forms.
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In the view of Henriques—Babbage’s theorem for smooth canonical curves, cf. [ACGH], we
want to assure that the canonical ideal of C is generated by the quadratic and cubic forms. This
fact reflects on conditions on the symmetric semigroup. We assume that the non-hyperelliptic
symmetric semigroup H is a non-trivial semigroup of genus g > 1, which is equivalent to assume
that the multiplicity n; of H satisfies 2 < ny < g.

By a theorem of Oliveira [O, theorem 1.7], if we consider 3 < ny < g, then follows that
there is at least one quadratic form, ie. v; > 1, whenever s = n;+2g—2 fori =0,...,¢g—3. In this
case Contiero-Stoehr [CS] gave an algorithmic proof that the canonical ideal of a Gorenstein
curve C C P9~! with Weierstrass semigroup H at the base point is generated by quadratic
relations. If we assume that 3 € H then its genus has residue 1 or 0 module 3, hence H :=
(3,9 + 1). In this case we already know that ///79%71 = P(Tii;{”k), as mentioned in the section
Introduction of the present work. If H = (4,5) then C is isomorphic to a plane quintic where

the quadric hypersurfaces contaning C is the Veronese surface.

In the excluded case H = N\{1,2,...,9 — 1,29 — 1}, the curve C is possibly trigonal,
so its canonical ideal can be not generated by only quadratic relations. In the next section
we investigate the Weierstrass semigroup of trigonal complete curves and then, we will give
an algorithmic proof that the canonical ideal of a complete Gorenstein curve with symmetric

Weierstrass semigroup
H:=N\{1,2,...,9—1,2g—1} =(0,9,9+1,...,29g — 2)

at a smooth non-ramified point is generated by quadratic and cubics forms.

3.2 Trigonal subcanonical curves

Let C be a complete integral curve of arithmetic genus g defined over an algebraically

closed field k. A linear system of dimension r on C is a set of the form
L=L(FV)={z F |zcV\0}
where .7 is a coherent fractional ideal sheaf on C' and V is a vector subspace of HY(C,.7) of

dimension r + 1.

The notion of linear systems on curves presented here is characterized by interchanging
bundles by torsion free sheaves of rank 1. This is a meaningful approach since they may possess

non-removable base points, see Coppens [Cp].
The degree of the linear system .7 is the integer deg % := x (%) —x(O¢), where x denotes
the Euler characteristic. Note, in particular, that if O¢ C % then
degﬁ = Z dim(yp/(’)c’p).
peC

The notation g¢); stands for a linear system of degree d and dimension r. The linear system is

said to be complete if V = H°(C,.#), in this case one simply writes . = |.Z|. According to E.
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Ballico’s [Ba, p. 363, Dfn. 2.1 (3)], the gonality of C is the smallest d for which there exists a g}

on C, or equivalently, a torsion free sheaf .# of rank 1 on C with degree d and h°(C,.%) > 2.

The following lemma is a straightforward generalization of a Kim’s result [KIM, theorem
2.6] characterizing the Weierstrass semigroup associated to a non-ramification point of a trigonal

curve.

Lemma 3.2.1. Let C be a complete integral trigonal curve of arithmetical genus g > 5 and
P € C be a Weierstrass non-ramification point. The Weierstrass semigroup H of C at P is of the
form

{0,0m,m+1,m+2,....m+(s—g),s+2,s+3,s+4,...},

for some s and m such that g > m > {%J + 1. In particular, in the symmetric case we get

H={0,9,9+1,...,29g—2,2¢9,2g + 1,29+ 2,...}.

Proof. Let £, be the Frobenius number of the Weierstrass semigroup #H associated to P € C.
Equivalently, the integer s := ¢, — 1 is the largest such that the divisor Dy = sP is special. Since
P is a Weierstrass point, it is immediate that g </, — 1 < 2g — 2. By the maximality of s

dim |O(Dg)| =s—g+ 1.
Since Dy is a special divisor, let be
we >~ Oc(DO +Pi+P+...+ ng_g_s)

the dualizing sheaf of C where P; € C, P, # P, with ¢ = 1,...,29 —2 — s. As P is not a
ramification point, the first nongap m is greater than 3, and so |mP)| is not compounded of g3.

By considering the divisor
D .= (S—m)P—I—Pl—l-PQ—‘r...—l-ng_Q_S
the residual series to |D| is compounded of g3 because we = Oc(mP) ® O¢(D).

Applying the Riemann-Roch theorem, dim|D| = g — m, hence we can write |D| =
(g—m)gi+B, where B is the base locus of | D|. For R be an element of g3 we have R = P+Q1+Q2,
with P # Q1 and P # Q)3 because P is not a ramification point of C, thus

D=(g—m)(P+Q1+Q2)+B=(s—m)P+Pi+Po+...+ Pyy_o_g,
and by the maximality of s
P +P+...+ Py o s> (g—m)Q1+ (g —m)Qa,
implying 2(g — m) < 2g — 2 — s. Therefore, m > {%J + 1.

On the other hand,
B = (S - g)P7

that means (s —g)P is contained in the base locus of |D|. Consequently, (m+1)P,... (m+(s—

g)) P are not in the base locus of the residual series |mP| and by Riemann-Roch theorem

dim|(m+d)P|=:+1, (i=1,...,s—g).
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Thus m,m+1,...,m + s — g are nongaps of H. Now by definition of s and by Riemann-Roch
theorem, dim |(s + 1) P| = dim |sP|, which implies that s + 1 is a gap of H. As for each integer
r > s+ 2, the divisor (r — 1) P is nonspecial follows that

dim|[rP|=r —g=dim|(r — 1)P| + 1,
so each r > s + 2 is a nongap. In this way the set
S={0,m,m+1,....m+(s—g),s+2,...}

is contained in H and the cardinality of N — S is g and follows the proof. O

Let us consider the trigonal numerical semigroup H := (0,g9,9+ 1,...,2g9 — 2) of genus
g > 5. We now fix 1(g — 3)(g — 2) initial quadratic forms like in (3.1)

FS(?) = Xa/siszi - Xasts
and the (7£%) — (5¢g — 5) initial cubic forms

GV = X, X, X

(] Qg j Coj

— Xo, Xp, X, -

It is clear that a considerable amount of cubic forms are just multiplies of quadratic ones.

In the next result we explicitly find them.

Proposition 3.2.2. Let H := (0,g,9+1,...,29—2). There are exactly p = (g§2) —(5g—5)—mn,

with
1= [ B

2 2 2
initial cubic forms that are not multiples of the quadratic ones.

Proof. Since the fixed basis for Ay is {X&, XoXg4i, XgXgtis Xg+jXog—2} with i = 0,...,9 — 2

and j =1,...,g — 2, the initial quadratic forms are
FO—-x, X, — X, X,0i and FO =X, X, — X, X
sl = “Yagtbg gg+i an sl T Magbg g+j<229—25

where the 2-monomials nonbasis elements of Ay are the products Xg4;X,4; where 1 <7 < j =
1,...,9 — 3. While the fixed basis for Ag is

{X3X27 XOXast37 XastsX29—27 X§X2g—3} )

with i = 0,9,9+1,...,2¢9 — 2 and {X,sXps} the above fixed basis for Ay. Set F' := FS(ZO) for a
initial quadratic form. It is clear that the (g—3)(g—2) products XoF and Xo,_oF are cubic forms
for every F. Since the monomials X4, Xg4iXg+; € Azfork=0,...,9g—3andi,j=1,...,9-3,
the product X, F' defines a cubic form when X, X, Xy or Xy X4 ;X052 are in Az. In
the first case, X 11, XXy € Az just for i =g —2,k=0,...,9—3 and fori = g -3,k = 0.
Hence we get the following (g — 2) L%J + L%J cubic forms

Xg+k (Xalebsl - Xngg_Q) > with k = 0, e g — 3
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and
Xg (Xalebsz - X9X29—3) .

In the remaing case, X1 Xg4;jXog—2 € Az just for k =0, j = 1,...,9 — 2. So we get the

following initial cubic forms
Xg (X‘Zlebsl - Xg+jX2g_2) ’ ] = 17 - g — 47

. 4| g—2—7
whose amount is 397} {%J O

It is straightforward that the quadratic F9 and cubic forms G

i »; vanish identically on

the monomial curve C(%). The next lemma show that they generate the ideal of C(©).

Lemma 3.2.3. The canonical ideal I(C\?)) is generated by the (9 —2)(g9 — 3) quadratic forms
FS(?) and by the o cubic forms GS;).
Proof. We first note that for smooth canonical curves, this is just Petri’s theorem. Since the
1 (C(O)) is generated by homogeneous and isobaric forms, all we have to do is to show that
for a homogeneous and isobaric form belongs to [ (C(O)) if and only if belongs to the ideal J
generated by the binomials F S(ZO ) and fo(;‘)~ It is just obvious that J C I(C®)). For the opposite
inclusion we order the monomials Hi;(l] szi according to the lexicographic ordering of the vectors
(> ik, > Mk ik, —i0, —ig—1, ..., —41). In this way the binomials FS(ZQ) and G((T(;) form a Groebner
basis for J. Now, for each homogenous form F' of degree r which is also isobaric of weight w we

divide it by the Groebner basis getting a decomposition
F= ZHsiFéf?) + ngGfg») +R

where R € A, and Hy; and 7,; are homogenous of degree r — 2 and r — 3 respectively, and
weight w — s and w — o, respectively. The remainder R is the only monomial in A, of weight w
whose coefficients is equal to the sum of the coefficients of F. Since F' € I(C(?)) the sum of its

coeflicients is equal to zero, then R = 0. O

A different proof of the above theorem can be found in [GSS, thm 1.1] by noting that
the symmetric semigroup H = (0,g9,9 + 1,...,2g — 2) is generated by a generalized arithmetic
sequence. So the ideal I(C(?)) of the monomial curve C() is also generated by the 2 x 2 minors

of suitable two matrices. We it can be seen immediately that the ideal given by this 2 x 2 minors
(0)

is equal to the ideal generated by the binomials F' S(ZO ) and G Py
The following lemma is a generalization of result in [CS, Lemma 2.3], where due to the
assumptions the authors just deal with the first syzygies of quadratic forms. Here we also deal

with syzygies of cubic forms, getting non linear syzygies.

Syzygy Lemma 3.2.4. For each of the %(g —3)(g — 4) quadratic forms FS(,? different from

Fr(L?zs-Qg—Q,l(i =1,...,9 — 3) there is a syzygy of the form

Xog o F) £ 57 x pO — (3.3)
g st St

nsi
nsi
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and for each cubic forms GEB;, different from Gg;)_471, there is a syzygy of the form

X2 oGO +3 ol x,GY) = (3.4)

q07]
qoj

(s')  (d'5")

nsi + Pgoj  OTe integers equal to 1,—1 or 0, and where the sum is take

where the coefficients €
over the nongaps n,q < 2g — 2, the double indices si with s + n = 29 — 2 + s’ and oj with
g+o=29—2+7.

Proof. Given a quadratic form F = F S(,(? or '=—-F 8(2.2, we can write

F=X,X,—-X/X,,
where m, n, q,r are nongaps satisfying m+n =q¢+r and ¢ <m <n <r < 2g — 2. Now, we

have to consider the follows cases: if r 4+ 1 is a gap then, by symmetry, k :=2g —2 —r+nisa

nongap and we find the syzygy
X2g72(Xan - Xqu) + Xr(XqX2g72 - Xka) - Xm(XnXngZ - XT'X]C) = 0,

The binomials in the brackets can be written as FS(? ) FS(]Q), FS(ZO ) or —Fs(][-)). Analogously if m+1
is a gap then we take the nongap k := 2g —2 — m + r and we obtain a syzygy as above. Now we

can assume that r + 1 and m + 1 are nongaps, hence we have the syzygy

X2g—2(Xan - Xqu) + Xq(X2g—2X7" - X2g—3XT+1) =
X29—3(Xm+1Xn - XqXT—H) + XTL(XmXQQ—Q - X2g—3Xm+1)'

For a cubic form, if we put G = G((f;-) or G = —Gg}) then we can write
G =X, X, X, — X, X, X,

where m, n, p, q,r, s are nongaps with m+n+p=q+r+tandg<m<n<r<p<t<2g-2.
If p+ 1 is a gap then, by symmetry the integer k := 29 — 2 — p + ¢ is a nongap smaller than
2g — 2, hence we have the syzygy

XQg_Q(XanXp — XqXTXt) + Xr(ng_gXth — XtXpXk) =
XP(X2g—2Xan - XrXth:)7

where the binomials in the brackets can be written as G((Toj) ~G9, Gg o _G((;(?- Analogously,

ot Yoj

if r+11is a gap then k :=2g — 2 — r + p is a nongap, and therefore we obtain the syzygy

Xog o (XmXnXp — Xg X, X1) + Xon(Xp X, Xy — Xog 2 Xp X)) =
X (X X X — Xog 2 X1 X,).

Now we can assume that p+ 1 and r + 1 are the nongaps. We have the syzygy

X2972(XanXp - XquXt) + X2g73(Xr+1Xth - Xp+1XnXm) =
Xm(XpXQg—QXn - Xp—i—lX?g—SXn) + Xq(XQg—SXr-i-lXt - XZg—ZXrXt)'
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Remark 3.2.5. The 7 syzygies corresponding to the cubic forms multiples of the quadratics
are trivial, therefore we just to consider syzygies for the p — 1 cubic forms, however, these o — 1

syzygies are not necessarily linear.

Lemma 3.2.6. Let [ be the ideal generated by the %(g —2)(g — 3) quadratic forms Fy; and by
the o cubic forms Gyj. Then,

k[Xnoa s 7Xng,1]r - Ir + Ar, fO’f’ each r Z 2.

Proof. Let F' be a homogeneous polynomial of degree r and weight w. Let S be its quasi-
homogeneous component of weight w and R the unique monomial in A, of weight w whose
coefficient is the sum of the coefficients of S. Thus, S — R € I(C¥)) and by the lemma 3.2.4 we
can write the expression

S—R=YSuFY +3 H,;GY. (3.5)

s oj

Replacing each polynomial S,; and H,; with its homogeneuos component of degree » — 2 and
r — 3, respectively, we can take Sy; and H,; homogeneous of degree r —2 and r — 3, respectively.
Likewise, we can assume that Sg; and H,; are quasi-homogeneous of weight w — s and w — o,

respectively. Then the polynomial

PR XS Y
st oj

is homogeneous of degree r and weight smaller than w. Now, the proof follows by induction on

w. O

Remark 3.2.7. We see that if the curve C is not trigonal, then the last summand in 3.5 does
not appear because the ideal [ (C(O)) is generated only by the %(g — 2)(g — 3) quadratic forms
FYO.

st

Let us now invert the situation on the previous section. Instead of take a pointed canonical
gorenstein curve whose Weierstrass semigroup is H = N\{1,...,9 — 1,29 — 1}, we take H and
the associated monomial curve C(?) and deform it in order to get another gorenstein curve with a,

marked point whose Weierstrass semigroup is also H. By lemma 3.2.3 the ideal of the monomial

curve C() is generated by the %(g — 2)(g — 3) quadratic forms F S(ZO ) and by the p cubic forms

GS;-). Let us consider a forced deformation of the ideal of C(©) which is

s—1
Foi = Xa, Xp,, — XauXp, — Y CsinXa, Xo,
n=0

and
o—1

- XagXbUXcg - Z doananancha

n=0

X

Coj

Goj = Xa,, X

aj bUJ'

where the coefficients cg;;, and dyj, belongs to the ground field k. It is clear that we are looking
for conditions on this coefficients such that this forced deformation is a honest deformation: a

curve of degree 2g — 2 and genus g with a marked point whose Weierstrass semigroup is H. The
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idea is to take the Syzygy Lemma and erase the superscript zeros of the quadratic and cubic

forms and get conditions on the coefficients.

Replacing the left-hand side of the equation (3.3) of the Syzygy lemma the binomials
5(/12 and F( ) with the quadratic forms Fy; and Fy; we obtain for each of the (g — 3)(g — 4)
duble indices s'i’ a linear combination of cubic monomials of weight less than s’ + 2¢g — 2, which

by lemma 3.2.6 admits the decomposition

X2g o Fgrir + ZERSSZ )X nFsi = 2777;; XnFsi + Ry,
nst nsi
where the sum on the right-hand side is taken over all the nongaps n < 2g — 2, the duble indices
si with n + s < s’ +2g — 2, the coefficients 67(151 ),nffsf ) are constants and where Ry is a linear

combination of cubic monomialis of pairwise different weights less than s’ + 2g — 2.

Repeating the above procedure for the equation (3.4) on the Syzygy Lemma, we obtain

a decomposition

Xag 3Gy + 3 00X Coj = S ) X X Foy + S 057 X Goj + Rorjr,

qoj mqoj qoj

where the sum on the right-hand side is taken over the nongaps m,q < 2g — 2, the indices mqo

(e'3") (U/J)
mqoj Yqoj

are constants and where R,/ is a linear combination of quartic monomials of pairwise different

and qo with m +q¢+0 < 29—2+ 0" and ¢+ 0 < 29 — 2 + ¢/, the coefficients p,

weights less than 2g — 2 + o”.

For each nongap m < s’ +2g + 2 (resp. r < o' + 29 + 2) let oy, (vesp. Uorjor ) be the
unique coefficient of Ry (resp. Ry/j7) of weight m (resp. r). We do not lost information about
the coefficients of Ry and R, j replacing the variables X,, by powers t" of an indeterminate .
Hence it is convenient to consider the polynomials

s'+2g—2
Rsli/(tno, e ,tngfl) = Z Qs’i’mt

and
o'+2g—2

Ra’j’ (tm), . ,tngfl) = Z ng.lj/rtr

We can asssume that the coefficients og;/, are quasi-homogeneous polynomial expressions of
weight s’ +2g — 2 — m in the constants cg;, while the coefficients Vg jrr are quasi-homogeneous

polynomial expressions of weight ¢’ + 2¢g — 2 — r in the constants de .

Theorem 3.2.8. Let H be a numerical symmetric semz’group of genus g satisfying 3 < ny < g.

Then the 2(9 2)(g — 3) quadratic forms Fg; = F Z CsinXagm Xby;, and the o cubic forms
n=0

g
Goj = Gg}) — nganananch cut out a canonical integral Gorenstein curve on PI~L if
n=0
and only if the coefficients csin,dsjn satisfy the quasi-homogeneous equations 0y, = 0 and
Ygrjrr = 0. In this case, the point P = (0:...:0:1) is a smooth point of the cononical curve

with Weierstrass semigroup H.
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Proof. In the particular case H = (4, 5), we have that the intersection of the six quadric hyper-
surfaces V (Fy;) is the Veronese surface in P°. We first assume that the (g 2)(g — 3) quadratic
forms Fy; and the o cubic forms G,; cut out a canonical curve C C P9~ 1. Since each Ry, and
R,/ i belongs to the ideal I, follows that Ry (y,, .- S Tng_y) = Rorjr(Tng, -y Tp,_y) = 0 for
each pair of index s'7/,¢’7’. On the other hand,

s'+2g—2
Rs’i’(xnm ceey xng—l) = § Os'i'm~=Zs'i'm

and
o’'+2g—2

Ry (g ooty )= Y Dy

where the 2y, 247, are monomial expressions of weights m and r respectively in the projective
coordinates functions xp,, ..., Zn,_,, and hence 2y, has pole divisor mP while 2, has pole

divisor rP. Then we conclude that gy, = G54 = 0.

Now, we suppose that the coefficients csip, dsjn satisfy the equations gy, = 0, and
Vgrirr = 0. Since the g — 3 quadric hypersurfaces V (F,;129-21) C P97 (i = 1,...,9 — 3) and the
cubic hypersurface V (Gag—4,1) intersect transversaly at P, follows that in an open neighborhood
of P, their intersection has an unique irreducible component that passes throuth P, and so this
component is a projective integral algebraic curve, say C, which is smooth at P and whose the

tangent line at P is the intersection of their tangent hyperplanes V(X,,)(i =0,...,9 — 3).

Let Yngs - -+ Yn,_, be the projective coordinate functions of C and we look for the affine
open y,, , = 1. Since the local coordinate ring of C' at P is a discrete valuation ring and
ng—1 — Ng—2 = lp — 11 = 1, we have that ¢ := y, _, is a local parameter of C at P, and
Yngs - - -»Yn, s are the power series in ¢ of order greater than 1. More precisely, comparing

coefficients in the g — 3 equations Fy, 125 2(Ungy- -+ Yng_o>Yny_1)(@ = 1,...,9 —3) = 0 and
Gag—1,1(Yngs -+ Yng_asYn,_,) = 0 one sees that

Yn, = t"9717" + sum of higher orders terms = tl9=i=1 4 sum of higher orders terms,

for each integer ¢ = 0,...,9 — 1. This means that the g integers I; — 1 (i = 1,...,g) are the
contact orders of the curve C C P9~! with the hyperplanes at P. In particular, the curve C is

not contained in any hyperplane.

Since by assumption the quasi-homogeneous equations gy, = 0 and ¥4, = 0 for each

pair of duble indices 5’7’ and ¢’j’ , respectively, we obtain the syzygies

XogoFun + 3 X, Fy =3 X, Fy =0

nst nsi
and
(o'5’ (o’'3") (a'3") _
Xog-2Goryr + 3P0 X Goy — S W0 X0 X Foy — S 007 X, Gy = 0.
qoj mqoj qoj
Replacing the variables X, ..., Xp,_, by the projective coordinates functions yno, ey Yng_, WE

get two systems: a system with & 5(9—3)(g—4) linear homogeneous equations in the 1 5(9—3)(g—4)

functions Fyi(Yngs - - -, Yn,_,) With the coefficients in the domain [[t]] of formal power series;
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the second system is composed by p — 1 linear homogeneous equations in the g — 1 functions

Goj'(Yngs - - -y Yng_, ) With the coefficients in the domain k[[t]] of formal power series. Since the
(s'i") (s'i")

nsi nst

triple indices nsi of the coefficients ¢ respectively, n , satisfy the inequalities n < 2g — 2
and n +s = 2g — 2+ s, respectively, n < 2g — 2 and n + s < 2g — 2 + s/, the diagonal entries
of the matrix of the system have constant terms 1, while the remaning entries have positive
orders. Therefore, the matrix is invertible, and so the equation Fl;(ypn,, - - - 7yng,1) = 0 holds for

each duble index si. In the system second, the indices goj,mqoj and noj of the coefficients
(o'5")  (0'5") (o'5")

Paoj > Hmgoy B0 Vg

q+o =2g9—2+0’, respectively, m,q < 2g—2 and m+q+o < 2g—2+0c’. So the diagonal entries

, respectively, are such that satisfy the inequalities ¢ < 2¢g — 2 and

of the matrix of the system have constant terms 1, while the remaining entries have positive
orders, hence the matrix is invertible. This means that the equation Guj(Yng,---s¥n,_,) = 0
holds for each duble index oj. Therefore, we shown that I C I(C), where I is the ideal generated
by the %(g — 2)(g — 3) quadratic forms Fy; and by the p cubic forms Gg;.

By the lemma 3.2.6, codim I,, < dim A, for each » > 2. On the other hand, since I,,(C) N
A, = 0 we deduce dim A, < codim I,,(C). Since I C I(C), we obtain
codim I,(C) = codim I, = dim A, = (29 —2)r +1—g.
Thus I(C) = I and the curve C C P9~! has Hilbert polynomial (2g — 2)r + 1 — g. Hence, C has
degree 2g — 2 and arithmetic genus equal to g.

Intersecting the curve C with the hyperplane V(Xg,_2) we obtain the divisor D :=
(2g — 2) P of degree 2g — 2, whose complete linear sistem |D| has dimension at least g — 1, and
so by Riemann-Roch theorem for complete integral (not necessarily smooth) curves the Cartier

divisor D is canonical, and C is a canonical Gorenstein curve. ]

Note that the P-hermitian basis @y, Zn,, ..., Zn,_, of H’(C,(2g — 2)P) is uniquely de-

g—1

termined up to a linear transformation x,,, — Z CijTn,, with (cij) € GLg(k) a upper triangular
j=i

matrix whose diagonal entries are of the form ¢;; = ¢™,i = 0,...,9 — 1, for some non-zero

constant ¢, because the normalizations cgs = 1. We assume that the characteristic of the field
of constants k is zero or a prime not dividing any of the differences m — n with n, m nongaps
such that m < n < 2g — 2. By Changing

n—1

m=0
where the coefficients d,;, are constants, we can normalize % g(g — 1) of the coefficients cgy, to

Zero.

Due the normalizations and the normalization of the coefficients of weight zero, the only
freedon left to us is to transform x,,, — ¢"x,,,t =0,...,g9— 1 for some non-zero constant c € k.

Therefore, we have showed the

Theorem 3.2.9. Let H be a symmetric semigroup of genus g satisfying 3 < n1 < g. The iso-

morphism classes of the pointed complete integral Gorenstein curves with Weierstrass semigroup
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H correspond bijectively to the orbits of the Gy, (k)-action
(CyioyCsinyee) > (ooy & MCginy - .)

on the affine quasi-cone of the vectors whose coordinates are the coefficients cgin,dgjn of the
normalized quadratic and cubic forms Fy; and Gsj satisfying the quasi-homogeneous equations

Os'i'm = ﬂa’i’r = 0.

3.3 Explicit construction and rationality

3.3.1 The trigonal genus 5 case

Let C(© be the canonical monomial gorenstein curve of genus 5 associated to the trigonal

symmetric semigroup of genus also 5. Up to change of coordinates can we write:
CO = {(a® : &®b° : a®S : a'b7 : b®)|(a:b) € P'} C P,

The symmetric Weierstrass semigroup of the smooth point P = (0 : 0: 0: 0 : 1) is H :=
(5,6,7,8). Following lemma 3.2.3 the ideal of C(®) can be generated by the following forms

Fl(g) = X§ — X5 X7 F1(§) = X¢X7 — X5X5,
F) = X2 - XgXs  GlY) = X3 - XoXrXs,
Gg%) = X? X — X0 X3 GS%) = X3 — X3 Xg,
Gy = X3 — X5X2.

Indeed, we have 15 cubic forms G,; but the other eleven cubic forms are multiples of the

quadratic ones.

For each nongap n € H we have a rational function x,, and then we consider the monomial
X, of weight n. Writing each one of the rational functions 2, v¢z7, 22, 23, v2x6, 23 and 23 as
linear combination of the basis elements of the vector spaces H°(C, 2(2g—2)) and H(C, 3(29—2)),
respectively, we obtain in the variables Xy, X5, X¢, X7, Xg, the polynomials

7
F=FY =3 ¢jZij, (i=12,13,14),
j=1

and

Gi =G =3 dyZi_j, (i = 15,16,18,21),
j=1

where the summation index j varies only through the integers such that i — j € H.

We can normalize the following ten coefficients

C13,1 = €132 = €133 = €138 = C12,1 = C12.2 = C12,7 = d16,1 = dgg = d215 = 0.
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By applying the Syzygy Lemma 3.2.4 we obtain the following four syzygies of the canon-

ical monomial curve C(©)

FY = X7F + X6F) =0,
XG0 — X5 X6 FY + x50 — X761 =
XG0 — X:G0 + X5 5,7 X6X8F1(2) =0,
XsGW — X7 x5 P9 4 X82F1(3) = 0.

GY)., by the
quadratic and cubic forms Fy;, Fy i1, Go j, Go j/, respectively, and applying the lelSlOIl algo-

Replacing each left-hand side of the above syzygies the binomials F 8(2), F s(/o 2,, G[(”),
rithm recursively until all monomials of this equations belongs to basis of Az or A4, we get the

four polynomial equations

Fi9Xg — Fi3X7 + F14X6 = Fia (—c143X5 — c14,8X0) + Flac136 X0 — GieCia,4
+F13 (c13,7X0 — c14,2X5 — c14,7X0)

XG5 — XeGr17 + X5G18 — X7G16 = —dig1 X0 X + c12,6 X0 X5F12
+(—c1a,3d16,4 — c14,3d153d181 — di1g,7) XoG16 + (d165X5 + c12,5X5) XoF13
+(d16,9X0 — d18,1 X8 + di58d181 X0 + di15,3d181 X5 + d16,4X5) X0 F14
+(d16,10X0 + d15,9d18,1 X0 + di5,1d181 X8 + di15.4d181 X5 + d16,2X5) X0 F13
+(—c14,4d16,4X0 — c14,4d15,3d18,1 X0 — d1g,1 X7 — d18 8 X0)G15

—G211 X8 + G212Xs — G2o X7 = Xg(c14,3X5 + c14,8X0) F13
+Xg [(c142X5 + €147 X0) F14 — c142¢144G15 — c14.2¢143G16]

+XsG1g — X5Ga1 — XeXgF1o + X7 X5F 1

(—ciysdiea — capc1a3dis s — cla3ciaadis s + ca3c14,7)G16Xo
+c143d153d144 + Crac148 — Cla2c144d15.4 + 3y 9c14,3d15 3) X0Ge
(+c1a,4d159X0 — d15,10%4,2X8 — di5,4d144X5 — c148X5 + c12,5X3
+c142¢14,3X8 + c14,3d162 X8 — di5,4¢74 2 X5 — c14,2¢14,3d15 8 X0

+ci14,4d15,1 X8 — dis,1d14,4 X8 — di5,9d14,.4X0 + c14,3d16,10X0 + C14,3d16,5X5
+c14,4d154 X5 — di59¢1 9 X0 — c14,2¢14,3d15,3X5) XoFi3

(+d14,11 X0 + d14aX7 + d1a3Xs — c144 X7 + C%MX? — c14,4¢14,3d16 4 X0
+cia,1014,2X8 + d15,30%472014,4X0 - 0%4746115,3)(0 + c14,4d15,3d14,4X0
—c14,2¢14,4d15 5 X0 + c14,2¢14,9X0 + c1a,4¢147X0 + €14,2¢144X5 + c142¢143X6)G15
(c142X0Xs — c144X0Xg + d14,4X0Xs — c147X0X5 — 142 X3 + c14,3d16,0X§
+c14.4d153X0X5 — di5 3d14.4X0 X5 + c143d16,4X0 X5 — d15 8d144 X3
+c14,4d158X5 — ¢34 90153 X0 X5 — 14 9d158X5) F1a + (d1a2Xg — c143X7)G16
(+c12,6X8 — c14,2¢14,3d15,9X0 — c14,2¢14,3d154X5 — C14,2¢14,3d15,1X8) XoFi2.

The vanishing of the coefficients of the four combinations provides us with quasi-homogeneous
equations between the coefficients ¢;; and d;; obtaining an explicit description of the compactified
moduli ///5”1 according to the theorem (3.2.9).

We first determine the weighted vector space T KiH } which is (up to an isomorphism)

[k
the locus of the linearizations of the 4 equations, all we have to do is substituting by zero the
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right hand side of each equation. These four equations give rise to other 20 equations obtained

by replacing X,,, — t"*. We can solve this linear system as follows:

d16,10 = di5,10, d16,9 = d15,9,d168 = di158,C14,7 = €13,7,d18,7 = €137, d15,7 = —C13,7,
da17 = 2¢13,7, €146 = —C12,6,d21,6 = —C12,6, d18,6 = C12,6, d16,5 = d15,5,
Cl44 = —C124,d164 = d154,d21,4 = —C12.4,d18.4 = C12,4,d163 = d153,d162 = d152.

,—

We can verify that the weighted vector space Tli[%]\k depends only on the ten coefficients

di5,10,d15,9, d158, 13,7, C12,6, d15,5, C12,4, 15,2, d15 3, d15 4 , Which implies
dim T, = 10
KMk :

More precisely, counting the coefficients of weight s, we obtain the dimension of the graded

component of T 11[’;[”1( of negative weight —s:
dimTh~ =1, (s = —10, -9, -8, —7,—6,—5,—3,—2) and dimT"; = 2.

For the remainder integers, the dimension of dim 7>~ is zero. In particular, the compactified

moduli space .. 5”1 has been realized as closed subspace of the 9-dimensional weighted projective
1.—
space P (ka?{]\k) .
We can now solve the four polynomial equations to obtain the equations of the moduli

variety ///57"1 by replacing X,, — t" and solving the polynomial equations. The compactified

moduli space ///57,{1 is cut out by 70 equations which depends on 64 variables and we can solve

in the following way:

c12,5 = 0,c135 = 0,c136 = 0,c141 = 0,c142 = 0,c143 = 0,d151 = 0,d16,11 = 0,

dig1 = 0,d1g2 = 0,d183 = 0,d185 = 0,d188 = 0,d1811 = 0,d21,1 = 0,d212 =0,

c12,12 = —c12,4d158, 13,13 = €12.4d159,Cl44 = —C12,4,C14,6 = —C12,4d152 — C12,6,
cl4,7 = —C12,4d153 + €137, C1a.8 = —C12,4d15 4, C14,9 = —C12,4d155,

c14,14 = —c12,4d15,10, d15,7 = —C13,7,d15,15 = C12,6d15,9 + c13,7d158, d162 = d15,2,
dig 4 = di54,d16,5 = d155,d169 = di159,d168 = —C12,4d154 + di158,

di6,10 = —c12,6d15,4 — c13,7d15 3 + d15,10, d16,16 = —C12,4d153d15,9 + c12,4d15 4d15 8,

_ _ _ _ 2
dis,4 = c12,4,d186 = C126,d18,7 = €137, d1812 = —C12,4d15,8 — Cla 6,
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dig,18 = c12,4¢12,6d15,8, d21,4 = —C12.4,d21,6 = —C124d152 — C12,6,d18,13 = C12,4d15.9,
do17 = —ci24d153 + 2 13,7, d21,8 = —c12,4d154, d21,9 = —C12,4d15 5,

d21,13 = _C%Q,4d15,2d15,3 — c12,4¢12,6d15,3 + c12,4¢13,7d15,2 + Cc12,.4d159 + €12,6C13,7,
o114 = —Cia4d75 3 + 2 cra¢13,7d15 3 — c12.4d15,10 — €137, d21,10 = 0,

do1,15 = —0%2,4d15,3d15,4 + 2194013 7d15 4, do111 = —C12,42%d153 + 12,4137,

da1,16 = =iy 4di5,3d155 + c124¢13,7d155, dig10 = —C12,4¢12,6, d21,3 = 0,

do1,21 = =€y 4di5,3d15,10 + g 4d15,4d15.9 + c12,4¢13,7d15 10-

We note that there are no new conditions in the remaining constants which the vector space

k[H”k depends which means

<///5 1= P(T K[H }|k)

Therefore //157:‘1 is a weight projective space of dimension 9.

3.3.2 The trigonal genus 6 case

Let C be a trigonal canonical monomial gorenstein curve of genus six. Take P = (0:0:
0:0:0:1) in C© a smooth point and by lemma (3.2.1) the symmetric Weierstrass semigroup
of COO) at Pis H = (6,7,8,9,10). Applying the lemma (3.2.3) we obtain that the generators of

the ideal of C(9) are the quadratic and cubic forms

FY = X2 - X¢Xs FY = X7 X5 — XX FY = X2 - X¢X10,
F1(6)1 = X7X9 — X6X10 Fl(?) = Xg X9 — X7 X0 1(0) = X — Xg X0,
Gg‘y = X3 — XoXsXy, G = X62X7 — XoXoX10 G = X2X5— XoX2,
Gy = X6X72 — Xox2, GY =X3_ X2X, G = X2X4 — X2X,,
Gé%) = X X5 — X6 X7y Gg;) = X3 — X7 X3,

As in the case of genus five writing each rational function, which corrreponds to the initial
monomial of each quadratic and cubic form above, as combination of the elements of the basis
of the vector spaces H°(C,2(2g—2)) and H°(C, 3(2g—2)), respectively, we obtain in the variables
Xo, X¢, X7, X3, X9, X10 the polynomials that vanish identically on the curve C N A®

= F% - ch iy (i =14,...,18),

and

Gi=G — " diiZij, (i =18,...,22,26,27),
j=1
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and the polynomials Fig 1, G20,1, where Z;_; is a polynomial of weight i — j, whenever i — j is
a nongap of H. The freedom to change of coordinates on the variables Xy, Xg, X7, Xg, X9, X190

allows us to normalize (in increasing weights) 15 coefficients as follows

c14,1 = €151 = C16,1,1 = d1g1 = d182 = €152 = C16,1,2 = €153 = 0,

€16,1,3 = C16,1,4 = C15,6 = C14,7 = C14,8 = C159 = €16,1,10 = 0.
The ten syzygies on the monomial curve C(?) induced by the Syzygy Lemma (3.2.4) are

Xi0Fyy — XsFgh + X7 FY =0,

X10FY — XoF{) + X7 F =0,

X10F) - X10F) — XoF{ + XsFY =0,
X106\ — X6 + x2FQ = 0,

X10Gy — XG5y + XeX7F{gh =0,
X10GS) — X106, + XeX10Fy =0,
X106 — X7 X10FY — XX, =0,
X10G5) —

X10GYy — X120F1(g,)1 ~ XoX10FY =0,
X106 — x2 PO — x9x,,FQ = 0.

The 10 above syzygies of the monomial curve give rise to 10 polynomial equations. Again, we
compute the locus of the linearizations of this ten equations, which is the weighted vector space
Tli[’;[“k. We have to solve a linear system with 60 equations obtained by change of variables
Xy, — t". By solving the system it depends only of the 15 coefficients dig 12, d1g11, 158, €16,1,9,

€16,1,8, C15,7, C14,6, d18,6, d18,10, C14,5, d18,5, C14,4, 18,4, d183, C14,2 and so

; 177 J—
dim Tk[?—l]lk = 15.

Thus we conclude that the compactified moduli space ///g:‘l has been realized as a closed subset

of the 14-dimensional weighted projective space P(T&f;“k). We already know that this semigroup

‘H is negatively graded and thus the compactified moduli space ///gfl has codimension three in

M 1.

By changing the variables dig; := b; (i = 3,4,5,6,10,11,12),c14; := a; (j = 2,4,5,6),
and ci6,1,8 := bg,C157 1= a7, c158 := ag,C16,1,9 := a9 and making the substitutions X,,, — t"* on
the syzygies induced by the pre-syzygies of the monomial curve C(?) we obtain 188 equations,
and with a help of the Maple Software we can solve this system. The solution depends only on

the 5 polynomial equations, namely

az?as® + a2’as?bs + azasas>bs + azasasbsbs — 4asas>ar — 3 azasarbs + bsbiy

+asasagby + asasagbs + a42a5a6 + a42a5b6 + a42a6b5 + a426566 + a4a53 — agbig
+2 asas?bs — 2 asasarbs + asasbs® — asarbsbs + asagbsbs + asaghs? — azasbiz
—asagbi1 + asasbio — asasag — asagbs — asbgbiz — asbabin + asbsbio — as®ag

+4 a5a72 — asagbs — asbsb11 + 2 a72b5 — 2aragby — 2 a7agbs + 2 a7bio — agbip = 0,

aqasag — asasbg + agasbg — asbsbg + CL53 + a52b5 + aqb11 + asbig + 2a7bg = 0,
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—a2a53 — a2a5zb5 — agqasbg — asbsbg + 2 a52a7 + asa7bs — asagby — asagbz+

asbiz — agbi1 + agbg = 0,

2 asasag + as’as + as?bs + asasbs + asahs + as>bs — asay + asag — asbg—

2 agQ7 = O,

azasaz® + asagasbs — asagbs — 2 asasar — asae® — asagbs — asarbs + bs

+asasbs + agagbs — asbsbs — as’ag — asaghs — asbsbs — asbrz — agbip — agbs = 0.

Thus the moduli space //lgfl is a projective variety in P'* give by the zero locus of the
above 5 polynomials. Let us see this algebraic set on open affine chart a5 = 1 of P'°. Entering

with a5 = 1 into the 5 equations we get the only three simple equations

bio = aqb3bs + asbg — asae — asbg — asb1y — 2 a7bg — b5 — 1
bi2 = a4bsbs + azbs + asbg + agb11 — arbs + agby + agbs — agbs + az — 2 ay
bs = as?bs + asaghs + 2 asag + a4 — asag + asbs — 2 agar + as + bs.

which gives a local parametrization of ///67:‘1. Since ///gfl is irreducible [Bu, thm 1.1], the moduli

variety ///gfl is rational of dimension 11.
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4 The dimension of moduli spaces of curves

with symmetric Weierstrass semigroup

4.1 A family of multiplicity six

In a view what we mentioned in the introduction about the moduli variety induced by
symmetric semigroups generated by 4 elements, let us consider a family of symmetric semigroups
of multiplicity six generated minimaly by five elements. We also to recall that a symmetric
semigroup of multiplicity m can be generated by m — 1 elements, to see this we just have to

consider the Apery sequence. So, for each non negative integer 7 set

H = (6,3+67,4+ 67,7+ 67,8+ 67)

= 6NU || (j+67+6N)U(11+ 127 +6N).
j€{3,4,7,8}

We will apply the method developed in [CS], pg. 587-590, to obtain an upper bound for the

dimension of the moduli space M;’fl. It consists in looking for the quadratic quasi-cone given

H
g,

expensive to obtain the equations and the dimension of the quadratic quasi-cone than the ones

by quadratic expressions of the equations of M7 that contain this moduli space. Is much less

of the moduli variety M;ﬁ.

Couting the number of gaps of ‘H and picking up the largest nongap, we see that
g=3+67and l; =127 +5 =29 — 1,

and so H is a symmetric semigroup. Let C be a complete integral Gorenstein curve and P be a
smooth point of C whose Weierstrass semigroup at P is H. For each n € H, let z,, be a rational

function on C with pole divisor nP. We abbreviate
x:=x¢ and y; := Tjy6-(j = 3,4,7,8)
and normalize
Te; = $i7 Tj4+67+61 — Clz‘iij

for i > 1. The P-hermitian basis {@n,, n,, ..., an,_,} for the vector space H(C, (2g — 2)P) of
the canonical divisor (2g — 2)P = (127 4 4) P consists of the functions

0 2T
T, ,x

woij-'wayj (] :3a4)7
xoyj, e ,:UT_lyj (j=1,8).
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Since ls = 2, the complete integral Gorenstein curve C is nonhyperelliptic and by the theorem

(2.1.4) it can be identified with its image under the canonical embedding
Ji=(Tng 1 %ny 2o i Tny_,) 1 C = Po—L,
By consider the normalizations, the projection map
(1:x:y3:ys:yr:yg):C— P°

defines an isomorphim of the canonical curve C onto a curve D C P? of degree 67 + 5. Now we
will study the quadratic relation of the canonical curve D. For this, we consider a P-hermitian
basis of the vector space HY(C,2(2g — 2)P) of the bicanonical divisor 247 + 8 which consist of
the 3g — 3 functions

2t (i=0,1,...,47 4+ 1),
ahy; (i=0,1,...,37, j =3,4,7,8),
zlysys (i=0,1,...,21 —1).

For each n € H, having in mind the normalizations of the functions z,, we define a monomial

Z, as follows
Zoi = X', Zjvor+ei = Y; X' and Zi1112046i = V3Ys X

Let X,Y3,Y,, Y7, Yg be the indeterminates whose weight we attached 6, 3+67,4+67, 7467, 8467,
respectively. By writing the nine products y;y;, (i,7) # (3,8) as linear combination of the basis
elements we obtain polynomials in the indeterminates X, Y3, Yy, Y7, Y5 that vanish identically on
the affine curve D N A®, say

12744

Fi=F"+ Y fyZioreiy (i=06,7,11,12,14,15)
j=0
12741

Gi=G"+ Y gijZirric;  (i=8,10,16),
j=0

where
FG(O) — }/'32 _ X2+l F7(0) =YYy — X"Ys Ggo) — Y42 — X"Yg,
GO =vsvs - x ™y, FO =vvs —vaYs Y =y, — X242
F1(2) — Y72 o XT+1Y8 F1((5)) — }/'YYB o X7-+2Y'3 Ggo) _ Y82 . XT+2Y4,

and where the index j only varies through integers with 127 + 1 — 5 € H.

Lemma 4.1.1. If we denote T be the ideal generated by the quadratic forms F; (i = 6,7,11,12,14,15)
and G; (i = 8,10,16) then the ideal of the affine curve DN A® is equal to T.

Proof. Given a polynomial f in the variables X, Y3, Yy, Y7, Ys we apply induction on degree in
Ys, Yy, Y7, Ys and we show that, module the ideal generated by the nine quadratic forms F;, G;,
the monomials of this polynomial f are not divisible by the nine products Y;Yj, (4, j) # (3,8) and
so the class of f is a sum Y ¢, Z, of monomials Z,, of pairwise different weight with n € ‘H and
¢, € k. Thus the polynomial f belongs to the ideal of the curve D N A® if and only if the linear
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combination Y ¢, Z, vanishes identically on the curve D N A® and by taking the corresponding
linear combination Y ¢, of rational functions on k(C) we have ¢, = 0 for each n € H, hence
f belongs to 7. O

We can introduce a more appropriate notation for the constants f;;, g;; with the wish to

help in the moment of normalize this coefficients as follows

FG — }/32 o X2T+1_

- Z foor6i X Yy~

1=0

Fr =Y3Y, — X7Y7—

27+1

- > frape XTI

=0

Gs=Y? — X"Vs—

i
=Y g8 X Y7
i=0

T T 27+1
» » i1
- fesrei X 'Ys— —>  fr3r6 XY — > gare XTI -
=0 i=0 i=0
T7—1 T T
L p p
= foareiXT T o= = frarei X Vz— =Y ggareiX Yi—
i=0 i=0 i=0
T—1 T—1 T
L e »
=3 fosrei XTI — = frapei X7 T e =Y gssrei X Ya—
i=0 i=0 i=0

2T
s
= fopre X
i=0

Gio = YsY7 — X7y, —

T—1

— Z frorei X7 1Y7

1=0

Fi1 =Y4Y7 — YaYg—

T—1
11—
— Y gsere XY
i=0

Fio =Y Ys — X¥2 — f191Y3Ys—

T4+1 T+1 T+1
1-i 1-i 1-i
- 10,146 X Y- — 46X Y4 — 12,246 X ' Yy—
G10146: XY Filiee XY Floore XTIV,
i=0 i=0 i=0
T T+1 T7+1
» s s
—> g0216: X7 Yz =Y e XY= =) flagie X T T Y-
i=0 i=0 i=0
T . T . T .
=Y grosre X Y7 =Y fiisre X Ve =Y froarei X Ve
i=0 i=0 i=0
27+1 T T
2r+1—i —i —i
=Y groare X T = =N fliare X Y- —>  fsre X Y-
i=0 i=0 i=0
T 27+1 27+1
—i 2r4+1—i 2r1—i
=Y gu6+6 XY, - > fuspe X =Y frzere X
i=0 i=0 i=0

F14 — Y72 o XT+1}/8

Fi5 =YYz — X7T2Y3

G16 — }/82 _ XT+2Y21

T+1 T+1 T+2
+1—1 +1—i 1o
=D e XY= =Y fise X T T s =) g6 146X Y-
i=0 =0 =0
2742 T+1 7+1
27+2—i 1 1l
=Y fuapre X2 =3 fiso46 XY= = grepre X7 T Y-
=0 i=0 i=0
T+1 2742 T+1
1—i 27424 1—i
=2 Juare XY= = Y fissa X =) giesee X7 Y-
i=0 i=0 i=0
T+1 T+1 27+2
1—i 1—i 27+4+2—i
=3 fusre X T Ys— = fissre X T Ya— = > grearei X0
i=0 i=0 i=0
T 7+1 T+1
—>_ fuusreiX Y =Y fisereXTH Y = g6+ XY,
1=0 i=0 i=0
—f14,3Y3Y3 —f15,4Y3Y3 —016,5Y3Y3.
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For normalize some constants of the f;;,g;;, we assume that the characteristic of the field of
contants is zero. We observe that the rational functions z,,n < 2g — 2 nongap, are not uniquely

determined by their pole divisor nP, instead we have just the follows freedon to transform

T — T+ Ccg

.
ys > Y3+ Y Cayera’
i=0

N
ys = ya+ ez + ) carera’
=0
‘ T+1
Y7 Y7+ C3ya + cays + Y Criert”
i=0

+1—2

T+1

ys = Ys + Ay + ya + csys + Y Corer
i=0

T+1—1
)

where ¢1, ¢, ¢3, ¢4, ¢}y, c5 and cg are constants with weight 1, 3,4, 5 and 6, respectively. By making

this change, we normalize the only coefficients with i — j =5 mod 6

fi21 =0, fua3 =0, fi54=0, gi65 =0,

and besides these

fr3+6i = fiia46i =0 (i =0,...,7),

g101+6i = fi1246i =0 (1=0,...,7+1).

and

981 = 0,984 = 0,9166 = 0.

Due the normalizations of these constants and the ones such that ¢y, = 1, the only freedon left
us is to transform z,, — "z, (i = 1,...,9 — 1), where ¢ € k* = G,,(k). By theorem (3.2.9)
the isomorphism classes of pointed Gorenstein curves (C, P) determine uniquely the coefficients

up to G,,(k)-action
gij = A gij e fij = fij,

where ¢ € k*. We attach to constants f;;,g;; the weight j, and applying the syzygy lemma we
get the six syzygies of the monomial curve D N A®

ViR V3 FY + X7GY) =0
XV, PO —v:60) 4+ vaFY - xv,60 =0
ViFY - v2aY + v i = 0
YiFy - YsGY) - XTGY =0
YiFy - YsGlg = Vi) =0
)

VP - P - vsG1 = 0.
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The six syzygies of the affine monomial curve D) N A® give rise to six syzygies of the curve
D N A®:

T—1

YiFs — Y3Fr + X7Gio = — Y X7 " (feureiFi2 + fosr6iF11 — fr.6+6iG10)
i=0

- ZX (fo,246iGs + (fo,3+6i — f1,316i)F7 — fraveiFs) .

7—1
XY F; — Y7Gio + Y3Fiy — XY3Gs = — Z X7 (fr5+6iF12 + fro46iF711)
741 . -
o Z XT+1—Z (f14,1+6iG10 + f14’4_‘_67;F7 + f14,5+6iF6)
’i:O

+ Z X" (gs14+6:X G10 + g10,246iF15 + 910.3+6iF14)

+ ZX (98,5+6i X F6 + (98.a+6i — fr.a+6i) X F7 + g10,6+6iF11),

T+1

YaFu = Y7Gs + YsFy = = 3 X7 (fi146iGs + fip46iFr)

T—1 . =
=Y X" (fr546iG16 + (frer6i — s6+6i)Fis)

i=0

T

=Y X7 (—gs+6iF1a + (11,346 + f7,3160) Fiz + (11,4160 — 9s.4+6i) F11 — 98,54+6iG10),

i—0

YiFio — YsGg — X7Gi6 =

=Y X7 (—gsareiFis + (f12.a160 — 98.at6i) Fiz + f12516iF11)

1 741
11— 1—i
+> 98646 X7 T G0 — > X (fi2,016iGs + fi2,346iF%) |
i=0 i=0

YiFiy — YsGro — YrF11 = ZX (910,6+6i — f14,6+6i) F12)

=0
Z X7 (910,2+6iG16 + (910,3+6i + f11,3+61) F15 + fi1,4+6iF14)
T+1 )
- Z XT(frav6i — fiia4ei) Fin — fi12+6iG1o + f1a4+6iGs + fias+6iF7)
i=0

YiFis — Ysb — Y3Gi6 = ZX (f11,3+6iG16 + f11,4+4iF15)

1=0
T+1

= X7 ((fis g6 — friasei) Fiz + (fis6460 — 916,6+61) Fr)
i=0
T+1

= X" (fis5.546iGs — 916.3+46iG10 + fi5,246iF11)
—0
42

+Y  g16116 X T F.
i=0

We observe that each right-hand side differs from the corresponding left-hand side by a

linear combination of elements of the vector space A3, which are lifting of the elements of the
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P-basis of H°(C,3(2g — 2)P) that vanish identically on the curve D N A%, hence is identically
zero. The vanishing of the coefficients of the six linear combinations gives the homogeneous
equations between the coefficients f;; and g;;. For express these equations in a concise manner

we introduce the polynomials in only one variable

127414 X i X )
— Z Fﬁi(tff)’ t76737’, t7674T’ t76777', t78737)t1+12T (’L — 67 77 117 12’ 147 15)’
r=1

and we write each one as the sum of its partial polynomials

fl(j) = Z fi?“tr7 (] - ]-7" '76)7

r=j mod 6

where are defined by collecting every terms whose exponents are in the same residue class
module 6. Analogously we define the polynomials g; and the partial polynomials ggj ). Due the
normalizations in the constants f;;, gij, we may express each g; and f; in terms of 41 partial

polynomials as follows

=IO+ 1O+ 1O+ 1P+ 10, fr= i i 4 ) 4 0
s =95 T +o5) +o +a’. g —g§0>+g§%>+g§§>+g§%>,
f15:f15 +f15 +fls +fls + 1(§)a fll:fll +f11 +f117

Fo=f@ 4O 4 D4 O 4 fO py =P+ D D4 B O

916 = 916 + i + 91 + 9l + 9ic -

We see that the formal degree of the partial polynomials with ¢ = j and i—j = 6 that is f6(6), and

f(l),gg(g )7910 ,f11 ,f12 and fl(g), fl(g),gfé) is +127. The partial polynomials fé4), f6(5), f7(5), f7(6),g§1)
and g§6) have formal degree j+6(7—1), and 13467, respectively. Of the remaining 26 polynomi-
als, 13 these partial polynomials have formal degree j + 67 and the other 13 partial palynomials
have formal degree j + 6(7 + 1). Therefore, the number of the coefficients that are still involved

is equal to
2r+1)+527+2)+3027+3)+67+3+13(7+ 1)+ 13(7 +2) — 3 = 507 + 59,

where the subtraction by three corresponds to the normalizations gs1 = gs4 = g166 = 0. By
applying the theorem (3.2.9) we find an explicit construction of the compactified moduli space

%Hl-

g,

Theorem 4.1.2. Let H be the semigroup generated by 6,3 + 67,4+ 67,7+ 67 and 8+ 67 where
T 15 a positive integer. The isomorphism classes of the pointed complete integral Gorenstein
curves with Weierstrass semigroup H correspond bijectively to the orbtis of the Gp,-action on
the quasi-cone of the vectors of length 50T + 59 whose coordinates are the coefficients gi;, fij of

the 41 partial polynomials that satisfy the siz equations:
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fo—fritgo= —fPg%— (P = N+ 1D s — 1D f1y
—féS)fn + f (6) J10,

fr—g10+ f1a — g8 :(93(31) (1))910+910f15+910)f14+(910 f7 )fu

+(g8" f7 )f7 + (gs - £ o f7 ¥ iz,
fi—gs+fr= o )910 - 1Y 5 - fn fi- £ 10 + (98" = ) fis
+98 Vg — (f8 +f7 Nfia — (f11 —98 N,
f12— 98 — 916 = gél)fls) — (i) - gz(;4))f12 e gé Y910
~ 1398 — £ fr.
fu—go—fu= (3 =+ a0 - 9 — 153 fr+ gio)gm

oty + A fis + £17 fra — (£ — 910 frz,
fis—fii—gie= ( 1(}) - ffé))fm - (ff? - 9§2))f7 + 9%)910 - f1(55,)98

P r 4 gV e+ D g1+ 1D s

This means that the compactified moduli space /// 7 can be embedded into a weighted
projective space of dimensional 507 4 58. Now the key is diminish the dimension of the ambient
space by projecting this space onto space of lower dimension. Initially, we take the six equations of
the moduli space given by theorem (4.1.2) and rewritten this equations in terms of 36 polynomial
equations between 41 partial polynomials. Among this equations, there are six linear equations

between the partial polynomials

4 5 5 1
f f6 7f14 _98 f6 79 :f7()vf1(2):95(;)7 14 f117916 *f15 fl(l)'

With this normalizations we diminish the dimension of the ambient space to 447 +50. By analiz-
ing the formal degree in the remaining 30 equations we can eliminate more partial polynomials,
until the remaining quasi-homogeneuos equations do not admit linear terms. However, this pro-
cedure is very long. As seen in the method developed by A. Contiero and Sthor in [CS], we will

calculate in an explicity way the equations of the quadratic quasi-cone Q4 and its dimension.

First we determine the vector space Tlif;”k which is, up to an isomorphism, the locus of

the linearizations of the 36 equations between the partial polynomials. Solving this system we

obtain
P = 1%)— 0, £y = g8, fiy =g, g%): —g¢";
((z)): 7(3)10 —f62> fl(i) —f(Z)a 15) —f12 a gg) f1(2)a
1 = =0, f15 —f12a916 f12v
956)_0 f? —9§)> 91 f(4 8 »f12 —95(;4), flj —f(4) 92(34)v
f(s) (5); 1(2 = 11 = f(5)+95(55)a flg _9857 f15 = f6 +98 ;

(6)  (6) _

(6 6
+ 9105 93 f7)a f12 —f +9167 f14 —910’ f15 —9()

(6) _ (6)
6

Thus we conclude that the vector space Tli[;{]k can be identified with the space which entries

are the coefficients of the remaining partial polynomials

4 4 6 6
g( ) f127 f127 ) () f6 ) 98 ) f ’ g%(])u g§6)
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By couting the coefficients of this partial polynomials we have 117 + 11 coefficients, and dis-

counting the conditions corresponding to the three normalizations
gs1 = 984 = g16,6 = 0,
we obtain
3 17_ —
dim Tk[H]k =117 + 8.

We conclude that the compactified moduli space ., 97:‘1 has been realized as a closed subspace of

the 117 + 8-dimensional weighted projective space P(T, 11[;”1{)

To determine the quadratic quasi-cone £y is sufficient to enter with the solutions of
the system of 36 linear equations in the quadratic terms of the 36 original equations of degree
at most 2 and eliminate the same partial polynomials that the linear case. Thus the equations
of the quadratic quasi-cone Q3 are the ones whose left hand-side degree is less than the right

hand-side degree. So we obtain the five equations

D= Wy - f65 > <glo f76)>g8>+g§)

9%) = (1)( © _ ) + f12 98 + f(2 98 95(;1)

f1(i1’>) _ f(2) + f f( ) (4)

£ = G”fu — £ <f ’> 9 (g — £1O) 4 fiB — gl
R e Sy QU g%‘é’)+g§ )<g§%) Ay = £

This means that the quadratic quasi-cone Q4 is a subvariety of T; k[H”k whose equations are

1o (—fSV 1Y) — 1O 1S + ~§‘3’ My =0
1346 (— 95(3 g{? + fl(§)98 + f12 5(3 )) =0
7r3+6’r(f6 981)+f6 8 f(5 )_0
mover (FO 15 + 1059 — o8t )gi?h =0
0,

mirer (fO 1S — 1059 + o3l =

where g( ) = ggg) — f7(6), gﬁ? ggg) f7(6) and m; denotes the projection operator in ¢ that

annihilates the terms of degree not large than ¢. We note that the congruences above does not

depend of the coefficients

fe.2, f12,2, [12,3, 98,5, 910,65 G16,6, 12,8, f12,9, §16,12 and frg;, i =1,...,7 — L.

These congruences depend only 107 coefficients. They can be expressed in five equations between

ten elements of the 7-dimensional artinian algebra
T—1 )
A=kl = @ ke’, where € = 0.
=0

Theorem 4.1.3. The quadratic quasi-cone Qy; is isomorphic to the direct product

QH:MXN,
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where M is the (T + 8)-dimensional weighted space of weights 2,2,3,5,6,6,8,9,12 and 61,7 =

1,...,7—1, and N is the quadratic quasi-cone consisting of vectors
T—1 T—1
(Wi, ..., ,w10) = Zwljej, e Zwlodej ,
j:O j:O

such that satisfying the five equations

wawg — w3wy — waws = 0,
wawg + wewr + wswg = 0,
WiWy4 + wowg — waws = 0,
wiw7 — wawig — wswy = 0,

w3w1g + wewy + wiwg = 0,

in the artinian algebra A.

Proof. We define
wij = fo,6m+2—6i,w2j = f6,6r—2—6isW3j = [6,6r—1-6i»Wij = f7,67+6—6i>W5j = 98,67+1—6i>

Wej = 98,6m+5—6i>W7j = [12,6r+8—6i> W8j = [12,6r+9—6is W9j = §10,67+6—6is W10,j = J16,67+6—6is

and note that the conditions on the 107 coefficients are equivalents to the five quadratic equations

in the antinian algebra A. O
Corollary 4.1.4. We have

dim Qy = 87 + 8.

Proof. Since dim M = 7 + 8, we just have to show that dim N = 77. If W; is the open subset
of N defined by w;g # 0, then w; is an unit in the local artinian algebra A. For exemple, if
(wi,...,w1p) is a vector belong to the open W then we can eliminate wyg,w; and wg from the
third, forth and fifth quadratic equations and the remaining two equations become trivial. This
means that W has codimension 37 in A'°, thus W; has dimension 77. In a similar way, we see
that

dimW; =7r(i=1,...,10).

If r=1,then N =Wy UWs U...U Wiy and therefore dim N = 7. We suppose that 7 > 1. If a
vector (w1, ...,wio) € N does not belong to the union Wy U W, U ... U Wi means that w;; =0
whenever j = 0, and then the ten coefficients w;; with j = 0 do not enter into the five quadratic

equations, and by induction we obtain
dim(N\(W1 U...UWy)) =T7(1 —2) + 10 < 77,

and therefore we have dim N = 77. O
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Now apllying the theorem (3.2.9), we obtain an upper bound for the dimension of the

moduli variety
dim .4 < 87 + 8,

which for every 7 > 1 is batter than Deligne’s bound 2g — 1 =5 + 127.

By applying theory of limit linear series Eisenbud and Harris in [EH] found a lower bound
for the moduli space M;‘fl. More precisely, a lower bound for the dimension of any irreducible

component of /\/l;‘l is

dim M7, > 3g — 2 — wt(H),

g

where wt(H) = Z(ZZ —1) is the weight of the semigroup. This lower bound is attained whenever
i=1

wt(H) < g — 2 and the Weierstrass semigroup H is primitive that is, the last gap is smaller

than twice the first nongap. However for semigroups of weight large as symmetric semigroups

the lower bound 3g — 2 — wt(#) becomes far from sharp, may even be negative.

Nathan in [PF1] improves this lower bound by introduce the effective weight of a numer-

ical semigroup H

ewt(H) = Z (# generators nj < [;).
gaps ;

Alternatively, ewt(#) is the number of pairs (n;,l;) where n; is a generator of H and
l ¢ H with n; < l, and so wt(H) — ewt(H) is equal to the number of pairs (n;,l;) where

n; < lg, n; is composite, and I is a gap. Therefore,
wt(H) = ewt(H) <= H is primitive.

Theorem 4.1.5. (Theorem 1.2, [PF1]) If M;’fl in nonempty, and X 1is any irreducible compo-

nent of it, then

dim X > dim Mg ; — ewt(H).

Moreover, this bound is sharp (see [PF1], thm 1.3) whenever ewt(H) < g —2. As exemple
where the dimension of /\/lz;fl is strictly greater than 3g — 2 — ewt(#) consider the symmetric
semigroup H = (6,7, 8) of genus 9. Its effective weight ewt(?#) = 12 and by embbeding a curve
C in P? (see [PF1], pg. 12) follows that dim Mz'fl =11.

We will calculate the dimension of M;’fl when H is the symmetric semigroup family
H = (6,34 67,4+ 67,7+ 67,8 + 67). By corollary (4.1.4) we have dim M;‘fl < 87 + 8. On the
other hand, the gaps of ‘H are

j+6i, i=0,...,7and j =1,2
j+6i, i=0,...,7—1and j=3,4
546i, i=0,... 27
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Thus, ewt(H) = 107 and by theorem (4.1.5) we obtain

dim M¥, > dim Mg — ewt(H)

= 3¢g—2-107
= &7 +7.

Corollary 4.1.6. If we take the symmetric semigroup family H = (6, 3461, 4467, 7+67,84+67),
then
dim M}, =874 7.

We also consider the symmetric semigroup family worked by A. Contiero and Stéhr in
[CS]
H=1(6,2+67,3+ 67,4+ 67,5+ 67),
where 7 > 1 and the genus of H is g = 1 + 67. Calculating the gaps of this semigroup

j+6i, i=0,...,7—1land j =2,3,4,5
14+6i, i=0,...,27.

Now observe that ewt(H) = 107 —4. Therefore applying the theorem (4.1.5) we obtain the lower
bound
dim MM, > 3(1467) —2 — (107 — 4) = 87 + 5.

On the other hand, follows the corollary 4.5 in [CS] an upper bound of the moduli space M;’fl
dim M}, < 87 +5.
Corollary 4.1.7. If H = (6,2 + 67,3+ 67,4 + 67,5 + 67), then

dim M}, =87 4 5.

4.2 Future Works

Through this thesis we can formulate a number of questions that we will try to solve in

the next years.

The fisrt question was proposed my advisor A. Contiero which try to get a finer upper

bound for the dimension of M;fl.

Question 4.2.1 (A. Contiero). Is it true that

dim M}, <29 — 24+ X — dim TH (k[H])?

We can answer positively the truth of these questions for all semigroups of genus not
bigger than 6 organizing in the following table following the notation: NP denotes the lower
bound !; Del is the upper bound of Deline 2g — 1 — A(H).

!The lower bounds in blue are better that the lower bound of Eisenbud and Harris in [EH].
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gaps NP | dim M7 | A(H) | Del | dim T+
1,3 3 3 1 3 0
1,2 4 4 2 4 0
1,3,5 5 5 1 | 5 0
1,2 4 6 6 2 | 6 0
1,2,5 ) ) 1 ) 0
1,2, 3 7 7 3 7 0
1,3,5, 7 7 7 1 7 0
1,245 8 8 2 | 8 0
1,247 7 7 1 | 7 0
1,23 5 9 9 3 | 9 0
1,23 6 8 8 2 | 8 0
1,2,3,7 7 7 1 7 0
1,2,3,4 10 10 4 10 0
1,3,5,7,9 9 9 1 9 0
1,2,4,5,7 10 10 2 | 10 0
1,2 4, 5,8 9 9 2 | 10 1
1,2, 3,5, 6 1 1 3 | 11 0
1,2,3,5 7 10 10 3 | 11 1
1,23 5,0 1 | 9 0
1,2,3.6,7 2 | 10 1
1,2,3 4,6 12 12 1| 12 0
1,23, 4,7 11 11 3 | 11 0
1,2, 3,4, 8 10 10 2 | 10 0
1,23 4,9 9 9 1 | 9 0
1,2,3, 45 13 13 5 | 13 0
1,3,5, 7,9, 11 | 11 1 1 | 11 0
1,2,4,5 7.8 | 12 12 2 | 12 0
1,2,4,5 710 11 11 2 | 12 1
1,2, 4,5, 8 11 | 10 10 1 | 11 1
1,2,3,5,6,7 13 13 3 13 0
1,2,3,5,6 9 | 12 12 3 | 13 1
1,2,3,5,6,10 | 11 1 2 | 12 1
1,2,3,5.7,9 | 11 1 3 | 13 2
1,2,3,5 7, 11 | 10 10 1 | 1 1
1,2,3,6,7.9 | 10 10 1 | 11 1
1,2,3,4,6 7 | 14 14 4 | 14 0
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gaps NP | dim M, | A(H) | Del | dimT"+
1,2,3,4,6,8 | 13 ? 4 | 14 1
1,2,3,4,6,9 12 12 3 13 1
1,2,3,4,6,11 | 11 11 1 11 0
1,2,3,4,7,8 12 12 3 13 1
1,2,3,4,7,9 11 11 2 12 1
1,2,3,4,8,9 10 10 2 12 2
1,2,3,4,5,7 | 15 15 5 | 15 0
1,2,3,4,5,8 | 14 14 4 | 14 0
1,2,3,4,5,9 13 13 3 13 0
1,2,3,4,5 10 | 12 12 2 | 12 0
1,2,3,4,5, 11 | 11 11 1 11 0
1,2,3,4,5,6 | 16 16 6 | 16 0

From the work [CS] we can try to fix the multicplicity of a (symmetric) semigroup #H
(for example equal to 6), and try to use some of the Pflueger ideas to get an upper bound for
dim M;’fl.

As can be noted from this thesis, it can be really hard, or even impossible, try to study
the structure of the spaces M;‘l in an explicit way. So we can try to study some of Hilbert
spaces, following again the Pflueger approach [PF2|. Here we can try also work with symmetric
semigroups using facts on Hilbert schemes of canonical curves. In this way we can try to work

on Buchsweitz’s question [B].

Conjecture 4.2.1. If T?(k[H]) is equal to zero than ./\/l:q’Lfl is rational.

An other question is about the minimal amount of cubic forms that generate the ideal
of a trigonal Gorenstein curve. We have for a canonical curve the Petri’s theorem in [ACGH]
which prove that a certain amount of forms generate the ideal of the curve. Also in this thesis,
we calculate the ideal of a trigonal curve of genus 6, in the subsection 3.3.2. In both cases the

amount of cubic forms is not minimal.

We also want to answer what semigroups can be realized as Weierstrass semigroup of a
Gorenstein or Kunz curve. Nivaldo in [M] answered this question for a class of semigroups called
(di,...,dpm)-symmetric semigroups. He proved that each semigroup of this class is realized as a
Weierstrass semigroup of a Gorenstein curve which is an union of a monomial curve with curves
of genus zero. We will try to work with necessary and sufficient conditions of a Gorenstein and

Kunz local ring proved in [BAF].
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