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Resumo

Nesta tese estudamos uma teoria de localização para super campos vetoriais holomor-
fos em supermanifolds complexas e compactas. Mostramos teoremas de resíduos para
super campos vetoriais holomorfos pares e ímpares, com singularidades isoladas e não-
degeneradas, e determinamos os resíduos sob certas condições locais.



Abstract

In this Thesis we will study a localization theory for even and odd holomorphic super
vector fields on compact complex supermanifolds. We prove residue theorems for vec-
tor fields with non-degenerated and isolated singularities. Moreover, we determine the
residues under certain local conditions.



Introduction

The calculation of certain integrals is very important in mathematics and Physics, es-
pecially in String Theory. Localization techniques has been used by theoretical physicists
in order to calculate integrals with the purpose to determinate partition functions, see
[26] and the survey [15] about applications of localization techniques to supersymmetric
quantum field theories.

In [10] Duistermaat and Heckman provided a localization formula for a torus action
on a symplectic manifold. Later independently in [4] Berline and Vergne and in [1] Atiyah
and Bott generalized the Duistermaat-Heckman formula. This formula is known as The
Berline-Vergne-Atiyah-Bott localization formula. In [25] Witten has provided a proof of
this result by using supergeometry techniques.

More precisely, the Duistermaat-Heckman Formula can be stated as follows: Let V
be a vector field, with only nondegenerate zero isolated zeros, on a symplectic manifold
(M,ω) of real dimension 2n, with (d+ iV )ω = 0 and such that there is a smooth function
g such that iV ω = dg, then for any s > 0,

∫
X

exp {ω − sg} =
∫
X
e−sg

ωn

n! =
(2π
i

)n ∑
pκ∈Sing(V )

 e−sg(pκ)

(is)n det
1
2 (JV (pκ))

 (pκ) ,

where pκ ∈ Sing(V ) is a singular point of V and JV (pκ) denotes the jacobian of V at pκ.
It is worth mentioning that Chern-Gauss-Bonnet and Poincaré-Hopf Theorems were

the first results in which the localization phenomena appear. Bott in [6] generalized
this theorem and in [3] Baum and Bott provided a localization theory for holomorphic
foliations. More precisely, let X be a compact complex manifold v is a holomorphic
vector field with isolated singularities on X. The Poincaré-Hopf Theorem and Chern-
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Gauss-Bonnet Theorem imply that
∫
X
cn(TX) =

∑
p∈{v(p)=0}

Indp(v),

where X is a compact complex manifold, cn(TX) denotes its top Chern class and Indp(v)
is the Poincaré-Hopf index of v on p. In [22] Weiping gave a simple proof of the Bott
residue theorem in a slightly more general form by using Witten and Bismut [5] techniques.

A complex supermanifold is a ringed space S = (X,OS), where X is a complex
manifold and the sheaf of rings OS on X is locally isomorphic to an exterior algebra
over a vector bundle. Let TS := Der(OS) be the tangent bundle of S = (X,OS) and v a
holomorphic vetor field on X. Let J(v) be the jacobian of v. Suppose that the singular set
Sing(v) = {v = 0} is isolated and non-degenerate. That is, the superdeterminant([24])
satisfies Ber(V )(pj) 6= 0 for all p ∈ Sing(v).

In the real supermanifold context Schwarz and Zaboronsky in [18] have provided a
localization formula for odd supervector fields. See [7] for a similar result due to Bruzzo
and Fucito and [27] for a Zakharevich’s result for odd vector fields with non-isolated
singularities.

In this Thesis, we prove, for even and odd holomorphic vector fields, the following
results:

Theorem 0.1. Let S a complex supermanifold of dimension n|m. Let V be an even or
odd (with n = m) supervector without singularities, then for any η ∈ ⊕A(p,q)|(r,s) such
that (∂ + iV )(η) = 0, we have: ∫

S
η = 0.

Theorem 0.2. Let V be an even or odd (with n = m) holomorphic supervector field
on S with isolated singularities pi ∈ Sing(V ), then for any η ∈ ⊕A(p,q)|(r,s) such that
(∂ + iV )(η) = 0, we have:

∫
S
η =

∑
i

Respi(V, η)

where
Respi(V, η) = lim

t→0

∫
SBε(pi)

η · exp
{
−∂ω

t
− iV (ω)

t

}

For the even case, we prove the following residue formula:

Theorem 0.3. Let V be an even holomorphic vector field with a non-degenerate isolated
singularity pj ∈ Sing(V ), let S be a compact complex supermanifold with dimension m|n
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and let η ∈ ⊕A(p,q)|(r,s) be such that (∂ + iV )(η) = 0. If det(B(D))(B(pj)) = 1, then we
have:

Respj(V, η) =
(2π
i

)m η
(0,0)|(n,n)
(1,...,n;1,...,n)

Ber(V ) (pj)

For the odd case, we prove the following residue formulas:

Theorem 0.4. Let S be a compact complex supermanifold of n|n dimension and let V be
an odd holomorphic vector field with a non-degenerate isolated singularity pj ∈ Sing(V ),
whose representation in local coordinates is equal to V = ∑n

i=1 fi
∂
∂zi

+ ∑n
i=1 gi

∂
∂ξi

, where
gi(z) are even functions without odd variables and fi(z, ξ) are non-constant odd functions
such that fi(pj) = 0.. Furthermore, let ω be the form defined in 3.35 and let η ∈⊕
A(p,q)|(r,s) be a form such that (∂ + iV )(η) = 0. If the number n (dimension) is even

(odd), if the functions η(0,0)|(n,n), η(1,0)|(n−1,n)
∗̂ have only even (odd) quantities of variables

ξj in its expansion and if det(B(D))(B(pj)) = 1, then:

Respj(V, η) =
(2π
i

)n η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V )

 (pj) .

Theorem 0.5. Let S be a compact complex supermanifold of n|n dimension and let V be
an odd holomorphic vector field with a non-degenerate isolated singularity pκ ∈ Sing(V ),
whose representation in local coordinates is equal to V = ∑n

i=1 fi
∂
∂zi

+ ∑n
i=1 gi

∂
∂ξi

, where
gi(z) are even functions without odd variables and fi(z, ξ) are odd functions such that
fi(z, ξ) = ∑

λ∈M ξλ · aiλ · gi + ∑
λ∈M ξλ · biλ · giλ with M being the set of multi-indices,

aiλ, b
i
λ ∈ C and iλ ∈ {1, . . . , î, . . . , n}. Furthermore, let ω be the form defined in 3.35 and

let η ∈ ⊕A(p,q)|(r,s) be a form such that (∂ + iV )(η) = 0. Then, if det(B(D))(B(pκ)) = 1,
we have:

Respκ(V, η) =
(2π
i

)n η(0,0)|(n,n)
(1...n,1...n) + η

(1,0)|(n−1,n)
∗̂(1...n,1...n)

Ber(V )

 (pκ) +

(2π
i

)n 
∑n
j=1

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
Ber(V )

 (pκ) .

where L(λ) are odd numbers.

And as consequence of the previous results, we have the applications:



Introduction x

1. From the residue formula found at this thesis, we deduced the following Duistermaat-
Heckman type formula for supermanifolds

∫
X
e−sg

ωn

n! =
(2π
i

)n ∑
pκ∈Sing(V )

(eω−sg)(0,0)|(n,n)
(1...n,1...n)

Ber(V )

 (pκ) ;

2. From theorem 0.1 and from the formula (see [9], pg. 28)
∫
Pn|m

ωnFS = 1
(n−m)! ,

we conclude that a projective superspace Pn|m, with n ≥ m, has no vector field
without singularities.



Notations

A : arbitrary abelian group;
A : A-graded commutative ring with unit 1 6= 0
Cs : complex Grassmann algebra;

Cm,n
s : complex Grassmann superspace of dimension m|n ;
S : complex supermanifold;
X : complex manifold associated to the supermanifold S;
B : body map ;

SBε(p) : superball centered on p of radius ε ;
Bε(p) : ball centered on p of radius ε;

ω, η, . . . : forms on Grassmann complex numbers ;
ω∅, η∅, . . . : forms on complex numbers associated to ω, η, . . . ;
A(p,q)|(r,s) : forms of type f dz1 ∧ · · · ∧ dzp ∧ dz1 ∧ · · · ∧ dzq ∧ dξ1 ∧ · · · ∧ dξr ∧ dξ1 ∧ · · · ∧ dξs.



Chapter

1
Graded commutative linear algebra

1.1 Graded commutative rings and graded modules

Notation 1.1. We will denote by A an arbitrary abelian group.

Definition 1.2. An A-graded ring is a ring A with the additional property that there
exists a family of subgroupsAα (subgroups with respect to the additive (abelian) structure
of the ring A), α ∈ A such that:

• A = ⊕
α∈AAα

• ∀ α, β ∈ A : Aα · Aβ ⊂ Aα+β

The elements of Aα are called homogeneous elements of parity α. For homogeneous
elements, the parity map ε : ⋃α∈AAα → A is defined by ε(Aα) = α.

Remark 1.3. Note that the parity map isn’t defined on all ring A.

Remark 1.4. Elements of zero parity will be called even.

Remark 1.5. The element 0 ∈ A has ambiguous parity, i.e, 0 ∈ A has any parity that
we wish for because

0 ∈ Aα, ∀ α ∈ A⇒ ε(0) = α, ∀ α ∈ A.

Remark 1.6. SinceAα ·Aβ ⊂ Aα+β, ∀ α, β ∈ A, then ε(Aα.Aβ) = ε(Aα)+ε(Aβ) = α+β.

Lemma 1.7. If an A-graded ring A has unit 1 6= 0, then ε(1) = 0.

Proof. Vide [20, pg 3].
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Definition 1.8. An A-graded commutative ring is an A-graded ring together with a
symmetric bi-additive map < _|_ >: A× A −→ Z2 ' 0, 1 such that:

a ∈ Aα, b ∈ Aβ ⇒ a.b = (−1)<α|β>b.a

Notation 1.9. From now on we will consider A an A-graded commutative ring with unit
1 6= 0.

Definition 1.10. A A-graded left A-module (respectively right) is a left A-module E
(respectively right) together with a family of subgroups Eα, α ∈ A (subgroups with
respect to the additive (abelian) structure of E) satisfying:

(i) E = ⊕
α∈AEα

(ii) Aα.Eβ ⊂ Eα+β (respectively Eα.Aβ ⊂ Eα+β)

The elements of Eα are called homogeneous elements of parity α. The parity map

ε :
⋃
α∈A

Eα → A

is defined by ε(Eα) = α.

Remark 1.11. The parity map is not defined for all E and ε(0) has ambiguous parity
(0 ∈ E).

Remark 1.12. By Aα.Eβ ⊂ Eα+β , ∀a ∈ Aα, ∀e ∈ Eβ we have:

ε(a.e) = ε(a) + ε(e) = α + β

Remark 1.13. Elements of zero parity will be called even elements.

Definition 1.14. A subset F of an A-graded left/right A-module E is called an A-graded
submodule if F is a submodule of the left/right A-module E and if F , together with the
subsets Fα = F ∩ Eα, is itself a left/right A-graded A-module.

Definition 1.15. By an A-gradedA-module we will always mean an A-gradedA-bimodule
for which the left and right actions of A are related by:

e.a = (−1)〈α|β〉a.e, ∀ a ∈ Aα, ∀ e ∈ Eβ

Definition 1.16. A subset F of an A-gradedA-module E is called an A-graded submodule
of E if it is an A-graded submodule of the left or right A-graded A-module E.
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The former definition is well defined because the following lemma.

Lemma 1.17. Given an A-graded A-module E, let F be an A-graded submodule of the
left structure (right structure) of E. Then F is too an A-graded submodule of the right
structure (left structure) of E and it thus will be automatically an A-graded A-module
itself.

Proof. Vide [20, pg 6].

Definition 1.18. Let E be an A-graded left A-module, let S be a subset of E and let B
be a subset of A. We define the subset SpanB(S) ⊂ E by:

SpanB(S) =
{

n∑
i=1

aisi | n ∈ N, ai ∈ B, si ∈ S
}

Remark 1.19. For an A-graded right A-module E one just replace ∑n
i=1 a

isi in the
definition by ∑n

i=1 sia
i.

Remark 1.20. When B = A we just write Span(S).

Remark 1.21. It’s easy to verify that Span(S) is a submodule of E, usually called the
submodule generated by S.

Definition 1.22. Suppose that Fi, i ∈ I, be a family of submodules of E. Then:

Span(
⋃
i∈I
Fi) =

{
n∑
k=1

fik | n ∈ N, ik ∈ I, fik ∈ Fik

}

is called the sum of submodules Fi.

Remark 1.23. Span(⋃i∈I Fi) is usually denoted by ∑i∈I Fi.

Lemma 1.24. If E is an A-graded A-module and if Fi, i ∈ I, is a family of A-graded
submodules of E, then ∑i∈I Fi is an A-graded submodule of E.

Proof. f ∈ ∑i∈I Fi ⇒ f = ∑n
k=1 fik , with fik ∈ Fik . Since ∀Fik is an A-graded submodule,

then fik = ∑
α∈A(fik)α, with (fik)α ∈ Fik . Therefore, regrouping the homogeneous terms,

we have:
f =

⊕
α∈A

fα

with fα ∈ Span(⋃i∈I Fi), ∀α ∈ A.
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Lemma 1.25. If E is an A-graded A-module and if S ⊂ E is a set of homogeneous
elements only, then Span(S) is an A-graded submodule of E.

Proof.

e ∈ Span(S)⇒ e =
n∑
i=1

aisi =
n∑
i=1

∑
α∈A

aiα

 si, with ε(si) ∈ A.

Now, regrouping the terms in order of parity, we find

e =
∑
β∈A

n∑
i=1

∑
α∈A

(
aiαsi

)
β

that is exactly the decomposition of e in homogeneous elements.

1.2 Multi-linear maps

Definition 1.26. Given the A-graded A-modules E1, . . . , Ek and F , a k-additive map
φ : E1 × · · · × Ek → F is said to be left k-linear if ∀i, ∀ei ∈ Ei and ∀a ∈ A, we have:

(i) φ(e1, . . . , ei−1, eia, ei+1, . . . , ek) = φ(e1, . . . , ei−1, ei, aei+1, . . . , ek)

(ii) φ(ae1, e2, . . . , , ek) = aφ(e1, e2, . . . , , ek)

The φ map is called right k-linear if the condition (ii) is modified to:

(ii)’ φ(e1, . . . , ek−1, eka) = φ(e1, . . . , ek−1, ek)a

Definition 1.27.

(•) The set of all left k-linear maps is denoted by MapL (E1, . . . , Ek;F )

(•) The set of all right k-linear maps is denoted by MapR (E1, . . . , Ek;F )

(•) MapS (E1, . . . , Ek;F ) = MapL (E1, . . . , Ek;F ) or MapR (E1, . . . , Ek;F )

Definition 1.28. The map φ ∈ MapS (E1, . . . , Ek;F ) is called a k-linear map of parity
α ∈ A if:

φ((E1)β1 , . . . , (Ek)βk) ⊂ Fα+β1+···+βk , ∀βi ∈ A

Definition 1.29. MapS (E1, . . . , Ek;F )α ⊂ MapS (E1, . . . , Ek;F ) denote the subset of all
k-linear maps of parity α.

Definition 1.30.
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(•) For left k-linear maps, the right multiplication is defined by:

(φa)(e1, . . . , ek) = [φ(e1, . . . , ek)]a

(•) For right k-linear maps, the left multiplication is defined by:

(aφ)(e1, . . . , ek) = a[φ(e1, . . . , ek)]

Lemma 1.31. With the former definitions, the set MapL (E1, . . . , Ek;F ) becomes a right
A-module and the set MapR (E1, . . . , Ek;F ) becomes a left A-module.

Proof. Vide [20, pg 8].

Lemma 1.32. ∀ α, β ∈ A and φ ∈ MapS (E1, . . . , Ek;F )α, ψ ∈ MapS (F ;H)β, then we
have

ψ ◦ φ ∈ MapS (E1, . . . , Ek;H)α+β

Proof. For e1, . . . , ek homogeneous, we have:

ε(ψ ◦ φ(e1, . . . , ek)) = ε(ψ) + ε(φ(e1, . . . , ek)) = β + ε(φ) +
k∑
i=1

ε(ei) = β + α +
k∑
i=1

ε(ei).

Definition 1.33. A k-linear map φ ∈ MapS (E1, . . . , Ek;F ) is called a (homo)morphism
if this map is a finite sum of homogeneous k-linear maps. More precisely, we define the
set HomS (E1, . . . , Ek;F ) of all k-linear homomorphisms by:

HomS (E1, . . . , Ek;F ) =
∑
α∈A

MapS (E1, . . . , Ek;F )α ⊂ MapS (E1, . . . , Ek;F ) .

Remark 1.34. When all A-graded A-modules coincide, we denote HomS (E1, . . . , Ek;F )
by HomS

(
Ek;F

)
.

Remark 1.35. HomS (E;E) is denoted as EndS(E) and its elements are called endomor-
phisms of E.

Remark 1.36.

(•) HomL (E;A) is denoted by ∗E and is called the left dual of E.

(•) HomR (E;A) is denoted by E∗ and is called the right dual of E.



1.3 Free A-graded A-modules and quotients 6

Lemma 1.37. The left/right A-module HomS (E1, . . . , Ek;F ) together with its subsets
HomS (E1, . . . , Ek;F )α is an A-graded A-module. If the abelian group A is finite, then
HomS (E1, . . . , Ek;F ) = MapS (E1, . . . , Ek;F ).

Proof. Vide [20, pg 9].

Corollary 1.38. HomL (E1, . . . , Ek;F )0 = HomR (E1, . . . , Ek;F )0

Proof. Vide [20, pg 10].

Remark 1.39. As HomL (E1, . . . , Ek;F )0 = HomR (E1, . . . , Ek;F )0, then we can just
write Hom(E1, . . . , Ek;F )0 for both.

Definition 1.40.

(•) An even invertible linear map φ ∈ Hom(E;F )0 is called an isomorphism between E

and F . If there exists an isomorphism between E and F , then they are called isomorphic.

(•) An even invertible endomorphism ψ ∈ End(E)0 is called an automorphism of E. The
set of all automorphisms of E is denoted by Aut(E).

1.3 Free A-graded A-modules and quotients

Definition 1.41 (free A-graded A-module). Let ε : G→ A be a map from an abstract
set G to A, and define Gα ⊂ G by Gα = ε−1(α). We define the space F (G, ε) as the set of
all maps f : G → A with the property that f(g) = 0 for all g ∈ G except finitely many.
In F (G, ε), we define the addition by (f+f’)(g)=f(g)+f’(g), and a (left) multiplication by
elements of A by (af)(g) = af(g). In this way F (G, ε) becomes a left A-module. We
identify each element g ∈ G with the map φg : G→ A defined by φg(g) = 1 and φg(h) = 0
for h 6= g. Thus, each f ∈ F (G, ε) can be written in a unique way as:

f =
∑
g∈G

f gφg ≡
∑
g∈G

f g · g

where f g ∈ A is defined by f g = f(g).

Remark 1.42. By definition, the sum above need to be finite.

Definition 1.43.

F (G, ε)α :=
{
f ∈ F (G, ε) | ∀g ∈ G : f(g) ∈ Aα−ε(g)

}
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Lemma 1.44. f = ∑
g∈G f

g ·g has parity α if and only if f g has parity α−ε(g), ∀g ∈ G.
Furthermore, for φg ∈ F (G, ε) we have ε(φg) = ε(g).

Proof.

(i) f g = f(g) ∈ Aα−ε(g), ∀g ∈ G⇔ ε(f g) = α− ε(g), ∀g ∈ G.

(ii) φg(g) = 1 ∈ A0 = Aα−ε(g) and, ∀h 6= g, φg(h) = 0 ∈ A0 = Aα−ε(g) ⇒ ε(φg) = ε(g).

Decomposing each f g ∈ A in its unique homogeneous components, we get (regrouping
the elements) to decompose any f ∈ F (G, ε) in unique homogeneous parts. Therefore:

F (G, ε) =
⊕
α∈A

F (G, ε)α

Furthermore, we have Aα · F (G, ε)β ⊂ F (G, ε)α+β. So F (G, ε) is an A-graded A-module.

Remark 1.45. F (G, ε) is usually called the free A-graded A-module.

Definition 1.46 (quotients). Let E be an A-graded A-module and let F be an A-graded
submodule of E. The quotient G = E/F with canonical projection π : E → G is defined
by:

π(e) = π(e′)⇔ e− e′ ∈ F.

The addition and (left) multiplication by elements in A is defined by:

(•) π(e) + π(e′) = π(e+ e′)

(•) aπ(e) = π(ae)

The subgroups Gα are defined by:

π(e) ∈ Gα ⇔ ∃f ∈ F : e− f ∈ Eα

Remark 1.47. By the above definition, we deduce that π is an even linear map, i.e.,
π ∈ HomS (E;G)0.

Lemma 1.48. Let E be an A-graded A-module and let F be an A-graded submodule of
E. Then, by above definitions, we have that G = E/F is an A-graded A-module.

Proof. It is clear that G is a A-module and that AαGβ = Gα+β. Now, for all e ∈ E, we
have:

π(e) = π(
∑
α∈A

eα) =
∑
α∈A

π(eα)
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with π(eα) ∈ Gα. It remains to prove that this decomposition is unique. For this, it
is enough to show that ∑α∈A π(eα) = 0 ⇒ π(eα) = 0, ∀α ∈ A. Indeed: ∑α∈A π(eα) =
π(∑α∈A eα) = 0 ⇒ ∑

α∈A eα = f ∈ F. Since F is an A-graded submodule of E, we have
that eα ∈ F, ∀α ∈ A⇒ π(eα) = 0, ∀α ∈ A.

1.4 Tensor products

Let E and F be A-graded A-modules and consider the set G = (∪α∈AEα\{0}) ×
(∪βFβ\{0}) ⊂ E × F ,i.e., G is the product of all non-zero homogeneous elements in E

and in F . On G we define a parity map ε : G→ A by ε(e, f) = ε(e) + ε(f). Let F (G, ε)
be the free A-graded A-module associated to G. We define the subset S of F (G, ε) as the
union of two subsets: S = Sa ∪ Sm with:

Sa = {φ(e+e′,f)−φ(e,f)−φ(e′,f), φ(e,f+f ′)−φ(e,f)−φ(e,f ′)|∀ α, β ∈ A, e, e′ ∈ Eα, f, f ′ ∈ Fβ}
(1.1)

Sm = {φ(ae,f) − aφ(e,f), φ(ea,f) − φ(e,af)|∀ α, β, γ ∈ A, a ∈ Aα, e ∈ Eβ, f ∈ Fγ}. (1.2)

Definition 1.49.
E ⊗ F := F (G, ε)/Span(S).

This A-graded A-module is called the tensor product of E and F.

Remark 1.50. E⊗F is indeed an A-graded A-module because of lemmas 1.25 and 1.48.

Definition 1.51. We define the map χ : E × F → E ⊗ F as:

χ(e, f) =
∑
α,β∈A

π
(
φ(eα,fβ)

)
. (1.3)

Lemma 1.52. The map χ : E × F → E ⊗ F is even and bilinear.

Proof. Vide [20, pg 18].

Remark 1.53. By induction, we find χ(e1, . . . , ek) = e1 ⊗ · · · ⊗ ek.

Proposition 1.54. Given any A-graded A-module H and any ψ ∈ MapS (E,F ;H), there
exists a unique Ψ ∈ MapS (E ⊗ F ;H) such that ψ = Ψ ◦ χ. If ψ has parity α, then so
has Ψ.
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Proof. Vide [20, pg 19].

Remark 1.55. The above result can be generalized to any k-linear maps, i.e., given ψ ∈
MapS (E1, . . . , Ek;H), then there exists a unique linear map Ψ ∈ MapS (E1 ⊗ · · · ⊗ Ek;H)
such that ψ = Ψ ◦ χ and if ε(ψ) = α, then ε(Ψ) = α.

Notation 1.56. For E1, . . . , Ek A-graded A-modules, we have:

k⊗
i=1

Ei = E1 ⊗ · · · ⊗ Ek

1⊗
i=k

Ei = Ek ⊗ · · · ⊗ E1

k⊗
E = E ⊗ · · · ⊗ E

0⊗
E = A (formal definition)(

K⊗
E

)
⊗
(

L⊗
E

)
=

K+L⊗
E with K,L ∈ N

For K = 0 or L = 0, we will use the isomorphism mL or mR, i.e( 0⊗
E

)
⊗
(

L⊗
E

)
= A⊗

(
L⊗
E

)
∼=

L⊗
E

(
K⊗
E

)
⊗
( 0⊗

E

)
=
(

K⊗
E

)
⊗A ∼=

K⊗
E

Definition 1.57. For any two A-graded A-module E,F , we define R : E × F → F ⊗ E
by:

R(e, f) =
∑
α,β∈A

(−1)〈α|β〉χ(fβ, eα)

or

R(e, f) =
∑
α,β∈A

(−1)〈α|β〉fβ ⊗ eα

Lemma 1.58. R is an even bilinear map.

Proof.

(•) R is even. Indeed, for e, f homogeneous, we have:

ε(R(e, f)) = ε
(
(−1)〈α|β〉fβ ⊗ eα

)
= ε(eα) + ε(fβ) = α + β
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(•) Let’s prove the additivity in the first entrance. In the second, it’s similar.
R(e1 + e2, f) = ∑

α,β∈A(−1)〈α|β〉χ(fβ, e1α + e2α) =∑
α,β∈A(−1)〈α|β〉χ(fβ, e1α) +∑

α,β∈A(−1)〈α|β〉χ(fβ, e2α) = R(e1, f) +R(e2, f).

(•) R(ea, f) = R(e, af). Indeed, by additivity, choose e, f, a homogeneous, then:
R(ea, f) = (−1)〈ε(e)+ε(a)|ε(f)〉f ⊗ ea = (−1)〈ε(e)|ε(a)+ε(f)〉af ⊗ e = R(e, af).

(•) R(ae, f) = aR(e, f). Indeed:
R(ae, f) = (−1)〈ε(e)+ε(a)|ε(f)〉f ⊗ ae = (−1)〈ε(e)|ε(f)〉af ⊗ e = a

(
(−1)〈ε(e)|ε(f)〉f ⊗ e

)
=

aR(e, f).

Definition 1.59. The even linear map R : E⊗F → F ⊗E, induced from R, is given by:

R(e⊗ f) = (−1)〈ε(e)|ε(f)〉f ⊗ e ∀ e, f homogeneous.

This map is called the interchanging map of E and F.

Lemma 1.60. R is an isomorphism between E ⊗ F and F ⊗ E.

Proof. ∀ e, f homogeneous, define R−1 : F ⊗ E → E ⊗ F by:

R−1(f ⊗ e) = (−1)〈ε(e)|ε(f)〉e⊗ f.

This map is linear, even and satisfies the following:

R−1 ◦R(e⊗ f) = (−1)〈ε(e)|ε(f)〉R−1(f ⊗ e) = (−1)〈ε(e)|ε(f)〉(−1)〈ε(e)|ε(f)〉e⊗ f = e⊗ f.

Analogously, R ◦R−1(f ⊗ e) = f ⊗ e .

Remark 1.61. From lemma above, one concludes that E ⊗ F ∼= F ⊗ E.

Definition 1.62. We define

R(ii+1) : E1 ⊗ · · ·Ei ⊗ Ei+1 ⊗ · · · ⊗ Ek → E1 ⊗ · · · ⊗ Ei+1 ⊗ Ei ⊗ · · · ⊗ Ek

by R(ii+1)(e1 ⊗ · · · ⊗ ei ⊗ ei+1 ⊗ · · · ⊗ ek) = e1 ⊗ · · · ⊗R(ei ⊗ ei+1)⊗ · · · ⊗ ek =
(−1)〈ε(ei)|ε(ei+1)〉e1 ⊗ · · · ⊗ ei+1 ⊗ ei ⊗ · · · ⊗ ek.

1.5 Exterior powers

Definition 1.63. A k-linear map φ : Ek → F , where E and F are A-graded A-modules,
is called A-graded skew-symmetric if for all homogeneous ei ∈ E and all j = 1, . . . , k − 1
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we have:

φ(e1, . . . , ej, ej+1, . . . , ek) = −(−1)〈ε(ej)|ε(ej+1)〉φ(e1, . . . , ej+1, ej, . . . , ek)

Notation 1.64.

(•) MapskS
(
Ek;F

)
: set of all (left or right) A-graded skew-symmetric k-linear maps.

(•) Homsk
S

(
Ek;F

)
: MapskS

(
Ek;F

)⋂HomS

(
Ek;F

)
.

Remark 1.65. A k-linear map φ : Ek → F is said to be A-graded skew-symmetric if,
and only if, the induced linear map Φ : ⊗k E → F satisfies, for j = 1, . . . , k − 1, the
following relation:

Φ = −Φ ◦Rjj+1 or Φ (Id+ Rjj+1) = 0.

Remark 1.66. If Φ = Φ ◦Rjj+1, for all j = 1, . . . , k− 1, then we said that φ is A-graded
symmetric.

Definition 1.67. Let E be an A-graded A-module and let Tk ⊂
⊗k E be a set defined

by:

Tk =
{
e1 ⊗ · · · ⊗ ek + R(jj+1)(e1 ⊗ · · · ⊗ ek)|1 ≤ j < k, ei ∈ E homogeneous ∀i

}
.

Since Tk is composed by homogeneous elements, then Span(Tk) is an A-graded submodule
of ⊗k E (lemma 1.25).

Definition 1.68.
k∧
E =

k⊗
E/Span(Tk)∧k E is called the k-th exterior power of the A-graded A-module E.

Remark 1.69. By lemma 1.48, we conclude that ∧k E is an A-graded A-module.

Definition 1.70. Given the canonical projection π : ⊗k E → ⊗k E/Span(Tk) ≡
∧k E,

we define the even k-linear map ω : Ek → ∧k E by:

ω = π ◦ χ.

Definition 1.71.

(•) We define Span(T1) = {0}. As ⊗1E = E, we have ∧1E = E and ω : E1 →∧1E (= E). Therefore ω = Id(E).
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(•) We define Span(T0) = {0}. As ⊗0E = A, we have ∧0E = A and ω : E0 (= A) →∧0E (= A). Therefore ω = Id(A).

Proposition 1.72. Let E be an A-graded A-module and k ≥ 1, then ω : Ek → ∧kE
is A-graded skew-symmetric. Moreover, given any A-graded A-module F and any map
φ ∈ MapskS

(
Ek;F

)
, there exists a unique map Φ ∈ MapS

(
∧kE;F

)
such that φ = Φ ◦ ω.

If φ has parity α, then so has Φ.

Proof. Vide [20, pg 25].

Definition 1.73. There exists a unique even linear map ∧ : ∧k E×∧lE → ∧k+lE called
the wedge product, such that the following equivalence is true:

(
k∧
E

)
∧
(

l∧
E

)
= ω

(
k∧
E,

l∧
E

)
∼=

k+l⊗
E/Span(Tk+l)

Remark 1.74. Since A = ∧0E, then for a ∈ ∧0E, we will have:

a ∧ e1 ∧ · · · ∧ ek = ae1 ∧ · · · ∧ ek and e1 ∧ · · · ∧ ek ∧ a = e1 ∧ · · · ∧ eka

Proposition 1.75. Given an A-graded A-module E, k, l ∈ N and K ∈ ∧k E, L ∈ ∧lE,
both homogeneous, then:

K ∧ L = (−1)kl · (−1)〈ε(K)|ε(L)〉L ∧K.

Proof. Vide [20, pg 27].

Definition 1.76. The exterior algebra ∧E of an A-graded A-module E is defined as the
direct sum: ∧

E =
∞⊕
k=0
∧kE.

1.6 Z2-graded algebra

Remark 1.77. Throughout this chapter, we will use (as will be seen) A as an R-algebra
and A/N ∼= R, but all the results are also valid for A a C-algebra and A/N ∼= C.

Definition 1.78. From now on we will consider A = Z2. The elements of parity zero will
be called even elements and elements of parity one odd elements. The symmetric bilinear
map 〈_|_〉 : Z2 × Z2 → Z2 will be given by

〈α|β〉 = α · β
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Definition 1.79. For any Z2-graded commutative ring A we define the set of nilpotent
elements N by:

N = {a ∈ A | ∃k ∈ N : ak = 0}.

Example 1.80. Let X be a real vectorial space (of finite or infinite dimension) and let
A be the exterior algebra A = ∧

X. A become a graded commutative ring if we define:

A0 =
∞⊕
k=0

2k∧
X; A1 =

∞⊕
k=0

2k+1∧
X.

In this case, we have 1 ∈ ∧0X ∼= R and N = ⊕∞
k=1

∧kX.

Lemma 1.81. Let A be an graded commutative ring and let N ⊂ A be the set of
nilpotent elements. Then N = (N ∩A0)⊕A1 and N is an ideal of A.

Proof. Vide [20, pg 56].

Lemma 1.82. If n1, . . . , nN is a finite number of nilpotent elements in A, then there
exists a non-zero homogeneous nilpotent n such that ∀i : nni = 0.

Proof. Vide [20, pg 57].

Definition 1.83. If A is a graded commutative ring, we denote by B the canonical
projection B : A → A/N and call it the body map. Since N is an ideal, we have that
A/N is a ring, and B will be a ring homomorphism, i.e.:

• B(a1 · a2) = B(a1) · B(a2);

• B(a1 + a2) = B(a1) + B(a2).

Definition 1.84. If the graded commutative ring A is a R-algebra (C-algebra), then
we have in particular that A0, A1, N , A/N are vector spaces over R (over C) and
B : A → A/N will be a linear map between vector spaces over R (over C).

Definition 1.85. From now on A will be a graded commutative R-algebra (C-algebra)
with unit, such that A/N ∼= R (A/N ∼= C).

Remark 1.86. For a ∈ A, we write a = r + n, with B(a) = r and n ∈ N .

Example 1.87. The complex Grassmann algebra CS[L] is a graded commutative C-
algebra such that CS[L]/N ∼= C.

Definitions 1.88.
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(•) The set M(m× n,A) denotes the set of all matrices of size m× n with entries in A;

(•) The usual matrix multiplication M(m × n,A) ×M(n × r,A) → M(m × r,A) still
makes sense on these sets;

(•) The body map B extends in a natural way to these matrices: B : M(m × n,A) →
M(m×n,R) or B : M(m×n,A)→M(m×n,C), and this map is surjective and preserves
matrix multiplication;

(•) The set M(m× n,A) equipped with matrix multiplication is a ring with unit In;

(•) B : M(m× n,A)→M(m× n,R or C) is a surjective ring homomorphism.

(•) For a ∈M(m× n,A) we define the rank of a, denoted as rank (a), as the rank of its
body B(a) ∈ M(m × n,R or C), i.e, rank (a) = rank (B (a)). In other words, rank (a) is
the number of independent rows or columns in B (a).

Lemma 1.89. An element a ∈M(n× n,A) is invertible if and only if Det (B (a)) 6= 0.

Proof. Vide [20, pg 58].

Definition 1.90. We define Gl(p|q,A) ⊂M ((p+ q)× (p+ q)) as being an especial set of

invertible matrices such that if X ∈ Gl(p|q,A) then X =
A B

C D

 is a invertible matrix

whose blocks A and D are composed exclusively by even elements and the blocks B and
C are composed exclusively by odd elements.

Remark 1.91. The block A above has order equal to p× p.

1.7 Free graded A-modules

Definition 1.92. We will call a free graded A-module finite dimensional if it admits a
finite (homogeneous) basis. A homogeneous basis e1, . . . , ek of a finite dimensional free
graded A-module is called ordered if all even vectors come first, i.e., ei even and ej odd
implies i < j.

Definition 1.93. A subset F of a free graded A-module E is called a graded subspace if
it is a graded submodule of E that in itself is a free graded A-module.

Proposition 1.94. Let e1 . . . , en be a basis of a graded A-module E.

(i) If f1, . . . , fm is another basis of E, then m=n.
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(ii) All other bases {f1, . . . , fn} are classified by invertible matrices a ∈M(n× n,A) with
fi = ∑

j a
j
iej.

(iii) If f1, . . . , fn is either generating or independent, it is a basis.

Proof. Vide [20, pg 60].

Proposition 1.95. The number of even vectors in a homogeneous basis of a finite di-
mensional free graded A-module E is an invariant of E.

Proof. Vide [20, pg 61]. .

Definition 1.96. The graded dimension of a finite dimensional free graded A-module
E is a pair of integers (p, q) where p, called the even dimension of E, is the number of
even vectors in a basis for E and q, called the odd dimension of E, is the number of odd
vectors in bases. We usually denote this as dim(E) = p|q.

1.8 The Berezinian

The ordinary determinant is defined on square matrices with reals or complex coeffi-
cients. We will see that is possible extend this concept to matrices Gl(p|q,A) through the
definition of a graded determinant Ber : Gl(p|q,A)→ A0 called Berezinian determinant.

Definition 1.97. Let X =
A B

C D

 ∈ Gl(p|q,A), then we define the Berezinian deter-

minant Ber : Gl(p|q,A)→ A0 by:

Ber(X) = Det
(
A−BD−1C

)
(Det (D))−1 .

Remark 1.98. Observe that Det (D) 6= 0 and the definition of the Berezinian is well
placed. Indeed, since ∀X ∈ Gl(p|q,A) is in particular invertible, we have Det (B (X)) 6= 0
=⇒ Det (B (A)) 6= 0 and Det (B (D)) 6= 0 (by the classical theory). Therefore, Det (D) 6=
0.

Remark 1.99. If X =
A B

C D

 ∈ Gl(p|q,A) =⇒ the blocks A and D are invertible.

Proposition 1.100. The map Ber : Gl(p|q,A)→ A0 is a homomorphism, i.e:

Ber
(
XX̂

)
= Ber (X) Ber

(
X̂
)
.

Proof. Vide [20, pg 78].
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Corollary 1.101.

Ber
A B

C D

 = Det (A−BD−1C)
Det (D) = Det (A)

Det (D − CA−1B)

Proof. The first equality come from the definition. We will prove the second. Consider
the following decomposition:A B

C D

 =
A 0

0 D

 Ip A−1B

D−1C Iq


By proposition 1.100, we have:

Ber
A B

C D

 = Ber
A 0

0 D

·Ber
 Ip A−1B

D−1C Iq

 = Det (A)
Det (D) ·Det

(
Ip − A−1BD−1C

)
.

(1.4)

Now, by lemma ??, we have:

Det
(
Ip − A−1BD−1C

)
·Det

(
Iq −D−1CA−1B

)
= 1

⇒ Det
(
Ip − A−1BD−1C

)
= 1

Det (Iq −D−1CA−1B) . (1.5)

Replacing (1.5) in (1.4), we find

Ber
A B

C D

 = Det (A)
Det (D)Det (Iq −D−1CA−1B) = Det (A)

Det (D − CA−1B)

Remark 1.102. At this point, it is interesting to compare the expression above with the
expression of the traditional determinant.

Traditional determinant:

Det
A B

C D

 = Det (A)Det
(
D − CA−1B

)
= Det (D)Det

(
A−BD−1C

)
.



Chapter

2
Supersmooth functions,

supermanifolds and integration

2.1 Grassmann algebra

In the previous chapter, we adopted a general graded commutative ring A. From now
on, the complex (real) Grassmann algebra will represent our A.

Based on [16], we will define the complex Grassmann algebra e its conjugation.

Definition 2.1. (Complex Grassmann algebra) For each finite positive integer L, CS[L]

denotes the Grassmann algebra over C with L generators. That is, CS[L] is the algebra
over C with generators

1, β[1], β[2], . . . , β[L]

and relations

1β[i] = β[i] = β[i]1 i = 1, . . . , L
β[i]β[j] = −β[j]β[i] i, j = 1, . . . , L

As a direct consequence, we have β[i]β[i] = 0, ∀i.
If X ∈ CS[L], then:

X =
∑
λ∈ML

Xλβ[λ]

whereML is the set of all multi-indices (including the empty index ∅); β[∅] = 1; λ ∈ML ⇒
λ = λ1 · · ·λk, with 1 ≤ λ1 < · · · < λk ≤ L and β[λ] = β[λ1] · · · β[λk]. Furthermore, Xλ ∈ C,
∀λ ∈ML.
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We define the even elements of CS[L] by:

CS[L0] =

x|x ∈ CS[L], x =
∑

λ∈ML0

Xλβ[λ]

 (2.1)

where ML0 is the set of multi-indices with even numbers of indices. Now, we define the
odd elements of CS[L] by:

CS[L1] =

x|x ∈ CS[L], x =
∑

λ∈ML1

Xλβ[λ]

 (2.2)

where ML1 is the set of multi-indices with odd numbers of indices.

Remark 2.2. This construction give to CS[L] a structure of graded commutative ring,
and the set of nilpotent elements is equal to:

N =
∑

λ∈(ML\{∅})
Xλβ[λ]

Thus, the body map B : CS[L] → C ' CS[L]
N is equal to:

B

 ∑
λ∈ML

Xλβ[λ]

 = X∅.

Remark 2.3. The real Grassmann algebra is quite similar, with one difference: the
coefficients Xλ are real, i.e, if X ∈ RS[L], then:

X =
∑
λ∈ML

Xλβ[λ]

with Xλ ∈ R.

Remark 2.4. From now on, we will consider Grassmann algebras with infinite quantity
of generators, i.e., with L→∞, and we will denote these specific Grassmann algebras by
CS and by RS.

2.2 Superspaces

In the next definition, we will use the notations of (2.1) and (2.2).



2.3 DeWitt topology 19

Definition 2.5. We define the m|n dimension superspace Cm,n
S[L] by

Cm,n
S[L] = CS[L0] × · · · × CS[L0]︸ ︷︷ ︸

m copies

×CS[L1] × · · · × CS[L1]︸ ︷︷ ︸
n copies

with m said to be the even dimension and n the odd dimension of the superspace.

A typical element of Cm,n
S[L] is denoted by (x1, . . . , xm, ξ1 . . . , ξn), or more briefly as

(x, ξ).
Cm,n
S is found doing L→∞, and

Cm,n
S = CS0 × · · · × CS0︸ ︷︷ ︸

m copies

×CS1 × · · · × CS1︸ ︷︷ ︸
n copies

A complex superspace Cm,n
S of m|n dimension is naturally a real superspace R2m,2n

S of
2m|2n dimension. Complexifying this superspace, we have:

Definition 2.6. On R2m,2n
S ⊗ CS, we define:

(a) (Even holomorphic and antiholomorphic variables)

zj = xj + iyj zj = xj − iyj

with xj, yj even variables and j ∈ {1, . . . ,m}.

(b) (Odd holomorphic and antiholomorphic variables)

ξκ = ηκ + iζκ ξκ = ηκ − iζκ

with ηκ, ζκ odd variables and κ ∈ {1, . . . , n}.

2.3 DeWitt topology

In this work, we will adopt the DeWitt topology.

Definition 2.7. A subset U of Cm,n
S is said to be open in the DeWitt topology on Cm,n

S

if and only if there exists an open subset V of Cm such that

U = B−1 (V ) .

Remark 2.8. The DeWitt topology is a non-Hausdorff topology.
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2.4 Superholomorphic functions

By [20] and [16], we define:

Definition 2.9. Suppose that V is an open subset of Cm and U is a subset of Cm,n
s such

that B(U) = V . Then:

̂: C∞(V,C) −→ C∞(U,Cs)

f(B(z)) −→ f̂(z)

The function f̂ is called the Grassmann analytic continuation of f .

Remark 2.10. An expression for f̂(z) is found in [16].

Definition 2.11. Let U be an open set in the CS-vector space Cm,n
s . Then f : U → CS

is said to be a superholomorphic function on U if and only if there exists a collection
{fµ|µ ∈Mn} of CS - valued functions which are holomorphic on B(U) such that

f(z1, · · · , zm; ξ1, · · · , ξn) =
∑
µ∈Mn

ξµ · f̂µ(z1, · · · , zm)

where µ ∈Mn is a multi-index µ = {µi1 , · · · , µik}, with µi1 < · · · < µik .

Let us generalize the definition 2.11 to a complexified space with holomorphic and
anti-holomorphic variables.

Definition 2.12. Let U be an open set in a complexified space of 2m|2n dimension.
Then f : U → Cs is said to be a supersmooth function on U if and only if there exists a
collection {fµ,λ|µ ∈ Mn, λ ∈ Nn} of Cs - valued functions which are smooth functions on
B(U) such that

f(z1, · · · , zm, z1, · · · , zm; ξ1, · · · , ξn, ξ1
, · · · , ξn) =

∑
µ∈Mn,λ∈Nn

ξµ·ξ λ·f̂µ;λ(z1, · · · , zm, z1 · · · , zm)

where µ ∈ Mn is a multi-index µ = {µi1 , · · · , µik}, with µi1 < · · · < µik , and λ ∈ Nn is
other multi-index λ = {λj1 , · · · , λjl}, with λj1 < · · · < λjl .
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2.5 Partitions of unity

Theorem 2.13. Suppose that U is open in Cm,n
S . Let {Uα| α ∈ Λ} be a locally finite

open cover of U . Then there exist C∞ (Uα,CS) functions {fα| α ∈ Λ} with the support
of each fα contained in Uα such that

∑
α∈Λ

fα = 1.

A collection of functions with these properties is said to be a partition of unity on U

subordinate to {Uα| α ∈ Λ}.

Proof. Vide [16, pg 49].

2.6 Supermanifolds

Definition 2.14. Let M be a set, and let m and n be positive integers.

(i) An m|n superholomorphic chart on M is a pair (V, ψ) where V is a subset of M
and ψ is a bijective superholomorphic map from V onto an open subset of Cm,n

S (in
the DeWitt topology);

(ii) Anm|n superholomorphic atlas onM is a collection ofm|n superholomorphic charts
{(Vα, ψα)| α ∈ Λ} such that

a. ⋃α∈Λ Vα = M

b. for each α, β in Λ such that Vα
⋂
Vβ 6= ∅ the map

ψα ◦ ψ−1
β : ψβ

(
Vα
⋂
Vβ
)
→ ψα

(
Vα
⋂
Vβ
)

is a bijective superholomorphic map C∞ (ψβ (Vα
⋂
Vβ) ;ψα (Vα

⋂
Vβ));

(iii) An m|n superholomorphic atlas {(Vα, ψα)| α ∈ Λ} on M which is not contained in
any other such atlas on M is called a complete m|n superholomorphic atlas on M .

Based on definition 2.14, we have the following important definition.

Definition 2.15. An m|n complex (DeWitt) supermanifold consists of a set M together
with a complete m|n superholomorphic atlas on M .
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Remark 2.16. The maps ψα are called coordinate maps and the sets Vα are called
coordinate neighbourhoods.

Remark 2.17. To define a topology onM , it is necessary to require that each coordinate
map is a homeomorphism of the corresponding coordinate neighbourhood onto its image.

Remark 2.18. Since the DeWitt topology of Cm,n
S is not Hausdorff, then the DeWitt

topology of a supermanifold is also non-Hausdorff.

Remark 2.19. By definition 2.15 we note that the complex supermanifolds are modelled
locally on Cm,n

S . Furthermore, we conclude too that Cm,n
S is itself such a supermanifold,

as is any open subset of Cm,n
S .

The previous definition of supermanifold has the approach of differential geometry.
There is too one another definition that is linked with the algebraic geometry perspective.
Batchelor in [2] shown that the correspondence is so close that it is often unnecessary to
state explicitly which approach is being used.

The algebro-geometric definition of a supermanifold was given independently in broadly
equivalent form by Berezin and Lěites [28] and Kostant [29].

Definition 2.20 (Algebro-geometric definition). A complex supermanifold is a ringed
space S = (X,OS), whereX is a complex manifold andOS is a sheaf of super commutative
algebras over X locally isomorphic to an exterior algebra on the vector bundle.

Definition 2.21. The tangent bundle TS of S = (X,OS) is defined by:

TS := Der(OS).

Remark 2.22. At this thesis, the differential geometry perspective is sufficient. But
further material on the algebro-geometric approach may be found in [30, 31, 32].

2.7 Body map on supermanifolds

Theorem 2.23. Let M be a complex supermanifold with atlas {(Vα, ψα) | α ∈ Λ}. Then

a. the relation ' defined on M by p ' q if and only if there exists α ∈ Λ such that
both p and q lie in Vα and

B (ψα(p)) = B (ψα(q))

is an equivalence relation.
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b. The space B (M) = M/ ' has the structure of a m-dimensional manifold with atlas
{(V∅α, ψ∅α) | α ∈ Λ} where V∅α = {[p]| p ∈ Vα} and

ψ∅α : V∅α → Cm

[p] → B (ψα(p)) .

(Here square brackets [ ] denote equivalence classes in M under ')

Proof. Vide [16, pg 60].

Definition 2.24. The manifold M/ ' is called the body of M and denoted by M∅. The
canonical projection of M onto M∅ is denoted by B.

B: Mm,n
s −→ M∅

m

U 7→ B(U) = U∅

Example 2.25. Let S be a supermanifold on Cm,n
s , then X = B(S) is a manifold on Cm,

and X is called the body manifold associated to S.

Example 2.26. Let SBε(p) ⊂ S be a superball centered at p ∈ S in the supermanifold
S. Then Bε(B(p)) = B(SBε(p)) is a ball centered at B(p) of radius ε in the manifold X.

Remark 2.27. Certain aspects of a supermanifold are determined by its body. For
instance, a supermanifold is compact if its body is compact, and simply connected if its
body is simply connected, while the fundamental group of a supermanifold is simply the
fundamental group of its body.

2.8 Superfunction’s Derivation

Definition 2.28. Suppose that f is a supersmooth function. Then the derivative is
defined as follows:

∂

∂zi
f(z, z; ξ, ξ) =

∑
µ∈Mn,λ∈Nn

ξµ · ξ λ ·
̂∂

∂zi
fµ;λ(z, z)

∂

∂zi
f(z, z; ξ, ξ) =

∑
µ∈Mn,λ∈Nn

ξµ · ξ λ ·
̂∂

∂zi
fµ;λ(z, z)

∂

∂ξj
f(z, z; ξ, ξ) =

∑
µ∈Mn,λ∈Nn

ρj,µ · ξµ/j · ξ
λ · ̂fµ;λ(z, z)
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where ρj,µ =


(−1)l−1 if j = µl

0 otherwise

and µ/j =


µ1 · · ·µl−1µl+1 · · ·µk if j = µl

0 otherwise

∂

∂ξj
f(z, z; ξ, ξ) =

∑
µ∈Mn,λ∈Nn

(−1)L(µ)ρj,λ · ξµ · (ξ) λ/j · ̂fµ;λ(z, z)

where ρj,λ =


(−1)l−1 if j = λl

0 otherwise

and λ/j =


λ1 · · ·λl−1λl+1 · · ·λk if j = λl

0 otherwise

Remark 2.29. L(µ) is the length of the multi-index µ ∈Mn.

By [16] (Theorem 10.3.4) and by [17], page 160, we define the following:

Definition 2.30. Let M be a supermanifold of m|n dimension, and let f(z, ξ) be a
superfunction, then:

∂ f =
m∑
i=1

dzi
∂f

∂zi︸ ︷︷ ︸
∂
E
f

+
n∑
j=1

dξj
∂f

∂ξj︸ ︷︷ ︸
∂
O
f

.

Then
∂ f = ∂

E
f + ∂

O
f.

∂
E
f is called the even derivation of f and ∂Of is called the odd derivation of f .

Remark 2.31. Since dE = ∂E + ∂
E and dO = ∂O + ∂

O
, then if f(z, ξ) is holomorphic,

then ∂ f = dEf + dOf.

Definition 2.32. Let U be an open set in the CS-vector space Cm,n
s .

• We say that f : U → CS is an even supersmooth function on U if and only if there
exists a collection {fµE |µE ∈ MnE} of CS - valued functions, where MnE is the set
of all even multi-indices, such that
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f(z1, · · · , zm; ξ1, · · · , ξn) =
∑

µE∈MnE

ξµE · f̂µE(z1, · · · , zm)

where µE ∈ MnE is a even multi-index µE = {µi1 , · · · , µi2k}, with µi1 < · · · < µi2k ,
for k = 0, 1, 2, . . . .

• We say that f : U → CS is an odd supersmooth function on U if and only if there
exists a collection {fµO |µO ∈ MnO} of CS - valued functions, where MnO is the set
of all odd multi-indices, such that

f(z1, · · · , zm; ξ1, · · · , ξn) =
∑

µO∈MnO

ξµO · f̂µO(z1, · · · , zm)

where µO ∈ MnO is a odd multi-index µO = {µi1 , · · · , µi(2k+1)}, with µi1 < · · · <
µi(2k+1) , for k = 0, 1, 2, . . . .

Definition 2.33. Let dX = dx1 ∧ · · · ∧ dxn be a homogeneous n-form (i.e, each dxj is
homogeneous) and let f be a homogeneous superfunction, then the parity ε(dXf) is given
by the formula:

ε(dXf) = ε(dX) + ε(f) =
(

n∑
i=1

ε(dxi)
)

+ ε(f).

Lemma 2.34. If f is an odd (even) superfunction, then ∂ f is an odd (even) 1-form.

Proof. Let ∂ f = ∑m
i=1 dzi

∂f
∂zi

+ ∑n
j=1 dξj

∂f

∂ξj
.. Then if f is odd, we have that ∂f

∂zi
is odd,

and dzi ∂f∂zi will be odd too. In the same way, if f is odd, ∂f

∂ξj
will be even, and dξj ∂f∂ξj will

be odd. Therefore, ∂ f will be odd.
Now, to ∂ f = ∑m

i=1 dzi
∂f
∂zi

+ ∑n
j=1 dξj

∂f

∂ξj
., if f is even, then ∂f

∂zi
will be even, and

consequently dzi
∂f
∂zi

will be even too. Beyond that, ∂f

∂ξj
will be odd, and consequently

dξj
∂f

∂ξj
will be even. Therefore, ∂ f will be even.

Remark 2.35. By lemma above, we conclude that if f is even, then ∂Ef and ∂Of are
both even, and if f is odd, then ∂Ef and ∂Of are both odd.

By [16] (Theorem 10.3.4), we have

d(α ∧ β) = d(α) ∧ β + (−1)pα ∧ d(β),

with α being an p-form.
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Therefore, by the above result, by [11] (page 17), and by proposition 1.75 , we get the
following definition:

Definition 2.36. Let dX be an even or odd 1-form. Then, for the section dXf , with f
holomorphic, we have:

∂(dXf) =
m∑
i=1

(−1)〈ε(dX)|ε(dzi)〉dzi ∧ dX
∂f

∂zi
+

n∑
j=1

(−1)〈ε(dX)|ε(dξj)〉dξj ∧ dX
∂f

∂ξj
.

From definition 2.36, we deduce easily the following analogous formula:

∂(dXf) =
m∑
i=1
−dX ∧ dzi

∂f

∂zi
+

n∑
j=1
−dX ∧ dξj

∂f

∂ξj
,

and
∂(dXf) = −dX ∧ dEf − dX ∧ dOf. (2.3)

2.9 Body map on superfunctions

Definition 2.37. Body map applied on superfunctions:

B: C∞(U, V ) −→ C∞(B(U),B(V ))

f 7→ B(f) = f∅

Therefore, the supersmooth function f become f∅, that is a classic smooth function applied
on the body.

Example 2.38. To the superfunction f(z, z, ξ, ξ), we have B(f(z, z, ξ, ξ)) = f∅ (B(z),B(z)).

2.10 Body map on superforms

Definition 2.39. Body map applied on superforms:

B: A(p,q)|(r,s) −→ Ap,q

η 7→ B(η) = η∅

Example 2.40. Let η ∈ A(p,q)|(r,s) be η = f dz1 ∧ · · · ∧ dzp ∧ dz1 ∧ · · · ∧ dzq ∧ dξ1 ∧ · · · ∧
dξr ∧ dξ1 ∧ · · · ∧ dξs. Then B(η) = η∅ ∈ Ap,q is η∅ = f∅ dz

1 ∧ · · · ∧ dzp ∧ dz1 ∧ · · · ∧ dzq.
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2.11 Integration on supermanifolds

This section is based on [16], and the main point is the new concept of the Berezin in-
tegral. We will begin defining the Berezin integral on a purely odd superspace R0,n

S (C0,n
S ).

Next, we will define this integral on a superspace Rm,n
S (Cm,n

S ) and on a supermanifold M .
Finally we will generalize the concept of the Berezin integral to even and odd holomorphic
and anti-holomorphic variables on a complexified superspace.

The theory of integration on the purely odd superspace R0,n
S (C0,n

S ) is based on the
following definition:

Definition 2.41. Suppose that f is a C∞(R0,n
S ,RS) function of R0,n

S (C0,n
S ) into RS (CS)

with
f(ξ1, . . . , ξn) = ξ1 · · · ξnf1...n + lower order terms.

Then the Berezin integral of f is defined to be
∫

dnξf(ξ1, . . . , ξn) = f1...n.

Now, let’s define an integral over an open set U in Rm,n
S ( Cm,n

S ) in terms of a Berezin
integral over anticommuting variables together with an ordinary integral over the body
B(U) of U .

Definition 2.42. Let U be open in Rm,n
S (Cm,n

S ) and f : U → RS (CS) be C∞(U,RS).
Then the integral of f over U is defined to be

∫
U

dmxdnξ f(x1, . . . , xm, ξ1, . . . , ξn) =
∫
B(U)

dmx f1...n(x1, . . . , xm).

where the integration over B(U) is evaluated as a standard Riemann integral.

The method of integration on Rm,n
S (Cm,n

S ) developed leads naturally to an integral of
a Berezin density on a compact supermanifold. Like conventional manifolds, a partition
of unity is used to sum the contribution from different coordinate patches.

Definition 2.43. Suppose that ω is a Berezin density on M and that the collection
{(Vα, fα)|α ∈ Γ} is a partition of unity on M where each Vα is a coordinate neighborhood
with corresponding coordinate map ψα. Then the integral of ω over M is defined to be

∫
M
ω =

∑
α∈Γ

∫
ψα(Vα)

dmxdnξ ωα(x; ξ)fα ◦ ψ−1
α (x; ξ),

where ωα is the local representative of ω in the chart (Vα, ψα).
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Now, we will generalize the definitions 2.41, 2.42 and 2.43 using holomorphic and
anti-holomorphic variables.

Definition 2.44. [Berezin integral of supersmooth functions with odd holomorphic and
antiholomorphic variables]

From the expansion

f(ξ1, . . . , ξn, ξ
1
, . . . , ξ

n) = ξ1 · · · ξn · ξ1 · · · ξnf1,...,n;1,...,n + lower order terms.

we have:
∫
dnξ dnξ f(z1, · · · , zm, z1, · · · , zm; ξ1, · · · , ξn, ξ1

, · · · , ξn) = f1,...,n;1,...,n.

Definition 2.45 (Integral over U ⊂ Cm,n
S ).

∫
U
dmz dmz dnξ dnξ f(z1, · · · , zm, z1, · · · , zm, ξ1, · · · , ξn, ξ1

, · · · , ξn) =

=
∫
B(U)

dmz dmz


∫
dnξ dnξ f(z1, · · · , zm, z1, · · · , zm, ξ1, · · · , ξn, ξ1

, · · · , ξn)︸ ︷︷ ︸
Berezin integral

 =

=
∫
B(U)

dmz dmz f1,...,n;1,...,n(z1, . . . , zm, z1, . . . , zm).

Definition 2.46. Suppose that ω is a Berezin density, i.e., ω is a volume form on the
compact complex supermanifold S, and suppose that the collection {(Vα, fα)|α ∈ Γ} is a
partition of unity (that exists because the supermanifold is compact) on S where each Vα
is a coordinate neighbourhood with corresponding coordinate map ψα. Then the integral
of ω over S is defined to be

∫
S
ω =

∑
α∈Γ

∫
ψα(Vα)

dmz dmz dnξ dnξ [ω ◦ ψ−1
α ](z, z; ξ, ξ) [fα ◦ ψ−1

α ](z, z; ξ, ξ).
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3
Localization on supermanifolds

3.1 Definitions

By [16], page 61, we define:

Definition 3.1. The supermanifold S is called compact if X = B(S) is compact.

Based on [8], [16], [18] [21], [27], we define:

Definition 3.2. Let S be a supermanifold of dimension m|n and let V , in local coordi-
nates, be equal to the supervector field V = ∑m

i=1 fi(z, ξ) ∂
∂zi

+∑n
j=1 gj(z, ξ) ∂

∂ξj
on S.

(i) We say that V is an even vector field if, for all local coordinates, f is an even
function and g is an odd function. Therefore, expanding the homogeneous functions
(see definition 2.32), we have:

V =
m∑
i=1

[f̂i(z)∅ + ξ1ξ2f̂i(z)12 + · · · ] ∂
∂zi

+
n∑
j=1

[ξ1ĝj(z)1 + ξ2ĝj(z)2 + · · · ] ∂
∂ξj

(ii) We say that V is an odd vector field if, for all local coordinates, f is an odd function
and g is an even function. Therefore, expanding the homogeneous functions (see
definition 2.32), we have:

V =
m∑
i=1

[ξ1f̂i(z)1 + ξ2f̂i(z)2 + · · · ] ∂
∂zi

+
n∑
j=1

[ĝj(z)∅ + ξ1ξ2ĝj(z)12 + · · · ] ∂
∂ξj

Definition 3.3. Let S be a supermanifold of m|n dimension. Then we define the form
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η ∈ ⊕A(p,q)|(r,s) on S as

η = η̂(∅;∅) + ξ1η̂(1;∅) + ξ2η̂(2;∅) + · · ·+ ξγ1ξγ2 . . . ξγκ η̂(γ1γ2···γκ;∅) + ξ1η̂(∅;1) + ξ2η̂(∅;2) + · · ·+

+ · · ·+ ξγ1 . . . ξγκ1
ξµ1 . . . ξµκ2

η̂(γ1···γκ1 ;µ1···µκ2 ) + · · ·+ ξ1 . . . ξnξ1 . . . ξnη̂(1···n;1···n), (3.1)

where each term η̂(α;β) is given by

η̂(α;β) = η̂
(0,0)|(0,0)
(α;β) + dz1 η̂

(1,0)|(0,0)
(α;β) + dz1 ∧ dz1 η̂

(1,1)|(0,0)
(α;β) + · · ·

· · ·+ dz1 ∧ · · · ∧ dzm ∧ dz1 ∧ · · · ∧ dzm ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn η̂
(m,m)|(n,n)
(α;β)

(3.2)

To unify the notation, we define:

Definition 3.4. Let η ∈ ⊕A(p,q)|(r,s) be a form on S. To simplify, we will use the following
notations:

(i)
∫
X
η(1···n;1···n) :=

∫
X

⊕
(r,s)

dz1 ∧ · · · ∧ dzr ∧ dz1 ∧ · · · ∧ dzs η(r,s)|(n,n)
(1···n;1···n)

(ii)
∫
X
η

(r,s)|(n,n)
(1···n;1···n) :=

∫
X
dz1 ∧ · · · ∧ dzr ∧ dz1 ∧ · · · ∧ dzs η(r,s)|(n,n)

(1···n;1···n)

where η(r,s)|(n,n)
(1···n;1···n) are superfunctions.

Remark 3.5. Therefore, based on the definitions 2.45 (Berezin integral) and 3.4, we have:

∫
S
η =

∫
X
η(1···n;1···n) =

∫
X

⊕
(r,s)

dz1 ∧ · · · ∧ dzr ∧ dz1 ∧ · · · ∧ dzs η
(r,s)|(n,n)
(1···n;1···n) (3.3)

3.2 Localization formula for even vectors

Lemma 3.6. Let S be a compact complex supermanifold of dimension m|n. Then, for
all ω ∈ ⊕A(p,q)|(r,s), we have: ∫

S
∂ω = 0

Proof. It’s sufficient to consider the following two cases:
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(i) ω ∈ A(m,m)|(n,n−1), then
∫
S ∂ω = 0.

Indeed, based on [11], [16] and [17], we have:

∂ω =
∑
i

dzi ∧ ∂ω

∂zi︸ ︷︷ ︸
=0

+
∑
j

dξ
j ∧ ∂ω

∂ξ
j =

∑
j

dξ
j ∧ ∂ω

∂ξ
j .

Since, ∀j, the expansion of dξj ∧ ∂ω

∂ξ
j in powers of ξ and ξ has no top term, then, by

definition 2.45 of the Berezin integral, we have:
∫
S
∂ω =

∫
S

∑
j

dξ
j ∧ ∂ω

∂ξ
j =

∑
j

∫
S
dξ

j ∧ ∂ω

∂ξ
j = 0

(ii) ω ∈ A(m,m−1)|(n,n) , then
∫
S ∂ω = 0.

First, observe that
∫
S ∂ω = 0 because

∂ω =
∑
i

dzi ∧ ∂ω

∂zi︸ ︷︷ ︸
=0

+
∑
j

dξj ∧ ∂ω

∂ξj
=
∑
j

dξj ∧ ∂ω

∂ξj

and since ∑j dξ
j ∧ ∂ω

∂ξj
∈ A(m,m−1)|(n+1,n), then

∫
S

∑
j dξ

j ∧ ∂ω
∂ξj

= 0 and therefore∫
S ∂ω = 0.

Now, without loss of generality, consider ω as following:

ω = dz1∧· · ·∧d̂zi∧· · ·∧dzm∧dξ1∧· · ·∧dξn[ξ1 . . . ξn·ξ 1
. . . ξ

n
ω(1,...,n;1,...,n) + (lower terms)].

Then, by the Berezin integral and by stokes, we have:

∫
S
∂ω =

∫
S
(∂ + ∂)ω =

∫
S
dω =∫

X=B(S)
dmz dm−1z

∫
dnξ dnξ d [ξ1 . . . ξn · ξ 1

. . . ξ
n
ω(1,...,n;1,...,n) + (lower terms)] =∫

X
dmz dm−1z dω(1,...,n;1,...,n)

(by stokes)= 0

Remark 3.7. From now on, we will use the notations of definitions 2.37 and 2.39.
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Lemma 3.8. Let S be a supermanifold of dimension m|n and let V be an even holo-
morphic vector field on S. If η ∈ ⊕A(p,q)|(r,s) such that (∂ + iV )(η) = 0, then, for all
ω ∈ ⊕A(p,q)|(r,s) and t > 0, we have:

∫
S
η =

∫
S

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η

Proof.

∂

∂κ

∫
S

exp
{
−κ(∂ + iV∅)ω∅

}
· η = ∂

∂κ

∫
X

exp
{
−κ(∂ + iV∅)ω∅

}
· η(1,...,n;1,...,n) =

−
∫
X

(∂ + iV∅)ω∅ · exp
{
−κ(∂ + iV∅)ω∅

}
· η(1,...,n;1,...,n).

Now, observe that, since (∂ + iV∅)2ω∅ = 0 (see [22]), we have:

(∂ + iV∅) exp
{
−κ(∂ + iV∅)ω∅

}
=

m∑
L=0

(∂ + iV∅)

(
−κ(∂ + iV∅)ω∅

)L
L! = 0. (3.4)

Since (∂ + iV )(η) = 0, then:

(∂ + iV∅)η(1,...,n;1,...,n) = 0 (3.5)

Therefore, by (3.4) and (3.5), we have:

−
∫
X

(∂ + iV∅)ω∅ · exp
{
−κ(∂ + iV∅)ω∅

}
· η(1,...,n;1,...,n) =

−
∫
X

(∂ + iV∅)(ω∅ · exp
{
−κ(∂ + iV∅)ω∅

}
· η(1,...,n;1,...,n))

Then:

∫
X

(∂ + iV∅)(ω∅ · exp
{
−κ(∂ + iV∅)ω∅

}
· η(1,...,n;1,...,n)) =∫

X
∂(ω∅·exp

{
−κ(∂ + iV∅)ω∅

}
·η(1,...,n;1,...,n))+

∫
X
iV∅(ω∅·exp

{
−κ(∂ + iV∅)ω∅

}
·η(1,...,n;1,...,n)).

By lemma 3.6, we have
∫
X ∂(ω∅ · exp

{
−κ(∂ + iV∅)ω∅

}
· η) = 0 and as the contraction iV∅

promotes the lost of top form in the integral, then
∫
X iV∅(ω∅ ·exp

{
−κ(∂ + iV∅)ω∅

}
·η) = 0.
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Therefore ∂
∂κ

∫
X exp

{
−κ(∂ + iV∅)ω∅

}
· η(1,...,n;1,...,n) = 0. Then, we have:

∫
S
η =

∫
X

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η(1,...,n;1,...,n) =

∫
S

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η

Definition 3.9. Let S be a supermanifold ofm|n dimension, let V be an even supervector
on S and let Sing(V∅) be the set of points B(p) on X such that V∅ (B(p)) = 0. Then we
define the set Sing(V ) as

Sing(V ) := {p ∈ S | B(p) ∈ Sing(V∅)}

Sing(V ) is called singular set of V on S and ∀p ∈ Sing(V ) is called singular point or
singularity of V on S.

Definition 3.10. We say that Sing(V ) is a set of isolated singularities of V if Sing(V∅)
is a set of isolated singularities of V∅.

Definition 3.11. Let V be an even supervector on S. We say that p ∈ Sing(V ) is a
non-degenerate singularity of V if B [Ber(V )] (B(p)) exists and B [Ber(V )] (B(p)) 6= 0.

Let V be an even supervector with isolated singularities . Then choose, for each singu-
larity pi, superballs SBε(pi) (withBε(B(pi)) = B(SBε(pi))) such thatBε(B(pi))

⋂
Bε(B(pj)) =

∅, for each B(pi) 6= B(pj), with pi, pj ∈ Sing(V ).

Remark 3.12. If B(pi) = B(pj), then SBε(pi) = SBε(pj) because we are working in the
DeWitt topology (see definition 2.7), and, therefore, any superball cover all the odd part
of the supermanifold.

For each SBε(pi), consider, in local coordinates, the following even vector field

V =
m∑
j=1

fj
∂

∂zj
+

n∑
j=1

gj
∂

∂ξj
(3.6)

with all fj being even holomorphic functions and all gj being odd holomorphic functions.
Now, consider the form in SBε(pi):

ω̃i =
∑

dzjf j +
∑

dξjgj (3.7)



3.2 Localization formula for even vectors 34

Observe that each ω̃i is defined only locally, because the functions fj, gj are holomor-
phic on the compact supermanifold S. If they were defined globally, then they should be
constant functions ([19], [12]). We will use the partition of unity (see theorem 2.13) to
define a global form ω on S.

With an appropriate partition of unity, we will construct a global form ω such that

ω|SBε(pi)
= ω̃i, ∀i.

Definition 3.13. Let S be a compact supermanifold of dimension m|n, and let SBε(pi)
be superballs in S. Now, let U =

(
S − ∪iSBε(pi)

)⋃ (∪iSB2ε(pi)) be an open cover of S,
such that Bε(B(pi))

⋂
Bε(B(pj)) = ∅, with pi, pj ∈ Sing(V ), let ω0 be a form defined on(

S − ∪iSBε(pi)
)
and let {ρi} be an unity partition subordinated to U. Then we define ω

as the global form given by:
ω = ρ0ω

0 +
∑
i

ρiω̃i. (3.8)

To complete the definition, we need to construct the form ω0. Let V = ⋃
j Vj be an

open cover of S − ∪iSBε(pi), where, for each Vj, we have V = ∑m
i=1 f

j
i
∂
∂zi

+ ∑n
i=1 g

j
i
∂
∂ξi

,
and let {µ} be an unit partition subordinated to V. Then, we construct ω0 as follows:

ω0 =
∑
j

µj
(∑

dzif
j

i +
∑

dξig
j
i

)
. (3.9)

Remark 3.14. The operation S − ∪iSBε(pi) is defined as follows:

S − ∪iSBε(pi) := B−1
(
X − ∪iBε (B(pi))

)
where X = B(S).

Now, we will demonstrate the theorem of residues to an even holomorphic supervector
field V on S.

Theorem 3.15. If the even holomorphic vector field V is a supervector without singu-
larities on S, then for any η ∈ ⊕A(p,q)|(r,s) such that (∂ + iV )(η) = 0, we have:

∫
S
η = 0.

Proof. Choose any hermitian metric on TS∅ and let ω∅ be the dual 1-form to the vector
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V∅ = B(V ) via this metric. Then iV∅(ω∅) = |V∅|2. Since V has no zeros on S and X = B(S)
is compact, then ∃δ > 0 such that |V∅|2 > δ on X. So, by Lemma 3.8, we have:

∣∣∣∣∫
S
η

∣∣∣∣ =
∣∣∣∣∣
∫
S

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η
∣∣∣∣∣ =

∣∣∣∣∣
∫
X

exp
{
−∂ω∅

t
− |V∅|

2

t

}
· η(1,...,n;1,...,n)

∣∣∣∣∣ =∣∣∣∣∣
∫
X

exp
{
−∂ω∅

t

}
exp

{
−|V∅|

2

t

}
· η(1,...,n;1,...,n)

∣∣∣∣∣ ≤
∫
X

∣∣∣∣∣ exp
{
−∂ω∅

t

}
exp

{
−|V∅|

2

t

}
· η(1,...,n;1,...,n)

∣∣∣∣∣
≤
∫
X

∣∣∣∣∣ exp
{
−∂ω∅

t

}
· η(1,...,n;1,...,n)

∣∣∣∣∣ e−δ/t ≤
m∑
α=0

1
α!

∫
X

∣∣∣∣∣
(
−∂ω∅

t

)α
· η(m−α,m−α)|(n,n)

(1,...,n;1,...,n)

∣∣∣∣∣ e−δ/t ≤
C · e−δ/t( 1

tm
+ 1
tm−1 + · · ·+ 1)V ol(X)

where C > 0 is a constant that limit superiorly all continuous functions in the integrals
(remember that X is a compact manifold). Now, taking t→ 0, we get the result.

Theorem 3.16. Let V be an even holomorphic supervector field on S with isolated
singularities pi ∈ Sing(V ), then for any η ∈ ⊕A(p,q)|(r,s) such that (∂ + iV )(η) = 0, we
have:

∫
S
η =

∑
i

Respi(V, η)

where
Respi(V, η) = lim

t→0

∫
SBε(pi)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η

Proof. By Lemma 3.8, we have:

∫
S
η =

∫
S

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η

Therefore, for pi, pj ∈ Sing(V ) such that Bε(B(pi))
⋂
Bε(B(pj)) = ∅, we have:

∫
S
η =

∫
S−(⋃i

SBε(pi))
exp

{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η︸ ︷︷ ︸

=0 (by theorem 3.15)

+
∑
i

∫
SBε(pi)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η

Then: ∫
S
η =

∑
i

∫
SBε(pi)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η.

Thus: ∫
S
η = lim

t→0

∑
i

∫
SBε(pi)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η.
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Therefore, as Respi(V, η) = lim
t→0

∫
SBε(pi)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η, we finally have:

∫
S
η =

∑
i

Respi(V, η)

3.3 Determination of residues for even vectors

In this section, we will determine, on some hypotheses, a formula to calculate the
residues Respi(V, η) . Let’s start with two lemmas.

Lemma 3.17. Let V be a holomorphic even vector, with local coordinates equal to V =∑m
i=1 fi

∂
∂zi

+∑n
j=1 gj

∂
∂ξj

, where fi are holomorphic even functions and gj are holomorphic
odd functions. Then, given ω = ∑m

i=1 dzif i +∑n
j=1 dξjgj, we have:

(
∂ω∅

)m
= (−1)

m(m+1)
2

m!
det (JV∅)

df∅1 ∧ · · · ∧ df∅m ∧ df ∅1 ∧ · · · ∧ df ∅m .

Proof.

ω∅ =
m∑
i=1

dzif ∅i .

∂ω∅ =
m∑
i=1
−dzi ∧ df ∅i =

m∑
i=1

df ∅i ∧ dzi.

(
∂ω∅

)m
=
(

m∑
i=1

df ∅i ∧ dzi
)m

= m! df ∅1 ∧ dz1 ∧ · · · ∧ df ∅m ∧ dzm =

m!(−1)
m(m+1)

2 dz1 ∧ · · · ∧ dzm ∧ df ∅1 ∧ · · · ∧ df ∅m .

Therefore:

(
∂ω∅

)m
= (−1)

m(m+1)
2

m!
det (JV∅)

df∅1 ∧ · · · ∧ df∅m ∧ df ∅1 ∧ · · · ∧ df ∅m .

Lemma 3.18. Let V = ∑m
i=1 fi

∂
∂zi

+ ∑n
j=1 gj

∂
∂ξj

be an even supervector field, in local
coordinates, on the complex supermanifold S, and let V∅ = B(V ) be the vector field on
X associated to V . If det

[(
B
(
∂gk
∂ξl

(pj)
))

n×n

]
6= 0 for some point pj ∈ S, then:

B(BerV )(B(pj)) = det[JV∅]
det(B(D))(B(pj)).
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where

Ber(V )(z; ξ) = sdet
 ∂fi
∂zj

∂gk
∂zj

∂fi
∂ξl

∂gk
∂ξl

 , JV∅ =
(
B( ∂fi

∂zj
)
)

and D =
(
∂gk
∂ξl

)
.

Proof. Consider T =
A B

C D

, with:
A =

(
∂fi
∂zj

)
, B =

(
∂gk
∂zj

)
, C =

(
∂fi
∂ξl

)
, D =

(
∂gk
∂ξl

)
.

Since V is an even vector, we have that f is an even function and g an odd function.
Therefore

fi(z1, · · · , zm; ξ1, · · · , ξn) =
∑
µ∈Mn

ξµ · f̂ iµ(z1, · · · , zm)

with L(µ) = even natural number (where L(µ) represents the quantity of indices on the
multi-index µ ) and

gk(z1, · · · , zm; ξ1, · · · , ξn) =
∑
λ∈Mn

ξλ · ĝkλ(z1, · · · , zm)

with L(λ) = odd natural number. With this facts in hands we conclude that the matrices
A and D are composed for even terms, while B and C for odd terms.

Since det(B(D))(pj) 6= 0, then by definition 1.97, we have:

Ber(V )(pj) =
[
det(A−BD−1C) · (det(D))−1

]
(pj).

Once that BD−1C is a matrix with nilpotent terms (B and C are odd matrices), then
B(BD−1C) = 0 and, as direct consequence of the definitions 1.83 and 1.88, we have:

B(Ber(V ))(B(pj)) = B[det(A−BD−1C)·(det(D))−1] = B[det(A−BD−1C)]·B[(det(D))−1] =

= det(B(A−BD−1C))
det(B(D)) = det(B(A)− B(BD−1C))

det(B(D)) = det(B(A))
det(B(D)) = det[JV∅]

det(B(D))(B(pj)).
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Remark 3.19. By lemma 3.18, we have det (JV∅) = B(Ber(V )) · det(B(D)). Therefore:

det (JV∅) ' Ber(V ) · det(D)

In other words, det (JV∅) belongs the same equivalence class of Ber(V ) · det(D).

Theorem 3.20. Let V be an even holomorphic vector field with a non-degenerate isolated
singularity pj ∈ Sing(V ), let S be a compact complex supermanifold with m|n dimension
and let η ∈ ⊕A(p,q)|(r,s) such that (∂ + iV )(η) = 0. Then, we have:

Respj(V, η) =
(2π
i

)m  η
(0,0)|(n,n)
(1,...,n;1,...,n)

Ber(V ) · det(D)

 (pj)

where

Ber(V )(z; ξ) = sdet
 ∂fi
∂zj

∂gk
∂zj

∂fi
∂ξl

∂gk
∂ξl

 and D =
(
∂gk
∂ξl

)
.

Proof. Since Respj(V, η) = lim
t→0

∫
SBε(pj)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η, then it’s sufficient to

show that:

lim
t→0

∫
SBε(pj)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η =

(2π
i

)m  η
(0,0)|(n,n)
(1,...,n;1,...,n)

Ber(V ) · det(D)

 (pj).

with pj ∈ Sing(V ).

Then, we have:

∫
SBε(pj)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η =

∫
Bε(B(pj))

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η1,...,n;1,...,n =

∫
Bε(B(pj))

exp
{
−∂ω∅

t

}
· exp

{
−
iV∅(ω∅)

t

}
· η1,...,n;1,...,n

Based in (3.6) and (3.7), we adopt the notation: iV∅(ω∅) = 〈V∅, V∅〉.

Therefore (by the notation (ii) of the definition 3.4), we have:

m∑
k=0

(−1)k
k!

∫
Bε(B(pj))

exp
{
−
〈
V∅√
t
,
V∅√
t

〉}
·
(
∂ω∅
t

)k
· η(m−k,m−k)|(n,n)

(1,...,n;1,...,n)
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Now, linearizing the functions near the singularity ([22], [23]) and doing the change of
variable z 7→ z

√
t, we have:

m∑
k=0

(−1)k
k!

∫
Bε/
√
t (B(pj))

exp {− 〈V∅, V∅〉} ·
(∂ω∅)k

(
√
t)2k
· η(m−k,m−k)|(n,n)

(1,...,n;1,...,n) det


√
t 0

. . .
0

√
t

 =

=
m∑
k=0

(−1)k
k!

∫
Bε/
√
t (B(pj))

exp {− 〈V∅, V∅〉} · (∂ω∅)k · η(m−k,m−k)|(n,n)
(1,...,n;1,...,n) (

√
t)2m−2k

Then, when t→ 0, we have:

(−1)m
m!

∫
Cm

exp {− 〈V∅, V∅〉} · η(0,0)|(n,n)
(1,...,n;1,...,n) · (∂ω∅)

m

Now, by the lemma 3.17:

(−1)m(−1)
m(m+1)

2
η

(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj)×∫

Cm
exp

{
−

m∑
i=1

f∅if ∅i

}
df∅1 ∧ · · · ∧ df∅m ∧ df ∅1 ∧ · · · ∧ df ∅m =

η
(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj)

∫
Cm

exp
{
−

m∑
i=1

f∅if ∅i

}
df∅1 ∧ df ∅1 ∧ · · · ∧ df∅m ∧ df ∅m =

η
(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj) ·

∫
R2m

exp
{
−x2

1 − y2
1 − · · · − x2

m − y2
m

}
×

det



∂f∅1
∂x1

∂f∅1
∂y1

∂f∅1
∂x1

∂f∅1
∂y1

. . .
∂f∅m
∂xm

∂f∅m
∂ym

∂f∅m
∂xm

∂f∅m
∂ym


dx1 ∧ dy1 ∧ · · · ∧ dxm ∧ dym (3.10)
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But since

det



∂f∅1
∂x1

∂f∅1
∂y1

∂f∅1
∂x1

∂f∅1
∂y1

. . .
∂f∅m
∂xm

∂f∅m
∂ym

∂f∅m
∂xm

∂f∅m
∂ym


=

det



∂
∂x1

(x1 + iy1) ∂
∂y1

(x1 + iy1)
∂
∂x1

(x1 − iy1) ∂
∂y1

(x1 − iy1)
. . .

∂
∂xm

(xm + iym) ∂
∂ym

(xm + iym)
∂

∂xm
(xm − iym) ∂

∂ym
(xm − iym)


=

det



1 i

1 −i
. . .

1 i

1 −i


= (−2i)m ,

then we have that the equation (3.10) is equal to:

η
(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj)

∫
R2m

exp
{
−x2

1 − y2
1 − · · · − x2

m − y2
m

}
· (−2i)mdx1∧dy1∧· · ·∧dxm∧dym =

(−2i)m
η

(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj)×∫ ∞

−∞
exp

{
−x2

1

}
dx1

∫ ∞
−∞

exp
{
−y2

1

}
dy1 · · ·

∫ ∞
−∞

exp
{
−x2

m

}
dxm

∫ ∞
−∞

exp
{
−y2

m

}
dym =

(−2i)m
η

(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj)

(√
π
)2m

= (−2πi)m
η

(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj) =

(2π
i

)m η
(0,0)|(n,n)
(1,...,n;1,...,n)

det (JV∅)
(pj) .

Then:

lim
t→0

∫
SBε(pj)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η =

(2π
i

)m η
(0,0)|(n,n)
(1,...,n;1,...,n)

det(JV∅)
(pj) .

Since pj ∈ Sing(V ) is non-degenerate, by lemma 3.18 and by remark 3.19, we conclude
that:
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η
(0,0)|(n,n)
(1,...,n;1,...,n)

det(JV∅)
(pj) '

 η
(0,0)|(n,n)
(1,...,n;1,...,n)

Ber(V ) · det(D)

 (pj) .

Therefore:

lim
t→0

∫
SBε(pj)

exp
{
−∂ω∅

t
−
iV∅(ω∅)

t

}
· η =

(2π
i

)m  η
(0,0)|(n,n)
(1,...,n;1,...,n)

Ber(V ) · det(D)

 (pj).

Then:

Respj(V, η) =
(2π
i

)m  η
(0,0)|(n,n)
(1,...,n;1,...,n)

Ber(V ) · det(D)

 (pj).

Corollary 3.21. Let V be a even holomorphic vector field with a non-degenerate isolated
singularity pj ∈ Sing(V ), let S be a compact complex supermanifold with m|n dimension
and let η ∈ ⊕A(p,q)|(r,s) such that (∂+ iV )(η) = 0. If det(B(D))(B(pj)) = 1, then we have:

Respj(V, η) =
(2π
i

)m η
(0,0)|(n,n)
(1,...,n;1,...,n)

Ber(V ) (pj)

3.4 Localization formula for odd vectors

We will begin this section with some definitions and technical lemmas.

Lemma 3.22. If dO1 and dO2 are both odd 1-forms, and if dE1 and dE2 are both even 1-
forms, then the wedge product between 2-forms composed by 1-forms with inverse parities
are anticommutatives, i.e.,

(dEi ∧ dOj) ∧ (dEk ∧ dOl) = −(dEk ∧ dOl) ∧ (dEi ∧ dOj)
(dOj ∧ dEi) ∧ (dEk ∧ dOl) = −(dEk ∧ dOl) ∧ (dOj ∧ dEi)
(dEi ∧ dOj) ∧ (dOl ∧ dEk) = −(dOl ∧ dEk) ∧ (dEi ∧ dOj)
(dOj ∧ dEi) ∧ (dOl ∧ dEk) = −(dOl ∧ dEk) ∧ (dOj ∧ dEi)

with i, k ∈ {1, 2}, i 6= k and j, l ∈ {1, 2}.
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Proof. This is a direct consequence of the following facts (see proposition 1.75):

dEi ∧ dEk = −(−1)〈ε(dEi)|ε(dEk)〉dEk ∧ dEi = −dEk ∧ dEi
dEi ∧ dOj = −(−1)〈ε(dEi)|ε(dOj)〉dOj ∧ dEi = −dOj ∧ dEi
dOj ∧ dOl = −(−1)〈ε(dOj)|ε(dOl)〉dOl ∧ dOj = dOl ∧ dOj.

Definition 3.23. Given, in local coordinates, ω = ∑n
i=1 dzigi+

∑n
i=1 dξigi, then we define

ω1 and ω2 as:
ω1 :=

n∑
i=1

dzigi and ω2 :=
n∑
i=1

dξigi

Lemma 3.24. Let V = ∑n
i=1 fi

∂
∂zi

+ ∑n
i=1 gi

∂
∂ξi

be a holomorphic odd vector written in
local coordinates, where the fi are holomorphic odd functions and gi are holomorphic
even functions without odd variables. Then, given ω = ∑n

i=1 dzigi +∑n
i=1 dξigi, we have:

(i) ∂ω = ∑n
i=1 dgi ∧ dzi +∑n

i=1 dgi ∧ dξi;

(ii) ∂ω1 = ∑n
i=1 dgi ∧ dzi and ∂ω2 = ∑n

i=1 dgi ∧ dξi;

(iii) (∂ω1)n−1 = ∑n
j=1(n− 1)! dg1 ∧ dz1 ∧ · · · ∧ ̂dgj ∧ dzj ∧ · · · ∧ dgn ∧ dzn;

(iv) (∂ω1)n = (−1)
n(n+1)

2 n!
det(JV ) dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn, where JV =

(
∂gi
∂zj

)
n×n

;

(v) (∂ω2)2 = 0;

(vi) (∂ω1)n−1 · ∂ω2 = ∑n
j=1(n − 1)! (−1)

n(n+1)
2 dz1 ∧ · · · ∧ dξj ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧

dgj ∧ · · · ∧ dgn.

Proof. (i) ω = ∑n
i=1 dzigi +∑n

i=1 dξigi, then, by equation (2.3), we have:

∂ω =
n∑
i=1
−dzi ∧ dgi +

n∑
i=1
−dξi ∧ dgi =

n∑
i=1

dgi ∧ dzi +
n∑
i=1

dgi ∧ dξi

(ii) It’s a direct consequence of (i).

(iii) (∂ω1)n−1 = (∑ dgi ∧ dzi)
n−1 = ∑n

j=1(n−1)! dg1∧dz1∧· · ·∧ ̂dgj ∧ dzj∧· · ·∧dgn∧dzn.
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(iv)

(∂ω1)n =
(∑

dgi ∧ dzi
)n

= (n)! dg1 ∧ dz1 ∧ · · · ∧ dgj ∧ dzj ∧ · · · ∧ dgn ∧ dzn

(∂ω1)n = (n)!(−1)
n(n+1)

2 dz1 ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn

(∂ω1)n = (−1)
n(n+1)

2
(n)!

det(JV ) dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn

where JV =
(
∂gi
∂zj

)
n×n

.

(v) As a direct consequence of lemma 3.22, we have (∑ dgi ∧ dξi)
2 = 0. Thus

(∂ω2)2 =
(∑

dgi ∧ dξi
)2

= 0.

(vi)

(∂ω1)n−1 · ∂ω2 = n∑
j=1

(n− 1)! dg1 ∧ dz1 ∧ · · · ∧ ̂dgj ∧ dzj ∧ · · · ∧ dgn ∧ dzn

 · ( n∑
i=1

dgi ∧ dξi
)
.

(∂ω1)n−1 · ∂ω2 =
 n∑
j=1

(n− 1)! dg1 ∧ dz1 ∧ · · · ∧ dgj ∧ dξj ∧ · · · ∧ dgn ∧ dzn


(∂ω1)n−1· ∂ω2 =

n∑
j=1

(n−1)! (−1)
n(n+1)

2 dz1∧· · ·∧dξj∧· · ·∧dzn∧dg1∧· · ·∧dgj∧· · ·∧dgn.

Remark 3.25. Since the functions gi, i ∈ {1, . . . , n}, are even functions, then, in this
case, it’s no problem to represent ω, ω1 and ω2 by

ω =
n∑
i=1

gidzi +
n∑
i=1

gidξi, ω1 =
n∑
i=1

gidzi, and ω2 =
n∑
i=1

gidξi.

Lemma 3.26. Let V = ∑n
i=1 fi

∂
∂zi

+∑n
i=1 gi

∂
∂ξi

be an holomorphic odd vector written in
local coordinates, where f is an holomorphic odd function and g an holomorphic even
function without odd variables. Then, given ω = ∑n

i=1 gidzi +∑n
i=1 gidξi, we have:

(i) exp {−iV (ω)} = exp {−∑ gigi} · (1−
∑
gifi);

(ii) exp {∑n
i=1 dgi ∧ dzi +∑n

i=1 dgi ∧ dξi} = exp {∑n
i=1 dgi ∧ dzi} · (1 +∑n

i=1 dgi ∧ dξi);

(iii) exp
{
−∂ω

t

}
= exp

{
−∂ω1

t

}
+∑n

j=1
(−1)j
(j−1)!

(∂ω1)(j−1)
∂ω2

tj
.
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Proof. (i)

exp {−iV (ω)} = exp
{
−
∑

gigi −
∑

gifi
}

= exp
{
−
∑

gigi
}
· exp

{
−
∑

gifi
}

=

exp
{
−
∑

gigi
}
·
(

1−
∑

gifi + (∑ gifi)
2

2! − (∑ gifi)
3

3! + · · ·
)

But observe that the function ∑ gifi is odd, and thus is nilpotent, i.e:

(∑
gifi

)2
=
(∑

gifi
)3

= · · · =
(∑

gifi
)k

= · · · = 0.

So, the result follows.

(ii)

exp
{

n∑
i=1

dgi ∧ dzi +
n∑
i=1

dgi ∧ dξi
}

= exp
{

n∑
i=1

dgi ∧ dzi
}
· exp

{
n∑
i=1

dgi ∧ dξi
}

=

exp
{

n∑
i=1

dgi ∧ dzi
}
·
(

1 +
(

n∑
i=1

dgi ∧ dξi
)

+ (∑n
i=1 dgi ∧ dξi)

2

2! + (∑n
i=1 dgi ∧ dξi)

3

3! + · · ·
)

However, as direct consequence of the lemma 3.22, we have:

(
n∑
i=1

dgi ∧ dξi
)2

=
(

n∑
i=1

dgi ∧ dξi
)3

= · · · =
(

n∑
i=1

dgi ∧ dξi
)k

= · · · = 0.

So, the result follows.

(iii) As consequence of the item (ii), we have:

exp
{
−∂ω

t

}
= exp

{
−∂ω1

t
− ∂ω2

t

}
= exp

{
−∂ω1

t

}
· exp

{
−∂ω2

t

}
=1 + · · ·+ 1

(k − 1)!

(
−∂ω1

t

)k−1

+ 1
k!

(
−∂ω1

t

)k
+ · · ·


{

1− ∂ω2

t

}
= exp

{
−∂ω1

t

}
+

−∂ω2

t
+ ∂ω1 · ∂ω2

t2
− 1

2!

(
∂ω1

)2
· ∂ω2

t3
+ · · ·

· · ·+ (−1)n
(n− 1)!

(
∂ω1

)n−1
· ∂ω2

tn
+ (−1)n+1

(n)!

(
∂ω1

)n
· ∂ω2

tn+1

 .
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And since (−1)n+1

(n)!
(∂ω1)n·∂ω2

tn+1 = 0, we find:

exp
{
−∂ω

t

}
= exp

{
−∂ω1

t

}
+

n∑
j=1

(−1)j
(j − 1)!

(
∂ω1

)(j−1)
∂ω2

tj

Definition 3.27. Let us to define some notations that will be important to the next
lemma and theorems:

1. We define the function η(1,0)|(n−1,n)
ĵ

as the function that go along with the form:

dzj ∧ dξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn η
(1,0)|(n−1,n)
ĵ

2. We define the function η(1,0)|(n−1,n)
∗̂ as the sum of the functions η(1,0)|(n−1,n)

ĵ
, i.e.:

η
(1,0)|(n−1,n)
∗̂ =

n∑
j=1

η
(1,0)|(n−1,n)
ĵ

3. We define Eη
(1,0)|(n−1,n)
∗̂ as the even function given by:

Eη
(1,0)|(n−1,n)
∗̂ =

n∑
j=1

Eη
(1,0)|(n−1,n)
ĵ

where each parcel Eη(1,0)|(n−1,n)
ĵ

is an even function.

4. We define Oη
(1,0)|(n−1,n)
∗̂ as the odd function given by:

Oη
(1,0)|(n−1,n)
∗̂ =

n∑
j=1

Oη
(1,0)|(n−1,n)
ĵ

where each parcel Oη(1,0)|(n−1,n)
ĵ

is an odd function.

And as consequence of the items (3) and (4), to a non homogeneous function η(1,0)|(n−1,n)
∗̂ ,

we have:
η

(1,0)|(n−1,n)
∗̂ = Eη

(1,0)|(n−1,n)
∗̂ ⊕ Oη

(1,0)|(n−1,n)
∗̂ (3.11)

Remark 3.28. Let us to comment some important details to comprehension the proofs
of the next theorems:
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• As Oη(1,0)|(n−1,n)
∗̂ is an odd function, then the term

(
ξ1 · · · ξn · ξ1 · · · ξn Oη

(1,0)|(n−1,n)
∗̂(1...n,1...n)

)
doesn’t belong to its expansion because this term is even;

• If L(µ) is an even number (µ is a multi-index) and n is an odd number, or if
L(µ) is an odd number (µ is a multi-index) and n is an even number, then the
term

(
ξµ · ξ1 · · · ξn Eη

(1,0)|(n−1,n)
∗̂(µ,1...n)

)
does not belong to the expansion of Eη(1,0)|(n−1,n)

∗̂

because this term is odd, but the function Eη
(1,0)|(n−1,n)
∗̂ is even.

Lemma 3.29. With the notations of the definition 3.27, we have:

n∑
j=1

dzj ∧ dξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn η
(1,0)|(n−1,n)
ĵ

∧

∧ dz1 ∧ · · · ∧ dξj ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn =

dz1 ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn Eη
(1,0)|(n−1,n)
∗̂

− dz1 ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn Oη
(1,0)|(n−1,n)
∗̂ .

Proof. Remembering that η(1,0)|(n−1,n)
ĵ

= Eη
(1,0)|(n−1,n)
ĵ

+ Oη
(1,0)|(n−1,n)
ĵ

, and using propo-
sition 1.75, let us to begin studying the following factor:

dzj∧dξ1∧· · ·∧d̂ξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn η
(1,0)|(n−1,n)
ĵ

∧dz1∧· · ·∧dξj∧· · ·∧dzn∧dg1∧· · ·∧dgn =

dzj ∧ dξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn
(
Eη

(1,0)|(n−1,n)
ĵ

+ Oη
(1,0)|(n−1,n)
ĵ

)
∧ dz1∧

· · · ∧ dξj ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn =

dzj∧dξ1∧· · ·∧d̂ξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Eη
(1,0)|(n−1,n)
ĵ

∧dz1∧· · ·∧dξj∧· · ·∧dzn∧dg1∧· · ·∧dgn+

dzj∧dξ1∧· · ·∧d̂ξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Oη
(1,0)|(n−1,n)
ĵ

∧dz1∧· · ·∧dξj∧· · ·∧dzn∧dg1∧· · ·∧dgn =

−dξ1∧· · ·∧d̂ξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Eη
(1,0)|(n−1,n)
ĵ

dzj∧dz1∧· · ·∧dξj∧· · ·∧dzn∧dg1∧· · ·∧dgn

−dξ1∧· · ·∧d̂ξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Oη
(1,0)|(n−1,n)
ĵ

dzj∧dz1∧· · ·∧dξj∧· · ·∧dzn∧dg1∧· · ·∧dgn =

dξ1∧· · ·∧d̂ξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Eη
(1,0)|(n−1,n)
ĵ

dξj∧dz1∧· · ·∧dzj∧· · ·∧dzn∧dg1∧· · ·∧dgn +

dξ1∧· · ·∧d̂ξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Oη
(1,0)|(n−1,n)
ĵ

dξj∧dz1∧· · ·∧dzj∧· · ·∧dzn∧dg1∧· · ·∧dgn =

dξ1∧· · ·∧dξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Eη
(1,0)|(n−1,n)
ĵ

∧dz1∧· · ·∧dzj∧· · ·∧dzn∧dg1∧· · ·∧dgn

− dξ1∧· · ·∧dξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn Oη
(1,0)|(n−1,n)
ĵ

∧dz1∧· · ·∧dzj∧· · ·∧dzn∧dg1∧· · ·∧dgn =
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dξ1∧· · ·∧dξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn∧dz1∧· · ·∧dzj∧· · ·∧dzn∧dg1∧· · ·∧dgn Eη
(1,0)|(n−1,n)
ĵ

− dξ1∧· · ·∧dξj∧· · ·∧dξn∧dξ1∧· · ·∧dξn∧dz1∧· · ·∧dzj∧· · ·∧dzn∧dg1∧· · ·∧dgn Oη
(1,0)|(n−1,n)
ĵ

.

Then:

n∑
j=1

dzj ∧ dξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn η
(1,0)|(n−1,n)
ĵ

∧

∧ dz1 ∧ · · · ∧ dξj ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn =

dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn ∧ dz1 ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn

 n∑
j=1

Eη
(1,0)|(n−1,n)
ĵ


− dξ1∧ · · · ∧dξn∧dξ1∧ · · · ∧dξn∧dz1∧ · · · ∧dzn∧dg1∧ · · · ∧dgn

 n∑
j=1

Oη
(1,0)|(n−1,n)
ĵ

 .
And by definition 3.27, items (3) and (4), we have:

n∑
j=1

dzj ∧ dξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn η
(1,0)|(n−1,n)
ĵ

∧

∧ dz1 ∧ · · · ∧ dξj ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn =

dz1 ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn Eη
(1,0)|(n−1,n)
∗̂

− dz1 ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn Oη
(1,0)|(n−1,n)
∗̂ .

Now, consider the odd vector field in the superball SBε(pi):

V =
n∑
j=1

fj
∂

∂zj
+

n∑
j=1

gj
∂

∂ξj
(3.12)

with fj(z, ξ) holomorphic odd functions and gj(z) holomorphic even functions without
odd variables, i.e, even functions with expansion gj(z, ξ) = ĝj∅(z) +∑

λ∈M ξλ · 0.

Definition 3.30. Let S be a supermanifold of n|n dimension and let V be an odd super-
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vector on S written locally as done in the equation (3.12). Then, we define:

Sing(V ) := {p ∈ S | gi(B(p)) = 0, ∀i ∈ {1, . . . , n}}

Sing(V ) is called singular set of V on S and ∀p ∈ Sing(V ) is called singular point or
singularity of V on S.

Definition 3.31. We say that Sing(V ) is a set of isolated singularities if ∀pi ∈ Sing(V )
∃ ε > 0 such that Bε (B(pi)) ∩ B (Sing(V )) = B(pi).

Definition 3.32. Let S be a supermanifold of n|n dimension, let V be an odd supervector
on S, written in local coordinates by V = ∑n

i=1 fi
∂
∂zi

+ ∑n
i=1 gi

∂
∂ξi

, with fi odd functions
e gi even functions. Then we define the Berezinian of the odd vector V by

Ber(V )(z, ξ) = sdet
 ∂gi
∂zj

∂fk
∂zj

∂gi
∂ξl

∂fk
∂ξl


Definition 3.33. Let V be an odd supervector on S. We say that p ∈ Sing(V ) is a
non-degenerate singularity of V if B [Ber(V )] (B(p)) exists and B [Ber(V )] (B(p)) 6= 0.

Let V be an odd supervector with isolated singularities. Then, for all pκ ∈ Sing(V ),
choose superballs SBε(pκ) (withBε(B(pκ)) = B(SBε(pκ))) such thatBε(B(pi))

⋂
Bε(B(pj)) =

∅, for each B(pi) 6= B(pj), with pi, pj ∈ Sing(V ).

Remark 3.34. If B(pi) = B(pj), then SBε(pi) = SBε(pj) because we are working in the
DeWitt topology (see definition 2.7), and, therefore, any superball cover all the odd part
of the supermanifold.

Now, assuming the conditions over the superballs, consider the form defined in SBε(pi):

ω̃i =
n∑
j=1

gjdzj +
n∑
j=1

gjdξj (3.13)

Observe that each ω̃i is defined only locally, because the functions gi are holomor-
phic on the compact supermanifold S. If they were defined globally, then they should be
constant functions ([19], [12]). We will use the unit partition to define a global form ω on S.

With an appropriate partition of unity, we will construct a global form ω such that

ω|SBε(pi)
= ω̃i, ∀i.
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Definition 3.35. Let S be a compact supermanifold of n|n dimension, and let SBε(pi)
be superballs in S. Now, let U =

(
S − ∪iSBε(pi)

)⋃ (∪iSB2ε(pi)) be an open cover of S,
such that Bε(B(pi))

⋂
Bε(B(pj)) = ∅, for pi, pj ∈ Sing(V ), let ω0 be a form defined on(

S − ∪iSBε(pi)
)
such that B [iV (ω0)] > 0 and let {ρi} be a partition of unity subordinated

to U (see theorem 2.13). Then we define ω as the global form given by:

ω = ρ0ω
0 +

∑
i

ρiω̃i. (3.14)

To complete the definition, we need to construct the form ω0. Let V = ⋃
jWj be an

open cover of S − ∪iSBε(pi), where, for each Wj, we have V = ∑n
i=1 f

j
i
∂
∂zi

+ ∑n
i=1 g

j
i
∂
∂ξi

,
and let {µ} be a partition of unity subordinated to V. Then, we construct ω0 as follows:

ω0 =
∑
j

µj

(
n∑
i=1

gjidξi

)
. (3.15)

With this construction, we ensure that B [iV (ω0)] > 0 ∀p ∈ S − ∪iSBε(pi).

Remark 3.36. The operation S − ∪iSBε(pi) is defined as follows:

S − ∪iSBε(pi) := B−1
(
X − ∪iBε (B(pi))

)
where X = B(S).

Lemma 3.37.
(∂ + iV )2(ω̃i) = 0, ∀i and (∂ + iV )2(ω0) = 0.

Proof. Consider ω̃i = ∑n
i=j gjdzj+

∑n
j=1 gjdξj. Then, by the fact that f, g are holomorphic

functions together with the properties of the contraction operator (see [13]) and of the
derivation, it follows that:

(In this proof, we will use the proper: iV (α ∧ β) = iV (α) ∧ β + (−1)κα ∧ iV (β), with
α being a κ-form)

(∂+iV )2(ω̃i) = (∂+iV )2
(∑

gjdzj +
∑

gjdξj
)

= (∂+iV )(∂+iV )
(∑

gjdzj +
∑

gjdξj
)

=

(∂ + iV )(∂)
(∑

gjdzj +
∑

gjdξj
)

+ (∂ + iV )(iV )
(∑

gjdzj +
∑

gjdξj
)

=

(∂ + iV )
(∑

dgj ∧ dzj +
∑

dgj ∧ dξj +
∑

gjfj +
∑

gjgj
)

=

(∂)
(∑

dgj ∧ dzj +
∑

dgj ∧ dξj +
∑

gjfj +
∑

gjgj
)

+

(iV )
(∑

dgj ∧ dzj +
∑

dgj ∧ dξj +
∑

gjfj +
∑

gjgj
)

=
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∑[
∂gjfj + gj∂fj

]
+
∑[

∂gjgj + gj∂gj
]

+∑(
iV (dgj) ∧ dzj − dgj ∧ iV (dzj)

)
+
∑(

iV (dgj) ∧ dξj − dgj ∧ iV (dξj)
)

+∑
iV
(
gjfj

)
+
∑

iV
(
gjgj

)
(3.16)

Since ∂fj = ∂gj = 0 (because fj, gj are holomorphic functions), iV (dgj) = 0, and, by
convencional (see [13]), iV (gjfj) = iV (gjgj) = 0, we have that the equation 3.16 is equal
to:

=
(∑

fjdgj +
∑

gjdgj
)

+
(
−
∑

fjdgj −
∑

gjdgj
)

= 0.

Now, let us to prove that (∂ + iV )2(ω0) = 0.

(∂ + iV )2

∑
j

µj

(
n∑
i=1

gjidξi

) =
∑
j

µj

(
n∑
i=1

(∂ + iV )2(gjidξi)
)

And, for each term, we have:

(∂ + iV )
(
dgji ∧ dξi + gjig

j
i

)
= ∂

(
dgji ∧ dξi + gjig

j
i

)
+ iV

(
dgji ∧ dξi + gjig

j
i

)
=

∂gjig
j
i + gji∂g

j
i + iV (dgji ) ∧ dξi − dg

j
i ∧ iV (dξi) = gji dg

j
i − g

j
i dg

j
i = 0.

Remark 3.38. By equation (3.13), lemma 3.37 and definiton 3.35, we observe that
ω|SBε(pi)

= ω̃i, ∀i, and (∂ + iV )2(ω) = 0.

From now on, the odd holomorphic vector V and the form ω will be given by the
equation (3.12) and by the definition 3.35, respectively. And remember that g(z) in the
equation (3.12) is a function without odd variables.

Lemma 3.39. Let S be a supermanifold of n|n dimension. If t > 0 and if η ∈⊕A(p,q)|(r,s)

is a form such that (∂ + iV )(η) = 0, then we have:

∫
S
η =

∫
S
η · exp

{
−∂ω

t
− iV (ω)

t

}

Proof.

∂

∂κ

∫
S
η · exp

{
−κ(∂ + iV )ω

}
= −

∫
S
η · (∂ + iV )ω · exp

{
−κ(∂ + iV )ω

}
.

Now, observe that, by remark 3.38
(
(∂ + iV )2(ω) = 0

)
, we have:
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(∂ + iV ) exp
{
−κ(∂ + iV )ω

}
=
∑
L

(∂ + iV )

(
−κ(∂ + iV )ω

)L
L! = 0

Therefore, as (∂ + iV )η = 0 and (∂ + iV ) exp
{
−κ(∂ + iV )ω

}
= 0, we have:

−
∫
S
η · (∂ + iV )ω · exp

{
−κ(∂ + iV )ω

}
= −

∫
S
(∂ + iV )

(
η · ω · exp

{
−κ(∂ + iV )ω

})
.

Then:

∫
S
(∂ + iV )

(
η · ω · exp

{
−κ(∂ + iV )ω

})
=∫

S
∂
(
η · ω · exp

{
−κ(∂ + iV )ω

})
+
∫
S
iV
(
η · ω · exp

{
−κ(∂ + iV )ω

})
.

By lemma 3.6, we have
∫
S ∂

(
η · ω · exp

{
−κ(∂ + iV )ω

})
= 0 and as the contraction iV

promotes the lost of top form in the integral, then
∫
S iV

(
η · ω · exp

{
−κ(∂ + iV )ω

})
= 0.

Therefore ∂
∂κ

∫
S η · exp

{
−κ(∂ + iV )ω

}
= 0. So, we have:

∫
S
η =

∫
S
η · exp

{
−∂ω

t
− iV (ω)

t

}

Theorem 3.40. If the odd holomorphic vector field V is a supervector without singu-
larities on a supermanifold S of n|n dimension, then for any η ∈ ⊕A(p,q)|(r,s) such that
(∂ + iV )(η) = 0, we have: ∫

S
η = 0.

Proof. By definition 3.35 , we have:

iV (ω) =
ρoω0 +

∑
i

ρi

∑
j

gijdξj

 (V ) +
∑

i

ρi

∑
j

gijdzj

 (V ) (3.17)

To simplify the notation, we will use the following:

ωv =
ρoω0 +

∑
i

ρi
∑
j

gijdξj

 (V ). (3.18)

Since V is a supervector without singularities on S, then B (ωv) > 0, and as S is



3.4 Localization formula for odd vectors 52

compact, ∃δ > 0 such that:

B (ωv) > δ. (3.19)

Now, note that:
∑

i

ρi

∑
j

gijdzj

 (V ) =
∑

i

ρi

∑
j

gijf
i
j

 . (3.20)

Beyond that, we have:

∂ω = ρ0
∑
k

µk

 n∑
j=1

dgkj ∧ dξj

+
∑
i

ρi

 n∑
j

dgij ∧ dξj

+
∑
i

ρi

 n∑
j=1

dgij ∧ dzj

 (3.21)

Then, by lemma 3.39:

∣∣∣∣∫
S
η
∣∣∣∣ =

∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t
− iV (ω)

t

}∣∣∣∣∣ =
∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
exp

{
−iV (ω)

t

}∣∣∣∣∣ .
By equation (3.17), we have:

=

∣∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
exp

−
[
ρoω

0 +∑
i ρi

(∑
j g

i
jdξj

)]
(V )

t
−

[∑
i ρi

(∑
j g

i
jdzj

)]
(V )

t


∣∣∣∣∣∣ .

By notation (3.18), we have:

=

∣∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
exp

−ωvt −
[∑

i ρi
(∑

j g
i
jdzj

)]
(V )

t


∣∣∣∣∣∣

Let’s denote exp
{
−ωv

t

}
by e−ωv/t. Then:

=

∣∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
exp

−
[∑

i ρi
(∑

j g
i
jdzj

)]
(V )

t

 e−ωv/t
∣∣∣∣∣∣ .

By equation (3.20):

=

∣∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
exp

−
[∑

i ρi
(∑

j g
i
jf

i
j

)]
t

 e−ωv/t
∣∣∣∣∣∣ .
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By the demonstration of lemma 3.26, item (i), we have:

=

∣∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}1−

[∑
i ρi

(∑
j g

i
jf

i
j

)]
t

 e−ωv/t
∣∣∣∣∣∣ ≤∣∣∣∣∣

∫
S
η · exp

{
−∂ω

t

}
e−ω

v/t

∣∣∣∣∣+
∣∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
·

[∑
i ρi

(∑
j g

i
jf

i
j

)]
t

e−ω
v/t

∣∣∣∣∣∣ ≤∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
e−ω

v/t

∣∣∣∣∣+∑
a

∑
b

∣∣∣∣∣
∫
S
η · exp

{
−∂ω

t

}
· [ρa (gabfab )]

t
e−ω

v/t

∣∣∣∣∣ .
By equation (3.21):

=

∣∣∣∣∣∣
∫
S
η · exp

−ρ0
∑
k µk

(∑n
j=1 dg

k
j ∧ dξj

)
−∑i ρi

(∑n
j dg

i
j ∧ dξj

)
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

 e−ωv/t
∣∣∣∣∣∣

+
∑
a

∑
b

∣∣∣∣∣∣
∫
S
η · exp

−ρ0
∑
k µk

(∑n
j=1 dg

k
j ∧ dξj

)
−∑i ρi

(∑n
j dg

i
j ∧ dξj

)
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

×
[ρa (gabfab )]

t
e−ω

v/t

∣∣∣∣∣
By lemma 3.26, item (ii):

=

∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

×1−
ρ0
∑
k µk

(∑n
j=1 dg

k
j ∧ dξj

)
t

−
∑
i ρi

(∑n
j dg

i
j ∧ dξj

)
t

 e−ωv/t
∣∣∣∣∣∣ +

∑
a

∑
b

∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

×1−
ρ0
∑
k µk

(∑n
j=1 dg

k
j ∧ dξj

)
t

−
∑
i ρi

(∑n
j dg

i
j ∧ dξj

)
t

 · [ρa (gabfab )]
t

e−ω
v/t

∣∣∣∣∣∣ ≤
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∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

 e−ωv/t
∣∣∣∣∣∣+

∑
k

∑
j

∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

 ρ0µk
(
dgkj ∧ dξj

)
t

e−ω
v/t

∣∣∣∣∣∣+
∑
i

∑
j

∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

 ρi
(
dgij ∧ dξj

)
t

e−ω
v/t

∣∣∣∣∣∣+
∑
a

∑
b

∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

 [ρa (gabfab )]
t

e−ω
v/t

∣∣∣∣∣∣+
∑
a

∑
b

∑
k

∑
l

∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

 ρ0µk
(
dgkl ∧ dξl

)
t

[ρa (gabfab )]
t

e−ω
v/t

∣∣∣∣∣∣+
∑
a

∑
b

∑
k

∑
l

∣∣∣∣∣∣
∫
S
η · exp

−
∑
i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

 ρk
(
dgkl ∧ dξl

)
t

[ρa (gabfab )]
t

e−ω
v/t

∣∣∣∣∣∣ ≤
n∑

α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α · η(n−α,n−α)|(n,n)
(1...n,1...n) e−ω

v/t

∣∣∣∣∣∣+
n−1∑
α=0

1
α!
∑
k

∑
j

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρ0µkdg
k
j

t
· η(n−α,n−α−1)|(n−1,n)

(1...n,1...n) e−ω
v/t

∣∣∣∣∣∣+
n−1∑
α=0

1
α!
∑
i

∑
j

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρidgij
t
· η(n−α,n−α−1)|(n−1,n)

(1...n,1...n) e−ω
v/t

∣∣∣∣∣∣+
n∑

α=0

1
α!
∑
a

∑
b

∑
λ1,λ2,λ3,λ4∈M
λ1+λ3=λ2+λ4=n∫

X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α
[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α)|(n,n)
(λ3,λ4) e−ω

v/t

∣∣∣∣∣∣ +

n−1∑
α=0

1
α!
∑
a

∑
b

∑
k

∑
l

∑
λ1,λ2,λ3,λ4∈M
λ1+λ3=λ2+λ4=n∫

X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρ0µkdg
k
l

t

[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α−1)|(n−1,n)
(λ3,λ4) e−ω

v/t

∣∣∣∣∣∣+
n−1∑
α=0

1
α!
∑
a

∑
b

∑
k

∑
l

∑
λ1,λ2,λ3,λ4∈M
λ1+λ3=λ2+λ4=n∫

X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρkdgkl
t

[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α−1)|(n−1,n)
(λ3,λ4) e−ω

v/t

∣∣∣∣∣∣ .
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And by 3.19, we have:

≤
n∑

α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α · η(n−α,n−α)|(n,n)
(1...n,1...n)

∣∣∣∣∣∣ e−δ/t+
n−1∑
α=0

1
α!
∑
k

∑
j

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρ0µkdg
k
j

t
· η(n−α,n−α−1)|(n−1,n)

(1...n,1...n)

∣∣∣∣∣∣ e−δ/t+
n−1∑
α=0

1
α!
∑
i

∑
j

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρidgij
t
· η(n−α,n−α−1)|(n−1,n)

(1...n,1...n)

∣∣∣∣∣∣ e−δ/t+
n∑

α=0

1
α!
∑
a

∑
b

∑
λ1,λ2,λ3,λ4∈M
λ1+λ3=λ2+λ4=n∫

X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α
[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α)|(n,n)
(λ3,λ4)

∣∣∣∣∣∣ e−δ/t
+

n−1∑
α=0

1
α!
∑
a

∑
b

∑
k

∑
l

∑
λ1,λ2,λ3,λ4∈M
λ1+λ3=λ2+λ4=n∫

X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρ0µkdg
k
l

t

[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α−1)|(n−1,n)
(λ3,λ4)

∣∣∣∣∣∣ e−δ/t+
n−1∑
α=0

1
α!
∑
a

∑
b

∑
k

∑
l

∑
λ1,λ2,λ3,λ4∈M
λ1+λ3=λ2+λ4=n∫

X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρkdgkl
t

[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α−1)|(n−1,n)
(λ3,λ4)

∣∣∣∣∣∣ e−δ/t.
Studying each parcel, we find constants C1 > 0, C2 > 0, C3 > 0, C4 > 0, C5 > 0, C6 > 0

such that:

n∑
α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α · η(n−α,n−α)|(n,n)
(1...n,1...n)

∣∣∣∣∣∣ e−δ/t ≤
C1e

−δ/t
(

1 + 1
t

+ · · ·+ 1
tn

)
V ol(X) t→0−→ 0;

n−1∑
α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρ0µkdg
k
j

t
· η(n−α,n−α−1)|(n−1,n)

(1...n,1...n)

∣∣∣∣∣∣ e−δ/t ≤
C2e

−δ/t
(1
t

+ · · ·+ 1
tn

)
V ol(X) t→0−→ 0;
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n−1∑
α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρidgij
t
· η(n−α,n−α−1)|(n−1,n)

(1...n,1...n)

∣∣∣∣∣∣ e−δ/t ≤
C3e

−δ/t
(1
t

+ · · ·+ 1
tn

)
V ol(X) t→0−→ 0;

n∑
α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α
[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α)|(n,n)
(λ3,λ4)

∣∣∣∣∣∣ e−δ/t ≤
C4e

−δ/t
(1
t

+ · · ·+ 1
tn+1

)
V ol(X) t→0−→ 0;

n−1∑
α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρ0µkdg
k
l

t

[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α−1)|(n−1,n)
(λ3,λ4)

∣∣∣∣∣∣ e−δ/t
≤ C5e

−δ/t
( 1
t2

+ · · ·+ 1
tn+1

)
V ol(X) t→0−→ 0;

n−1∑
α=0

1
α!

∫
X

∣∣∣∣∣∣
−∑i ρi

(∑n
j=1 dg

i
j ∧ dzj

)
t

α ρkdgkl
t

[
ρa
(
gabf

a
b(λ1,λ2)

)]
t

· η(n−α,n−α−1)|(n−1,n)
(λ3,λ4)

∣∣∣∣∣∣ e−δ/t
≤ C6e

−δ/t
( 1
t2

+ · · ·+ 1
tn+1

)
V ol(X) t→0−→ 0,

where C1, C2, C3, C4, C5, C6 are constants that limit superiorly the continuous functions
in each integral (remember that X is a compact manifold). Since all the isolated parcels
above go to zero when t→ 0, then the complete sums of each parcel go to zero too, and
thus we get our result.

In the next result, we will formalize the theorem of residues to an odd holomorphic
supervector field V on a supermanifold S of n|n dimension.

Theorem 3.41. Let V be an odd holomorphic supervector field on S with isolated sin-
gularities pi ∈ Sing(V ), then for any η ∈ ⊕A(p,q)|(r,s) such that (∂ + iV )(η) = 0, we
have:

∫
S
η =

∑
i

Respi(V, η)

where
Respi(V, η) = lim

t→0

∫
SBε(pi)

η · exp
{
−∂ω

t
− iV (ω)

t

}

Proof. This proof is completely analogous to the proof of the theorem 3.16. Remember
that here we consider only the points pi, pj ∈ Sing(V ) such that Bε(B(pi))

⋂
Bε(B(pj)) =
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∅ because to points pi, pj ∈ Sing(V ) such that Bε(B(pi))
⋂
Bε(B(pj)) 6= ∅ we have

Bε(B(pi)) = Bε(B(pj)), and consequently SBε(pi) = SBε(pj) (look definition 3.31).

3.5 Determination of residues for odd vectors

Now, we will determine, on some hypotheses, a formula to calculate the residues
Respi(V, η) to odd vectors. First, consider the following lemma.

Lemma 3.42. Let V = ∑m
i=1 fi

∂
∂zi

+ ∑n
j=1 gj

∂
∂ξj

be an odd supervector field, in local
coordinates, on the complex supermanifold S of n|n dimension, where fi are odd functions
and gj are even functions without odd variables. If det

[(
B
(
∂fk
∂ξl

(pj)
))

n×n

]
6= 0 for some

point pj ∈ S, then:

Ber(V )(pj) = det (JV )
det(D) (pj).

where

Ber(V )(z; ξ) = sdet
 ∂gi
∂zj

∂fk
∂zj

∂gi
∂ξl

∂fk
∂ξl

 , JV =
(
∂gi
∂zj

)
n×n

, and D =
(
∂fk
∂ξl

)
.

Proof. Consider T =
A B

C D

, with:
A =

(
∂gi
∂zj

)
, B =

(
∂fk
∂zj

)
, C =

(
∂gi
∂ξl

)
, D =

(
∂fk
∂ξl

)
.

Now, note that C = 0 because the functions gi do not have odd variables. Then, since
det(B(D))(pj) 6= 0 (hypothesis), by definition 1.97 we have:

Ber(V )(pj) =
[
det(A−BD−1C) · (det(D))−1

]
(pj) = det(A)

det(D)(pj) = det (JV )
det(D) (pj).

With the notations of the definition 3.27 in hands, we have the following theorems.

Theorem 3.43. Let S be a compact complex supermanifold of n|n dimension and let
V be an odd holomorphic vector field with a non-degenerate isolated singularity pj ∈
Sing(V ), whose representation in local coordinates is equal to V = ∑n

i=1 fi
∂
∂zi

+∑n
i=1 gi

∂
∂ξi

,
where gi(z) are even functions without odd variables and fi(z, ξ) are non-constant odd
functions such that fi(pj) = 0. Furthermore, let ω be the form defined in 3.35 and let
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η ∈ ⊕
A(p,q)|(r,s) be a form such that (∂ + iV )(η) = 0. If the number n (dimension) is

even (odd) and if the functions η(0,0)|(n,n), η(1,0)|(n−1,n)
∗̂ have only even (odd) quantities of

variables ξj in its expansion, then:

Respj(V, η) =
(2π
i

)n η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V ) · det(D)

 (pj)

where

Ber(V ) = sdet
 ∂gi
∂zj

∂fk
∂zj

∂gi
∂ξl

∂fk
∂ξl

 and D =
(
∂fk
∂ξl

)
.

Proof. Since Respj(V, η) = lim
t→0

∫
SBε(pj)

η · exp
{
−∂ω

t
− iV (ω)

t

}
, then it’s sufficient to show

that:

lim
t→0

∫
SBε(pj)

η · exp
{
−∂ω

t
− iV (ω)

t

}
=
(2π
i

)n η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V ) · det(D)

 (pj) .

Then:

∫
SBε(pj)

η · exp
{
−∂ω

t
− iV (ω)

t

}
=
∫
SBε(pj)

η · exp
{
−∂ω

t

}
· exp

{
−iV (ω)

t

}
.

By lemma 3.26, item (iii):

∫
SBε(pj)

η ·

exp
{
−∂ω1

t

}
+

n∑
j=1

(−1)j
(j − 1)!

(
∂ω1

)(j−1)
∂ω2

tj

 · exp
{
−iV (ω)

t

}
=

∫
SBε(pj)

η · exp
{
−∂ω1

t

}
· exp

{
−iV (ω)

t

}
+

n∑
j=1

(−1)j
(j − 1)!

∫
SBε(pj)

η ·


(
∂ω1

)(j−1)
∂ω2

tj

 · exp
{
−iV (ω)

t

}
=

n∑
k=0

(−1)k
k!

∫
SBε(pj)

η ·
(
∂ω1

t

)k
· exp

{
−iV (ω)

t

}
+

n∑
j=1

(−1)j
(j − 1)!

∫
SBε(pj)

η ·


(
∂ω1

)(j−1)
∂ω2

tj

 · exp
{
−iV (ω)

t

}
.
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Now, linearizing the functions near the singularity through the Taylor series, and doing
the change of variable z 7→ z

√
t, we have:

=
n∑
k=0

(−1)k
k!

∫
SBε/

√
t(pj)

η ·

(
∂ω1

)k
√
t
2k · exp {−iV (ω)} det


√
t 0

. . .
0

√
t

 +

n∑
j=1

(−1)j
(j − 1)!

∫
SBε/

√
t(pj)

η ·

(
∂ω1

)(j−1)
∂ω2

√
t
2j · exp {−iV (ω)} det


√
t 0

. . .
0

√
t

 =

n∑
k=0

(−1)k
k!

∫
SBε/

√
t(pj)

η ·
(
∂ω1

)k
· exp {−iV (ω)} ·

√
t
2n−2k +

n∑
j=1

(−1)j
(j − 1)!

∫
SBε/

√
t(pj)

η ·
(
∂ω1

)(j−1)
∂ω2 · exp {−iV (ω)} ·

√
t
2n−2j

.

Doing t→ 0, we have:

= (−1)n
n!

∫
Cn|n

η·
(
∂ω1

)n
·exp {−iV (ω)}+ (−1)n

(n− 1)!

∫
Cn|n

η·
(
∂ω1

)(n−1)
∂ω2·exp {−iV (ω)}

By lemma 3.24, items (iv), (vi), and by definition 3.27, item (1), we have:

= (−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} +

(−1)n
(n− 1)!

∫
Cn|n

n∑
j=1

(n−1)! (−1)
n(n+1)

2

(
dzj ∧ dξ1 ∧ · · · ∧ d̂ξj ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn η

(1,0)|(n−1,n)
ĵ

)
∧ dz1 ∧ · · · ∧ dξj ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgj ∧ · · · ∧ dgn · exp {−iV (ω)} .

Now, by lemma 3.29, we have:
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= (−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} +

(−1)n · (−1)
n(n+1)

2

∫
Cn|n

dz1 ∧ · · · ∧ dzn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn×
Eη

(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)}

− (−1)n · (−1)
n(n+1)

2

∫
Cn|n

dz1∧· · ·∧dzn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×
Oη

(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)} =

(−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} +

(−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn×

Eη
(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)}

− (−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Oη
(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)} .

To a better comprehension, let’s study these integrals separately

(a)

(−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} ,

(b)

(−1)n · (−1)
n(n+1)

2

det (JV )(pj)
×∫

Cn|n
dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn Eη

(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)}

− (−1)n · (−1)
n(n+1)

2

det (JV )(pj)
×∫

Cn|n
dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn Oη

(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)} .
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(a) By lemma 3.26, item (i), we have:

(−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} =

(−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp
{
−
∑

gigi
}

+ (−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn×

η(0,0)|(n,n) · exp
{
−
∑

gigi
} (
−
∑

gifi
)
. (3.22)

Let’s calculate the first integral of (3.22):

(−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp
{
−
∑

gigi
}

=

(3.23)

(−1)n · (−1)
n(n+1)

2 η
(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj)
∫
Cn
dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn exp

{
−
∑

gigi
}

=

η
(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj)
∫
Cn
dg1 ∧ dg1 ∧ · · · ∧ dgn ∧ dgn exp

{
−
∑

gigi
}

=

η
(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj)×

∫
R2n

det



∂g1
∂x1

∂g1
∂y1

∂g1
∂x1

∂g1
∂y1

. . .
∂gn
∂xn

∂gn
∂yn

∂gn
∂xn

∂gn
∂yn


dx1∧dy1∧· · ·∧dxn∧dyn exp

{
−(x2

1 + y2
1 + · · ·+ x2

n + y2
n)
}

(3.24)
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But since

det



∂g1
∂x1

∂g1
∂y1

∂g1
∂x1

∂g1
∂y1

. . .
∂gn
∂xn

∂gn
∂yn

∂gn
∂xn

∂gn
∂yn


=

det



∂
∂x1

(x1 + iy1) ∂
∂y1

(x1 + iy1)
∂
∂x1

(x1 − iy1) ∂
∂y1

(x1 − iy1)
. . .

∂
∂xn

(xn + iyn) ∂
∂yn

(xn + iyn)
∂
∂xn

(xn − iyn) ∂
∂yn

(xn − iyn)


=

det



1 i

1 −i
. . .

1 i

1 −i


= (−2i)n ,

then we have that the equation (3.24) is equal to:

η
(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj)
∫
R2n

(−2i)ndx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn · exp
{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
=

(−2i)n · η(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj)
∫ +∞

−∞
exp

{
−x2

1

}
dx1

∫ +∞

−∞
exp

{
−y2

1

}
dy1 · · ·

· · ·
∫ +∞

−∞
exp

{
−x2

n

}
dxn

∫ +∞

−∞
exp

{
−y2

n

}
dyn =

(−2i)n · η(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj)
(√

π
)2n

= (−2πi)n
η

(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj) =
(2π
i

)n η(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj) .

To analyze the second integral of (3.22), the hypotheses will be necessary:

• (Even case) The second Berezin integral is equal to zero because gifi are odd func-
tions (odd quantities of variables ξj) but, by hypothesis, η(0,0)|(n,n) has only even
quantities of variables ξj. Furthermore (by hypothesis) n is an even number (even
dimension). Therefore, we will never find an even top quantity of variables ξj, i.e,
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we will always find the following:

dξ1 ∧ · · · ∧ dξn︸ ︷︷ ︸
even quantity

ξj1 · · · ξj(2l+1)︸ ︷︷ ︸
odd quantity

∫
−→ 0. (3.25)

• (Odd case) The second Berezin integral is equal to zero because gifi are odd func-
tions (odd quantities of variables ξj) but, by hypothesis, η(0,0)|(n,n) has only odd
quantities of variables ξj. Furthermore (by hypothesis) n is an odd number (odd
dimension). Therefore, we will never find an odd top quantity of variables ξj, i.e,
we will always find the following:

dξ1 ∧ · · · ∧ dξn︸ ︷︷ ︸
odd quantity

ξj1 · · · ξj2l︸ ︷︷ ︸
even quantity

∫
−→ 0. (3.26)

Then:

(−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · ·

· · · ∧ dξn η(0,0)|(n,n) · exp
{
−
∑

gigi
} (
−
∑

gifi
)

= 0 (3.27)

Therefore:

(−1)n · (−1)
n(n+1)

2

det(JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} =

(2π
i

)n η(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pj) . (3.28)

(b)

(−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Eη
(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)}

− (−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Oη
(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)}

And by lemma 3.26, item (i):
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=
(−1)n · (−1)

n(n+1)
2 Eη

(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pj)
∫
Cn
dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn exp

{
−
∑

gigi
}

−
(−1)n · (−1)

n(n+1)
2 Oη

(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pj)
∫
Cn
dg1∧ · · · ∧dgn∧dg1∧ · · · ∧dgn exp

{
−
∑

gigi
}

− (−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Eη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)

+ (−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Oη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)
.

Since Eη
(1,0)|(n−1,n)
∗̂ is an even function and as Oη

(1,0)|(n−1,n)
∗̂ is an odd function (look

remark 3.28), we have:

=
(−1)n · (−1)

n(n+1)
2 Eη

(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pj)
∫
Cn
dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn exp

{
−
∑

gigi
}

+ (−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Oη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)
. (3.29)

To the first integral of (3.29), we have:

(−1)n · (−1)
n(n+1)

2 Eη
(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pj)
∫
Cn
dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn exp

{
−
∑

gigi
}

=

(2π
i

)n Eη(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV )

 (pj) =
(2π
i

)n η(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV )

 (pj) . (3.30)
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And by a similar argument showed in (3.25) or (3.26) (assuming the hypotheses), we have:

(−1)n · (−1)
n(n+1)

2

det (JV )(pj)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · ·

· · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn Oη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)

= 0.

Therefore, by equations (3.28) and (3.30), we have:

lim
t→0

∫
SBε(pj)

η · exp
{
−∂ω

t
− iV (ω)

t

}
=
(2π
i

)n η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

det (JV )

 (pj) .

Since pj ∈ Sing(V ) is non-degenerate, by lemma 3.42 we conclude that:
η

(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

det (JV )

 (pj) =

η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V ) · det(D)

 (pj) .

Then

lim
t→0

∫
SBε(pj)

η · exp
{
−∂ω

t
− iV (ω)

t

}
=
(2π
i

)n η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V ) · det(D)

 (pj) .

Therefore

Respj(V, η) =
(2π
i

)n η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V ) · det(D)

 (pj) .

Corollary 3.44. If on the theorem 3.43 we add the condition det(B(D))(B(pj)) = 1, then
we have:

Respj(V, η) =
(2π
i

)n η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V )

 (pj) .

In the previous theorem, we imposed conditions over the form η and over the su-
permanifold’s dimension. Now we go to choose a class of odd functions such that those
hypotheses will not be more necessary.

Theorem 3.45. Let S be a compact complex supermanifold of n|n dimension and let V be
an odd holomorphic vector field with a non-degenerate isolated singularity pκ ∈ Sing(V ),
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whose representation in local coordinates is equal to V = ∑n
i=1 fi

∂
∂zi

+ ∑n
i=1 gi

∂
∂ξi

, where
gi(z) are even functions without odd variables and fi(z, ξ) are odd functions such that
fi(z, ξ) = ∑

λ∈M ξλ · aiλ · gi + ∑
λ∈M ξλ · biλ · giλ with M being the set of multi-indices,

aiλ, b
i
λ ∈ CS and iλ ∈ {1, . . . , î, . . . , n}. Furthermore, let ω be the form defined in 3.35 and

let η ∈⊕A(p,q)|(r,s) be a form such that (∂ + iV )(η) = 0. Then, we have:

Respκ(V, η) =
(2π
i

)n η(0,0)|(n,n)
(1...n,1...n) + η

(1,0)|(n−1,n)
∗̂(1...n,1...n)

Ber(V ) · det(D)

 (pκ) +

(2π
i

)n 
∑n
j=1

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
Ber(V ) · det(D)

 (pκ) .

where L(λ) are odd numbers and

Ber(V ) = sdet
 ∂gi
∂zj

∂fk
∂zj

∂gi
∂ξl

∂fk
∂ξl

 and D =
(
∂fk
∂ξl

)
.

Proof. SinceRespκ(V, η) = lim
t→0

∫
SBε(pκ)

η · exp
{
−∂ω

t
− iV (ω)

t

}
, then it’s sufficient to show

that:

lim
t→0

∫
SBε(pκ)

η · exp
{
−∂ω

t
− iV (ω)

t

}
=

(2π
i

)n η(0,0)|(n,n)
(1...n,1...n) + η

(1,0)|(n−1,n)
∗̂(1...n,1...n)

Ber(V ) · det(D)

 (pκ) +

(2π
i

)n 
∑n
j=1

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
Ber(V ) · det(D)

 (pκ) .

Following the same steps of the theorem 3.43, we find:

(a)

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)
×∫

Cn|n
dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn η(0,0)|(n,n) · exp {−iV (ω)} ,
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(b)

(−1)n · (−1)
n(n+1)

2

det (JV )(pκ)
×∫

Cn|n
dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn Eη

(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)}

− (−1)n · (−1)
n(n+1)

2

det (JV )(pκ)
×∫

Cn|n
dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn Oη

(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)} .

(a) By lemma 3.26, item (i), we have:

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} =

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp
{
−
∑

gigi
}

+

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn×

η(0,0)|(n,n) · exp
{
−
∑

gigi
} (
−
∑

gifi
)
.

The first integral is equal to:

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp
{
−
∑

gigi
}

=
(2π
i

)n η(0,0)|(n,n)
(1...n,1...n)

det(JV ) (pκ) . (3.31)

Now, let’s calculate the second integral:

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn×

η(0,0)|(n,n) · exp
{
−
∑

gigi
} (
−
∑

gjfj
)

=
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− (−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∑
j

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn×

η(0,0)|(n,n) · exp
{
−
∑

gigi
}
· gjfj =

− (−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn×(
ξµ · ξ1 · · · ξnη(0,0)|(n,n)

(µ,1...n)

)
· exp

{
−
∑

gigi
}
· gjξλ ·

(
ajλgj + bjλgjλ

)
=

− (−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn×(
ξµ · ξ1 · · · ξnη(0,0)|(n,n)

(µ,1...n)

)
· exp

{
−
∑

gigi
}
· gjξλ · a

j
λgj+

− (−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn×(
ξµ · ξ1 · · · ξnη(0,0)|(n,n)

(µ,1...n)

)
· exp

{
−
∑

gigi
}
· gjξλ · b

j
λgjλ =

−
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

ajλ · η
(0,0)|(n,n)
(µ,1...n)

det(JV ) (pκ)
∫
Cn
dg1∧dg1∧· · ·∧dgn∧dgn exp

{
−
∑

gigi
}
·gj·gj

−
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

bjλ · η
(0,0)|(n,n)
(µ,1...n)

det(JV ) (pκ)
∫
Cn
dg1∧dg1∧· · ·∧dgn∧dgn exp

{
−
∑

gigi
}
·gj·gjλ .

(3.32)

where λ, µ are multi-indices (λ is an odd multi-index because f is odd), M is the set of
all multi-indices and L is the function that gives the length of the multi-index.

Then, from (3.32), we have the two parcels:

−
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

ajλ · η
(0,0)|(n,n)
(µ,1...n)

det(JV ) (pκ)
∫
Cn
dg1∧dg1∧· · ·∧dgn∧dgn exp

{
−
∑

gigi
}
·gj·gj,

(3.33)
and

−
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

bjλ · η
(0,0)|(n,n)
(µ,1...n)

det(JV ) (pκ)
∫
Cn
dg1∧dg1∧· · ·∧dgn∧dgn exp

{
−
∑

gigi
}
·gj·gjλ .

(3.34)
First, let’s calculate the integral from (3.34):
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∫
Cn
dg1 ∧ dg1 ∧ · · · ∧ dgn ∧ dgn exp

{
−
∑

gigi
}
· gj · gjλ =∫

R2n
dx1∧dy1∧· · ·∧dxn∧dyn(−2i)n·exp

{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
(xj−iyj)(xjλ+iyjλ).

Since (xj − iyj)(xjλ + iyjλ) = xjxjλ + ixjyjλ − ixjλyj + yjyjλ , then we have:

= (−2i)n
∫
R2n

dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn · exp
{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
· xjxjλ +

i(−2i)n
∫
R2n

dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn · exp
{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
· xjyjλ −

i(−2i)n
∫
R2n

dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn · exp
{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
· xjλyj +

(−2i)n
∫
R2n

dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn · exp
{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
· yjyjλ =

(−2i)n
∫ ∞
−∞

exp{−x2
1} · · ·

∫ ∞
−∞

exp{−x2
j}xj︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−x2
jλ
}xjλ︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−y2
n} +

i(−2i)n
∫ ∞
−∞

exp{−x2
1} · · ·

∫ ∞
−∞

exp{−x2
j}xj︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−y2
jλ
}yjλ︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−y2
n} −

i(−2i)n
∫ ∞
−∞

exp{−x2
1} · · ·

∫ ∞
−∞

exp{−x2
jλ
}xjλ︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−y2
j}yj︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−y2
n} +

(−2i)n
∫ ∞
−∞

exp{−x2
1} · · ·

∫ ∞
−∞

exp{−y2
j}yj︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−y2
jλ
}yjλ︸ ︷︷ ︸

=0

· · ·
∫ ∞
−∞

exp{−y2
n} = 0.

Thus:

−
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

bjλ · η
(0,0)|(n,n)
(µ,1...n)

det(JV ) (pκ)×∫
Cn
dg1 ∧ dg1 ∧ · · · ∧ dgn ∧ dgn exp

{
−
∑

gigi
}
· gj · gjλ = 0. (3.35)

with jλ ∈ {1, . . . , ĵ, . . . , n}.

Now, let us to calculate the integral from (3.33):
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∫
Cn
dg1 ∧ dg1 ∧ · · · ∧ dgn ∧ dgn exp

{
−
∑

gigi
}
· gj · gj =∫

R2n
dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn(−2i)n · exp

{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
(x2

j + y2
j ) =∫

R2n
dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn(−2i)n · exp

{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
x2
j +∫

R2n
dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn(−2i)n · exp

{
−x2

1 − y2
1 − · · · − x2

n − y2
n

}
y2
j =

(−2i)n
∫ ∞
−∞

exp{−x2
1} · · ·

∫ ∞
−∞

exp{−x2
j}x2

j︸ ︷︷ ︸
=
√
π

2

· · ·
∫ ∞
−∞

exp{−y2
n} +

(−2i)n
∫ ∞
−∞

exp{−x2
1} · · ·

∫ ∞
−∞

exp{−y2
j}y2

j︸ ︷︷ ︸
=
√
π

2

· · ·
∫ ∞
−∞

exp{−y2
n} =

(−2i)n · (
√
π)2n−1 ·

√
π

2 + (−2i)n · (
√
π)2n−1 ·

√
π

2 = (−2πi)n =
(2π
i

)n
. (3.36)

So, by (3.32), (3.33), (3.35) and (3.36), we have:

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · ·

· · · ∧ dξn ∧ dξ1 · · · dξn η(0,0)|(n,n) · exp
{
−
∑

gigi
} (
−
∑

gjfj
)

=

−
(2π
i

)n ∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

ajλ · η
(0,0)|(n,n)
(µ,1...n)

det(JV ) (pκ) . (3.37)

Therefore, by (3.31) and (3.37), we finally have:

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn η(0,0)|(n,n)·exp {−iV (ω)} =

(2π
i

)n η(0,0)|(n,n)
(1...n,1...n)

det(JV ) −
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

ajλ · η
(0,0)|(n,n)
(µ,1...n)

det(JV )

 (pκ) . (3.38)

(b)Let us to calculate:
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(−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Eη
(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)}

− (−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn∧dξ1∧· · ·∧dξn×

Oη
(1,0)|(n−1,n)
∗̂ · exp {−iV (ω)} =

(−1)n · (−1)
n(n+1)

2 Eη
(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pκ)
∫
Cn
dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn exp

{
−
∑

gigi
}
−

(−1)n · (−1)
n(n+1)

2 Oη
(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pκ)
∫
Cn
dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn exp

{
−
∑

gigi
}
−

(−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn×

Eη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)

+

(−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ dξn×

Oη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)
.

And since Eη
(1,0)|(n−1,n)
∗̂ is an even function and Oη

(1,0)|(n−1,n)
∗̂ is an odd function (look

remark 3.28), we have:

=
(−1)n · (−1)

n(n+1)
2 Eη

(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pκ)
∫
Cn
dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn exp

{
−
∑

gigi
}

+

(−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn×

Oη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)
. (3.39)

Then, by the first parcel of (3.39):
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(−1)n · (−1)
n(n+1)

2 Eη
(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) (pκ)
∫
Cn
dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn exp

{
−
∑

gigi
}

=

(2π
i

)n Eη(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV )

 (pκ) =
(2π
i

)n η(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV )

 (pκ) . (3.40)

Now, by the second parcel of (3.39), we have:

(−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1 ∧ · · · ∧ dgn ∧ dg1 ∧ · · ·

· · · ∧ dgn ∧ dξ1 ∧ · · · ∧ dξn Oη
(1,0)|(n−1,n)
∗̂ · exp

{
−
∑

gigi
} (∑

gjfj
)

=

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn×(
ξµ · ξ1 · · · ξn Oη

(1,0)|(n−1,n)
∗̂(µ,1...n)

)
· exp

{
−
∑

gigi
}
· gjξλ ·

(
ajλgj + bjλgjλ

)
=

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn×(
ξµ · ξ1 · · · ξn Oη

(1,0)|(n−1,n)
∗̂(µ,1...n)

)
· exp

{
−
∑

gigi
}
· gjξλ · a

j
λ · gj+

(−1)n · (−1)
n(n+1)

2

det(JV )(pκ)

∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn×(
ξµ · ξ1 · · · ξn Oη

(1,0)|(n−1,n)
∗̂(µ,1...n)

)
· exp

{
−
∑

gigi
}
· gjξλ · b

j
λ · gjλ . (3.41)

And by analogous calculations to those made previously, we have that equation (3.41)
is equal to

(2π
i

)n ∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

ajλ · Oη
(1,0)|(n−1,n)
∗̂(µ,1...n)

det(JV ) (pκ) =

(2π
i

)n ∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

ajλ · η
(1,0)|(n−1,n)
∗̂(µ,1...n)

det(JV ) (pκ) (3.42)
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Therefore, by equations (3.40) and (3.42), we have:

(−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn Eη
(1,0)|(n−1,n)
∗̂ ·exp {−iV (ω)}

− (−1)n · (−1)
n(n+1)

2

det (JV )(pκ)

∫
Cn|n

dg1∧· · ·∧dgn∧dg1∧· · ·∧dgn∧dξ1∧· · ·∧dξn Oη
(1,0)|(n−1,n)
∗̂ ·exp {−iV (ω)}

=
(2π
i

)n η(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV ) +
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

ajλ · η
(1,0)|(n−1,n)
∗̂(µ,1...n)

det(JV )

 (pκ) (3.43)

Then, by equations (3.38) and (3.43), we have:

lim
t→0

∫
SBε(pκ)

η · exp
{
−∂ω

t
− iV (ω)

t

}
=

(2π
i

)n η(0,0)|(n,n)
(1...n,1...n) + η

(1,0)|(n−1,n)
∗̂(1...n,1...n)

det (JV )

 (pκ) +

(2π
i

)n 
∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
det (JV )

 (pκ)

Since pκ ∈ Sing(V ) is non-degenerate, by lemma 3.42 we conclude that:
η

(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

det (JV )

 (pκ) =

η
(0,0)|(n,n)
(1...n;1...n) + η

(1,0)|(n−1,n)
∗̂(1...n;1...n)

Ber(V ) · det(D)

 (pκ) .

and

∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
det (JV )

 (pκ) =


∑
j

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
Ber(V ) · det(D)

 (pκ) .
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Then:

lim
t→0

∫
SBε(pκ)

η · exp
{
−∂ω

t
− iV (ω)

t

}
=

(2π
i

)n η(0,0)|(n,n)
(1...n,1...n) + η

(1,0)|(n−1,n)
∗̂(1...n,1...n)

Ber(V ) · det(D)

 (pκ) +

(2π
i

)n 
∑n
j=1

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
Ber(V ) · det(D)

 (pκ) .

Therefore:

Respκ(V, η) =
(2π
i

)n η(0,0)|(n,n)
(1...n,1...n) + η

(1,0)|(n−1,n)
∗̂(1...n,1...n)

Ber(V ) · det(D)

 (pκ) +

(2π
i

)n 
∑n
j=1

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
Ber(V ) · det(D)

 (pκ) .

Corollary 3.46. If on the theorem 3.45 we add the condition det(B(D))(B(pκ)) = 1,
then we have:

Respκ(V, η) =
(2π
i

)n η(0,0)|(n,n)
(1...n,1...n) + η

(1,0)|(n−1,n)
∗̂(1...n,1...n)

Ber(V )

 (pκ) +

(2π
i

)n 
∑n
j=1

∑
(λ,µ∈M |L(λ)+L(µ)=n)

{
ajλ
(
η

(1,0)|(n−1,n)
∗̂(µ,1...n) − η

(0,0)|(n,n)
(µ,1...n)

)}
Ber(V )

 (pκ) .

where L(λ) are odd numbers.

3.6 Examples

3.6.1 Duistermaat-Heckman type formula

Let V be a vector field with only nondegenerate zero components on a supermanifold
of dimension n|m. If ω is a 2-form of type (1, 1) such that ωn 6= 0, (∂ + iV )ω = 0 and
there is a smooth superfunction g such that iV ω = ∂(g), then for any s > 0, then under
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the conditions of Theorems proved in this Thesis we obtain the following Duistermaat-
Heckman type Formula

∫
X
e−sg

ωn

n! =
(2π
i

)n ∑
pκ∈Sing(V )

(eω−sg)(0,0)|(n,n)
(1...n,1...n)

Ber(V )

 (pκ)

3.6.2 Complex projective superspaces

The complex projective superspace Pn|m is the supermanifold obtained as the quotient
of Cn+1|m by the C∗-action which is defined as

λ · (z0, . . . , zn, ζ1, . . . , ζm) := (λz0, . . . , λzn, λζ1, . . . , λζm)

for all λ ∈ C∗. See [14] for more details about projective superspace.
Consider the Kähler supermetric on Pn|m given by the Fubini-Study supermetric:

ωFS([Z]) = i

2π∂∂̄ log |Z|2 = i

2π∂∂̄ log(1 + |Z0|2),

where |Z0|2 = 1 + ∑
i z̄

i
0z
i
0 + i

∑
ι ζ̄

ι
0ζ
ι
0. On U0 = {z0 6= 0} ⊂ Pm|n we have the local

coordinates (ZI
0 ) = (zi0, ζι0), I = 1, . . . ,m+ n, where zi0 = zi

z0 and ζ ι0 = ζι

z0 . Thus,

ωFS|U0 =
∑
I,J

ωIL dZ
I
0 ∧ dZL

0

with

ωIL =
 ωil ωiλ

ωιl ωιλ

 = i

2π(1 + |Z0|2)2

 δil(1 + |Z0|2)− z̄i0zl0 −iz̄i0ζλ0
iζ̄ ι0z

l
0 iδιλ(1 + |Z0|2)− ζ̄ ι0ζλ0

 .

If n ≥ m, then It follows from [9, pg. 28] that
∫
Pn|m

ωnFS = 1
(n−m)! ,

By the same computation in the case m = 0, we can conclude that (∂ + iV )ωnFS = 0 for
all vector field V on Pn|m, see for instance [1, pages 25-26]. Therefore, by Theorem 3.15
and Theorem 3.40 (n = m) we conclude that projective superspace Pn|m, with n ≥ m,
has no vector field without singularities.
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