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Siempre que biene el tiempo fresco, o sea al medio del otonio,
a mı́ me da la loca de pensar ideas de tipo eséntrico y esótico,
como ser por egenplo que me gustaŕıa venirme golondrina
para agarrar y volar a los páıx adonde haiga calor, o de ser
hormiga para meterme bien adentro de una cueva y comer
los productos guardados en el verano o de ser una b́ıvora
como las del solójico, que las tienen bien guardadas en una
jaula de vidrio con calefación para que no se queden duras
de fŕıo, que es lo que les pasa a los pobres seres humanos
que no pueden comprarse ropa con lo cara questá, ni pueden
calentarse por la falta del querosén, la falta del carbón, la
falta de lenia, la falta de petrolio y tamién la falta de plata,
porque cuando uno anda con biyuya ensima puede entrar
a cualquier boliche y mandarse una buena grapa que hay
que ver lo que calienta, aunque no conbiene abusar, porque
del abuso entra el visio y del visio la dejeneradés tanto del
cuerpo como de las taras moral de cada cual, y cuando
se viene abajo por la pendiente fatal de la falta de buena
condupta en todo sentido, ya nadie ni nadies lo salva de
acabar en el más espantoso tacho de basura del desprasti-
jio humano, y nunca le van a dar una mano para sacarlo
de adentro del fango enmundo entre el cual se rebuelca, ni
más ni meno que si fuera un cóndor que cuando joven supo
correr y volar por la punta de las altas montanias, pero que
al ser viejo cayó parabajo como bombardero en picada que le
falia el motor moral. ¡Y ojalá que lo que estoy escribiendolé
sirbalguno para que mire bien su comportamiento y que no
searrepienta cuando es tarde y ya todo se haiga ido al corno
por culpa suya!
CÉSAR BRUTO, Lo que me gustaŕıa ser a mı́ si no fuera
lo que soy.

Śı, ya sé, hay más problemólogos que solu-
cionólogos, pero ¿qué vamos a hacerle?
QUINO, Mafalda.
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Abstract

We dedicate this thesis to study the isomorphism problem for solvable Lie algebras

of dimension at most 4. The principal contribution is to show that the isomorphism

problem has a positive solution for 4-dimensional solvable Lie algebras over a field of

characteristic zero. That is, we show that given two 4-dimensional Lie algebras L and

H over a field F of characteristic 0, then UpLq – UpHq imply L – H.

To reach our goal we use three tools. The first is the Frobenius semiradical and

its relationship with the structure of a universal enveloping algebra of a Lie algebra.

Using the Frobenius semiradical we show that for certain Lie algebras L the dimen-

sion of ZpLq is determined by the isomorphism type of UpLq. The second tool is a

construction. Given a Lie algebra L and an abelian ideal M of L, we produce a Lie

algebra LM which is invariant under a group of automorphisms of UpLq. We show

that in several cases the Lie algebras L and LM are isomorphic. Finally, the third

tool is the study of structure of the universal enveloping algebras for Lie algebras

with an ideal of codimension one. Analysing this type of Lie algebras we show that

the isomorphism type of L{L2 is determined by the isomorphism type of UpLq, and

as a consequence of this fact the isomorphisms problem has a positive solution for

metabelian Lie algebras in which the codimension of the derived algebra is one.

Although our main result is given in dimension four, in several of our results we

require only that the Lie algebra be finite-dimensional. Further, many of our results

hold for an arbitrary base field independently of the characteristic.

Key words: Solvable Lie algebras, universal enveloping algebras, isomorphism prob-

lem.
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Resumo

Dedicamos esta tese, basicamente, a estudar o problema do isomorfismo para

álgebras de Lie solúveis de dimensão no máximo 4. A principal contribuição é mostrar

que o problema do isomorfismo tem uma solução positiva para álgebras de Lie solúveis

de dimensão 4 sobre um corpo de caracteŕıstica zero. Isto é, mostramos que, dadas

duas álgebras de Lie 4-dimensionais L e H sobre um corpo F de caracteŕıstica 0, então

UpLq – UpHq implica L – H.

Para alcançar nosso objetivo, usamos basicamente três ferramentas. A primeira é

o semirradical de Frobenius e sua relação com a estrutura de uma álgebra envolvente

universal de uma álgebra de Lie. Usando o semirradical de Frobenius, mostramos

que, para certas álgebra de Lie L, a dimensão de ZpLq é determinada pelo tipo de

isomorfismo de UpLq. A segunda ferramenta é uma construção. Dada uma álgebra de

Lie L e um ideal abeliano M de L, produzimos uma álgebra de Lie LM que é invariante

por um grupo de automorfismos de UpLq. Mostramos que, em vários casos, as álgebras

de Lie L e LM são isomorfas. Finalmente, a terceira ferramenta é o estudo da estrutura

das álgebras envolventes universais para álgebras de Lie com um ideal de codimensão

um. Analisando este tipo de álgebras de Lie, mostramos que o tipo de isomorfismo

L{L2 é determinado pelo tipo de isomorfismo de UpLq, e como consequência deste

fato temos que o problema dos isomorfismos tem uma solução positiva para álgebras

de Lie metabelianas para as quais a codimensão da álgebra derivada é um.

Embora nosso principal resultado seja dado em dimensão 4, em vários dos nossos

resultados, exigimos apenas que a álgebra de Lie seja de dimensão finita. Além disso,

muitos dos nossos resultados valem para um corpo arbitrário, independentemente da

caracteŕıstica.

Palavras Chave: Álgebras de Lie solúveis, álgebras envolventes universais, problema

do isomorfismo.
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Resumo Estendido

Antecedentes Históricos

O estudo das álgebras de Lie tornou-se tão importante quanto natural em algumas

áreas da matemática, como geometria e álgebra. Estas estruturas algébricas aparecem

quando estudamos campos de vetores de certas variedades diferenciáveis chamadas

grupos de Lie. Isto dá uma dualidade entre geometria e álgebra, mas devido à sua

riqueza estrutural, as álgebras de Lie são estudadas independentemente da geometria,

e esta é uma área de interesse independente em matemática.

Uma álgebra de Lie L é, em geral, uma estrutura não-associativa. Entretanto é

posśıvel associar tal álgebra a uma álgebra associativa UpLq, que verifica uma certa

propriedade universal e contém L, como subalgebra de Lie. Esta álgebra associativa

é chamada álgebra envolvente universal. A principal motivação desta tese é a questão

que segue.

O problema do isomorfismo para álgebras envelopantes universais de álgebras de

Lie: Se L,H são álgebras de Lie, UpLq – UpHq implica que L – H?

Não sabemos exatamente quem enunciou este problema pela primeira vez nem

quando foi enunciado. Porém, a referência mais antiga que temos, é o artigo de

Bergman [1], onde ele enunciou este problema antes da Seção 4. Nesta tese, este

problema será referido como o problema do isomorfismo .

Acreditamos que o problema do isomorfismo tem suas ráızes históricas em um

famoso problema da teoria de grupos, a saber, o problema do isomorfismo para anéis

de grupos. Tal problema se pergunta, para dois grupos G e H, se o isomorfismo

dos anéis ZG – ZH implica o isomorfismo G – H. Este problema foi introduzido
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por Higman na sua tese doutoral em 1940. Muitos resultados que são verdadeiros

para anéis de grupo, também são verdadeiros para álgebras envolventes universais

de álgebras de Lie, cada um em sua própria linguagem. Por exemplo, o tipo de

isomorfismo de um grupo nilpotente G de classe no máximo dois é determinado pelo

tipo de isomorfismo ZG, veja [22]. Analogamente, em [27, Corolário 5.3], é mostrado

que o tipo de isomorfismo de uma álgebra de Lie nilpotente L de classe no máximo dois

é determinado por sua álgebra envolvente universal UpLq. Isso nos leva a suspeitar

que existe uma relação entre esses dois problemas. De fato, o artigo de Quillen [25]

exibe um isomorfismo entre algumas álgebras envolventes universais restritas e certas

álgebras graduadas de anéis de grupo, relacionando esses dois problemas.

Em geral, o problema do isomorfismo tem resposta negativa. Isso significa que

existem álgebras de Lie que não são isomorfas, mas tem álgebras envolventes uni-

versais isomorfas, veja o Exemplo 2.1.6 no Caṕıtulo 2. No entanto, existem várias

classes de álgebras de Lie nas quais o problema do isomorfismo tem solução positiva.

Introduzimos uma linguagem com o propósito de apresentar de forma compacta os

principais resultados sobre o problema do isomorfismo que são conhecidos na liter-

atura. Seja C uma classe de álgebras de Lie. Dizemos que o problema do isomorfismo

tem solução positiva em C se UpLq – UpHq implica L – H para todos L,H P C. Com

esta linguagem, enunciamos o seguinte teorema.

Teorema. O problema do isomorfismo tem uma solução positiva nas seguintes classes

de álgebras de Lie:

1. Álgebras de Lie abelianas de dimensão finita.

2. Álgebras de Lie de dimensão no máximo três sobre corpos de caracteŕıstica di-

ferente de dois.

3. Álgebras de Lie nilpotentes de classe no máximo dois.

4. Álgebras de Lie nilpotentes livres finitamente geradas.

5. Álgebras de Lie nilpotentes de dimensão no máximo quatro.

6. Álgebras de Lie nilpotentes de dimensão cinco sobre corpos de caracteŕıstica

diferente de dois.
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7. Álgebras de Lie nilpotentes de dimensão seis sobre corpos de caracteŕıstica dife-

rente de dois e três.

O item 1 do teorema anterior é bem conhecido e será mostrado em uma discussão

após o Lema 2.3.3. Malcolmson, em 1992, mostrou que se L é uma álgebra de Lie,

simples e de dimensão 3 sobre um corpo de caracteŕıstica diferente de dois, então a

forma de Killing de L pode ser usada para determinar o tipo de isomorfismo de L e

também o de UpLq, veja [15]. Como consequência do resultado de Malcolmonson, o

problema do isomorfismo tem uma solução positiva para álgebras de Lie simples de

dimensão 3 sobre um corpo de caracteŕıstica diferente de dois. Mais tarde, em 2004,

Chun, Kajiwara e Lee provaram que o problema do isomorfismo tem uma solução

positiva para álgebras de Lie não simples e de dimensão 3 sobre um corpo arbitrário.

Eles combinaram seu resultado com o resultado de Malcolmson em [4] e completaram a

prova do item 2. No Caṕıtulo 5 desta tese, inspirados nas técnicas de Chun, Kajiwara e

Lee, introduzimos uma álgebra de Lie que é invariante por um grupo de automorfismos

da álgebra envolvente universal. Em 2007, Riley e Usefi mostraram os itens 3 e

4 em [27]. O artigo de Riley e Usefi [27] é, em minha opinião, um dos trabalhos

mais completos, até o momento, sobre o problema do isomorfismo. O item 5 é uma

consequência da classificação de de Graaf [5] e alguns resultados de Riley e Usefi

em [27]. Finalmente, em 2011 os itens 6 e 7 foram mostrados por Schneider e Usefi

em [29], onde os autores usaram a classificação dada por de Graaf para álgebras de

Lie nilpotentes de dimensão no máximo 6 (veja [6]), e eles dividiram essas álgebras

de Lie em grupos de acordo com os tipos de isomorfismo de suas álgebras de Lie

graduadas associadas. Depois, eles analisaram o problema do isomorfismo em cada

grupo. As restrições sobre a caracteŕıstica são necessárias, como foi mostrado por

exemplos no mesmo artigo. Em muitos casos, tais exemplos têm uma razão comum

que será destacada no Caṕıtulo 4 desta tese.

Embora o problema do isomorfismo tenha, em geral, uma solução negativa, várias

propriedades de uma álgebra de Lie são determinadas pelo tipo de isomorfismo de sua

álgebra envolvente universal. Por exemplo, é bem conhecido que se L é uma álgebra

de Lie de dimensão finita, então a dimensão (linear) de L coincide com a dimensão de

Gelfand-Kirillov de UpLq (veja [16, 8.1.15 (iii)]); assim, dimL é determinada apenas

pelo tipo de isomorfismo UpLq. O resultado mais surpreendente nessa direção diz que
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dada uma álgebra de Lie L, a álgebra de Lie graduada grpLq “
À

iě1 γipLq{γi`1pLq é

determinada pelo tipo de isomorfismo UpLq, veja [27, Proposição 4.1]. Riley e Usefi

em [27] apresentaram um estudo detalhado de algumas propriedades das álgebras de

Lie que são determinadas pelo tipo de isomorfismo da sua álgebra envolvente universal.

No seguinte teorema, apresentamos um resumo das propriedades mais importantes que

são determinadas pelo tipo de isomorfismo da álgebra envolvente universal.

Teorema ([27]). Seja L e H álgebras de Lie e α : UpLq Ñ UpHq um isomorfismo de

álgebras, suponha que L tem dimensão finita. Então, se verifica o seguinte.

1. dimL “ dimH e dimL{L1 “ dimH{H 1.

2. Se L é nilpotente, então também o é H. Além disso, neste caso, as classes de

nilpotência de L e H coincidem.

3. L1{L2 – H 1{H2; em particular, dimL1{L2 “ dimH 1{H2.

4. Se L é metabeliana, então também o é H.

5. Se L é solúvel, então também o é H.

6. Se M e N são ideais de L e H, respectivamente; tal que αpMUpLqq “ NUpHq.

Então, M{M 1 – N{N 1.

As propriedades que são determinadas pelo tipo de isomorfismo da álgebra en-

volvente universal desempenham um papel importante no estudo do problema do

isomorfismo. Mais precisamente, uma maneira de encontrar mais classes de álgebras

de Lie nas quais o problema do isomorfismo tem solução positiva é encontrar pro-

priedades que são determinadas pelo tipo de isomorfismo da álgebra envolvente uni-

versal e analisar essas propriedades para definir essas classes. Por exemplo, Usefi

em [27, Proposição 5.2] mostrou que o tipo de isomorfismo L{γ3pLq é determinado

pelo tipo de isomorfismo UpLq. Assim, se C é a classe de álgebras de Lie nilpotentes

da classe de nilpotência dois (i.e. γ3pLq “ 0), temos que o problema do isomorfismo

tem solução positiva em C. Um dos objetivos desta tese é encontrar algumas pro-

priedades que são determinadas pelo tipo de isomorfismo das álgebras envolventes
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universais, e logo encontrar algumas classes das álgebras de Lie nas quais o problema

do isomorfismo tem solução positiva.

Nossa principal contribuição para o problema do isomorfismo é provar o seguinte

teorema.

Teorema 3.2.1(Teorema principal) Sejam L e H álgebras de Lie solúveis e de

dimensão 4 sobre um corpo de caracteŕıstica 0. Se UpLq – UpHq, então L – H.

A prova do Teorema 3.2.1 consiste basicamente em duas etapas. Primeiro, usando

a classificação de de Graaf, dividimos as álgebras de Lie em cinco grupos (essa divisão

pode ser encontrada na Seção 3.1) de forma que duas álgebras de Lie em diferentes

grupos não podem ter álgebras envolventes universais isomorfas. Segundo, analisamos

cada grupo para garantir que no mesmo grupo não existam duas álgebras de Lie não

isomorfas com álgebras envolventes universais isomorfas. Esta é a parte crucial (e mais

complicada) da prova. O segundo passo da prova do Teorema 3.2.1 está espalhado

em várias partes nos Caṕıtulos 4, 5 e 6. Em cada um dos caṕıtulos desenvolvemos

várias técnicas que nos ajudam na segunda etapa da prova do Teorema 3.2.1.

Este teorema é o resultado mais importante desta tese e todos os resultados aqui

foram motivados para tentar encontrar uma prova deste teorema. No entanto, nem to-

dos os nossos resultados têm uma relação direta com o Teorema 3.2.1, mas acreditamos

que todos eles foram importantes para entender melhor o problema do isomorfismo

e algumas questões relacionadas a este. Resumimos nossos principais resultados nas

próximas duas seções.

Centro, Semicentro e Semirradical de Frobenius

As primeiras seções do Caṕıtulo 4 estão dedicadas ao estudo do centro e a um

resultado que nos ajuda a dar contraexemplos para o problema do isomorfismo. Este

resultado foi inspirado pela análise de vários exemplos do artigo de Usefi e Schnei-

der [29]. No teorema a seguir, reunimos o Teorema 4.2.1 e o Corolário 4.2.2, que são

os dois principais resultados nessa direção. Dada uma álgebra de Lie L, o conjunto de

elementos primitivos de UpLq é denotado por PpUpLqq, veja a Seção 2.4. O produto

direto e semidireto de álgebras de Lie é definido antes do Lema 2.1.3.
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Teorema. Sejam L “ M ‘ xxy e H “ N ¸ xyy duas álgebras de Lie nilpotentes de

dimensão finita, onde M e N são ideais de L e H, respectivamente. Suponha que M –

N e grpLq – grpHq, e que exista um elemento u P UpNq tal que padUpHq uqpNq Ď N

e adUpHq u|N “ adUpHq y|N . Então, existe um isomorfismo entre UpLq e UpHq. Além

disso, se u P PpUpNqq então UpLq – UpHq como bialgebras.

No Caṕıtulo 4 veremos como podemos usar este teorema para produzir contra-

exemplos para o problema do isomorfismo em caracteŕıstica prima. No momento, não

encontramos um par de álgebras de Lie que satisfaçam as condições do teorema acima

em caracteŕıstica zero. De fato, em caracteŕıstica zero, o problema do isomorfismo

ainda é um problema aberto, em geral.

No Caṕıtulo 4 também definimos o semicentro SzpUpLqq de UpLq, veja Seção 4.3.

Outro fato importante mostrado no Caṕıtulo 4 é o Teorema 4.3.3, o qual basicamente

diz que SzpUpLqq é invariante por isomorfismos entre álgebras envolventes universais.

Na seção anterior vimos vários invariantes de álgebras de Lie que são determinados

pelo tipo de isomorfismo da álgebra envolvente universal. É interessante notar que a

dimensão do centro não aparece entre esses invariantes. De fato, exemplos mostram

que se charF é um primo então existem álgebras de Lie L e H tais que UpLq – UpHq,

mas dimZpLq ‰ dimZpHq (ver Exemplo 2.1.6). Por outro lado, nenhum desses

exemplos existe na caracteŕıstica zero, e conjectura-se que em caracteŕıstica zero a

dimensão do centro de L é determinada pelo tipo de isomorfismo de UpLq. Inspirado

por esta conjectura, na Seção 4.4 estudamos o semirradical de Frobenius F pLq de uma

álgebra de Lie L, veja a Seção 4.4 para a definição de F pLq. Este objeto foi introduzido

por Ooms em [21] e é muito importante para entender a estrutura de UpLq. Em

particular, estudamos as álgebras de Lie quadrado integráveis, que por definição são

as álgebras de Lie L tais que F pLq “ ZpLq. Mais precisamente, mostraremos os

seguintes teoremas.

Teorema 4.4.6 Suponha que L seja uma álgebra de Lie quadrado integrável de di-

mensão finita sobre um corpo F da caracteŕıstica 0. Então UpZpLqq “ ZpUpLqq.

Teorema 4.4.8 Suponha que L e H sejam álgebras de Lie quadrado integráveis de

dimensão finita sobre um corpo F de caracteŕıstica 0, e que ϕ : UpLq Ñ UpHq é um

isomorfismo de álgebra. Então, dimZpLq “ dimZpHq.
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Outro resultado importante no Caṕıtulo 4 é o Teorema 4.4.10. Este teorema

descreve todas as álgebras de Lie solúveis de dimensão 4 que são quadrado integráveis.

Para a prova do Teorema 4.4.10 usamos a classificação dada por de Graaf [5]. Como

consequência direta do Teorema 4.4.10, calculamos o centro das álgebras envolventes

universais para álgebras de Lie solúveis quadrado integráveis de dimensão 4 sobre um

corpo de caracteŕıstica 0. Estudar o centro de álgebras envolventes universais tem um

interesse independente. De fato, o centro de UpLq desempenha um papel importante

na teoria de representações de L; veja por exemplo [8, Caṕıtulo 4] e [30, Seção 5.1].

Estrutura de UpLq para certas álgebras de Lie

Na Seção 5.1 apresentamos uma construção. Para uma álgebra de Lie L, um

ideal abeliano M de L e um ideal maximal (bilateral) m de UpLq, tal que UpLq{m –

F, constrúımos outra álgebra de Lie LM que é invariante por um certo grupo de

automorfismos de UpLq.

Um dos resultados mais importantes na Seção 5.1 é o Teorema 5.1.4, que fornece

uma condição para o tipo de isomorfismo de LM ser determinado pelo tipo de isomor-

fismo de UpLq. Consequentemente, temos que a álgebra de Lie LM é invariante por

um certo grupo de automorfismos de UpLq.

Teorema 5.1.4 Sejam L e H álgebras de Lie de dimensão finita sobre um corpo

arbitrário F e sejam M e N ideais abelianos de L e H, respectivamente. Suponha

que α : UpLq Ñ UpHq é um isomorfismo de álgebras tal que αpMUpLqq “ NUpHq.

Seja m um ideal maximal (bilateral) de UpLq tal que UpLq{m – F e M Ď m e seja

n “ αpmq. Então α induz um isomorfismo entre as álgebras de Lie LM e HN .

Outro resultado importante do Caṕıtulo 5 é a Proposição 5.2.1, que é um resultado

parcial para a segunda etapa da prova do Teorema 3.2.1.

No Caṕıtulo 6, estudamos a estrutura da álgebra envolvente universal UpLq para

álgebras de Lie da forma L “M ¸xxy, onde M é um ideal. Estas álgebras de Lie têm

algumas vantagens. Primeiro, o complemento (como espaços vetoriais) de M é uma

álgebra de Lie; em geral, isso não é verdade se dimpL{Mq ě 2. Segundo, UpL{Mq

pode ser visto como o anel de polinômios Frxs; e os automorfismos de Frxs são bem

compreendidos. Nós vamos explorar isso.
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Um dos resultados mais importantes no Caṕıtulo 6 é a Proposição e o corolário

imediato desta, enunciados a seguir. Estes foram inspirados por um resultado corre-

spondente para anéis de grupo, originalmente provado por Whitcomb em [33], veja

também [24, Teorema 9.3.13]. Com este resultado, Whitcomb mostrou que o prob-

lema do isomorfismo para anéis de grupos tem uma solução positiva para grupos

metabelianos.

Proposição 6.1.1 Sejam L “ M ¸ xxy e H “ N ¸ xyy álgebras de Lie de dimensão

finita sobre um corpo arbitrário, onde M e N são ideais de L e H, respectivamente.

Suponha que α : UpLq Ñ UpHq é um isomorfismo de álgebras tal que αpMUpLqq “

NUpHq. Então, L{M 1 – H{N 1.

Corolário 6.1.2 Suponha que L,H,N,M são como na Proposição 6.1.1 e que α :

UpLq Ñ UpHq é um isomorfismo de álgebras. Então o seguinte é válido.

1. Se αpMUpLqq “ NUpHq e M ou N é abeliano, então L – H.

2. Se M “ L1 e N “ H 1, então L{L2 – H{H2. Em particular; se L ou H é

metabeliano, L – H.

Como dito na primeira seção, um dos objetivos desta tese é encontrar as pro-

priedades de uma álgebra de Lie L que são determinadas pelo tipo de isomorfismo

de UpLq, e usar estas propriedades para definir uma classe na qual o problema do

isomorfismo tem solução positiva. Vejamos que podemos fazer isto com o item (2) do

Corolário 6.1.2. De fato, do Corolário 6.1.2 (2) temos que o tipo de isomorfismo L{L2

é determinado pelo tipo de isomorfismo UpLq. Assim, se C é a classe de álgebras de

Lie metabelianas de dimensão finita com subálgebra derivada de codimensão 1, então

o problema do isomorfismo tem solução positiva em C.
Outro resultado do Caṕıtulo 6 que merece ser mencionado é a Proposição 6.1.4,

que indicamos a seguir. Esta é importante porque é usada em um resultado parcial

para o segundo passo da prova do Teorema 3.2.1.

Proposição 6.1.4 Suponha que L e H são duas álgebras de Lie metabelianas de

dimensão finita sobre um corpo F de caracteŕıstica 0, e que L “ pL1 ` ZpLqq ¸ xxy e

H “ pH ` ZpHqq ¸ xyy. Se α : UpLq Ñ UpHq é um isomorfismo de álgebra, então

L – H.
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Na prova desta proposição, a hipótese de que a caracteŕıstica do corpo é zero é

necessária, uma vez que usamos um resultado provado por Ooms [21], que é válido

apenas neste caso.

No Caṕıtulo 6, também apresentamos outras proposições que são usadas no se-

gundo passo da prova do Teorema 3.2.1 e no final da prova do Teorema 3.2.1. Este

passo final consiste em reunir os resultados parciais mostrados nos caṕıtulos anteriores.
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Chapter 1

Introduction

1.1 Historical background

The study of Lie algebras became as important as it is natural in some areas of

mathematics such as geometry and algebra. These algebraic structures appear when

studying vector fields of certain differential manifolds called Lie groups. This gives a

duality between geometry and algebra, but due to its structural richness, Lie algebras

are studied independently of geometry, and this is an area of independent interest in

mathematics.

A Lie algebra L is a non-associative structure, but it is possible to associate

uniquely an associative algebra UpLq which verifies a certain universal property and

contains L as Lie subalgebra. This associative algebra is called universal enveloping

algebra. The main motivation of this thesis is the following question.

The isomorphism problem for universal enveloping algebras of Lie algebras: If L,H

are Lie algebras, does UpLq – UpHq imply that L – H?

We do not know exactly who stated this problem for the first time or when it was

stated. But the oldest reference that we know is Bergman’s paper [1], where he stated

this problem before Section 4. In this thesis this problem will be referred to as the

isomorphism problem.

We believe that the isomorphism problem has its historical roots in a famous prob-

lem of group theory, namely the isomorphism problem for integral group rings. This

problem asks, for two groups G and H, if the ring isomorphism ZG – ZH implies the
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isomorphism G – H. This problem was introduced by Higman in his doctoral thesis

in 1940. Many results that are true for group rings are true for universal enveloping

algebras of Lie algebras too, of course, each in its own language. For example, the

isomorphism type of a nilpotent group G of class at most two is determined by the

isomorphism type of ZG, see [22]. Analogously, in [27, Corollary 5.3] it is shown

that the isomorphism type of a nilpotent Lie algebra L of class at most two is deter-

mined by its universal enveloping algebra UpLq. This leads us to suspect that there

is a relationship between these two problems. In fact, the paper of Quillen [25] gives

an isomorphism between some restricted universal enveloping algebras and certain

graded algebras of group rings, relating these two problems.

In general, the isomorphism problem has a negative answer, which means that

there are non-isomorphic Lie algebras with isomorphic universal enveloping algebras,

see Example 2.1.6 in Chapter 2. However, there exist several classes of Lie algebras in

which the isomorphism problem has a positive solution. We introduce a language with

the purpose of stating in a compact way the principal results about the isomorphism

problem which are known in the literature. Let C be a class of Lie algebras. We say

that the isomorphism problem has a positive solution in C if UpLq – UpHq implies

L – H for all L,H P C. With this language we state the following theorem.

Theorem. The isomorphism problem has a positive solution in the following classes

of Lie algebras:

1. Finite-dimensional abelian Lie algebras.

2. Lie algebras of dimension at most three over fields of characteristic different

from two.

3. Nilpotent Lie algebras of class at most two.

4. Finitely generated free nilpotent Lie algebras.

5. Nilpotent Lie algebras of dimension at most four.

6. Nilpotent Lie algebras of dimension five over fields of characteristic different

from two.
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7. Nilpotent Lie algebras of dimension six over fields of characteristic different from

two and three.

Item 1 of the previous theorem is well-known and will be shown in a discussion

after Lemma 2.3.3. Malcolmson in 1992 showed that if L is a simple 3-dimensional

Lie algebra over a field of characteristics different from two, then the Killing form of

L can be used to determine the isomorphism type of L and also UpLq, see [15]. As

a consequence of the result by Malcolmson the isomorphism problem has a positive

solution for simple Lie algebras of dimension 3 over a field of characteristic different

from two. Later, in 2004 Chun, Kijiwara and Lee proved that the isomorphism prob-

lem has a positive solution for 3-dimensional non-simple Lie algebras over an arbitrary

field. They combined their result with the result by Malcolmson in [4] and completed

the proof of item 2. In Chapter 5 of this thesis, inspired by the techniques of Chun,

Kijiwara and Lee we introduced a Lie algebra which is invariant under a group of

automorphisms of the universal enveloping algebra. In 2007 Riley and Usefi showed

items 3 and 4 in [27]. The paper by Riley and Usefi [27] is, in my opinion, one of the

most complete treaties to date on the isomorphism problem. Item 5 is a consequence

of the classification by de Graaf [5] and some results by Riley and Usefi in [27]. Fi-

nally, in 2011 items 6 and 7 were shown by Schneider and Usefi in [29], where the

authors used the classification given by de Graaf for nilpotent Lie algebras of dimen-

sion at most 6 (see [6]), and they divided these Lie algebras into groups according to

the isomorphism types of their associated graded Lie algebras. Then they analyzed

the isomorphism problem in each group. The restrictions on the characteristic are

necessary as shown by examples of the same paper. In many cases, such examples

have a common underlying reason that will be highlighted in Chapter 4 of this thesis.

Although the isomorphism problem has in general a negative solution, several

properties of a Lie algebra are determined by the isomorphism type of its universal

enveloping algebra. For instance, it is well known that if L is a finite-dimensional Lie

algebra, then the (linear) dimension of L coincides with the Gelfand-Kirillov dimension

of UpLq (see [16, 8.1.15(iii)]); thus dimL is determined only by the isomorphism type

of UpLq. The most surprising result in this direction says that given a Lie algebra L,

the graded Lie algebra grpLq “
À

iě1 γipLq{γi`1pLq is determined by the isomorphism

type of UpLq, see [27, Proposition 4.1]. Riley and Usefi in [27] presented a detailed
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study of some properties of Lie algebras that are determined by the isomorphism type

of its universal enveloping algebra; in the following theorem we give a summary of

the most important properties which are determined by the isomorphism type of the

universal enveloping algebra.

Theorem ([27]). Let L and H be Lie algebras and α : UpLq Ñ UpHq an algebra

isomomorphim, and suppose that L is finite-dimensional. Then the following hold.

1. dimL “ dimH and dimL{L1 “ dimH{H 1.

2. If L is nilpotent, then so is H. Moreover, in this case the nilpotency classes of

L and H coincide.

3. L1{L2 – H 1{H2; in particular, dimL1{L2 “ dimH 1{H2.

4. If L is metabelian, then so is H.

5. If L is solvable, then so is H.

6. If M and N are ideals of L and H, respectively; such that αpMUpLqq “ NUpHq.

Then, M{M 1 – N{N 1.

The properties that are determined by the isomorphism type of the universal en-

veloping algebra play an important role in the study of the isomorphism problem.

More precisely, one way to find more classes of Lie algebras in which the isomorphism

problem has a positive solution, is to find properties that are determined by the iso-

morphism type of the universal enveloping algebra and to analyze these properties to

define such classes. For example, Usefi [27, Proposition 5.2] showed that the isomor-

phism type of L{γ3pLq is determined by the isomorphism type of UpLq. Thus, if C
is the class of nilpotent Lie algebras of nilpotency class two (i.e γ3pLq “ 0), we have

that the isomorphism problem has a positive solution in C. One of the objectives of

this thesis is to find some properties that are determined by the isomorphism type of

the universal enveloping algebras, and then to find some classes of the Lie algebras in

which the isomorphism problem has a positive solution.

Our main contribution to the isomorphism problem is to prove the following the-

orem.
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Theorem 3.2.1 (Main Theorem) Let L,H be solvable Lie algebras of dimension 4

over a field of characteristic 0. If UpLq – UpHq, then L – H.

The proof of Theorem 3.2.1 basically consists of two steps. First, using the classi-

fication by de Graaf we divide the Lie algebras into five groups (this division can be

found in Section 3.1) in a way that two Lie algebras in different groups cannot have

isomorphic universal enveloping algebras. Second, we analyze each group in order

to ensure that in the same group do not exist two non-isomorphic Lie algebras with

isomorphic universal enveloping algebras. This is a crucial (and more complicated)

part of the proof. The second step of the proof of Theorem 3.2.1 is scattered in several

parts in Chapters 4, 5 and 6. In each of the chapters we develop several techniques

that help us in the second step of the proof of Theorem 3.2.1.

This theorem is the most important result of this thesis and all results here were

motivated to try to find a proof of this theorem. However, not all of these results

have a direct relationship with Theorem 3.2.1, but we believe that all of them were

important to better understand the isomorphism problem and some issues that are

related to it. We summarise our principal results in the next two sections.

1.2 Center, semicenter and Frobenius semiradical

The first sections of Chapter 4 are dedicated to the study of the center and to

a result which helps us to give counterexamples for the isomorphism problem. This

result was inspired by the analysis of several examples of the paper by Usefi and

Schneider [29]. In the following theorem we put together Theorem 4.2.1 and Corol-

lary 4.2.2, which are the two principal results in this direction. Given a Lie algebra

L the set of primitive elements of UpLq is denoted by PpUpLqq, see Section 2.4. The

direct and semidirect product of Lie algebras is defined before Lemma 2.1.3.

Theorem. Let L “M‘xxy and H “ N¸xyy be two finite-dimensional nilpotent Lie

algebras, where M and N are ideals of L and H, respectively. Suppose that M – N

and grpLq – grpHq, and there exists an element u P UpNq such that padUpHq uqpNq Ď

N and adUpHq u|N “ adUpHq y|N . Then, there exists an isomorphsim between UpLq

and UpHq. Moreover, if u P PpUpNqq then UpLq – UpHq as bialgebras.
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In Chapter 4 we see how this theorem can be used to produce counterexamples

for the isomorphism problem in prime characteristic. At the moment, we are unable

to produce a pair of Lie algebras that satisfies the conditions of the theorem above in

characteristic zero. In fact, in characteristic zero the isomorphism problem is still an

open problem in general.

In Chapter 4 we also defined the semicenter SzpUpLqq of UpLq, see Section 4.3.

Another important fact shown in Chapter 4 is Theorem 4.3.3, which basically says

that SzpUpLqq is invariant under isomorphisms between universal enveloping algebras.

We listed in Section 1.1 several invariants of Lie algebras that are determined

by the isomorphism type of the universal enveloping algebra. It is interesting to

note that the dimension of the center does not appear among these invariants. In

fact, examples show that if charF is a prime then there exist Lie algebras L and H

such that UpLq – UpHq, but dimZpLq ‰ dimZpHq (see Example 2.1.6). On the

other hand, no such examples exist in characteristic zero and it is conjectured that in

characteristic zero the dimension of the center of L is determined by the isomorphism

type of UpLq. Inspired by this conjecture, in Section 4.4 we study the Frobenius

semiradical F pLq of a Lie algebra L, see Section 4.4 for the definition of F pLq. This

object was introduced by Ooms in [21] and it is very important to understand the

structure of UpLq. In particular, we study the square integrable Lie algebras, which

by definition are the Lie algebras L such that F pLq “ ZpLq. More precisely, we shall

show the following theorems.

Theorem 4.4.6 Suppose that L is finite-dimensional square integrable Lie algebra

over a field F of characteristic 0. Then UpZpLqq “ ZpUpLqq.

Theorem 4.4.8 Suppose that L and H are finite-dimensional square integrable Lie

algebras over a field F of characteristic 0, and that ϕ : UpLq Ñ UpHq is an algebra

isomorphism. Then, dimZpLq “ dimZpHq.

Another important result in Chapter 4 is Theorem 4.4.10. This theorem describes

all solvable Lie algebras of dimension 4 that are square integrable. For the proof of

Theorem 4.4.10 we use the classification given by de Graaf [5]. As a direct consequence

of Theorem 4.4.10, we calculate the center of the universal enveloping algebras for

square integrable solvable 4-dimensional Lie algebra over a field of characteristic 0.

Studying the center of universal enveloping algebras is of independent interest. In

22



fact, the center of UpLq plays an important role in the representation theory of L; see

for example [8, Chapter 4] and [30, Section 5.1].

1.3 Structure of UpLq for certain Lie algebras

In Section 5.1 we present a construction. For a Lie algebra L, an abelian ideal

M of L and a maximal two-sided ideal m of UpLq, such that UpLq{m – F, outputs

another Lie algebra LM which is invariant under a certain group of automorphisms

of UpLq.

One of the most important results in Section 5.1 is Theorem 5.1.4, which provides

a condition for the isomorphism type of LM to be determined by the isomorphism

type of UpLq. Consequently, we have that the Lie algebra LM is invariant under a

certain group of automorphisms of UpLq.

Theorem 5.1.4 Let L and H be finite-dimensional Lie algebras over an arbitrary

field F and let M and N be abelian ideals of L and H, respectively. Suppose that

α : UpLq Ñ UpHq is an algebra isomorphism such that αpMUpLqq “ NUpHq. Let m

be a maximal (two-sided) ideal of UpLq such that UpLq{m – F and M Ď m and set

n “ αpmq. Then α induces an isomorphism between the Lie algebras LM and HN .

Another important result of Chapter 5 is Proposition 5.2.1, which is a partial

result towards the second step of the proof of Theorem 3.2.1.

In Chapter 6, we study the structure of the universal enveloping algebra UpLq for

Lie algebras of the form L “M ¸ xxy, where M is an ideal. These Lie algebras have

some advantages. First, the complement (as vector spaces) of M is a Lie algebra;

in general this is not true if dimpL{Mq ě 2. Second, UpL{Mq can be viewed as the

polynomial ring Frxs; and the automorphisms of Frxs are well understood. We will

exploit this.

One of most important results in Chapter 6 is Proposition 6.1.1 and its immediate

corollary, which we state next. These were inspired by a corresponding result for

group rings originally proved by Whitcomb in [33], see also [24, Theorem 9.3.13].

With this result Whitcomb showed that the isomorphism problem for integral group

rings has a positive solution for metabelian groups.

23



Proposition 6.1.1 Let L “ M ¸ xxy and H “ N ¸ xyy be finite-dimensional Lie

algebras over an arbitrary field, where M and N are ideals of L and H, respectively.

Suppose that α : UpLq Ñ UpHq is an algebra isomorphism such that αpMUpLqq “

NUpHq. Then, L{M 1 – H{N 1.

Corollary 6.1.2 Suppose that L,H,N,M are as in Proposition 6.1.1 and that α :

UpLq Ñ UpHq is an algebra isomorphism. Then the following are valid.

1. If αpMUpLqq “ NUpHq and either M or N is abelian, then L – H.

2. If M “ L1 and N “ H 1, then L{L2 – H{H2. In particular; if either L or H is

metabelian, then L – H.

As stated in Section 1.1, one of the objectives of this thesis is to find the properties

of a Lie algebra L which are determined by the isomorphism type of UpLq, and to use

these properties to define a class in which the isomorphism problem has a positive

solution. Let us see what we can do with item (2) of Corollary 6.1.2. In fact, from

Corollary 6.1.2 (2) we have that the isomorphism type of L{L2 is determined by the

isomorphism type of UpLq. Thus, if C is the class of finite-dimensional metabelian

Lie algebras with derived subalgebra of codimension 1, then the isomorphism problem

has a positive solution in C.
Another result of Chapter 6 that is worth mentioning is Proposition 6.1.4, which

we state next. This is important because it is used in a proposition which is a partial

result towards the second step of the proof of Theorem 3.2.1.

Proposition 6.1.4 Suposse that L and H are two finite-dimensional metabelian Lie

algebras over a field F of characteristic 0, and that L “ pL1 ` ZpLqq ¸ xxy and

H “ pH 1 ` ZpHqq ¸ xyy. If α : UpLq Ñ UpHq is an algebra isomorphism, then

L – H.

In the proof of this proposition, the hypothesis that characteristic of the field is

zero is necessary, since we use a result proved by Ooms [21], which is valid only in

this case.

In Chapter 6, we also present other propositions which are used in the second step

of the proof of Theorem 3.2.1 and the end of the proof of Theorem 3.2.1. This final

step consists of putting together the partial results shown in the previous chapters.
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Chapter 2

Background

This chapter is dedicated to establish the bases of this thesis. We will not system-

atically develop the topics raised in this chapter, as they have already been dealt with

extensively elsewhere, but we will give references to everything that is not proved. The

main objective is to present the tools that will serve for a systematic development of

this thesis.

This chapter is divided into four sections. In Section 2.1, we present the concepts

of Lie algebras and their universal enveloping algebras. These concepts are really

very basic and one can find a lot of information about them in the classical books on

Lie algebras, for example [2, 11, 13]. Section 2.2 is devoted to introduce the concept

of ring of quotients of the universal enveloping algebra, for this section we refer the

Dixmier’s book [8]. In Section 2.3, we will see some properties of Lie algebras that

are preserved by an isomorphism between their universal enveloping algebras. The

main reference for this section is the paper by Riley and Usefi [27]. Section 2.4 is

devoted to present the definition of Hopf algebras and to introduce the Hopf algebra

structure of universal enveloping algebras. References for this section are Sweedler’s

classic book [31] and the paper by Milnor and Moore [17].

2.1 Lie algebras and their universal enveloping al-

gebras

Regardless of the context, the notation F is reserved for a field. We assume that

F has an arbitrary characteristic, unless otherwise stated.
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Definition 2.1.1. A vector space L over a field F endowed with a bilinear map

r¨, ¨s : Lˆ LÑ L is called a Lie algebra if

1. rx, xs “ 0 for all x P L,

2. rx, ry, zss ` ry, rz, xss ` rz, rx, yss “ 0 for all x, y, z P L.

The operation r¨, ¨s in L is called the bracket of L and the second condition is called

the Jacobi identity. A subspace K of L is called a (Lie) subalgebra if rK,Ks Ď K. If

H is another Lie algebra, then a linear map f : L Ñ H is a (Lie) homomorphism if

fprx, ysq “ rfpxq, fpyqs for all x, y P L. A derivation on L is a linear map D : LÑ L

such that Dprx, ysq “ rDpxq, ys ` rx,Dpyqs for all x, y P L.

Example 2.1.1.

1. If A is an associative algebra, then A is a Lie algebra with the bracket defined

by rx, ys “ xy ´ yx for all x, y P A.

2. If V is a vector space of dimension n, then EndpV q is an associative algebra. By

item 1, EndpV q is a Lie algebra. This algebra is denoted by glpV q (or glnpFq)
and is called the general linear Lie algebra.

3. The trace trpxq of an endomorphism x P glpV q for a finite-dimensional vector

space V can be defined as the trace of any matrix representing x. The set

slpV q “ tx P glpV q | trpxq “ 0u is a Lie subalgebra of glpV q, and is called the

special linear Lie algebra.

4. The set DerpLq “ tD P glpLq | D is a derivation of Lu of derivations of a Lie

algebra L is itself a Lie algebra.

Given x P L we can define adx : LÑ L, by ad xpyq “ rx, ys, which is a derivation

of L. The map ad : LÑ DerpLq, sending x to adx, is called the adjoint representation

of L.

If A is an associative algebra and x, y P A, then

padxqmpyq “
m
ÿ

j“0

p´1qm´j
ˆ

m

j

˙

xjyxm´j,
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see [30, Proposition 1.3]. If charF “ p, then p |
`

p
j

˘

for every 1 ď j ď p ´ 1, and it

follows that

padxqppyq “ xpy ´ yxp “ adxppyq. (2.1)

A subspace K of L is an ideal of L if rK,Ls Ď K (or equivalently rL,Ks Ď K).

Obviously 0 and L are ideals. Another less trivial example of an ideal is the center

ZpLq “ tx P L | rx, ys “ 0 for all y P Lu of a Lie algebra L. A Lie algebra L is abelian

if ZpLq “ L. Another example of an ideal is the derived subalgebra of L, denoted by

L1 which is the subspace generated by the elements rx, ys with x, y P L. Note that L

is abelian if and only if L1 “ 0.

It is clear that ideals are kernels of homomorphisms of Lie algebras. With this

in mind we have that slpV q is an ideal of glpV q, since slpV q is the kernel of the

homomorphism tr : glpV q Ñ F, sending x to trpxq. Given an ideal K and a subal-

gebra M of L, the map adM,K : M Ñ glpKq, seding x to adx|K , is called adjoint

representation of M on K. The centralizer of a subset S of L is defined by the set

CLpSq “ tx P L | rx, ss “ 0 for every s P Su. From the Jacobi identity it follows that

CLpSq is a subalgebra of L. Moreover, if S is an ideal of L, then so is CLpSq. It is

easy to verify that the kernel of adM,K is CLpKq XM .

The lower central series of L is defined inductively by γ1pLq “ L and γnpLq “

rγn´1pLq, Ls for n ě 2. The second term coincides with L1. Note that γnpLq is an

ideal of L for all n ě 1. A Lie algebra L is called nilpotent if there exists a positive

integer n such that γnpLq “ 0. The minimal number c such that γc`1pLq “ 0 is called

the nilpotency class of L. The graded Lie algebra of L is defined by

grpLq “
à

iě1

γipLq{γi`1pLq,

where the bracket in grpLq is given by

rxi ` γi`1pLq, yj ` γj`1pLqs “ rxi, yjs ` γi`j`1pLq,

for all xi P γipLq and yj P γjpLq. A calculation shows that

γnpgrpLqq “
à

iěn

γipLq{γi`1pLq.
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Thus, if L is nilpotent, then so is grpLq. Moreover, the nilpotency class of L and grpLq

coincide. We also have that γipLq{γi`1pLq – γipgrpLqq{γi`1pgrpLqq.

We say that L is residually nilpotent if
Ş

ně1 γnpLq “ 0. It is clear that every

nilpotent Lie algebra is residually nilpotent. However the converse is false, as we will

see this in Example 2.1.2. For each y we define the height of y as νpyq “ maxtn |

y P γnpLqu and infinite when this maximum does not exist. We shall call a basis

tx1, x2, . . .u of L homogeneous if each γnpLq is generated as a vector space by the set

txi | νpxiq ě nu.

Example 2.1.2.

1. Let L be the Lie algebra with basis tx1, x2, . . .u, and non-zero brackets rxi, x1s “

xi`1 for i ě 2. We have that γnpLq “ xxn`1, xn`2, . . .y for n ě 2. Thus, L is not

nilpotent. We claim that L is residually nilpotent. In fact, let x P
Ş

ně1 γnpLq,

then this is written uniquely as x “ αi1xi1 ` ¨ ¨ ¨ `αikxik . Since x P γik`1pLq, we

can write this as x “ αj1xj1 ` ¨ ¨ ¨ ` αjrxjr with jl ě ik ` 2 for 1 ď l ď r. But

since the representation of x as linear combination of elements of a basis of L

is unique, we have that the coefficients of x in both expressions are equal to 0.

Thus
Ş

ně1 γnpLq “ 0.

2. Let L be a Lie algebra, suppose that there exists n such that for every m ě n

we have that γmpLq “ γnpLq. Then there exist a homogeneous basis for L. In

fact, we can complete a basis of γnpLq to a basis of γn´1pLq and this basis of

γn´1pLq to a basis of γn´2pLq and so on until a basis of L. This basis obtained

is a homogeneous basis of L.

The derived series of L is defined by δ0pLq “ L and δnpLq “ rδn´1pLq, δn´1pLqs for

n ě 1. Note that δ1pLq “ L1. The term δ2pLq is also denoted by L2. A Lie algebra L is

called solvable if there exists a positive integer n such that δnpLq “ 0. It is clear that

every nilpotent Lie algebra is solvable. The minimal number l such that δlpLq “ 0 is

called the derived length of L. A Lie algebra L is said to be metabelian if δ2pLq “ 0.

Given two Lie algebras L,H and a Lie homomorphism φ : L Ñ DerpHq we can

construct another Lie algebra considering the vector space H ‘ L with the bracket

rpa, xq, pb, yqs “ pφpxqb´ φpyqa` ra, bs, rx, ysq,
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for a, b P H and x, y P L. This algebra is called the semidirect product of H and L,

and is denoted by H ¸φ L. The map H ¸φ L Ñ H ¸φ L defined by pa, xq ÞÑ p0, xq

is a Lie homomorphism with kernel H ‘ 0 and image 0 ‘ L. Thus L and H can be

viewed as a subalgebra and as an ideal of H ¸φ L, respectively.

Let I be an ideal and let K be a subalgebra of a Lie algebra L such that L “

I ‘K as vector spaces. Then we have L “ I ¸φ K, where φ “ adK,I is the adjoint

representation of K on I. If L “ I ¸φ K and φ “ adK,I is the trivial action, then I

and K are ideals and we say that L is the direct product of I and K, and we write

L “ I ‘K.

Lemma 2.1.3 ([2], Proposition 7). Let H1 ¸φ1 L1 and H2 ¸φ2 L2 be two Lie algebras

and let ψ1 : H1 Ñ H2 and ψ2 : L1 Ñ L2 be Lie homomorphism such that the diagram

L1

φ1

��

ψ2
// L2

φ2

��

DerpH1q
ψ˚1 // DerpH2q

is commutative, where ψ˚1 pδq “ ψ1δψ
´1
1 is the map induced by ψ1. Then the map

defined by pa, xq ÞÑ pψ1paq, ψ2pxqq is a Lie homomorphism between H1 ¸φ1 L1 and

H2 ¸φ2 L2.

Note that the commutativity of the diagram above is equivalent to the compati-

bility of the actions defined by φ1 and φ2.

Let V be a vector space over F. Suppose that tx1, x2, . . .u is a basis of V . Then

the free associative algebra generated by V is denoted by F 〈x1, x2, . . .〉. The elements

of F 〈x1, x2, . . .〉 are polynomials in the non-commuting variables tx1, x2, . . .u with

coefficient from F. Here, the coefficients are supposed to commute with each xi. It

is clear that the linear map i : V Ñ F 〈x1, x2, . . .〉, defined by xi ÞÑ xi, is injective.

Suppose that B is an associative algebra and that f : V Ñ B is a linear map. We

can define an algebra homomorphism rf : F 〈x1, x2, . . .〉 Ñ B, sending each monomial

xi1 ¨ ¨ ¨ xik to fpxi1q ¨ ¨ ¨ fpxikq and extending it linearly to F 〈x1, x2, . . .〉. It follows

immediately that rf ˝ i “ f . The algebra homomorphism rf is unique such that
rf ˝ i “ f .
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Definition 2.1.2. Let L be a Lie algebra over a field F. Suppose that B “ tx1, x2, . . .u

is a basis of L. The universal enveloping algebra UpLq of L is defined as the associative

algebra

UpLq :“
F 〈x1, x2, . . .〉

〈xixj ´ xjxi ´ rxi, xjs〉
,

where 〈xixj ´ xjxi ´ rxi, xjs〉 is a two-sided ideal of F 〈x1, x2, . . .〉 generated by the

elements xixj´xjxi´rxi, xjs, for al xi, xj P B. In this last expression, rxi, xjs denotes

the Lie bracket in L.

We have a natural projection π : F 〈x1, x2, . . .〉 Ñ UpLq. The image of xi via the

algebra homomorphism π will be denoted by the same xi. Thus, the image of an

element in F 〈x1, x2, . . .〉 will be denoted by the same symbol. To multiply elements

of UpLq we use the relations xixj ´ xjxi ´ rxi, xjs “ 0.

Composing the natural projection π : F 〈x1, x2, . . .〉 Ñ UpLq with the linear map

i : LÑ F 〈x1, x2, . . .〉, defined before Definition 2.1.2, we obtain a Lie homomorphism

ι : LÑ UpLq. Now, suppose that B is another associative algebra and that f : LÑ B

is a Lie homomorphism (in particular f is a linear map). Therefore, as we saw before

Definition 2.1.2, there exists a unique algebra homomorphism rf such that rf ˝ i “ f .

Thus, the lower triangle in the following diagram is commutative:

F 〈x1, x2, . . .〉

rf

$$

π // UpLq

f

��

L

i

OO

f
// B

.

Since f is a Lie homomorphism we have that 〈xixj ´ xjxi ´ rxi, xjs〉 Ď ker rf , and this

implies the existence of an algebra homomorphism f : UpLq Ñ B such that the upper

triangle is commutative. Hence f ˝ ι “ f ˝ π ˝ i “ rf ˝ i “ f. The uniqueness of rf

in combination with the surjectivity of π implies the uniqueness of f . Therefore, we

have shown the following lemma.

Lemma 2.1.4. The pair pι, UpLqq satisfies the following universal property: given an

associative algebra B and and Lie homomorphism f : L Ñ B, there exists a unique
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algebra homomorphism f : UpLq Ñ B such that f ˝ ι “ f ; that is, the following

diagram is commutative:

L
ι //

f

��

UpLq

f

}}

B

Moreover, if U is an associative algebra and j : L Ñ U is such that the pair pj, Uq

satisfies the universal property above then U – UpLq.

Before we start with some examples, we need to make an observation about the

notation that will be widely used. To describe a Lie algebra L we display a basis

tx1, x2 . . .u of L and the non-zero brackets rxi, xjs of elements of this basis. For

instance, let L “ xx, y, z | rx, ys “ zy. Notice that rx, zs and ry, zs do not appear

explicitly in the presentation above, since rx, zs “ ry, zs “ 0.

Example 2.1.5.

1. If L “ 0, then UpLq “ F.

2. If L “ 〈x1, x2, . . .〉 is an abelian Lie algebra (possibly infinite-dimensional) then

UpLq is commutative. In fact, we have that

UpLq “
Fxx1, x2, . . .y

xxixj ´ xjxiy
– Frx1, x2, . . .s

is a polynomial ring.

3. Let L “ xx, y | rx, ys “ yy. Then

UpLq “
Fxx, yy

xxy ´ yx´ yy
.

Thus, UpLq is isomorphic to the skew polynomial ring Frxsry;σs, where σ is the

automorphism of Frxs sending x to x´1, see [14, Example (1.7)]. In this ring we

have yx “ σpxqy “ px´ 1qy, and so xy´ yx´ y “ 0. It is also possible describe

UpLq as the differential polynomial ring Frysrx, δs, where δ is the derivation of

Frys defined by δpfq “ y d
dy
pfq, see [14, Example (1.9)]. In this ring we have

that xy “ yx` δpyq “ yx` y, and so xy ´ yx´ y “ 0.

31



4. Let H “ 〈x1, . . . , xn, y1, . . . , yn, z | rxi, yis “ z for 1 ď i ď n〉 be the p2n ` 1q-

dimensional Heisenberg Lie algebra. Thus

UpHq “
Fxx1, . . . , xn, y1, . . . , yn, zy

I
,

where I is the two-sided ideal generated by the elements

xiyi ´ yixi ´ z for 1 ď i ď n,

and

xixj ´ xjxi, yiyj ´ yjyi, xiyj ´ yjxi, for i ‰ j.

Let

AnpFq “
Fxx1, . . . , xn, y1, . . . , yny

rI

be the n-th Weyl algebra. Here rI denotes the two-sided ideal generated by the

elements

xiyi ´ yixi ´ 1 for 1 ď i ď n,

and

xixj ´ xjxi, yiyj ´ yjyi, xiyj ´ yjxi, for i ‰ j;

see [14, Example (1.3)]. Then, the map defined by xi ÞÑ xi, yi ÞÑ yi, z ÞÑ 1 for

all 1 ď i ď n, is an algebra homomorphism of UpHq onto AnpFq. The kernel of

this map is the ideal generated by z ´ 1, thus

UpHq

xz ´ 1y
– AnpFq.

For more details of the terminology introduced in this example we refer to Chapter 1

of [14].

With the definitions provided until now, we can state the problem that motivates

this thesis.

The isomorphism problem for universal enveloping algebras of Lie algebras: If L,H

are Lie algebras, does UpLq – UpHq imply that L – H?

We give a counterexample in characteristic 2, counterexamples in arbitrary char-

acteristic can be found in Example 4.2.3.
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Example 2.1.6. Let F be a field with charF “ 2. We consider two Lie algebras of

dimension 5 over F

L “ xx1, x2, x3, x4, x5 | rx1, x2s “ x4, rx1, x4s “ x5y,

H “ xx1, x2, x3, x4, x5 | rx1, x2s “ x4, rx1, x4s “ x5, rx2, x3s “ x5y.

It is proved in [29, Theorem 3.1] that the map induced by x1 ÞÑ x1, x2 ÞÑ x2,

x3 ÞÑ x3`x
2
1, x4 ÞÑ x4 and x5 ÞÑ x5 is an isomorphism between UpLq and UpHq (also

we verify this in Chapter 4). However, since ZpLq “ xx3, x5y and ZpHq “ xx5y, it

follows that L fl H.

As we see in the example above, the isomorphism problem in general, has a nega-

tive solution. However, there exist several classes of Lie algebras in which the isomor-

phism problem has a positive solution. For example, we will show that the isomor-

phism problem has a positive solution for finite-dimensional metabelian Lie algebras

L in which the codimension of L1 is one, see Corollary 6.1.2 (2). One of the main

objectives of this thesis is to study the isomorphism problem in some classes of Lie

algebras, and obtain results that help us decide if the isomorphism problem is true or

false in some cases.

Let L be a Lie algebra with basis tx1, x2, . . .u. The following question arises

naturally: How to get a basis for UpLq? The answer for this question is given by the

next theorem, which basically says that as a vector space UpLq can be viewed as the

polynomial ring over F with dimL indeterminates. This result is usually called the

Poincaré-Birkhoff-Witt Theorem, see for example [1, Theorem 3.1]. A different, but

equivalent version of the Poincaré-Birkhoff-Witt Theorem is presented in [11, Theorem

p. 92]. A short and elegant proof of this theorem can be found in [1].

Theorem 2.1.7 (Poincaré-Birkhoff-Witt). If tx1, x2, . . .u is a basis for the Lie algebra

L, then the monomials of the form

xa1i1 ¨ ¨ ¨ x
an
in
, (2.2)

where n ě 0, i1 ă ¨ ¨ ¨ ă in and ai ą 0 for all i, form a basis for UpLq. Consequently,

the map ι : LÑ UpLq is injective. For n “ 0 the monomial in (2.2) is empty, and is

identified with the identity element of UpLq.
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As is common in the literature, we refer to this theorem as the PBW Theorem. A

monomial of the form (2.2) is said to be ordered. It is a consequence of the PBW The-

orem that L can be identified with a Lie subalgebra of UpLq. With this identification,

given x, y P L we have that yx “ xy ´ rx, ys.

Example 2.1.8. Let L “ xx, y | rx, ys “ yy, with basis tx, yu. Consider the element

xyx in UpLq. This monomial is not ordered, since x appears after of y, but we can

reorder it using yx “ xy ´ rx, ys “ xy ´ y. In fact,

xyx “ xpyxq

“ xpxy ´ yq

“ x2y ´ xy.

This latter expression is a linear combination of ordered monomials, because y appears

only after x inside each of these monomials.

The following theorem is very important in the study of the structure of UpLq,

and is used for proving the existence of the ring of quotients of UpLq. Before we state

this theorem, we need to establish some definitions of the theory of non-commutative

rings. Let A be a ring. An element x P A is called a zero divisor if there exist non-zero

elements a, b P A such that xa “ bx “ 0. A ring A is called a domain if it has no zero

divisor different from 0. We say that A is noetherian if it satisfies the ascending chain

condition on left and right ideals; that is, given any chain

I1 Ď I2 Ď . . . Ď Ik Ď . . .

of left (or right) ideals, there exists n such that Im “ In for all m ě n.

Theorem 2.1.9 ([13], Theorem 6 p. 166). Let L be a Lie algebra. Then the following

hold.

1. UpLq is a domain.

2. If L is finite-dimensional, then UpLq is noetherian.
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Let L be a Lie algebra with basis tx1, x2, . . .u. The algebra homomorphism εL :

UpLq Ñ F induced by the map xi ÞÑ 0, for all i, is called the augmentation map. We

denote the kernel of εL by ωpLq, which is called the augmentation ideal of L. The

augmentation ideal ωpLq is equal to the unique maximal ideal of UpLq that contains

xi for all i. We also have ωpLq “ LUpLq “ UpLqL. By the PBW Theorem, the set of

the elements (2.2) with n ě 1 form a basis of ωpLq. The n-fold product of ωpLq is an

ideal of UpLq which is denoted by ωnpLq. Denoting UpLq by ω0pLq, it is clear that the

sequence pωnpLqqně0 forms a filtration of UpLq. An ideal I in an associative algebra

is called residually nilpotent if
Ş

ně1 I
n “ 0. The following result gives necessary and

sufficient conditions for the augmentation ideal ωpLq to be residually nilpotent. Recall

that we defined the height νpyq of an element y P L and homogeneous basis before

Example 2.1.2.

Lemma 2.1.10. Let L be a Lie algebra. Then,

1. L is residually nilpotent as Lie algebra if and only if ωpLq is residually nilpotent

as an associative ideal.

2. If tx1, x2, . . .u is a homogeneous basis of L, then the ordered monomials xa1i1 ¨ ¨ ¨ x
as
is

with the property that
řs
k“1 akνpxikq ě n form a basis for ωnpLq.

Proof. Item (1) is contained in [27, Corollary 3.5] and item (2) in [27, Theorem 3.1

(1)].

Lemma 2.1.10 also was sowed by Riley and Shalev [26] for restricted Lie algebras.

This lemma also appear for arbitrary Lie algebras in Riley’s paper [28]. In [27] Usefi

observed that in [28] it is assumed that every Lie algebra admits homogeneous basis,

but he gives a counterexample showing that this is not true (see [27, Example C]).

The following lemma generalizes an argument presented in [29, Theorem 3.1] which

was used to show that a certain surjective algebra homomorphism between universal

enveloping algebras is an isomorphism.

Lemma 2.1.11. Let L,H be Lie algebras and let ϕ : UpLq Ñ UpHq be a surjective

algebra homomorphism. Suppose that there exists a residually nilpotent ideal I1 of

UpLq and an ideal I2 of UpHq, such that ϕpI1q Ď I2 and UpLq{Ik1 is finite-dimensional

and dimUpLq{Ik1 “ dimUpHq{Ik2 for every k ě 1. Then ϕ is an isomorphism.
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Proof. Since ϕpI1q Ď I2 it follows that ϕpIk1 q Ď Ik2 for k ě 1. Thus, ϕ induces

surjective homomorphisms ϕk between UpLq{Ik1 and UpHq{Ik2 for all k ě 1, defined

by ϕkpw ` Ik1 q “ ϕpwq ` Ik2 . Since ϕk is a surjective linear transformation between

finite-dimensional vector spaces of the same dimension, we have that ϕk is injective

for all k ě 1. In order to show that ϕ is injective let z be a non-zero element in UpLq

such that ϕpzq “ 0. By hypothesis
Ş

kě1 I
k
1 “ 0. This implies that there exists some

r ě 1 such that z R Ir1 . Since ϕr is an isomorphism, we get ϕrpz`I
r
1q “ ϕpzq`Ir2 “ Ir2

is zero, which is a contradiction. Hence ϕ is injective, and therefore an isomorphism

between UpLq and UpHq.

2.2 Ring of quotients of the universal enveloping

algebra

In this section, we define a ring of quotients of certain rings and we use this to

define the ring of quotients of a universal enveloping algebra. In the commutative

case it is well-known that every domain has a quotient field, but this is not true in

the non-commutative case. For this section we refer to Section 3.6 of Dixmier’s book

[8].

In this section A denotes an arbitrary ring (with unity).

Definition 2.2.1. Let S be a subset of A. We say that S allows an arithmetic of

fractions if the following condition are satisfied:

1. 1 P S;

2. the product of two elements of S belongs to S;

3. the elements of S are not zero divisors of A;

4. for s P S and a P A there exist t P S and b P A such that at “ sb;

5. for s P S and a P A there exist t1 P S and b1 P A such that t1a “ b1s.

The items 4 and 5 in Definition 2.2.1 also are called Ore conditions, see [16, Chapter

2]. In the commutative case Definition 2.2.1 defines the concept of multiplicative
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subsets. Given a set S as above, we construct a ring B containing A and such that

every elements of B can be written as as´1 or t´1b, where a, b P A and s, t P S. In

the commutative case this is equivalent to the localization on S.

Let S be a subset of A allowing arithmetic of fractions. Let pa, sq, pb, tq P A ˆ S,

and write pa, sq „ pb, tq if there exist c, d P A such that ac “ bd, sc “ td and sc P S.

The relation „ is an equivalence relation. Let B be the set of equivalence classes of

A ˆ S under the relation „. We denote the equivalence class of pa, sq by a{s. Let

a{s, b{t P B. Since s P A and t P S, item 4 of Definition 2.2.1 implies that there exist

c P A and d P S such that sc “ td “ e P S. Define

pa{sq ` pb{tq “ pac` bdq{e.

On other hand, since b P A and s P S, item 4 of Definition 2.2.1 above implies that

there exist c P A and u P S such that bu “ sc. Define

pa{sqpb{tq “ ac{tu.

With this sum and product, the set B is a ring with unity 1{1, and for all s P S we

have s{1 and 1{s are inverse to each other. Moreover, a{s “ pa{1qps{1q´1. For details

of this see [8, p. 118].

The mapping a ÞÑ a{1 of A into B is an injective homomorphism, and thus we

can identify A with its image in B. In this way every element s P S is invertible in

B, and we can write a{s “ as´1 for a{s P B. Since a P A and s P S, by item 4 of

Definition 2.2.1 there exist t P S and b P A such that ta “ bs, and this implies that

as´1 “ t´1b. Therefore, every element of B can also be written as t´1b, for b P A and

t P S. The ring B is called the ring of quotients of A defined by S.

Let S be the set of elements of A which are not zero divisors of A. When S allows

an arithmetic of fractions that is, when S verifies items 4 and 5 of Definition 2.2.1

then the ring B is simply called the ring of quotients of A.

Example 2.2.1 ([16], Example (i) p. 44). Let A “ F 〈x, y〉 be the free associative

algebra generated by tx, yu over a field F. Let S “ Azt0u. Then S does not verify

item (4) of Definition 2.2.1. To see this we can choose for example a “ x and s “ y.

Then we can see that there is no b P A and t P S such that xt “ yb.
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Example 2.2.1 shows that in general the ring of quotients of an arbitrary ring

does not exist. The following result gives a condition for the existence of a ring of

quotients. It is a particular case of Goldie’s theorem, which gives, for a ring A, a

necessary and sufficient condition that the ring of quotients of A is semisimple and

artinian, for more details of this see [16, Section 2.1].

Theorem 2.2.2 ([8], Theorem 3.6.12 (iv)). Suppose that A is a noetherian domain,

then A has a ring of quotients.

Let A be a ring and let S be a subset of A allowing arithmetic of fractions and

let B be the ring of quotients of A defined by S. Suppose that A1 is another ring and

ϕ : AÑ A1 is a homomorphism such that ϕpsq is invertible for every s P S. Then we

can define ϕ : B Ñ A1 by ϕpas´1q “ ϕpaqϕpsq´1. We have that ϕ is a homomorphism

and ϕpaq “ a for all a P A. Moreover, ϕ is the unique homomorphism of B into

A1 which extends ϕ. In fact, if ψ is another homomorphism of B into A1 such that

ψpaq “ ϕpaq for every a P A, then ψpas´1q “ ψpaqψpsq´1 “ ϕpaqϕpsq´1 “ ϕpas´1q.

Thus ϕ “ ψ. We have shown the following proposition.

Proposition 2.2.3 ([8], Proposition 3.6.5). Let A be a ring and let S be a subset of

A allowing arithmetic of fractions and let B be the ring of quotients of A defined by

S. Suppose that A1 is another ring and that ϕ : A Ñ A1 is a homomorphism such

that ϕpsq is invertible for every s P S. Then there exists a unique homomorphism

ϕ : B Ñ A1 which extends ϕ, namely ϕpas´1q “ ϕpaqϕpsq´1.

Now, let L be a finite-dimensional Lie algebra and let UpLq be its a universal

enveloping algebra. By Theorem 2.1.9 we have that UpLq is a noetherian domain,

hence Theorem 2.2.2 implies that UpLq has a ring of quotients, denoted by QpLq.

Given x P L we can define adUpLq x : UpLq Ñ UpLq by adUpLq xpwq “ rx,ws.

This map is a derivation of UpLq. The mapping x ÞÑ adUpLq x is called the adjoint

representation of L in UpLq. Analogously we define adQpLq x : QpLq Ñ QpLq, by

adQpLq xpwq “ rx,ws. Here it is important to note that every element of L can

be identified by x{1 in the ring QpLq and that products in the commutator rx,ws “

xw´wx are products in the ring QpLq. The mapping x ÞÑ adQpLq x is called the adjoint

representation of L in QpLq. It is immediate to verify that adQpLq x|UpLq “ adUpLq x

and adQpLq x|L “ adx.
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2.3 Isomorphism between universal enveloping al-

gebras of Lie algebras

In this section, which is based mainly on the paper by Riley and Usefi [27], we

state some known results about the properties of Lie algebras which are preserved by

an isomorphism between their universal enveloping algebras.

Let S be a subalgebra of a Lie algebra L. Fixing a basis txiuiPI of S we can extend

this to a basis txiuiPI Y tyjujPJ of L. By the PBW Theorem 2.1.7 we can consider

UpSq as a subalgebra of UpLq.

Lemma 2.3.1. Let M be an ideal of a Lie algebra L and let S be a subalgebra of L.

Then the following hold.

1. The right ideal MUpLq of UpLq generated by M coincides with the left ideal

UpLqM of UpLq generated by M . Hence, MUpLq “ UpLqM is a two-sided

ideal.

2. Let π : L Ñ L{M be the natural homomorphism of L onto L{M . Then the

homomorphism UpLq Ñ UpL{Mq induced by π is surjective with kernel MUpLq.

Consequently, UpL{Mq – UpLq{MUpLq.

3. ωpMqωpLq “ MUpLqωpLq “ MωpLq. Consequently, ωpMqωpLq is a two-sided

ideal.

4. LX ωnpSqωpLq “ γn`1pSq. In particular, LXMωpLq “M 1.

Proof. For the proof of parts (1) and (2) see [8, Proposition 2.2.14], for (4) see [27,

Proposition 6.1(1)] or [26]. It only remains to show part (3).

In order to show part (3) note that ωpMqωpLq Ď pMUpLqqωpLq “ MωpLq and

MωpLq Ď ωpMqωpLq. Thus

MωpLq Ď ωpMqωpLq ĎMUpLqωpLq ĎMωpLq.

Hence the lemma holds.
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By Lemma 2.3.1 (1), if M is an ideal of a Lie algebra L, then the two-sided ideal

of UpLq generated by M coincides with MUpLq and also with UpLqM . Hence we will

usually write this two-sided ideal as MUpLq or UpLqM whichever is more convenient.

The automorphism group of UpLq consists of those invertible linear transforma-

tions α of A that satisfy αpabq “ αpaqαpbq for all a, b P A, and it is denoted by

AutpUpLqq. The following result reflects the importance of the ideal of UpLq gener-

ated by the derived algebra L1. In Chapter 2 we will quote this result several times.

Lemma 2.3.2 ([4], Prop. 2.1). The ideal L1UpLq coincides with the two-sided ideal of

UpLq generated by tra, bs “ ab´ ba | a, b P UpLqu. Consequently, L1UpLq is invariant

under AutpUpLqq.

It is known that two non-isomorphic Lie algebras may have isomorphic universal

enveloping algebras, see Example 2.1.6. Nevertheless, several properties of a Lie

algebra are determined by the isomorphism type of its universal enveloping algebra.

For instance, it is a well known that if L is a finite-dimensional Lie algebra, then the

(linear) dimension of L coincides with the Gelfand-Kirillov dimension of UpLq (see

[16, 8.1.15(iii)]). Thus dimL is determined only by the isomorphism type of UpLq.

Riley and Usefi in [27] presented a detailed study of some properties of Lie algebras

that are determined by the isomorphism type of its universal enveloping algebra. In

the following lemma we give a summary of the ones that we use in this thesis.

Lemma 2.3.3. Let L and H be Lie algebras and α : UpLq Ñ UpHq an algebra

isomomorphim, and suppose that L is finite-dimensional. Then the following hold.

1. dimL “ dimH and dimL{L1 “ dimH{H 1.

2. If L is nilpotent, then so is H. Moreover, in this case the nilpotency classes of

L and H coincide.

3. L1{L2 – H 1{H2; in particular, dimL1{L2 “ dimH 1{H2.

4. If L is metabelian, then so is H.

5. If L is solvable, then so is H.
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6. If M and N are ideals of L and H, respectively; such that αpMUpLqq “ NUpHq.

Then, M{M 1 – N{N 1.

Proof. For item (1) see [16, 8.1.15(iii)] and [27, Corollary 4.2], respectively. The proof

of (2) can be found in [27, Proposition 4.3]. For items (3) and (4) see [27, Corollary

7.2]; (5) is proved in [27, Proposition 7.4] and finally (6) is proved in [27, Corollary

6.2].

We note that item (1) of Lemma 2.3.3 implies that the isomorphism problem has

a positive solution for finite-dimensional abelian Lie algebras. In fact, let L,H be

finite-dimensional abelian Lie algebras such that UpLq – UpHq, then dimL “ dimH,

and so L – H.

The next result is a useful tool. It basically says that we can assume that an

isomorphism between universal enveloping algebras preserves the augmentation ideals.

This result is a variation of [27, Lemma 2.1].

Lemma 2.3.4. Let L and H be Lie algebras and suppose that α : UpLq Ñ UpHq is

an isomorphism. Then there exists an isomorphism α : UpLq Ñ UpHq such that

1. αpωpLqq “ ωpHq; and

2. if x P L such that αpxq P ωpHq, then αpxq “ αpxq.

Proof. Let εH be the augmentation map on UpHq. Define the map α̃ : L Ñ UpLq

by α̃pxq “ αpxq ´ εHpαpxqq for all x P L. Then α̃ is a Lie algebra homomorphism,

and so it can be extended to be an algebra homomorphism α : UpLq Ñ UpHq.

By [27, Lemma 2.1], α : UpLq Ñ UpHq is an algebra isomorphism which satisfies

property (1). The definition of α guarantee that it also satisfies property (2).

2.4 Hopf algebras

The present section is devoted to define a very interesting structure and some of

its properties, the Hopf algebras. This structure is very important in the study of

UpLq, because UpLq itself is a Hopf algebra.

In short, a Hopf algebra is a structure that is simultaneously an algebra and a

coalgebra, with a notion of compatibility making it a bialgebra. Moreover, a Hopf
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algebra is equipped with an antiautomorphism satisfying a certain property. For an

introduction to this theory we cite Sweedler’s book [31] for a pleasant reading, and

for a more specialized treatment we refer to Montgomery’s book [19] or the paper by

Milnor and Moore [17].

Let A be an associative algebra over F with identity 1. One can view the multi-

plication on A as a linear map m : A b A Ñ A. Further, using the identity, one can

define the linar map u : F Ñ A by upαq “ α ¨ 1 for all α P F. In this language the

fact that A is an associative algebra is equivalent to the fact that the following two

diagrams commute:

Ab Ab A

mbid

��

idbm
// Ab A

m

��

Ab A
m // A

Ab A

m

��

Fb A

ubid
99

„

%%

Ab F

idbu
ee

„

yy
A

In these diagrams, and in the following diagrams, id denotes an identity map. The

symbol „ denotes the isomorphism „: FbAÑ A or AbFÑ A defines by αba ÞÑ αa

or abαÑ αa, respectively. In this way we can view an associative algebra as a tuple

pA,m, uq such that the diagrams above commute.

An advantage of this approach is that it is categorical. Hence we can construct

the dual of this concept, and thus we obtain the definition of a coalgebra.

Definition 2.4.1. A coalgebra is a tuple pC,∆, εq, where C is a vector space, ∆ :

C Ñ CbC and ε : C Ñ F are linear maps, such that the following diagrams commute:

C b C b C C b C
idb∆

oo

C b C

∆bid

OO

C
∆oo

∆

OO
C b C

εbid

yy

idbε

%%

Fb C C b F.

C

∆

OO

„

ee

„

99

Let A,B be two associative algebras over F and let f : A Ñ B be an algebra

homomorphism, that is fpxyq “ fpxqfpyq for all x, y P A. If we consider these two
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associative algebras as the tuples pA,mA, uAq and pB,mB, uBq, then a linear map

f : A Ñ B is an algebra homomorphism if and only if the following two diagrams

commute:

Ab A

mA

��

fbf
// B bB

mB

��

A
f

// B

A
f

// B

F

uA

XX

uB

FF

The dual concept of an algebra homomorphism is the concept of a coalgebra ho-

momorphism and it is defined as follows.

Definition 2.4.2. Let pC,∆C , εCq and pD,∆D, εDq be two coalgebras. A linear map

g : C Ñ D is a coalgebra homomorphism if the following diagrams commute:

C b C
gbg

// D bD

C

∆C

OO

g
// D

∆D

OO
C

εC

��

g
// D

εD

��

F

If A is an algebra, then A b A is also an algebra with multiplication defined by

pab bqpcb dq “ pacq b pbdq. Similarly, if A is a coalgebra, then Ab A is a coalgebra

with comultiplication defined analogously.

Definition 2.4.3. A bialgebra is a tuple pH,m, u,∆, εq, such that pH,∆, εq is a

coalgebra, pH,m, uq is an algebra and the maps ∆ : H Ñ H bH and ε : C Ñ F are

algebra homomorphisms.

The condition that ∆ : H Ñ H bH and ε : C Ñ F are algebra homomorphisms

is equivalent to the condition that the maps m : H b H Ñ H and u : F Ñ H are

coalgebra homomorphisms, and this condition is a connection between the structure

of an algebra and a coalgebra.

Definition 2.4.4. Let pH1,m1, u1,∆1, ε1q and pH2,m2, u2,∆2, ε2q be two bialgebras.

A linear map f : H1 Ñ H2 is a bialgebra homomorphism if it is simultaneously an

algebra and coalgebra homomorphism.
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Definition 2.4.5. A Hopf algebra is a tuple pH,m, u,∆, ε, Sq, where pH,m, u,∆, εq

is a bialgebra and S : H Ñ H is a linear mapping verifying the identity

uεphq “
ÿ

Sphi1qhi2 “
ÿ

hi1Sphi2q,

for all h P H, where ∆phq “
ř

hi1 b hi2 .

Example 2.4.1.

1. Let G be group and let FG be its group algebra. Define ∆pgq “ g b g and

εpgq “ 1 for g P G. Extending them linearly, we obtain that pFG,∆, εq is a

coalgebra. We note that ∆ and ε are algebra homomorphisms. Thus FG is a

bialgebra. Defining S : FG Ñ FG by g ÞÑ g´1, we have that FG is a Hopf

algebra.

2. Let UpLq be the universal enveloping algebra of a Lie algebra L. Define ∆pxq “

1b x` xb 1 and εpxq “ 0 for x P L. Using the universal property of UpLq, we

have that UpLq is a bialgebra. Defining Spxq “ ´x for x P L, and using again

the universal property of UpLq, we have that UpLq is a Hopf algebra.

A subspace V of a Hopf algebra H is called Hopf ideal of H if it is a kernel of a

bialgebra homomorphism and SpV q Ď V . In [27, Lemma 8.3] it is shown that MUpLq

is a Hopf ideal of UpLq and also that UpLq{MUpLq – UpL{Mq as Hopf algebras (cf

Lemma 2.3.1 (2)).

Let C be a coalgebra. An element c P C is called group-like if ∆c “ c b c

and εpcq “ 1. The set of group-like elements is denoted by GpCq. The set GpCq

is linearly independent in C [31, Proposition 3.2.1]. Consequently, if K is a group

then GpFKq “ K. Let H be a bialgebra, an element x P H is called primitive if

∆x “ x b 1 ` 1 b x. The set of primitive elements of H is denoted by PpHq, and it

is a Lie algebra with the bracket rx, ys “ xy ´ yx.

One of the most important results about the Hopf algebra structure of UpLq says

that in characteristic zero the structure of L is determined by the bialgebra structure

of UpLq. The proof of this fact relies on the following proposition whose proof can be

found in the book of Montgomery [19]. Before stating this result we need to introduce

a notation. Given an integer p and a subset X of an associative algebra A, we denote

by Xp the subspace generated by the set txp
k
| x P X, k ě 0u.
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Proposition 2.4.2 ([19], Proposition 5.5.3). Let L be a Lie algebra. Then the fol-

lowing statements hold:

1. GpUpLqq “ t1u;

2. if charF “ 0, then PpUpLqq “ L;

3. if charF “ p, then PpUpLqq “ Lp.

Let H1, H2 be two bialgebras, f : H1 Ñ H2 a bialgebra homomorphism and

x P PpH1q. Then

∆H2pfpxqq “ pf b fq∆H1pxq

“ pf b fqp1b x` xb 1q

“ 1b fpxq ` fpxq b 1.

Thus fpPpH1qq Ď PpH2q. If f is a bialgebra isomorphism then a symmetric argument

implies that f´1pPpH2qq Ď PpH1q, and consequently fpPpH1qq “ PpH2q. With this

in mind we can state an immediate corollary of Proposition 2.4.2.

Corollary 2.4.3. Let L,H be two Lie algebras such that UpLq – UpHq as bialgebras.

Then

1. if charF “ 0, then L – H;

2. if charF “ p, then Lp – Hp.

Example 2.4.4. Let F be a field with charF “ 2. We consider two Lie algebras of

dimension 5 over F

L “ xx1, x2, x3, x4, x5 | rx1, x2s “ x4, rx1, x4s “ x5y,

H “ xx1, x2, x3, x4, x5 | rx1, x2s “ x4, rx1, x4s “ x5, rx2, x3s “ x5y.

In Example 2.1.6, we saw that the homomorphism f : UpLq Ñ UpHq, induced by

x1 ÞÑ x1, x2 ÞÑ x2, x3 ÞÑ x3 ` x2
1, x4 ÞÑ x4 and x5 ÞÑ x5 is an algebra isomorphism

between UpLq and UpHq. In order to show that f is a coalgebra homomorphism it is

enough verify that

pf b fq∆Lpxiq “ ∆Hpfpxiqq
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for every xi in the basis of L. By definition of f , we have that pf b fq∆Lpxiq “

∆Hpfpxiqq, for i ‰ 3. For x3 we have

pf b fq∆Lpx3q “ 1b fpx3q ` fpx3q b 1

“ 1b px3 ` x
2
1q ` px3 ` x

2
1q b 1

“ 1b x3 ` x3 b 1` p1b x2
1 ` x

2
1 b 1q

“ ∆Hpx3q `∆Hpx
2
1q

“ ∆Hpx3 ` x
2
1q.

Note that in the fourth equality we used that PpUpHqq “ H2, see Proposition 2.4.2 (3).

Thus f is a bialgebra isomorphism. But, it is not true that L – H, since ZpLq “

xx3, x5y and ZpHq “ xx5y. However, by Corollary 2.4.3 we have that L2 – H2.

This example shows that if F is a field of characteristic p and UpLq – UpHq as

bialgebras, then we do not necessarily have L – H. That is, the bialgebra structure

of UpLq does not necessarily determine the structure of L.
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Chapter 3

Solvable Lie algebras of dimension
at most 4

3.1 The classification by de Graaf

In this section, we reproduce the classification of solvable Lie algebras of dimen-

sion at most 4, over an arbitrary field, given by de Graaf [5]. In dimension 3 this

classification is the same as that given by Patera and Zassenhaus [23], but de Graaf

gives a shorter description of these algebras. Recall that only the non-zero brackets

are displayed in multiplication tables of Lie algebras.

Theorem 3.1.1 ([5]). Let L be a 3-dimensional solvable Lie algebra over a field F.

Then L is isomorphic to one of the following algebras:

1. L1 “ 〈x1, x2, x3〉 (the abelian Lie algebra);

2. L2 “ 〈x1, x2, x3 | rx3, x1s “ x1, rx3, x2s “ x2〉 ;

3. L3
a “ 〈x1, x2, x3 | rx3, x1s “ x2, rx3, x2s “ ax1 ` x2〉 with some a P F;

4. L4
a “ 〈x1, x2, x3 | rx3, x1s “ x2, rx3, x2s “ ax1〉 with some a P F.

If Lij – Luv then i “ u. Moreover L3
a – L3

b if and only if a “ b and L4
a – L4

b if and

only if there is an α P Fˆ with a “ α2b.

In dimension four we have 14 families of isomorphism classes of solvable Lie al-

gebras. We group these Lie algebras into five groups in such a way that two Lie
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algebras in distinct groups cannot have isomorphic universal enveloping algebras, see

Proposition 3.2.2. We follow the notation introduced by de Graaf [5]. Several of de

Graaf’s families, such as M3
a , M13

a , M6
a,b and M7

a,b, are split between two groups.

The 4-dimensional solvable Lie algebras are presented in tables, each table corre-

sponding to one group. Each table contains six columns and the information contained

in the columns can be described as follows.

name: The name of the algebra in the notation of de Graaf [5].

relations: The non-trivial products in the multiplication table of the algebra

with respect to a basis tx1, x2, x3, x4u.

char: Restrictions on the characteristic of the field over which the algebra is

defined. If this entry is blank, then the algebra is defined over an arbitrary field.

parameters: The necessary parameters to define the Lie algebra

isomorphism: The conditions under which isomorphism occurs between two

algebras in the same family. If the family is described by a single parameter a,

then the condition given in this entry is equivalent to the isomorphism M i
a –M i

b .

If the family is described by two parameters a and b, then the condition given

in this entry is equivalent to the isomorphism M i
a,b –M i

c,d.

center: The center of the corresponding Lie algebra.

By the classification of de Graaf [5], there is no isomorphism between two Lie

algebras in different families, while two Lie algebras belonging to the same family are

isomorphic if and only if the condition in the Isomorphism column of the corresponding

line of the table holds.

Group 1: The abelian Lie algebra. The first group contains only the abelian Lie

algebra.

Name relations char parameter isomorphism center

M1 M1
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Group 4: Metabelian Lie algebras with three-dimensional derived
subalgebra. Suppose that L is a 4-dimensional metabelian Lie algebra with
dimL1 “ 3. Then L is isomorphic to one of the following Lie algebras.

Name relations char parameter isomorphism center

M2
rx4, x1s “ x1, rx4, x2s “ x2,

rx4, x3s “ x3

0

M3
a

rx4, x1s “ x1, rx4, x2s “ x3,

rx4, x3s “ ´ax2 ` pa` 1qx3

a P F˚ a “ b 0

M6
a,b

rx4, x1s “ x2, rx4, x2s “ x3,

rx4, x3s “ ax1 ` bx2 ` x3

a P Fˆ

b P F

a “ c

b “ d
0

M7
a,b

rx4, x1s “ x2, rx4, x2s “ x3,

rx4, x3s “ ax1 ` bx2

a P Fˆ

b P F

a “ α3c

b “ α2d

with α P Fˆ
0
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This description has only one difference with that given by de Graaf. In [5] the

family M10
a is considered with a R F2. But, since M10

a – M13
0 if charF “ 2 (see

[5, Section 5]) we added to the family M10
a the parameter a “ 0, and omitted this

from the family M13
a when charF “ 2.

3.2 The first step

This section is devoted to a first analysis of the isomorphism problem for solvable

Lie algebras of dimension at most 4. In dimension 3 we have that the isomorphism

problem has a positive solution. Originally this was shown by Chun, Kajiwara and Lee

in [4]; they showed that the isomorphism problem has a positive solution in the class

of 3-dimensional Lie algebra over a field of characteristic different from two. But we

observe that in the solvable case this affirmation is independent of the characteristic

of the field. We will see an alternative proof of this fact using the theory developed

in Chapters 4 and 5.

The main result of this thesis is the following theorem.

Theorem 3.2.1. Let L,H be solvable Lie algebras of dimension 4 over a field of

characteristic 0. If UpLq – UpHq, then L – H.

Theorem 3.2.1 basically states that the isomorphism problem has a positive solu-

tion for solvable Lie algebras of dimension 4 over a field of characteristics 0. In this

chapter, we cannot give a complete proof of Theorem 3.2.1. However, we can explain

the main idea of our proof and present a part of it. The proof of Theorem 3.2.1

consists basically of two steps. First, using the classification by de Graaf we divide

the Lie algebras into five groups (this division is already done in Section 3.1) in a way

that two Lie algebras in different groups cannot have isomorphic universal enveloping

algebras. Second, we analyze each group in order to ensure that in the same group

do not exist two non-isomorphic Lie algebras with isomorphic universal enveloping

algebras.

The following lemma justifies the division made in Section 3.1 and completes the

first step of the proof of Theorem 3.2.1.
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Proposition 3.2.2. Suppose that L and H are 4-dimensional solvable Lie algebras

over an arbitrary field such that L and H belong to distinct groups in the group division

in Section 3.1. Then UpLq fl UpHq.

Proof. Lemma 2.3.3 implies that the isomorphism type of UpLq determines whether L

is abelian, whether L is metabelian, and dimL1. Therefore, by the form of the group

division in Section 3.1, it is impossible that UpLq – UpHq for L and H in different

groups.

The following lemma is a partial result towards the second step of the proof of

Theorem 3.2.1.

Lemma 3.2.3. UpM4q fl UpM5q holds over an arbitrary field F.

Proof. Note that γnpM
4q “ xx3y for n ě 3 and γ3pM

5q “ 0. The proof follows at once

from Lemma 2.3.3 (2), as M4 is non-nilpotent, but M5 is nilpotent.

The following chapters focus mainly (but not exclusively) on the development of

the techniques and methods that will help us complete the second step of the proof

of Theorem 3.2.1.
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Chapter 4

Center, semicenter and Frobenius
semiradical

In this chapter, we will make a brief study of three objects which are very impor-

tant to better understand the structure of the universal enveloping algebra. These

objects are the center, the semicenter and the Frobenius semiradical. The first two

are abelian subalgebras of the universal enveloping algebra, and they are preserved by

any isomorphism between universal enveloping algebras. The third is a characteristic

subalgebra of a Lie algebra and it is very related to the first two objects.

Section 4.1 is dedicated to the study of the center of the universal enveloping alge-

bra. There exist many results about this object. The study presented here is based on

some observations that help us in the study of the isomorphism problem. Section 4.2

is devoted to a construction of counterexamples for the isomorphism problem in prime

characteristic. This section is inspired by the analysis of several examples of the paper

by Schneider and Usefi [29]. In Section 4.3, we study the semicenter of a universal

enveloping algebra. We define this object and we will show that it is preserved by

any isomorphism between universal enveloping algebras. The references for these two

sections are Dixmier’s book [8], the paper by Braun and Vernik [3] and the paper by

Delvaux, Nauwelaerts and Ooms [7]. Finally, in Section 4.4, we define the Frobenius

semiradical of a Lie algebra and we study the relation of this with the center of the

universal enveloping algebra. We believe that this section has two main results. The

first is Theorem 4.4.8, which says basically that in some class of Lie algebras the di-

mension of the center of Lie algebra is determined by its universal enveloping algebra.
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The second is Proposition 4.4.12, which is a partial result towards the second step of

the proof of Theorem 3.2.1. The principal reference for Section 4.4 is the paper by

Ooms [21].

Throughout this chapter we assume that F is a field which has an arbitrary char-

acteristic unless otherwise stated, L is a finite-dimensional Lie algebra over F unless

otherwise stated. The dual space of a vector space V will be denote by V ˚.

4.1 Center of UpLq

The center of the universal enveloping algebra UpLq of a Lie algebra L has a very

important role in the study of the structure of UpLq. In fact, the study of the center

is independent of the isomorphism problem, but they have an important relationship.

For this reason we dedicate one section to the study of the center.

Let L be a Lie algebra over a field F and let UpLq be its universal enveloping

algebra. The center of UpLq is the set

ZpUpLqq :“ tu P UpLq | uv “ vu for all v P UpLqu.

Equivalently ZpUpLqq “ tu P UpLq | ru, vs “ 0 for all v P UpLqu. Also we can view

ZpUpLqq as the centralizer of L in UpLq, that is

ZpUpLqq “ CUpLqpLq “ tu P UpLq | ru, xs “ 0 for all x P Lu.

It is immediate that ZpLq Ď ZpUpLqq. The subalgebra of UpLq generated by

ZpLq can be viewed as UpZpLqq, and it is contained in ZpUpLqq. The converse

inclusion ZpUpLqq Ď UpZpLqq is not true in general, as we will see in Example 4.1.1.

However, if charF “ 0 there exists a class of Lie algebras which verify the equality

UpZpLqq “ ZpUpLqq, and we will study these Lie algebras in Section 4.4.

Example 4.1.1. Let H “ xx1, x2, x3 | rx1, x2s “ x3, y be the 3-dimensional Heisen-

berg Lie algebra over a field F, see Example 2.1.5 (4). We have that ZpHq “ xx3y.

If charF “ 0 then ZpUpHqq “ F rx3s (see Example 4.4.7), and this implies that

UpZpHqq “ ZpUpHqq. On other hand, if charF “ p then using equation (2.1) and

the fact that H is nilpotent of class two, we have that xp1, x
p
2 P ZpUpHqq. Thus

F rxp1, x
p
2, x3s Ď ZpUpHqq, and it follows that ZpUpHqq Ę UpZpHqq.
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Example 4.1.1 also shows that the structure of ZpUpLqq depends on the charac-

teristic of the field F. This complicates the study of the center. Many of the existing

results about of the structure of the center ZpUpLqq are in characteristic 0, and there

are fewer results in prime characteristic.

Let tx1, x2, . . . , xnu be a basis of the Lie algebra L over an arbitrary field F. Set

U0pLq “ F and let UkpLq for k ě 1 denote the vector space generated by the products

xi1xi2 ¨ ¨ ¨ xir , where r ď k. It follows immediately that UkpLqUlpLq Ď Uk`lpLq and
Ť

kě0 UkpLq “ UpLq. The following lemma is a consequence of the PBW Theorem

and we will use this to study ZpUpLqq.

Lemma 4.1.2 ([13], Chapter V, Lemma 4). Let tx1, x2, . . . , xnu be a basis of L.

Suppose that for each xi there exist a positive integer mi and an element zi P ZpUpLqq

such that vi “ xmi
i ´ zi P Umi´1pLq. Then, the elements of the form

zb11 z
b2
2 ¨ ¨ ¨ z

bn
n x

a1
1 x

a2
2 ¨ ¨ ¨ x

an
n (4.1)

such that bj ě 0, 0 ď aj ă mij , form a basis of UpLq.

Suppose that charF “ p and that L is a finite-dimensional Lie algebra over F with

basis tx1, x2, . . . , xnu. Then, for each i there exists a polynomial fipXq “ Xpmi
`

a1X
pmi´1

` ¨ ¨ ¨ ` amX, such that zi “ fipxiq P ZpUpLqq, see [13, Chapter VI, Lemma

5]. Thus zi “ xp
mi

i ` vi is in ZpUpLqq, where vi P Upmi´1pLq. Hence, by Lemma 4.1.2,

the elements

zb11 z
b2
2 ¨ ¨ ¨ z

bn
n x

a1
1 x

a2
2 ¨ ¨ ¨ x

an
n , (4.2)

bi ě 0, 0 ď ai ă pm
i

form a basis for UpLq. Let I be the left (or equivalently two-

sided) ideal generated by tz1, z2, . . . , znu. We will show that I is a residually nilpotent

ideal, using the following theorem proved by Hochschild.

Theorem 4.1.3 ([10], Theorem 2). Let L be a finite-dimensional Lie algebra over a

field F of characteristic p and let C “ ZpUpLqqXωpLq. Then
Ş

kě1 UpLqC
k “ 0; that

is, the ideal UpLqC is residually nilpotent.

Lemma 4.1.4. Let L be a finite-dimensional Lie algebra over a field F of charac-

teristic p and let I be the ideal defined before Theorem 4.1.3. Then I is residually

nilpotent and the quotients UpLq{Ik and UpLq{UpLqCk are finite-dimensional for all

k ě 1.
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Proof. Suppose that tx1, . . . , xnu is a basis of L and let tz1, . . . , znu be as above. Let

C “ ZpUpLqqXωpLq. Since zi P C for all i “ 1, . . . , n it follows that I Ď UpLqC, and

consequently Ik Ď UpLqCk for all k ě 1. Theorem 4.1.3 implies that
Ş

kě1 I
k “ 0,

and it follows that I is residually nilpotent.

Now, since I is the ideal generated by the set tz1, z2, . . . znu it is clear that the

subset consisting of the elements (4.2) with b1 ` ¨ ¨ ¨ ` bn ě 1 is basis of I. Hence the

cosets of the elements xa11 x
a2
2 ¨ ¨ ¨ x

an
n , 0 ă ai ă pmi form a basis for UpLq{I. Thus,

UpLq{I is finite-dimensional. Analogously, we can see that the subset consisting

of the elements (4.2) with b1 ` b2 ` ¨ ¨ ¨ ` bn ě k is a basis for Ik. Therefore the

cosets containing the elements zb11 z
b2
2 ¨ ¨ ¨ z

br
n x

a1
1 x

a2
2 ¨ ¨ ¨ x

an
n with b1 ` b2 ` ¨ ¨ ¨ ` bn ă k

and 0 ă ai ă pmi form a basis for UpLq{Ik, and it follows that UpLq{Ik is finite-

dimensional for all k ě 1. Finally, since Ik Ď UpLqCk for all k ě 1, it follows that

UpLq{UpLqCk is finite-dimensional for all k ě 1.

4.2 A construction of counterexamples for the iso-

morphism problem

In this section, we study some necessary conditions for two Lie algebras have iso-

morphic universal enveloping algebras. As was said in the introduction to this chap-

ter, this section was inspired by the analysis of the paper by Schneider and Usefi [29].

Schneider and Usefi describe in [29] several pairs of non-isomorphic Lie algebras with

isomorphic universal enveloping algebras. We find that in many cases, such isomor-

phisms have a common underlying reason that is highlighted by the following theorem.

It is also interesting to note, although not done in [29], that the isomorphisms given by

Schneider and Usefi in [29] are coalgebra isomorphisms. Recall that we defined direct

and semidirect product of Lie algebras before Lemma 2.1.3, and that the graded Lie

algebra grpLq “
À

iě1 γipLq{γi`1pLq was defined before Example 2.1.2.

Theorem 4.2.1. Let L “ M ‘ xxy and H “ N ¸ xyy be two finite-dimensional

nilpotent Lie algebras, where M and N are ideals of L and H, respectively. Suppose

that M – N and grpLq – grpHq, and there exists an element u P UpNq such that

padUpHq uqpNq Ď N and adUpHq u|N “ adUpHq y|N . Then, there exists an isomorphsim

between UpLq and UpHq.
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Proof. Let w “ y ´ u. Since adUpHq upNq Ď N and adUpHq u|N “ adUpHq y|N we have

that rw,N s “ 0. Suppose that f : M Ñ N is an isomorphism between M and N .

Then the map α : L Ñ UpHq, defined by αpzq “ fpzq for z P M and αpxq “ w, is a

Lie homomorphism. Note that M‘xxy – N‘xwy via α. By the universal property of

UpLq we obtain an algebra homomorphism α : UpLq Ñ UpHq such that the diagram

L

i

��

α // UpHq

UpLq

α

<<

is commutative. We will show that α is an isomorphism. In order to show that α is

surjective we note that y “ w ` u P Imα and N “ αpMq Ď Imα . Therefore, the

generators of H are contained in Imα, and it follows that αpωpLqq “ ωpHq. Now,

since L is nilpotent, so is grpLq and the nilpotency classes of L and grpLq coincide.

Since grpLq – grpHq, the nilpotency classes of L and H also coincide and

γipLq{γi`1pLq – γipgrpLqq{γi`1pgrpLqq – γipgrpHqq{γi`1pgrpHqq – γipHq{γi`1pHq,

for every i ě 1. These isomorphisms imply that

dim γipLq{γi`1pLq “ dim γipHq{γi`1pHq,

for every i ě 1. By the nilpotency of L and H it follows that dim γipLq “ dim γipHq for

i ě 1. Since every nilpotent Lie algebra has a homogeneous basis (see Example 2.1.2

(2)), Lemma 2.1.10 (2) implies that UpLq{ωkpLq is finite-dimensional for all k ě 1,

and since dim γipLq “ dim γipHq Lemma 2.1.10 (2) again implies that

dimUpLq{ωipLq “ dimUpHq{ωipHq,

for every i ě 1. Now, by Lemma 2.1.10 (1) ωpLq is residually nilpotent, and as

ϕpωpLqq “ ωpHq, Lemma 2.1.11 implies that ϕ is an isomorphism.

The following corollary says when an isomorphism in Theorem 4.2.1 is a bialgebra

isomorphism. Recall PpUpLqq denotes the set of primitive elements of UpLq; see

discussion before Definition 1.3.7.
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Corollary 4.2.2. In Theorem 4.2.1, if u P PpUpNqq then UpLq – UpHq as bialgebras.

Proof. We will show that the application α in Theorem 4.2.1 is a coalgebra homo-

morphism. Since the comultiplication is an algebra homomorphism it is enough verify

that

pα b αq∆Lpzq “ ∆Hpαpzqq,

for every z in a basis of L. Suppose that tx1, . . . , xn, xu is a basis of L. By the

definition of α we have that pα b αq∆Lpxiq “ ∆Hpαpxiqq, for 1 ď i ď n . For the

element x we have

pα b αq∆Lpxq “ 1b αpxq ` αpxq b 1

“ 1b w ` w b 1

“ 1b y ` y b 1´ p1b u` ub 1q

“ ∆Hpyq ´∆Hpuq

“ ∆Hpwq.

Therefore, α is a bialgebra isomorphism.

Several of the known counterexamples for the isomorphism problem that were pre-

sented in [27] and [29] can be viewed as consequences of Theorem 4.2.1 and Corollary

4.2.2. We will illustrate this with the generic example presented in [27, Example B].

Example 4.2.3. Let A “ xx0, . . . , xpy be an abelian Lie algebra of dimension p ` 1

over a field F of characteristics p. Consider the Lie algebras H “ A ¸ xλ, πy and

L “ A¸xλ, zy with the relations given by rλ, xis “ xi´1 for 1 ď i ď p and rλ, x0s “ 0,

rπ, xps “ x0 and rπ, xis “ 0 for 0 ď i ă p, rλ, πs “ rz, Ls “ 0. Note that L “M ‘ xzy

and H “ N ¸ xπy, where M,N are the ideals generated by A and λ. We have

that γnpLq “ γnpHq “ xx0, . . . , xp´pn´1qy for n ď p ` 1, and γnpLq “ γnpHq “ 0

for n ą p ` 1. Thus, it follows that grpLq – grpHq. Note that L and H are each

metabelian and nilpotent of class p` 1. Since charF “ p, it follows that

adλppxpq “ padλqppxpq “ x0 “ ad πpxpq,

see equation (2.1) and adλppxiq “ padλqppxiq “ 0 “ ad πpxiq for 0 ď i ă p. Hence

adλp|N “ ad π|N ; and by Theorem 4.2.1 we have that UpLq – UpHq. Moreover, since
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λp P PpUpNqq, then by Corollary 4.2.2 we have that UpLq – UpHq as bialgebras.

We can use this example for verify that over the field F with charF “ 2 we have

that UpL3q – UpL5q as bialgebras, for the Lie algebras L3 and L5 presented in [29].

In fact, reordering the basis of these algebras, they can be written in the form

L3 “ xx5, x4, x2, x1, x3 | rx1, x2s “ x4, rx1, x4s “ x5y,

L5 “ xx5, x4, x2, x1, x3 | rx1, x2s “ x4, rx1, x4s “ x5, rx2, x3s “ x5y.

Now, let A “ xx5, x4, x2y, λ “ x1 and π “ z “ x3. In this way L3 “ A ¸ xλ, zy and

L5 “ A¸xλ, πy with the relation as in Example 4.2.3 with p “ 2. Thus UpL3q – UpL5q

as bialgebras (cf Example 2.1.6).

Other non-isomorphic nilpotent Lie algebras over the field F of characteristic 3,

of the paper [29], which we can apply Theorem 4.2.1 and Corollary 4.2.2, are the Lie

algebras K6, K11 and K7, K12. We verify this in the following example.

Example 4.2.4. For representing these Lie algebras we assume that tx1, . . . , x6u is

a basis for them, and we only write the non-zero brackets in this basis.

K6 : rx1, x2s “ x4 , rx1, x4s “ x5 , rx1, x5s “ x6 , rx2, x4s “ x6.

K11 : rx1, x2s “ x4 , rx1, x4s “ x5 , rx1, x5s “ x6 , rx2, x4s “ x6 , rx2, x3s “ x6.

K7 : rx1, x2s “ x4 , rx1, x4s “ x5 , rx1, x5s “ x6.

K12 : rx1, x2s “ x4 , rx1, x4s “ x5 , rx1, x5s “ x6 , rx2, x3s “ x6.

First, we will see that UpK6q – UpK11q. Let M and N the subspaces generated

by xx1, x2, x4, x5, x6y in K6 and K11, respectively. In this way K6 “ M ‘ xx3y and

K11 “ N¸xx3y. It is immediate that M – N and that u “ ´x3
1 verifies the hypotheses

of Theorem 4.2.1. Therefore UpK6q and UpK11q are isomorphic. Moreover, since

´x3
1 P PpUpNqq, Corollary 4.2.2 implies that UpK6q – UpK11q as bialgebras.

Now, we show that UpK7q – UpK12q. Let M and N the subspaces generated

by xx1, x2, x4, x5, x6y in K7 and K12, respectively. In this way K7 “ M ‘ xx3y and

K12 “ N¸xx3y. It is immediate that u “ ´x3
1 verifies the hypotheses of Theorem 4.2.1.

Therefore UpK7q and UpK12q are isomorphic. Moreover, since ´x3
1 P PpUpNqq, Corol-

lary 4.2.2 implies that UpK7q – UpK12q as bialgebras.

60



4.3 Semicenter of UpLq

In this section we define the semicenter of a universal enveloping algebra. We

will show that in characteristic 0 this object is preserved by isomorphisms between

universal enveloping algebras. So it is important to introduce this object in the study

of the isomorphism problem. A more complete treatment of this topic can be found

in [3, 7, 8].

Let L be a finite-dimensional Lie algebra over an arbitrary field F. For each λ P L˚,

let

UλpLq “ ta P UpLq | rx, as “ λpxqa for all x P Lu.

For λ, µ P L˚ we have that UλpLqUµpLq Ď Uλ`µpLq. Also if UλpLq ‰ UµpLq it is

immediate to verify that UλpLq X UµpLq “ 0. The direct sum

SzpUpLqq “
à

λPL˚

UλpLq

is called the semicenter of UpLq. Clearly U0pLq coincides with ZpUpLqq, the center

of UpLq. Suppose that λ P L˚ is such that UλpLq ‰ 0, then λ is a one-dimensional

representation of L, which implies that λpL1q “ 0. In fact, let w P UλpLqzt0u then

rrx, ys, ws “ λprx, ysqw for all x, y P L. On the other hand

rrx, ys, ws “ ´rw, rx, yss “ rx, ry, wss ` ry, rw, yss “

λpyqrx,ws ´ λpxqry, ws “ pλpxqλpyq ´ λpyqλpxqqw.

Therefore λprx, ysq “ λpxqλpyq ´ λpyqλpxq “ 0. Thus λ is a one-dimensional repre-

sentation of L.

If λ P L˚ is such that UλpLq ‰ 0 then λpxq “ 0 for every x P L such that adUpLq x is

nilpotent. In fact, let w be a non-zero element of UλpLq and suppose padUpLq xq
n “ 0.

Then

0 “ padUpLq xq
n
pwq “ λpxqnw,

which implies that λpxq “ 0.

Example 4.3.1. Let H “ 〈x1, . . . , xn, y1, . . . , yn, z | rxi, yis “ z for 1 ď i ď n〉 be the

p2n ` 1q-dimensional Heisenberg Lie algebra over a field F, see Example 2.1.5 (4).

61



Suppose that charF “ p. Let λ P L˚ such that UλpLq ‰ 0. Since charF “ p, equa-

tion (2.1) and the fact that H is nilpotent of class two imply that xpi , y
p
i P ZpUpLqq.

Thus adUpLq xi and adUpLq yi are nilpotent. Hence λpxiq “ λpyiq “ 0, and since

H 1 “ xzy it follows that λpzq “ 0. Therefore λ “ 0, and this implies that

SzpUpLqq “ U0pLq “ ZpUpLqq.

In [8, Proposition 4.3.5] Dixmier showed that if charF “ 0 then SzpUpLqq is a

commutative subalgebra of UpLq. Later, in [3, Proposition 2.1] Braun and Vernik

showed that this is true in any characteristic. We will show that in characteristic 0

the semicenter is preserved by isomorphisms between universal enveloping algebras.

Before this, we need to introduce another notation. We recall that QpLq denotes the

ring of quotients of UpLq, see Section 2.2. For λ P L˚, let

QλpLq “ ta P QpLq | rx, as “ λpxqa for all x P Lu.

Clearly UλpLq “ QλpLq X UpLq.

Lemma 4.3.2. Let L be a finite-dimensional Lie algebra over a field F of character-

istic 0, and a P QpLq, a ‰ 0. Then, a´1UpLqa “ UpLq if and only if there exists

λ P L˚ such that a P QλpLq.

Proof. The proof follows applying [18, Theorem 1] with P “ 0.

Theorem 4.3.3. Let L,H be finite-dimensional Lie algebras over a field F of char-

acteristic 0, and suppose that ϕ : UpLq Ñ UpHq is an algebra isomorphism. Then

ϕpSzpUpLqqq “ SzpUpHqq. Consequently, SzpUpLqq is invariant under AutpUpLqq.

Proof. Suppose that ϕ : UpLq Ñ UpHq is an algebra isomorphism. This isomorphism

induces an isomorphism ϕ : QpLq Ñ QpHq, defined by ϕpas´1q “ ϕpaqϕpsq´1. Given

λ P L˚, let a be a nonzero element in UλpLq. Then, by Lemma 4.3.2, a´1UpLqa “

UpLq. Applying ϕ we have that ϕpaq´1UpHqϕpaq “ UpHq. Lemma 4.3.2 again implies

that ϕpaq P QµpHq, for some µ P H˚. However, since ϕpaq P UpHq it follows that

ϕpaq P QµpHq X UpHq “ UµpHq. This implies that ϕpSzpUpLqqq Ď SzpUpHqq. Using

the same argument for ϕ´1 we obtain that ϕ´1pSzpUpHqqq Ď SzpUpLqq. Therefore,

ϕpSzpUpLqqq “ SzpUpHqq. Consequently, if ϕ : UpLq Ñ UpLq is an automorphism of

UpLq, then we have that ϕpSzpUpLqqq “ SzpUpLqq.
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4.4 The Frobenius Semiradical of a Lie algebra

Let L be a finite-dimensional Lie algebra over an arbitrary field F. Let f P L˚,

and define an alternating bilinear form Bf : Lˆ LÑ F, by Bf px, yq “ fprx, ysq. The

radical of this bilinear form is the set

Lpfq “ tx P L | fprx, ysq “ 0 for all y P Lu.

It is easy to see that Lpfq is a Lie subalgebra (which may not be an ideal) of L

containing the center ZpLq of L. Let f P L˚. Then the bilinear form Bf induces a

non-degenerate alternating bilinear form on L{Lpfq, defined by px`Lpfq, y`Lpfqq ÞÑ

Bf px, yq. Since the dimension of a vector space with a non-degenerate alternating

bilinear form is even, we have that dimL´ dimLpfq is an even number.

Set

ipLq “ min
fPL˚

dimLpfq;

the number ipLq is referred to as the index of L. In particular we have that dimL´ipLq

is even. Moreover, ipLq “ dimL if and only if L is abelian. An element f P L˚ is

called regular if dimLpfq “ ipLq. The set of regular elements is denoted by L˚reg.

The set

F pLq “
ÿ

fPL˚reg

Lpfq

is called the Frobenius semiradical of L. This is a subalgebra of L. Let α P AutpLq;

then αpLpfqq “ Lpf ˝α´1q for all f P L˚. Hence αpF pLqq “ F pLq, and it follows that

F pLq is a characteristic subalgebra of L containing ZpLq. Note that if F pLq ‰ L,

then f |L1 ‰ 0 for every regular element f . In fact, if f |L1 “ 0 for some f P L˚reg, then

Lpfq “ tx P L | fprx, ysq “ 0 for all y P Lu “ L, which implies that F pLq “ L. On

other hand, F pLq “ 0 if and only if there exists f P L˚ such that the bilinear form

Bf is non-degenerated. The last is equivalent to that the matrix of the bilinear form

Bf , in some base of L, is non-singular.

Example 4.4.1. Let L “ xx1, . . . , x6 | rx1, x2s “ x5, rx1, x3s “ x6, rx2, x4s “ x6y. A

calculation shows that ZpLq “ xx5, x6y. Let f P L˚, and let x “ α1x1 ` ¨ ¨ ¨ ` α6x6 an
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element in Lpfq. Then

0 “ fprx, x2sq “ α1fpx5q ´ α4fpx6q,

0 “ fprx, x3sq “ α1fpx6q,

0 “ fprx, x1sq “ ´α2fpx5q ´ α3fpx6q,

0 “ fprx, x4sq “ α2fpx6q.

Let tϕ1, . . . , ϕ6u be the dual basis of tx1, . . . , x6u and consider the linear functional f “

ϕ5 ` ϕ6. If x P Lpfq as above, then αi “ 0 for i “ 1, . . . , 4; and consequently Lpfq Ď

ZpLq. Since Lpfq contains ZpLq, we obtain that Lpfq “ ZpLq. Therefore ipLq “ 2,

and for all f P L˚reg we have that Lpfq “ ZpLq. Hence F pLq “
ř

fPL˚reg
Lpfq “ ZpLq.

Lemma 4.4.2. Suppose that L is a finite-dimensional Lie algebra of dimension at

least 3 over a field F and that H is an abelian subalgebra of codimension 1 of L. Let

f P L˚. Then the bilinear form Bf : px, yq ÞÑ fprx, ysq is degenerate. Consequently,

F pLq ‰ 0.

Proof. Suppose that tx1, . . . , xnu is a basis of H and complete this basis to a basis

tx1, . . . , xn, xn`1u of L. Since H is abelian, the matrix of Bf with respect to the basis

tx1, . . . , xn, xn`1u is an anti-symmetric matrix of the form

¨

˚

˚

˚

˚

˚

˚

˝

0 0 ¨ ¨ ¨ 0 ˚

0 0 ¨ ¨ ¨ 0 ˚

...
...

. . .
... ˚

0 0 ¨ ¨ ¨ 0 ˚

˚ ˚ ¨ ¨ ¨ ˚ 0

˛

‹

‹

‹

‹

‹

‹

‚

.

Clearly this matrix is singular, and it follows that Bf is degenerate. Thus Lpfq ‰ 0,

and since f is arbitrary we have that F pLq ‰ 0.

A Lie algebra L is called square integrable if ZpLq “ F pLq. Clearly this is equiv-

alent to dimZpLq “ ipLq. For instance, the Lie algebra L of Example 4.4.1 is square

integrable. We will also see later, that some Lie algebras of Group 5, in the group

division in Section 3.1, are square integrable. The following lemma guarantees that

there exist many examples of square integrable Lie algebras.
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Lemma 4.4.3. Let L be a finite-dimensional Lie algebra over a field F. Suppose that

dimL1 “ 1. Then, L is square integrable.

Proof. Suppose that L1 “ xzy, and let ϕ be a linear functional of L such that ϕpzq “ 1.

Let x P Lpϕq. Then ϕprx, ysq “ 0 for each y P L. Since L1 “ xzy, for each y P L there

exists αy P F such that rx, ys “ αyz. Thus

αy “ αyϕpzq “ ϕpαyzq “ ϕprx, ysq “ 0

for each y P L, and it follows that x P ZpLq; and so Lpϕq Ď ZpLq. On the other hand,

it is clear that ZpLq Ď Lpϕq, consequently Lpϕq “ ZpLq. Thus, for each f P L˚reg we

have Lpfq “ ZpLq. Hence F pLq “
ř

fPL˚reg
fpLq “ ZpLq.

The following lemma relates the Frobenius semiradical with the center of the

universal enveloping algebra. This relation is very useful for deciding if two universal

enveloping algebras are isomorphic or not. This lemma also is very useful for the

calculation of the Frobenius semiradical.

Lemma 4.4.4. Let L be a finite-dimensional Lie algebra over a field F of character-

istic 0. Then the following are valid.

1. Let M be a Lie subalgebra of L of codimension one. Then ipMq “ ipLq ` 1 if

and only if F pLq ĎM .

2. If u P L is such that CLpuq has codimension one in L, then ipCLpuqq “ ipLq`1.

3. ZpUpLqq Ď UpF pLqq.

Proof. See [9, Proposition 1.6 (4)] for part (1), [9, Proposition 1.9 (1)] for part (2)

and [21, Theorem 2.5 (1)] for part (3).

Part (3) of Lemma 4.4.4 gives a necessary condition for an element to be central

in UpLq. In general, the containment stated in Lemma 4.4.4 (3) is not valid in

characteristic p. We see this in the following example.
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Example 4.4.5. Let L “ xx1, . . . , x6 | rx1, x2s “ x5, rx1, x3s “ x6, rx2, x4s “ x6y. In

Example 4.4.1 we saw that F pLq “ ZpLq “ xx5, x6y. Therefore UpF pLqq “ F rx5, x6s.

If charF “ p, then equation (2.1) and the fact that L is nilpotent of class 2 imply

that 0 “ padx1q
p “ adpxp1q. Thus xp1 P ZpUpLqq, but it is not true that xp1 P UpF pLqq.

Hence ZpUpLqq Ę UpF pLqq.

Using Lemma 4.4.4 (3) we can show an interesting property of square integrable

Lie algebras over a field F of characteristic 0. Suppose that L is a square integrable

Lie algebra over a field F of characteristic 0. Then Lemma 4.4.4 (3) implies that

ZpUpLqq Ď UpZpLqq. On other hand, it is clear that UpZpLqq Ď ZpUpLqq. Thus,

ZpUpLqq “ UpZpLqq. That is, the associative subalgebra of UpLq generated by the

center of L is equal to the center of UpLq. Thus we have shown the following theorem.

Theorem 4.4.6. Suppose that L is a square integrable Lie algebra over a field F of

characteristic 0. Then UpZpLqq “ ZpUpLqq.

In the following example we calculate the center of the universal enveloping algebra

of the Heisenberg Lie algebra over a field of characteristic zero. It is well known that

this center is the associative subalgebra generated by the center of the Heisenberg Lie

algebra. We will obtain this with the results shown so far.

Example 4.4.7. Let H “ 〈x1, . . . , xn, y1, . . . , yn, z | rxi, yis “ z for 1 ď i ď n〉 be the

p2n`1q-dimensional Heisenberg Lie algebra over a field F, see Example 2.1.5 (4). Then

H 1 “ ZpHq “ xzy. By Lemma 4.4.3 we have that H is square integrable. Moreover,

if charF “ 0, then Theorem 4.4.6 implies that ZpUpHqq “ UpZpHqq “ Frzs is the

polynomial ring in the indeterminate z.

Usefi in [32, Section 8] gave a list of open problems and the following question can

be found:

Let L be a finite-dimensional Lie algebra over a field of characteristic zero. Is

ZpLq determined by UpLq?

In general we do not know if this is true for any Lie algebra, but in the following

theorem we show that in the class of finite-dimensional square integrable Lie algebras

this question has a positive answer.
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Theorem 4.4.8. Suppose that L and H are finite-dimensional square integrable Lie

algebras over a field F of characteristic 0, and that ϕ : UpLq Ñ UpHq is an algebra

isomorphism. Then, dimZpLq “ dimZpHq.

Proof. Since L and H are square integrable, Theorem 4.4.6 implies that ZpUpLqq “

UpZpLqq and ZpUpHqq “ UpZpHqq. Using the second equality and applying ϕ we

have that

UpZpHqq “ ZpUpHqq “ ϕpZpUpLqqq “ ϕpUpZpLqqq.

Therefore, ϕ|UpZpLqq is an isomorphism between UpZpLqq and UpZpHqq. Thus, by

Lemma 2.3.3 (1) it follows that dimZpLq “ dimZpHq.

We will make a brief study of the square integrable Lie algebras in dimension

4, and as a consequence, we obtain that many Lie algebras of the group division in

Section 3.1 are square integrable.

Lemma 4.4.9. Let L be a Lie algebra of dimension 4 over an arbitrary field F. The

following holds.

1. If L is square integrable and ZpLq ‰ 0, then L is abelian or dimZpLq “ 2.

2. If L is abelian or dimZpLq “ 2, then L is square integrable.

Proof. (1) Since dimL´ ipLq is an even number, it follows that ipLq “ 0, 2 or 4. Since

ZpLq ‰ 0, we have that ipLq ‰ 0. If ipLq “ 2, then dimZpLq “ ipLq “ 2, since L is

square integrable. Now, if ipLq “ 4 it follows that ZpLq “ L and thus L is abelian.

(2) If L is abelian, then it is clear that F pLq “ ZpLq. Suppose that dimZpLq “ 2,

since dimL ´ ipLq is even and ipLq ă 4, we have that ipLq “ 2. This implies that

F pLq “ ZpLq.

We are interested in knowing which of the algebras in Section 3.1 are square

integrable. By Lemma 4.4.9 (2) the algebras M1,M4 and M5 are square integrable

Lie algebras, and by Lemma 4.4.9 (1) it is enough search square integrable Lie algebras

among the Lie algebras which have trivial center. By Lemma 4.4.2 we have that the

Lie algebras in Group 4, of the group division in Section 3.1, are not square integrable.

Only remains to know if the Lie algebras with trivial center that do not belong to
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Group 4, in the group division in Section 3.1, are square integrable. For this, observe

that if L is a Lie algebra in Section 3.1 with basis tx1, x2, x3, x4u and trivial center

and different from M8, then the subalgebra generated by xx1, x2y is abelian. In the

case of M8, we have that the subalgebra generated by xx1, x4y is abelian. We will

consider a basis ty1, y2, y3, y4u for these Lie algebras where yi “ xi for the Lie algebras

different from M8 and y1 “ x1, y2 “ x4, y3 “ x3, y4 “ x1 for M8. In this way in

all Lie algebras we have that the subalgebra xy1, y2y is abelian. We will denote by

tϕ1, ϕ2, ϕ3, ϕ4u the dual basis of ty1, y2, y3, y4u. Now, let f P L˚ and define the bilinear

form Bf : LˆLÑ F by Bf px, yq “ fprx, ysq, as Section 4.4. Since xy1, y2y is abelian,

the matrix of Bf in the basis ty1, y2, y3, y4u has the form

˜

0 ´AT

A ˚

¸

,

where

A “

˜

fpry3, y1sq fpry3, y2sq

fpry4, y1sq fpry4, y2sq

¸

.

The bilinear form Bf is non-degenerate if and only if detpAAT q ‰ 0. Therefore, to

show that the Frobenius semiradical of these algebras is zero it is enough find a linear

functional f such that detA ‰ 0, where A is as above.

In the following table we display the information that will be necessary to show

that some Lie algebras in Section 3.1, which have a trivial center, are square integrable

Lie algebras. The first column contains the name of the Lie algebra with the notation

of Section 3.1. The second column contains a linear functional f and the third column

contains the matrix A in the basis ty1, y2, y3, y4u, defined as above. The matrix A

is obtained by observing the multiplication table of the respective Lie algebras and

applying the functional f .
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Name functional matrix

M12 ϕ2

¨

˝

1 0

0 2

˛

‚

M13
a ϕ2

¨

˝

1 0

0 1

˛

‚

M11
a,b ϕ1

¨

˝

0 a

1 0

˛

‚

M8 ϕ1 ` ϕ2

¨

˝

0 1

´1 0

˛

‚

M9
a ϕ1

¨

˝

1 0

0 1

˛

‚

M13
0 ϕ2

¨

˝

1 0

0 1

˛

‚

M10
a ϕ2

¨

˝

0 1

1 0

˛

‚

Theorem 4.4.10. With the notation of Section 3.1, we have that the solvable square

integrable Lie algebras of dimension 4 are precisely

M1, M4, M5, M8, M9
a , M

10
a , M

11
a,b, M

12 if charF ‰ 2, M13
a .

Proof. By Lemma 4.4.9 (2) we have that M1, M4, M5 are square integrable Lie al-

gebras; and by Lemma 4.4.9 (1) it is enough search square integrable Lie algebras

among the Lie algebras which have trivial center. Now, Lemma 4.4.2 implies that the

Lie algebras in Group 4, of the group division in Section 3.1, are not square integrable.

Thus, the only possibilities for square integrable Lie algebras are those that are in the

table above. Since the matrices in the third column of this table are non-singular, the

Frobenius semiradical of these algebras is zero (note that here we use that charF ‰ 2

in the case of M12). Therefore these Lie algebras are square integrable.
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An immediate consequence of Theorem 4.4.10 and Theorem 4.4.6 is the following

corollary.

Corollary 4.4.11. Let L be one of the Lie algebras in Theorem 4.4.10 over a field of

characteristic 0. Then ZpUpLqq is a polynomial ring with dimZpLq indeterminates.

We conclude this section with a proposition which is a partial result towards the

second step of the proof of Theorem 3.2.1. But before we need to subdivide of Group

5, of the group division in Section 3.1, into two subgroups. This subdivision separates

the Lie algebras of Group 5, which are square integrable from those that are not. We

follow the notation in Section 3.1 and refer to the same section for all information

about these algebras. The subgroups of Group 5 are the following

Group 5.1 (not square integrable): M3
0 , M

6
0,b, M

7
0,b.

Group 5.2 (square integrable): M8, M9
a , M

13
a , M

10.

Proposition 4.4.12. Suppose that F is a field of characteristic 0. If L belongs to

Group 5.1 and H belongs to Group 5.2 in the subdivision above, then UpLq fl UpHq.

Proof. In Theorem 4.4.10 we showed that F pHq “ 0. Thus, Lemma 4.4.4 (3) implies

that ZpUpHqq Ď Up0q “ F, and hence ZpUpHqq “ F. On other hand, we have that

ZpLq ‰ 0, see the table of Group 5 in Section 3.1. This implies that ZpUpLqq ‰ F.

Hence UpLq fl UpHq.

70



Chapter 5

Universal enveloping algebras of
certain Lie algebras

In Chapter 2, after Lemma 2.3.3, we saw that the isomorphism problem has a

positive solution for finite-dimensional abelian Lie algebras. A natural way to continue

addressing the isomorphism problem is to ask: What happens when we consider Lie

algebras having an abelian ideal of codimension 1? Will the isomorphism problem

have a positive solution? Despite addressing this in the next chapter, the motivation

for this chapter was to search for an answer for this question. In general, in this

chapter we consider the question above with a proper abelian ideal and we will see

that the answer for this question is positive under some conditions.

This chapter consists of two sections. In Section 5.1, given a Lie algebra L and

an abelian ideal M , we introduce a new Lie algebra LM which is invariant under a

certain group of automorphisms of UpLq, and we will show that in some cases LM

is isomorphic to L. This section was inspired by an analysis of the paper by Chun,

Kajiwara and Lee [4]. Section 5.2 is dedicated to the calculation of the algebra LM

for different ideals M . With these calculations we give more examples of Lie algebras

with non-isomorphic universal enveloping algebras.

5.1 The algebra LM

The aim of this section is to present a construction that, for a Lie algebra L and

an abelian ideal M of L, outputs another Lie algebra LM which is invariant under
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a certain group of automorphisms of UpLq. We will show that LM is sometimes

isomorphic to L, and in such cases the isomorphism type of L is determined by the

isomorphism type of UpLq.

Throughout this section, L denotes a finite-dimensional Lie algebra over an ar-

bitrary field F, M an abelian ideal of L and K denotes the quotient L{M . Since

M is abelian, the adjoint representation adK,M : K Ñ glpMq of K on M , given by

adK,Mpk `Mqpaq “ rk, as for all k `M P K and a P M , is well-defined. Then the

image adK,MpKq of K under adK,M is a subalgebra of glpMq. Also, Lemma 2.3.1 (1)

implies that MUpLq is a two-sided ideal of UpLq and by Lemma 2.3.1 (2) we have

UpKq – UpLq{MUpLq.

Let m be a maximal two-sided ideal of UpLq such that UpLq{m – F and MUpLq Ď

m. It is clear that MUpLqm “Mm. Set

rI “MUpLq{Mm,

and consider rI as an abelian Lie algebra. Since M is abelian, by [4, Proposition 2.4],

the map

ϑ : x ÞÑ x`Mm (5.1)

is an isomorphism of the (abelian) Lie algebras M and rI. Consequently, if txiuiPI is

a basis of M then txi `MmuiPI is a basis of rI.

Define a map β : UpLq{MUpLq Ñ glprIq by setting

βpw `MUpLqqpa`Mmq “ rw, as `Mm “ pwa´ awq `Mm (5.2)

for all w P UpLq and a P MUpLq. We claim that β is a well-defined homomorphism

of Lie algebras. In fact, suppose that w P UpLq, a, v P MUpLq, u P Mm; and note

that MUpLq Ď m. Then

rw ` v, a` us “ rw, as ` rw, us ` rv, as ` rv, us.

Now rw, us “ wu ´ uw P Mm, rv, as “ va ´ av P Mm since the Lie algebra rI is

abelian, and rv, us “ vu ´ uv P Mm. Thus rw ` v, a ` us `Mm “ rw, as `Mm.

Since β is induced by the adjoint action of UpLq on the ideal MUpLq, we have that

β : UpLq{MUpLq Ñ glprIq is a Lie homomorphism.
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Let J be the unique Lie ideal of UpLq that contains MUpLq and such that ker β “

J{MUpLq. That is

J “ tw P UpLq | rw, as PMm for all a PMUpLqu. (5.3)

Recall that the semidirect product of two Lie algebras is defined before Lemma 2.1.3.

Consider rI and rK “ UpLq{J as Lie algebras and set

LM “ rI ¸β rK.

Then LM is a Lie algebra. In the following proposition we will investigate the principal

properties of the algebra LM and the ideal J .

Proposition 5.1.1. Let L be a finite-dimensional Lie algebra and M an abelian ideal

of L. Then the following are valid.

1. LM is a finite-dimensional Lie algebra. Moreover, LM is metabelian if K is

abelian.

2. J Xm is a two-sided associative ideal of UpLq.

3. Suppose that m “ ωpLq. Then LX J “ CLpMq and CLpMqUpLq Ď J .

4. Suppose that m “ ωpLq. Then there exists an injective homomorphism rχ from

M¸L{CLpMq to LM which is an isomorphism if and only if dim L
CLpMq

“ dim rK.

Proof. (1) Since β is a Lie algebra homomorphism, it follows that LM is a Lie al-

gebra. Note that β induces an injective homomorphism rK Ñ glprIq and so rK is

finite-dimensional. Hence LM is also finite-dimensional. Now, if K “ L{M is abelian

then also is UpKq “ UpLq{MUpLq, and consequently so is rK. Thus, since LM is

defined as a semidirect sum of two abelian Lie algebras, LM is metabelian.

(2) Note that J Xm is a Lie ideal of UpLq. Therefore, in order to show that J Xm

is a two-sided associative ideal, it is enough show that J Xm is a right ideal. Suppose

that w P J Xm and let u P UpLq. Then, for a PMUpLq, we have that

rwu, as “ rw, asu` wru, as “ rw, asu` rw, ru, ass ` ru, asw.
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Since w P J the first two summands are in Mm, and since w P m the last summand

is in Mm. Thus wu P J Xm.

(3) Suppose x P LXJ . Then, by definition of J (see equation (5.3)), for all y PM

we have

rx, ys P LXMm “ LXMωpLq “M 1
“ 0,

see Lemma 2.3.1 (4) for the second equality. Thus x P CLpMq, and the inclusion

LXJ Ď CLpMq holds. For the converse inclusion, let x P CLpMq and let a “
řn
i“1 xiui;

where xi P M and ui P UpLq; be an arbitrary element of MUpLq. We will show that

rx, as PMm, and thus x P J . Since rx, xis “ 0 for all i, it follows that

rx, as “ x
n
ÿ

i“1

xiui ´
n
ÿ

i“1

xiuix “
n
ÿ

i“1

xixui ´
n
ÿ

i“1

xiuix.

Since every summand of the right-hand side of the last equation lies in Mm it follows

that x P L X J. Thus CLpMq Ď L X J , and the equality J X L “ CLpMq follows.

For the second affirmation note that CLpMq is an ideal of L, and so CLpMqUpLq is a

two-sided ideal of UpLq, by Lemma 2.3.1 (1). As J X m is a two-sided ideal of UpLq

which contains CLpMq, it follows that CLpMqUpLq Ď J Xm Ď J .

(4) We have that UpKq – UpLq{MUpLq under the isomorphism k ÞÑ k `MUpLq

for each k P K. Composing this isomorphism with the natural homomorphism

UpLq{MUpLq Ñ UpLq{J we obtain an homomorphism ι : K Ñ rK, defined by

ιpkq “ k ` J . On the other hand, the isomorphism ϑ : M Ñ rI induces an iso-

morphism ϑ˚ : glpMq Ñ glprIq, given by α ÞÑ ϑαϑ´1. We claim that the following

diagram commutes

K

adK,M

��

ι // rK

β

��

glpMq
ϑ˚ // glprIq

Suppose that k P K and a`Mm P rI. As noted after of (5.1), the elements xi `Mm

form a basis for rI, where the set txiui is a basis for M . Hence we may assume without
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loss of generality that a PM . Then

βpk `MUpLqqpa`Mmq “ rk, as `Mm “ adK,Mpkqpaq `Mm “

ϑ adK,Mpkqϑ
´1
pa`Mmq “ ϑ˚padK,Mpkqqpa`Mmq.

Thus, the diagram commutes. By Lemma 2.1.3 the map χ : M ¸K Ñ LM “ rI ¸β rK,

defined by χpa, kq “ pϑpaq, ιpkqq, is a homomorphism between the Lie algebras M¸K

and LM . Now, an element x`M of K is in the kernel of ι if and only if ιpxq “ J , if

and only if x P JXL “ CLpMq, see item (3). Therefore ker ι “ CLpMq{M , and thus ι

induces an injective homomorphism between K{ ker ι and rK. On the other hand, it is

clear that ker adK,M “ CLpMq{M . Thus, adK,M induces an injective homomorphism

between K{ kerpadK,Mq and glpMq. Note that K{ ker ι “ K{ kerpadK,Mq “ L{CLpMq.

Hence, we have the following commutative diagram

L
CLpMq� _

��

� � // rK

β

��

K

== ==

adK,M ""

glpMq
ϑ˚ // glprIq

Thus, χ induces an injective homomorphism rχ : M ¸ L
CLpMq

Ñ LM “ rI ¸ rK, which

is defined as rχpa, x ` CLpMqq “ pa ` Mm, x ` Jq. It is immediate that rχ is an

isomorphsim if and only if dim L
CLpMq

“ dim rK.

In the next result we use ttu for the largest integer less than or equal to t.

Corollary 5.1.2. Let L be a Lie algebra and M an abelian ideal of L containing L1.

Suppose that L “ M ¸K, where dimK ě t
pdimMq2

4
u ` 1. Then, choosing m “ ωpLq,

we have that:

1. LM –M ¸ L
CLpMq

.

2. If CLpMq “ M (that is adK,M is injective), then UpLq “ J ‘ K (as vector

spaces).
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Proof. (1) By Proposition 5.1.1 (4), it suffices to show that dim rK “ dim L
CLpMq

. This

will guarantee that the homomorphism rχ in Proposition 5.1.1 (4) is an isomorphism.

Since L1 Ď M the Lie algebras K “ L{M and rK are abelian. As L{CLpMq is a

subalgebra of rK it follows that dim rK ě dim L
CLpMq

ě t
pdimMq2

4
u ` 1. On the other

hand, since dim rI “ dimM , the maximal dimension of an abelian subalgebra of glprIq

is t
pdimMq2

4
u` 1, in virtue of [12, Theorem 1]. Thus, since rK is a subalgebra of glprIq,

t
pdimMq2

4
u` 1 ě dim rK, and so dim rK “ dim L

CLpMq
must hold.

(2) First note that J X K “ J X L X K “ CLpMq X K “ M X K “ 0, see

Proposition 5.1.1 (3). Now we will show that UpLq “ J ` K, this will imply that

UpLq “ J‘K. In item (1) we saw that dimK “ dim rK; thus, if tx1, . . . , xdu is a basis

of K then tx1 ` J, . . . , xd ` Ju is a basis of rK. Hence, given w P UpLq we have that

w`J “ α1px1`Jq`¨ ¨ ¨`αdpxd`Jq, and this implies that w “ α1x1`¨ ¨ ¨`αdxd`w1,

where w1 P J . Therefore, UpLq “ J `K.

Corollary 5.1.3. Let L be a finite-dimensional Lie algebra. Suppose that M is an

abelian ideal of L and x P L such that padxq2|M “ adx|M and L “ CLpMq ¸ xxy.

Choosing m “ ωpLq we have that LM –M ¸ L
CLpMq

.

Proof. It is enough to verify that the homomorphism rχ in Proposition 5.1.1 (4) is an

isomorphism, this is equivalent to show that dim rK “ 1. By Proposition 5.1.1 (3)

x R J . We will show that x2 ´ x P J , for this it is enough show that rx2 ´ x, ys PMm

for all y PM . Let us compute

rx2
´ x, ys “ rx2, ys ´ rx, ys

“ xrx, ys ` rx, ysx´ rx, ys

” xrx, ys ´ rx, ys mod Mm

” rx, rx, yss ´ rx, ys mod Mm,

for all y P M . Since padx|Mq
2 “ adx|M it follows that rx, rx, yss ´ rx, ys “ 0 for all

y PM , and this implies rx2´x, ys PMm. Hence x2´x P J . By Proposition 5.1.1 (2)

JXωpLq is an associative two-sided ideal of UpLq, this implies that x3´x2 P J . Thus

x3´ x “ px3´ x2q ` px2´ xq P J . An inductive procedure implies that xn´ x P J for

all n ě 1, that is xn ” x mod J for all n ě 1. Now, given an element w P UpLq it can

be written as w “ rw ` ppxq, where ppxq is a polynomial in x and rw P CLpMqUpLq.
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By Proposition 5.1.1 (3) rw P J and since xn ” x for all n ě 1 we have that w ” λx

for some λ P F, and so rK “ UpLq{J “ xx` Jy. Thus dim rK “ 1 as we required.

Theorem 5.1.4. Let L and H be finite-dimensional Lie algebras over an arbitrary

field F and let M and N be abelian ideals of L and H, respectively. Suppose that

α : UpLq Ñ UpHq is an algebra isomorphism such that αpMUpLqq “ NUpHq. Let m

be a maximal ideal of UpLq such that UpLq{m – F and M Ď m and set n “ αpmq.

Then α induces an isomorphism between the Lie algebras LM and HN .

Proof. Denote by rI1 “ MUpLq{Mm and rI2 “ NUpHq{Nn. Since αpMUpLqq “

NUpHq we have that

αpMmq “ αpMUpLqmq “ αpMUpLqqαpmq “ NUpHqn “ Nn.

Thus, the map αpa`Mmq “ αpaq `Nn, a P MUpLq, is an isomorphism between rI1

and rI2.

Let J1{MUpLq and J2{NUpHq be the kernels of the actions of UpLq{MUpLq and

UpHq{NUpHq on rI1 and rI2 defined by equation (5.2). We will show that αpJ1q “ J2.

By definition

J1 “ tw P UpLq | rw, as PMm for all a PMUpLqu.

Suppose that w P J1. Then rw, as PMm for all a PMUpLq. Now, since αpMmq “ Nn,

it follows that rαpwq, αpaqs “ αprw, asq P Nn for all a P MUpLq. As a runs through

all elements of MUpLq, αpaq runs through all elements of NUpHq, and so we have

that rαpwq, as P Nn for all a P NUpHq. Therefore αpwq P J2, and so αpJ1q Ď J2 and

the other inclusion can be proved similarly. Thus, the map rαpw ` J1q “ αpwq ` J2,

w P UpLq, is an isomorphism between UpLq{J1 and UpHq{J2.

Define pα, rαq : LM Ñ HN , by pα, rαqpa`Mm, w ` J1q “ pαpa`Mmq, rαpw ` J1qq.

We show that pα, rαq is an isomorphism, for this we require to show that

α̃pra`Mm, w ` J1sq “ rαpaq `Nn, αpwq ` J2s

for all a PMUpLq and w P UpLq. Let us compute

rαpaq `Nn, αpwq ` J2s “ rαpaq, αpwqs `Nn “

αpra, ws `Mmq “ α̃pra`Mm, w ` J1sq.

Hence pα, rαq is an isomorphism, as claimed.
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Corollary 5.1.5. Suppose that L and H are finite-dimensional metabelian Lie alge-

bras over an arbitrary field and that α : UpLq Ñ UpHq is an algebra isomorphism. Let

m be a maximal ideal of UpLq such that UpLq{m – F and M Ď m and set n “ αpmq.

Then LL1 – HH 1.

Proof. By Lemma 2.3.2 αpL1UpLqq “ H 1UpHq. Thus, Theorem 5.1.4 implies that

LL1 – HH 1 .

The following proposition analyzes the isomorphism problem for the Lie algebras

of Group 5.2 in Section 4.4. This is another partial result towards the proof of

Theorem 3.2.1.

Proposition 5.1.6. Suppose that L belongs to Group 5.2 in Section 4.4. Then,

choosing m “ ωpLq, we have that L – LL1. Consequently, if L and H are in Group

5.2 and UpLq – UpHq, then L – H over an arbitrary field.

Proof. Note that L “ L1 ¸K where K “ L{L1, and also CLpL
1q “ L1. Thus dimK “

t
pdimL1q2

4
u ` 1. Thus L satisfies the hypotheses of Corollary 5.1.2, and applying item

(1) of this corollary we conclude that LL1 – L1 ¸K “ L. Now, suppose that L and

H are in Group 5.2 and that α : UpLq Ñ UpHq is an algebra isomomorphism. By

Lemma 2.3.4 we can assume that αpωpLqq “ ωpHq. Thus, Corollary 5.1.5 implies that

L – LL1 – HH 1 – H.

5.2 Computing LM for some Lie algebras

In this section, we calculate LM for several Lie algebras L. In all cases we as-

sume that m “ ωpLq. We recall that the base field F has arbitrary characteristic

unless otherwise mentioned. At the end of this section, we will see that these calcula-

tions provide more examples of Lie algebras with non-isomorphic universal enveloping

algebras.

(1) Let

M2
“ xx1, x2, x3, x4 | rx4, x1s “ x1, rx4, x2s “ x2, rx4, x3s “ x3y,

see Group 4 in Section 3.1. To simplify the notation we set L “ M2. We will show

that LM – L, where M “ L1. In fact, note that M “ CLpMq “ xx1, x2, x3y and
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L “ M ¸ xx4y. It is immediate to verify that padx4q
2|M “ adx4|M . Thus, Corol-

lary 5.1.3 implies that LM –M ¸ xx4y “ L.

(2) Let L be a nilpotent Lie algebra of class 2, this is equivalent to CLpL
1q “ L. If

M “ L1 then we have that LM – M . In fact, by Proposition 5.1.1 (3) it follows that

ωpLq “ LUpLq “ CLpMqUpLq Ď J . Therefore J “ UpLq, and consequently rK “ 0.

Hence LM “ rI –M . Examples of such Lie algebras include the p2n` 1q-dimensional

Heisenberg Lie algebras, see Example 2.1.5 (4).

(3) Consider the Lie algebra

M4
“ xx1, x2, x3, x4 | rx4, x2s “ x3, rx4, x3s “ x3y,

see Group 3 in Section 3.1. To simplify the notation we set L “M4. We calculate LM ,

where M “ L1. We have that M “ xx3y and CLpMq “ xx1, x2, x3y. Thus L{CLpMq “

xx4y and 1 “ dim L
CLpMq

“ t
pdimMq2

4
u ` 1. Hence, applying Corollary 5.1.2 (1), we

obtain LM – xx3y ¸ xx4y, with the nonzero bracket rx4, x3s “ x3. Another way to

obtain LM is to apply Corollary 5.1.3.

Now, let N “ xx1, x2, x3y. We have that CLpNq “ N and L “ CLpNq ¸ xx4y.

By observation it is immediate to verify that padx4q
2|N “ adx4|N , and therefore the

hypotheses of Corollary 5.1.3 are valid. Thus LN – N ¸ xx4y – L.

(4) Consider the Lie algebra

M3
0 “ xx1, x2, x3, x4 | rx4, x1s “ x1, rx4, x2s “ x3, rx4, x3s “ x3y,

see Group 5 in Section 3.1. To simplify the notation we set L “M3
0 . We compute LM ,

where M “ L1. We have that M “ xx1, x3y and CLpMq “ xx1, x2, x3y. By observation

we can verify the hypotheses of Corollary 5.1.3. Therefore

LM –M ¸
L

CLpMq
“ xx1, x3y ¸ xx4y,

where x4 acts as in M3
0 , that is via the transformation

adx4|M “

˜

1 0

0 1

¸

.
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Note that LM – L2, where L2 is as Theorem 3.1.1.

If we choose N “ xx1, x2, x3y we have that CLpNq “ N . By observation it is

immediate verify the hypotheses of Corollary 5.1.3 with the ideal N . Thus LN –

N ¸ L
CLpNq

– L.

(5) Consider the Lie algebra

M6
0,b “ xx1, x2, x3, x4 | rx4, x1s “ x2, rx4, x2s “ x3, rx4, x3s “ bx2 ` x3y,

see Group 5 in Section 3.1. As in (4), we set L “M6
0,b. We calculate LM , where M “

L1. We have that M “ xx2, x3y and CLpMq “ xx1, x2, x3y. By Proposition 5.1.1 (3),

x4 R J . Let us calculate the action of x4 and x2
4 over rI

rx4, x2s ” x3 mod MωpLq,

rx4, x3s ” bx2 ` x3 mod MωpLq,

rx2
4, x2s ” bx2 ` x3 mod MωpLq,

rx2
4, x3s ” bx2 ` p1` bqx3 mod MωpLq.

(5.4)

Thus rx2
4 ´ x4, x2s ” bx2 mod MωpLq, and rx2

4 ´ x4, x3s ” bx3 mod MωpLq. Note

that x2
4 ´ x4 P J if and only if b ‰ 0. Thus, we divide the analysis in to two cases:

If b ‰ 0, then the nonzero elements x4 ` J, x2
4 ´ x4 ` J are linearly independent.

In fact, the matrices of the transformations induced by x4 and x2
4 ´ x4 on rI are

adpx4 ` Jq “

˜

0 b

1 1

¸

and adpx2
4 ´ x4 ` Jq “

˜

b 0

0 b

¸

, (5.5)

an these are linearly independent. Therefore dimUpLq{J ě 2. On the other hand, by

[12, Theorem 1], dimUpLq{J ď 2, and so dimUpLq{J “ 2. Hence

LM “ rI ¸ rK “ xx2 `MωpLq, x3 `MωpLqy ¸ xx4 ` J, x
2
4 ´ x4 ` Jy,

where the transformations induced by x4 ` J and x2
4 ´ x4 ` J are represented by

the matrices in (5.5). Thus LM is isomorphic to Lie algebra given by the non-zero

brackets

rx3, x1s “ x2, rx3, x2s “ bx1 ` x2, rx4, x1s “ x1, rx4, x2s “ x2.
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If b “ 0. Then L “ CLpMq ¸ xx4y and we observe that padx4q
2|M “ adx4|M . By

Corollary 5.1.3 it follows that

LM –M ¸
L

CLpMq
“ xx2, x3y ¸ xx4y,

where x4 acts as in L, that is via the transformation

adx4|M “

˜

0 0

1 1

¸

.

Note that this algebra is isomorphic to L3
0, where L3

0 is as Theorem 3.1.1.

(6) Consider the Lie algebra

M7
0,c “ xx1, x2, x3, x4 | rx4, x1s “ x2, rx4, x2s “ x3, rx4, x3s “ cx2y,

see Group 5 in Section 3.1. As in the items above we set L “M7
0,c. We calculate LM

where M “ L1. By Proposition 5.1.1 (3) x4 R J . Let us calculate the action of x4 and

x2
4 over rI

rx4, x2s ” x3 mod MωpLq,

rx4, x3s ” cx2 mod MωpLq,

rx2
4, x2s ” cx2 mod MωpLq,

rx2
4, x3s ” cx2 mod MωpLq.

(5.6)

Note that x2
4 P J if and only if c “ 0. In the same way as in (5) we divide the analysis

in two cases:

If c ‰ 0. Then, the non-zero elements x4` J and x2
4` J are linearly independent.

In fact, the matrices of the transformations induced by x4 and x2
4 on rI are

adpx4 ` Jq “

˜

0 c

1 0

¸

and adpx2
4 ` Jq “

˜

c 0

0 c

¸

, (5.7)

and these are linearly independent. Therefore dimUpLq{J ě 2. On other hand,

by [12, Theorem 1], dimUpLq{J ď 2. Hence dimUpLq{J “ 2, and it follows that
rK “ xx4 ` J, x

2
4 ` Jy. Therefore

LM “ rI ¸ rK “ xx2 `MωpLq, x3 `MωpLqy ¸ xx4 ` J, x
2
4 ` Jy,
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where the transformations induced by x4`J and x2
4`J are represented by the matrices

in (5.7). Thus LM is isomorphic to Lie algebra given by the non-zero brackets

rx3, x1s “ x2, rx3, x2s “ cx1, rx4, x1s “ x1, rx4, x2s “ x2.

If c “ 0. Then x2
4 P J . By Proposition 5.1.1 (2) J X ωpLq is a two-sided ideal,

and this implies that any ordered monomial in which the degree of x4 is at least 2

is in J . If w P UpLq, we can write w “ rw ` qpx4q, where rw P CLpMqUpLq and

qpx4q is a polynomial in x4. By Proposition 5.1.1 (3) rw P J , and since xn4 P J for

n ě 2 the polynomial qpx4q has degree at most 1 modulo J ; that is w` J P xx4 ` Jy.

Hence rK “ xx4`Jy, and we have that dim rK “ 1. Consequently, the homomorphism

rχ : M ¸ L
CLpMq

Ñ LM “ rI ¸ rK in Proposition 5.1.1 (4) is an isomorphism. Therefore

LM “ xx2, x3y ¸ xx4y,

where x4 acts as in L, that is via the transformation

adx4 “

˜

0 0

1 0

¸

.

Note LM is isomorphic to the 3-dimensional Heisenberg Lie algebra L4
0, see Theo-

rem 3.1.1.

(7) Let A “ xx0, . . . , xpy be an abelian Lie algebra of dimension p` 1 over a field

F of characteristics p. Consider the Lie algebra L “ A ¸ xλ, πy with the relations

given by rλ, xis “ xi´1 for 1 ď i ď p and rλ, x0s “ 0, rπ, xps “ x0 and rπ, xis “ 0

for 0 ď i ď p ´ 1, rλ, πs “ 0; see [27, Example B]. We choose M “ L1, and we

calculate the algebra LM . We have that M “ xx0, . . . , xp´1y and CLpMq “ xA, πy.

By Proposition 4.4.4 (3) it follows that λ R J . The action of λ` J on rI, in the basis

tx0 `MωpLq, . . . , xp´1 `MωpLqu, is given by

adpλ` Jq “

˜

0 Ip´1

0 0

¸

(5.8)

where Ip´1 is the identity matrix of size pp ´ 1q ˆ pp ´ 1q, and the other blocks have

the adequate size.
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We will show by induction, for 1 ď k ď p´ 1, that

adpλk ` Jq “

˜

0 Ip´k

0 0

¸

, (5.9)

where Ip´k is the identity matrix of size pp´ kq ˆ pp´ kq, and the other blocks have

the adequate size. By (5.8) this is true for k “ 1. Note that the induction hypothesis

is equivalent to

rλk, xis ”

#

0 ; if i ă k

xi´k ; if i ě k
mod MωpLq.

Since rλ, xisλ
k PMωpLq, we obtain that

rλk`1, xis “ λrλk, xis ` rλ, xisλ
k

”

#

0 ; if i ă k

λxi´k ; if i ě k
mod MωpLq

”

#

0 ; if i ă k ` 1

xi´pk`1q ; if i ě k ` 1
mod MωpLq.

Note that we use the induction hypothesis in the second line. Thus, equation (5.9)

holds. Hence, we can conclude, by the definition of J (see equation (5.3)), that λk R J

for 1 ď k ď p´ 1.

Since charF “ p equation (2.1) implies that

adλppxiq “ padλqppxiq “ 0,

for 0 ď i ď p ´ 1. Thus, λp P J . By Proposition 5.1.1 (2) J X ωpLq is a two

sided ideal. Thus any ordered monomial in which the degree of λ is at least p is in

J . Now, if w P UpLq, then we can write w “ rw ` qpλq, where rw P CLpMqUpLq

and qpλq is a polynomial in λ. Proposition 5.1.1 (3) implies that rw P J , and since

λp P J we have that the polynomial qpλq has degree at most p´ 1 modulo J . That is

w`J P xλ`J, . . . , λp´1`Jy. In short, we have shown that the set tλ`J, . . . , λp´1`Ju

span rK “ UpLq{J . Since the matrices in (5.8) and (5.9) are linearly independent,

then so is the set tλ` J, . . . , λp´1 ` Ju. Therefore, we have that

rK “ UpLq{J “ xλ` J, . . . , λp´1
` Jy.
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Finally, LM “ rI ¸ rK is the p2p´ 1q-dimensional Lie algebra with the action of rK on
rI given by the matrices in (5.8) and (5.9).

With the calculations made so far we can show the following proposition which is

a partial result towards the proof of Theorem 3.2.1.

Proposition 5.2.1. In Group 5.1 (see final of Section 4.4) for an arbitrary field F
we have that

1. UpM3
0 q fl UpM6

0,bq;

2. UpM3
0 q fl UpM7

0,cq;

3. UpM6
0,0q fl UpM7

0,0q.

Proof. (1) If UpM3
0 q – UpM6

0,bq, then Corollary 5.1.5 implies that the Lie algebras

obtained in items (4) and (5) are isomorphic, which is a contradiction.

(2) If UpM3
0 q – UpM7

0,cq, then Corollary 5.1.5 implies that the Lie algebras ob-

tained in items (4) and (6) are isomorphic, which is a contradiction.

(3) If UpM6
0,0q – UpM7

0,0q, then Corollary 5.1.5 implies that L3
0 – L4

0, where L3
0

and L4
0 were obtained in items (5) and (6), respectively. But, Theorem 3.1.1 says

that L3
0 fl L4

0. Hence UpM6
0,bq fl UpM7

0,cq.
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Chapter 6

Solvable Lie algebras with an ideal
of codimension one

In this chapter, we study the structure of the universal enveloping algebra UpLq

for Lie algebras of the form L “M¸xxy, where M is an ideal of L. These Lie algebras

have some advantages. First, the complement (as vector spaces) of M is a Lie algebra;

in general this is not true if dimpL{Mq ě 2. Second, UpL{Mq can be viewed as the

polynomial ring Frxs; and the automorphisms of Frxs are well understood. We will

exploit this.

This chapter consists of two sections. In Section 6.1, we investigate the structure

of the universal enveloping algebras for Lie algebras of the form L “ M ¸ xxy. The

main result of this section is Proposition 6.1.1, which basically says that under some

conditions the isomorphism type of L{M 1 is determined by the isomorphism type of

UpLq. As an application of the results in Section 6.1 we show that the isomorphism

problem has positive solution for 3-dimensional solvable Lie algebras over an arbitrary

field. Originally this theorem was shown by Chun, Kajiwara and Lee in [4] and the

proof presented here is in essence the same as in [4]. Finally, in Section 6.2 we present

the final part of the proof of Theorem 3.2.1, which is the main result of this thesis.

6.1 Lie algebras with ideals of codimension 1

The following result was inspired by a corresponding result for group rings orig-

inally proved by Whitcomb in [33], see also [24, Theorem 9.3.13]. With this result
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Whitcomb showed that the isomorphism problem for integral group rings has a pos-

itive solution for metabelian groups. In the proof we use a well know fact that if ϕ

is an automorphism of a polynomial ring Frxs, then ϕpxq “ ax ` b with a, b P F and

a ‰ 0; see [20, Proposition 3.1].

Proposition 6.1.1. Let L “ M ¸ xxy and H “ N ¸ xyy be finite-dimensional Lie

algebras over an arbitrary field, where M and N are ideals of L and H, respectively.

Suppose that α : UpLq Ñ UpHq is an algebra isomorphism such that αpMUpLqq “

NUpHq. Then, L{M 1 – H{N 1.

Proof. Let α : UpLq Ñ UpHq be the isomorphism constructed in Lemma 2.3.4. Since

αpmq P ωpHq holds for all m PM , we obtain that αpMq “ αpMq. Therefore

αpMUpLqq “ αpMqαpUpLqq “ αpMqαpUpLqq “ αpMUpLqq “ NUpHq.

Thus, we may assume without loss of generality that α satisfies αpωpLqq “ ωpHq and

in addition αpMUpLqq “ NUpHq.

We claim that

for all z P L there exists yz P H such that αpzq ” yz mod NωpHq. (6.1)

Let us first verify claim (6.1) in the case when z “ x. The map α induces an

isomorphism between UpLq{MUpLq and UpHq{NUpHq. On the other hand, by

Lemma 2.3.1 (2),

UpLq{MUpLq – UpL{Mq and UpHq{NUpHq – UpH{Nq,

and so we can view UpLq{MUpLq and UpHq{NUpHq as polynomial rings in the

variables x`MUpLq and y`NUpHq, respectively. Thus, using the remark preceding

the proposition, we have αpxq`NUpHq “ ay` b`NUpHq where a, b P F and a ‰ 0,

and as we assume αpωpLqq “ ωpHq it follows that b “ 0. Hence, αpxq ` NUpHq “

ay ` NUpHq, and it follows that there exist z1, . . . , zn P N and u1, . . . , un P UpHq

such that

αpxq “ ay `
n
ÿ

i“1

ziui.
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Letting εH denote the augmentation map of UpHq, we obtain

αpxq “ ay `
n
ÿ

i“1

ziui “ ay `
n
ÿ

i“1

zipui ´ εHpuiq ` εHpuiqq

“ ay `
n
ÿ

i“1

εHpuiqzi `
n
ÿ

i“1

zipui ´ εHpuiqq.

Since ui ´ εHpuiq P ωpHq, it follows that

αpxq ” ay `
n
ÿ

i“1

εHpuiqzi mod NωpHq. (6.2)

Note that the element on the right-hand side of equation (6.2) lies in H. Denoting

this element by yx, we obtain that

αpxq ” yx mod NωpHq. (6.3)

Hence property (6.1) is valid for the element x P L. If z P M ; then, by hypothesis,

αpzq P NUpHq “ N ` NωpHq, and so there is some yz P N such that αpzq ” yz

mod NωpHq. Therefore property (6.1) holds also for elements of M . Since L “

M ` 〈x〉, claim (6.1) must hold for all elements z P L.

Now, using Lemma 2.3.1 (3) we have that

αpMωpLqq “ αpMUpLqωpLqq “ αpMUpLqqαpωpLqq “ NUpHqωpHq “ NωpHq.

Therefore the assignment z `MωpLq ÞÑ yz ` NωpHq, for all z P L, defines an Lie

homomorpism between pL `MωpLqq{MωpLq and pH ` NωpHqq{NωpHq. We show

that this homomorphism is injective. A coset z `MωpLq is in the kernel of this map

if and only if yz P NωpHq; this implies, by definition of yx, that αpzq P NωpHq.

Applying α´1 in the last equality we have that z PMωpLq. Therefore, z `MωpLq “

MωpLq, and it follows that the kernel of this map is trivial. Hence, the map in the

middle of the following expression is injective

L

LXMωpLq
–
L`MωpLq

MωpLq
Ñ

H `NωpHq

NωpHq
–

H

H XNωpHq
.

Applying Lemma 2.3.1 (4), we obtain that L{pLXMωpLqq – L{M 1 and, similarly, that

H{pH XNωpHqq – H{N 1. Thus there exists an injective Lie algebra homomorphism
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L{M 1 Ñ H{N 1. On the other hand, Lemma 2.3.3 (6) shows that dimM{M 1 “

dimN{N 1, and since dimL{M “ dimH{N “ 1 we can conclude that dimL{M 1 “

dimH{N 1. Now it follows that the injective homomorphism L{M 1 Ñ H{N 1 is an

isomorphism.

Corollary 6.1.2. Suppose that L and H are Lie algebras as Proposition 6.1.1 and

that α : UpLq Ñ UpHq is an algebra isomorphism. Then the following are valid.

1. If αpMUpLqq “ NUpHq and either M or N is abelian, then L – H.

2. If M “ L1 and N “ H 1, then L{L2 – H{H2. In particular; if either L or H is

metabelian, then L – H.

Proof. (1) First we note that by Lemma 2.3.3 (1) dimL “ dimH. Suppose without

loss of generality that M is abelian. Since αpMUpLqq “ NUpHq, Proposition 6.1.1

shows that L – H{N 1, and hence N 1 “ 0. Thus L – H, as claimed.

(2) Lemma 2.3.2 implies that αpL1UpLqq “ H 1UpHq. Thus, by Proposition 6.1.1,

with M “ L1 and N “ H 1, gives us L{L2 – H{H2.

The following corollary states that the isomorphism problem has a positive solution

in the class of solvable Lie algebras of dimension 3 over an arbitrary field (we promised

a proof of this fact in Section 3.2). Originally this was shown by Chun, Kajiwara and

Lee in [4]; in this paper they showed that the isomorphism problem has a positive

solution in the class of 3-dimensional Lie algebra over a field of characteristic different

from two. But we observe that in the solvable case this affirmation is independent of

the characteristic of the field.

Corollary 6.1.3 ([4]). Let L,H be solvable Lie algebras of dimension 3 over an

arbitrary field. If UpLq – UpHq, then L – H.

Proof. The proof of this corollary basically follows the same steps as Theorem 3.2.1.

By Theorem 3.1.1 there exist 4 families of isomorphism classes of solvable Lie algebras

of dimension 3. We divide these families into three groups in a way that two Lie

algebras in different groups cannot have isomorphic universal enveloping algebras.

Later, we analyze each group in order to ensure that in the same group do not exist

two non-isomorphic Lie algebras with isomorphic universal enveloping algebras. The

88



proof of Theorem 6.1.3 follows from these two steps. For the group division we use

the same notation as in Theorem 3.1.1 and we refer to this theorem for all information

about these algebras.

Group 1 (Abelian Lie algebra): L1.

Group 2 (Lie algebras with two-dimensional derived algebra): L2, L3
a

with a P Fˆ and L4
a with a P Fˆ.

Group 3 (Lie algebras with one-dimensional derived algebra): L3
0 and L4

0.

Claim 1: If L an H are Lie algebras in different Groups, then UpLq fl UpHq over an

arbitrary field F.

Proof: Item (1) Lemma 2.3.3 imply that the isomorphism type of UpLq determines

whether L is abelian and determines dimL1. Thus, Claim 1 follows.

Claim 2: If L and H are Lie algebras in Group 2 over an arbitrary field F; such that

UpLq – UpHq then L – H.

Proof: Note that L and H are metabelian and that L “ L1¸xx3y and H “ H 1¸xx3y.

Hence if UpLq – UpHq, then Corollary 6.1.2 (2) implies that L – H.

Claim 3: In Group 3, we have that UpL3
0q fl UpL4

0q over an arbitrary field F.

Proof: This follows at once from Lemma 2.3.3 (2), as L3
0 is non-nilpotent, but L4

0 is

nilpotent.

The proof of Corollary 6.1.3 follows from the three claims.

As another application of Corollary 6.1.2 in the next section we analyze the iso-

morphism problem for Group 2 and Group 4, see Section 3.1.

Let L be a finite-dimensional non-abelian metabelian Lie algebra. Suppose that

ZpLq ‰ 0. Then it is clear that M “ L1 ` ZpLq is an abelian ideal of L and M Ď

CLpL
1q. Let us assume that M has codimension 1 on L, that is L “ M ¸ xxy, for

some x P L. Since M Ď CLpL
1q we have two possibilities: M “ CLpL

1q or L “ CLpL
1q.

If we assume that L “ CLpL
1q, then L is abelian which is a contradiction. Thus

M “ CLpL
1q, and there exists y P L1 such that ry, xs ‰ 0, and it follows that CLpyq

is a proper subspace of L. On the other hand, it is clear that M Ď CLpyq, and this

implies that M “ CLpyq. Furthermore, if we assume that charF “ 0, then we can
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apply items (2) and (1) of Lemma 4.4.4 and conclude that F pLq Ď M , where F pLq

denotes the Frobenius semiradical of the Lie algebra L, see Section 4.4.

In the following proposition we show that if two finite-dimensional metabelian Lie

algebras of the form L “ pL1 ` ZpLqq ¸ xxy have isomorphic universal enveloping

algebras over a field of characteristic 0, then these Lie algebras must be isomorphic.

Proposition 6.1.4. Suposse that L and H are two finite-dimensional metabelian

Lie algebras over a field F of characteristic 0, and that L “ pL1 ` ZpLqq ¸ xxy and

H “ pH 1`ZpHqq¸xyy. If α : UpLq Ñ UpHq is an algebra isomorphism, then L – H.

Proof. First, we note that the result is true if either one L or H is abelian. Therefore,

we assume that L and H are non-abelian. Now, let us denote M “ L1 ` ZpLq and

N “ H 1 ` ZpHq, by the discussion above it follows that F pLq Ď M and F pHq Ď N .

Applying Lemma 4.4.4 (3), we have the following chains of inclusions:

ZpUpLqq Ď UpF pLqq Ď UpMq and ZpUpHqq Ď UpF pHqq Ď UpNq. (6.4)

We may assume, using Lemma 2.3.4, that αpωpLqq “ ωpHq. We will show that

αpMUpLqq “ NUpHq, and since M and N are abelian ideals the proof follows directly

from Corollary 6.1.2 (1).

Lemma 2.3.2 implies that L1UpLq is invariant by AutpUpLqq. Hence

αpL1UpLqq “ H 1UpHq Ď NUpHq,

and since ZpLq Ď ZpUpLqq it follows that

αpZpLqq Ď ZpUpHqq.

Further, ZpLq Ď ωpLq, and hence we obtain from equation (6.4) that

αpZpLqq Ď ZpUpHqq X ωpHq Ď UpNq X ωpHq “ ωpNq Ď NUpHq.

Thus αpZpLqUpLqq Ď NUpHq, and

αpMUpLqq “ αpL1UpLqq ` αpZpLqUpLqq Ď NUpHq.

Applying the same argument to the isomorphism α´1 : UpHq Ñ UpLq we have that

α´1pNUpHqq Ď MUpLq. Therefore αpMUpLqq “ NUpHq, and since M and N are

abelian ideals of L and H, respectively; Corollary 6.1.2 (1) implies that L – H.
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As an application of Proposition 6.1.4 we will show in the next section that the Lie

algebras M6
0,b and M7

0,c has non-isomorphic universal enveloping algebras. With which

we conclude the analysis of the isomorphism problem in Group 5.1 of Section 4.4.

6.2 The final part of the proof of Theorem 3.2.1

In this section, we present the final part of the proof of Theorem 3.2.1. The only

thing left to do is to analyze the isomorphism problem in Groups 2 and 4 and finish

the analysis in Group 5.1. After this, the only thing that remains is to put all the

pieces together.

Proposition 6.2.1. Let L and H are Lie algebras in Group 4 such that UpLq – UpHq,

then L – H for an arbitrary field F.

Proof. We have that L “ L1¸〈x4〉 and H “ H 1¸〈x4〉 and that L1 and H 1 are abelian.

Hence if UpLq – UpHq, then Corollary 6.1.2 (2) implies that L – H.

Proposition 6.2.2. Let L and H Lie algebras in Group 2 such that UpLq – UpHq,

then L – H for a field F of characteristic 0.

Proof. Suppose that L and H are two Lie algebras in Group 2, we have that L “

L1¸〈x4〉 andH “ H 1¸〈x4〉. Since the Lie algebraM11
a,b only exists in characteristic two,

we omitted this from the analysis. We will show that if L fl H then L{L2 fl H{H2,

and Corollary 6.1.2 (2) will imply UpLq fl UpHq. It is easy to verify that

pM12
q
2
“ 〈x2〉 , pM13

a q
2
“ 〈x2〉 , pM14

a q
2
“ 〈x2〉 .

Moreover

M12
{pM12

q
2
“ 〈x1, x3, x4 | rx4, x1s “ x1, rx4, x3s “ x3〉 ;

M13
a {pM

13
a q

2
“ 〈x1, x3, x4 | rx4, x1s “ x1 ` ax3, rx4, x3s “ x3〉 ;

M14
a {pM

14
a q

2
“ 〈x1, x3, x4 | rx4, x1s “ ax3, rx4, x3s “ x2〉 .
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Where xi denote the image of xi in the quotient, for i “ 1, 3, 4. Now, by simple

observation we obtained the following isomorphisms

M12
{pM12

q
2
– L2;

M13
a {pM

13
a q

2
– L3

a;

M14
a {pM

14
a q

2
– L4

a;

see Theorem 3.1.1. Hence, if L fl H, then L{L2 fl H{H2. Therefore, if UpLq – UpHq

then we must have L – H.

We will show the following proposition with which we conclude the analysis of the

isomorphism problem in Group 5.1 of Section 4.4.

Proposition 6.2.3. Suppose that F is a field of characteristic 0 and b, c P F are

non-zero. Then UpM6
0,bq fl UpM7

0,cq. Consequently, if L and H are Lie algebras in

Group 5.1 such that UpLq – UpHq then L – H over the field F.

Proof. We have that M6
0,b and M7

0,c are metabelian and ZpM6
0,bq “ xbx1`x2´x3y and

ZpM7
0,cq “ xcx1 ´ x3y, see Section 3.1. Therefore, it follows that M6

0,b “ ppM6
0,bq

1 `

ZpM6
0,bqq ¸ xx4y and M7

0,c “ ppM7
0,cq

1 ` ZpM7
0,cqq ¸ xx4y. Since M6

0,b fl M7
0,c, Propo-

sition 6.1.4 implies that UpM6
0,bq fl UpM7

0,cq. Moreover, putting together this with

Proposition 5.2.1 we have that if L and H are Lie algebras in Group 5.1 such that

UpLq – UpHq, then L – H

At this point we have all the necessary pieces for the proof of Theorem 3.2.1,

the only thing that remains is to put them together. As we said in Section 3.2 to

prove Theorem 3.2.1 we only needed to complete step two. That is, to ensure that in

each group, of the group division in Section 3.1, do not exists two Lie algebras with

isomorphic universal enveloping algebras.

Proof of Theorem 3.2.1: Putting together Proposition 3.2.2, Lemma 3.2.3, Propo-

sition 4.4.12, Proposition 5.1.6, Proposition 6.2.1, Proposition 6.2.2 and Proposi-

tion 6.2.3.
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