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RESUMO 

 

Em 2015 o regulador brasileiro de energia elétrica, ANEEL, apresentou um modelo de 

benchmarking, baseado no DEA (Data Envelopment Analysis), para definir as metas de custos 

operacionais para as 61 concessionárias de distribuição de energia elétrica, a serem alcançadas em 

4 anos. O modelo DEA utiliza os custos operacionais ajustados como variável de insumo, sete 

variáveis de produtos e restrições nos pesos. Embora variáveis não-discricionárias ou variáveis 

ambientais estivessem disponíveis no banco de dados, o regulador argumentou que não foram 

encontradas relações estatísticas significativas entre os escores de eficiência do modelo DEA e as 

variáveis não-discricionárias. Este estudo avalia a relação entre os escores de eficiência da DEA e as 

variáveis ambientais disponíveis. Além disso, métodos de estatística espacial são utilizados para 

mostrar que os escores de eficiência calculados pelo regulador são geograficamente 

correlacionados. Devido à diversidade ambiental e o grande território geográfico é improvável que 

apenas um componente ambiental é suficiente para corrigir as eficiências em todos os territórios 

brasileiros. Dessa forma, uma nova variável ambiental combinada é proposta. Por fim é apresentado 

um modelo de segundo estágio utilizando a variável ambiental proposta e uma estrutura espacial 

latente. Os resultados apresentaram grandes diferenças entre os escores de eficiência originais e os 

corrigidos, principalmente para as concessionárias de distribuição de energia elétrica localizadas em 

ambientes mais hostis e que originalmente apresentaram escores de eficiência baixo.  

Existem muitas alternativas apresentadas na literatura para contabilizar o impacto das variáveis 

ambientais nos modelos de Benchmarking. Por exemplo, em modelos SFA e StoNED as variáveis 

ambientais podem ser incluídas diretamente com as variáveis de insumo e de produtos. Então, o 

modelo pode ser estimado em um estágio. O segundo estágio do DEA requer fortes suposições entre 

as variáveis no primeiro e segundo estágios. Uma suposição importante é que as variáveis 

ambientais e as variáveis do primeiro estágio sejam independentes, a fim de produzir estimadores 

não viesados. Isto evidentemente não é o caso do modelo Benchmarking das distribuidoras 

brasileiras de energia elétrica, uma vez que o melhor modelo de segundo estágio inclui a e.variable 

que está correlacionada com  a variável  consumidor-hora de energia interrompida (CHI), incluída 

no primeiro estágio do modelo. No entanto, Yu et al. (2009) utilizam as variáveis ambientais que 

foram correlacionados com as variáveis do primeiro estágio. 
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Além disso, é importante destacar que o atual modelo de Benchmarking brasileiro não leva em 

consideração qualquer componente ambiental que poderia impactar nos escores de eficiência. 

Embora muitas contribuições foram enviadas ao regulador, o modelo final não foi alterado. 

Portanto, o presente trabalho oferece novas percepções sobre o potencial impacto da localização 

ambiental e geográficas das empresas de distribuição de energia elétrica brasileiras nos escores 

corrigidos. Os resultados apresentaram evidências que um conjunto de empresas com baixos 

escores de eficiência na região norte, que é um ambiente hostil para o desenvolvimento do negócio 

de distribuição. Empresas localizadas nestas áreas podem ter seus escores de eficiência melhorados 

por um fator de 30% a 40%. Atualmente, uma empresa localizada nesta região apresentou o menor 

escore de eficiência, 22,4%. Além disso, sugerimos incluir uma estrutura espacial latente no modelo. 

Isto ocorre porque a maioria das variáveis ambientais representam valores médios, que não 

apresentam eventos extremos que realmente impactam na eficiência. Ao fazer isso, o modelo pode 

estimar a hostilidade do ambiente, com a estrutura latente que é compartilhada entre as áreas 

geograficamente mais próximas. 

Vale ressaltar que as estimativas Bayesianas propostas dos escores de eficiência corrigidos 

apresentaram grandes intervalos de credibilidade HPD. No entanto, a maioria dos escores de 

eficiência originais estão fora dos intervalos HPD, o que indica uma forte correlação estatística entre 

os escores de eficiência e a informação ambiental. Logo, pode-se concluir que existem evidências 

estatísticas que as empresas brasileiras de distribuição de energia elétrica são afetadas pelo meio-

ambiente em que estão localizadas. 

Além disso, diferentes procedimentos estatísticos podem ser aplicados para estimar uma única 

variável ambiental, tais como análise de componentes principais (PCA), análise fatorial (Yu et al., 

2009), entre outros. Este trabalho propõe utilizar a variável FIE, que é um indicador de performance 

que sumariza tanto a informação ambiental quanto a ineficiência em gestão. Assumimos que 

diferentes empresas são afetadas por diferentes cenários ambientais, que é representado na 

variável FIE. Utilizando um modelo de regressão linear múltiplo foi estimado a variável FIE associada 

a 11 variáveis ambientais disponíveis. Diferentes combinações de variáveis ambientais foram 

avaliadas. No entanto, devido ao pequeno tamanho de amostra dos dados, modelos com múltiplas 

variáveis ambientais não foram estatisticamente significativas. 

Bogetoft & Otto (2010) apresentam três diferentes equações para estimar os escores de eficiência 

corrigidos. Geralmente, a classificação dos escores de eficiência corrigidos não mudam utilizando as 

diferentes equações. No entanto, usando a moda da distribuição condicional, as empresas que 
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originalmente apresentaram escores de eficiência de 100% podem também atingir escores de 

eficiência corrigidos de 100%. Do contrário, de modo geral utilizando as outras equações de 

esperança condicional esses escores de eficiência corrigidos serão menores que 100%. 

Bogetoft e Lopes (2015) afirmam que o modelo de benchmarking DEA proposto pela ANEEL é 

impreciso e apresenta valores atípicos para algumas empresas. É importante ressaltar que o modelo 

de segundo estágio proposto não corrige as imprecisões do modelo original. Portanto, ainda é 

necessária uma investigação mais aprofundada do modelo de primeiro estágio. No entanto, o 

presente trabalho fornece fortes evidências estatísticas de correlações entre os escores de eficiência 

originais e as variáveis ambientais. Além disso, foi proposto um modelo de segundo estágio que leva 

em consideração a dependência espacial entre as empresas. Acreditamos que este modelo possa 

ser estendido à diferentes cenários de regulação, tais como transmissão de energia elétrica, água e 

esgoto. 
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Abstract 
In 2015 the Brazilian regulator presented a DEA benchmarking model to set the regulatory 

operational cost goals, to be reached in four years for 61 electricity distribution utilities. The DEA 

model uses: adjusted operational cost as the input variable, seven output variables and weight 

restrictions. Although non-discretionary variables or environmental variables are available in the 

dataset, the regulator argued that no statistically significant correlation was found between the DEA 

efficiency scores and the non-discretionary variables. This study evaluates the statistical correlation 

between the DEA efficiency scores and the available environmental variables. Spatial statistic 

methods are used to show that the efficiency scores are geographically correlated. Furthermore, 

due to Brazil's environmental diversity and large territory it is unlikely that only one environmental 

component is sufficient to adjust inefficiencies across the Brazilian territory. Thus, a new combined 

environmental variable is proposed. Finally, a second stage model using the proposed 

environmental variable and accounting for a spatial latent structure is presented. Results show 

major differences between original and corrected efficiency scores, mainly for utilities located in 

harsh environments and which originally achieved lower efficiency scores. 

Keywords: Data Envelopment Analysis, second stage analysis, spatial statistics, Bayesian analysis. 

Introduction 

The most commonly used benchmarking models in electricity distribution regulation are: Data 

Envelopment Analysis (DEA; Charnes et al., 1978), Stochastic Frontier Analysis (SFA; Aigner et al., 

1977; Meeusen and van den Broeck, 1977), Corrected Ordinary Least Squares (COLS) (Richmond, 

1974) and Stochastic Semi-nonparametric Envelopment of Data (StoNED; Kuosmanen, 2006; 

Kuosmanen and Kortelainen, 2012). Briefly, DEA is a non-parametric linear programming model 

proposed by Charnes, Cooper and Rhodes (1978) which creates the efficiency frontier using a convex 

linear combination of inputs and outputs of decision making units (DMUs). SFA requires a 

parametric equation of the efficiency frontier and assumes a compound error, which represents 

deviations from the frontier. The compound error is the sum of stochastic inefficiencies and 

stochastic noise. StoNED is similar to SFA and DEA, with a compound stochastic error and with a 

non-parametric, piece-wise linear frontier. Lopes and Mesquita (2015) have shown that these 

models are very popular among the European electricity distribution regulators.  
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In general, input and output variables used in DEA, SFA, COLS and StoNED models are associated 

with controlled factors, i.e., production variables that can be managed by the decision maker in 

order to improve efficiency. Another set of variables - not necessarily less important - can affect 

production and are, generally, non-manageable. These variables are known as environmental or 

contextual variables (Ray, 1988).Examples of contextual variables are climatic factors (Yu, Jamasb 

and Pollitt, 2009) such as temperature, precipitation; soil type, farmers' level of education (Ray and 

Ghose, 2014); among others. The environmental variables affect the efficiency of companies but 

are, generally, beyond the scope of company's decisions. 

Many alternatives have been proposed to adjust efficiency using environmental factors, such as one 

stage or second stage analysis. Benchmarking models such as SFA and StoNED allow the inclusion of 

environmental variables with the input and output variables, using one stage. If the efficiencies of 

DMUs are estimated using DEA, then second stage analysis is the most common approach. Second 

stage is based on regression models in which independent variables are the environmental 

variables.  

The analysis of environmental variables was first introduced in DEA models by Banker and Morey 

(1986), which included the environmental variables in the model as a regular input/output variable. 

Ray (1988) introduced the second stage analysis, i.e., the efficiency scores are first estimated using 

the DEA model and then are correlated to the environmental variables. Ray (1991) included linear 

regression modeling to evaluate the statistical significance between the efficiency scores and the 

environmental variables. Since the efficiency scores are within the range 0 – 1, different statistical 

regression models such as Tobit regression (Tobin, 1958), maximum likelihood models (Aigner et al, 

1977), Truncated regression (Johnson and Kuosmanen, 2012), ordinary least squares (OLS) 

(Montgomery, Peck, and Vining, 2012), among others, can be applied. The second stage analysis is 

useful to assist management decisions: the impact of significant environmental factors that 

negatively affect productivity can be minimized. For example, Ray and Ghose (2014) identified that 

farmers with higher levels of education and greater access to cutting-edge technologies have better 

productivity scores. Therefore, public policies could be implemented to increase the levels of 

farmers' education. Yu et al. (2009b) identified statistical significance between weather, cost and 

quality performance in electricity distribution companies. 

The foundation of second stage analysis is that the estimated efficiency scores using input and 

output controlled variables can be updated based on the impact of environmental variables. That 

is, companies located in a favorable environment must have their efficiency scores decreased, in 

general, since the environment partially contributes to a higher efficiency score. On the contrary, 

companies located in a harsh environment must have their efficiency scores increased, in general, 

since the harsh environment prevents the companies from achieving higher efficiency scores. 

Second stage modeling to adjust efficiency scores are proposed by Simar and Wilson (2007), Banker 

and Natarajan (2008) and elsewhere. Second stage analysis depends on the nature of the problem 

being analyzed. If DMUs are subject to environmental settings, it is convenient to use second stage 

analysis. That seems to be the case for most published studies, including those concerned with 

regulatory purposes. Furthermore, it can be assumed that the geographic location of DMUs can also 
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be seen as a proxy of the environment, i.e., geographically closer DMUs may be subject to the same 

environmental setting. This is the foundation of spatial statistical analysis.  

In the specific case of Brazilian regulation, second stage analysis may change significantly the 

efficiency scores of the distribution service operators (DSOs). Brazil is a country as large as a 

continent with 8.5 million km² and it is the 5th largest country in the world with 27 states, most of 

them larger than some European countries. It covers several climatic zones such as the humid 

tropics in the north, the semi-arid northeast and temperate areas in the south. These climatic 

differences lead to major ecological diversity, forming distinct biogeographic zones or biomes: the 

Amazon Rainforest, the largest tropical rainforest in the world; the Pantanal, the largest floodplain; 

the Cerrado, savannas and woodlands; the Caatinga semi-arid forests; the fields of the Pampas; and 

the tropical Atlantic rain forest. For instance, the dry season is very strong in the northeast, in which 

some municipalities face lack of rain for a few months, or even years. On the contrary, the north, 

south and southeast of Brazil face critical problems in the raining season like floodings, landslides, 

etc. Therefore, it is unlikely that the geographic location of the energy distribution companies does 

not impact their operational costs. 

This study applies spatial statistics to evaluate whether estimated 2015 DEA efficiency scores of 

electricity distribution companies are geographically clustered in the Brazilian territory. A second 

stage based on stochastic frontier analysis (Aigner et al, 1977) with a latent spatial structure, to 

account for possible unknown geographical variation of the outputs is proposed. Corrected 

efficiency scores are estimated using environmental variables and the spatial latent structure. 

Results show major differences between original and corrected efficiency scores, mainly for 

companies that originally achieved lower efficiency scores. In addition, the electricity distribution 

companies located in risky areas, such as areas with flooding, dry regions, or poor regions, have 

their final efficiency scores increased; whereas electricity distribution companies with higher scores 

and located in wealthier regions have their final efficiency scores slightly decreased. On average, 

the new efficiency scores are higher than the original scores. 

This paper is organized as follows. Section 2 reviews the second stage analysis for the DEA model 

and some elements of spatial statistics. It also introduces a new combined environmental analysis 

and presents the proposed second stage model with non-discretionary and geographically latent 

variables. Section 3 shows the results. Discussion and conclusion are found in section 4. 

2. Materials and Methods 

2.1 Background 

On June 4, 2014, the Brazilian National Electricity Energy Agency (ANEEL) began a debate with 

Brazilian society regarding rules and methodologies for defining the revenues of electricity 

distribution utilities for the 4th Periodic Tariff Review Cycle (4PTRC) through public hearings 

023/2014 (AP023). On December 4, 2014, ANEEL presented in Technical Note (TN) 407/2014, the 

proposed model to calculate regulatory operational costs. The technical note introduces an input 

oriented, non decreasing return to scale (NDRS), Data Envelopment Analysis - DEA model. This 
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model uses adjusted operational cost as the input variable and seven output variables: high voltage 

network extension, overhead network extension, underground network extension, weighted power 

consumption, total number of consumers, estimated number of consumer-hours with interrupted 

energy, and total amount of non-technical losses (Mega-Watt). The database consists of mean 

values for the most recent three years, from 2011 to 2013. A total of 61 distribution companies are 

evaluated, therefore the sample size is n = 61. Due to the small data size and the large number of 

variables, in general, the DEA model generates a larger number of companies with efficiency scores 

equals to one. To overcome this limitation, weight restrictions are included in the model. 

Furthermore, non-discretionary variables or environmental variables are available in the dataset. 

Nevertheless, the TN 407 argues that no statistically significant correlation was found between the 

efficiency scores and the non-discretionary variables. In addition, it argues that the quality variables 

defined as the estimated number of customer-hours with interrupted energy and total amount of 

non-technical losses were able to capture any underlying correlation between efficiency and non-

discretionary variables. 

Among the contributions, Bogetoft and Lopes (2015) suggest some improvements to ANEEL DEA 

model. The first suggestion is to include the number of distribution transformers as a new output 

variable.An extensive simulation study identified this variable as one important output, which is 

missing in the original model. The second suggestion is to exclude two distribution companies which 

were identified as outliers. The third suggestion is to evaluate two environmental variables: rain 

precipitation and frequency of interrupted energy (FEQ) in the second stage. The environmental 

variables were evaluated using univariate Tobit regression models (Tobin, 1958). Nevertheless, on 

April 24, 2015, ANEEL presented the final model in Technical Note 66/2015, in which the model 

presented previously (TN 407/2014) was not changed. That is, the effects of non-discretionary 

variables were not accounted for in the model, possible outliers were not evaluated and the number 

of distribution transformers was not included in the model. 

2.2 The Brazilian regulator data set 

A public data set is available from the Brazilian regulator. The data set comprises average values for 

seven output variables and one input variable, for the 61 energy distribution companies.  Average 

values were calculated using yearly data from 2011 to 2013. The input variable is the mean 

operational cost for each company and the output variables are: underground network, overhead 

network, high voltage network, total number of consumers, weighted energy market, non-technical 

losses and consumer-hour interrupted energy. The last two output variables are, in fact, non-

discretionary variables, which were included in the model as negative outputs (Bogetoft and Oto, 

2010). In addition to input and output variables, 13 non-discretionary, or environmental variables 

are available: density of consumers, network density, complexity index, precipitation index, 

lightning rate, low vegetation index, medium vegetation index, high vegetation index, mean 

declivity index, proportion of paved roads, concession area (km²), average duration of interrupted 

energy (DIE) and frequency of interrupted energy (FIE). 

2.3 Data Envelopment Analysis 
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The DEA methodology was first introduced by Charnes et al. (1978) and extended by Banker et al. 

(1984). The method is widely used to estimate technical efficiencies of DMU. It calculates efficiency 

scores which range between zero and 1, for each DMU, using a mathematical programming method. 

Briefly, the method calculates the best practice frontier using a set of inputs and outputs, previously 

defined. The relative efficiency of each DMU is measured based on its distance from the efficiency 

frontier. The more inefficient the DMU, the farther is its distance from the efficiency frontier. 

The Brazilian regulator (ANEEL) has applied DEA since 2011 (Costa et al, 2015), and the model has 

been revised recently. The current DEA model assumes non-decreasing returns to scale (NDRS), has 

seven output variables and one input variable. The efficiency scores are calculated using the 

following linear programming problem: 

 
max
𝛾,𝛼,𝜑

𝜃𝑟𝑒𝑓 = ∑ 𝛾𝑗𝑦𝑗
𝑟𝑒𝑓

+

𝑚

𝑗=1

𝜑 

subjectto: 

∑ 𝛼𝑑𝑥𝑑
𝑟𝑒𝑓

𝑛

𝑑=1

= 1, 

∑ 𝛾𝑖𝑦𝑖
𝑘 + 𝜑 −

𝑚

𝑖=1

∑ 𝛼𝑑𝑥𝑑
𝑘

𝑛

𝑑=1

≤ 0,   (𝑘 = 1,2, … , 𝐾), 

𝛼𝑑 , 𝛾𝑖 ≥ 0;  𝜑 ≥ 0, 

 

(1) 

where 𝜃𝑟𝑒𝑓 is the efficiency score estimated for the DMU 𝑟𝑒𝑓, 𝑦𝑖
𝑘 are the outputs (𝑖 = 1, … , 𝑚), and 

𝑥𝑑
𝑘 are the inputs (𝑑 = 1, … , 𝑛) for each DMU 𝑘; 𝑚 is the total number of outputs, 𝑛 is the total 

number of inputs, and 𝐾 is the total number of DMUs. The 𝛼𝑑's are the input parameters, the 𝛾𝑖 's 

are the output parameters, and 𝜑 is the scale parameter. 

Further details of the DEA Brazilian benchmarking model for energy distribution regulation can be 

found in Bogetoft and Lopes (2015). As previously mentioned, the current model does not include 

any efficiency score correction based on non-discretionary variables.   

2.4 Second stage analysis for DEA models 

This study relies on the second stage model presented by Banker and Natarajan (2008) and Johnson 

and Kuosmanen (2011). Johnson and Kuosmanen (2011) present the following data generating 

model, similar to the model presented by Banker and Natarajan (2008) and Johnson and Kuosmanen 

(2012): 

 𝑥 = 𝜙(𝐲) ∙ 𝑒𝐳𝛅+𝑢+𝑣 (2) 
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where 𝑥 is the input variable, 𝐲is the output vector, 𝐳 is the vector of non-discretionary variables, 𝛅 

is the vector of non-negative weights associated with the discretionary variables, 𝜙(∙) is the best 

practice frontier, 𝑢 is a positive random variable representing technical inefficiency and 𝑣 is a 

random variable representing stochastic noise. It is assumed that the random variables 𝑢 and 𝑣 are 

independent. The density distribution of 𝑣, 𝜑𝑣(𝑣), is symmetric with a mean of zero. Banker and 

Natarajan (2008) uses a two-sided truncated normal distribution for 𝑣, |𝑣| ≤ 𝑉𝑀. The 𝐳𝛅 

component represents the technical inefficiency which is explained by the environmental variables. 

Thus, 𝑢 is the unexplained inefficiency or the corrected inefficiency. 

Equation (2) can also be written as: 

 log
𝑥𝑖

𝜙(𝐲𝑖)
= 𝐳𝑖𝛅 + 𝑢𝑖 + 𝑣𝑖, (3) 

where 𝑖,hereafter, is the DMU index. The first stage uses DEA to estimate the frontier, �̂�(𝐲𝑖). Thus, 

equation (3) can be rewritten using the estimated efficiency scores,  

 −log 𝜃𝑖 = 𝐳𝑖𝛅 + 𝑢𝑖 + 𝑣𝑖. (4) 

Equation (4) is a linear regression equation in which the error component is written as 𝜀𝑖 = 𝑢𝑖 + 𝑣𝑖. 

Banker & Natarajan (2008) suggest using ordinary least squares to estimate the vector of weights, 

𝛅. Nevertheless, in order to estimate the technical inefficiency, the parameters of the compound 

error (𝜀) must be estimated using maximum likelihood. 

Different density distributions have been investigated for 𝑢𝑖; Meeusen and van den Broeck (1977) 

use an exponential distribution, Aigner et al (1977) use half-normal distribution, Stevenson (1980) 

uses truncated normal distributions, Greene (1990) uses a Gamma distribution, Mignon and Mignon 

(2005) use a log-normal distribution. Nevertheless, assuming 𝑣𝑖 as a normal distribution, 

𝑣𝑖~𝑁(0, 𝜎𝑣
2), and 𝑢𝑖 as a half-normal distribution, 𝑢𝑖~𝑁+(0, 𝜎𝑢

2), the distribution of 𝜀𝑖 = 𝑣𝑖 + 𝑢𝑖 

can be written as 

 
𝜑𝑢+𝑣(𝜀) =

√2

√𝜋𝜎2
Φ (

𝜆𝜀

√𝜎2
) 𝑒𝑥𝑝 (−

1

2

𝜀2

𝜎2), (5) 

where 𝜆 = √𝜎𝑢
2 𝜎𝑣

2⁄ , 𝜎2 = 𝜎𝑣
2 + 𝜎𝑢

2, and Φ(∙) is the distribution function of a standard normal 

distribution. Equation (5) represents a particular case of a Skew-normal distribution (Azzalini, 2013). 

Aigner et al (1977) claim that this representation is very convenient, since 𝜆 represents the ratio 

between inefficiency and noise; 𝜆2 → 0 implies that 𝜎𝑣
2 → ∞ and/or 𝜎𝑢

2 → 0, i.e., the noise 

component dominates the error 𝜀𝑖. Otherwise, if 𝜎𝑣
2 → 0, the error is dominated by the inefficiency 

and, therefore, deviations from the efficiency frontier are solely due to technical inefficiency. 

From Equation 5, the log-likelihood equation for the second stage model can be written as 
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𝑙(𝛅, 𝜎2, 𝜆) = −

1

2
𝑁 log (

𝜋

2
) −

1

2
𝑁 log 𝜎2 + ∑ log Φ (

𝜆(−log 𝜃𝑖 − 𝐳𝑖𝛅)

√𝜎2
)

𝑁

𝑖=1

−
1

2𝜎2
∑(−log 𝜃𝑖 − 𝐳𝑖𝛅)

2
𝑁

𝑖=1

 

(6) 

Thus, using Equation 6, maximum likelihood estimates for 𝛅, 𝜎2 and 𝜆are found. In addition, using 

Equation 4, it can be shown that the corrected efficiency scores, adjusted by the environmental 

variables, is �̃�𝑖 = e−𝑢𝑖 (Bogetoft and Otto, 2010). Therefore, a proper estimate for �̂�𝑖 is required. 

Since𝜀 is a random variable which carries information about 𝑢, using Bayes Rule, the conditional 

density of 𝑢 given 𝜀 can be written as 

 
𝜑(𝑢|𝜀) =

𝜑𝑣(𝜀 − 𝑢)𝜑𝑢(𝑢)

𝜑𝑢+𝑣(𝜀)
. (7) 

Using Equation 7, an optimal estimator for the adjusted efficiency scores, and most often used 

(Bogetoft & Otto, 2010) is 

 
�̃� = 𝐸[e−𝑢|𝜀] =

1

Φ(λ
σ

𝜀)
Φ (

μ

σ∗
) e−(μ+

1
2

σ∗
2), (8) 

where σ∗
2 =

𝜎𝑣
2𝜎𝑢

2

𝜎2 , μ =
𝜀𝜎𝑢

2−𝜎𝑣
2𝜎𝑢

2

𝜎2  and 𝜀�̂� = −log 𝜃𝑖 − 𝐳𝑖�̂�. 

2.5 Estimation of a combined environmental variable 

As described in Section 2.2, there are 13 potential environmental variables in the data set, which 

has a limited sample size.  Furthermore, the FIE variable has the largest Spearman correlation 

coefficient (𝜌 = −0.4705) with the efficiency scores. The FIE is correlated to most of the remaining 

environmental variables. Nevertheless, it can be argued that duration of interrupted energy (DIE) 

and frequency of interrupted energy (FIE) carry both environmental and management inefficiency 

information.  

In order to create a second stage model, which accounts only environmental information, we 

propose a new environmental variable using a multiple linear regression model (Montgomery et al., 

2001). The proposed model uses FIE as the dependent variable (y) and the following 11 

environmental variables as the independent environmental variables: density of consumers, 

network density, complexity index, precipitation index, lightning rate, low vegetation index, medium 

vegetation index, high vegetation index, mean declivity index, proportion of paved roads and 

concession area (km2). The estimate of the new variable is: 

Let 𝐘 be the vector of the dependent observations, 𝐘T = [y1, … , y61] and 𝐗 be the regression 

matrix, 𝐗 = [𝟏 𝐱1 … 𝐱11], where 𝟏 is the unit vector and 𝐱𝑖 is the vector of the 𝑖𝑡ℎ-environmental 
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variable (𝑖 = 1, … ,11). The new environmental variable, hereafter named e.variable is calculated 

as: 

 𝑒. 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 = 𝐗(𝐗T𝐗 + λ𝐈)
−1

𝐗T𝐘, (9) 

where λ,  0 ≤ λ < ∞ , is known as the biasing parameter (Montgomery et al., 2001, pg. 350). 

Equation (9) is known as the Ridge Regression estimator (Hoerl and Kennard, 1970) and it is used to 

control linear dependence among the independent variables. The value of λ can be chosen in order 

to maximize the Prediction Error Sum of Squares (PRESS) statistic. That is, Equation (9) provides the 

best predictive linear model of the FIE using only environmental variables. Further information 

about Ridge regression and PRESS statistic are found in Montgomery et al. (2001). 

2.6 Spatial Statistics 

2.6.1 Spatial autocorrelation: Moran's index. 

In spatial studies, it is of interest to evaluate the existence of spatial autocorrelation and the 

strength of the correlation between small area units. In practice, spatial autocorrelation measures 

the similarities between area units. It takes into account the distance between them or any spatial 

information, such as geographic adjacency. Therefore, it is expected that closer area units share 

similar measures, for example, rain rates. 

The most commonly used statistic to measure the intensity of spatial autocorrelation between area 

units is the Moran index, or simply Moran's I (Moran, 1950), shown in Equation (10). Given a region 

divided into 𝑛 areas, consider the random variables 𝑌1, 𝑌2, … , 𝑌𝑛, associated with the units 1,2, … , 𝑛, 

the Moran’s I statistic is given by 

 
𝐼 =

𝑛 ∑ ∑ 𝑤𝑖𝑗
𝑛
𝑗=1

𝑛
𝑖=1 (𝑌𝑖 − �̅�)(𝑌𝑗 − �̅�)

(∑ ∑ 𝑤𝑖𝑗
𝑛
𝑗=1

𝑛
𝑖=1 ) ∑ (𝑌𝑖 − �̅�)2𝑛

𝑖=1

, (10) 

where 𝑤𝑖𝑗 is the spatial weight of the link between𝑖and 𝑗. Spatial weights represent proximities 

between areas. By definition,𝑤𝑖𝑖 = 0, for 𝑖 = 1, 2, … , 𝑛. One alternative is to define 𝑤𝑖𝑗 = 1 if areas 

𝑖 and 𝑗 share geographical boundaries, and to define 𝑤𝑖𝑗 = 0, if not. This is the most common choice, 

and is used in our analysis. The 𝑘-nearest neighbors and the closest areas within a circle with radius 

𝑟is another possibility; however, are also common choices. Nevertheless, the optimal values for the 

parameter𝑘 and the radius 𝑟 must be estimated. 

Moran's 𝐼 ranges from -1 to 1, as similar to the Pearson linear correlation index. A value of -1 

indicates perfect negative spatial correlation; while the value of 1 indicates perfect positive spatial 

correlation; a value of 0 indicates spatial randomness. 

It is of interest to investigate the evidence of spatial randomness. In this case, the null hypothesis is 

defined as the condition in which the random variables 𝑌1, 𝑌2, … , 𝑌𝑛, are independent and identically 

distributed. Under the null hypothesis the distribution of the Moran's I statistic is asymptotically and 
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normally distributed (Cliff and Ord, 1981; Moran, 1950) with mean of −1/(𝑛 − 1)and variance given 

by: 

𝑉𝑎𝑟(𝐼) =
𝑛2(𝑛 − 1)𝑆1 − 𝑛(𝑛 − 1)𝑆2 − 2𝑆0

2

(𝑛 + 1)(𝑛 − 1)2𝑆0
2  

with 𝑆0 = ∑ ∑ 𝑤𝑖𝑗
𝑛
𝑗=1

𝑛
𝑖=1 , 𝑆1 = ∑ ∑ (𝑤𝑖𝑗 + 𝑤𝑗𝑖)

2𝑛
𝑗=1

𝑛
𝑖=1 and𝑆2 = ∑ [(∑ 𝑤𝑘𝑗

𝑛
𝑗=1 ) + (∑ 𝑤𝑖𝑘

𝑛
𝑖=1 )]𝑛

𝑘=1 . 

Alternative measures of spatial correlations are found in the literature, for example, Geary's C index 

(Geary, 1954) and the Gamma index (Mantel, 1967). Nevertheless, Moran's I is the most commonly 

used statistic to evaluate spatial correlation. 

2.6.2 Conditionally autoregressive models 

Although the conditional autoregressive models (CAR) were first introduced by Besag (1974), they 

became popular after the advent of Markov Chain Monte Carlo (MCMC) methods; in particular the 

Gibbs sampler algorithm (Geman and Geman, 1984; Gelfand and Smith, 1990). Given a vector of 

random variables,  𝚿 = (𝜓1, 𝜓2, … , 𝜓𝑛)𝑇, the CAR models define the full conditional distribution of 

𝜓𝑘 given the remaining random variables, 𝜓−𝑘, as 𝑓𝜓(𝜓𝑘│𝜓−𝑘) (Lee, 2011). The intrinsic 

autoregressive (IAR) (Besag, 1991) model assumes the following full conditional normal distribution: 

 
𝜓𝑘𝜓𝑘𝜎𝐼

2 ~ 𝑁 (
1

𝑛𝑘
∑ 𝜓𝑗

𝑗~𝑘

,
𝜎𝐼

2

𝑛𝑘
), (11) 

where the conditional mean is the mean value of the random effects in the neighbors, except 𝜓𝑘, 

and the conditional variance is proportional to the inverse of the number of neighbors, 𝑛𝑘. 

Expression (11) can be written as: 

𝑓𝚿(𝜓1, … , 𝜓𝑛) ∝ 𝑒𝑥𝑝 {−
1

2𝜎𝐼
2 ∑ 𝑤𝑖𝑗(𝜓𝑖 − 𝜓𝑗)

2

𝑖~𝑗
}, (12) 

This formulation does not provide a proper distribution (Banerjee et al. 2004); however it leads to a 

proper posterior distribution in a Bayesian analysis. It  is worth noting that Equation (12) is written 

as a function of the spatial weights 𝑤𝑖𝑗.Therefore, it represents a probabilistic model which accounts 

the effects of the neighbors of a random variable 𝜓𝑘. Further information about CAR models can be 

found in Banerjee et al. (2004). 

2.7 Proposed second stage model with non-discretionary and geographically latent variables 

The CAR model has been previously applied to account for environmental and spatially structured 

components in a stochastic frontier benchmarking model (Schmidt et al, 2009). The stochastic 

frontier model (SFA) estimates the efficiency frontier using input, output, and environmental 

variables, simultaneously. Nonetheless, further investigation is required to include weight 

restrictions in the SFA model. In addition, the DEA model is the current benchmarking model used 
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by the Brazilian regulator. Therefore, we propose a second stage model in order to adjust the 

efficiency scores which were primarily estimated by the regulator. The proposed second stage is 

similar to the SFA model in which the input is the negative of the logarithm of the DEA efficiency 

score, as shown in Equation (4). The proposed model is written as 

 −log 𝜃𝑖 = 𝐳𝑖𝛅 + 𝑢𝑖 + 𝑣𝑖, 

𝑣𝑖~𝑁(0, 𝜎𝑣
2), 

𝑢𝑖|𝜓𝑖~𝑁+(𝜓𝑖, 𝜎𝑢
2), 

𝜓𝑖│𝜓−𝑖, 𝜎𝐼
2 ~ 𝑁 (

1

𝑛𝑖
∑ 𝜓𝑗

𝑗~𝑖

,
𝜎𝐼

2

𝑛𝑖
).  

(13) 

 

In this case, the density distribution of 𝜀 = 𝑣 + 𝑢, given 𝜓, can be written as 

 
𝜑𝜀|𝜓(𝜀) =

1

Φ ( 𝜓
𝜎𝑢

)
Φ (

𝜆

𝜎
𝜀 +

1

𝜆𝜎
𝜓) 𝜙 (

𝜓 − 𝜀

𝜎
)

1

𝜎
 .  (14) 

The optimal estimator for the adjusted efficiency scores, similar to Equation (8), is 

 
�̃� = 𝐸[e−𝑢|𝜀, 𝜓] =

1

Φ (
𝜆
𝜎

𝜀 +
1

𝜆𝜎
𝜓)

Φ (
μ

σ∗
) e−(μ+

1
2

σ∗
2) ,  (15) 

where σ∗
2 =

𝜎𝑣
2𝜎𝑢

2

𝜎2 , μ =
𝜀𝜎𝑢

2+𝜓𝜎𝑣
2−𝜎𝑣

2𝜎𝑢
2

𝜎2  and 𝜀�̂� = −log 𝜃𝑖 − 𝐳𝑖�̂�. 

In addition, alternative estimators (Bogetoft and Otto, 2010) are 

 
�̃�[2] = e−𝐸[u|𝜀,𝜓] = μ +

ϕ (−
μ

σ∗
)

Φ (
μ
σ∗

)
σ∗ , (16) 

 

 
�̃�[3] = e−𝑀[u|𝜀,𝜓] = {

0,   𝑖𝑓 μ ≤ 0
μ,   𝑖𝑓 μ > 0

 , (17) 

where 𝑀[u|𝜀, 𝜓] is the mode of the conditional distribution. 

2.7.1 Bayesian estimates of the proposed model 

The following equation must be solved in order to estimate parameters 𝛅, 𝜎𝑢
2, 𝜎𝑣

2 and 𝜎𝐼
2 using the 

likelihood function:  
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𝐿(𝛙, 𝛅, 𝜎𝑢

2, 𝜎𝑣
2) = ∫ 𝑃(𝛆|𝛙, 𝛅, 𝜎𝑢

2, 𝜎𝑣
2) ∙ 𝑃(𝛙|𝜎𝐼

2)𝑑
𝛙

𝛙, (18) 

where 𝛆 = [𝜀1, … , 𝜀𝑛] and 𝜀𝑖 = −𝑙𝑜𝑔𝜃𝑖 − 𝐳𝑖𝛅. The likelihood function shown, in Equation 18, does 

not have a closed form. One alternative is to use numerical integration methods combined with 

numerical optimization methods. Nonetheless, this approach is computationally intensive and may 

not converge to the maximum likelihood solution. 

Another approach is to use Bayesian statistics and generate samples from the posterior distribution, 

shown in Equation  (19), using Gibbs sampling. 

 𝑃(𝛙, 𝛅, 𝜎𝑢
2, 𝜎𝑣

2, 𝜎𝐼
2|𝛆) ∝ 𝑃(𝛆|𝛙, 𝛅, 𝜎𝑢

2, 𝜎𝑣
2) × 𝑃(𝛙, 𝛅, 𝜎𝑢

2, 𝜎𝑣
2|𝜎𝐼

2) × 𝑃(𝜎𝐼
2). (19) 

According to the Bayesian paradigm, the unknown parameters 𝛅, 𝜎𝑢
2, 𝜎𝑣

2 and 𝜎𝐼
2 are treated as 

random variables. As a consequence, prior distributions are specified to describe the researcher's 

initial uncertainties about their values. If the random variables 𝛅, 𝜎𝑢
2, 𝜎𝑣

2 and 𝜎𝐼
2 are assumed as 

independent, then the left term in Equation (19) can be rewritten as 

 𝑃(𝛙, 𝛅, 𝜎𝑢
2, 𝜎𝑣

2|𝜎𝐼
2) × 𝑃(𝜎𝐼

2) = 𝑃(𝛙|𝜎𝐼
2) × 𝑃(𝜎𝐼

2) × 𝑃(𝛅) × 𝑃(𝜎𝑢
2) × 𝑃(𝜎𝑣

2), (20) 

where 𝑃(𝛅), 𝑃(𝜎𝐼
2), 𝑃(𝜎𝑣

2) and 𝑃(𝜎𝑢
2) are prior distributions and 𝑃(𝛙|𝜎𝐼

2) is defined in Equation 

(13). If the prior distributions are flat, say 𝑃(𝛙|𝜎𝐼
2) × 𝑃(𝜎𝐼

2) × 𝑃(𝛅) × 𝑃(𝜎𝑢
2) × 𝑃(𝜎𝑣

2) ∝ 1, then 

the posterior distribution is proportional to the likelihood function. Thus, samples from the posterior 

distribution are, in fact, generated from the likelihood function. 

Following Schmidt et al. (2009) and Kelsall and Wakefield (2002) the prior distributions below are 

chosen for the parameters: 

1

𝜎𝑢
2  ~ 𝐺𝑎𝑚𝑚𝑎(𝛼 = 0.001, 𝛽 = 0.001),  

1

𝜎𝑣
2 ~ 𝐺𝑎𝑚𝑚𝑎(𝛼 = 0.001, 𝛽 = 0.001), 

1

𝜎𝐼
2 ~ 𝐺𝑎𝑚𝑚𝑎(𝛼 = 0.5, 𝛽 = 0.0005), 

δ~𝑁𝑜𝑟𝑚𝑎𝑙(𝜇 = 0, 𝜎2 = 103). 

Therefore, the prior distribution for the variance parameters (𝜎𝑢
2, 𝜎𝑣

2, 𝜎𝐼
2) has mean of 1 and variance 

of 1,000. 

The rbugs package (Yan and Prates, 2013) available in the R software (R-project.org) was used to 

implement the proposed Bayesian model. 1,000 samples of the posterior distribution where drawn 

using MCMC (Markov Chain Monte Carlo) methods (Gamerman, 2006). Briefly, MCMC methods 
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create a sequential Markov chain of the parameters, which converges to the posterior distribution. 

In order to guarantee convergence of the chain and an independent sample of the parameters, the 

first 106 samples of the Markov chain were discarded (burn-in), and each sample was collected at 

every 500 sequential samples of the Markov chain (lag). In addition, convergence analysis of the 

chain was evaluated using the Geweke convergence test (Geweke, 1992), available in the R package 

coda (Plummer et al., 2006). Point estimates of the parameters were calculated using the median 

values of the posterior sample. High Probability Density (HPD) intervals with 95% of confidence level 

were also estimated using the posterior sample. The rbugs code of the proposed model is found in 

the Appendix. 

Models with different environmental variables were compared using Watanabe-Akaike Information 

Criterion (WAIC), Deviance Information Criterion (DIC) and Log-Pseudo Marginal Likelihood (LPML) 

statistics. The best model fit is related to: lower value of DIC and larger values of WAIC and LPML. 

See Gelman el al. (2013) and Gamerman and Lopes (2006) for further information about these 

criteria. 

3. Results 

Figure 2(a) shows the distribution of the DEA efficiency scores in the Brazilian map, divided by the 

61 energy distribution companies. There is evidence that the efficiency scores are geographically 

correlated. The lowest efficiency scores are mostly concentrated in the northern part of the country, 

where the equatorial forest, constant flooding of the Amazon river and its effluents, and other 

climate and vegetation aspects represent greater challenges to the efficiency of energy companies. 

There is also evidence of clusters of companies with larger efficiency scores, such as the companies 

located in the state of São Paulo (southeastern region of Brazil), as well as companies further south 

and in the northeastern regions. Therefore, in general, there is empirical evidence that the efficiency 

scores are geographically correlated. Table 1 presents the Moran’s Index results for the efficiency 

scores and for the available environmental variables. The weight structure which was used in the 

Moran’s equation (Equation 10) is presented in Figure 2 (b). The geographic adjacency structure is 

as follows: 𝑤𝑖𝑗 = 1 if energy distribution companies 𝑖 and 𝑗 share geographical border and 𝑤𝑖𝑗 = 0, 

if not. It is worth noticing that distribution companies in the northern region have large territories 

and are connected to fewer companies as compared to the distribution companies in southeast and 

south, which have smaller companies densely connected. From Equation (13), it can be seen that 

companies with lower numbers of connections have greater variances with respect to their latent 

variables (𝜓𝑖), which might lead to larger confidence intervals for these companies. 
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(a) Brazilian map of the DEA efficiency scores 
(TN 407) divided by the energy distribution 
companies. 

 
(b) Weight structure generated based on 
geographical adjacency of the distribution 
companies. 

 
Figure 2. Brazilian maps showing: (a) the distribution of the efficiency scores and (b) the weight 
structure generated based on geographical adjacency. 
 

Figure 3(a) shows the PRESS statistic and the estimated  λ parameter (λ̂ = 0.5644), which was used 

to create the e.variable (see Equation 9). Figure 3 (b) shows the Spearman (Spearman, 1904) 

correlation matrix using the environmental variables, FIE, DIE, DEA efficiency scores and the 

proposed e.variable. Positive correlations are represented by ellipses with positive slopes. Negative 

correlations are represented by ellipses with negative slopes. The larger (or smaller) the correlation 

the narrower is the ellipse. The second row shows the correlation among the proposed e.variable 

and the remaining variables. Note that the environmental variables are strongly correlated to the 

e.variable. Furthermore, the last column shows the correlation among DEA efficiency scores and the 

remaining variables. The e.variable and the efficiency scores have a large correlation coefficient 

( =  −0.3757). This correlation is smaller than the correlation between FIE and the efficiency 

scores (𝜌 = −0.4705). This is because the proposed e.variable carries only estimated 

environmental information from FIE.  
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(a) Prediction Error Sum of Squares (PRESS) 

statistic curve for different values of  and 
the optimal value. 
 

 
(b) Spearman correlation coefficients among 
environmental variables, FIE, DIE, e.variable and 
efficiency scores. 

 

Figure 3. Curve of the PRESS statistic for different values of  and the final estimate as the minimum 
value (a). Spearman correlation matrix among environmental, FIE, DIE, e.variable and the DEA 
efficiency scores (b). 
 

Table 1 shows Moran's Index results sorted in decreasing order. The efficiency scores and most of 

the environmental variables are geographically correlated, i.e., P-values are smaller than 0.05 (5%), 

as expected. Note that medium vegetation index, precipitation index and the e.variable have the 

largest values of Moran’s I, which indicates that these variables are strongly geographically 

correlated. One may argue that the inclusion of one of these variables in the second stage model is 

sufficient to handle the spatial distribution of the efficiency scores. To evaluate such a statement, 

the proposed second stage model was evaluated including one environmental variable and the 

spatial structure (latent component), i.e., one model for each environmental variable. Results are 

shown in Table 2. 
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Table 1. Moran's index for the efficiency scores and proposed non-discretionary variables. 

Variable Moran's Index P-value 

medium vegetation index 0.70 0.000 
precipitation index 0.67 0.000 
e.variable 0.64 0.000 
high vegetation index 0.57 0.000 
frequency of interrupted energy (FIE) 0.56 0.000 
average duration of interrupted energy (DIE) 0.55 0.000 
mean declivity index 0.48 0.000 
lightning rate 0.46 0.000 
complexity index 0.43 0.000 
lowvegetation index 0.36 0.000 
proportionof paved roads 0.24 0.001 
efficiency scores 0.21 0.004 
concession area (km2) 0.17 0.008 
density of consumers 0.08 0.043 
network density -0.04 0.673 

 

Table 2 shows estimated coefficients with the respective HPD intervals, and estimated density 

parameters for the model proposed in Equation (13). The e.variable is the only statistically 

significant variable, i.e., the zero is not included in the HPD interval. The model with the e.variable 

has a  ratio of 1.040, which shows that the estimated values of u and v are very close. The ratio 

betweenI and u is 0.2573 (25.7%), i.e., the latent spatial structure gives a smaller contribution to 

the inefficiency variability.  

 
Table 2. Results of the proposed model considering one environmental variable and the spatial 
latent structure. 

Environmental variables Coefficient 

Coefficient 

u v I uvLowerLimit 
(95%) 

UpperLimit 
(95%) 

medium vegetation index -0.1447 -0.5294 0.1174 0.445 0.045 0.057 9.778 

precipitation index 0.0000653 -0.0000334 0.0002150 0.313 0.161 0.059 1.887 

e.variable 0.0145 0.0051 0.0242 0.206 0.200 0.053 1.040 

high vegetation index 0.4884 -0.3362 1.3320 0.382 0.100 0.062 3.822 

mean declivity index -0.003063 -0.009379 0.006053 0.457 0.038 0.055 11.905 

lightning rate -0.00277 -0.00948 0.00534 0.447 0.037 0.063 12.195 

complexity index -0.053 -0.368 0.381 0.444 0.046 0.064 9.726 

lowvegetation index -0.339 -1.216 0.440 0.441 0.043 0.078 10.280 

 
Table 3 shows the WAIC, DIC and LPML statistics for the selected models. The model with the 

e.variable has the largest WAIC and LPML statistics and the lowest value of the DIC statistic. 

Therefore, the proposed model with the e.variable achieves the best fit of the data. 
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Table 3. Model comparison criteria for each proposed model with one environmental variable and 
the spatial latent structure. The best model is shown in boldface. 
 

Environmental variables WAIC DIC LPML 

medium vegetation index -2.605 20.019 -2.796 
precipitation index -5.550 32.281 -5.745 
e.variable -2.515 11.807 -2.605 
high vegetation index -4.084 20.037 -4.242 
mean declivity index -2.285 16.856 -2.716 

 
Figure 4 (a) shows the corrected efficiency scores map and Figure 4 (b) shows the absolute changes 

(corrected minus original) of the efficiency scores using the proposed model with the e.variable and 

the spatial structure. Corrected efficiency scores were calculated using Equation (15). Corrected 

scores are greater than original scores in the northern region, with differences close to 40%. Some 

energy companies had their efficiency scores reduced, mainly in the northeastern, southeastern and 

southern regions. Nevertheless, absolute differences between original and corrected scores for 

these companies were less than 10%. In general, energy companies with the lowest efficiency 

scores, which were located in the north, have the greatest increase in their corrected efficiency 

scores. These companies operate in the harshest environment: with high temperatures, high rain 

index, high humidity and high vegetation. Figure 5 compares the original efficiency scores with the 

corrected scores using our proposed model. Among the energy distribution companies, 14 

companies had their efficiency scores reduced as compared to the original model. The remaining 

companies had their efficiency scores increased as compared to the original model. 

 

 
(a) Brazilian map of the corrected scores. 

 
(b) Brazilian map of the absolute changes in 
the efficiency scores. 

 
Figure 4. Brazil maps showing: (a) the distribution of the corrected efficiency scores and (b) the 
map of the absolute changes in the efficiency scores. 
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Figure 5. Radar plot comparing the original efficiency scores sorted in ascending order (clockwise), 
and the corrected efficiency scores using the proposed model. 
 
Figure 6 shows the estimated corrected efficiency scores and the respective HPD intervals using 

Equations (15), (16) and (17). Results show that Equation (15), �̃� = 𝐸[e−𝑢|𝜀, 𝜓], generates corrected 

scores which are less than 100%. As a consequence, companies which originally achieved efficiency 

scores of 100% had their corrected efficiency scores decreased. Equations (16) and (15) generate 

similar corrected efficiency scores. On the contrary, Equation (17), �̃�(3) = e−𝑀[u|𝜀,𝜓], generates 

corrected scores of 100%. That is, companies with original efficiency scores of 100% did not have 

their corrected efficiency scores changed. 

Finally, Figure 7 shows the corrected efficiency scores using the model with the spatial latent 

structure and the model without the spatial latent structure. This figure illustrates the impact of the 

latent spatial structure on the corrected efficiency scores, using Equation (15). Both models use the 

e.variable. The parameters of the model without the spatial structure were estimated using 

maximum likelihood. Figure 7 (a) shows that there is a slight difference between corrected efficiency 

scores with and without the spatial structure. As previously shown in Table 1, the e.variable is 

geographically correlated. Therefore, the estimated contribution of the spatial latent structure is 

small, compared to the model without the spatial structure. Differences between the corrected 

scores of the two models are shown in Figure 7 (b). It  can be seen that the spatial latent structure 

contributed with small changes to the corrected efficiency scores. 
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(a) Corrected efficiency scores and HPD intervals using Equation 15. 
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(b) Corrected efficiency scores and HPD intervals using Equation 16. 
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(b) Corrected efficiency scores and HPD intervals using Equation 17. 

Figure 6. Corrected efficiency scores and HPD intervals using Equations 15 (a), 16 (b) and 17 (c). 

Energy companies are sorted in decreasing order of their original efficiency scores (black squares) 
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(a) Differences between corrected efficiency 
scores with and without the latent spatial 
structure for the energy distribution companies. 

 
(b) Map of the differences between 
corrected efficiency scores with and without 
the latent spatial structure. 

  
Figure 7. Comparison of the corrected efficiency scores with and without the latent spatial structure. 
 
 
4. Discussion and conclusion 

There are many alternatives in the literature to account for environmental variables in 

Benchmarking models. For example, in SFA and StoNED models the environmental variables can be 

included along with the input and output variables. Then, the model can be estimated in one stage. 

The DEA second stage requires strong assumptions among the variables in the first and second 

stages. One important assumption is that the environmental variables and the first stage variables 

are independent, in order to produce unbiased estimates. This is clearly not the case of the Brazilian 

distribution Benchmarking model, since the best second stage model includes the e.variable which 

is correlated with the consumer-hour of interrupted energy (CHI) variable, included in the first stage.  

It is worth noticing that the current Brazilian benchmarking model does not account for any 

environmental component that could possibly impact the efficiency scores. Although many 

contributions were submitted to the regulator, the final model was not changed. Therefore, this 

work provides new insights into the potential impact of environmental and geographical location of 

the Brazilian DSOs in the corrected efficiency scores. Results provide evidence of a cluster of 

companies with lower efficiency scores in the northern region, which is a region with a harsh 

environment. DSOs located in this area can potentially have their scores increased by a factor of 

30% to 40%. Currently, one company located in this region has the lowest efficient score (22.4%). In 

addition, we suggest including a latent spatial structure in the model. This is because most of the 

environmental variables represent average values, which do not include extreme events that truly 

impact efficiency. In this case, the model can estimate the environmental harshness, which is the 

latent structure shared between geographically closer areas. 
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It is worth mentioning that the proposed Bayesian estimates of the corrected efficiency scores 

achieve large HPD intervals, as shown in Figure 5. Nonetheless, most of the original efficiency scores 

are outside the HPD intervals, which indicates a strong statistical correlation between efficiency 

scores and environmental information. As a conclusion, there is statistical evidence that the 

Brazilian DSOs are affected by the environment where they are located. 

Different statistical procedures could have been applied to estimate a single environmental variable, 

such as principal component analysis, factorial analysis (Yu et al., 2009), among others. This work 

proposes to use the FIE variable, a key performance indicator (KPI) variable which summarizes both 

environmental and management inefficiency information. We assume that different DMUs are 

affected by different environmental settings, which is represented in the FIE variable. Using a 

multiple regression model the FIE component, which is associated with the 11 available 

environmental variables, can be estimated. Different combinations of the environmental variables 

were also evaluated. However, due to the small sample size of the data, models with multiple 

environmental variables were not statistically significant. 

Bogetoft & Otto (2010) present three different equations for estimating the corrected efficiency 

scores. In general, the rank of the corrected efficiency scores does not change using the different 

equations. However, using the mode of the conditional distribution (Equation 17), companies which 

originally achieved efficiency scores of 100% may also achieve corrected efficiency scores of 100%. 

On the contrary, using conditional expectation equations (15 and 16) the corrected efficiency scores 

are, in general, lower than 100%. 

Bogetoft and Lopes (2015) claim that the 2014 Brazilian DEA benchmarking model is inaccurate, and 

has outliers. We highlight the fact that the proposed second stage model does not correct for 

inaccuracies in the first DEA stage. Therefore, further investigation in the first stage model is still 

required. Nonetheless, the present work provides strong statistical evidence of correlations among 

DEA efficiency scores and environmental variables. In addition, a second stage model accounting for 

spatial dependence is proposed. We believe this model can be extended to different regulation 

settings such as electricity transmission, water and sewage. 

The proposed model can be further explored. One approach for future work is to investigate 

different spatial weight structures such as k-nearest neighbors, among others, as suggested by 

Schmidt et al. (2009). A second approach is to consider different conditionally autoregressive 

models (CAR), such as the Leroux model (Leroux, et al., 1999). 
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Appendix 

The JAGS script implementing the proposed Bayesian model is shown below. 

 

model 

{ 

for ( k in 1:N ) { 

 dummy[k] <- 0 

 dummy[k] ~ dloglik(logLike[k]) 

 mu[k]    <- beta*data[k]   

 logLike[k] <- -log(1.0000001 - phi(-(theta[k])/sig.u))+log(phi(((  

sig.u/sig.v)/sqrt((sig.u*sig.u)+(sig.v*sig.v)))*(y[k]- 

mu[k])+(theta[k]/((sig.u/sig.v) *sqrt((sig.u*sig.u) +  

(sig.v*sig.v)))))) - 0.5* log(2*3.1416)-0.5*pow((theta[k]  

-(y[k]-mu[k]))/sqrt((sig.u*sig.u)+(sig.v*sig.v)),2) – 

log(sqrt((sig.u*sig.u) + (sig.v*sig.v)))  

} 

 

    ## Priors 

theta[1:N] ~ car.normal(adj[], weights[], num[], tau) 

beta  ~dnorm(0.0, 1.0E-06) 

tau.u ~ dgamma(0.001, 0.001)  

tau.v ~ dgamma(0.001, 0.001)  

tau  ~dgamma(0.5, 0.0005) 

lambda<- sig.u/sig.v 

sig.u<- sqrt(1/tau.u)     

sig.v<- sqrt(1/tau.v)     

    sig2   <- (sig.u*sig.u) + (sig.v*sig.v) 

    sig    <- sqrt(sig2) 

sigmatheta<- sqrt(1/tau) 

} 
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ANEXO A 

ANÁLISE DE CONVERGÊNCIA  

Na tabela a seguir são apresentadas as estatísticas Z do teste de Geweke (1992) para as cadeias dos 

escores corrigidos pela variável e.variable para as empresas Brasileiras de distribuição de energia 

elétrica. Pode-se verificar que os valores das estatísticas estão contidas no intervalo -1,96 e 1,96, 

indicando que as cadeias para os escores corrigidos convergiram ao nível de 95% de confiança.  

TABELA A. Estatística Z do teste de Geweke para as cadeias dos escores corrigidos pela variável 
e.variable para as empresas de distribuição de energia elétrica.  

Empresa 
Teste de 
Geweke 

Empresa 
Teste de 
Geweke 

Empresa 
Teste de 
Geweke 

AES SUL -1,271 COELCE -0,375 ELETROACRE 0,196 

AMPLA 0,263 COOPERALIANÇA 0,061 CEAL 0,374 

BANDEIRANTE 0,648 COPEL 0,045 CEPISA 0,086 

CAIUA -0,119 COSERN -0,609 CERON 0,100 

CEB 0,136 JAGUARI -0,679 ELETROCAR -0,560 

CEEE -0,471 CPEE -0,550 ELETROPAULO 0,032 

CELESC -0,320 MOCOCA -0,926 SANTA MARIA 0,447 

CELG 0,294 CPFL PAULISTA -0,496 ENE. MIS GERAIS -0,345 

CELPA 0,016 PIRATININGA -0,317 ENERSUL 0,185 

CELPE -0,459 SANTA CRUZ -0,208 ENE. PARABA -0,199 

CELTINS 0,141 CSPE -0,602 ESCELSA 0,244 

CEMAR 0,173 DEMEI -0,101 ENE. SERGIPE 0,308 

CEMAT 0,164 DME-PC 0,021 HIDROPAN -0,139 

CEMIG 0,133 ENE. BORBOREMA -0,970 IGUAÇU -0,714 

CFLO -0,169 VALE PARAPANEMA -0,136 LIGHT 0,117 

CHESP -0,421 BRAGANTINA 0,032 MUXFELDT -1,373 

CIOL -0,042 URUSSANGA -0,635 RGE -0,835 

COCEL 0,013 ELEKTRO -0,239 SULGIPE 0,383 

COELBA 0,445 AME 0,150 NOVA PALMA -0,445 

 

A análise de convergência também pode ser verificada de forma visual a partir dos 

gráficos das cadeias e das densidades estimadas para os escores de eficiência, para cada uma das 

empresas distribuidoras de energia elétrica. Nota-se, para todas as empresas, que os valores de seus 

escores de eficiência tendem a variar em torno de um valor constante, mas com variabilidades 

diferenciadas. Os gráficos corroboram com a hipótese de convergência das cadeias. 
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Figura A. Amostras a posteriori dos escores corrigidos pela variável ambiental e.variable, para as 

empresas Brasileiras distribuidoras de energia elétrica. 


