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°®¬V­�­>³�»OÀ2¬V­t·)¦O¶�­§¬V»O«§¬V¨6¬V­�¶6¬ºÀÂ³Â¥§£)«§¬½¥§ª�«ÿ¬M³�¶ì¥§£)«>¶6¬V·)³�¦O¶6¬VÀ¿ü ¦O«§¬V°0°®¬V¶�¥§³�¨6¬V­t£)°&��¶�»OÀVY)­)Õ

µN�ÅÃ �t](F	_dK�U�{}��_Of�A�u>A6U�TNU"="u�U�KME@E@F	_4u±¦OªlÃ#«>¦O»O«§¬V°®¬VÈ)ÉV¦ºµ�³�¶OQV«>³2¬=¦Oªx�!£)«>¦½¼ÅÌÍ°�Õ
Át©%Ï ��Á�¦O¶�£�¨�£�©X³�«>£)ÈSR4£)­ÍÏ
¬V·²¥§³�¯�³�ÀÂ³�/¸¬V¶ì¥§£)­)Õ
Át�XÏ ��Á�¦O¶�¨�³�ÈSR�£)­��Í£)·)£)­>­"QV«>³2¬V­�¾6¬V«§¬@��¶~üý¬V·²¥§³�¯�³�À�³Â¨6¬V¨�£VÕ
Át©[� ��Á�¦O¶�£�¨�£�©X³�«>£)ÈSR4£)­��X¥§³�°±³�/¸¬V¶�¥§£)­)Õ
¹ ù �ÅÃ � ¹#­Çü ¦O«>È)¦±¨�£ ù ÎV¬VÀ�³2¬VÈ¸ÉV¦=¨6¬V­(��¶~ü ¦O«>°®¬VÈSR4£)­�¨�¦®Ã#«>¦O¯�À�£)°®¬�Õ
¹ Á ù � � ¹#­Çü ¦O«>È)¦±¨�£MÁtQVÀ�·)ª�À�¦�¨�¦ ù À�»O¦O«>³Â¥§°º¦�¨�£}�X¥§³�°±³�/¸¬VÈ¸ÉV¦�Õ
¹ Á�¢ � ¹#­Çü ¦O«>È)¦�Á�¦O°±¾�ª~¥ÿ¬V·)³�¦O¶6¬VÀ!¢�¦V¥ÿ¬VÀ�¾6¬V«§¬±¬�¨�£²¥§£)«>°±³�¶6¬VÈ¸ÉV¦�¨6¬º­>¦OÀ�ª�È¸ÉV¦

� ¥§³�°®¬~Õ
Æ�©?Á �p�CAb=�E^A6fPU�FH3~��A6U�F	��Ab?�e274f	9M¦OªcÁ ¦O«Ç¥ÿ£²­X©X£)«>³ÂÎ½¬V¨�¦O­XÆ?£)¦O°±£²¥§«>³�·¸¬V°±£)¶ì¥§£VÕ
úC�Çø~Ã�¹ �t�~FV96f�=�U�FH3"K�5d��_Of�A6U"9!Ab36fPFH=�_�BDA"K�U"3ba�T(=�58{!aOA"?�Ub=�_,0N5	58F JO9!=�FP?@��A6f	aO=<?P¦OªlÐ�Ë²¥§¦4¨�¦

T(=�58FHA"?�U"=�GH0N58F JO9!=�FP?:K�5�·)¦O°ïÃ�¦OÀ�³�£)¨�«>¦�¨�£Mµ�ª�­>·¸¬º·)¦O°ïúÍ³�­Ç¥§ÄO«>³�·)¦�¨�£
��¶ì¥§£)«>­>£)·)ÈSR4£)­)Õ

���XÏ ��Á�¦O¶�¨�³�ÈSR�£)­Í¶�£)·)£)­>­"QV«>³2¬V­�£�­>ª~ë6·)³�£)¶ì¥§£)­X¨�£�³�¶~üý¬V·*¥ÿ³Â¯�³�ÀÂ³Â¨6¬V¨�£=Õ
�ÅÃ �N��_Of�A�u>A6U�TNU"="u�U�K�E@E@F	_4u®¦Oª�Ã#«>¦O»O«§¬V°®¬VÈ¸ÉV¦º©X³�­>·)«>£²¥ÿ¬~Õ
ZsZ?¢C� ��Á�¦O¶�¨�³�ÈSR�£)­Í¨�£pZ�¬V«>ª�­>Ê4¼�Z?ª�Ê�¶4¼�¢�ª�·ÿõV£)«Í¾6¬V«§¬�¦V¥§³�°®¬VÀÂ³Â¨6¬V¨�£VÕ
Z?¢�¹ ��Á�¦O¶�¨�³�ÈSR�£)­Í¨�£pZ?ª�Ê�¶4¼�¢�ª�·ÿõV£)«Í¾6¬V«§¬�£²ë6·)³VY)¶�·)³2¬~Õ
�#Õ �ÿÕ �I��¶�¨�³�·¸¬VÈ¸ÉV¦º¨�£s��¶�¨�£)¾¿£)¶�¨#Y)¶�·)³2¬^��³�¶�£¸¬V«�¾6¬V«§¬=ÎO£²¥§¦O«>£)­)Õ
�m�ÇÁ �q��³�°±³ò¥§£~��¶~ü £)«>³�¦O«�¨�£MÁ�¦O¶ìÎO£)«>»MY)¶�·)³2¬�Õ
��ÆpW �t��F	_`A"K�U��t7#K:?�U�K�fPFH3^�(K�7:9b96FPK�_c¦OªcÆ�¬Vª�­>­>³2¬V¶�¦�W%ª6¬V¨�«"Q½¥§³�·)¦���³�¶�£¸¬V«)Õ
��Ð�� �t��F	_`A"K�U���K�fPU�F 1���_`A"¡S7#K�58F	fPFHAb9�¦Oª�©X£)­>³�»Oª6¬VÀ�¨6¬V¨�£)­XÐl¬½¥§«>³�·)³2¬V³Â­¢��³�¶�£¸¬V«>£)­)Õ
��ø�Á �q��³�°±³ò¥§£�ø4ª�¾¿£)«>³�¦O«�¨�£MÁ�¦O¶ìÎO£)«>»MY)¶�·)³2¬~Õ
ÐcÁt¹ ��Ð�Ë²¥§¦4¨�¦®Á�¦O¶�£*¼Å¹#À�³�¾�­>¦O³�¨6¬VÀñÕ
Ðl¹�©%ö ��Ð�Ë²¥§¦4¨�¦±¹#À�³�¾�­>¦O³�¨6¬VÀ!·)¦O°ï©X³�°±£)¶�­§ÉV¦±ö�£)¨�ª#/)³�¨6¬~Õ
Ðl¹�¹�¹ ��Ð�Ë²¥§¦4¨�¦±¹#À�³�¾�­>¦O³�¨6¬VÀ!·)¦O°ï¹#¶�ª�°±£)«§¬VÈ¸ÉV¦®¹�¤~¾�À�Ó�·)³Â¥ÿ¬~Õ
Ð�������Ã �t�\F 14A"?���_Of�A�u>A6U�£p=�_O5
F	_`AbK�U�TNU"="u�U�K�E@E@F	_4u±¦OªlÃ#«>¦O»O«§¬V°®¬VÈ¸ÉV¦±Ð�³�­Ç¥ÿ¬º©X³�­>·)«>£²¥ÿ¬

£MÁ ¦O¶�¥§Ó�¶�ª6¬��XÉV¦½¼���³�¶�£¸¬V«S¤
Ð��ÅÃ �t�\F 14A"?���_Of�A�u>A6U�TNU"="u�U�K�E@E@F	_4u±¦OªlÃ#«>¦O»O«§¬V°®¬VÈ¸ÉV¦±Ð�³�­Ç¥ÿ¬º©X³�­>·)«>£²¥ÿ¬º£MÁ�¦V¶�¥§Ó�¶�ª6¬~Õ
ÐlÃ�¹�ú ��Ð�Ë²¥§¦4¨�¦�T(=�58FHAb?�U"=�GH0N58F JO9!=�FP?MK�5�¾¿¦O«�úÍ³�¾¿£)«>£)­Çü £)«§¬~Õ
ÐlÃ�¹ ø�Á ��Ð�Ë²¥§¦4¨�¦�T(=�58FHAb?�U"=�GH0N58F JO9!=�FP?MK�5�¾¿¦O«Íø4£)Ò>¥#Y)¶�·)³2¬±¨�£MÁ�¦O«Ç¥§£)­�¾�«>¦Vü ª�¶�¨�¦O­�£�«§¬V­>¦O­)Õ
�C�ÅÃ �t£p=�_O58F	_`A"K�UC��_Of�A�u>A6U�TNU"="u�U�K�E@E@F	_4u®¦Oª�Ã#«>¦O»O«§¬V°®¬VÈ¸ÉV¦º©X³�­>·)«>£²¥ÿ¬��XÉV¦½¼���³�¶�£¸¬V«)Õ
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¤

Ãq� ù Á ��Ã#«>¦½íÇ£²¥§¦±¨�£}�X¥§³�°±³�/¸¬VÈ¸ÉV¦ ù ­>­>³�­Ç¥§³�¨�¦º¾
¦O«XÁ�¦O°±¾�ª~¥ÿ¬V¨�¦O«
W�Át�X© �qW%ª6¬V­>³ò¼ÇÁ�¦O¶ìÎì£*¤~¦��XÉV¦±¶�£)·)£)­>­§¬V«>³2¬V°±£)¶ì¥§£�©X³Âü £)«>£)¶�·)³�Q¸Îì£)ÀñÕ
¦��?Ã ��§¨Ab36f�=�U�FPK�5ª©�JdfPF	E@F�«!K�fPFH=�_�TNU"=M¬S5VA6Eo¦OªlÃ#«>¦O¯�À�£)°®¬=¨�£}�X¥§³�°±³�/¸¬VÈ¸ÉV¦�¦#£²¥§¦O«>³2¬VÀñÑ

¦Oª�Ã#«>¦O¯�À�£)°®¬�¨�£}�X¥§³�°±³�/¸¬VÈ¸ÉV¦ºÐ�ª�ÀÂ¥§³ò¼�¦O¯~íÇ£*¥ÿ³òÎO¦�Õ
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¤~³
���S'Dk�n���%®­�¯S+ i -p°6-}'

�Í£)­Ç¥ÿ¬�¢�£)­>£VÑ6ÎO£²¥§¦O«>£)­�­§ÉV¦�³�¶�¨�³�·¸¬V¨�¦O­t¾¿¦O«tÀ�£²¥§«§¬V­tÀ2¬½¥§³�¶6¬V­�°±³�¶�ó�­>·)ª�À2¬V­t£)°0¶�£)»O«>³Â¥§¦�Õ#¹#­>·¸¬VÀ2¬V«>£)­�­ÿÉ½¦
«>£)¾�«>£)­>£)¶ì¥ÿ¬V¨�¦O­�¾¿¦O«XÀ�£²¥§«§¬V­X°±³�¶4ó�­>·)ª�À2¬V­X»O«>£)»O¬V­%¦OªzÀ2¬½¥§³�¶6¬V­Í£)°q³Â¥bQVÀ�³Â·)¦®·)¦O°q¦Oªz­>£)°�­>ª�¯4¼�Ó�¶�¨�³�·)£VÕ
Ðl¬½¥§«>³V/)£)­?­§ÉV¦w³�¶�¨�³�·¸¬V¨6¬V­X¾¿¦O«%À�£²¥§«§¬V­%À2¬½¥§³�¶6¬V­Í°®¬V³�ó�­>·)ª�À2¬V­)Õ ù ­>£)»Oª�³�«%­§ÉV¦PÀ�³�­Ç¥ÿ¬V¨�¦O­X¦O­%¾�«>³�¶�·)³�¾6¬V³�­
­>Ó�°=¯¿¦OÀ�¦O­tª�­§¬V¨�¦O­�¶�£)­Ç¥§£�¥§«§¬V¯6¬VÀ�Ê�¦�Õ�ø4Ó�°=¯¿¦OÀÂ¦O­t£)­>¾¿£)·)ÓÂë6·)¦O­Í­>£)«§ÉV¦±¨�£²ë6¶�³�¨�¦O­�³Â¶PÀ�¦4·)¦�Õ

T �
±[¥ÿ«§¬V¶�­>¾
¦O­>³�È¸ÉV¦º¨�£?Îì£²¥§¦O«>£)­�¦Oª�°®¬½¥§«>³V/)£)­)Õ
f(·) �
± ·)¦O¶½íÇª�¶ì¥§¦±¨6¬V­�ü ª�¶�ÈSR4£)­Å¼�¦O¯4íÇ£²¥§³ÂÎO¦±¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Õª�Í£)­Ç¥§£�¥§«§¬V¯6¬VÀ�Ê�¦

£)­Ç¥ÿ¬V­�ü ª�¶�ÈSR4£)­�¨�£²Îì£)°ï­>£)«�·)¦O¶�­>³�¨�£)«§¬V¨6¬V­�ü ª�¶�ÈSR4£)­ÍÒ�ª6¬½­§³ ¼�·)¦O¶�ÎO£*¤�¬V­
¶6ÉV¦º¶�£)·)£)­>­§¬V«>³2¬V°±£)¶ì¥§£�¨�³òü £)«>£)¶�·)³�Q:ÎO£)À�Ò�ª6¬V¶�¨�¦±¶�£)¶�Ê�ª�°®¬º¦Oª~¥§«§¬�¨�£²ë6¶�³�È¸ÉV¦
£)­Ç¥§³ÂÎì£²«Í£*¤~¾�À�Ó�·²³Â¥ÿ¬~Õ

g(·) �
± ·)¦O¶½íÇª�¶ì¥ÿ¦º¨6¬V­�ü ª�¶�ÈSR4£)­Å¼�«>£)­Ç¥§«>³�È¸ÉV¦º¨�£�ª�°o¾�«§¦V¯�À�£)°®¬~Õª�Í£)­Ç¥§£�¥§«§¬V¯6¬VÀ�Ê�¦
£)­Ç¥ÿ¬V­�ü ª�¶�ÈSR4£)­�¨�£²Îì£)°ï­>£)«�·)¦O¶�­>³�¨�£)«§¬V¨6¬V­�ü ª�¶�ÈSR4£)­ÍÒ�ª6¬½­§³ ¼�·)¦O¶�ÎO£*¤�¬V­
¶6ÉV¦º¶�£)·)£)­>­§¬V«>³2¬V°±£)¶ì¥§£�¨�³òü £)«>£)¶�·)³�Q:ÎO£)À�Ò�ª6¬V¶�¨�¦±¶�£)¶�Ê�ª�°®¬º¦Oª~¥§«§¬�¨�£²ë6¶�³�È¸ÉV¦
£)­Ç¥§³ÂÎì£²«Í£*¤~¾�À�Ó�·²³Â¥ÿ¬~Õ

x
�
±[Îì£²¥§¦O«�·)¦O«>«>£)­>¾
¦O¶�¨�£)¶�¥§£M¬V¦º·)¦O¶½íÇª�¶ì¥§¦±¨6¬V­�ÎV¬½«§³VQ:ÎO£)³�­�¨�£�¨�£)·)³�­§ÉV¦�Ñ
³�¶�·)À�ª�³�¶�¨�¦�¬V­�ÎV¬V«>³�Q¸ÎO£)³�­�·)¦O¶ì¥§Ó�¶4ª6¬V­�£�¨�³�­>·)«>£²¥ÿ¬V­�Ò�ª6¬V¶�¨�¦±£*¤~³�­Ç¥§³�«>£)°�Õ

Ω
�
± £²­§¾6¬½È)¦®¨�¦O­�¾6¬V«"gV°±£²¥§«>¦O­tüý¬V·²¥§ÓÂÎO£)³�­�¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Õ�¢�¬VÀ�£)­>¾6¬VÈ)¦®­>£)«"Q
­>£)°±¾�«>£�³�¨�£)¶ì¥§³Âë6·¸¬V¨�¦�Ñ�¶�£)­Ç¥§£?¥§«ÿ¬½¯6¬VÀ�Ê�¦�Ñ�·)¦O°oª�°o­>ª�¯
·)¦O¶½íÇª�¶�¥§¦±¨�£

Rn Õ
Ω∗

�
± ·)¦O¶½íÇª�¶�¥§¦º¨�£�­§¦VÀ�ª�ÈSR4£)­�£²ë6·)³�£)¶ì¥§£)­)Ñ
¦OªlÃ�¬V«>£²¥§¦½¼�ÄV¥§³�°®¬½­)Ñ~¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Õ
� ·)¦O¶½íÇª�¶ì¥§¦

Ω∗
Ë�ª�°o­>ª�¯¿·)¦O¶½íÇª�¶ì¥§¦®¨�¦º£)­>¾6¬VÈ)¦®¨�£�¾6¬V«"gV°±£²¥§«>¦O­

Ω
Õ

x∗
�
± ­§¦VÀ�ª�È¸ÉV¦ºÄV¥§³�°®¬=·)¦O¶ì¥§Ó�¶�ª6¬�¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Ñ~¦O¶�¨�£

x∗ ∈ Ω∗
Õ

xz∗
�
± ­§¦VÀ�ª�È¸ÉV¦ºÄV¥§³�°®¬=°±³�­Ç¥ÿ¬=·)¦O¶ì¥§Ó�¶�ª6¬�£�¨�³�­>·)«>£²¥ÿ¬º¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Ñ~¦O¶�¨�£

f(x∗) ≤ f(xz∗)
¾6¬V«§¬�¾�«>¦O¯�À�£)°®¬V­�¨�£�°±³�¶�³Â°±³�/¸¬VÈ¸É½¦�Õ

xk
�
± õO¼�Ë)­>³�°±¦º£)À�£)°±£)¶ì¥§¦º¨�£�ª�°®¬�­>£)Ò>¥#Y)¶�·)³2¬º¨�£?Îì£²¥§¦O«>£)­

x
Õ

d
�
± ¶4ó�°±£)«>¦º¨�£?Î½¬V«>³�Q:ÎO£)³�­�·)¦O¶ì¥§Ó�¶4ª6¬½­�¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Õ

z
�
± ¶4ó�°±£)«>¦º¨�£?ÎV¬½«§³VQ:ÎO£)³�­�¨�³�­>·)«>£²¥ÿ¬V­�¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Õ

n
�
± ¨�³�°±£)¶�­§ÉV¦º¨�£�ª�°o¾�«>¦O¯�À�£)°®¬

(z + d = n)
Õ

p
�
± ¶4ó�°±£)«>¦º¨�£�«>£)­Ç¥§«>³�ÈSR4£)­�¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Ñ~¦O¶�¨�£

gi(·) | i ≤ p
Õ

m
�
± ¶4ó�°±£)«>¦º¨�£�¦O¯4íÇ£²¥§³ÂÎì¦O­�¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Ñ~¦O¶�¨�£

fi(·) | i ≤ m
Õ

¨�³�­Ç¥
(x , Ω )

�#¨�³�­Ç¥bgV¶�·)³2¬=£)ª�·)À�³�¨�³2¬V¶6¬=£)¶ì¥§«>£�¦±¾
¦O¶�¥§¦
x
£�¦º·)¦O¶½íÇª�¶ì¥§¦±·)¦O¶ìÎO£*¤~¦

·)¦O°±¾6¬V·²¥§¦
Ω
Õ

max()
�
±[ü ª�¶�È¸ÉV¦±°^Q
¤~³�°±¦MÎ½¬VÀ�¦O«�¨�£)¶ì¥§«>£�ª�°o·)¦O¶½íÇª�¶ì¥§¦±¨�£�¬V«>»Oª�°±£)¶ì¥§¦O­)Õ

min()
�
±[ü ª�¶�È¸ÉV¦±°±Ó�¶�³Â°±¦MÎ½¬VÀ�¦O«�¨�£)¶ì¥§«>£�ª�°o·)¦O¶½íÇª�¶ì¥§¦±¨�£�¬V«>»Oª�°±£)¶ì¥§¦O­)Õ

rank(M)
�
±[ü ª�¶�È¸ÉV¦±¾
¦O­Ç¥§¦±¨6¬�°®¬½¥§«>³V/

M
Õ

col(M)
�
± ·)¦OÀ�ª�¶6¬

q
¨�£�ª�°®¬�°®¬½¥§«>³V/�Ð]Ñ�¥ÿ¬VÀ�Ò�ª�£M¬�°®¬½¥§«>³V/

M ∈ Rr×q Õ
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¤~³�³

dim(Υ)
�
±[ü ª�¶�È¸ÉV¦±¨�³�°±£)¶�­§ÉV¦�¨�£�ª�°o·)¦O¶½íÇª�¶�¥§¦

Υ
Õ

bxc �
±J¬V«>«>£)¨�¦O¶�¨6¬V°±£²¶�¥§¦º¾6¬V«§¬�¦º°±£)¶�¦O«�³�¶�¥§£)³�«>¦=¾�«>Ä:¤~³�°±¦º¬
x
Õ

dxe �
±J¬V«>«>£)¨�¦O¶�¨6¬V°±£²¶�¥§¦º¾6¬V«§¬�¦º°®¬V³�¦O«t³�¶ì¥§£)³�«>¦�¾�«>Ä¸¤~³�°±¦º¬
x
Õ

〈x〉 �
±J¬V«>«>£)¨�¦O¶�¨6¬V°±£²¶�¥§¦º¾6¬V«§¬�¦º¾¿¦O¶ì¥§¦±³�¶ì¥§£)³�«>¦�°®¬V³�­t¾�«>Ä¸¤~³�°±¦º¬
x
¤

(α : β)
�
± ·)¦O¶½íÇª�¶�¥§¦º¨�¦O­�¶4ó�°º£)«>¦O­�³�¶ì¥§£)³�«>¦O­�­>£)Ò>¥�£)¶�·)³2¬V³�­�¨�£

α
¬½¥§Ë

β
³�¶�·)«>£)°±£)¶ì¥ÿ¬V¨�¦O­

¾¿¦O«
1
¤

w(δ)
�
± ­>ª�¯¿·)¦O¶½íÇª�¶ì¥§¦®·)¦O°±¾¿¦O­Ç¥§¦º¾
¦O«Í¬VÀ�»Oª�°®¬½­�·)¦�¦O«>¨�£)¶6¬V¨6¬V­�¨�£

w
Ñ6¦O¶�¨�£

δ«>£)¾�«>£)­>£)¶�¥ÿ¬±¦º·)¦O¶½íÇª�¶ì¥§¦±¨�¦O­�Ó�¶�¨�³�·)£)­�¨�¦O­�£)À�£)°±£)¶ì¥§¦O­�¨�¦�ÎO£²¥§¦O«)Õ
Q(π, υ)

�
± ­>ª�¯4¼�°®¬½¥§«>³V/%¨�£
Q
Ñ�¦O¶�¨�£

π
«>£)¾�«>£)­>£)¶ì¥ÿ¬®¬V­�À�³�¶�Ê6¬V­tÒ�ª�£�­>£)«§ÉV¦±°®¬V¶ì¥§³�¨6¬V­�£

υ
«>£)¾�«>£)­>£)¶ì¥ÿ¬®¬V­�·)¦OÀÂª�¶6¬V­)Õ

∇̄f(x) �
± ª�°0Îì£²¥§¦O«�¾
£)«Ç¥§£)¶�·)£)¶�¥§£M¬V¦º·)¦O¶½íÇª�¶ì¥§¦±¨�¦O­�­>ª�¯¿¨�³Âü £)«>£)¶�·)³2¬V³�­�¨6¬=ü ª�¶�È¸ÉV¦
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y ∈ Rn ¥ÿ¬VÀ�Ò�ª�£ w(i) > y(i) ∀ i = 1, . . . , n

Õ
w ≤ y

�
± ¦O¾
£)«§¬V¨�¦O« ≤ ­>¦O¯�«>£ w £
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Ðl¬V³�¦O«>£)­�¨�£²¥ÿ¬VÀ�Ê�£)­�­>¦O¯�«>£�¦O­�¥§£)°®¬V­�¥§«§¬½¥ÿ¬V¨�¦O­�¶6¬V­�­>£)ÈSR4£)­�¬V¾�«>£)­>£)¶�¥ÿ¬V¨6¬V­�¶�£)­Ç¥§£�·¸¬V¾�ÓÂ¥§ª�À�¦�¾¿¦4¨�£)°

­>£)«�·)¦O¶�­>£)»Oª�³�¨�¦O­�¶6¬V­�«>£²ü £)«�Y)¶�·)³2¬V­��ýö�¦4·ÿõ½¬½ü £)À�À2¬V«�¶�Õ ¨�ÕÂÑ
úÍ£)³�¶�» Ö��OÚ Ù4Ñ!��ª�£)¶�¯¿£)«>»O£)« Ö��OÚ ×�Ñ!�Í£)°±Ê6¬Vª�­>£)«
� |�¦OÀ�­>£²÷w¶�Õ ¨�ÕÂÑ
Ï�À�¦Oª�¨6¬V­�¶�Õ ¨�ÕÂÑ6¢�¬Võ
¬VÊ6¬V­>Ê�³�Ù ×O× Ø'�*Õ

�k�=� @ -sk*�c�[nk����%('´��%('Dk*% U 'Dk�),��-

�[¨�£)­>£)¶�ÎO¦OÀÂÎ4³�°±£)¶ì¥§¦º¶6¬V­�ó�ÀÂ¥§³�°±¬V­�¨�Ë)·¸¬V¨6¬V­�¨6¬V­�¨�³ÂÎO£)«>­§¬V­�À�³�¶�Ê6¬V­t¨�£?¾¿£)­>Ò�ª�³�­§¬�³�¶�·)À�ª�Ó�¨6¬V­�¶6¬�QV«>£¸¬
¨�£�·)¦O¶�Ê�£)·)³Â°±£)¶�¥§¦&¨�£²ë6¶�³�¨6¬S¾
£)À2¬��¨Ab=�U�FPK ?>A ©tfPF	E@F�«!KMLº;>=Yü ¦O³?ü ¦O«Ç¥§£)°±£)¶ì¥§£]³�¶546ª�£)¶�·)³2¬V¨�¦S¾¿£)À�¦
¬V¾6¬V«>£)·)³�°±£)¶ì¥§¦�ÑO£²ÎO¦OÀ�ª�È¸ÉV¦�£�¾¿¦O¾�ª�À2¬V«>³V/)¬VÈ¸ÉV¦%¨�¦O­�·)¦O°±¾�ª~¥ÿ¬V¨�¦V«§£²­#¨�³�»O³Â¥ÿ¬V³Â­#�P��ª�£)¶4¯
£)«>»O£)«�¶�Õ ¨�Õ��*Õ#Ã�¦O«
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¬é¾6¬V«Ç¥§³�«º¨�£�¾�«>¦O¯�À�£)°®¬V­º¨6¬zü Ó�­>³�·¸¬��P��ª�£)¶�¯¿£)«>»O£)«±¶�Õ ¨�Õ��o¨�£²ë6¶�³�¨�¦O­±¾¿¦O«º»O«§¬V¶�¨�£)­±°®¬½¥§£)°^Q½¥§³�·)¦O­)Ñ
¥ÿ¬V³�­º·)¦O°±¦�Æ�¬Vª�­>­)Ñ¢��¬V»O«§¬V¶�»O£VÑt¹#ª�À�£)«º£lµ�£)«>¶�¦Oª�À�³ñÕ&úÍ¦½íÇ£�¦]¨�£)­>£)¶ìÎì¦OÀÂÎ4³�°±£²¶�¥§¦]£l¬V¾�À�³�·¸¬VÈ¸ÉV¦é¨6¬
�¨A�=�U�FPKz?>A ©tfPF	E@F�«!KMLº;>=]­>£z£)­Ç¥§£)¶�¨�£é¾
¦O«�³�¶�ó�°±£)«§¬V­�QV«>£¸¬V­w¨�£c·)¦O¶�Ê�£)·)³�°±£)¶ì¥§¦�Ñ�¥ÿ¬V³�­®·)¦O°±¦Y¹#¶4¼
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ø4ª�¶�¶�Õ ¨�ÕÂÑ¿Ð�¦Oª�«§¬ � ��£¸¬VÀ�Ù ×O× ���*Ñ~£²¥§·VÕ
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¾�«>¦O¾¿¦O­>³�ÈSR�£)­Í¬VÒ�ª�³�¬V¾�«>£)­>£)¶ì¥*¬½¨6¬V­)Õ

Ò�¨Vù�¨PÒ�¨PÒ @�¼'©2À�¾PÕMÖ#Â
ù ·)À2¬V­>­>£±¨6¬V­�ü ª�¶�ÈSR�£)­M¨�£)¶�¦O°±³�¶6¬V¨6¬V­�¾¿¦O«�Ò�ª6¬V­>³ò¼�·)¦O¶ìÎO£*¤�¬V­=¾
¦4¨�£®­>£)«�¨�£²ë6¶�³�¨6¬�¾¿£)À2¬V­�­>£)»Oª�³�¶�¥§£)­
¨�£)­>·)«>³�ÈSR4£)­!�ñø4¦OÀÂ£)³�°®¬V¶�³ ¼�¨6¬V°±¬V¶�£)Ê�Ù ×O× �4Ñ6Ï�ÀÂ¦Oª�¨6¬V­�¶�Õ ¨�ÕÂÑ
ö�¦O¯¿£)«Ç¥§­ � ¦ ¬V«>¯¿£)«>»º¶�Õ ¨�Õ����
¾«ª ø4£Åí>¬

S
ª�° ·)¦O¶½íÇª�¶�¥§¦é·)¦O¶ìÎì£*¤~¦]¶6ÉV¦zÎ½¬�/)³�¦é¨�£²ë6¶�³�¨�¦é¶�¦

Rn Õ ù ü ª�¶�È¸ÉV¦ f(x) ­>£)«"QéÒ�ª6¬V­>³ò¼·)¦O¶ìÎO£*¤�¬±­>£
f([(1− λ)w + λv) ≤ max([f(w) f(v)])
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¬�­¯®�° �5��±�²_³¯�c��´Cµ¶�=²_·¸³¸¹�³¸��º'�=²�´ Ø

∀ λ ∈ [0, 1] and ∀ w, v ∈ S

¾P¾«ª ©%¬V¨6¬wª�°±¬®ü ª�¶�È¸ÉV¦
f(·) : Rn 7−→ R

Ñ�·)¦O¶�­>³�¨�£)«>£
J
·)¦O°±¦w¦P°±£)¶�¦O«%³�¶ì¥§£)«ÇÎV¬VÀ�¦»�ý¬V¯¿£)«Ç¥§¦w¦Oª

ü £)·ÿÊ6¬V¨�¦�Ñ4ë6¶�³Â¥§¦M¦Oª�³�¶~ë6¶�³Â¥§¦��#Ò�ª�£%·)¦O¶ì¥§£)¶�Ê6¬M¥§¦4¨�¦O­�¦O­ ÎV¬VÀ�¦O«>£)­�¨�£
f(·) Õ�©X£²ë6¶6¬=¦=·)¦O¶½íÇª�¶ì¥§¦­>ª�¯�¶�ÓÂÎO£)À

Lf≤α
·)¦O°±¦#�

Lf≤α = {x ∈ Rn | f(x) ≤ α} � Ö Õ Ù��
ù ­>­>³�°�Ñ

f(·) ��¡S7#Kº96F	G�3b=�_O��A�1>K�9!A
Lf≤α

��3b=�_O��A�1>K[J#K�U�K�3"K:?:K
α ∈ J

ù ë6»Oª�«§¬ Ö Õ Ö °±¦O­Ç¥§«§¬�ª�°ð£ÿ¤~£)°±¾�À�¦S¨�£éª�°®¬�ü ª�¶�È¸ÉV¦F¨�£é·)ª�­Ç¥ÿ¦SÒ�ª6¬V­>³ò¼�·)¦O¶ìÎO£*¤�¬S¾6¬V«§¬Yª�°
¾�«>¦O¯�À�£)°®¬®Ò�ª6¬V­>³ò¼�·)¦O¶ìÎì£*¤~¦P¶6ÉV¦P¶�£)·)£)­>­§¬V«>³2¬V°±£)¶ì¥§£�¨�³Âü £)«>£)¶�·)³�Q:ÎO£)À¶�HW�Át�X©s�*Õ�Á�¦O°±¦w¾¿¦�¨�£º­>£)«?¦O¯4¼
­>£)«ÇÎV¬V¨�¦�Ñ�¥§¦4¨6¬V­�¬V­�·)ª�«ÇÎV¬V­�¨�£�¶�ÓÂÎì£)À�­§ÉV¦±·)¦O¶ìÎO£*¤�¬V­)Õ

¼�½ ¾'¿�ÀÂÁ	Ã�ÄuÃ�ÅÇÆ�È'É�ÊsË'ÌrÍkÎ'ÉlÏ'ÊkÐ`Ñ¸Ï'Ò�ÓcÔ�ÍCÕ�Ï�Ð�Ö.×�ØOÙ�Í�Ò�Ú�ÉÛÈ�Ð�Ü
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× ß��5�c�=���������'�
Ò�¨Vù�¨PÒ�¨Vù �}¹#¸!¹O½MÁ!¼>¸ Æ Ã6Áº¾�½M¹OÃ@»*¹OÃÝ��É*¸!Ê�¹OÃ�»*¼ßÞ Æ Êd¼4Î
ù ­�·)ª�«ÇÎV¬V­�¨�£�¶�ÓÂÎì£)À�­§ÉV¦±¨�£²ë6¶�³�¨6¬V­�¾
¦O«S�

Lf=α = {x ∈ Rn | f(x) = α} � Ö Õ Ø'�
©%¬V¨�¦±ª�°bÎì£²¥§¦O«

ξ
£�ª�°0¾¿¦O¶ì¥§¦

xk
¦ºÊ�³�¾
£)«>¾�À2¬V¶�¦�¦O«Ç¥§¦O»O¦O¶6¬VÀ�¬

ξ
Ò�ª�£�·)¦O¶�¥§Ë)°

xk
Ë�¨�£²ë6¶�³�¨�¦

·)¦O°±¦
Hξ,xk , {x ∈ Rn | ξT (x − xk) = 0} Õ ù ¶6¬VÀ�¦O»ì¬V°º£)¶�¥§£VÑ�¦O­®¨�¦O³�­±­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­±­§ÉV¦¨�£²ë6¶�³�¨�¦O­�·)¦O°±¦

Hξ,xk
− , {x ∈ Rn | ξT (x− xk) ≤ 0} £ Hξ,xk

+ , {x ∈ Rn | ξT (x− xk) ≥ 0} ÕÌÍ°®¬�ÎO£S/?Ò�ª�£%Ò�ª6¬VÀ�Ò�ª�£)«t·)¦O¶½íÇª�¶ì¥§¦�­>ª�¯�¶�ÓÂÎO£)À�¨�£%ª�°±¬�ü ª�¶�È¸ÉV¦�Ò�ª6¬V­>³ò¼�·)¦O¶ìÎO£*¤�¬=Ë%ª�°b·)¦O¶½íÇª�¶ì¥§¦
·)¦O¶ìÎì£*¤~¦~Ñ¿Ò�ª6¬VÀÂÒ�ª�£)«�Îì£²¥§¦O«�­>ª�¯4¼�¨�£)«>³ÂÎ½¬½¥§³ÂÎì¦

η
¬¸ÎV¬½À�³2¬V¨�¦�¶�¦º¾¿¦O¶ì¥§¦

xk
»ì¬V«§¬V¶ì¥§£�Ò�ª�£

xL ∈ Hη,xk
− ∀ xL ∈ Lf=f(xk)

� Ö Õ ×��
¨6¬V¨�¦ºÒ�ª�£

f(xL)− f(xk) ≥ ηT (xL − xk)
Õ
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Ú ß��5�c�=���������'�

Curva de Esforço Total = ECAO + EAIP

Esforço de Avaliação das Informações do Problema

Ponto de Mínimo Esforço Total

Ponto de Mínimo Esforço ECAO

Solução

Mínima para

f(x) = Soma

Esforço de Cálculo do

Algoritmo de Otimização
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Ñ�ª�­>ª6¬VÀ�°±£)¶ì¥§£�Ë�¨�£)¶�¦O°±³�¶6¬V¨�¦�¨�£º«>£)»O³2ÉV¦®üý¬V·²¥§ÓÂÎì£)À#� ¢�¬Võ½¬VÊ6¬V­>Ê�³ Ù ×O× Ø'�*ÕMÌÍ°�¾�«>¦O¯�À�£)°®¬�¶�¦

Ò�ª6¬VÀ!­>£?¨�£)­>£Åí>¬�£)¶�·)¦O¶ì¥§«§¬V«t¦�°±Ó�¶�³�°º¦M¨6¬Mü ª�¶�È¸ÉV¦½¼�¦O¯4íÇ£²¥§³ÂÎO¦
f(·) Ñ~°®¬V­t·)ª½íÇ¦=ÎO£²¥§¦O«t¨�£?¾6¬V«"gV°±£²¥§«>¦O­

x
Ñ4£)­Ç¥bQ�­>ª½íÇ£)³Â¥§¦M´�«>£)»O³2ÉV¦?üý¬V·²¥§ÓÂÎO£)À

Ω
¨�£²ë6¶�³�¨6¬�¾
£)À2¬V­

p
«>£)­Ç¥§«>³�ÈSR�£)­

g(·) Ñ4·¸¬V«§¬V·²¥§£)«>³V/¸¬�¦O­ ¾�«>¦O¯�À�£)°®¬V­¨�£�©tfPF	E@F�«!KMLº;>=	qCAb9�fHU�F	f�K®£�Ë?«>£)¾�«>£)­>£)¶�¥ÿ¬V¨�¦®¾
¦O«	� Ö Õ �'�*Õ

min f(x)
� Ö Õ �'�

s.a. Ω = {x ∈ Rn | g(x) ≤ 0 }
¦O¶�¨�£

g(·) : Rn 7−→ Rp £ Ω ⊂ Rn Õ
ÌÍ°�·¸¬½­§¦�¾6¬V«Ç¥§³�·)ª�À2¬V«�¨6¬�¬V¾�«>£)­>£)¶ì¥ÿ¬VÈ¸ÉV¦�¨6¬é£)Ò�ª6¬VÈ¸ÉV¦ Ö Õ �éËl£)¶�·)¦O¶ì¥§«§¬V¨�¦�Ò�ª6¬V¶�¨�¦�¥§¦�¨6¬V­®¬V­

ü ª�¶�ÈSR4£)­Í£)¶�ÎO¦OÀÂÎ4³�¨6¬V­�­§ÉV¦®À�³�¶�£¸¬V«>£)­)Ñ6¾
¦4¨�£)¶�¨�¦®¾¿¦O«Ç¥ÿ¬V¶ì¥§¦±¦±¾�«>¦O¯�À�£)°®¬�¾6¬V«§¬±¬X©tfPF	E@F�«!KMLº;>=���F	_`A"K�U
�P��ª�£)¶�¯¿£)«>»O£)« Ö��OÚ ×�Ñ¿©%¬V¶ì¥"/)³�»wÙ ×O× Ù4Ñ!ø4³�°±°±¦O¶�­ Ö�� �OÙ4Ñ¿µ�«§¬V¨�À�£²÷OÑ!úX¬
¤ � Ðl¬V»O¶6¬½¥§³ Ö�� �����*Ñ¿­>£)«X£*¤�¼
¾�«>£)­>­>¦®¾
£)À2¬�£)Ò�ª6¬VÈ¸ÉV¦ Ö Õ��4Õ

min cTx
� Ö Õ����

s.a. Ω = {x ∈ Rn
+ | Ax = b}

¦O¶�¨�£
c ∈ Rn £ b ∈ Rp «>£)¾�«>£)­>£)¶ì¥ÿ¬V°ïÎO£²¥§¦O«>£)­Í¨�£�·)¦O¶�­Ç¥ÿ¬V¶ì¥§£)­Í£ A ∈ Rn×p «>£)¾�«>£)­>£)¶ì¥ÿ¬±ª�°®¬

°®¬½¥§«>³V/%¨�£�·)¦O¶�­Ç¥ÿ¬V¶ì¥§£)­)Õ
¹#À�³�°±³Â¶6¬V¶�¨�¦½¼�­>£±¬�·)¦O¶�¨�³�È¸ÉV¦�Ñ�³�¶�³�·)³2¬VÀÂ°º£)¶ì¥§£º¨�£²ë6¶�³�¨6¬~Ñ�¨�£®Ò�ª�£®¦l¾�«>¦O¯�À�£)°®¬P¬�­>£)«M¦V¥§³�°±³�/¸¬V¨�¦

¾¿¦O­>­>ª�³ ¬V¾¿£)¶6¬½­�ª�°î¦O¯4íÇ£²¥§³ÂÎO¦l¬V­>­>¦�·)³2¬V¨�¦�Ñ�¥ÿ£²«Ç¼�­>£*¼�Qw¶6ÉV¦l¬V¾¿£)¶6¬V­�ª�°®¬wü ª�¶�È¸É½¦½¼�¦O¯~íÇ£²¥§³ÂÎO¦P¾6¬V«§¬P«>£*¼
¾�«>£)­>£)¶ì¥ÿ¬V«�¬w¬V¨�£)Ò�ª6¬VÈ¸ÉV¦P¨6¬�­>¦OÀ�ª�È¸ÉV¦�Ñ�°®¬V­%ª�°�·)¦O¶½íÇª�¶ì¥§¦w¨�£=ü ª�¶�ÈSR4£)­Å¼�¦O¯4íÇ£²¥§³ÂÎì¦�Õ��%­?¾�«>¦O¯�ÀÂ£)°®¬V­
¦O¶�¨�£±£*¤~³�­Ç¥§£)°ô¬V¾¿£)¶6¬V­�ª�°®¬wü ª�¶�È¸ÉV¦½¼�¦O¯4íÇ£²¥§³ÂÎO¦�·¸¬V«§¬V·²¥§£)«>³V/¸¬V°î¬ ©tfPF	E@F�«!KMLº;>=���=�_`=�G�=M¬10SA6fPF	��=\=�7
0I9!3"K�5�K�U*ÑV£)¶�Ò�ª6¬V¶ì¥ÿ¦?¦O­�·¸¬V­>¦O­#Ò�ª�£t·)¦O¶ì¥§£)¶�Ê6¬V°J°®¬V³�­�¨�£tª�°®¬�ü ª�¶�È¸ÉV¦?·¸¬½«ÿ¬½·²¥§£)«>³V/¸¬V°J¬�©tfPF	E@F�«!KMLº;>=
�\7458fPFH=M¬10SA6fPF	��=�=�7Ý§¨A6f�=�U�FPK�5l�ñÁ�Ê6¬V¶�õV¦O¶�» � úX¬V³�°±£)­ Ö��OÚ Ù4Ñ6µ�£)¶�­>¦O¶ Ö��OÚ ×�Ñ ù ¨OQV¶ � �Í¦:ÎO¦®Ù ×O× Ø'�*Õ

�J¾�«>¦O¯�À�£)°®¬�¦��?Ã.«>£)¾�«>£)­>£)¶ì¥ÿ¬V¨�¦�¾
¦O«!� Ö Õ Ú �t¾¿¦4¨�£�­>£)«Í¨�£²ë6¶�³�¨�¦±·)¦O°±¦®¬º¦O¯~¥§£)¶�È¸ÉV¦±¨�¦±ÎO£²¥§¦O«
x∗
£�¨�¦º·)¦O¶½íÇª�¶�¥§¦

Ω∗
Õ
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¬�­¯®�° �5��±�²_³¯�c��´Cµ¶�=²_·¸³¸¹�³¸��º'�=²�´ ÖOÖ

min f(x)
� Ö Õ Ú �

s.a. Ω∗ = {x∗ ∈ Ω | @x ∈ Ω tal que f(x) ≤ f(x∗) e f(x) 6= f(x∗)}

Ω = {g(x) ≤ 0 | x ∈ Rn}
¦O¶�¨�£VÑ

f(·) : Rn 7−→ Rm £ g(·) : Rn 7−→ Rp Õ

Á�¦O°±¦F·)¦O¶�­>£)Ò>¥#Y)¶6·)³2¬F¨6¬F£*¤~³�­Ç¥"Y)¶�·)³2¬F¨�£éª�°þÎì£*¥ÿ¦V«�¨�£é¦O¯4íÇ£²¥§³ÂÎì¦O­w¨�£)­>£Åí>¬V¨�¦O­)Ñ?¶6ÉV¦FÊ6¬:ÎO£)«"Q
¬V¾¿£)¶6¬V­�ª�°®¬�­>¦OÀ�ª�È¸ÉV¦PÄV¥§³�°®¬®¾6¬V«§¬w¦�¾�«>¦O¯�À�£)°®¬�°®¬V­%ª�°�·)¦O¶½íÇª�¶�¥§¦P¨�£º­>¦OÀ�ª�ÈSR4£)­�ÄV¥§³�°®¬½­)Ñ�¨6¬V¨�¦
Ò�ª�£=£)° ¨�³ÂÎO£)«>­>¦O­X·¸¬V­>¦O­%¶6ÉV¦®­>£M¾¿¦4¨�£)«"Q�¬
ë6«§°±¬V«ÍÒ�ª�£Mª�°®¬±¾¿¦O­>­>ÓÂÎO£)À�­>¦OÀ�ª�È¸ÉV¦

xA
¾�«>¦4¨�ª#/)³�«"Q±ª�°

«>£)­>ª�ÀÂ¥ÿ¬V¨�¦�°±£)À�Ê�¦O«º¨�¦�Ò�ª�£l¦Oª~¥§«§¬
xB

¾6¬V«§¬é¥§¦4¨6¬V­�¬V­ºü ª�¶�ÈSR4£)­�¦O¯4íÇ£²¥§³ÂÎO¦O­)Õn¹#­Ç¥§£l·)¦O¶½íÇª�¶ì¥§¦�¨�£
­>¦OÀ�ª�ÈSR4£)­ÍÄV¥§³�°®¬V­)Ñ6¨�£)¶�¦O°±³�¶6¬V¨�¦±·)¦O°±¦±·)¦O¶½íÇª�¶ì¥§¦�T¢K�U"A6f�=±¦Oªl·)¦O¶½íÇª�¶ì¥§¦,T¢K�U"A6f�=�GcbtfHF	E^= �ý¹#Ê�«>»O¦V¥>¥
Ù ×O×O× �*Ñ�Ë?«>£)¾�«>£)­>£)¶�¥ÿ¬V¨�¦®¾
¦O«

Ω∗
£)°y� Ö Õ Ú �*Õ

W%ª6¬V¶�¨�¦w¨6¬�¦O¯~¥§£)¶�È¸ÉV¦w¨�£
Ω∗
Ñ!£)°qÎ4³�«Ç¥§ª�¨�£=¨6¬�£*¤~³�­Ç¥"Y)¶�·)³2¬�¨�£=°®¬V³�­X¨�£=ª�°®¬®­>¦OÀ�ª�È¸ÉV¦wÄV¥§³�°®¬

¾6¬V­>­>ÓÂÎO£)À�¨�£%­>£)«�³�°±¾�ÀÂ£)°±£)¶ì¥ÿ¬V¨6¬~Ñ4­>ª�«>»O£%¦�¾�«>¦O¯�À�£)°®¬�¨6¬=¨�£)·)³�­§ÉV¦�� ¢�¬Võ½¬VÊ6¬V­>Ê�³�Ù ×O× Ø'�*Ñ4¦=Ò�ª6¬VÀ�·)¦O¶4¼
­>³�­Ç¥§£#£)°G«>£)­Ç¥§«>³�¶�»O³�«�£)­Ç¥§£�·)¦O¶½íÇª�¶ì¥§¦Í¬�¬V¾¿£)¶6¬V­�ª�°®¬t­>¦OÀ�ª�È¸ÉV¦�¾¿¦O«�°±£)³�¦�¨�£#ª�°G¨�£)·)³�­>¦O«)Õ ù ³�¶�¨�³�·¸¬VÈ¸ÉV¦
¨6¬?¾�«>£²ü £)«�Y)¶�·)³2¬�¨�£�ª�°J¨�£)·)³�­>¦O«�¾
¦O«�ª�°®¬%¨�£²¥§£)«>°±³�¶6¬V¨6¬%­>¦OÀ�ª�È¸ÉV¦�ÄV¥§³�°®¬~ÑV¾¿¦4¨�£)«"Q?¦4·)¦O«>«>£)«CK(JO=!96f�A6G
U�FH=�U�F�Ñ�KsJdU�FH=�U�F�¦Oª�¨�£?ü ¦O«>°®¬}JdU"="u�U"Ab9b96F	��K®¬V¦±¾�«>¦4·)£²­§­>¦®¨�£�¦V¯~¥ÿ£²¶�È¸ÉV¦®¨�£

Ω∗
Õtö�£)­>­§¬VÀÂ¥ÿ¬
¼�­>£�¬½³�¶�¨6¬

Ò�ª�£=¬±¬VÈ¸ÉV¦®¨�¦®¨�£)·)³�­>¦O«Í¨�£²ÎO£)«"Q®¦4·²¦O«>«§£²«Í¨�£�ü ¦O«>°®¬�·)¦O¶�­>³�­Ç¥§£)¶ì¥§£VÑ!¦Oª�­§£�í>¬~Ñ¿¾6¬V«Ç¥§³�¶�¨�¦±¨6¬®¬V¾�«>£)­>£)¶4¼
¥ÿ¬VÈ¸ÉV¦�­>³�­Ç¥ÿ£²°^Q½¥§³�·¸¬®¨�£=ª�°�­>ª�¯
·)¦O¶½íÇª�¶�¥§¦P¨�£�¬VÀÂ¥§£)«>¶6¬½¥§³ÂÎV¬V­)Ñ
¥§£)«Å¼�­>£*¼�Q�¦P¬½ü ª�¶�³�À2¬½°±£)¶ì¥§¦®­>£)Ò>¥�£)¶�·¸³2¬VÀ
¨6¬V­º¦V¾¿ÈSR4£)­º¨�³�­>¾¿¦O¶�ÓÂÎO£)³�­=¾6¬V«§¬zÒ�ª�£P­>£Åí>¬é¾
¦O­>­>ÓÂÎì£)À�·)¦O¶ìÎO£)«>»O³�«�¾6¬V«§¬zª�°®¬c£)­>·)¦OÀ�Ê6¬cë6¶6¬VÀñÕFÐl¬½¥§£*¼
°®¬½¥§³�·¸¬V°º£)¶�¥§£VÑ¿¦w°±¦�¨�£)À�¦�¨�£)­Ç¥§£�·)¦O°±¾¿¦V«>¥ÿ¬V°º£)¶�¥§¦®·)¦O¶�­>³�­Ç¥§£)¶ì¥§£�ËMü ¦O«>°®¬VÀ�³�/¸¬V¨�¦®¾¿¦O«Xª�°®¬±ü ª�¶�È¸ÉV¦
¨�£)¶�¦O°±³�¶6¬V¨6¬M�b74_¨Lº;>=�G�74fPF	58FP?:K:?>A²Õ��Í£)­Ç¥ÿ¬%·)À2¬V­>­>£t¨�£t¾�«>¦O¯�À�£)°®¬V­�¨�£t¦V¥§³�°±³�/¸¬VÈ¸ÉV¦ÍÎO£²¥§¦O«>³2¬VÀ4¨�£)­Ç¥ÿ¬V·¸¬V°�¼
­>£=¬V­�ü ¦O«>°=ª�À2¬VÈSR�£)­

Pλ
Ñ
Pε
Ñ
Pξ
Ñ
PKTE

£
P ∗

� ¢�¬Võ
¬VÊ6¬V­>Ê�³�Ù ×O× Ø~Ñ
¹#Ê�«>»O¦V¥>¥?Ù ×O×O× Ñ
©X³2¬V­%Ù ×O× Ø'�tÒ�ª�£
¾¿£)«>°±³Â¥§£)°q¬�ª~¥§³�À�³V/¸¬VÈ¸É½¦�¨�£�ª�°�¬VÀ�»O¦O«>³Â¥>°±¦®£)­>·¸¬VÀ2¬V«%¾6¬V«§¬�Ò�ª�£�­>£Åí>¬�£)¶�·)¦O¶�¥§«§¬V¨�¦wª�°�¾
¦O¶�¥§¦w¾¿£)«Å¼
¥§£)¶�·)£)¶ì¥§£M¬V¦º·)¦O¶½íÇª�¶�¥§¦

Ω∗
Õ

Á�¦O°±¦�¬V¯¿¦O«>¨6¬V»O£)° ë6¶6¬VÀ�¾6¬V«§¬�¬%³�°±¾�À�£)°±£²¶�¥ÿ¬VÈ¸ÉV¦%¨�£�ª�°iÃq� ù ÁXÑìË�¾¿¦O­>­>ÓÂÎO£)À6³�¶ì¥§£)»O«§¬V«�¦O­#¾�«>¦½¼
íÇ£²¥§¦O­t¬V¦O­t¾�«>¦O¯�À�£)°±¬V­�«>£¸¬V³�­ ¨�£Xü ¦O«>°®¬�=32¢G�58F	_`AX¦Oª�=�_OG�58F	_`A²Õ#¹#°b¬V°�¯
¦O­�¦O­�·¸¬V­>¦O­t­>£%£)¶�·)¦O¶�¥§«§¬V«§ÉV¦
¦O­�£)À�£)°±£)¶ì¥§¦O­�í�Q�¨�£²ë6¶�³�¨�¦O­S��°±¦4¨�£)À�¦�¨�¦º¾�«>¦O¯�À�£)°®¬~Ñ~·<QVÀ�·)ª�À�¦�¨�¦O­�¦O¯4íÇ£²¥§³ÂÎì¦O­�¬�­>£)«>£)°ï¦V¥§³�°±³�/¸¬V¨�¦O­
£�¬VÀ�»O¦O«>³ò¥§°º¦�¨�£�¦V¥§³�°±³�/¸¬VÈ¸ÉV¦�Õ

�X¬é³�¶ì¥§£)»O«§¬VÈ¸ÉV¦Ý=32¢G�58F	_`AP¦�Ãq� ù ÁÔ¶6ÉV¦]¾¿¦O­>­>ª�³�Ò�ª6¬VÀ�Ò�ª�£)«º·)¦O¶�£*¤�ÉV¦�·)¦O°d¦]¾�«>¦O¯�À�£)°®¬c«>£¸¬VÀñÑ
­>£)¶�¨�¦±¶�¦O«>°®¬VÀ�°º£)¶�¥§£%ª~¥§³�À�³�/¸¬V¨�¦=·)¦O°±¦�ü £)«>«§¬V°±£)¶ì¥ÿ¬=¨�£�¬Vª4¤~Ó�À�³�¦�´�­>¦OÀ�ª�È¸É½¦º¨�£�¾�«>¦O¯�À�£)°®¬V­t¦OªP¾�«>¦½¼
íÇ£²¥§¦O­=¬V­>­>³�­Ç¥§³�¨�¦O­M¾¿¦O«M·)¦O°º¾�ª~¥*¬½¨�¦O«)Õ\�Í£)­Ç¥§£�·¸¬V­>¦�Ñ�·¸¬V¯¿£w¬�ª�° ¾�«>¦½íÇ£²¥§³�­Ç¥ÿ¬l¬�¥ÿ¬V«>£²üý¬l¨�£�¬V­>­>¦4·)³2¬V«
¬�­>¦OÀ�ª�È¸ÉV¦lÄV¥§³�°®¬P¨�£²¥§£)«>°±³�¶6¬V¨6¬P¾¿£)À�¦l­>³�­Ç¥§£)°®¬l¬V¦l¾�«>¦4·)£)­>­>¦z¨�£®­>¦OÀ�ª�È¸ÉV¦l¨�¦l¾�«>¦O¯�À�£)°®¬P«>£¸¬VÀ £)°
Ò�ª�£)­Ç¥ÿÉV¦�Õ ÌÍ°o¨�³2¬V»O«§¬V°®¬M¨6¬º³�¶ì¥§£)»O«§¬VÈ¸ÉV¦x=32¢G�58F	_`A�Ë�£*¤~³�¯�³�¨�¦º¶6¬=ë6»Oª�«§¬ Ö Õ Ù4Õ Ø~Õ
ØMQÍ¶6¬Í³�¶ì¥§£)»O«§¬VÈ¸ÉV¦@=�_OG�58F	_`A ¦XÃq� ù Á]£)­Ç¥bQX¨�³�«>£²¥ÿ¬V°±£)¶ì¥§£�·)¦O¶�£)·²¥ÿ¬V¨�¦%¬Íª�°[¾�«>¦4·)£)­>­>¦%¾�«>¦4¨�ª~¥§³ÂÎO¦�Ñ

·)¦O° ¦Oª�­>£)°d¬l³�¶ì¥§£)«Çü £)«�Y)¶�·)³2¬lÊ�ª�°®¬V¶6¬~Ñ#¬½¥§«§¬¸ÎOË)­=¨�£�ª�° ­>³�­Ç¥§£)°®¬l¨�£�·)¦O¶ì¥§«>¦OÀ�£VÕ\�Í£)­Ç¥§£w·¸¬V­>¦�Ñ�¬
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Ö Ù ß��5�c�=���������'�

INTERFACE
COM O

PROJETISTA

ALGORITMO
DE

OTIMIZAÇÃO

Definição da
função objetivo

e restrições

Solução
Ótima

M
edida

de
D

esem
penho

Escolha de
Parâmetros

Resultado da
Simulação

CÁLCULO
DOS

OBJETIVOS

MODELO
COMPUTACIONAL

DO PROBLEMA

¼�½ ¾'¿�ÀÂÁkÃ�Ä 4�Å65�×¯Ð�78�öÐ=ÊkÐCÎ�Ð`×uÒ9��É:78�öÐ�ÓcÔ�ÍkÍ�;5Ø3Ìu×uÒ�É#Î�ÉlÏ'Ê=<?>A@B��Ü
Ï6¦O¶ì¥§£�� ù ¨6¬V¾~¥ÿ¬V¨�¦º¨�£�¢ ù Z ù ú ù ø~úC�ÿÑ¿ö�Õ¨�X¥§³�°±³�/¸¬VÈ¸ÉV¦�£)­>·¸¬VÀ2¬V«�£?ÎO£²¥§¦O«>³2¬VÀñÕ#µ�£)À�¦±úÍ¦O«>³V/)¦O¶ì¥§£��

ÌXÏ#ÐcÆ�Ñ
©X£)¾6¬V«Ç¥ÿ¬V°±£)¶ì¥§¦º¨�£MÐl¬½¥§£)°^Q½¥§³�·¸¬~Ñ6Á�ª�«>­§¦±¨�£?ÎO£)«§ÉV¦�Ñ¿Ù ×O× Ø~Õ

INTERFACE
COM O

OPERADOR

ALGORITMO
DE

OTIMIZAÇÃO

Definição da
função objetivo

e restrições

Solução
Ótima

M
edida

de
D

esem
penho

Escolha de
Parâmetros

Resultado da
Simulação

CÁLCULO
DOS

OBJETIVOS

MODELO
COMPUTACIONAL

DO PROBLEMA

SISTEMA
DE

CONTROLE

VALIDAÇÃO
DO MODELO

PROCESSO

Ação de
Controle

Resultado
da Ação de
Controle

Solução Ótima

Análise do Modelo

OBJETIVOS
ESTRATÉGICOS

Diretrizes
Estratégicas

¼�½ ¾'¿�ÀÂÁ	Ã�Ä C'ÅD5�×¯Ð�78�öÐ=ÊkÐCÎ�Ð`×uÒ9��É:78�öÐ�ÓcÔ�ÍkÍ�Ò�Ø3Ìu×uÒ�É¶Î'É#Ï'ÊE<F>G@B��Ü
Ï6¦O¶ì¥§£�� ù ¨6¬V¾~¥ÿ¬V¨�¦º¨�£�¢ ù Z ù ú ù ø~úC�ÿÑ¿ö�Õ¨�X¥§³�°±³�/¸¬VÈ¸ÉV¦�£)­>·¸¬VÀ2¬V«�£?ÎO£²¥§¦O«>³2¬VÀñÕ#µ�£)À�¦±úÍ¦O«>³V/)¦O¶ì¥§£��

ÌXÏ#ÐcÆ�Ñ6©X£)¾6¬V«Ç¥ÿ¬V°±£)¶ì¥§¦±¨�£MÐl¬½¥§£)°^Q½¥§³�·¸¬~Ñ6Á�ª�«>­>¦±¨�£?ÎO£)«§ÉV¦�Ñ¿Ù ×O× Ø~Õ

­>¦OÀ�ª�È¸ÉV¦wÄV¥§³�°®¬®­>£)«"Qwª~¥§³�À�³�/¸¬V¨6¬®¾6¬V«§¬w¨�£²¥§£)«>°±³�¶6¬V«%¬w«>£)»O³2ÉV¦�¨�£º¦O¾
£)«§¬VÈ¸ÉV¦P°®¬V³�­%£*ë6·)³�£)¶�¥§£�¾6¬V«§¬w¦
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���?�o���3��� ÊkÐ���É:7�×¯Ô�Ís×uÒ'×rÙ�×¯Ð=Ì¦Î'Éh�'Ï�Ö�ÙcÐ

R0
���öÐ=ÌPÕ�Ï�É

x∗ ∈ R0
Ü � Ê ËýÍ�Ò!��Ís×uÒ'×rÙ�×¯Ð=Ì

x0
Ü

� �����o���3� @ ËýÍ�Ò!��ÍkÐ���Ï�Ð=Ì
xk
�'Ò�Ô�Í�Ò�É�Ù�É�Ö�ÖöÐ��.×¯Ð=ÊCÉ�Ò9��É#Ñ3Ð�Ù:�_�uÚ�É�Ì3Ü

�#��� �¦��±�� ³Â�5�[�D�k�:� �! �¡k¢X£!¤B¥.¤§¦(¨�©_¤3 ]ª¬«8­#¢¯®
R0 °±8�

k ← 0i � ·Â���¯�
. ² Ð�Ó�ÍkÎ'É#ÉÛÈ'Ù�ÌuÏ�ÖöÔ�ÍCÎ'É#Ö�É�Ês×�ØOÉ�Ö.Ë�Ð�Ó�Í'Ü

³ �
Rk+1 ← V (Rk ∩H

∇̄f(xk),xk
− )´8�

xk+1 ← T (Rk+1)µk� ³ �·¶S¸ ¨�¹]º ¸ ¨»¢�£!¤¼ª¬« ¸ «k£k«C�#½�²_�¾ �
return xk+1 . ¿ É:�.Ês×uÒ�É¶ÍkÐ=Ì*7�Í��.×*�.ÊCÍ'ÜÀk� ²_���B³ �Ák�

k ← k + 1�§Âk� ²_���B·Â���¯��#�#� ²_��� � �¦��±�� ³Â�5�
©X£²Îì£*¼�­>£�¦O¯�­>£)«ÇÎV¬V«�Ò�ª�£ ¬t³�¶�¨�³ÂÎ4³�¨�ª6¬VÀ�³�/¸¬VÈ¸ÉV¦t¨�¦O­�°±Ë²¥§¦�¨�¦O­�¨6¬V«Å¼�­>£*¼�Qt¾¿£)À2¬t¨�£²ë6¶�³�È¸É½¦�¨6¬V­�ü ª�¶�ÈSR4£)­

T (·) Ñ
¬ºÒ�ª6¬VÀ�¨�£²¥§£)«>°±³�¶6¬º¬º¶�¦:Î½¬º£)­Ç¥§³�°®¬½¥§³ÂÎV¬=¾6¬V«§¬±¬�­>¦OÀ�ª�È¸ÉV¦±¬º¾6¬V«Ç¥§³�«�¨�£�ª�°®¬�«>£)»O³2ÉV¦º¨�£�¯�ª�­>·¸¬
Rk
Ñ�£

V (·) Ñ6Ò�ª�£�£)­Ç¥ÿ¬V¯¿£)À�£)·)£�¦±¾�«>¦�·)£)¨�³�°±£)¶ì¥§¦º¨�£�·)¦O¶�­Ç¥§«>ª�È¸ÉV¦±¨6¬º¶�¦:ÎV¬�«>£)»O³2ÉV¦º¨�£?¯�ª�­§·)¬ Rk+1
¬

¾6¬V«Ç¥§³�«X¨6¬�«>£)»O³2ÉV¦�¬½¥§ª6¬VÀ�£=¨�¦w­>£)°±³ò¼�£)­>¾6¬VÈ)¦
H
∇̄f(xk),xk
−

ÕMÁ�¦O°±¦�¨�£)·)¦O«>«�Y)¶�·)³2¬�¨�£�­>ª6¬�·¸¬V«§¬V·²¥§£)«>Ó�­Å¼
¥§³�·¸¬w·)¦O¶�­Ç¥§«>ª~¥§³ÂÎ½¬~Ñ�¦O­�¬VÀ�»O¦O«>³ò¥§°º¦O­%¨�£�021436587:9<;>=x?>A@BDA6E@F	GH0I9�J#KML�=!9º¬V¾�«>£)­>£)¶�¥ÿ¬V°�·)¦O°±¦P»ì¬V«§¬V¶ì¥§³2¬
¨�£®ÎV¬VÀ�¦O«M¨�£)·)«>£)­>·)£)¶�¥§£P¦lÎì¦OÀ�ª�°±£®¨6¬l«§£²»O³2ÉV¦c¨�£�³�¶�¥§£)«>£)­>­>£w¨�£�¯�ª�­>·¸¬z£�¶6ÉV¦z¦lÎV¬VÀ�¦O«M¨6¬�ü ª�¶�È¸ÉV¦
¦O¯4íÇ£²¥§³ÂÎì¦�Ñ�Ò�ª�£�¾¿¦4¨�£²«bQ�¦O­>·)³�À2¬V«�¬V¦ºÀ�¦O¶�»O¦�¨6¬º·)¦O¶ìÎO£)«>»MY)¶�·)³2¬~Õ
©X£)¶�¥§«>¦�¨�£)­Ç¥ÿ¬�·)À2¬V­>­>£�¨�£Í°±Ë²¥§¦4¨�¦O­)Ñì¦O­�¬VÀ�»O¦O«>³ò¥§°º¦O­#¨�£)¶�¦O°±³�¶6¬½¨�¦O­�¨�£~TN5�K�_`=!9~?>A�eq=�U�f�A�ü ¦O«§¬V°

¦O­ ¾�«>³�°±£)³�«>¦O­�¬�­>£)«>£)°Ô¾�«>¦O¾¿¦O­Ç¥§¦O­)Ñ4­>£)¶�¨�¦=¾¿¦O­Ç¥§£)«>³�¦O«>°±£)¶ì¥§£Í¬V¾�«>£)­>£)¶ì¥ÿ¬V¨�¦=¦=¬VÀ�»O¦O«>³ò¥§°º¦�0N58F JO9!=�FP?:K�5 Ñ
¦zÒ�ª6¬VÀ ü ¦O³�¾�«>£)·)ª�«>­>¦O«�¨�¦O­�¬VÀ�»O¦O«>³Â¥§°º¦O­�¨�£xT(=�_Of�=!9���_Of�A6U�FH=�U"Ab9w¨�£)­>£)¶�ÎO¦OÀÂÎ4³�¨�¦O­�¾6¬V«§¬c¾�«>¦O¯�ÀÂ£)°®¬V­
À�³�¶�£¸¬V«>£)­�£VÑ�°®¬V³�­=«>£)·)£)¶�¥§£)°±£²¶�¥§£VÑt¾6¬V«§¬z¾�«>¦O¯�À�£)°®¬V­�¶6ÉV¦½¼�À�³�¶�£¸¬½«§£²­¸ÕFÃ�¬V«§¬éª�°®¬z«>£²ü £)«�Y)¶�·)³2¬é°®¬V³�­
¨�£²¥ÿ¬VÀ�Ê6¬V¨6¬�¨�¦O­Í¬VÀ�»O¦O«>³ò¥§°º¦O­t¨�£~Jd5�K�_`=!9}?>A�3b=�U�f�A�Î4³�¨�£1�P��ª�£)¶�¯¿£)«>»O£)« Ö��OÚ ×��*Õ

¢)��¢ h °#Ãp-sl��6k�+.-}'&��% Iý°Snp��- ��%�h -sl�k*%

�%­�°±Ë²¥§¦�¨�¦O­�¨�£�TN5�K�_`=!9}?>A�eq=�U�f�A�­§ÉV¦®¬V¾�À�³�·)¬V¨�¦O­�¬�¾�«>¦O¯�À�£)°®¬V­�¨�£²ë6¶�³Â¨�¦O­�¾¿¦O«	�ñÙ4Õ Ù_�6�
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®ý­¯® W	·�Ä�����³¯� ¹���´s�¦²+µ ·Âº������¦² ° ��� �c² Ù Ö

min f(x) = cTx
�ñÙ4Õ Ù��

s.a. x ∈ Ω

Ω ,
Ë�ª�°o·)¦O¶½íÇª�¶ì¥§¦±·)¦V¶�ÎO£*¤~¦±ü £)·ÿÊ6¬V¨�¦

W%ª6¬V¶�¨�¦�¨6¬=ª~¥§³�À�³V/)¬VÈ¸ÉV¦M¨�£)­Ç¥ÿ£?°±Ë²¥§¦�¨�¦�£)°b¾�«>¦O¯�À�£)°®¬V­�·)ª½í>¬Mü ª�¶�È¸ÉV¦�¦O¯~íÇ£²¥§³ÂÎO¦=Ë?·)¦O¶ìÎO£*¤�¬º£
ΩËMª�° ·)¦O¶½íÇª�¶�¥§¦�·)¦O¶ìÎO£*¤~¦P·)¦V°±¾6¬V·²¥§¦�Ñ
üý¬�/*¼�­>£M¶�£)·)£)­>­bQV«>³2¬�¬®ª~¥§³�À�³�/¸¬VÈ¸ÉV¦±¨�£Mª�°®¬ºÎV¬V«>³�Q¸ÎO£)À�¬Vª4¤~³�À�³2¬V«

x
¾6¬V«§¬�«>£)£)­>·)«>£²ÎO£¸«Í¦º¾�«>¦O¯�À�£)°®¬=¶�¦ºü ¦O«>°®¬½¥§¦��ñÙ4Õ Ø'�*Õ

x , { [r x]T | x ∈ Rn+1 £ r ∈ R} �ñÙ4Õ Ø'�
ù ­>­>³�°�Ñ�¦±¾�«>¦O¯�À�£)°®¬�¬V­>­>ª�°±£�¬=ü ¦O«>°®¬��ñÙ4Õ ×����

min f(x) = r
�ñÙ4Õ ×'�

s.a. x ∈ Ω

Ω , {x ∈ Rn+1 | f(x)− r ≤ 0 | x ∈ Ω}
�n¬VÀ�»O¦O«>³ò¥§°±¦?»V£)«§¬VÀ6¨�¦O­ °±Ë²¥§¦4¨�¦V­�¨�£[TN5�K�_`=!9~?>A}eq=�U�f�AÍ¾¿¦4¨�£�­>£)« ·)¦O¶�­Ç¥§«>ª�Ó�¨�¦�Ñ�·)¦O¶�­>³�¨�£)«§¬V¶�¨�¦½¼

­>£ºª�°�£)«>«§¦
ε
£ºª�°�¨6¬V¨�¦�¾
¦OÀ�³Â¥§¦O¾¿¦�³�¶�³�·)³2¬VÀ

P0

Ñ�¥ÿ¬VÀ�Ò�ª�£
P0 ⊃ Ω

Ñ�·)¦O¶~ü ¦O«>°±£º¬P£)­Ç¥§«>ª~¥§ª�«§¬VÈ¸ÉV¦l¬
­>£)»Oª�³�«S�

¶�Î�·¨Â¨¸�¾	Á�N�¿ ù Æ?£)«§¬VÀ�¾6¬V«§¬�¦O­XÐ�Ë²¥§¦�¨�¦O­Í¨�£�TN5�K�_`=!9}?>A�eq=�U�f�A
���?�o���3��� Ê ËýÍ�Ì�×*��Í�ËýÍ ×�Ò�×uÙ�×¯Ð=Ì

P0
�k�ÛÐ=Ì�Õ�Ï�É

P0 ⊃ Ω
Ü � Ê Ë5Í�Ò9��Í¶×uÒ'×rÙ�×¯Ð=Ì

x0
Ü � Ê Ú�Ð=ÌrÍ��8Î�Ð#Ë���É�Ù�×rÖöÔ�Í¶Ë�Ð��öÐÍ(��É�Ö_��É¶Î'ÉlË�Ð��öÐ�Î�Ð

ε > 0
Ü

� �����o���3� @ ËýÍ�Ò!��ÍkÐ���Ï�Ð=Ì
xk
�'Ò�Ô�Í�Ò�É�Ù�É�Ö�ÖöÐ��.×¯Ð=ÊCÉ�Ò9��É#Ñ3Ð�Ù:�_�uÚ�É�Ì3Ü

�#��� �¦��±�� ³Â�5�[Å��*«�Æ?¢� Ç£!¤ ¶ ¢ ¸ ¹]¤!®
P0, ε °±8�

k ← 0i �
xk =

Ð��_7¶Ês×uÒ
x cTx | x ∈ Pk³ � ·Â���¯�´8� 5lÉ:��É:�.Ês×uÒ�Ð��
Hξ,xk

Õ�Ï�É#Ö�É�Ë�Ð��öÐ
xk

Î'É
Ω
��Í�Ò�Î'É

(cT ξ) > 0µk�
Pk+1 = Pk ∩Hξ,xk

−¾ �
xk+1 =

Ð��b7#Ês×uÒ
x cTx | x ∈ Pk+1Àk� ³ � Î�×rÖ_�

(xk , Ω ) ≤ ε
�#½�²_�Ák�

return xk+1 . ¿ É:�.Ês×uÒ�É¶ÍkÐ=Ì*7�Í��.×*�.ÊCÍ'Ü�§Âk� ²_���B³ ��#�#�
k ← k + 1�:±8� ²_���B·Â���¯�� i � ²_��� � �¦��±�� ³Â�5�

��������� ���	��

���	
�� ����������� ���	�	��� �! "�#�



ÙOÙ Û����c�ý�¦��´k�¦²+[G�P±�·¸��´c�'���¦²�Ù�²_¹�³��ö[�´��¦º'����²1[l·¸³��¦´c�5³Â�¦º�·
W%ª6¬V¶�¥§¦=¬V¦O­�¬VÀ�»O¦O«>³ò¥§°º¦O­ ¨�£pTN5�K�_`=!9s?>A@eq=�U�f�A²Ñ~¨�£²ÎO£*¼�­>£�¬V³�¶�¨6¬�«>£)»O³�­Ç¥§«§¬V« Ò�ª�£�¬M­>£)Ò>¥#Y)¶�·)³2¬=¨�£

·)¦O¶ìÎì£)«>»MY²¶�·)³2¬P¨�¦O­�¾¿¦O¶ì¥§¦O­
x
¨6¬V«Å¼�­>£*¼�Qw¨�£�ü ¦O«>°®¬w¬V­>­>³�¶ì¥§ÄV¥§³�·¸¬�£º£*¤4¥§£)«>¶6¬V°±£)¶ì¥§£±¬V¦P·)¦O¶½íÇª�¶ì¥§¦

Ω
Ñ

ª�°®¬ÍÎO£S/�Ò�ª�£�¬V­�­>¦OÀ�ª�ÈSR4£)­�¨6¬%£²¥ÿ¬V¾6¬%¨�£t¦V¥§³�°±³�/¸¬VÈ¸ÉV¦XÀ�³�¶�£¸¬V«�­>£)°±¾�«>£�¨�£²¥§£)«>°±³�¶6¬Í¾¿¦O¶ì¥§¦O­#«>£²ü £)«>£)¶ì¥§£)­
¬Mª�°b¨�¦O­�ÎOË)«Ç¥§³�·)£)­�¨�¦=¶�¦:Îì¦=¾¿¦OÀ�³Â¥§¦O¾¿¦

Pk+1
Ò�ª�£?·)¦O¶ì¥§Ë)°

Ω
Õ ù ¦=­>£?¬:Î½¬VÀ�³2¬V« ¦=¾�«>¦4·)£)­>­>¦�¨�£%·)¦O¶�­Å¼

¥§«>ª�È¸ÉV¦�¨�¦w¶�¦:ÎO¦w¾
¦OÀ�³Â¥§¦O¾¿¦
Pk+1

Ñ¿Îì£)«>³Âë6·¸¬:¼�­§£=¬�³�¶�·)ÀÂª�­ÿÉ½¦�¨�£=ª�°®¬±¶�¦
Î½¬�«>£)­Ç¥§«>³�È¸ÉV¦�Ñ!¨�£²¥§£)«>°±³Â¶6¬V¨6¬
¾¿£)À�¦w¬V·)«>Ë)­>·)³�°±¦w¨�¦w¾�À2¬V¶�¦

Hξ,xk
Ò�ª�£�­>£)¾6¬V«§¬

x
¨�£

Ω
Ñ�¬�·¸¬V¨6¬�³Â¥§£)«§¬VÈ¸ÉV¦�Õ�¹#­>­>£º·)«>£)­>·)³�°±£)¶ì¥§¦w¨�¦

·)¦O¶½íÇª�¶ì¥§¦l¨�£®«>£)­Ç¥§«>³�ÈSR�£)­M³�°±¾dR�£±¬V¦l¬VÀ�»O¦O«>³Â¥§°º¦Pª�°®¬wÎO£)À�¦4·)³�¨6¬V¨�£º¨�£®·)¦V¶�ÎO£)«>»MY)¶�·)³2¬�·)¦O¶�­>³�¨�£)«§¬V¨6¬
³�¶�£²ë6·)³�£)¶ì¥§£�­>£�·)¦O°±¾6¬V«§¬V¨6¬º¬�¦Oª~¥§«>¦O­�°±Ë²¥§¦4¨�¦O­�¾�«>¦O¾¿¦O­Ç¥§¦O­�¾¿¦O­Ç¥§£)«>³�¦O«>°±£)¶ì¥§£VÕ
ù ë6»Oª�«§¬éÙ4Õ Ö £*¤~³�¯¿£�ª�°®¬c­>£)Ò>¥#Y)¶�·)³2¬z¨�£�·)¦O¶�ÎO£)«>»MY)¶�·)³2¬z¾6¬V«§¬lª�°d¬VÀ�»O¦O«>³ò¥§°º¦l¨�£xTN5�K�_`=!9,?>A

eq=�U�f�A²Õ

P1

W

x1

H1

x2

W

x3

H1

x2

P2

H2

W

x3

H1

P3

H2

H3

x4

c

¼�½ ¾'¿�ÀÂÁ�
�ÄuÃ�Å6ÈOÌuÏ�Ö_�_�öÐ�ÓcÔ�ÍsÎ'É�Ï'ÊkÐ`Ö�É�Õ!ÉËÊ�Ò�Ù�×¯Ð�Î'ÉlÙ�Í�Ò�Ú�É:�_7kÊ�Ò�Ù�×¯Ð`Ë�Ð��öÐ`Ï'Ê%Ð=Ì*7�Í��.×*�.ÊCÍsÎ�É Å��*«�Æ?¢� Ì£!¤ ¶ ¢ ¸ ¹]¤ Ü
ù ¾�«>³�¶�·)³�¾6¬VÀ6¨�³Âü £)«>£)¶�È¸¬�£)¶ì¥§«>£X¦O­t¬VÀ�»O¦O«>³ò¥§°±¦V­�¨6¬�üý¬V°±Ó�ÀÂ³�¬�¨�£[TN5�K�_`=!9[?>A@eq=�U�f�A²Ñ4¨�³V/Í«>£)­>¾
£)³Â¥§¦�´

ü ¦O«>°®¬�¶6¬MÒ�ª6¬VÀ!¦M¾�À2¬V¶�¦
Hξ,xk

ËX¨�£²¥§£)«>°±³�¶6¬V¨�¦�Õ ù ­>­>³�°�Ñ4°±£)­>°±¦M¾6¬V«Ç¥§³�¶�¨�¦M¨�£X·)¦O¶�¨�³�ÈSR4£)­�³�¶�³�·)³2¬V³Â­
³�¨#Y)¶ì¥§³�·¸¬V­)Ñ½¨�³Âü £)«>£)¶ì¥§£)­�¬VÀ�»O¦O«>³Â¥>°±¦O­�¨�£¢TN5�K�_`=!9¢?>A~eq=�U�f�A�¾
¦4¨�£)°[«>£)­>ª�ÀÂ¥ÿ¬V«�£)°[¨�³�­Ç¥§³�¶ì¥ÿ¬V­�­>£)Ò>¥#Y)¶�·)³2¬V­
¨�£�·)¦O¶ìÎì£)«>»MY)¶�·)³�¬±¾6¬V«§¬�¦O­�¾
¦O¶�¥§¦O­

x
£�¨�³Âü £)«>£)¶ì¥§£)­�¥§£)°±¾¿¦O­�¾6¬V«§¬º¬º¦O¯~¥§£)¶�È¸ÉV¦±¨6¬�­>¦OÀ�ª�È¸ÉV¦�Õ

I#£¥I#£c÷ ZÝó�æIêªí#ã�á#äåê â�ðGWvó�çIõ�êåâ�ð r�êªí4á�ðaâ�ðÎÍ ðmó�ó�ðoÏ
ù ¾�«>¦O¾¿¦O­>³�È¸ÉV¦=¨�£[Z?£)À�À�£²÷B�PZ?£)À�À�£²÷ Ö�� � × ��¾6¬V«§¬=¬=£)­>·)¦OÀ�Ê6¬=¨�¦V­�¾�À2¬V¶�¦O­�¨�£%·)¦O«Ç¥§£

Hξ,xk
Ë?¬V¾�À�³�·¸¬V¨6¬

´z­>¦OÀ�ª�È¸ÉV¦é¨�£P¾�«>¦O¯�À�£)°®¬V­�¨6¬cü ¦O«>°®¬z¬V¾�«>£)­>£)¶�¥ÿ¬V¨6¬é¾¿¦O«��ñÙ4Õ����*Ñ ·)¦O°_¬z¾�«>£)°±³�­>­§¬z¨�£PÒ�ª�£
g(·) :

Rn 7−→ Rp �

min f(x) = cTx
�ñÙ4Õ����

s.a. x ∈ Ω

Ω , {x ∈ Rn | gi(x) ≤ 0 ∀ i = 1, . . . , p}
ù ­>­>³�°�Ñ�¥§£)°±¦V­º·²¦O°±¦zÎ�QVÀ�³Â¨6¬z¬z¨�£)­>³�»Oª6¬VÀ�¨6¬V¨�£w£*¤~³�¯�³�¨6¬c£)° �ñÙ4Õ �'�*ÕFÁ�¦O¶�­>³�¨�£)«§¬V¶�¨�¦½¼�­>£PÒ�ª�£

i
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®ý­�Ð Û����c���¦�ÒÑBÓÕÔ �oÖ�× Ô1Ø?Ù¯Ó Ù�Ø

«>£)¾�«>£)­>£)¶ì¥ÿ¬=¦�Ó�¶�¨�³�·)£�¨6¬�«>£)­Ç¥§«>³�È¸ÉV¦M°®¬V³�­�Î4³�¦OÀ2¬V¨6¬~Ñì¦M¾�À2¬V¶�¦
Hξ,xk

¨�£²Îì£)«"QM­>£)« ·¸¬VÀ�·)ª�À2¬V¨�¦�¾
¦O«��ñÙ4Õ����
£�ª~¥§³�À�³�/¸¬V¨�¦�¾6¬V«§¬�·¸¬VÀ�·)ª�À2¬V«t¦º¶�¦:Îì¦º¾¿¦OÀ�³Â¥§¦O¾¿¦

Pk+1
Ñ�¥ÿ¬VÀ�·)¦O°±¦�°±¦O­Ç¥§«§¬V¨�¦º¶�¦±¬VÀ�»O¦O«>³Â¥§°º¦ºÙ4Õ

gi(v) ≥ gi(w) +∇gi(v −w) ∀v,w �ñÙ4Õ �'�
Hξ,xk = { gi(xk) +∇gi(xk)(x− xk) = 0 } �ñÙ4Õ����

¢)�3J @��tk*-���-ÛÚÝÜ�Þ�ßáà�â·Þ�ãåäæÜ
�;¨�£)­>£)¶�ÎO¦OÀÂÎ4³�°±£)¶ì¥§¦�¨�¦?°±Ë²¥§¦4¨�¦}0N58F JO9!=�FP?:K�56Ë�¯6¬V­>£¸¬V¨�¦�¶�¦O­#¾�«>£)·)£)¨�£)¶�¥§£)­�¬VÀ�»O¦O«>³ò¥§°º¦O­�¨�£`qCA65�K<1>K�G
Lº;>=~J#K�U�K@��Ab96F�u�7�KM5 ?>K:?>Ab9*Ñ~¾�«>¦O¾
¦O­Ç¥§¦º­>³�°=ª�ÀÂ¥ÿ¬V¶�£¸¬V°±£)¶ì¥§£%¾¿¦O« ù »O°±¦O¶*� ù »O°±¦O¶ Ö�� ��×�� £�Ð�¦V¥"/)õ�³�¶
£�ø4·ÿÊ�¦4£)¶�¯¿£)«>» �ñÐ�¦V¥"/)õ�³�¶ � ø4·ÿÊ�¦4£)¶�¯¿£)«>» Ö�� ��×��*Ñ%°±Ë²¥§¦�¨�¦S¨�¦ B¨7#¬�u�U�K:?�FHA6_Of�A]£ �sF	5�K�f�KMLº;>= ?>=
0I9�J#KML�=½Ñ%¾�«>¦O¾
¦O­Ç¥§¦&¾¿¦O«lø4Ê�¦O« �ñø4Ê�¦O« Ö�� ��×�ÑÍø4Ê�¦O« Ö�� � × ¯�ÑÍø4Ê�¦O« Ö�� � × ¬'�*ÑX£]¾¿£)À�¦S°±Ë²¥§¦�¨�¦S¨6¬V­
BDA�L��!Ab9 eqA6_OfPU�K�FV9²ÑÍ¨�£)­>£)¶ìÎì¦OÀÂÎ4³�¨�¦V­P³�¶�¨�£)¾¿£)¶�¨�£)¶ì¥§£)°±£)¶ì¥§£]¾¿¦O«���£²Î4³�¶ �P��£²Î4³�¶ Ö�� �'���±£��Í£6r�°®¬V¶
�P�Í£6r�°®¬V¶ Ö�� �'���*Õ
ù ¾�«>³�°±£²³�«§¬�¨�£)­>·)«>³�È¸ÉV¦é¨�¦z°±Ë²¥§¦�¨�¦X0N58F JO9!=�FP?:K�5�Ëw£)¶�·²¦O¶�¥§«§¬V¨6¬~Ñ�£)°=¯¿¦V«ÿ¬l¶6ÉV¦z¨�£®ü ¦O«>°®¬l£*¤�¼

¾�À�Ó�·)³Â¥ÿ¬4Ñ�£)° ��ª�¨�³�¶�£��Í£)°±³�«>¦:Î4­>õ�³�³ ����ª�¨�³�¶ � �Í£)°±³�«>¦:Î4­>õ�³�³ Ö�� �_�'�*Õ^�Í£)­Ç¥§£±°±£)­>°±¦l¬V«Ç¥§³�»O¦�Ñ�Ë±³�¶4¼
¨�³�·¸¬V¨�¦±Ò�ª�£M¦±°±Ë²¥§¦4¨�¦�0N58F JO9!=�FP?:K�5�·)¦O¶�­Ç¥§³Â¥§ª�³�ª�°ï·¸¬V­>¦®£)­>¾¿£)·)³2¬VÀ�¨�¦�¬VÀ�»O¦O«>³ò¥§°±¦�¨�£@�sF	5�K�f�KMLº;>=�?>=
0I9�J#KML�=�¨�£±ø4Ê�¦O«)Ñ�¦PÒ�ª6¬VÀ�¾¿¦O­Ç¥§£)«>³�¦O«>°±£)¶ì¥§£�¬V·¸¬V¯¿¦Oªé¾¿¦O«?¬V¾�«>£)­>£)¶�¥ÿ¬V«�¬w¾�«>¦O¾
¦O­>³�È¸ÉV¦P£ÿ¤~¾�À�Ó�·)³Â¥ÿ¬�¨�¦
°±Ë²¥§¦4¨�¦,0N58F JO9!=�FP?:K�5¶�ñø4Ê�¦O« Ö�� �����*Ñ
¥ÿ¬VÀ�·)¦O°±¦®·)¦O¶�Ê�£)·)³�¨�¦w¬½¥§ª6¬VÀ�°±£)¶�¥§£VÕ ù ¾6¬V«Ç¥§³�«�¨6¬®³�°±¾¿¦O«Ç¥ÿ¬V¶ì¥§£
¨�£)°±¦O¶�­Ç¥§«§¬VÈ¸ÉV¦±¾
¦O«CZ?Ê6¬V·ÿÊ�³Â÷�¬V¶�¨�£�Ò�ª�£�¦®¬VÀ�»O¦O«>³ò¥§°º¦^0N58F JO9!=�FP?:K�5�¬V¾�«>£)­>£)¶ì¥ÿ¬:Î½¬®¬º·¸¬V¾6¬V·)³�¨6¬V¨�£�¨�£
«>£)­>¦OÀÂÎO£)«tª�°Ô¾�«>¦O¯�À�£)°®¬�À�³�¶�£)¬V« £)°Ô¥§£)°±¾
¦=¾
¦OÀ�³�¶�¦O°±³�¬VÀ8�PZ?Ê6¬V·ÿÊ�³Â÷ì¬V¶ Ö�� � � �*Ñ4¦=¬VÀ�»O¦O«>³Â¥§°º¦�»ì¬V¶�Ê�¦Oª
¶�¦V¥§¦O«>³�£)¨6¬V¨�£�£t¾6¬V­>­>¦Oªº¬%­>£)«#¬V°±¾�À2¬V°±£²¶�¥§£ £)­Ç¥§ª�¨6¬V¨�¦�£�¬V¾�À�³�·¸¬V¨�¦Í¾6¬V«§¬?¬X«>£)­>¦OÀ�ª�È¸ÉV¦%¨�£�¾�«>¦O¯�ÀÂ£)°®¬V­
¨�£t¦V¥§³�°±³�/¸¬VÈ¸ÉV¦%¬V­>­>¦�·)³2¬V¨�¦O­#¬Íü ª�¶�ÈSR4£)­#Ò�ª6¬V­>³ò¼�·)¦O¶ìÎO£*¤�¬V­)Õ Ðl¬V³�¦O«>£)­�¨�£²¥ÿ¬VÀ�Ê�£)­�­>¦O¯�«>£t¦%°±Ë²¥§¦4¨�¦p0N58F JdG
9!=�FP?:K�5�¾
¦4¨�£)°0­>£)«�£)¶�·)¦O¶�¥§«§¬V¨�¦O­�¶6¬=¾¿£)­>Ò�ª�³�­§¬�£)À2¬V¯¿¦O«§¬V¨6¬M¾¿¦O«�µ�À2¬V¶�¨�Ñ6Æ?¦OÀ�¨~üý¬V«>¯�£?¢�¦�¨�¨/�ýµ�À2¬V¶�¨
£²¥X¬VÀñÕ Ö��OÚ~Ö �*Õ

I#£O9¶£c÷ ZÝó�æIêªí#ã�á#äåêèçêé1ë]ìîívï¼ë#ðGñIé
Á�¦O¶�­>³�¨�£)«>£®¦l¾�«>¦O¯�À�£)°®¬w¨�£)­>·)«>³Â¥§¦z¬�­>£)»Oª�³�«)Ñ�¦O¶�¨�£

f(·) : Rn 7−→ R
Ñ
g(·) : Rn 7−→ Rp £ Ω¨�£²¥§£)«>°±³�¶6¬�ª�°®¬=«>£)»O³2ÉV¦=üý¬V·²¥§ÓÂÎì£)À�¾6¬V«§¬�¨�¦±¾�«>¦O¯�À�£)°®¬��

min f(x)
�ñÙ4Õ Ú �

s.a. x ∈ Ω

Ω , {x ∈ Rn | gj(x) ≤ 0, ∀ j = 1, . . . , p}
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Ù�× Û����c�ý�¦��´k�¦²+[G�P±�·¸��´c�'���¦²�Ù�²_¹�³��ö[�´��¦º'����²1[l·¸³��¦´c�5³Â�¦º�·
�è¬VÀ�»O¦O«>³ò¥§°±¦^0N58F JO9!=�FP?:K�5�·)¦O°±£)È¸¬±·)¦O°ïª�°®¬º£)À�³�¾�­>£

E0
Ñ6Î4³�¨�£��ñÙ4Õ � �*Ñ
·)£²¶�¥§«§¬V¨6¬±¶�¦®¾
¦O¶�¥§¦

x0

Ñ
Ò�ª�£�·)¦O¶�¥§£)¶�Ê6¬

x∗
Õ

E0 , {x ∈ Rn | (x− x0)
TQ−10 (x− x0) ≤ 1} �ñÙ4Õ � �

¢�¬VÀ¿·)¦O°±¦�í�Q�¨�£)­>·)«>³Â¥§¦=¶6¬�­>£)È¸ÉV¦ºÙ4Õ Ö Ñ4·)¦O¶�­>³�¨�£)«§¬V¶�¨�¦½¼�­>£
f(x)

£
gj(x), ∀ j = 1, . . . , p

ü ª�¶�ÈSR�£)­
Ò�ª6¬V­>³ò¼�·)¦O¶ìÎì£ÿ¤�¬V­)Ñ
¾¿¦4¨�£*¼�­>£�¬½ë6«>°®¬V«�Ò�ª�£�¦º°±Ó�¶�³�°º¦

x∗
¾
£)«Ç¥§£)¶�·)£M¬V¦º­>£)°±³ò¼�£)­>¾6¬VÈ)¦

H∇̄k,xk−

Õ

H∇̄k,xk− , {x ∈ Rn | ∇̄T
k (x− xk) ≤ 0} �ñÙ4Õ Ö:× �

¦O¶�¨�£VÑ ∇̄k
«>£)¾�«>£)­>£)¶ì¥ÿ¬=ª�°iÎO£²¥§¦O«�¾¿£)«Ç¥§£)¶�·)£)¶ì¥§£�¬V¦M·)¦O¶½íÇª�¶ì¥§¦=­>ª�¯¿¨�³Âü £²«§£²¶�·)³2¬VÀ¿¨�£Xª�°®¬�¨6¬V­ ü ª�¶�ÈSR�£)­

∇̄gj(xk)
Ñ~Ò�ª6¬V¶�¨�¦

xk 6∈ Ω
Ñ~¦Oª�ª�°iÎì£²¥§¦O«�¾¿£)«Ç¥§£)¶�·)£)¶ì¥§£�¬V¦=·)¦O¶½íÇª�¶ì¥§¦=­§ª�¯
¨�³Âü £)«>£)¶�·)³2¬VÀ¿¨�£ ∇̄f(xk) Ñ¶�¦O­�¨�£)°®¬V³�­�·¸¬V­>¦O­)ÕN�[¥§«§¬½¥ÿ¬V°±£)¶ì¥§¦º¨6¬V­�«>£)­Ç¥§«>³�ÈSR�£)­�­§£²«bQ�¨�£²¥ÿ¬VÀ�Ê6¬V¨�¦º¶6¬º­>£)È¸ÉV¦�Ù4Õ Ø~Õ Ø~Õ

ù ¾�À�³�·¸¬V¶�¨�¦½¼�­>£]¬V­Pü ÄO«>°=ª�À2¬V­w«>£)·)ª�«>­>³ÂÎV¬V­c¬V¯6¬V³ò¤~¦F¨�£)­>·)«>³Â¥ÿ¬V­)Ñ�¦O¯~¥§£)«Å¼�­>£*¼�QFª�°®¬F­>£)Ò>¥#Y)¶�·)³2¬&¨�£
¾¿¦O¶ì¥§¦O­

xk+1
·)¦O«>«>£)­>¾¿¦O¶�¨�£)¶ì¥§£)­%¬V¦±·)£)¶ì¥§«>¦®¨�¦O­�£)À�³�¾�­>ÄO³�¨�£)­

Ek+1
Ñ6«>£)­>ª�ÀÂ¥ÿ¬V¶ì¥§£)­Í¨6¬º³�¶ì¥§£)«>­>£)·)È¸ÉV¦®¨�¦

­>£)°±³ò¼�£)­>¾6¬VÈ)¦
H∇̄k,xk−

·)¦O°o¦º£)À�³�¾�­>ÄO³�¨�£
Ek
Ñ�¥ÿ¬VÀ�Ò�ª�£

Ek+1 ⊃ (Ek ∩H∇̄k,xk− )
Õ

xk+1 = xk − τ(Qk∇̄k/(∇̄T
kQk∇̄k)

1/2)

Qk+1 = σ[Qk − δ(Qk∇̄k)(Qk∇̄k)
T/(∇̄T

kQk∇̄k)]
�ñÙ4Õ ÖOÖ �

¦O¶�¨�£VÑ
τ = 1

n+1

Ë=·*Ê6¬V°®¬V¨�¦�¨�£�¾6¬V«"gV°±£²¥§«>¦�¨�£�¾6¬V­>­>¦�Ñ
σ = 2

n+1

¨�£�¾6¬V«"gV°±£²¥§«>¦�¨�£�¨�³�À2¬½¥ÿ¬VÈ¸ÉV¦®£
δ = n2

n2−1

¨�£�¾6¬V«"gV°±£²¥§«>¦º¨�£�£*¤~¾6¬V¶�­§ÉV¦�Õ
ù ë6»Vª�«ÿ¬=Ù4Õ Ù�£*¤~³�¯¿£%¬M·)¦O¶�­Ç¥§«>ª�È¸ÉV¦�¨�£%ª�°Ô£)À�³�¾�­>ÄO³�¨�£

Ek+1

¬M¾6¬V«Ç¥§³�« ¨6¬M¾�«>£)­>£)«ÇÎ½¬VÈ¸ÉV¦º¨�¦=­>£)°±³ò¼
£)À�³�¾�­>ÄO³�¨�£P¨�£²¥§£)«>°±³�¶6¬V¨�¦�¾¿¦O«

H∇̄k,xk−

Ñ�£*¤~³�¯�³�¶�¨�¦�ª�°®¬éÎ4³�­§ÉV¦�»O£)¦O°ºË²¥§«§³Â·¸¬]¾6¬V«§¬]¦O­®¾6¬V«"gV°±£²¥§«>¦O­
­>ª�¾�«§¬V·)³Â¥ÿ¬V¨�¦O­)Õ±Á�¦O°±¦w¾¿¦4¨�£�­>£)«�¦O¯�­>£)«ÇÎV¬V¨�¦�Ñ�¾6¬V«§¬w¦P·¸¬V­>¦�¨�£

Ek
­§£²«�ª�°®¬wÊ�³�¾¿£)«>£)­Çü £)«§¬w¨�£º«§¬V³�¦

ª�¶�³Â¥bQV«>³�¦�Ñ¿¦�¶�¦
ÎO¦w£)À�³�¾�­>ÄO³�¨�£
Ek+1

«>£)­>ª�ÀÂ¥ÿ¬V«"Q®¨6¬�·)¦O¶ì¥§«§¬VÈ¸ÉV¦w¨�£
Ek

¶6¬�¨�³�«>£)È¸ÉV¦�¦O¾¿¦O­Ç¥ÿ¬�¬V¦�ÎO£²¥§¦O«
∇̄k

£�¶6¬�¾�«>¦O¾¿¦O«>È¸ÉV¦º¨�£
(δ(1− σ))1/2 = n/(n+ 1)

Ñ6£)¶�Ò�ª6¬V¶ì¥§¦�¬V­�¨�£)°®¬V³�­�¨�³�«>£)ÈSR�£)­Í¦O«Ç¥§¦O»O¦O¶6¬V³�­
´�¨�³�«>£)È¸ÉV¦º¨�£ ∇̄k

­>¦Vü «>£)«§ÉV¦±ª�°®¬=£*¤~¾6¬V¶�­§ÉV¦®¶6¬�¾�«>¦O¾¿¦O«>È¸ÉV¦º¨�£
δ1/2 = n/(n2 − 1)1/2

Õ
ÌÍ°®¬�ÎO£S/]Ò�ª�£]¦F£)À�³�¾�­>ÄO³�¨�£z³�¶�³�·)³�¬VÀ

E0
·)¦O¶ì¥§Ë)° ¬Y­>¦OÀ�ª�È¸ÉV¦FÄV¥§³�°®¬

x∗
£éÒ�ª�£�¬Y­>£)Ò>¥#Y)¶�·¸³2¬

¨�¦O­?£)À�³�¾�­>ÄO³�¨�£)­%»O£)«§¬V¨�¦O­?¾
¦O«+�ñÙ4Õ ÖOÖ �Í¾�«>£)­>£)«ÇÎV¬P¦w­>£)°±³ò¼�£)­>¾6¬VÈ)¦wÒ�ª�£º¦P·)¦O¶ì¥§Ë)°�Ñ�ÎO£)«>³Âë6·¸¬
¼�­>£�Ò�ª�£±¬
·)¦O¶ìÎì£)«>»MY²¶�·)³2¬�·)¦O¶�¨�ª#/)³�«"Q�¬�ª�° £)À�³�¾�­>ÄO³�¨�£�¨�£MÎO¦OÀ�ª�°±£}/)£)«>¦w£½Ñ�Ò�ª6¬V¶�¨�¦w£)­Ç¥§£=·)¦O¶�¥§³ÂÎO£)«Xª�°qó�¶�³�·)¦
¾¿¦O¶ì¥§¦�Ñ�£)­Ç¥§£�¾¿¦O¶ì¥§¦º­>£)«"Q

x∗
Õ

�J¬VÀ�»O¦O«>³ò¥§°º¦^0N5
F J¨9<=�FP?:K�5�¾�«>¦O¾¿¦O­Ç¥§¦º¾¿¦O«Íø4Ê�¦O«�Ë�¬V¾�«>£)­>£)¶ì¥ÿ¬V¨�¦®¬º­>£)»Oª�³�«S�
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®ý­�Ð Û����c���¦�ÒÑBÓÕÔ �oÖ�× Ô1Ø?Ù¯Ó Ù��

xk

xk+1

Ek

Ek+1

Raio = 1

n/(n
2
-1)

1/2

n/(n+1)

H
Lk, Xk

Lk

¼�½ ¾'¿�ÀÂÁ�
�Ä 
�Å6ÈOÌuÏ�Ö_�_�öÐ�ÓcÔ�Í�Î'ÉMÏ'ÊkÐ¶×*��É:�öÐ�ÓcÔ�ÍsÎ'Í Êóò:��Í�Î'Í ��� ¨ ªË �¢�¨»£k«�� ÉM×uÒ!��É:�.Ë���É:�öÐ�ÓcÔ�Í(7�É�Í�Êóò:�_�.×rÙcÐ�Î'Í�ÖKÖ�É�Ï�ÖË�Ð��3ô=ÊCÉ:�_��Í�ÖcÜ
I#£O9¶£¥I ZÝó�æIêªí#ã�á#äåêèçêé1ë]ìîívï¼ë#ðGñIé^ë`êqä õ ö?ö¬ìø÷QùÌú
ù ¾�«>³�°±£)³�«§¬Y¾�«§¦V¾¿¦O­Ç¥ÿ¬&¾6¬V«§¬&¬Sª~¥§³�À�³�/¸¬VÈ¸ÉV¦S¨�£z��AbA�J e274f	9Y¾6¬V«§¬&¬Vª�°±£)¶ì¥ÿ¬V«l¬FÎO£)À�¦4·)³�¨6¬V¨�£]¨�£
·)¦O¶ìÎì£)«>»MY²¶�·)³2¬&¨�¦&¬VÀ�»O¦O«>³ò¥§°º¦Ý0N58F JO9!=�FP?:K�5�ü ¦O³�¬V¾�«>£)­>£)¶ì¥ÿ¬V¨6¬&¾
¦O«cø4Ê�¦O«P£�Æ?£)«>­>Ê�¦:Î4³�·*Êå�ñø4Ê�¦O« �
Æ?£)«>­>Ê�¦:Î4³�·*Ê Ö�� � � �*Õ
Á�¦O¶�­>³�¨�£)«>£wª�°®¬lÎ½¬V«>³2¬V¶ì¥§£�¾6¬V«§¬c¦zÊ�³�¾¿£)«>¾�À2¬V¶�¦

H∇̄k,xk
£�¾6¬V«§¬c¦z­>£)°±³ò¼�£)­>¾6¬VÈ)¦

H∇̄k,xk−

Ñ#¥ÿ¬VÀ
·)¦O°±¦º¨�£²ë6¶�³�¨6¬º¬�­>£)»Oª�³�«S�

H(α,Qk)
∇̄k,xk , {x ∈ Rn | ∇̄T

k (x− xk) = α(∇̄T
kQk∇̄k)

1/2} �ñÙ4Õ Ö Ù��
H−(α,Qk)

∇̄k,xk , {x ∈ Rn | ∇̄T
k (x− xk) ≤ α(∇̄T

kQk∇̄k)
1/2} �ñÙ4Õ Ö Ø'�

¦O¶�¨�£M¦�¾6¬V«"gV°±£²¥§«>¦
α
ËM¨�£)¶�¦O°±³�¶6¬V¨�¦±¨�£=¾�«>¦Vü ª�¶�¨�³�¨6¬V¨�£�¨�¦�·)¦O«Ç¥§£M£M«>£)¾�«>£)­>£)¶ì¥ÿ¬w¬®¨�³�­Ç¥bgV¶�·)³2¬±¨�¦

Ê�³�¾¿£)«>¾�À2¬V¶�¦
H(α,Qk)

∇̄k,xk
¬V¦º¾¿¦O¶ì¥§¦

xk
¶6¬�°±Ë²¥§«>³�·¸¬=·)¦O«>«>£)­>¾¿¦O¶�¨�£)¶ì¥§£=´�°®¬½¥§«>³V/

Qk

Õ
Á�¦O°±¦é¦é­>£)°±³ò¼�£)­>¾6¬VÈ)¦

H−(α,Qk)
∇̄k,xk

¶6ÉV¦]°®¬V³�­=·)¦O¶ì¥§Ë)°d¦]¾
¦O¶�¥§¦
xk
Ò�ª�£�«>£)¾�«>£)­>£)¶ì¥ÿ¬]¦

·)£)¶ì¥§«>¦w¨�¦w£)À�³�¾�­>ÄO³�¨�£
Ek

Ñ!ÎO£)«>³Âë6·¸¬
¼�­>£=Ò�ª�£º¬�³�¶ì¥§£)«>­>£)·)È¸ÉV¦w£)¶�¥§«>£
H−(α,Qk)

∇̄k,xk ∩ Ek

¶6ÉV¦w°®¬V³�­
¾�«>£)­>£)«ÇÎV¬%¬Í°±£*¥*¬½¨�£ ¨�¦X£)À�³�¾�­>ÄO³�¨�£

Ek

Õ�Ã�¦O«�·)¦O¶�­>£)»Oª�³�¶ì¥§£VÑO¦Í£)À�³�¾�­>ÄO³�¨�£
Ek+1

»O£)«§¬V¨�¦Í¾¿¦O­>­>ª�³�ÎO¦OÀ�ª�°±£
³�¶~ü £)«>³�¦O«�¬V¦ºÒ�ª�£�­>£)«>³2¬�¦O¯~¥§³�¨�¦º¶�¦±¬VÀ�»O¦O«>³Â¥>°±¦�0N58F JO9!=�FP?:K�5�¨�£Mø4Ê�¦O«)Ñ�¨�£)­>·)«>³Â¥§¦±¾¿¦V«	�ñÙ4Õ ÖOÖ �*Õ
Á�¦O°î¦l·)¦O¶½íÇª�¶ì¥§¦l¨�£±£)Ò�ª6¬VÈSR�£)­�¬V¯6¬V³ò¤~¦�Ñ�¦O¯~¥§£)«Å¼�­>£*¼�QPª�°®¬P¶�¦:ÎV¬�­>£)Ò>¥#Y)¶�·)³2¬l¨�£±¾
¦O¶�¥§¦O­

xk+1¬V­>­>¦4·)³2¬V¨�¦O­�¬V¦º·)£)¶�¥§«>¦±¨�¦O­�£)À�³Â¾�­§ÄV³�¨�£)­
Ek+1

Ñ6«>£)­>ª�ÀÂ¥ÿ¬V¶ì¥§£)­�¨6¬º³�¶ì¥§£)«>­>£)·)È¸ÉV¦±¨�¦º­>£)°±³ò¼�£)­>¾6¬VÈ)¦
H−(α,Qk)

∇̄k,xk
·)¦O°o¦º£)À�³�¾�­>ÄO³�¨�£

Ek
Õ
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Ù_� Û����c�ý�¦��´k�¦²+[G�P±�·¸��´c�'���¦²�Ù�²_¹�³��ö[�´��¦º'����²1[l·¸³��¦´c�5³Â�¦º�·
¶�Î�·¨Â¨¸�¾	Á�N�¿ � 0N58F JO9!=�FP?:K�5�¾�«>¦O¾¿¦O­Ç¥§¦±¾
¦O«Xø4Ê�¦O«
���?�o���3��� Ê É�Ìu×uË�Öbû�×rÎ'É`×uÒ'×rÙ�×¯Ð=Ì

E0
�5Í�Ò�Î'É�ÐkÖ�Í�ÌuÏ�ÓcÔ�Í�û��.×uÊkÐ

x∗
Ö�É:�3üsË���Í_Ù�Ï��öÐ�Î�Ð	Î'É�Ð�Ù�Í���Î'Í!Ù�Í�ÊåÍkË���Í=Ø�'ÌrÉ�ÊkÐsÎ'É§��Ò'×rÎ'ÍCË5Í�� ®»ý Ü þ ° Ü

� �����o���3� > ÊCÉ�Ì*ÿ�Í��sÖ�Í�ÌuÏ�ÓcÔ�Í+Ñ3Ð�Ù:�_�uÚ�É�Ì:Ù�Í�Ò!�_�uÒ_Ï�Ð
xf

É�Ò�Ù�Í�Ò!�_�öÐ�Î�Ð�Üå<ÇÐ��öÐ+Ï'Ê Ë���Í��'ÌrÉ�ÊkÐ1×uÒ�Ñ3Ð�Ù:�_�uÚ�É�Ì:Í�ÏË�Ð��öÐ
x∗ 6∈ E0

��É:�«ØOÖ�ÉÛØ1ü
xf = ∅ Ü

�#��� �¦��±�� ³Â�5�
Shor
®
E0 °±8�

k ← 0i �
xf ← ∅ . � É:��É Ð`ÊCÉ�Ì*ÿ�Í���Ö�Í�Ì�Ï�Ó�Ô�Í�Ñ3Ð�Ù:�_�uÚ�É�Ì3Ü³ � ·Â���¯�´8� ³ �

gi(xk) ≤ 0 ∀ i = 1, . . . , p
�#½�²_�µk� ∇̄k ← ∇̄f(xk)¾ �

xf ← xk . � É�Ì*ÿ�Í��¤Ö�Í�ÌuÏ�ÓcÔ�Í�Ñ3Ð�Ù:�_�uÚ�É�Ì�Ð��bò¶Í�ÊCÍ�ÊCÉ�Ò9��Í'ÜÀk� ³ � ∇̄k = 0
�#½�²_�Ák�

return xf . ¿ É:�.Ês×uÒ�É¶ÍkÐ=Ì*7�Í��.×*�.ÊCÍ'Ü�§Âk� ²_���B³ ��#�#� ²_·Â´c²�:±8� ∇̄k ← ∇̄gi(xk) para algum gi(xk) > 0, | i = 1, . . . , p� i � ²_���B³ �� ³ �
Ek+1 ← (Ek ∩H∇̄k,xk− ) . � ×rÎ'É ®»ý Ü���� °�:´8� ³ �

vol (Ek+1) ' 0
Í�Ï

vol(Ek+1) ' vol(Ek)
�#½�²_��§µk�

return xf . ¿ É:�.Ês×uÒ�É¶ÍkÐ=Ì*7�Í��.×*�.ÊCÍ'Ü� ¾ � ²_���B³ ��§Àk�
k ← k + 1�§Ák� ²_���B·Â���¯�±�Âk� ²_��� � �¦��±�� ³Â�5�

xk+1 = xk − τ(Qk∇̄k / (∇̄T
kQk∇̄k)

1/2)

Qk+1 = σ[Qk − δ(Qk∇̄k)(Qk∇̄k)
T / (∇̄T

kQk∇̄k)]
�ñÙ4Õ Ö ×��

¦O¶�¨�£VÑ
τ = 1+nα

n+1

Ëé·ÿÊ6¬V°®¬V¨�¦F¨�£]¾6¬V«"gV°±£²¥§«>¦Y¨�£]¾6¬V­>­>¦�Ñ
σ = 2(1+nα)

(n+1)(1+α)

¨�£é¾6¬V«"gV°±£²¥§«>¦F¨�£
¨�³�À2¬½¥ÿ¬VÈ¸ÉV¦=£

δ = ( n2

n2−1
)(1− α2)

¨�£�¾6¬V«"gV°±£²¥§«>¦�¨�£�£*¤~¾6¬V¶�­§ÉV¦�Õ
©X£²Îì£*¼�­>£M¦O¯�­>£)«ÇÎV¬½«XÒ�ª�£VÑ
£)°=¯¿¦O«§¬±¬V­�£*¤~¾�«>£)­>­"R�£)­%Ò�ª�£M¬½¥§ª6¬VÀ�³V/¸¬V°

xk+1

£
Qk+1

­>£Åí>¬V°ï·)¦O«>«>£)­Å¼
¾¿¦O¶�¨�£)¶ì¥§£)­#´V­�ª~¥§³�À�³�/¸¬V¨6¬V­�¾6¬V«§¬Í¦Í·<QVÀ�·)ª�À�¦Í·)¦O¶ìÎO£)¶�·)³�¦O¶6¬VÀ4¨�¦%¬VÀ�»O¦O«>³ò¥§°±¦~Ñ
¦X·<QVÀ�·)ª�À�¦Í¨�¦O­�¾6¬V«"gV°±£²¥§«>¦O­
τ
Ñ
σ
£
δ
­>£)«"Q�ü ª�¶�È¸ÉV¦º¨�¦±¶�¦:ÎO¦±¾6¬V«"gV°±£²¥§«>¦

α
Ò�ª�£�¨�£²ë6¶�£

H−(α,Qk)
∇̄k,xk

Õ
Ã�¬V«§¬�¬?¨�£²¥§£)«>°±³�¶6¬VÈ¸ÉV¦?¨�£

Ek+1

Ñ4¬?£)Ò�ª6¬VÈ¸ÉV¦��ñÙ4Õ Ö ×���ËtÎ�QVÀ�³�¨6¬%¶�¦�³�¶ì¥§£)«ÇÎV¬VÀ�¦ {−1/n ≤ α ≤ 1} Ñ¨6¬V¨�¦YÒ�ª�£z¾6¬V«§¬�Î½¬VÀ�¦O«>£)­
α ≤ −1/n ¥§£)«Å¼�­>£*¼�Q Ek+1 = Ek

Õ Ã�¬V«§¬�ÎV¬VÀ�¦O«>£)­�¨�£
0 ≤ α < 1

Ñ
¨�£)¶�¦O°±³�¶6¬V¨�¦O­ ¨�£�eq=�U�f�Ab9CTNU"=ö�b74_d?>=!9%¦Oª���AbA�J e�74f	9²Ñ4Îì£)«>³Âë6·¸¬
¼�­>£XÒ�ª�£%¦=¶�¦:ÎO¦=·<QVÀ�·)ª�À�¦M·)¦O¶�¨�ª#/)³�«"Q
¬�ª�°®¬�¬V·)£)À�£)«§¬VÈ¸ÉV¦�¨6¬�·)¦O¶ì¥§«§¬VÈ¸ÉV¦M¨�¦�ÎO¦OÀ�ª�°±£�¨�£

Ek+1
Ñ�­>£)¶�¨�¦=Ò�ª�£Í¾6¬V«§¬

α = 1
¦�£)À�³�¾�­>ÄO³�¨�£

Ek+1¨�£)»O£)¶�£)«§¬�¾6¬V«§¬?ª�°J¾¿¦O¶ì¥§¦�Õ#©X£²ÎO£*¼�­>£Í·)¦O¶ì¥§ª�¨�¦�¦O¯�­>£)«ÇÎ½¬V«�Ò�ª�£Í¦O­N��AbA�J�e274f	9Í¶6ÉV¦�»ì¬V«§¬V¶�¥§£)°JÒ�ª�£Í¬

��������� ���	��
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®ý­�Ð Û����c���¦�ÒÑBÓÕÔ �oÖ�× Ô1Ø?Ù¯Ó Ù��
­>¦OÀ�ª�È¸ÉV¦MÄV¥§³�°®¬�­>£)«"Q=¾�«>£)­>£)«ÇÎ½¬V¨6¬�£)°Ô¥§¦�¨6¬V­t¬V­t³Â¥§£)«§¬VÈSR�£)­)Õ ù üý¬V³ò¤�¬�¨�£XÎ½¬VÀ�¦O«>£)­ {−1/n < α < 0}¨�£²ë6¶�£�ª�°J·)¦O¶½íÇª�¶ì¥§¦�¨�£�·)¦O«Ç¥§£)­#·)¦O¶�­>³�¨�£)«§¬V¨�¦O­tU"Kº9!=!9²ÑV¦Oª�B#a#K�5	5V=!"#ÑVª�°®¬ÍÎì£S/�Ò�ª�£�£)­Ç¥§£)­�¾�«>£)­>£)«ÇÎV¬V°
°®¬V³�­t¨6¬�°±£²¥ÿ¬V¨�£�¨�¦º£)À�³�¾�­>ÄO³�¨�£?¬V¶ì¥§£)«>³�¦O«

Ek

Õ�¹#°=¯¿¦O«§¬�¾
¦Oª�·)¦±£*¤~¾�À�¦O«§¬V¨�¦O­�¾¿£)À2¬�À�³Â¥§£)«§¬½¥§ª�«§¬=¬½¥§Ë�¦
¾�«>£)­>£)¶ì¥§£t°±¦O°±£)¶ì¥§¦�Ñ
£)­Ç¥§£)­�·)¦O«Ç¥§£)­�­>£)«§ÉV¦�Ñ½¥ÿ¬VÀì·)¦O°±¦Í¨�£)°±¦O¶�­Ç¥§«§¬V¨�¦Í£)° ·¸¬V¾�ÓÂ¥§ª�À�¦�ü ª~¥§ª�«>¦�Ñ½¨�£ »O«§¬V¶�¨�£
ª~¥§³�À�³Â¨6¬V¨�£%¾6¬V«§¬º¬º·)¦O¶�­Ç¥§«>ª�È¸ÉV¦±¨�¦O­�°±Ë²¥§¦4¨�¦O­�eq=�_`A6GH0N58F JO9!=�FP?:K�F�9�£��~FV96f.-�U�FH3b=�G�eq=�_`A6GH0N58F JO9!=�FP?:K�FV9²Õ
ù ë6»Oª�«§¬±Ù4Õ Øº£*¤~³�¯
£�¨�¦O³�­�£*¤~£)°±¾�À�¦O­�¨�£�·)¦O«Ç¥§£)­�¨�£)­>À�¦4·¸¬V¨�¦O­�¨�¦±·)£)¶ì¥§«>¦

xk
¾6¬V«§¬±¬�·)¦O¶�­Ç¥§«>ª�È¸ÉV¦

¨�¦º¶�¦
ÎO¦±£)À�³�¾�­>ÄO³�¨�£
Ek+1

Õ

xk+1

Ek

Ek+1

Raio = 1

a

Lk

H
Lk, Xk

¬'��ø4£)Ò>¥#Y)¶�·)³2¬º·)¦O° ��AbA�J e274fýÕ

xk
xk+1

Ek

Ek+1

Raio = 1

a

Lk

H
Lk, Xk

¯P��ø4£)Ò>¥#Y)¶�·)³2¬±·)¦O° B#a#K�5	5V=!" e274fýÕ
¼�½ ¾'¿�ÀÂÁ�
�Ä '�Å6ÈOÌuÏ�Ö_�_�öÐ�ÓcÔ�ÍsÎ'ÉlÎ�Ï�Ð�ÖK×*��É:�öÐ�Ó���É�Ö¤Î'Í`Êóò:��Í�Î'Í ��� ¨ ªË �¢�¨»£k«�� Ù�Í�Ê Ù�Í��_��É#Î'É�Ö.ÌrÍ�ÙcÐ�Î'ÍsÎ'Í�Ù�É�Ò9�_��Í

xk
Ü

I#£O9¶£O9 C}í#ç2á�çqäåðmõqá�ê â�çIñYQ ðmñ:á4í#ã�è¦G¢ðmñ
ù ·)À2¬V­>­>£w¨�¦O­�°±Ë²¥§¦4¨�¦O­=¨�£XA�1436587:9<;>=�?>A�9!A6E@F	G�Ab9�JOKML�=P¥§£)° ·)¦O°±¦z·¸¬V«§¬V·²¥§£)«>Ó�­Ç¥§³�·¸¬c¾6¬V«Ç¥§³�·)ª�À2¬V«M¦
¥§«§¬½¥ÿ¬V°±£)¶ì¥§¦X¨�³�«>£²¥§¦Í¨6¬V­�«>£)­Ç¥§«>³�ÈSR�£)­�¬V­>­>¦4·)³2¬V¨6¬V­�¬V¦X¾�«>¦O¯�À�£)°®¬�£VÑO¾
¦O«Ç¥ÿ¬V¶�¥§¦�Ñ½¶6ÉV¦%¾
¦O­>­>ª�³�¬V­�¨�£)­ÇÎV¬V¶4¼
¥ÿ¬V»O£)¶�­%«>£)­>ª�ÀÂ¥ÿ¬V¶ì¥§£)­?¨6¬®ª~¥§³�À�³�/¸¬VÈ¸ÉV¦®¨�£Mü ª�¶�ÈSR4£)­�¬�K�U�U"A6F	U�Kw¦Oª�J¨A6_dK�58FP?:K:?>A²Ñ6¥ÿ¬V³�­X·)¦O°±¦�°®¬VÀ�·)¦O¶�¨�³ò¼
·)³�¦O¶6¬V°±£)¶ì¥§¦�¶4ª�°±Ë)«>³�·)¦�¦Oªl¬V¾�«>¦¸¤~³�°®¬VÈ¸ÉV¦�³�¶�£*¤�¬½¥ÿ¬�¨6¬V­�ü ª�¶�ÈSR�£)­Í«>£)­Ç¥§«>³�ÈSR4£)­)Õ
ù ­>­>³�°�Ñ�£)°=¯¿¦O«§¬w¦�¥§«§¬½¥ÿ¬V°±£)¶ì¥§¦P¨�£±«>£)­Ç¥§«>³�ÈSR4£)­�¶6ÉV¦�À�³�¶�£¸¬V«>£)­�»O£)¶�Ë)«>³�·¸¬V­�·)¦O¶ì¥§³�¶�ª�£±­>£)¶�¨�¦lª�°

¨�£)­§¬½ë6¦±·)¦O¶�­>³�¨�£)«"Q¸Îì£)À�°±£)­>°±¦º¾6¬V«§¬�¦O­�°±Ë²¥§¦�¨�¦O­�¨�£�¦V¥§³�°±³�/¸¬VÈ¸ÉV¦�¬½¥§ª6¬VÀ�°±£)¶�¥§£%·)¦O¶�Ê�£)·)³�¨�¦O­
�P��ª�£)¶�¯¿£)«>»O£)« Ö��OÚ ×��*Ñ�¬=£)­Ç¥§«>ª~¥§ª�«§¬º¨�¦º¬VÀ�»O¦O«>³Â¥§°º¦�0N58F JO9!=�FP?:K�5�À�Ê�£?¾¿£)«>°±³ò¥ÿ£X¾6¬V«§¬�¦�·<QVÀ�·)ª�À�¦�¨�£?ª�°
¾¿¦O¶ì¥§¦Xü ¦O«§¬X¨6¬%«>£)»V³2ÉV¦Xüý¬V·²¥§ÓÂÎO£)ÀñÑ

xk 6∈ Ω
Ñì¬X­>³�°±¾�À�£)­�¬½¥§«>³�¯�ª�³�È¸ÉV¦X¨�£ ∇̄k

¾¿¦O«�ª�° Îì£²¥§¦O«�¾¿£)«Ç¥§£)¶�·)£)¶ì¥§£
¬V¦c·)¦O¶½íÇª�¶�¥§¦z¨�¦O­=­>ª�¯4¼�¨�³Âü £)«>£)¶�·)³2¬V³�­M¨�£�ª�°®¬l«>£)­Ç¥§«>³�È¸ÉV¦lÎ4³�¦OÀ2¬V¨6¬~Õ\��­Ç¥§¦z­>£�¨�£²Îì£P¬V¦lüý¬½¥§¦c¨�£wÒ�ª�£
¾6¬V«§¬?ª�°J·)¦O¶½íÇª�¶ì¥§¦�¨�£�«>£)­Ç¥§«>³�ÈSR4£)­#Ò�ª6¬V­>³ò¼�·)¦O¶ìÎì£*¤�¬V­)Ñ�£�·)¦O¶�­>£)Ò>¥�£)¶ì¥§£)°±£)¶�¥§£

Ω
ª�°è·)¦O¶½íÇª�¶ì¥§¦�Ò�ª6¬V­>³ò¼

·)¦O¶ìÎì£*¤~¦~Ñ¿ª�°0ÎO£²¥§¦O«�¾¿£)«Ç¥§£)¶�·)£)¶ì¥§£=¬V¦º·)¦O¶½íÇª�¶ì¥§¦±¨�¦O­�­>ª�¯4¼�¨�³Âü £)«>£)¶�·)³2¬V³�­t¨�£�ª�°®¬�«>£)­Ç¥§«>³�È¸ÉV¦�Î4³�¦OÀ2¬V¨6¬
­>£)°±¾�«>£�¨�£²¥§£)«>°±³�¶6¬V«"Q=¦±­>£)°±³ ¼�£)­>¾6¬VÈ)¦±Ò�ª�£�·)¦O¶ì¥§£)«"Q~Ñ6¶�£)·)£)­>­§¬V«>³2¬V°±£)¶�¥§£VÑ6¦º·)¦O¶½íÇª�¶ì¥§¦

Ω
Õ

��������� ���	��

���	
�� ����������� ���	�	��� �! "�#�



Ù Ú Û����c�ý�¦��´k�¦²+[G�P±�·¸��´c�'���¦²�Ù�²_¹�³��ö[�´��¦º'����²1[l·¸³��¦´c�5³Â�¦º�·
ù «>£)»O³�ÉV¦=üý¬V·²¥§ÓÂÎì£)À

Ω
¾¿¦4¨�£?­>£)«�¨�£²ë6¶�³�¨6¬�·)¦O°±¦±¬=³�¶�¥§£)«>­>£)·)È¸ÉV¦º¨6¬V­�«>£)»O³VR4£)­�¨�£?­>ª�¯4¼�¶�ÓÂÎO£)Àm/)£)«>¦

¨6¬V­�ü ª�¶�ÈSR4£)­Å¼�«>£)­Ç¥§«>³�È¸ÉV¦#�

Ω = Lg1=0 ∩ . . . ∩ Lgp=0
�ñÙ4Õ Ö ���

ù ¶6¬VÀ�¦O»ì¬V°±£)¶ì¥§£VÑ
Ω
¾¿¦�¨�£?¬V³�¶�¨6¬�­>£)«�³�¶�¥§£)«>¾�«>£²¥ÿ¬V¨6¬�·)¦O°±¦=¬M«>£)»O³2ÉV¦�¨�£%­>ª�¯4¼�¶�ÓÂÎO£)À`/)£)«>¦=¨�£Xª�°®¬

ü ª�¶�È¸ÉV¦
ḡ(·) Ñ6¨�£²ë6¶�³�¨6¬�·)¦O°±¦#�

ḡ(x) = max({gj(x), ∀ j = 1, . . . , p }) �ñÙ4Õ Ö �'�
�Í¦V¥§¦O«>³2¬V°±£)¶ì¥§£VÑ
¬�°±³�¶�³�°º³�/¸¬VÈ¸ÉV¦�¨�£

ḡ(x)
³�«"Qt£*¤~·)À�ª�³�«)Ñ½¬�·¸¬V¨6¬�¾6¬V­>­>¦Í£)°GÒ�ª�£

xk
­>£Åí>¬�³�¶~üý¬V·²¥§ÓÂÎO£)ÀñÑ

ª�°n­§£²°±³ò¼�£)­>¾6¬VÈ)¦�¥§¦V¥ÿ¬VÀ�°±£)¶ì¥§£�³�¶~üý¬V·²¥§ÓÂÎO£)ÀñÑ:·)¦O¶ìÎO£)«>»O³�¶�¨�¦�¾6¬V«§¬�ª�°G¾
¦O¶�¥§¦tüý¬V·²¥§ÓÂÎì£)ÀñÑ:·¸¬V­>¦�£)­Ç¥§£�£*¤~³�­Ç¥ÿ¬~Õ
©X£²ë6¶�³�¶�¨�¦½¼�­>£�ª�°®¬=ü ª�¶�È¸ÉV¦

s(·) : Rn 7−→ R
Ñ~¥ÿ¬VÀ�Ò�ª�£��

s(·) =





f(·) ­>£
ḡ(x) ≤ 0,

ḡ(·) ­>£
ḡ(x) > 0.

�ñÙ4Õ Ö ���

©X£)­Ç¥ÿ¬Yü £)³Â¥ÿ¬~ÑÍ¬Y¦V¥§³�°±³�/¸¬VÈ¸ÉV¦�¨�£
s(x)

·)¦O¶ìÎì£)«>»O³�«"Q�¾6¬V«§¬�¦FÄV¥§³�°±¦
x∗
ÑÍª�°®¬�Îì£S/éÒ�ª�£½Ñ%¾6¬V«§¬

ª�°i¾¿¦O¶ì¥§¦
xk
üý¬V·²¥§ÓÂÎO£)À
¦�·)¦O«>«>£)«"QM¬�£*¤~·)À�ª�­§ÉV¦M¨�¦M­>£)°º³ò¼�£)­>¾6¬VÈ)¦MÒ�ª�£Í¶6ÉV¦M·)¦O¶ì¥§Ë)°Ô¬�­>¦OÀ�ª�È¸ÉV¦�ÄV¥§³�°®¬4Ñ

£)¶�Ò�ª6¬V¶ì¥§¦%Ò�ª�£VÑV¾6¬V«§¬�ª�°[¾¿¦O¶ì¥§¦X³Â¶~üý¬V·²¥§ÓÂÎì£)ÀñÑ:¦4·)¦O«>«>£)«"QÍ¬Í£*¤~·)À�ª�­§ÉV¦X¨�£ ª�°[­>£)°±³ò¼�£)­>¾6¬VÈ)¦�¥§¦V¥ÿ¬VÀ�°º£)¶�¥§£
³�¶~üý¬V·²¥§ÓÂÎO£)ÀñÕ

I#£O9¶£3J HCç2á�êªí#ã�æ`çIè`éIê â�ð ÷��BïIéböví	��

�
LDLT

ð
UDUT

¹#° � Ù�Õ ÖOÖ ��¦±£)À�³�¾�­>ÄO³�¨�£
Ek+1

·)£)¶�¥§«§¬V¨�¦®¶�¦®¾¿¦O¶ì¥§¦
xk+1

ËM«>£)¾�«>£)­>£)¶ì¥ÿ¬V¨�¦�¾¿£)À2¬º°®¬½¥§«>³V/?­>³�°±Ë²¥§«>³�·¸¬
¨�£²ë6¶�³�¨6¬z¾¿¦O­>³Â¥§³ÂÎ½¬

Qk+1
ÕFÌÍ°®¬lÎO£S/PÒ�ª�£l¬c·)¦O¶�ÎO£)«>»MY)¶�·)³2¬é¨�¦]¬VÀ�»O¦O«>³ò¥§°º¦cËP¦O¯~¥§³�¨6¬z¬½¥§«§¬¸ÎOË)­º¨�£

ª�°®¬=³�°±¾�À�£)°º£)¶�¥ÿ¬VÈ¸ÉV¦=£)°oÀ2¬VÈ)¦�Ñ~·)¦O°0¦º«>£)·<QVÀ�·)ª�À�¦�¨�£
Qk+1

¬�·¸¬V¨6¬�³Â¥§£)«§¬VÈ¸ÉV¦�Ñ~Ë?³�¶�£²Î4³Â¥bQ:ÎO£)À�Ò�ª�£�¬
¾�«>£)·)³�­§ÉV¦�ë6¶�³Â¥ÿ¬�¨�¦V­?·)¦O°±¾�ª~¥ÿ¬V¨�¦O«>£)­�¬V·¸¬½«§«>£²¥§£�¬V«>«>£)¨�¦O¶�¨6¬V°±£)¶ì¥§¦�Ñ�¦O­?Ò�ª6¬V³�­%¾¿¦�¨�£)«§ÉV¦w·)¦O¶�¨�ª#/)³�«�´
¾¿£)«>¨6¬º¨6¬�¾¿¦O­>³Â¥§³ÂÎ4³�¨6¬V¨�£%¨�£

Qk+1

Ñ6·¸¬V­>¦º¦±·)«>³Â¥§Ë)«>³�¦�¨�£�¾6¬V«§¬V¨6¬�¶6ÉV¦º­>£Åí>¬º¾�«>£²Î4³2¬V°±£)¶ì¥§£?­ÿ¬
¥ÿ³Â­>ü £²³Â¥§¦�Õ
ÌÍ°®¬cü ¦O«>°®¬z¨�£�¬Vª�°±£)¶ì¥ÿ¬V«±¬z£)­Ç¥ÿ¬V¯�³�À�³�¨6¬V¨�£�¶4ª�°±Ë)«>³�·¸¬z¨�¦]¬VÀ�»O¦O«>³Â¥§°º¦zËP³�°±¾�ÀÂ£)°±£)¶ì¥ÿ¬V«=ª�°®¬
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®ý­�Ð Û����c���¦�ÒÑBÓÕÔ �oÖ�× Ô1Ø?Ù¯Ó Ù �
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Qk+1 = Ũk+1D̃k+1Ũ
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¨�¦=ÎO¦OÀ�ª�°±£X¨�¦=¶�¦
ÎO¦�£)À�³�¾�­>ÄO³�¨�£

Ek+1

Õ�Ã�¦O« ë6°bË�¬V¾�«>£)­>£)¶ì¥ÿ¬V¨�¦�¦^�*�6f�=<?>=,eq=�_`A6GH0N58F JO9!=�FP?:K�5�¾6¬V«§¬
¾�«>¦O¯�À�£)°®¬V­�Îì£²¥§¦O«>³2¬V³�­)Õ
Ðl¬V³�¦O«>£)­�¨�£²¥ÿ¬VÀ�Ê�£)­�­>¦O¯�«>£�¦O­�¥§£)°®¬V­�¥§«§¬½¥ÿ¬V¨�¦O­�¶6¬V­�­>£)ÈSR4£)­�¬V¾�«>£)­>£)¶�¥ÿ¬V¨6¬V­�¶�£)­Ç¥§£�·¸¬V¾�ÓÂ¥§ª�À�¦�¾¿¦4¨�£)°

­>£)«�·)¦V¶�­§£²»Oª�³�¨�¦O­�¶6¬V­#«>£²ü £)«�Y)¶�·)³2¬V­`� ¢�¦4¨�¨ Ö��OÚ Ù4ÑO¹#·*Ê4¼ÇÁ�Ê�£)«>³Âü � ¹#·*õV£)« Ö��OÚ ×�ÑMZ?³�°�Ñ:Z%³�° � Á�Ê6¬V¶�»
Ö���� ×�Ñ6©X³2¬V­ÍÙ ×O× Ø'�*Õ
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¢�¬VÀ#·)¦O°±¦�¨�£)­>·)«>³Â¥§¦�¶6¬P­>£)È¸ÉV¦zÙ4Õ Ø~Ñ�¦l¬VÀ�»O¦O«>³ò¥§°º¦x0N58F JO9!=�FP?:K�5 ª~¥§³�À�³V/¸¬w¬V¾¿£)¶6¬V­�ª�°îó�¶�³�·)¦�­>ª�¯�»O«§¬
¼
¨�³�£)¶ì¥§£PÒ�ª�£�¨�£²¥§£)«>°±³�¶6¬z¦é­>£)°±³ò¼�£)­>¾6¬VÈ)¦

H∇̄k,xk−

Ñ Î4³�¨�£*�ñÙ4Õ Ö:× �*Ñ ¾6¬V«§¬]¬z¨�£²¥§£)«>°±³�¶6¬VÈ¸ÉV¦é¨�¦]¶�¦:ÎO¦
£)À�³�¾�­>ÄO³�¨�£

Ek+1
¾¿¦O«��ñÙ4Õ ÖOÖ �²ÕzÁ�¦O¶�­>£)Ò>¥�£)¶�¥§£)°±£)¶ì¥§£VÑ ¦4·)¦O«>«>£�¬l¾�«>£)­>£)«ÇÎV¬VÈ¸ÉV¦é¨�£�°±£²¥ÿ¬V¨�£®¨�¦c£)À�³�¾4¼

­>ÄO³�¨�£t¬½¥§ª6¬VÀýÑ½üý¬�/)£)¶�¨�¦%·)¦O° Ò�ª�£t¬X«>£)¨�ª�È¸ÉV¦%¨�£)­Ç¥§£�ÎO¦OÀ�ª�°±£ ­>£t¨#Y�£)° ª�°®¬�¥ÿ¬
¤�¬X·)¦O¶�­Ç¥ÿ¬V¶ì¥§£t¨�ª�«§¬V¶ì¥§£
¬±­>£)Ò>¥#Y)¶�·)³2¬®¨�£�·)¦O¶ìÎì£)«>»MY)¶�·)³2¬~Õ�¹#° �PØ~Õ Ö ��£*¤~³�¯
£*¼�­>£=¬º¥ÿ¬
¤�¬±¨�£�«>£)¨�ª�È¸ÉV¦�¨�¦ºÎì¦OÀ�ª�°±£�¨�¦®°±Ë²¥§¦�¨�¦
0N58F JO9!=�FP?:K�5�£�¶6¬=ë6»Oª�«§¬�Ø~Õ Ö °±¦O­Ç¥§«§¬
¼�­>£�¬�¥ÿ¬
¤�¬�¨�£�«>£)¨�ª�È¸ÉV¦®¨�¦�ÎO¦OÀ�ª�°±£?£)°0ü ª�¶�È¸ÉV¦±¨�¦®¬Vª�°±£)¶ì¥§¦
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Ek+1

¨6¬�¨�³�°±£)¶�­§ÉV¦º¨�£�ª�°o¾�«>¦O¯�À�£)°®¬~Õ

vol(Ek+1)/vol(Ek) = (n/(n+ 1))(n2/(n2 − 1))(n−1)/2
�PØ~Õ Ö �
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¼�½ ¾'¿�ÀÂÁ�'�ÄuÃ�Å ¿ Ð È�Ð�Î'É���É�Î�Ï�ÓcÔ�Í#Î'Í�Ú�Í�ÌuÏ'ÊCÉ:Î'Í�Êóò:��Í�Î'Í ��� ¨ ªË �¢�¨»£k«�� É�Ê�Ñ¸Ï'Ò�ÓcÔ�Í#Î'Í#Ð=Ï'ÊCÉ�Ò!��Í#Î�Ð�Î�×uÊCÉ�Ò�ÖöÔ�ÍÎ'ÍsË���Í��'ÌrÉ�ÊkÐ�Ü

W%ª6¬V¶�¨�¦º¨6¬�£*¤~³�­Ç¥"Y)¶�·)³2¬º¨�£?¨�¦O³�­�Ê�³�¾¿£)«>¾�À2¬V¶�¦O­t¾6¬V«§¬VÀ�£)À�¦O­
H(−α,Qk)

∇̄k,xk
£
H(β,Qk)

−∇̄k,xk

¨�£²¥§£)«>°±³�¶6¬V¨�¦O­�¾¿¦O«�ª�°0ÎO£²¥§¦O« ∇̄k
Ñ6¾
¦4¨�£*¼�­>£�¨�£²ë6¶�³�«�ª�°o¶�¦:ÎO¦±·)¦O¶½íÇª�¶ì¥§¦

H([α, β], Qk)
∇̄k,xk = Ek ∩ H−(−α,Qk)

∇̄k,xk ∩ H−(β,Qk)
−∇̄k,xk

Ò�ª�£�·)¦O¶�¥§£)«"Qw¬w³�¶ì¥§£)«>­>£)·)È¸ÉV¦
¨�£)­Ç¥§£)­X­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­Í·)¦O°ï¦±£)À�³�¾�­>ÄO³�¨�£�¬½¥§ª6¬VÀ

Ek

Ñ6¥ÿ¬VÀ�·)¦O°±¦±³�¶�¨�³�·¸¬V¨�¦º¶6¬V­Í£)Ò�ª6¬VÈSR4£²­?¬V¯6¬V³ò¤~¦�Õ¢�
·)¦O¶½íÇª�¶ì¥§¦

H([α, β], Qk)
∇̄k,xk

¨�£²ë6¶�£�¦º·*Ê6¬V°®¬V¨�¦�eq=�U�f�A[T¢K�U�K�5VA65V=�� ¢�¦�¨�¨ Ö��VÚ Ù��*Õ

H−(−α,Qk)
∇̄k,xk , {x ∈ Rn | ∇̄T

k (x− xk) ≤ −α(∇̄T
kQk∇̄k)

1/2} �PØ~Õ Ù��
H−(β,Qk)

−∇̄k,xk , {x ∈ Rn | − ∇̄T
k (x− xk) ≤ β(∇̄T

kQk∇̄k)
1/2} �PØ~Õ Ø'�

H([α, β], Qk)
∇̄k,xk , {x ∈ Ek |α(∇̄T

kQk∇̄k)
1/2 ≤ −∇̄T

k (x−xk) ≤ β(∇̄T
kQk∇̄k)

1/2} �PØ~Õ ×��
¦O¶�¨�£VÑ {−1 ≤ α ≤ β ≤ 1} Õù ª~¥§³�À�³V/)¬VÈ¸ÉV¦é¨�¦O­±¾6¬V«"gV°±£²¥§«>¦O­

α
Ñ
β
Ñ ∇̄k

£
Ek

¾¿£)«>°±³Â¥§£P¦]·<QVÀ�·)ª�À�¦]¨�¦]£)À�³�¾�­>ÄO³�¨�£P°±Ó�¶�³Â°±¦
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Ek+1 ⊃ H([α, β], Qk)
∇̄k,xk

R�·)¦O°±¦?£*¤~³�¯�³�¨�¦?¶6¬%£)Ò�ª6¬VÈ¸ÉV¦�¬V¯6¬V³ò¤~¦�ÑO¦O¶�¨�£�­>£�·)¦O¶�­>³�¨�£)«§¬%Ò�ª�£
α < β¨�£P°±¦�¨�¦éÒ�ª�£P¦é£)À�³�¾�­>ÄO³�¨�£

Ek+1
¥§£)¶�Ê6¬zÎO¦OÀ�ª�°±£�¾¿¦O­>³Â¥§³ÂÎO¦�Õz� ·¸¬V­>¦é£)­>¾¿£)·)³2¬VÀ�¶�¦éÒ�ª6¬VÀ

α = β«>£)­>ª�ÀÂ¥ÿ¬V«"Q�¶�¦º£)À�³�¾�­>ÄO³�¨�£%¨�£�¨�³�°±£)¶�­§ÉV¦
Rn−1 Õ

xk+1 = xk + τ(Qk∇̄k)/(∇̄T
kQk∇̄k)

1/2

Qk+1 = σ[Qk − δ(Qk∇̄k)(Qk∇̄k)
T )/(∇̄T

kQk∇̄k)]

Ek+1 , {x ∈ Rn | (x− xk+1)(Qk+1)
−1(x− xk+1) ≤ 1} �PØ~Õ����

¦O¶�¨�£VÑ

¾«ª Ã�¬V«§¬
αβ ≤ −1/n ÑÍ¦Y£)À�³Â¾�­§ÄV³�¨�£ Ek+1

­>£)«"QY°±Ó�¶�³Â°±¦�­>£
τ = σ = 0

£
δ = 1

ÑÍ¦Oª;­>£Åí>¬~Ñ
Ek+1 = Ek

¾P¾«ª Ã�¬V«§¬
α + β = 0

Ñ
α < β

£
αβ ≥ −1/n Ñ�¦º£)À�³�¾�­>ÄO³�¨�£ Ek+1

­>£)«"Qº°±Ó�¶�³�°º¦=­>£��

σ =
1− β2

1 + β2

�PØ~Õ �'�
τ = 0

�PØ~Õ����
δ =

n(1− β2)

n− 1

�PØ~Õ Ú �
À�¦O»O¦�Ñ

vol(Ek+1)

vol(Ek)
= n1/2(

n

n− 1
)(n−1)/2β(1− β2)(n−1)/2

�PØ~Õ � �

¾P¾P¾¥ª Ã�¬V«§¬
α + β 6= 0

Ñ
α < β

£
αβ ≥ −1/n Ñ�¦±£)À�³�¾�­>ÄO³�¨�£ Ek+1

­>£)«"Qº°±Ó�¶�³�°º¦=­>£��

ρ = (4(1− α2)(1− β2) + n2(β2 − α2)2)1/2
�PØ~Õ Ö:× �

σ =
2(1− αβ) + n(α + β)2 − ρ

(n+ 1)(α + β)2
�PØ~Õ ÖOÖ �

τ =
σ(α+ β)

2

�PØ~Õ Ö Ù��

δ =
n2

2(n2 − 1)
(2− α2 − β2 + ρ/n)

�PØ~Õ Ö Ø'�

` ðBî�ïöølë ú�é3þ¥ì«ò íöõcëMû�ë øhe�ó ï�þ«òMî�ëlû76có�û�÷�ó ëlî�ëMïöó ô e�é�8 ô�î�ïXø:9 ú�ô ølë
Ek+1
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Ek+1

À�¦O»O¦�Ñ

vol(Ek+1)

vol(Ek)
= ((

1

n+ 1
)1/2(

n2

2(n2 − 1)
)n/2

(2− α2 − β2 + ρ/2)n/2(ρ− 2 + α2 + β2)1/2

α + β �PØ~Õ Ö ×��
Á�¦O°±¦=¾¿¦�¨�£%­>£)«�üý¬V·)³�À�°±£²¶�¥§£�ÎO£)«>³Âë6·¸¬V¨�¦�Ñ~¦=·)¦O¶½íÇª�¶�¥§¦=¨�£%£)Ò�ª6¬VÈSR4£²­�ª~¥§³�À�³�/¸¬V¨6¬V­ ¾6¬V«§¬M¦=·<QVÀ�·)ª�À�¦

¨�¦±¶�¦
ÎO¦±£)À�³�¾�­>ÄO³�¨�£?¶�¦®°±Ë²¥§¦�¨�¦�0N58F JO9!=�FP?:K�5�¨�£=ø4Ê�¦O«)Ñ6Î4³�¨�£1�ñÙ4Õ ÖOÖ �*Ñ6Ë�¦±·¸¬V­>¦®¾6¬V«Ç¥§³�·)ª�À2¬V«t¨�£�·)¦O«Ç¥§£
¾6¬V«§¬VÀ�£)À�¦é·)¦O¶�­>³�¨�£)«§¬V¶�¨�¦½¼�­>£�Ò�ª�£

α = 0
£
β = 1

Õ ù ¶6¬VÀ�¦O»ì¬V°±£)¶ì¥§£VÑ�¦]·)¦O¶½íÇª�¶�¥§¦]¨�£l£)Ò�ª6¬VÈSR�£)­
ª~¥§³�À�³�/¸¬V¨6¬V­�¾6¬V«§¬l¦c·<QVÀ�·)ª�À�¦l¨�¦z¶�¦:ÎO¦z£)À�³�¾�­>ÄO³�¨�£±ª~¥§³�À�³�/¸¬V¶�¨�¦½¼�­>£±ª�° ��AbA�J e274fýÑ�Î4³�¨�£ß�ñÙ4Õ Ö ×��*Ñ�Ë�¦
·¸¬V­>¦±¾6¬V«Ç¥§³�·)ª�À2¬V«t¨�£�·)¦O«Ç¥§£?¾6¬V«§¬VÀ�£)À�¦�·)¦O¶�­>³�¨�£)«§¬V¶�¨�¦½¼�­>£�Ò�ª�£

α = 0
£
0 < β ≤ 1

Õ
ù ë6»Oª�«§¬ Ø~Õ Ù�°±¦O­Ç¥§«§¬�ª�° £*¤~£)°±¾�À�¦Y¨�£c·<QVÀ�·)ª�À�¦�¨�¦Y£)À�³Â¾�­§ÄV³�¨�£

Ek+1
¾6¬V«§¬

α = 0
£
β =

1/(n+ 1)
Õ
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�ÅDÈOÌuÏ�Ö_�_�öÐ�ÓcÔ�ÍCÎ'É#Ï'ÊkÐ`×*��É:�öÐ�ÓcÔ�ÍkÎ'ÍsÊóò:��Í�Î'Í ��� ¨ ªË �¢�¨»£k«�� Ù�Í�Ê ¶ ¢ ¸ ¹]¤3 AÅ¼« ¸ «���¤§�*¢�  Ü

9¶£c÷¤£c÷ r�îIó�ë`ô�ó�êfâ�ê j ê�ïIê N,ó�ã.á~ñA@Iã�â�ð á~çªí#ç E êIã�ñ]u\ð`á�êªí#ðmñ�õ�éIê W,çªí#çIó�ðmó�êIñ
�b«§¬V·)³�¦4·)ÓÂ¶�³�¦w¨�£)­>£)¶ìÎì¦OÀÂÎ4³�¨�¦�¾6¬V«§¬�¬P£)À2¬V¯
¦O«§¬VÈ¸ÉV¦P¨�£±ª�°�£)À�³�¾�­>ÄO³�¨�£�°±Ó�¶�³�°º¦

Êk+1
¨6¬P­>£)È¸ÉV¦\Ø~Õ Ö

¾6¬V«Ç¥§£=¨�¦w¾�«>£)­>­>ª�¾¿¦O­Ç¥§¦�¨6¬�£*¤~³�­Ç¥"Y)¶�·)³2¬�¨�£�¨�¦O³�­X­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­%¨�£²ë6¶�³�¨�¦O­�¬½¥§«§¬¸ÎOË)­?¨�£�ª�°q°±£)­>°±¦
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ÎO£²¥§¦O« ∇̄k

£Í¨�¦O³�­ ¾6¬V«"gV°±£²¥§«>¦O­
α
£
β
Ò�ª�£X¨�£²¥§£)«>°±³�¶6¬V°è¦=¬½üý¬V­Ç¥ÿ¬V°±£)¶�¥§¦�£)¶ì¥§«>£X£)À�£)­ ¶6¬M°±Ë²¥§«>³�·¸¬?¨�¦

£)À�³�¾�­>ÄO³�¨�£?¬½¥§ª6¬VÀ
Qk
Õ

¹�¤4¥§«§¬V¾¿¦OÀ2¬V¶�¨�¦½¼�­>£�¬º¾�«>£)°±³�­>­§¬�¨�£�Ò�ª�£�¦O­�¨�¦O³�­�­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­�­§ÉV¦±¨�£²ë6¶�³�¨�¦O­�¾¿¦O«�ª�°o°±£)­>°±¦
ÎO£²¥§¦O«)Ñ�¥§£)«>£)°±¦O­�·)¦O°±¦º¨�£*ë6¶�³�È¸ÉV¦±¨�¦O­�­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­�¬V­�£)Ò�ª6¬VÈSR4£)­S�

H−(−α,Qk)
∇̄k,xk , {x ∈ Rn | ∇̄T

k (x− xk) ≤ −α(∇̄T
kQk∇̄k)

1/2} �PØ~Õ Ö ���
H−(β,Qk)

−∇̄ω ,xk , {x ∈ Rn | − ∇̄T
ω(x− xk) ≤ β(∇̄T

ωQk∇̄ω)
1/2} �PØ~Õ Ö �'�

¦O¶�¨�£%¼ ÖCB ∇̄Tk ∇̄ω
|∇̄k| |∇̄ω |

< 1
Õ

Ã�¦�¨�£*¼�­>£VÑ�£)¶ì¥ÿÉV¦�Ñtª~¥§³�À�³V/¸¬V«��PØ~Õ Ö ����¬h�PØ~Õ Ù�Ø'�=¾6¬V«§¬é¨�£²¥§£)«>°±³�¶6¬V«ºª�°�¶�¦:ÎO¦�£)À�³�¾�­>ÄO³�¨�£
Ek+1 ⊃

( Ek ∩H−(−α,Qk)
∇̄k,xk ∩H−(β,Qk)

−∇̄ω ,xk )
Ò�ª�£%·)¦O¶ì¥§£)¶�Ê6¬�¬M³�¶�¥§£)«>­>£)·)È¸ÉV¦�¨�¦O­�­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­

H−(−α,Qk)
∇̄k,xk

£
H−(β,Qk)

−∇̄ω ,xk
·)¦O°

Ek
Õý��Îì¦OÀ�ª�°±£�¨�¦�£)À�³�¾�­>ÄO³�¨�£

Ek+1
¾¿¦�¨�£)«"Q�­>£)«

³�¶~ü £)«>³�¦O«X¬V¦®ÎO¦OÀ�ª�°±£M¨�¦�£)À�³�¾�­>ÄO³�¨�£
Êk+1

Ò�ª�£�¾¿¦�¨�£)«>³2¬®­>£)«%¦O¯~¥§³�¨�¦�·)¦O°q¦�ª�­>¦w¨�£=Ò�ª6¬V³�­>Ò�ª�£)«%¨�¦O­
¨�¦O³�­�ÎO£²¥§¦O«>£)­ ∇̄k

¦Oª ∇̄ω
Ñ
³�¶�¨�³ÂÎ4³�¨�ª6¬VÀ�°º£)¶ì¥§£VÑ
£)°±¾�«>£)»ì¬V¶�¨�¦½¼�­>£#¦Í·)¦O¶½íÇª�¶ì¥§¦Í¨�£�£)Ò�ª6¬VÈSR4£)­�¨�¦Í°±Ë²¥§¦�¨�¦

0N58F JO9!=�FP?:K�5�¨�£=ø4Ê�¦O«)Õ
ù ­w£)Ò�ª6¬VÈSR4£)­)Ñ?¬�­>£)»Oª�³�«)ÑÍ¨�£²ë6¶�£)° ¦Y·<QVÀ�·)ª�À�¦�¨�¦F£)ÀÂ³�¾�­>ÄO³�¨�£

Ek+1 D ÑX·²¦O¶�­>³�¨�£)«§¬V¶�¨�¦½¼�­>£éÒ�ª�£
∇̄T
ωQk∇̄k ≤ 0

Õ

xk+1 = xk + τ(Qk∇̄k,w)/(∇̄T
k,wQk∇̄k,w)

1/2

Qk+1 = δ[Qk − σ(Qk∇̄k,w)(Qk∇̄k,w)
T )/(∇̄T

k,wQk∇̄k,w)]

Ek+1 , {x ∈ Rn | (x− xk+1)(Qk+1)
−1(x− xk+1) ≤ 1} �PØ~Õ Ö ���

¦O¶�¨�£VÑ

ḡ =
−∇̄ωQk∇̄k

(∇̄T
ωQk∇̄ω)1/2(∇̄T

kQk∇̄k)1/2
�PØ~Õ Ö:Ú �

β̄ = (
1

n+ 1
)ḡ2 + [1− (

1

(n+ 1)2
)ḡ2]1/2(1− ḡ2)1/2

�PØ~Õ Ö�� �

ρ = (4(1− α2)(1− ḡ2) + n2(ḡ2 − α2)2)1/2
�PØ~Õ Ù × �

σ =
2(1− αβ̄) + n(α + β̄)2 − ρ

(n+ 1)(α + β̄)2
�PØ~Õ Ù Ö �

τ =
σ(α + β̄)

2

�PØ~Õ ÙOÙ��

δ =
n2

2(n2 − 1)
(2− α2 − β̄2 + ρ/n)

�PØ~Õ Ù�Ø'�
E ð�î�ïöølë ú�é3þ¥ì«ò íöõcëKû�ë øhe�ó ï�þ«òKî�ë¤û76có�û�÷�ó ë:î�ï

Êk+1

e�ë�î�ï éOïöì�ïöú�û�ë ú=þ¥ì«ò î�ò8ú�ëGF�ïöø#ò ³ j � ïöøH<>IKô ø*ï�þ�òcó�j �§Á#Á ³ ? j
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Ek+1

À�¦O»O¦�Ñ

Ek+1

Ek

= ((
1

n+ 1
)1/2(

n2

2(n2 − 1)
)n/2

(2− α2 − β̄2 + ρ/2)n/2(ρ− 2 + α2 + β̄2)1/2

α + β̄

�PØ~Õ Ù�×��

Á�À2¬V«§¬V°±£)¶ì¥ÿ£½Ñ�¨�£²Îì£*¼�­>£l¬V·)«>£)­>·)£²¶�¥ÿ¬V«±¬V­%í�Qz£*¤~³�­Ç¥§£)¶ì¥§£)­±«>£)­Ç¥§«>³�ÈSR�£)­º¾6¬V«§¬z¦O­º¾
¦O­>­>ÓÂÎì£)³�­=ÎV¬VÀ�¦O«>£)­
¨�£

α
£
β
Ñ¿Ò�ª�£M«>£)­>ª�ÀÂ¥ÿ¬V°ï£)°

vol(Ek+1) < vol(Êk+1)
Ñ¿ª�°®¬±¶�¦:ÎV¬±«>£)­Ç¥§«>³�È¸ÉV¦®Ò�ª6¬V¶ì¥§¦w¬V¦�gV¶�»Oª�À�¦

°^Q
¤~³�°±¦�Ò�ª�£M¾¿¦�¨�£)«"Q±£*¤~³�­Ç¥§³�«�£)¶�¥§«>£�¦O­Í¨�¦O³�­�ÎO£²¥§¦O«>£)­ ∇̄k
£ ∇̄ω

Õ�¹#­Ç¥§£�gV¶�»Oª�À�¦º°^Q
¤~³�°±¦�¥ÿ¬V°=¯¿Ë)°
Ë?ü ª�¶�È¸ÉV¦º¨6¬º¨�³�°±£)¶�­§ÉV¦�_6Õ ù ë6»Oª�«§¬�Ø~Õ Ø�°±¦O­Ç¥§«§¬�¬�Î½¬V«>³2¬VÈ¸ÉV¦º¨6¬�«>£)À2¬VÈ¸ÉV¦
vol(Ek+1)/vol(Êk+1)

£)°0ü ª�¶�È¸ÉV¦º¨�¦^gV¶�»Oª�À�¦
∠(∇̄k, ∇̄ω)

£�¨6¬º¨�³�°±£)¶�­§ÉV¦
n
Õ

¼�½ ¾'¿�ÀÂÁ�'�Ä '�Å � Ð��.×¯Ð�ÓcÔ�Í)Î'Í?Ú�Í�ÌuÏ'ÊCÉî7�É:�öÐ�Î'Í)Ë5Í�� ¶ ¢ ¸ ¹]¤3 (Å¼« ¸ «���¤§�*¢�  É�Ê Ñ¸Ï'Ò�ÓcÔ�Í)Î'Í
∠(∇̄k, ∇̄ω)

ÉCÎ�Ð?Î�×�ØÊCÉ�Ò�ÖöÔ�Í
n
Ü�Í£)­Ç¥ÿ¬�ë6»Oª�«§¬~Ñ6¦O­tÎV¬VÀ�¦O«>£)­�³�»Oª6¬V³�­�¬�/)£)«>¦º¨�¦±£)³ò¤~¦

∠(∇̄k, ∇̄ω)
«>£)¾�«>£)­>£)¶�¥ÿ¬V°ï¦O­�·¸¬V­>¦O­Í¦O¶�¨�£

vol(Ek+1) ≥ vol(Êk+1)
Õ

ù ë6»Oª�«§¬�Ø~Õ ×é°±¦O­Ç¥§«§¬c¨�ª6¬V­�³Â¥§£)«§¬VÈSR4£)­�£*¤~£)°±¾�À�¦z¨6¬é¬V¾�À�³�·¸¬VÈ¸ÉV¦c¨�¦O­�eq=�U�f�Ab9^T¢K�U�K�5VA65V=!9²Õâ�Í¦
£*¤~£)°±¾�À�¦ K]ËP°±¦O­Ç¥§«§¬V¨�¦zª�° ¾6¬V«�¨�£�Îì£²¥§¦O«>£)­ ∇̄k

£ ∇̄ω

·)¦O° gV¶�»Oª�À�¦c¥ÿ¬VÀtÒ�ª�£w¾�«>¦4¨�ª#/P¦z£)À�³�¾4¼
­>ÄO³�¨�£

Ea
k+1

ÕÝ�Í¦�£*¤~£)°±¾�À�¦Ý¬)Ñ�¾6¬½«ÿ¬é¦]°±£)­>°±¦é£)À�³�¾�­>ÄO³�¨�£w³�¶�³�·)³2¬VÀ
Ek

£P¦]°±£)­>°±¦]­>£)°±³ò¼�£)­>¾6¬VÈ)¦
H−(−α,Qk)

∇̄k,xk
Ñ~Ë%¨�£²ë6¶�³�¨�¦=ª�°b¶�¦
ÎO¦�­>£)°±³ò¼�£)­>¾6¬VÈ)¦

H−(β,Qk)
−∇̄ω ,xk

Ò�ª�£%«>£)­>ª�ÀÂ¥ÿ¬V«"QM¶�¦=£)À�³�¾4¼

��������� ���	��
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�� ����������� ���	�	��� �! "�#�



Ð�­¸¬Ý° ��� �c²�´Cµ�º'�=º�·Â²_·¸��´ Ø �
­>ÄO³�¨�£

Eb
k+1

·)¦O°�ÎO¦OÀ�ª�°±£
vol(Eb

k+1) < vol(Ea
k+1)

Õ ù ­>­>³�°�Ñ!Îì£)«>³Âë6·¸¬
¼�­>£�Ò�ª�£VÑ�¾6¬V«§¬wª�°�°±£)­>°±¦
ÎV¬VÀ�¦O«%¨�£

β
Ñ�´w°±£)¨�³�¨6¬w£)°�Ò�ª�£º¦�gV¶�»Oª�À�¦P£²¶�¥§«>£º¦O­?ÎO£²¥§¦O«>£)­ ∇̄k

£ ∇̄ω
¬Vª�°±£)¶�¥ÿ¬~Ñ�¦wÎV¬VÀÂ¦O«?¨�£

β̄¥ÿ¬V°=¯¿Ë)°[¬Vª�°±£)¶�¥ÿ¬~Õ�¹#­Ç¥§£ üý¬½¥§¦�¥ÿ¬V°�¯
Ë)°[¾�«>¦:Îì¦�·¸¬Í¦%¬Vª�°±£)¶ì¥§¦Í¨�¦ÍÎO¦OÀ�ª�°±£�¨�¦X£)À�³�¾�­>ÄO³�¨�£#·¸¬VÀ�·)ª�À2¬V¨�¦�Õ

��������� ���	��

���	
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Ek+1

¬'�N� ¥§£)«§¬VÈ¸ÉV¦±Ò�ª�£�«>£)­>ª�ÀÂ¥ÿ¬�¶�¦±£)À�³�¾�­>ÄO³�¨�£
Ea
k+1

Õ

¯P�t� ¥§£)«§¬VÈ¸ÉV¦±Ò�ª�£�«>£)­>ª�ÀÂ¥ÿ¬�¶�¦±£)À�³�¾�­>ÄO³�¨�£
Eb
k+1

Õ
¼�½ ¾'¿�ÀÂÁ('�Ä 4�ÅDÈOÌuÏ�Ö_�_�öÐ�ÓcÔ�ÍCÎ'É¶Î�Ï�Ð�Ö:×*��É:�öÐ�Ó��_É�ÖMÎ'Í�Êóò:��Í_Î'Í ��� ¨ ªË �¢�¨»£k«�� Ù�Í�Ê ¶ ¢ ¸ ¹]¤3 AÅ¼« ¸ «���¤§�*¢�  Ü
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Ð�­¯®�° ��� �c²+²_¹ ° �¦�S½�º × Ö
J1��¢ h -sl�k*% %(+ h ),�KJ,n

�`¬VÀ�»O¦O«>³Â¥§°º¦p0N58F JO9!=�FP?:K�5¿£�­>ª6¬V­�Î½¬V«>³2¬V¶ì¥§£)­)Ñ�Ò�ª�£Íª~¥§³�À�³�/¸¬V°J¬V¾¿£)¶6¬V­�ª�°JÎO£²¥§¦O« ∇̄k
¾6¬V«§¬�¬?·)¦O«>«>£)È¸ÉV¦

¨�¦P£)À�³�¾�­>ÄO³�¨�£
Ek

¨�£�°±¦4¨�¦w¬�¥§¦O«>¶OQ
¼�À�¦
Ek+1

Ñ�­§ÉV¦w¨�£)¶�¦O°±³�¶6¬V¨�¦O­�K�5 u>=�U�F	fPE^=!9�?>A�J¨=!96f�= PVÑ�¨6¬V¨�¦
Ò�ª�£

rank(∇̄k∇̄T
k ) = 1

Õ�¢�¬VÀ�·)¦O°±¦%í�Qº°±¦O­Ç¥§«§¬V¨�¦±£)° �PØ~Õ Ö �t£�¾¿£)À2¬�ë6»Oª�«§¬�Ø~Õ Ö Ñ6£)­Ç¥§£)­?¬½À�»O¦O«>³Â¥§°º¦O­
¬V¾�«>£)­>£)¶ì¥ÿ¬V° ª�°®¬Y¬�¥ÿ¬
¤�¬�¨�£é«>£)¨�ª�È¸ÉV¦F¨�¦YÎO¦OÀ�ª�°±£cÒ�ª�£zËcü ª�¶�È¸ÉV¦S¬V¾¿£)¶6¬V­w¨6¬Y¨�³�°±£)¶�­§ÉV¦Y£)°
Ò�ª�£)­Ç¥ÿÉV¦�Õ
Á�¦O¶�­>³�¨�£)«§¬V¶�¨�¦½¼�­>£S¬;£*¤~³�­Ç¥"Y)¶�·)³2¬R¨�£F¨�¦V³�­z­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­

H∇̄k,xk−

£
H∇̄ω ,xk−

¨�£²¥§£)«>°±³�¶6¬V¨�¦O­
¾¿¦O«?¨�¦O³�­%ÎO£²¥§¦O«>£)­�À�³Â¶�£¸¬V«>°±£)¶ì¥§£�³�¶�¨�£)¾
£)¶�¨�£)¶ì¥§£)­ ∇̄k

£ ∇̄ω

Ñ�¾
¦4¨�£*¼�­>£º¨�£²ë6¶�³�«?ª�°�¶�¦:Îì¦P·)¦O¶½íÇª�¶ì¥§¦
H

[∇̄k,∇̄ω ],xk
− ⊃ (Ek ∩H∇̄k,xk− ∩H∇̄ω ,xk− )

Ò�ª�£%·²¦O¶�¥§£)«"QM¬�³�¶ì¥§£)«>­>£)·)È¸ÉV¦=¨�£)­Ç¥§£)­t­>£)°±³ò¼�£)­>¾6¬VÈ)¦O­ ·)¦O°Ô¦
£)À�³�¾�­>ÄO³�¨�£?¬½¥§ª6¬VÀ

Ek
Ñ~¥ÿ¬VÀ�·)¦O°±¦�³�¶�¨�³�·¸¬V¨�¦�¶6¬V­�£)Ò�ª6¬½ÈSR4£)­X¬V¯6¬V³ò¤~¦�ÕI� ·)¦O¶½íÇª�¶ì¥§¦

H
[∇̄k,∇̄ω ],xk
−

¨�£²ë6¶�£
¦º·*Ê6¬V°®¬½¨�¦�eq=�U�f�A@A6E e274_�a#Kß�ý¹#·ÿÊ4¼ÇÁ�Ê�£)«>³Âü � ¹#·ÿõO£²« Ö��OÚ ×��*Õ

H∇̄k,xk− , {x ∈ Rn | ∇̄T
k (x− xk) ≤ 0} �PØ~Õ Ù����

H∇̄ω ,xk− , {x ∈ Rn | ∇̄T
ω(x− xk) ≤ 0} �PØ~Õ Ù_�'�

H
[∇̄k,∇̄ω ],xk
− , {x ∈ Ek | ∇̄T

k (x− xk) ≤ 0 e ∇̄T
ω(x− xk) ≤ 0} �PØ~Õ Ù����

ù ª~¥§³�À�³�/¸¬VÈ¸ÉV¦�­>³�°�ª�ÀÂ¥bg½¶�£¸¬�¨�¦O­�ÎO£²¥§¦O«>£)­ ∇̄k
£ ∇̄ω

¾
£)«>°±³Â¥§£Í¦=·<QVÀÂ·)ª�À�¦M¨�¦=£²À�³�¾�­>ÄO³�¨�£Í¨�£ÍÎO¦OÀ�ª�°±£
°±Ó�¶�³�°º¦

Ek+1 ⊃ H
[∇̄k,∇̄ω ],xk
− L ·²¦O°b¬�·)¦O«>«>£)È¸É½¦�¬½¥§«§¬¸ÎOË)­�¨�£Íª�°®¬�°®¬
¥ÿ«>³V/ (c1∇̄k∇̄T

k + c2∇̄ω∇̄T
ω)
Ñ

¦O¶�¨�£
c1
£
c2
­§ÉV¦M·)¦O¶�­Ç¥ÿ¬V¶�¥§£)­)Ñ~·)¦O°i¾¿¦O­Ç¥§¦M³�»Oª6¬VÀ
¬�¨�¦O³Â­¸Ñ�¦�Ò�ª�£�íÇª�­Ç¥§³Âë6·¸¬�¦M¶�¦O°±£�¨�£)­Ç¥§£)­t°±Ë²¥§¦4¨�¦O­

·)¦O°±¦xK�5 u>=�U�F	fPE^=!9p?>A¢JO=!96f�=)oìÕ
ù ­%£)Ò�ª6¬VÈSR�£)­�¬V¯6¬V³ò¤~¦®¨�£)°±¦O¶�­Ç¥§«§¬V° ¦�·<QVÀ�·)ª�À�¦±¨�¦�£)À�³�¾�­>ÄO³�¨�£�¨�£�ÎO¦OÀ�ª�°±£�°±Ó�¶�³�°º¦

Ek+1
¾6¬V«§¬

¨�³�°±£)¶�­§ÉV¦
n > 2

�

ap = ∇̄k/(∇̄T
kQk∇̄k)

1/2 + ∇̄ω/(∇̄T
ωQk∇̄ω)

1/2

am = ∇̄k/(∇̄T
kQk∇̄k)

1/2 − ∇̄ω/(∇̄T
ωQk∇̄ω)

1/2

xk+1 = xk + z∗0Qkap
�PØ~Õ Ù Ú �

Qk+1 = δ∗Qk + (γ∗ − δ∗)Qkapa
T
pQk/(a

T
pQkap)

+(ω∗ − δ∗)Qkama
T
mQk/(a

T
mQkam)

�PØ~Õ Ù � �
Ek+1 , {x ∈ Rn | (x− xk+1)(Qk+1)

−1(x− xk+1) ≤ 1}

¦O¶�¨�£VÑ6¨�£²ë6¶�³�¶�¨�¦½¼�­>£
q = ‖∇̄k−∇̄ω‖

2

Ñ6£
q∗ = −1+((n2−n)/2)1/2

n−2

¥§£)°±¦O­S�

M ðßî�ïöølë ú�é3þ¥ì«ò íöõcëlû�ë øhe�ó ï�þ«òlî�ë#û76có�û�÷�ó ë#î�ï
Êk+1

e�ë�î�ï:éOïöìÇïöú�û�ë ú þ¥ì«ò î�ò�ïöø�<rè�û d�N�Ovd�ïöì¥ô êQP»è�û%R ïöì �§Á#À ³ ? j
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Ek+1

¾«ª Ã�¬V«§¬
q < q∗

z∗0 =
((n+ 2)q + (n+ 3)− ((n+ 2)2q2 + 2(n2 − 3n− 2)q + (n− 1)2)1/2)

4(n+ 1)

�PØ~Õ Ø × �
γ∗ = (1− z∗0)

2 �PØ~Õ Ø Ö �
δ∗ = γ∗/(γ∗ − (z∗0)

2)
�PØ~Õ ØìÙ��

ω∗ =
(1− q2) ∗ γ∗

(γ∗ − (q − z∗0)
2)

�PØ~Õ ØMØ'�

¾P¾«ª Ã�¬V«§¬
q ≥ q∗

z∗0 =
2q

n+ 1

�PØ~Õ Ø�×��

γ∗ =
2n(n− 1)q2

(n+ 1)2
�PØ~Õ Ø'���

δ∗ =
n(n− 1)

(n+ 1)(n− 2)

�PØ~Õ Ø��'�

ω∗ =
2n(1− q2)

n+ 1

�PØ~Õ Ø'���

©X£²Îì£*¼�­>£�¦O¯�­>£)«ÇÎ½¬V«#Ò�ª�£�£)°=¯¿¦O«§¬X¶6ÉV¦?£)­Ç¥§£Åí>¬?°±£)¶�·)³�¦O¶6¬V¨�¦%£)° �ý¹#·*Ê4¼ÇÁ�Ê�£)«>³Âü � ¹#·ÿõV£)« Ö��OÚ ×��*ÑO¬V­
£)Ò�ª6¬VÈSR4£)­Í¬V·)³�°®¬M¾¿¦4¨�£)°0­>£)«�£)°±¾�«>£)»ì¬V¨6¬V­�¾6¬V«§¬�¬�¨�³�°±£)¶�­§ÉV¦

n = 2
ª~¥§³�À�³�/¸¬V¶�¨�¦½¼�­>£

q∗ =
√
3/2

£
δ∗ = 0

Ñìª�°®¬ÍÎì£S/�Ò�ª�£�¶6ÉV¦?£*¤~³�­Ç¥§£)° ÎO£²¥§¦O«>£)­#ü ¦O«§¬X¨�¦?¾�À2¬V¶�¦?¨�£²ë6¶�³�¨�¦?¾
¦O« ∇̄k

£ ∇̄ω

Õª�%ª~¥§«>¦?¾
¦O¶�¥§¦
£)°�Ò�ª�£)­Ç¥ÿÉV¦�Ë�Ò�ª�£±¬wª~¥§³�À�³�/¸¬VÈ¸ÉV¦�¨�£��PØ~Õ Ö ���X¬*�PØ~Õ Ù�Ø'�Í¾6¬V«§¬�ÎV¬½À�¦O«>£)­?¨�£

α = β = 0
¶6ÉV¦P¾�«>¦4¨�ª#/

ª�°è£)À�³�¾�­>ÄO³�¨�£t¨�£�ÎO¦OÀ�ª�°±£�°±Ó�¶�³Â°º¦?Ò�ª�£�·)¦O¶ì¥§Ë)°i¦�·)¦O¶½íÇª�¶ì¥§¦
H

[∇̄k,∇̄ω ],xk
−

Ñ�¨�³Âü £)«>£)¶ì¥§£)°±£)¶ì¥§£�¨�¦�Ò�ª�£
¦4·)¦O«>«>£Í£)° �PØ~Õ Ù Ú ��¬��PØ~Õ Ø'���*Õ#Ã�¦O«�¦Oª~¥§«>¦MÀ2¬V¨�¦�Ñ¦�PØ~Õ Ù Ú ��¬Ý�PØ~Õ Ø'����­>¦O°±£)¶�¥§£X¾
¦4¨�£X­>£)«tª~¥§³�À�³�/¸¬V¨�¦�¾6¬V«§¬
α = β = 0

Õ
©X£)°±¦O¶�­Ç¥§«§¬
¼�­>£�Ò�ª�£VÑ

vol(Ek+1)

vol(Ek)
= (γ∗(δ∗)(n−2)ω∗)1/2

�PØ~Õ Ø Ú �
Á�¦O¶�­>³�¨�£)«>£

Êk+1
ª�° £)À�³�¾�­>ÄO³�¨�£�·)¦O«>«>£)­>¾
¦O¶�¨�£)¶�¥§£�¬V¦�Ò�ª�£=¾
¦4¨�£)«>³2¬±­>£)«%¦O¯~¥§³�¨�¦®·)¦O° ¦�ª�­>¦�¨�£

Ò�ª6¬V³�­>Ò�ª�£)«�¨�¦O­ ¨�¦O³�­�ÎO£²¥§¦O«>£)­ ∇̄k

¦Oª ∇̄ω

Ñ4³�¶�¨�³ÂÎ4³�¨�ª6¬½À�°º£)¶ì¥§£VÑ�£)°±¾�«>£)»ì¬V¶�¨�¦½¼�­>£!�ñÙ4Õ ÖOÖ ��«>£²ü £)«>£)¶�¥§£%¬V¦
°±Ë²¥§¦4¨�¦�0N58F JO9!=�FP?:K�5t¨�£Pø4Ê�¦O«)Õz©X£²ÎO£*¼�­>£w¦O¯�­>£)«ÇÎV¬V«=Ò�ª�£VÑ#£)°=¯¿¦O«§¬l¬c¨�£²­§³Â»Oª6¬VÀ�¨6¬V¨�£

vol(Ek+1) <

vol(Êk+1)
­>£Åí>¬�­>£)°±¾�«>£±°®¬V¶ì¥§³�¨6¬~Ñ�¬P«§¬�/¸ÉV¦�£)¶ì¥§«>£±¦O­�¨�¦O³�­?ÎO¦OÀ�ª�°±£)­�­>£)«"QPü ª�¶�È¸ÉV¦�¨6¬P¨�³�°±£)¶�­§ÉV¦

n
£=¨�¦,gV¶�»Oª�À�¦®£)¶�¥§«>£=¦O­%¨�¦O³�­XÎO£²¥§¦O«>£)­ ∇̄k

£ ∇̄ω

Õ ù ë6»Oª�«§¬�Ø~Õ��±°±¦O­Ç¥§«§¬�¬®Î½¬V«>³2¬VÈ¸ÉV¦�¨6¬®«§£²À2¬VÈ¸ÉV¦
vol(Ek+1)/vol(Êk+1)

£)°0ü ª�¶�È¸ÉV¦º¨�¦^gV¶�»Oª�À�¦
∠(∇̄k, ∇̄ω)

£�¨6¬º¨�³�°±£)¶�­§ÉV¦
n
Õ

ù ë6»Oª�«§¬�Ø~Õ ��°±¦V­>¥§«§¬=¨�ª6¬V­�³Â¥§£)«§¬VÈSR4£)­�·)¦O°±¦�£*¤~£)°±¾�À�¦�¨6¬º¬V¾�À�³�·¸¬VÈ¸ÉV¦=¨�¦O­�eq=�U�f�Ab9�A6E e274_�a#KVÕ
�Í¦P£*¤~£)°±¾�À�¦P¨6¬w­>ª�¯~ë6»Oª�«§¬�Ø~Õ �~Õ ¬wË�°±¦O­Ç¥§«§¬V¨�¦wª�°�¾6¬V«?¨�£�ÎO£²¥§¦O«>£)­ ∇̄k

£ ∇̄ω
·)¦O° gV¶�»Vª�À�¦PÒ�ª�£

��������� ���	��
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Ð�­¯®�° ��� �c²+²_¹ ° �¦�S½�º ×:Ø

¼�½ ¾'¿�ÀÂÁ�'�Ä C'Å � Ð��.×¯Ð�ÓcÔ�Í Î'Í�Ú�Í�ÌuÏ'ÊCÉ·7�É:�öÐ�Î'Í Ë5Í�� ¶ ¢ ¸ ¹]¤3 æ¤§¦ ¶ �9ÆTS¬« É�Ê�Ñ¸Ï'Ò�ÓcÔ�Í Î'Í
∠(∇̄k, ∇̄ω)

É1Î�ÐÎ�×uÊCÉ�Ò�ÖöÔ�Í
n
Ü

¾�«>¦4¨�ª#/)³�«"QPª�°îÎV¬VÀ�¦O«�¨�£
q
°±£)¶�¦O«�Ò�ª�£�¦�Î½¬VÀ�¦O«�·)«>ÓÂ¥§³�·)¦

q∗
Õ�Ã�¦O«Ç¥ÿ¬V¶�¥§¦l­§ÉV¦lª~¥§³�À�³�/¸¬V¨6¬V­1�PØ~Õ Ø × ��¬

�PØ~Õ ØMØ'�?¾6¬½«ÿ¬P¦c·<QVÀ�·)ª�ÀÂ¦�¨�£
Ek+1

Õ��Í¦l£*¤~£)°±¾�À�¦l¨6¬�­§ª�¯~ë6»Vª�«ÿ¬xØ~Õ �~Õ ¯�Ñ�¾6¬V«§¬�¦c°±£²­§°º¦l£)À�³�¾�­>ÄO³�¨�£
³�¶�³�·)³2¬½À

Ek

£%¦�°±£)­>°±¦=­>£)°±³ò¼�£)­>¾6¬VÈ)¦
H∇̄k,xk−

Ë?¨�£²ë6¶�³�¨�¦�ª�°0¶�¦:ÎO¦�­§£²°±³ò¼�£)­>¾6¬VÈ)¦
H∇̄ω ,xk−

Ñ~¥ÿ¬VÀ!Ò�ª�£
q > q∗

Õ ù ­>­>³�°�Ñ�­§ÉV¦ºª~¥§³�À�³V/¸¬V¨6¬V­C�PØ~Õ Ø�×���¬ �PØ~Õ Ø'��� ¾6¬V«§¬º¦º·<QVÀ�·)ª�À�¦�¨�£
Ek+1

Õ

��������� ���	��
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×M×
Û����c���¦��´/.P��²�Ú?´cº�¹ ÙP³¸¹Ý�¦·¯�cº���²�º�¹�²_�5�c²�Û�º�³Â´C�¦²�Ú)¹10¶²��c����ÙP�32 ��³ � ²��=²_��±�³Âº�·6�¦º'�=º°54 ·Â±��¦·Â���¦²

Ek+1

¬'�N� ¥§£)«§¬VÈ¸ÉV¦±·²¦O°
q < q∗

Õ

¯P�N� ¥§£)«§¬VÈ¸ÉV¦±·)¦O°
q > q∗

Õ
¼�½ ¾'¿�ÀÂÁ('�Ä U�ÅDÈOÌuÏ�Ö_�_�öÐ�ÓcÔ�ÍCÎ'É¶Î�Ï�Ð�Ö:×*��É:�öÐ�Ó��_É�ÖMÎ'Í�Êóò:��Í_Î'Í ��� ¨ ªË �¢�¨»£k«�� Ù�Í�Ê ¶ ¢ ¸ ¹]¤3 �¤§¦ ¶ �9ÆTS¬« Ü
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Ð�­�Ð W	·�Ä�����³¯� ¹����¦��´CY?�5³Â´pÙP�32SÄ��=º'��³Â²_�ý�c²�´}ÙP��±�²�´c´ ³>V5��´ ×��
J1�3J h °#Ãp-sl��6k�+.- ��-}'0p -p�S'j­^) i Ãsl2np���6%(�@k*%(' ­^),oN%('*'m�c�}-}'

ù ª~¥§³�À�³�/¸¬VÈ¸ÉV¦z¨�¦O­±¾
¦O­>­>ÓÂÎì£)³�­º·)¦O«Ç¥§£)­)Ñ�Ò�ª�£)«±­>£Åí>¬V° ��AbA�J e274f	9c¨�£lø4Ê�¦O«º£lÆ?£)«>­>Ê�¦
Î4³�·ÿÊ�Ñ�eq=�U�f�Ab9
T¢K�U�K�5VA65V=!9w¨�£w¢�¦4¨�¨Y¦Oª eq=�U�f�Ab9xA6E e274_�a#Ké¨�£P¹#·ÿÊ4¼ÇÁ�Ê�£)«>³ÂüÍ£P¹#·ÿõV£)«)Ñ ¾6¬V«§¬z¬c³�°±¾�ÀÂ£)°±£)¶ì¥ÿ¬VÈ¸ÉV¦
¨�£MÎ½¬V«>³2¬V¶�¥§£)­X¨�¦�°±Ë²¥§¦�¨�¦�0N58F JO9!=�FP?:K�5�ËMü £)³Â¥ÿ¬±³�¶�¨�£)¾
£)¶�¨�£)¶�¥§£)°±£)¶ì¥§£VÕ?¢�¦4¨6¬¸Î4³2¬~Ñ¿ª�°®¬±ÎO£S/=Ò�ª�£�¶�¦
¥§«§¬V¶�­>·)¦O«>«>£)«%¨6¬�·)¦O¶ìÎì£)«>»MY)¶�·)³2¬�¾6¬V«§¬w¬®­>¦OÀ�ª�È¸ÉV¦wÄV¥§³�°®¬º¾¿¦4¨�£)°q­>ª�«§»V³�«%¦�·)¦O«>«�Y)¶�·)³2¬V­%¨�³ÂÎO£)«>­§¬V­?¨�¦O­
¥§«�Y)­�¥§³�¾
¦O­�¨�£P·)¦O«Ç¥§£w­>ª�¾�«§¬V·)³Â¥ÿ¬V¨�¦O­)Ñ ª�°d¬VÀ�»O¦O«>³Â¥§°º¦c·¸¬V¾6¬�/w¨�£P³�¨�£)¶ì¥§³Âë6·¸¬V«)Ñ�¨�£)¶ì¥§«>£P¦O­�¥§³�¾
¦O­�¨�£
·)¦O«Ç¥§£VÑ4¬VÒ�ª�£)À�£�Ò�ª�£Í¾�«>¦O¾�³�·)³2¬V«"Q?¬?°®¬V³�¦O«�«>£)¨�ª�È¸ÉV¦�¾¿¦O­>­>ÓÂÎO£)À
¾6¬V«§¬�¬?·)¦O¶�¥§«§¬VÈ¸ÉV¦�¨�¦�ÎO¦OÀ�ª�°±£�¨�¦�¶�¦:ÎO¦
£)À�³�¾�­>ÄO³�¨�£�°±Ó�¶�³Â°º¦

Ek+1
Ñ�¨�£²Îì£�¥ÿ¬V°=¯¿Ë)°è«>£)­>ª�ÀÂ¥ÿ¬V«�£)°è°±£)¶�¦O«�£)­Çü ¦O«>È)¦=¹ Á�¢%Ñ4Ò�ª6¬V¶�¨�¦M·)¦O°º¾6¬V«§¬V¨6¬

´�³�°±¾�À�£)°º£)¶�¥ÿ¬VÈ¸ÉV¦=³�¶�¨�³ÂÎ4³�¨�ª6¬VÀ!¨�¦O­�·)¦O«Ç¥§£)­)Õ

�0¬VÀ�»O¦O«>³ò¥§°º¦v��=�FV9@B¨7#¬�u�U�K:?�FHA6_Of�Ab9�B¨7O3bAb9b96F	��=!92�PZ?³�°�£²¥M¬VÀñÕ Ö���� ×��Xª~¥§³�À�³V/¸¬w¬P¬¸ÎV¬VÀ�³2¬VÈ¸ÉV¦w¨�¦
»O«§¬V¨�³�£)¶ì¥§£�£)° ¨�¦O³�­�¾
¦O¶�¥§¦O­�·)¦O¶�­>£)·)ª~¥§³ÂÎì¦O­#¨6¬X­>£)Ò>¥#Y)¶�·)³2¬?¨�£t·)¦O¶ìÎO£)«>»MY)¶�·)³2¬

xk
£
x̄k+1

Õª�%­�­>ª�¯�»O«§¬
¼
¨�³�£)¶ì¥§£)­ ∇̄k

£ ∇̄ω
Ñ�·¸¬VÀ�·)ª�À2¬V¨�¦O­#¶�¦O­�«>£)­>¾¿£)·²¥§³ÂÎO¦O­ ¾¿¦O¶ì¥§¦O­)Ñ�­§ÉV¦�ª~¥§³�À�³V/¸¬V¨�¦O­�¾6¬V«§¬�¬¸Î½¬VÀ�³2¬V«#¬�¾¿¦O­>­>³�¯�³�ÀÂ³ò¼

¨6¬V¨�£Í¨�£Í­>£X·)¦O¶�­Ç¥§«>ª�³�«�ª�°Ô·²¦O«Ç¥ÿ£�¥§³�¾
¦@��AbA�JXe274f�¦Oª�T¢KMU�K�5VA65V=?¦Oªâe274_�a#K=Ò�ª�£Í»O£)«§¬V«"Q�¦�£)À�³�¾�­>ÄO³�¨�£
Ek+1

Õ#¢�£)¶�¨�¦�¾¿¦O«�«>£²ü £)«�Y)¶�·)³2¬=¦=£)À�³�¾�­>ÄO³�¨�£
Êk+2 W Ñ~¾�«>£²¥§£)¶�¨�£*¼�­>£?£)¶ì¥ÿÉV¦�¦O¯~¥§£)«�ª�°b£)À�³�¾�­>ÄO³�¨�£ Ek+1¨�£?ÎO¦OÀ�ª�°±£?³�¶~ü £)«>³�¦O«�¬V¦º¨�¦º£)À�³�¾�­>ÄO³�¨�£

Êk+2

Õ

� ¾�«>¦O¯�À�£)°®¬A�ñÙ4Õ Ú �M­>£)«"Qé¬VÒ�ª�³�¥§«§¬½¥ÿ¬V¨�¦z£PËw«>£)¾�«>£)­>£)¶ì¥ÿ¬V¨�¦�¬V¯6¬V³ò¤~¦z¾6¬V«§¬é¬c·)¦O°±¦4¨�³�¨6¬V¨�£�¨�¦
À�£)³Â¥§¦O«S�

min f(x)
�PØ~Õ Ø � �

s.a. x ∈ Ω

Ω , {x ∈ Rn | gj(x) ≤ 0, ∀ j = 1, . . . , p}

ù £)­Ç¥§«>ª~¥§ª�«ÿ¬½È¸ÉV¦�»O£)«§¬VÀ�¾6¬V«§¬º¦�¬VÀ�»O¦O«>³ò¥§°±¦ ��=�FV9sB¨7#¬�u�U�K:?�FHA6_Of�Ab9sB¨7O3bAb9b96F	��=!9oËM¬V¾�«>£)­>£)¶�¥ÿ¬V¨6¬
¬M­>£)»Oª�³�«)Õ ù ­t·²¦O«>«§£²ÈSR4£)­�¨�£%£)«>«>¦O­�£*¤~³�­Ç¥§£)¶�¥§£)­�£)° �PZ?³�°i£²¥�¬VÀñÕ Ö���� ×��#£%³�¶�·)À�ª�Ó�¨6¬V­ ¶�¦�¬VÀ�»O¦O«>³ò¥§°±¦M¬
­>£)»Oª�³�«�«>£)¾�«>£)­>£)¶�¥ÿ¬V° ¬�¾�«>³�°±£)³�«§¬M·)¦O¶ì¥§«>³�¯�ª�³�È¸ÉV¦º¨�£)­Ç¥ÿ¬º¢�£)­>£��

X èPó ô e�é�8 ô�î�ïKû�ë ì¥ì¥ïÛé]e_ë ú�î�ïöú þ¥ï8òcëZY=÷�ïTe_ë�î�ïöì¥ô�ò¤éOïöì¦ë! �þ¥ô�î�ë�û�ë øAò¤÷�þ¥ô ó ô (Ûò íöõcë¤ïöøAéOï[Y]\kcöú�û�ô�òMî�ë=é�î�ë ô�é¦éO÷� �& ì«ò î�ô Nïöú=þ¥ïÛé ∇̄k

ï ∇̄ω

f�ïöøhe�ì¥ï7&=òcú�î�ë#N éOï:< ± j �#�^? ì¥ï.êrïöì¥ïöú=þ¥ï:òcëløhg�þ¥ë�î�ë5_a` b ced7fgbih!jg`Pî�ïGk�d�ë ì§j
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Ek+1¶�Î�·¨Â¨¸�¾	Á�N�¿ � ��=�FV9[B¨7#¬�u�U�K:?�FHA6_Of�Ab9[B¨7#3�Ab9b9�F	��=º9

lem3npo�qgr ÌÍ°o£)À�³�¾�­>ÄO³�¨�£%³�¶�³�·)³2¬VÀ
E0
Ñ6¦O¶�¨�£�¬�­>¦OÀ�ª�È¸ÉV¦ºÄV¥§³�°®¬

x∗
­>£)«"Qº¾�«>¦4·)ª�«§¬V¨6¬�¨�£

¬V·)¦O«>¨�¦º·)¦O°o¦±¾�«>¦O¯�À�£)°®¬=¨�£²ë6¶�³�¨�¦º¾¿¦O«k�PØ~Õ Ø � �*Õ�ÌÍ°o£)«>«>¦
ε > 0

Õ
s o�qtnpo�qgr ù °±£)À�Ê�¦O«t­>¦OÀ�ª�È¸ÉV¦�üý¬V·²¥§ÓÂÎO£)À�·)¦O¶�¥§Ó�¶�ª6¬

xf
£)¶�·)¦O¶ì¥§«§¬V¨6¬~Õ Ã�¬V«§¬ºª�°o¾�«>¦O¯�À�£)°®¬

³�¶~üý¬V·²¥§ÓÂÎO£)À�¦Oª�¾6¬V«§¬
x∗ 6∈ E0

¥§£)«Å¼�­>£*¼�Q
xf = ∅ Õ

u ovmGwTqyx � m ��=�FV9[B¨7#¬�u�U�K:?�FHA6_Of�Ab9[B¨7O3bAb9b96F	��=!9��
E0, ε

�
Ã�¬V­>­>¦ × �

B
ÁtQVÀ�·)ª�À�¦�¨�¦O­�¾6¬V«"gV°±£²¥§«>¦O­)Õ

τ0 ← 1
n+1

σ0 ← 2
n+1

δ0 ← n2

n2−1

q∗ ← −1+((n2−n)/2)1/2

n−2

α0 ← 1
n+1

Õ
B
©X£²ë6¶�³�È¸ÉV¦º¨�£?ü ª�¶�ÈSR4£)­)Õ

s(·) =





gj(·)
¾6¬V«§¬º¬VÀ�»Oª�°

gj(x) > 0, j = 1, . . . , p.

f(·) ·¸¬V­>¦º·)¦O¶�¥§«"QV«>³�¦
.Ã�¬V­>­>¦ Ö �

B
ÁtQVÀ�·)ª�À�¦�¨�£ ∇̄k

£�¨�£�ª�°o¾¿¦O¶ì¥§¦º¥§£)°±¾
¦O«"QV«>³�¦
x̄k+1

Õ
Ã�¬V­>­>¦ Ö ¬�� ∇̄k ← ∇̄s(xk)

Õ
¾�Ç ∇̄k = 0

Á�N*¼4Àâ¸º¼:ÁºÉ*¸�À
xk
Õ

dk ← 1/(∇̄T
kQk∇̄k)

1/2

¾�Ç
(∇̄T

kQk∇̄k)
1/2 ≤ 0

Á�N*¼4Àâ¸º¼:ÁºÉ*¸�À
xk B

Ã�£)«>¨6¬º¾
¦O­>³Â¥§³ÂÎ4³�¨6¬V¨�£%¨�£
Qk
Õ

Ã�¬V­>­>¦ Ö ¯D�
x̄k+1 ← xk − τ0dkQk∇̄k

Ã�¬V­>­>¦wÙ4�
B
Á�¦O¶�­Ç¥§«>ª�È¸ÉV¦±¨�£�£)À�³�¾�­>ÄO³�¨�£

Ek+1
Õ

∇̄ω ← ∇̄s(xk+1)
Õ

¾�Ç ∇̄ω = 0
Á�N*¼4Àâ¸º¼:ÁºÉ*¸�À

xk
Õ

d̄k+1 ← 1/(∇̄T
ωQk∇̄ω)

1/2

¾�Ç
(∇̄T

ωQk∇̄ω)
1/2 ≤ 0

Á�N*¼4ÀX¸º¼:ÁºÉ*¸�À
xk B

Ã�£)«>¨6¬º¾¿¦O­>³Â¥§³ÂÎ4³�¨6¬V¨�£%¨�£
Qk
Õ

¾�Ç
τ0dk(∇̄T

ωQk∇̄k) ≥ 0
Á�N*¼4Àâ·¨Â�Á!Â ¾6¬V­>­>¦�Ù½·VÕ

Ã�¬V­>­>¦wÙV¬��
ḡ ← −dkd̄k+1∇̄T

ωQk∇̄k

β̄ ← ( 1
n+1

)ḡ2 + [1− ( 1
(n+1)2

)ḡ2]1/2(1− ḡ2)1/2¾�Ç
Rp(0, β̄, n) > Rt(n)2

Á�N*¼4ÀX·dÂ�Á!Â ¾6¬V­>­>¦�Ù½£VÕ
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Ã�¬V­>­>¦wÙ½¯D�
B
eq=�U�f�Ab9~T¢K�U�K{zVA!zV=!9²Ñ �PØ~Õ����t¬��PØ~Õ Ö ×��*Õ

α← 0

ρ← (4(1− α2)(1− ḡ2) + n2(ḡ2 − α2)2)1/2

σ ← 2(1−αβ̄)+n(α+β̄)2−ρ
(n+1)(α+β̄)2

τ ← σ(α+β̄)
2

δ ← n2

2(n2−1)
(2− α2 − β̄2 + ρ/n)

xk+1 ← xk + τ(Qk∇̄k)/(∇̄T
kQk∇̄k)

1/2

Qk+1 ← δ[Qk − σ(Qk∇̄k)(Qk∇̄k)
T )/(∇̄T

kQk∇̄k)]·¨ÂXÁ!Â ¾6¬V­>­>¦^Ø~Õ

Ã�¬V­>­>¦wÙ½·��
B
��A�A�Jze274fýÑ8�ñÙ4Õ Ö ×��*Õ

αk ← τ0dkd̄k+1(∇̄T
ωQk∇̄k)

Õ
¾�Ç
αk < α0

Á�N*¼4Àâ·¨ÂXÁ!Â ¾6¬V­>­>¦�Ù½¨�Õ
α← αk

τ ← 1+nα
n+1

σ ← 2(1+nα)
(n+1)(1+α)

δ ← ( n2

n2−1
)(1− α2)

xk+1 ← xk − τ(Qkgk/(g
T
kQkgk)

1/2)

Qk+1 ← σ[Qk − δ(Qkgk)(Qkgk)
T/(gTkQkgk)]·¨ÂXÁ!Â ¾6¬V­>­>¦^Ø~Õ

Ã�¬V­>­>¦wÙ½¨D�
q̄ ← ((1− (n+ 1)αk)/2)

1/2 Õ
¾�Ç
q̄ < q∗

Á�N*¼4Àâ·¨Â�Á!Â ¾6¬V­>­>¦�Ù½£VÕ
B
eq=�U�f�A�A6E e274_�a#KVÑ �PØ~Õ Ù Ú �t¬��PØ~Õ Ø'���*Õ

ap ← ∇̄k/(∇̄T
kQk∇̄k)

1/2 + ĝk/(ĝ
T
kQkĝk)

1/2

am ← ∇̄k/(∇̄T
kQk∇̄k)

1/2 − ĝk/(ĝ
T
kQkĝk)

1/2

z∗0 ← 2q
n+1

γ∗ ← 2n(n−1)q2

(n+1)2

δ∗ ← n(n−1)
(n+1)(n−2)

ω∗ ← 2n(1−q2)
n+1

xk+1 ← xk + z∗0Qkap

Qk+1 ← δ∗Qk + (γ∗ − δ∗)Qkapa
T
pQk/(a

T
pQkap)

+(ω∗ − δ∗)Qkama
T
mQk/(a

T
mQkam)·¨ÂXÁ!Â ¾6¬V­>­>¦^Ø~Õ
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Ek+1

Ã�¬V­>­>¦wÙ½£��
xk+1 ← xk+1

gk+1 ← ∇̄ω

Õ
B
B#aO=�U*Ñ�¾
¦O«	�ñÙ4Õ ÖOÖ �*Õ

Qk+1gk+1 ← δ0(Qkgk+1 − σ0dk(Qkgk)(Qkgk)
Tgk+1

xk+2 ← xk+1 − τ0(Qk+1gk+1)/(g
T
k+1(Qk+1gk+1))

1/2

Qk+2 ← σ0[Qk − δ0(Qk+1gk+1)(Qk+1gk+1)
T/(gTk+1(Qk+1gk+1))]

k ← k + 1

Ã�¬V­>­>¦�Ø�� ¾�Ç
vol (Ek+1) ' 0

¦Oª
vol(Ek+1) ' vol(Ek)

Á�N*¼4Àâ¸º¼:ÁºÉ*¸�À
xk+2

∇̄k ← ∇̄ω

dk = d̄k+1

k ← k + 1·¨Â�Á!Â ¾6¬V­>­>¦ Ö ¯�Õ

Á�¦O°±¦c¾¿¦�¨�£�­>£)«MÎO£)«>³Âë6·¸¬V¨�¦z¶�¦z¬VÀ�»O¦O«>³ò¥§°º¦x×~Ñ#¦c¦O¯4íÇ£²¥§³ÂÎO¦c¨�¦c°±Ë²¥§¦4¨�¦���=�FV9�B¨7#¬�u�U�K:?�FHA6_Of�Ab9
B¨7O3bAb9b96F	��=!9%ËÍÎO£)«>³Âë6·¸¬V«�­>£Xª�°®¬�­>£)Ò>¥#Y)¶�·¸³2¬M¨�£X·)¦O¶�­Ç¥§«§ª�È)ÉV¦�¨�£X¨�¦O³�­ £)À�³�¾�­>ÄO³�¨�£)­ ·)¦O¶�­>£)·)ª~¥§³ÂÎO¦O­t¾¿£)À�¦
°±Ë²¥§¦4¨�¦�¨�£zø4Ê�¦O«±¾¿¦4¨�£l­>£)«®­>ª�¯�­Ç¥ÿ³ò¥ÿª�ÓÂ¨6¬]¾¿¦O«®ª�°®¬]ó�¶�³�·¸¬]³Â¥§£)«§¬VÈ¸ÉV¦]¨�¦Y¬VÀ�»O¦O«>³ò¥§°±¦â��AbA�J e274fýÑ
ª~¥§³�À�³�/¸¬V¶�¨�¦�¦�ÎO£²¥§¦O« ∇̄ω

Ñ�¦Oª®¨�¦=¬VÀ�»O¦O«>³ò¥§°º¦�¨�£^eq=�U�f�Ab9(T¢K�U�K{zVA!zV=!9X¦Oª®¨�¦=¬VÀ�»O¦V«§³ò¥§°º¦�¨�£^eq=�U�f�Ab9sA6E
e274_�a#KVÕ

ù ë6»Oª�«§¬�Ø4Õ���°±¦O­Ç¥§«§¬�¨�ª6¬V­�³Â¥§£)«§¬VÈSR�£)­�£*¤~£)°±¾�À�¦º¨6¬±¬V¾�À�³�·¸¬VÈ¸ÉV¦�¨�¦±¬VÀ�»O¦O«>³Â¥§°º¦���=�FV9[B¨7#¬�u�U�K:?�F	G
A6_Of�Ab9sB¨7O3bAb9b96F	��=!9²ÕN�Í£)­Ç¥ÿ¬ºë6»Oª�«§¬~Ñ

Êk+2
«>£)¾�«>£)­>£)¶�¥ÿ¬±¦®£)À�³�¾�­>ÄO³�¨�£?¦O¯~¥§³�¨�¦º¾¿£)À2¬�­>£)Ò>¥#Y)¶�·¸³2¬±¨�£�¨�¦O³�­

·<QVÀ�·)ª�À�¦O­�·)¦O¶�­>£)·)ª~¥§³ÂÎO¦O­X¾¿£)À�¦±°±Ë²¥§¦�¨�¦±¨�£=ø4Ê�¦O«X¬V¾�À�³�·¸¬V¨6¬V­�¬V¦±£)À�³�¾�­>ÄO³�¨�£
Ek

Õ(�J¾�«>³�°±£)³�«Ç¦º·<QVÀ�·)ª�À�¦
¦O¯~¥§Ë)°î¦�£)À�³�¾�­>ÄO³�¨�£

Êk+1
Ñ�¶6ÉV¦�°±¦O­Ç¥§«§¬V¨�¦�¶6¬V­�­>ª�¯~ë6»Oª�«§¬V­)Ñ�¬�¾6¬V«Ç¥§³�«?¨�£

Ek
£ ∇̄k

Õ,�0­>£)»Oª�¶�¨�¦
·<QVÀ�·)ª�À�¦�Ñ�¦O¯~¥§Ë)°o¦±£)À�³�¾�­>ÄO³�¨�£

Êk+2
¬º¾6¬V«Ç¥§³�«�¨�£

Ek+1
£ ∇̄ω

Õ�ØMQº¦±£)À�³�¾�­>ÄO³�¨�£
Ek+1

Ë�¦O¯~¥§³�¨�¦�¾¿£)À2¬
£*¤~£)·)ª�È¸ÉV¦M¨�¦�¾6¬V­>­>¦=Ù½¯�Ñì«>£²ü £)«>£)¶ì¥ÿ£Í´?ª~¥§³�À�³�/¸¬VÈ¸ÉV¦%¨�¦O­�¨�¦O³�­�ÎO£²¥§¦O«>£)­ ∇̄k

£ ∇̄ω

¾6¬V«§¬�¬�¬V¾�À�³�·¸¬VÈ¸ÉV¦%¨�¦O­
eq=�U�f�Ab9(T¢K�U�K{zVA!zV=!9²Õ2�X¬�­>ª�¯~ë6»Oª�«§¬}Ø~Õ��4Õ ¬�ËÍ°±¦O­Ç¥§«§¬V¨�¦�ª�°i¾6¬V« ¨�£�Îì£*¥ÿ¦V«§£²­ ∇̄k

¦Oª ∇̄ω
·)¦O° gV¶�»Oª�À�¦

¥ÿ¬VÀ#Ò�ª�£®¾�«>¦4¨�ª#/±ª�°î£)À�³�¾�­>ÄO³�¨�£
Ek+1

·)¦V°�Îì¦OÀ�ª�°±£�³�¶~ü £)«>³�¦O«�¬
Êk+2

Õ��Í¦l­>£)»Oª�¶�¨�¦l£*¤~£)°±¾�À�¦�Ñ�¦
¾6¬V«X¨�£�ÎO£²¥§¦O«>£)­ ∇̄k

£ ∇̄ω
¾¿¦O­>­>ª�³�ª�° gV¶�»Oª�À�¦®Ò�ª�£M¾�«>¦4¨�ª#/)³�«"Q±ª�° £)À�³�¾�­>ÄO³�¨�£

Ek+1
·)¦O°ïÎO¦OÀ�ª�°±£

­>ª�¾¿£)«>³�¦O«
Êk+2

Õ

��������� ���	��
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¬'�N��¥§£)«§¬VÈ)ÉV¦±·)¦O°
Ek+1 < Êk+2

Õ

¯P�t� ¥§£)«§¬VÈ¸ÉV¦º·)¦O°
Ek+1 > Êk+2

Õ
¼�½ ¾'¿�ÀÂÁ�'�Ä |�Å6ÈOÌuÏ�Ö_�_�öÐ�ÓcÔ�ÍCÎ'É#Î�Ï�Ð�Ö¤×*��É:�öÐ�Ó���É�ÖMÎ'ÍsÊóò:��Í�Î'Í~} ¢�¨Õ h¥¯���t� ¸ «k£�¨ ¤§Æ¯¹]¤3 B¥¯���§¤3 3 §¨i��¢�  Ü

��������� ���	��
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Ek+19¶£O9¶£c÷ �\í#ê:ápêIñ4ã�è`éIê â�ðjô~äåçîu\çªí#ã�çIõqá�ð�â�ê��Ýó�æIêªí#ã�á#äåê â�êIñ�� êIã�ñ��¢ô ä��
æªí#ç¤â�ã�ðmõqá�ðmñ��¢ô�ë`ðmñ4ñ4ã�ïIêIñ §zô�çIõ`â�ê���ò(ã�ñ:á�ð*ä�� ô�çIñ�� ðmñ:á4í#ã�è¦G¢ðmñ�� ã��
êIó�ç¤â�çIñ

�Z�������3�A�	���[�]�:���	�[�]�7 e¡{�	�¢�3�]£¤¡¥�]�7¦^�[§�¦^§	�^¡{¨ª©{�¢�	�¢¡{£i«����[¬­¦^�C� ��=�FV9CB¨7#¬�u�U�K:?�FHA6_Of�Ab9�B¨7O3bAb9b96F	��=!9!®
�]�~�3���^¡��]�7¦^��§�¦^¬i£i¬ / ��¡ ü ���[�~§	£¤¡{¨ª©{�C�	��� eq=�U�f�Ab9�A6E e274_�a#K{® �]�7¦^�~¯]���7¦^�¥°Q©{��±�¡{�	£i¬i¯ª¡{�	���Q¡{�^¡��
¯ª¡{�[���]��²�§	�³�#´�¬i�7¦g¡{���	§Q¡{���[�]�7¦^�[¬i¨ R �]�¥ A¬i��£¤¡{�Q¡{�

gλ(·)
�
gµ(·) | λ e µ ∈ [1, p]

® ¡{�3�]�^¡{���	�]�7¦g¡
�[§	«��]�7¦g©{� í�Q �#´�¬i�7¦^¬i���]� ��µ ¯g¶A·7�Z¶	�]�[¬ ü � µ ¯g¸��]�Z¹ ��º ×��#»pµ �7¦g¡�¡{£>¦^�]�^¡{¨ª©{�5�	�¼¡{£i«����[¬­¦^�C� ® ¯]�]�7¦g¡{���]°T¦^�
¡{¯]�[�]�[¯]�]°T¦g¡{� Q �³¡{¬i�5§	�³¡³�3���[�[¬i�	¬i£i¬>�Q¡{�	�¥�	�~�[�]�	§	¨ª©{�K�	�³ ���£i§	�����	�½°	�� ��½�]£i¬i�	�[¾�¬i�	�¥�~�3�A�	�~�[�]�
¿�¡{¯]¬i£i�C�]°�¦^�:¬i���	£i�]���!°�¦g¡{�Q¡À¡e¦^�^¡ª T±]�G�Q¡/¬i°	¯]£i§	�^©{�/�	�¥�Q¡{�[�[�

1ai
¯]���Á�¥¯ Q £i¯]§	£i�À�	�¥°	�� ��¥�]£i¬i�	�[¾�¬i�	�

¡e¦^�^¡ª T±]���	� �PØ�»ÃÂ º � ¡ �PØ�» Ø'���#»
Ä �¥¡{£>¦^�]�^¡{¨]ÅA�]�À�Q¡{�^¡K¡½�]�7¦^�[§�¦^§	�g¡e¨ª©{�Æ«��]�^¡{£
�Q¡{�^¡K¡� {¡{�[¬¤¡e°�¦^�¢�	�Æ¡{£i«����[¬­¦^��� �~ÇeÈiÉ~ÊÌË#¬�Í{Î[ÏTÐ{ÈtÑ

Ò!ÓQÔ�Ò É½ÊÌËQÕ Ò ÉgÉ!È	�{Ç�É!® ²�§Q¡{°	�	�Ö�Q¡×�#´�¬i�7¦^Ø]°	¯]¬¤¡��	�Æ�	§Q¡{�C�[�]�7¦^�[¬i¨]ÅA�]�¢ A¬i��£¤¡{�Q¡{� ® �^©{�Ö¡{�	�[�]�[�]°�¦g¡{�Q¡{�³¡
�[�]«�§	¬i�
��¯]��°	�7¦^¬>¦^§	�]���/�	�[¬i���]¬i�[�À¡{£i«����[¬>¦[���¼�	�[���Ì���7¦g�/�Ì���G�]�7¦g¡ÀÙÚ�]�[� » Ä ¿�§	°	¨ª©{� ∇̄max∠(g(x))�	�!ÛQ°	�5¡{�
�	§Q¡{�
�[�]�7¦^�[¬i¨]ÅA�]�Ü A¬i��£¤¡{�Q¡{�Ü²�§	�=�	�^���	§	Ý]¬i�^©{�À�/���]°	���Ü�]£i¬i�	�[¾�¬i�	�

Ek+1

¡¼�Q¡{�7¦^¬i�Ü�	� �PØ�»ÃÂ º �
¡ �PØ�» Ø'���

¶�Î�·¨Â¨¸�¾	Á�NÚÞ (�ß ÇeÈiÉÀÊÌË	à�Í{Î[ÏTÐ{È Ò!ÓQÔ�Ò ÉÀÊÌË	Õ Ò ÉgÉ#Ètá{Ç�Éso�prqsputkp

lem3npo�qgr â �ã�]£i¬i�	�[¾�¬i�	�¼¬i°	¬i¯]¬¤¡{£
E0
® ��°	�	�¥¡¢�[��£i§	¨ª©{�C¾{¦^¬i�³¡

x∗
�[�]�^äC�	�[�A¯]§	�^¡{�Q¡¢�	�

¡{¯]���[�	�C¯]���ã���	�[���	£i�]�³¡~�	�!ÛQ°	¬i�	�C�3��� ��å�» å�æ'�#»Gâ �ã�]�[�[�
ε > 0

»
s o�qtnpo�qgr Ä ���]£i¶	���:�[��£i§	¨ª©{�¢¿�¡{¯!¦^ç> ��]£-¯]��°�¦^çi°�§Q¡

xf
�]°	¯]��°T¦^�^¡{�Q¡ »éè ¡{�^¡C§	�ã�	�[���	£i�]�³¡

¬i°�¿�¡{¯!¦^ç> ��]£-��§Æ�Q¡{�^¡
x∗ 6∈ E0

¦^�]�y·��[�#·yä
xf = ∅ »

u ovmGwTqyx � m ß ÇeÈiÉÀÊÌË	à�Í{Î[ÏTÐ{È Ò!ÓQÔ�Ò ÉÀÊÌËQÕ Ò ÉgÉ!Ètá{Ç�ÉCo�prqsputkpK�
E0, ε

�
è ¡{�[�[��ê�ë

B
�:ä{£i¯]§	£i�¢�	�����Q¡{�^ì{���!¦^�[��� »

τ0 ← 1
n+1

σ0 ← 2
n+1

δ0 ← n2

n2−1

q∗ ← −1+((n2−n)/2)1/2

n−2

α0 ← 1
n+1

»
B í �!ÛQ°	¬i¨ª©{�C�	�À¿�§	°	¨]ÅA�]� »

Rc(γ, δ, ω) = (γ(δ)(n−2)ω)1/2

Ind(g(x)) = {j | gj(x) > 0 ∀ j = 1, . . . , p }

î#î#ïeð#ð ñ�òtó%ôÃõ�ötô>÷ ø�ù{÷yúy÷[û ü¤ýtýtþ�ÿ ���^ñ	ï
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 ¹

∇̄max∠(g(x)) =





[∇̄gi(x), ∇̄gi(x)] | Ind(x) = [i],

[∇̄gi(x), ∇̄gj(x)] | ∇̄gi(x)T ∇̄gj(x)

‖∇̄gi(x)‖ ‖∇̄gj(x)‖
≤ ∇̄g`(x)

T ∇̄g℘(x)

‖bar∇g`(x)‖ ‖∇̄g℘(x)‖

| i 6= j, ∀ ` ∈ Ind(r) � ∀ ℘ ∈ Ind(r).
s(·) =





gj(·)
�Q¡{�^¡C¡{£i«�§	�

gj(x) > 0, j = 1, . . . , p.

f(·) ¯]¡{�[��¯]��°�¦^�^ä{�[¬i�
.

∇̄s2(x) =





[∇̄f(x), ∇̄f(x)] �[�
Ind(r) = ∅,

∇̄max∠(r)
�[�
Ind(r) 6= ∅.è ¡{�[�[� ¹�ë

B
�:ä{£i¯]§	£i�¢�	� ∇̄k

�/�	�/§	�ã�3��°T¦^�C¦^�]�C�3���^ä{�[¬i�
x̄k+1

»
è ¡{�[�[� ¹�¡�ë

[∇̄i
k, ∇̄j

k]← ∇̄s2(xk)
»

�
� ∇̄i
k = ∇̄j

k = 0 ������������������� xk
»

�
� ∇̄i
k 6= ∇̄j

k ��������������� �Q¡{�[�[�Æ¹�¡ i »
∇̄k ← ∇̄i

k

dk ← 1/(∇̄T
kQk∇̄k)

1/2

�
�
(∇̄T

kQk∇̄k)
1/2 ≤ 0 ������������������� xk B

è �]�[�Q¡��Ì���[¬>¦^¬> A¬i�Q¡{�	�¼�	�
Qk
»

������� �Q¡{�[�[�Æ¹ª� »è ¡{�[�[� ¹�¡ i ë B  ÇeÎ Ô�Ò~Ò"!  Ë Ó$# Ï �Q¡{�^¡¢�	§Q¡{���[�]�7¦^�[¬i¨]ÅA�]�= A¬i��£¤¡{�Q¡{� ® �3��� ��å�»ÃÂ º � ¡ ��å�» å�%��#»
∇̄k ← ∇̄i

k

∇̄ω ← ∇̄j
k

q ← ‖∇̄k−∇̄ω‖
2

ap ← ∇̄k/(∇̄T
kQk∇̄k)

1/2 + ∇̄ω/(∇̄T
ωQk∇̄ω)

1/2

am ← ∇̄k/(∇̄T
kQk∇̄k)

1/2 − ∇̄ω/(∇̄T
ωQk∇̄ω)

1/2

�
�
q < q∗ �������
z∗0 ← ((n+2)q+(n+3)−((n+2)2q2+2(n2−3n−2)q+(n−1)2)1/2)

4(n+1)

γ∗ ← (1− z∗0)
2

δ∗ ← γ∗/(γ∗ − (z∗0)
2)

ω∗ ← (1−q2)∗γ∗

(γ∗−(q−z∗0 )
2)

��&(')�
z∗0 ← 2q

n+1

γ∗ ← 2n(n−1)q2

(n+1)2

δ∗ ← n(n−1)
(n+1)(n−2)

ω∗ ← 2n(1−q2)
n+1

���+* �
��
�
Rc(γ∗, δ∗, ω∗) ≥ Rt(n)2 �������
∇̄k ← (∇̄i

k/ ‖ ∇̄i
k ‖) + (∇̄j

k/ ‖ ∇̄j
k ‖)

������� �Q¡{�[�[�Æ¹ª� »
���+* �
�
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�Â , ���c���¦��´/.P��².-?´cº�¹/�P³¸¹1032547698;:�69<�:=8$47: , 69>@?�A3:.-B<10C:�47D9E.��032�AF> � :�E):=8;G�>@6926�36�E)6H 4 2@G�032@DIA3:
Ek+1

xk+1 ← xk + z∗0Qkap

Qk+1 ← δ∗Qk + (γ∗ − δ∗)Qkapa
T
pQk/(a

T
pQkap)

+(ω∗ − δ∗)Qkama
T
mQk/(a

T
mQkam)

k ← k + 1

������� �Q¡{�[�[� å�»

è ¡{�[�[� ¹ª�-ë�Ùp¡{£v¯]�����C�����7¦^�^¡{�	�¢�Q¡{�^¡¢�³¡{£i«����[¬­¦^�C�KJ
è ¡{�[�[� Â ë Ùp¡{£v¯]�����C�����7¦^�^¡{�	�¢�Q¡{�^¡¢�³¡{£i«����[¬­¦^�C�KJ
è ¡{�[�[� å ë �
�

vol (Ek+1) ' 0
��§

vol(Ek+1) ' vol(Ek) ������������������� xk+2

k ← k + 1

������� �Q¡{�[�[�Æ¹�¡ »

Ä ÛQ«�§	�^¡ å�» º �#´�¬i�3�×§	�³¡ ¬>¦^�]�^¡{¨ª©{� �#´��]���	£i� �Q¡H¡{�	£i¬i¯]¡{¨ª©{� �Q¡ �	�[���3���[¬i¨ª©{� �Q¡ML Ï{Î#È�Ï ÓQÔ�Ò
Ð�Ç1N�z Í�ÇeÎ#È Ô(! Ç�Ð�Ç�É ß ÇeÈiÉ�ÊÌË	à�Í{Î[ÏTÐ{È Ò!ÓQÔ�Ò ÉCÊÌËQÕ Ò ÉgÉ!Ètá{Ç�É.O�PRQSPTN�Pi»VU �]�7¦g¡ÆÛQ«�§	�^¡ ® � �]£i¬i�	�[¾�¬i�	� Ek+1�[�]�	�[�]�[�]°T¦g¡�� �]£i¬i�	�[¾�¬i�	�C����¦^¬i�	�Æ�3�]£¤¡K�#´��]¯]§	¨ª©{���	� �Q¡{�[�[� Â � ® �[�!¿��]�[�]°T¦^�1WÆ§�¦^¬i£i¬>Ýª¡{¨ª©{�K�	�����	��¬i�
 ��!¦^���[�]� ∇̄k

��§ ∇̄ω

�Q¡{�^¡³¡�¡{�	£i¬i¯ª¡{¨ª©{���	���  ÇeÎ Ô�Ò É�X=Ï{Î[Ï{z Ò ziÇ�É!»ZY ä³���]£i¬>�	�^¾{¬i�	� Ēk+1

�[�]�	�[�]�[�]°T¦g¡
�~�]£i¬i�	�[¾�¬i�	������¦^¬i�	���3�]£¤¡��#´��]¯]§	¨ª©{�C�	�¢°	�� ��¢�Q¡{�[�[�

1ai
²�§	�À§�¦^¬i£i¬>Ýª¡¥�	§Q¡{�:�[�]�7¦^�[¬i¨]ÅA�]�Z A¬i��£¤¡{�Q¡{�Z°	�

¯ªä{£i¯]§	£i���	�½°	�� ��K�]£i¬i�	�[¾�¬i�	���Ì�]£¤¡½¡{�	£i¬i¯ª¡{¨ª©{�³�	�  ÇeÎ Ô�Ò³Ò"!  Ë Ó$# Ï{» �Z�������3�A�	�~�[�]�À���	�[�]�7 {¡{�	�¡¥ {¡{�[¬¤¡{¨ª©{�~¡{²�§	¬3�	�^�{�3���7¦g¡��	�C¡{£i«����[¬­¦^�C� ß ÇeÈiÉ�ÊÌË	à�Í{Î[ÏTÐ{È Ò!ÓQÔ�Ò É�ÊÌËQÕ Ò ÉgÉ!Ètá{Ç�É ±¼¯ª¡{�Q¡{Ý��	�¼�	�[�A�	§	Ý]¬i�
§	���!£i¬i�	�[¾�¬i�	�C�	�� ���£i§	���C¬i°�¿��]�[¬i���/¡{�Æ ���£i§	�����	� �]£i¬i�	�[¾�¬>�	�C²�§	�³�[�]�[¬¤¡Æ����¦^¬i�	�Æ�3�]£i� ¡{£i«����[¬­¦^���
�	�[���3���7¦^�C���[¬i«�¬i°Q¡{£>�C�]°T¦^�À�]�\[(]À¬i� �!¦�¡{£ » ¹ æ�æ J9^ »

â �³¡½ ��]Ý³¯]��°	�[¬i�	�]�^¡{�Q¡ ¡K�3���[�[¬i�	¬i£i¬i�Q¡e�	�C�	���[�³§�¦^¬i£>¬iÝª¡{� ® ¯ª¡{�[� �#´�¬i�7¦g¡{� ® ¡{�¥¬i°�¿����[�³¡{¨]Å��]�/�	�
�³¡{¬i�
�	��§	�Á�[§	�	«��^¡{�	¬i�]°�¦^��°	���G�3��°T¦^���

xk
�
x̄k+1

® ¡{�	�[�#·��[��§	� £i�]²�§	���	�� e¡{�[¬¤¡{°T¦^�]�G�Q¡{�^¡/��¡{£i«��e·
�[¬>¦^��� ß ÇeÈiÉ¼ÊÌË	à�Í{Î[ÏTÐ{È Ò!ÓQÔ�Ò É¼ÊÌËQÕ Ò ÉgÉ!Ètá{Ç�É §�¦^¬i£i¬>Ýª¡{°	�	�e·��[�À¡¢�Ì�]�[²�§	¬i�^¡C�	���=�3���[�[ç> ��]¬i��¯]�{�[¦^�]�=����¦^¬i�	���
¯]��� ¡{���	¬> ��]�[�^¡{��¯]���~�	¬i°Q¡{¨]ÅA�]�=�	����«��^¡{�	¬i�]°T¦^�]���#´�¬i�7¦^�]°T¦^�]�5�]�

xk
�
x̄k+1

»

_a`cb d �fe�g.h1gjilk.mon�p�qsr7tvuxwZk.t�y�z{r

è �[���3���7¦^��¬i°	¬i¯]¬¤¡{£>�C�]°T¦^�³�3��� í ¬¤¡{��[ í ¬¤¡e� Â ê�ê å ^¥�Q¡{�^¡��	�[���	£i�]�³¡{�¥ ��!¦^���[¬¤¡{¬i��¯]��°� ��#´����C�	¬>¿��]�[�]°A·¯]¬¤äª T�!¬i� ® �x|�} Ô ÇªÐ�Ç  Ç ÓaÒ Ñ�~Zz�È �QÉ�ÇeÈ�ÐTÏ{z�®f� � µ=® ±Æ�Q¡{�[�ª¡{�	� ¡{�3�]°Q¡{��°Q¡{�³�	�#ÛQ°	¬i¨]ÅA�]�³�	�  Ç ÓaÒ Ð Òß ÈtÎ Ò�����Ò ÉB� Ô È ! È5��Ï ÓQÔ�Ò É �  Ç ÓaÒ Ð Ò ß ÈtÎ Ò�����Ò ÉZ��Ï�Õ Ô È�à]Ètz�È5��Ï ÓQÔ�Ò É �Q¡{�^¡¢¬i���	£i�]�C�]°�¦g¡{�Z§	�³¡� {¡{�[¬¤¡{¨ª©{��	� N�z Í�ÇeÎ#È Ô(! Ç	~Zz�È �QÉ�ÇeÈ�ÐTÏ{z �	���A¶	���:°Q¡~²�§Q¡{£v¡~�	¬>�^�!¨ª©{�¢�	�¢¯]���7¦^�À�	�¢�]£i¬i�	�[¾�¬i�	��¡e¦^§Q¡{£ Ek

¬i�^ä��	�[�e·
�	§	Ý]¬i�é§	� °	�� ��~�]£i¬i�	�[¾�¬i�	�

Ek+1

¯]§��7�~¯]�]°T¦^�[�
xk+1

°	�]¯]�]�[�g¡{�[¬¤¡{���]°T¦^���]�7¦g¡{�^ä�°	�~¬i°T¦^�]�[¬i���G�	�~¯]��°	�
§�¦^¬i£i¬>Ýª¡{�	� »

î#î#ïeð#ð ñ�òtó%ôÃõ�ötô>÷ ø�ù{÷yúy÷[û ü¤ýtýtþ�ÿ ���^ñ	ï
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 �¡ ¢�£�¤@¥Z¦�§ ¨�©�ª(«T¬9­c®c¯±°v²7³v´Bµ�¶·¬�¸�°º¹T®»¶¼¯±°v²7³v´.µ9°	½�°)¯c¹5°)¾�®»¶S¿�¯»´v¿À´�­c®±°º¿�°)¯±°K´º¸�Á¼®»´�µ�´{ÂÄÃvÅ5ÆZÇ�È9É
ÊvËcÌ�ÍvÅ
Î�Ï�Ð(Î±Æ
Ç�È�Ñ�Î±Æ±Æ�Å@Ò)Ã)Æ¼Ó

ÔCÕ
ÖÄÕ±× ØÄÙÛÚ�ÜÞÝàß»á»â3Ýàã3äàÙæåZÙèçIéÛê�ëíì�ëïîñðóò$ë�ô�õ�ë;öø÷Vù)ðóúûð±ü�ýÛêSù�ë;öÿþÞåZÙèçIéÛê�ë
ì�ë îñðóò�ë$ô�õ�ë;ö � ý��Fù)ð��;ð���ð±ü�ýÛêSù�ë;ö

� �	�[���	£i�]�³¡1[y¹ » º ^é�[�]�^äC¡{²�§	¬a¦^�^¡e¦g¡{�	�¢�À±À�[�]�	�[�]�[�]°T¦g¡{�	�³¡{�Q¡{¬­´��~�Q¡{�^¡C¡~¯]�������	¬i�Q¡{�	�¼�	�¢£i�]¬>¦^���]ë

min f(x)
[ å�» JTê�^

s.a. Ω∗ = {x∗ ∈ Ω | @x ∈ Ω tal que f(x) ≤ f(x∗) e f(x) 6= f(x∗)}

Ω = {g(x) ≤ 0 | x ∈ Rn}
��°	�	� ®

f(·) : Rn 7−→ Rm
�
g(·) : Rn 7−→ Rp »

�Z��°	�[¬i�	�]�[��¡{�=�	�!ÛQ°	¬i¨]ÅA�]���À¦^�]���[�]�³¡{� ® ¦g¡{£-¯]�����C�	�[���Ì���7¦^�����3��� í ¬¤¡{�]ë

	 ��
 � �
��� ��� Ñ  Ç ÓaÒ Ð Ò ß ÈtÎ Ò�����Ò É�� Ô È ! È5��Ï ÓQÔ�Ò É��  ß �����  Ç Ó É!È�Ð Ò Î Ò C(xk) Ë ! ÕgÇ ÓaÒ ÕgÇ ! á } Î#Ñ
Ô È�Õ Ò¥Ó Ç·�QÇ ÓQÔ Ç xk PC~GÉ Ô�Ò ÕgÇ ÓaÒ É Ò Î��³Ë !  ß ��� CO(xk) �ZÐAÇ·�3Î^Ç�à�� Ò"! Ï�Ð Ò
�
Ó È�Ð�ÇZ�QÇeÎ����9P �! "��É Ò �

î#î#ïeð#ð ñ�òtó%ôÃõ�ötô>÷ ø�ù{÷yúy÷[û ü¤ýtýtþ�ÿ ���^ñ	ï
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Ek+1

∀x ∈ C(xk) ∃ ε > 0 | f(xk + ε(x− xk)) ≤ f(xk) e g(xk + ε(x− xk)) ≤ 0
[ å�» J	¹�^

	 ��
 � �
��� �0/ Ñ  Ç ÓaÒ Ð Ò ß ÈtÎ Ò�����Ò ÉK�vÏ�Õ Ô È�à]È1��È5��Ï ÓQÔ�Ò É2�  ß �3���  Ç Ó É!È�Ð Ò Î Ò C(xk) Ë ! ÕgÇ ÓaÒ ÕgÇ !
á } Î Ô È�Õ Ò5Ó ÇC�QÇ ÓQÔ Ç xk Pf~GÉ Ô�Ò ÕgÇ ÓaÒ É Ò Î��~Ë !  ß �4� CF (xk) �
Ð�ÇC�3Î^Ç�à�� Ò"! Ï~Ð Ò
�
Ó È�Ð�Ç��QÇeÎ5���9P �! "�ÀÉ Ò �

∀x ∈ C(xk) ∃ ε > 0 | g(xk + ε(x− xk)) ≤ g(xk)
[ å�» J Â ^

Ä �Q¡{�7¦^¬i�:�Q¡{� í �!ÛQ°	¬i¨]ÅA�]�¥¹/� ÂA® ¦^�]�����=�����[�]«�§	¬i°T¦^�]�5ÙÚ�]�{�^�!�³¡{�]ë
6 �9����� Þ87 � �  Ç Ó É!È�Ð Ò Î Ò Ç �3Î^Ç�à�� Ò"! Ï Ð Ò
�
Ó È�Ð�ÇV�QÇeÎ9���9P �! "� Ò Ë ! �QÇ ÓQÔ Ç xk | gi(xk) ≤
0 ; ∀ i = 1, . . . , p

P ß Ò
�
ÓaÒ Ñ�É Ò Ç ÕgÇ Ó;: Ë ÓQÔ Ç Ψ , {i | gi(xk) = 0} �~É Ò!Ó Ð�Ç=<]Ë Ò h Î Ò �3Î Ò Ñ
É Ò!ÓQÔ ÏÆÇ Ó?>�!³Ò Î^Ç Ò � Ò"!³Ò!ÓQÔ Ç�É@<]Ë Ò ÇÆÕgÇ ! � ��Ò P/ÊÌË��QÇ Ó$# Ï fi(·) Ò gΨ(·) Ð{È A Ò Î Ò!Ó Õ!È
�{á Ò ÈiÉ Ò"! xk

Ò Ï
! Ï Ô Î#È5� GO

Ð Ò
�
Ó È�ÐTÏ�Õ#Ç ! ÇCÈ Ó Ð�È�Õ^ÏTÐ�Ç�ÏCÉ Ò Í{ËAÈtÎ��

GO = −[∇f1(xk) . . . ∇fm(xk) ∇gΨ(1)(xk) . . . ∇gΨ(h)(xk) ]
[ å�» J å ^

� ÕgÇ ÓaÒ  ß ��� Ò"! xk
� } Ð Ò
�
Ó È�Ð�Ç�ÕgÇ ! Ç��

x ∈ CO(xk) ⇐⇒ GT
O(x− xk) ≥ 0

[ å�» J�J9^
XZÎ^ÇeáeÏ��
�CBED ! ÏÀá Ò �F<]Ë Ò fj(·) } Ð{È A Ò Î Ò!Ó Õ!È
�{á Ò � Ò"! xk

�pÇ¼á Ò!Ô ÇeÎ ∇fj(xk) Ð Ò
�
ÓaÒ Ë ! # È � Ò Î �(�>Ï Ó Ç Ô Ï Ó Í Ò!ÓQÔ�ÒG É!Ë�� Ò ÎHA"I�Õ!È Ò Ð Ò/Ó Itá Ò ��ÐTÏJAgË Ó��LK Ç fj P
�(�CB � # È � Ò Î �(�>Ï Ó ÇKÕgÇeÎ#Î Ò Éc�QÇ Ó Ð Ò Î��L���ÌÇeÎ¢ÕgÇ Ó É Ò Í{ËAÈ ÓQÔ�Ò � G Ï7�3Î^Ç�M�È ! Ï �LK Ç�Ð Ò �3Î#È !³Ò ÈtÎ[ÏÆÇeÎ[Ð Ò"! �	Ï{Î[Ï

Ï # È � Ò Î^É!Ë�� Ò ÎHA"I�Õ!È Ò P  Ç Ó É Ò <�N Ò!ÓQÔ�Ò"!³Ò!ÓQÔ�Ò Ï Ò <]Ë	Ï �LK Ç ∇fj(xk)T (x − xk) < 0
Ð Ò
�
ÓaÒ Ç

É Ò"! ÈtÑ Ò Éc�	Ï � Ç Ô ÏO��<]Ë Ò �

∀x | ∇fi(xk)T (x− xk) < 0 ∃ ε > 0 | f(xk + ε(x− xk)) ≤ f(xk)
[ å�» J 
 ^

�(�(�PB �ãÕgÇ ÓaÒ C(xk) } Ï×È Ó	ÔyÒ Î^É Ò Õ �LK Ç�Ð Ò�Ô ÇªÐAÇ�ÉÆÇ�É�É Ò"! ÈtÑ Ò Éc�	Ï � Ç�É�ÏeÉ^É�Ç�Õ!È�ÏTÐ�Ç�É G fi(·) Ò gΨ(·) Q P
 Ç Ó É Ò <�N Ò!ÓQÔ�Ò"!³Ò!ÓQÔ�Ò C(xk) } Ò <]ËAÈtáeÏO� Ò!ÓQÔ�Ò G CO(xk) P

â.RTSVU�W*R�X�W*U�YZX�[\X�R�SV]*Y2^?_`W*]*aVbdceUe_OfhgOY`i�X�Y�RkjlceUeWnmh_Z^VY Ù X�YOUeXlRo_ ¹�p S?_OUe_`aVRqS(Y�r�ceY {x |
gi(xk) < 0 , ∀ i = 1, 2, 3 s jFX�[\W*tVW*^VYur?_ Û i�aVUe_/å�» æ�»wvxY�R�Y$SyYz^VXFb�X�U{Y�tVb�X�Ud|}_O^VY p Y  Ç ÓaÒ  ß �j5^VX Û rVW*^VYoSyX�]~_�Ro_}ceU�W Ý

GO = −[ ∇f1(x) ∇f2(x) ]
pÌ¿ Y�U�Ro_}^?_kX�[\m�]*aVb�Wn|}_OR�X�r�ceX5^VY�b.i�Ue_O^VW*X�r�ceX�b

�d���������
���l���;���}�L�����h���3�P����� � ���l�L�l�!�d�����1���F��� �1���O�L�;�d���
�d�����H�C���O�d� �������L�l�3�}���C�
gΨ �

î#î#ïeð#ð ñ�òtó%ôÃõ�ötô>÷ ø�ù{÷yúy÷[û ü¤ýtýtþ�ÿ ���^ñ	ï
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^?_Ob.�HaVrVf Å X�b���Y�t � XlceWn|�Y p aVRo_k|�X Ý@� aVX YoS(Y�r�ceY
x
b�X�X�rVm�Y�r�ceUe_orVY¡W*r�ceX�U�W*YOU p X�r?gOY¡r?_ot(Y�U�^?_�^?_

U�X�i�W~gOY �
_Omlc ç |�X�]P¢ � bFSyY�r�c"YObFR ç rVW*RkY�b�W*U�U�X�bdceU�WnceY�b�^?_Ob��HaVrVf Å X�b
f1(·)

X
f2(·)

¢

x

g1(x) < 0

g2(x) < 0

g3(x) < 0

)(2 xfÑ

)(1 xfÑ

p1

p2

 �¡ ¢�£�¤@¥Z¦�§ £�©�ª(«T¬9­c®c¯±°v²7³v´ µ9°I¶�¤�¹R­c®�¥¼¾�¦¼¹5°Iµ�¶.¬�¸¨§�ÃvÏÀÎ2§�Âu©í¶¼¸ ¬�¸ ¿À´v¾�®»´
x
¾9´I¹T¾�®»¶¼¯c¹R´v¯Kµ9°1¯»¶eª�¹5³v´« °h¦¼®�¬T½�¶¼«
Ó

Y ä Yub�X�i�aVrV^VY5X�[\X�R�SV]*Y p{Û i�aVUe_/å\¢n­ êzp W*]*aVbdceUe_JY Ù X�Y�U�X�Ro_@­�S?_OUe_®aVR¯S(Y�r�ceY
x | Ψ = {2, 3} ¢Ä b�b�W*R p Y  Ç ÓaÒ  ß �°jF^VX Û rVW*^VY5SyX�]~_$R�_}ceUeW Ý GO = −[∇f1(x)∇f2(x)∇g2(x)∇g3(x) ]

p aVRo_
|�X ÝJ� aVXJY�S(Y�r�ceY

x
b�XJX�rVm�Y�r�ceUe_�r?_$t(Y�U�^?_5^?_5U�X�i�W~gOYu�
_Omlc ç |�X�]P¢4±wR²_OR@tyY�b�Y�b�X�[\X�R�SV]*Y�b p _ ä U�Xh_

m�Y�]*Y�U�W*^?_@R�Y�bdceUe_ p S?_OU�m�W~_O]*RkX�r�ceX p Y  Ç ÓaÒ  ß �³^VX Û rVW*^VYoSyX�]~_kRo_}ceU�W Ý GO
¢ � b.S(Y�r�ceY�b

p1
X
p2U�X�b�S(X�mlceWn|}_OR�X�r�c"X$U�X�SVU�X�b�X�r�c"_OR´YObFS(Y�r�ceY�bFR ç rVW*RkY�b�W*U�U�X�bdceU�WnceY�b�^?_Ob��HaVrVf Å X�b

f1(·)
X
f2(·)

¢
6 �9����� Þ87 / �  Ç Ó É!È�Ð Ò Î Ò Ç �3Î^Ç�à�� Ò"! Ï Ð Ò
�
Ó È�Ð�ÇI�QÇeÎ0���9P �! "� Ò Ë ! �QÇ ÓQÔ Ç {xk | gi(xk) >

0 ; para algum i = 1, . . . , p} P ß Ò
�
ÓaÒ Ñ�É Ò Ç ÕgÇ Ó;: Ë ÓQÔ Ç Ψ , {i | gi(xk) > 0} �:É Ò!Ó Ð�Ç`<]Ë Ò vÎ Ò �3Î Ò É Ò!ÓQÔ Ï³Ç Ó?>�!³Ò Î^Ç Ò � Ò"!³Ò!ÓQÔ Ç�É$<]Ë Ò Ç³ÕgÇ ! � ��Ò P:ÊÌË��ÌÇ Ó$# Ï fi(·) Ò g(·) Ð{È A Ò Î Ò!Ó Õ!È
��á Ò ÈiÉ Ò"! xk
Ò

Ï ! Ï Ô Î#È5� GF

Ð Ò
�
Ó È�ÐTÏ�ÕgÇ ! ÇCÈ Ó Ð{È�Õ^ÏTÐ�Ç³Ï¢É Ò Í{ËAÈtÎ��

GF = −[∇gΨ(1)(xk) . . . ∇gΨ(v)(xk) ]
[ å\¢ J�µ�^

� ÕgÇ ÓaÒ  ß �4� Ò"! xk
� } Ð Ò
�
Ó È�Ð�Ç³ÕgÇ ! Ç��

x ∈ CF (xk) ⇐⇒ GT
F (x− xk) ≥ 0

[ å\¢ J % ^
XZÎ^ÇeáeÏ��
N Ó Ï��>ÇgÍTÏ !³Ò!ÓQÔ�Ò Ï�Ç�Ð Ò"! Ç Ó É Ô Î[ÏTÐ�ÇZ�	Ï{Î[Ï½Ç·¶ Ò ÇeÎ Ò"! Ïo¸�P

â.REX�[\X�RkSV]*YF^?_�W*]*aVbdceUe_OfhgOY�i�X�Y�R�jlceU�W*mh_x^VY Ù X�Y�U�X�Ro_.¹ p S?_OUe_�^VY�W*b3S(Y�r�ceY�b
xa, xb | gi(xa) >

0 e gi(xb) > 0, ∀ i = 1, 2, 3 s j2X�[\W*tVW*^VY8r?_ Û i�aVUe_�å\¢n­�­�¢ñU.X�bdceXºmh_Ob�Y p Y=SVU�W*R�X�W*UdY  Ç ÓaÒ

î#î#ïeð#ð ñ�òtó%ôÃõ�ötô>÷ ø�ù{÷yúy÷[û ü¤ýtýtþ�ÿ ���^ñ	ï
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Ek+1

x

g1(x) < 0

g2(x) < 0

g3(x) < 0

p1

p2

)(2 xfÑ

)(1 xfÑ

)(3 xgÑ

)(2 xgÑ

 �¡ ¢�£�¤@¥Z¦�§¼»�½�©�ª(«T¬9­c®c¯±°v²7³v´Vµ9° ¶�¤�¹R­c®�¥¼¾�¦¼¹5° µ�¶a¬�¸¾§�ÃvÏÀÎº§�Âu©l¶¼¸ ¬�¸ ¿$´v¾=®»´
x
¾�°`¿$´v¯»µ9°Vµ9°�¯»¶eª�¹5³v´« °h¦¼®�¬T½�¶¼«
Ó

 ß �²j�^VX Û rVW*^VY`S(X�]*_ZRo_}ceU�W Ý
GF (xa) = −[∇g2(xa) ∇g3(xa) ]

p X�r � a?_Or�ceY2Y`b�X�i�aVrV^VY  Ç ÓaÒ
 ß �Àj`^VX Û rVW*^VY8S(X�]~_·Ro_}ceU�W Ý

GF (xb) = −[∇g1(xb) ∇g3(xb) ]
¢ Ä ä U�Xh_·m�Y�]*Y�U�W*^?_ÁR�Y�bdceUe_ p

S?_OU�m�W~_O]*RkX�r�ceX p Y�b  Ç ÓaÒ É  ß �ÜÉ$^VX Û rVW*^VY�bFS(X�]~_Ob�Ro_}ceU�W Ý X�b GF (xa)
X
GF (xb)

¢
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�%

xa

g1(x) < 0

g2(x) < 0

g3(x) < 0

xb

)(3 axgÑ
)(1 axgÑ

)(2 bxgÑ

)(3 bxgÑ
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xa
¶
xb
¶�¤�®»¶¼¯c¹R´v¯»¶ó­

Ã ¯»¶eª�¹5³v´ « °h¦¼®�¬T½�¶¼«
Ó
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Ek+1ÔCÕ
ÖÄÕPÅ Æoß�ÇàÙÛÚÀáCÈÀÜÞÙ
� Y�t � XlceWn|�Y2SVU�W*rVm�W*S?_O]wj�Y2^VX�S(Y�b�b�W*tVW*]*WÉc"_OU$_Za\ceW*]*W Ý _OfhgOYZ^VYº_O]*i�Y�U�WÉceRkY �ºv�±Êr?_2_OSV]*W*mh_OfhgOYZ^VX
mh_Ob�Y�b,^VXwSVU�Y�tV]*X�Ro_Ob!|�XlceY�U�W~_OW*b p S?_OUdceW*rV^VY�^VY�SVU�X�b�b�aVS(Y�bdceY � aVX{aVR�m�Y�rVXxv í � p Y�a�v í®Ë p ^VX Û rVW*^VYX�RÌaVRÍSyY�r�ceY

xk
� a?_O] � aVX�U p b�X�R�SVU�X$W*]*aVR�Wnr?_ aVRo_@S?_OUdceX$^VY�m�YOr � aVr�ceY�^VX$b�Y�]*aVf�ÎzX�bFÏOceW*Ro_

Ω∗
¢

Ð ceUe_OrVb�m�U�W*fhgOYÑ^VY`_O]*i�Y�U�WnceRkY��ºv�± p t?_Ob�Xh_O^VYZr?_Ob í X Û rVW*f�ÎzX�bk­kX�¹¡X@rVY�b Ù X�Y�U�X�Ro_Ob@­kX�¹ p jX�[\W*tVW*^?_k_@b�X�i�aVW*U�¢
Ò &
����� � ��� Þ¨Ó  �Ô ÓaÒ Ñ�~x�¼Õ �?Ö Ô Õ�Ð�×O�

Ø}Ù�Ú{Û�Ü�Ý�ÞVÚ |  ~ [ E0

^

ß�rVW*m�W~_O]*W Ý _OU�Ykm�X�r�ceU�Y�^VY�X�]*W*SVb�Ï�W*^VX p
x0

X5_@Ro_}ceU�W Ý ^VX�b�m�U�WnceY�Ue_@^VY�X�]*W*SVb�Ï�W*^VX p
Q0

p ^VXu�HY�U�Ro_@_ � aVX$Y�X�]*W*SVb�Ï�W*^VX®W*rVW*m�W~_}]!m�Y�r�ceX�rVà?_kS(Y�r�ceY�bFS(X�UdceX�rVm�X�r�ceX�b®_OY
m�Y�r � aVr�ceY{X�×Oáeâlã Ô}ä�å ã
Õ ! Ô ^VY�SVU�Y�tV]*X�Ro_z¢

ß�rVW*m�W~_O]*W Ý _OU�_ |O_}UeW ä |�X�]�]nÏ�i�W*mh_@±4æJv � UJ± � aVX$W*rV^VW*mh_k_@X�[\W*bdceç�rVm�W~_@^VX$aVRÌm�Y�rVX
rVYk|}_O]*Y�U

verdade
¢

è � � &
� ±4æJv � UJ±�
�
xk
W*r\�
_Om�c ç |�X�] �������R�Y�r�c"_OU�Ro_}ceU�W Ý

Gk
m�Y�RÌb�aVtVi�Ue_O^VW*X�r�ceX$^?_ObFU�X�bdceU�W*f�ÎzX�b._}ceWn|O_Ob�¢

��&(')� R�Y�r�c�_}U Gk

m�Y�RÌb�aVtVi�Ue_O^VW*X�r�ceX$^?_ObFU�X�bdceU�W*f�ÎzX�b._}ceWn|}_Ob�Ro_OW*b�b�aVtVi�Ue_O^VW*X�r�ceX$^?_Ob
�HaVrVf�ÎzX�b���Y�t � XlceWn|�Y

���+* �
�mh_O]*m�aV]~_OU
εk
rVYkW*r�ceX�U�W*Y�U�^VYkm�Y�rVX$^VX Û rVW*^VY�SyY�U

Gk

p b�W*R aV]nc"_OrVXh_ORkX�r�ceXJ|�X�U�W Û mh_OrV^VY
b�Xuc"_O]�m�Y�rVX

existe
¢

�
� m�Y�rVX
existe �������mh_O]*m�aV]~_OU�aVRé|�XlceY�U

ξ
^VX�r�ceU�Yk^VY�m�Y�rVXO¢

a\ceW*]*W Ý _}U�_ �HÏ�U�R@aV]~_�^VYkR�jlceYz^VYkX�]*W*SVb�Y�W*^?_O]!^VX � àVY�UFt?_Ob�Xh_O^?_krVY@|�XlceY�U −ξ S?_OUe__}cea?_O]*W Ý _OU�Ykm�X�r�ceU�Y�^VYkX�]*W*SVb�Ï�W*^VX p
xk+1

p X5_@Ro_}ceU�W Ý ^VYkX�]*W*SVb�Ï�W*^VX p
Qk+1

��&(')�±4æJv � UJ± ← falso

���+* �
�
���+* è � � &
�
í Xl|�X���b�XÑUeXlbebe_O]Éc�_}U p ceYz^?_h|zW~_ p4� aVXÑaVRo_`|�X ÝÑ� aVXÑr?gOYÁjo�HY�U�Ro_O]*W Ý _O^VY2Y  �Ô}ê âZë�â�ìFí�Ö;îe× p Y_O]*i�Y�U�WÉceR�Y¡SyYz^VXkr?gOYZm�Y�r�|�X�U�i�W*U � a?_OrV^VY`YZX�]*W*SVb�Ï�W*^VX W*rVW*m�W~_O]�r?gOYZm�Y�r�cej�R&ceY�^VYZYZm�Y�r � aVr�ceYZ^VX

î#î#ïeð#ð ñ�òtó%ôÃõ�ötô>÷ ø�ù{÷yúy÷[û ü¤ýtýtþ�ÿ ���^ñ	ï



���nï H D$8;G�2 0;?�ð�:�?SA3D H 6�+3ñ54"032@D 
{æ
b�Y�]*aVf�ÎzX�bFÏOceW*Ro_}b�¢

â.REX�[\X�R�SV]*Y�^VX�bdc"_��
_O]*à?_�^VXwm�Y�r�|�X�U�i�ç�rVm�W~_FjwX�[\W*tVW*^VY�r?_ Û i�aVUe_�å\¢n­L¹�S?_OUe_�SVU�Y�tV]*X�Ro_x|�XlceY�U�W~_O]
W*U�U�X�bdceU�WnceYu^VXF^Va?_Ob{�HaVrVflÎzX�b � a?_O^VU ä ceW*mh_Ob{m�Y�Ròm�X�r�ceU�Y�b�b�Y�tVU�XFY$X�WÉ[\Y

x1
¢Üè4_OUe_uY5X�]*W*SVb�Ï�W*^VX�W*rVW*m�W~_}]

E0

X�[\W*tVW*^VY
(E0 ∩ Ω∗) 6= ∅ ¢�vxY�R�YZS(Y�^VXkb�X�U$Y�tVb�X�Ud|O_O^VY p _OSyÏ�b$SyY�aVmh_Ob5WnceX�Ue_OflÎzX�b$YZX�]*W*SVb�Ï�W*^VX

Ek+1
r?gOYoRo_OW*b�m�Y�r�cej�R � a?_O] � aVX�UJSyY�r�ceY�^VYom�Y�r � aVr�ceYo^VX5b�Y�]*aVf�ÎzX�b.ÏOceW*Ro_Ob

Ω∗
p W*rV^VW*mh_O^VYkS(X�]~_

U�Xlc"_=m�Y�RóY�bÑR ç rVW*RkY�boW*U�U�X�bdceU�WnceY�bo^VX
fi(·)

W*rV^VW*mh_O^VY�boS(Y�UÑ_ObdceX�U�W*b�m�Y�b�¢ô±wR t(Y�Ue_8Y�X�[\X�R�SV]*Y
_ � aVWw_OSVU�X�b�X�r�c"_O^VYZr?gOYZ^VX Û r?_

E0 ⊃ Ω∗
p R�X�b�R�YÑS?_OUe_¡X�bdc"_Zm�Y�rV^VW*fhgOYÑW*rVW*m�W~_}]�YZR�jlceYz^VYÑSyYz^VX

_OSVU�X�b�X�r�c"_OUF�
_O]*à?_Ob�¢
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VOP: Elipse na iteracao k=5
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_a`eÿ � g���������	�

��	sh1g ������� e����"g
U.X�bdceXkv�_OS ç ceaV]*Yk�HY�Ue_OR´_OSVU�X�b�X�r�c"_O^?_Obu_ObF|O_OU�W~_Or�ceX�bJ^VYoR�jlceYz^VY�~x�¼Õ �?Ö Ô Õ
ë�×O� � aVX a\ceW*]*W��h_ORÌRo_OW*b
^VX$aVRé|�XlceY�UFb�aVt(^VWn�HX�U�X�rVm�W~_O]3S?_OUe_kYkm ä ]*m�aV]*Y@^VYkrVYL|�Y�X�]*W*SVb�Ï�W*^VXO¢

è4_OUe_ _�_}cea?_O]*W��h_OfhgOY5^VXÄ� Ô Ölã Ô ¸Z^?_�Ro_}ceU�W�� Qk+1
�HY�W(^VX�b�m�U�WnceY Y R�jlceYz^VY�^VX  �Ô á�ã�âÄX�×Oá�×O�*âl� ÔX�r � a?_Or�ceY � aVX�S?_OUe_`_`_}cea?_O]*W��h_OfhgOYÑ^VXK� Ô Ölã Ô O��HY�Ww^VX�b�m�U�WnceY2Y`R�jlceY�^VY`^VX  �Ô á�ã�âÑâ !  í ê # ×O¢
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Ek+1±wRòb�X ��� ç�rVmhW~_ p �HY�Wy_OSVU�X�b�X�r�c"_O^?_5Y5_O]*i�Y�U�WnceRkY�� Ô Õ*Ö��yí��! Oá�×�ëOÕPâ ê ã�â"Ö"�yí?î"â"Ö"ÖlÕ$# Ô Ö � aVXF^VXlceX�U�R�W*r?_ p^VX�r�ceU�Y�^?_0b�X ��� ç�rVm�W~_�^VXÁm�Y�r�|�X�U�i�ç�rVm�W~_ pJ� a?_O]®Y�R�X�]*àVY�Uom�Y�UdceXÁS(Y�b�b ç |�X�]uS?_OUe_=Y�W*rVm�U�X�R�X�r�ceY
^?_`m�Y�r�ceUe_OfhgOY2^VY`|�Y�]*aVR�Xk^VY2rVY;|�Y2X�]*W*SVb�Ï�W*^VX

Ek+1

¢Kâ.Ro_Z|}_OU�W~_OfhgOY`S?_OUe_`Yº_O]*i�Y�U�WÉceR�Y%� Ô Õ*Ö�yí��! Oá�×�ëOÕPâ ê ã�â"Ö&�yí?î"â"Ö"ÖlÕ$# Ô Ö p _ � a?_O],S(Y�b�b�W*tVW*]nWnc"_�a\ceW*]*W��h_OU�_@m�Y�rVbdceU�aVfhgOYo^VX$aVR  �Ô álã�â â !  í ê # ×� a?_OrV^VY2^?_ZX�[\W*bdceç�rVm�W*_`^VXk^Va?_Ob5U�X�bdceU�W*f�Î�X�b$|zW*Y�]~_O^?_Obub�W*R aV]nc"_OrVXh_ORkX�r�ceX@XlRqaVRo_ÑWnceX�Ue_OfhgOY p �HY�W
SVU�Y�S(Y�bdc"_\¢Gè�Y�U"'?Ré�HY�W�_OSVU�X�b�X�r�c"_O^VYoY |�} ã Ô ë Ô  �Ô}ê â ä ~x�¼Õ �?Ö Ô Õ
ë�×O��S?_OUe_@SVU�Y�tV]*X�Ro_Ob�|�XlceY�U�W~_OW*b�¢U.Y mh_OS ç ceaV]*Y5b�X�i�aVW*r�ceXJb�X�U ä _OSVU�X�b�X�r�c"_O^?_ aVRo_5U�Xl|zW*begOY�U�Xl�HX�U�X�r�ceX W b�m�Y�rV^VWnf�ÎzX�b�^VXJX('?m�W*ç�rVm�W~_
^VX ] aVàVrz�!)�aVm+*OX�U p b�X�U ä SVU�Y�S(Y�bdc"_�aVRo_�rVYL|}_Fm�Y�rV^VW*fhgOY�rVX�m�X�b�b ä U�W~_�X{b�a,'?m�W*X�r�ceX�^VXwW*r\�
_OmlceW*tVW*]nWn^?_O^VX
S?_OUe_ZSVU�Y�tV]*X�Ro_Ob$X�b�mh_O]~_OU�X�b5Xk|�XlceY�U�W~_OW*b � a?_Ob�WÉ��m�Y�r�|�X�[\Y�b p tyX�RTm�Y�R�YZc"_OR t(j�R&b�X�UegOY2^VX('?rVW*^VY�b
Y�b î Ô}ê â"Ö î Ô ! �(�*â ! â ê ãC×Oáeâ"Öl¢
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M .0J6EN3�9POIQ 36B�R .�7�B�D8.�D?E E -S9 = D8B�TVUWEXG
-S9YR /27:EXR E = 36.0J6EXG

U.X�bdceX.mh_OS ç ceaV]*Y$j._OSVU�X�b�X�r�c�_}^?_5aVRo_$U�Xl|zW*begOY5tVW*tV]*WnY�i�U ä '?mh_®U�Xl�HX�U�X�r�ceX W b�m�Y�rV^VW*f�Î�X�b�^VX.X('?m�W*ç�rVm�W~_
^VX ] aVàVrz�!)�aVm+*�X�U�¢ô±wRób�X�i�aVW*^?_ p WnrVW*m�W~_OR ��b�Xº_ObÑm�Y�r�ceU�W*tVaVW*f�ÎzX�bÑ^VXlb�c"_V)�X�b�X _=S?_OUdceW*U¡^VXÁaVR
SVU�Y�S(Y�bdc"_ p S(Y�U b�W*R�W*]*_OU�Wn^?_O^VXoX�bdceU�a\ceaVUe_O] W b m�Y�rV^VW*f�ÎzX�b@^VX¡X('?m�W*ç�rVm�W~_ p ^VX¡aVRo_ºrVY;|O_ºm�Y�rV^VW*fhgOY
rVX�m�X�b�b ä U�W~_kX$b�a,'?m�W*X�r�ceX5^VX$W*r\�
_OmlceW*tVWn]nW*^?_O^VX®S?_OUe_@SVU�Y�tV]*X�Ro_Ob�r?gOY}��]*W*rVXh_OU�X�b � a?_Ob�WÉ��m�Y�r�|�X�[\Y�b�¢

±wR b�X�i�aVW*^?_ p begOY=^VXZ'?rVW*^VY�b¡Y�b·î Ô}ê â"ÖÁî Ô ! �(�*â ! â ê ãC×Oáeâ"Ö px� a?_OrV^VY0^?_ r?gOY=be_}ceW*bd�
_OfhgOY8^?_Obm�Y�rV^VW*f�ÎzX�b�^VXxX('?m�W*ç�rVm�W~_.X�W*r\�
_OmlceW*tVWn]*Wn^?_O^VX p a\ceW*]*W��h_O^VY�b,S?_OUe_.m�Y�r�|�X�U�i�W*U�aVRo_Fb�X ��� ç�rVmhW~_J^VX�S(Y�r�ceY�b
S?_OUe_ ëV[ W ^ aVR S(Y�r�ceYº�
_Omlc ç |�X�] p X�R SVU�Y�tV]*X�Ro_Ob�^VX¡�
_OmlceW*tVW*]nWn^?_O^VX\[ [ W*W ^ aVR S(Y�r�ceYÁ^VYÁm�Y�r � aVr�ceY
X�×Oáeâlã Ô}ä�å ã
Õ ! Ô p X�RÀSVU�Y�tV]*X�Ro_Ob.^VX�YOceW*R�W��h_OfhgOY p Y�a [ W*W*W ^ aVRÀSyY�r�ceY¡X�R � aVX X�[\W*bdc"_¡_om�Y�rV^VW*fhgOY
rVX�m�X�b�b ä U�W~_Ob.X$b�a,'?m�WnX�r�ceX�b.^VX$W*r\�
_OmlceW*tVWn]nWn^?_O^VX [ ß»U Ë ^ ¢�2_OW*Y�U�X�b®^VXlc"_O]*àVX�bub�Y�tVU�X Y�b®ceX�Ro_ObJceUe_}c"_O^VY�b®r?_Ob®b�X�f�ÎzX�b5_OSVU�X�b�X�r�c"_O^?_OburVX�bdc"X@mh_OS ç ceaV]*YoS(Y}�
^VX�R b�X�U¡m�Y�rVb�X�iOaVW*^VY�b¡r?_Ob¡U�Xl�HX�U�ç�rVm�W~_}b [ )�Y�S�*�W*b^]?_{X�W*rVYOc�cº­ªæ µ % p�` _\�h_OUe_�_A] � àVXlc�c!a�­�æ�%{æ p
bFYzm+*}_}�HXl]*]~_OU r3¢ ^3¢ p vxà?_Or�*OY�rViA]dcJ_OW*R�X�bÑ­�æ�Ä J\pfe aVX�r�t(X�U�i�X�UZ­hg�Ä JVpf` X�rVb�Y�r ­hg�Ä JVpi` X�rVb�Y�rX]
Ð *�b�Yha ­hgjg\­ p �`W*Xlc�ceW*rVX�r`r3¢ ^3¢ pF� X�U�i�W*X�r�*OY p4e X�t(X�^VXl|}_�] � X�R�X�rVYL|}_¡¹ ê�ê�ê\p Ð ^lkOrm]íU.Y;|�Y¡¹ ê�êjn\p
)ü_\*L_Oà?_Ob�àVWü¹ ê�êjn�^ ¢

b1`�o p �ºe�q gah���rts�g
� bxm�Y�rVm�X�WnceY�b�^VXJYOceW*Ro_O]nWn^?_O^VX.X®X('?mlW*ç�rVm�W~_�S(Yz^VX�R b�X�U�^VX('?rVWn^VY�b�Ro_}ceX�Ro_}ceWnmh_OR�X�r�ceX.S(Y�Ux^VWn|�X�U��
be_Ob$�HY�U�Ro_Ob [ c.X�W*rVi ­ug�Ä�¹ pve aVm�r3¢ ^3¢ p �`W*Xlc�ceW*rVX�r r3¢ ^3¢ p )ü_\*}_Oà?_Ob�àVWx¹\wjw n�^ ¢o±wb�c"_�)�X�b�Xoj�SVU�W*rVm�WÉ�
S?_O]*R�X�r�ceXkt?_Ob�Xh_O^?_`r?_Z^VX('?rVW*fhgOY`^VY2m�Y�rVX�^VX�^VW*U�X�f�ÎzX�b$�
_Omlcyxn|�X�W*b$SVU�Y�SyY�bdceY2S(YOU [ �`W*Xlc�ceW*rVX�rA]
�Kz\*OX�]{z�¹\wjw\­ ^ XF^VX�U�Wn|O_O^?_$^VY5m�Y�rVXFm�Y�r�ceW*rVi�X�r�ceXF^VX('?rVW*^VY5S(Y�U [ bFY�m+*}_}�HX�]*]~_OU4r3¢ ^3¢ ^ ¢{±wR t(Y�Ue_ur?gOY

µ ­
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X�[\SV]*W*m�Wnc"_OR�X�r�ceX@U�Xl�HX�U�X�rVm�W~_O^?_Ob5SyY�U [�� W~_Ob�¹\wjw n�^�p _ � X('?rVW*fhgOY8­ [ SlkOi�W*r?_6� n�^ X�_ � X('?rVW*fhgOYÁ¹
[ SlkOi�W*r?_
� J9^ begOY�^VX�U�Wn|}_O^?_ObF^VY�bFm�Y�rVX�bFb�aVSVUe_Om�Wnc"_O^VY�b�¢
Ð _OrlkO]*W*b�X{X�bdceU�a\ceaVUe_O]\^?_Obüm�Y�rV^VW*f�Î�X�bü^VX�X('?mlW*ç�rVm�W~_J^VX ] aVàVrz�!)�aVm+*OX�U [(] )F± ^ SyX�U�R�WnceX�SVU�Y�S(Y�U

S(Y�U4b�W*R�W*]*_}U�W*^?_}^VXxaVRo_®rVY;|O_J|zW*begOYu^VX�aVRo_®m�Y�rV^VW*fhgOYurVX�m�X�b�bykOU�W~_uX�b�a,'?m�W*X�r�ceXF^VX�W*r\�
_OmlceW*tVW*]nWn^?_O^VX
[ ß»U Ë ^ S?_OUe_`SVU�Y�tV]*X�Ro_Ob$r?gOY}��]*WnrVXh_OU�X�b5X�b�mh_}]~_OU�X�b�X�|�XlceY�U�W~_OW*b$X�bdceU�Wnc"_OR�X�r�ceX � a?_Ob�WÉ��m�Y�r�|�X�[\Y�b�¢ ÐSVU�W*rVm�W*S?_O]�W*^VjlW~_ÁjZmh_OUe_OmlceX�U�W��h_OU@W*r\�
_OmlceW*tVWn]nWn^?_O^VXÑm�Y�R�Y·_·W*R�S(Y�b�b�W*tVWn]nWn^?_O^VXÑ^VX`_O]*mh_OrVfh_OU@b�W*R aV]É�
c"_OrVXh_OR�X�r�ceX¡|}_O]*Y�U�X�b R�X�rVY�U�X�b@S?_OUe_Á_Ob@U�X�bdceU�W*f�Î�X�b � aVXZb�XÑX�rVm�Y�r�ceUe_OR |zW*Y�]~_O^?_Ob�¢�U.X�bdceXÑmh_Ob�Y p
_·X�[\W*bdceç�rVm�W~_ ^VXZaVR S(Y�r�ceY p rVY � a?_O]�X�bdc�_·W*R�S(Y�b�b�W*tVW*]nWn^?_O^VXÑY�m�Y�U�U�X p SyYz^VX`b�X�U�mh_OUe_OmlceX�U�W��h_O^?_
S(Y�U aVRo_2m�Y�rV^VW*fhgOYÁ_ � aVW�^VX�rVY�R�W*r?_O^?_2m�Y�RkYÁß»U Ë ¢ Ð b�b�W*R p _ºm�Y�rV^VW*fhgOYÁß»U Ë SyYz^VX¡beXlU@W*r�c"XlUd�SVU�Xlc"_O^?_0m�Y�R�Y�aVRo_=b�W*R�SV]*X�bÑ_O^?_OS\c"_OfhgOY�^?_Ob¡ceUe_O^VW*m�W*Y�r?_OWnb¡m�Y�rV^VW*f�ÎzX�b ] )F±�� [ vxà?_Or�*OY�rVi�]
cJ_OW*R�X�bu­hgOÄ J9^ ¢

vxY�R�Y beXlU+k R�Y�bdceUe_O^VY r?_ b�X�fhgOY J ¢�¹ p _ r?gOY be_}ceW*bd�
_OfhgOY ^VXº_OR t?_Ob�_Obom�Y�rV^VWnf�ÎzX�b ] )F±òX
ß»U Ë X�R&aVR&S(Y�r�ceY`^VX('?rVW*UykÑY�boî Ô}ê â"Ö¡î Ô�� �(�*â � â ê ãC×Oáeâ"Öl¢ ±wbdceX�b5m�Y�rVX�b p ^VX('?rVW*^VY�b$S(Y�U®|�XlceY�U�X�bb�aVt(^VWn�HX�U�X�rVm�W~_OW*b � aVX2b�X�UegOY8a\ceW*]*W��h_O^VY�b@S?_OUe_·ceX�bdc"_OUo_Ob�m�Y�rV^VW*f�ÎzX�b ] )F±òX2ß»U Ë p U�X�SVU�X�b�X�r�c"_ORU�X�i�W*ÎzX�b{^VY�X�b�S?_Of�Y r?_Ob � a?_OW*bx_Ob�m�Y�rV^VW*f�ÎzX�b ] )F± p ß»U Ë p Y�a¡_OW*rV^?_u�
_OmlceW*tVW*]nWn^?_O^VX p S(Yz^VX�UegOY5Yzm�Y�U��U�X�U�¢ � Xlb�c"_Ñ�HY�U�Ro_ p X�bdceX�b5m�Y�rVX�b5S(Yz^VX�R&b�X�U5a\ceW*]*W��h_O^VY�buS?_OUe_ÑX�bdc"_Ot(X�]*X�m�X�U5X�[\ml]*aVbegOY2^VXkU�X�i�W*ÎzX�b
^VY¡X�b�S?_Of�YÑX�m�U�W~_OUJ_O]*i�Y�U�WÉceRkY�b � aVX p ^VX5�HY�U�Ro_�^VXlceX�U�R�Wnr�x*bdc"Wnmh_ p ceX�U�R�W*r?_OUegOY�X�R6� [ W ^ aVRÀSyY�r�ceY
�
_Omlcyxn|�X�] p X�R²SVU�Y�tV]*X�Ro_Ob{^VX.�
_OmlceW*tVW*]*Wn^?_O^VX\[ [ W*W ^ aVR²SyY�r�ceY�^VY�m�Y�r � aVr�ceY.X�×Oáeâlã Ô}ä�å ã
Õ �oÔ p X�R²SVU�Y}�
tV]*X�Ro_ObF^VX5YOceW*R�W��h_OfhgOY p Y�a [ W*W*W ^ aVRÍSyY�r�ceY�X�R � aVX5X�[\W*bdc"_o_km�Y�rV^VW*fhgOY�rVX�m�X�b�bykOU�W~_�X5b�a,'?m�W*X�r�ceX
^VX$W*r\�
_OmlceW*tVWn]*Wn^?_O^VX p S?_OUe_k_OR t(Y�b�Y�b�ceW*SyY�b�^VX$SVU�Y�tV]*X�Ro_Ob�¢

� m�Y�rVm�X�WnceY@^VY�b�î Ô}ê â"Ö�î Ô�� �(�*â � â ê ãC×Oá"â"Ö � aVX$jua\ceW*]*W��h_O^VY@_ � aVW3^VX®�HY�U�Ro_ _OrlkO]*Y�i�_ _OY ceUe_O^VWÉ�m�W*Y�r?_O](mlY�r � aVr�ceY ^VX®^VW*U�X�f�ÎzX�b��
_Omlcyxn|�X�W*b [ WP¢ XO¢ p ^VY W*rVi�]*ç�b�A�âe×LÖlÕ����*â$ëOÕ1áeâ"îlã
Õ Ô}ê Ö;âlã ^ S?_OUe_�YOceW*R�W��h_OfhgOYR�Y�rVY}��Y�t � XlceWn|�Y [ )�Y�S�*�W*b�]�_{X�W*rVYOc�cJ­hg µ��zp�` _\�h_OUe_�_�] � àVXlc�c�a`­hg � g p�e aVX�rztyX�U�i�X�U®­hg�Ä JVp �`W*Xlc�ceWÉ�
rVX�r�] �Kz\*�Xl]{z ¹\wjw\­ ^�p Y � a?_O](^VX�aoY�U�W*i�X�Rô_OY�b�R�jlceYz^VY�b{^VXJSVU�Y � X�fhgOY [ WP¢ XO¢ p ^VY�W*rVi�]*ç�b �(á Ô : â"îlã
Õ$#Oâ
� âlã$� Ô ëLÖ ^ ¢{±wbdceX�bFR�jlceYz^VY�b�^VX$SVU�Y � X�fhgOYkb�X$t?_Ob�X�W~_ORÌr?_@SVU�Y � X�fhgOYk^VX$aVRÌS(YOr�ceYk^VX�r�ceU�Y�^VXu^VX��
ceX�U�R�W*r?_O^VY�b�m�Y�r � aVr�ceY�b�¢ UJ_k_OrlkO]*W*b�X®m�Y�r�|�X�[V_�R�Yz^VXlUer?_@_@SVU�Y�i�Ue_ORo_OfhgOY m���rVW*mh_ [ WP¢ XO¢ p ^VYkW*rVi�]*çlb
î Ô}ê ÕPî �(á Ô  Oá�× ��� Õ ê  ^ ceX�R¯b�W*^VY®X�bdceU�a\c"aVUe_O^?_®m�Y�R¯t?_Ob�X�X�R¯m�X�UdceY�bwm�Y�rVX�b � aVX�m�Y�r�ceç�R¯m�Y�r � aVr�ceY�b
m�Y�r�|�X�[\YOb [�` X�rz�!)�_O]i] U.X�R�W*U�Y;|zb�*�Ww¹\wjw\­ ^ ¢J±wbdceX��
_}ceYoceX�RÀSyX�U�R�WnceW*^VYo_oX�[zceX�rVbegOYZ^VX�^VWn|�X�U�b�Y�b
U�X�b�aV]nc"_O^VY�bu^?_ÑSVU�Y�i�Ue_ORo_OfhgOY¡]*W*rVXh_OU®S?_OUe_¡SVU�Y�tV]*X�Ro_Ob®m�Y�r�|�X�[\Y�b5i�X�Ue_OW*b p W*rVm�]*aVW*rV^VY¡U�X�]~_Of�ÎzX�bu^VX
^Va?_O]*W*^?_O^VXO¢�)ü_OR t(j�RÍceX�R´S(X�U�R�WnceW*^VY�_oi�X�rVX�Ue_O]*W��h_OfhgOY�^VY¡R�jlceY�^VYo^VX SyY�r�ceY�bJW*r�ceX�U�W*Y�U�X�b.S?_OUe_
_ b�Y�]*aVfhgOY ^VX2SVU�Y�tV]*X�Ro_Obkr?gOY}��]*W*rVXh_OU�X�bkm�Y�r�|�X�[\Y�b [ U.X�bdceX�U�YL| p )�Yz^V^X]���X8­hgjgjg p�` X�rz�!)ü_O]�]
U.X�R�W*U�Y;|zb�*�W�¹\wjw\­ ^ ¢ � b5î Ô}ê â"Ö5î Ô�� �(�*â � â ê ãC×Oáeâ"Öu_ � aVW!X�R�SVU�X�i�_O^VY�b�begOY U�X�]~_Om�W*Y�r?_O^VY�bx_OY�bxm�Y�rVX�bc"_OrVi�X�r�ceX�b [ WP¢ XO¢ p ^VYkW*rVi�]*ç�buãC× ê  �â ê ã�î Ô}ê â"Ö ^ ^?_�_OrlkO]*Wnb�Xum�Y�r�|�X�[V_\¢

�!�����l���1�
�5�L���C�����u�;� �l�J���l�}�;�����h���.�;���w�����}�� h�$�i�¡ L�h�{¢,�}� R �d�F�}���C�@���P� ����� ���L�l�;�5�L�o�d�l�
���;���L�P�l�L� �d���l����l�L�Z�~�l�h£1���P� �l����¤��t�L�9�d�l�
�x�}���
�P�����L�������L�l�����l�}�;�����;���:�f¢:¥ �
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U.Y�m�Y�r�ceX�[zceYo^?_@YOceW*R�W��h_Ofhg}Y |�XlceY�U�W~_O] p m�Y�rVm�X�WnceY�b._OrlkO]*Y�i�Y�bxceX�RÍb�W*^VYkX�R�SVU�X�i�_O^VY�bFrVY�X�bdc+kL�

i�W*Y$^VXF^VX�m�W*begOY�^VXFSVU�Y�tV]*X�Ro_Obw^VX.SVU�Y�i�Ue_ORo_OfhgOY$]nW*rVXh_OU [�` X�rVb�Y�r2­hg�Ä JVp�` XlrVbeYOr�] Ð *�b�YhaZ­hgjg\­ ^�p
S?_OUe_ÑYZSVU�Y�S(Ï�b�WnceYZ^VXkmh_}U"_}mlceX�U�W��h_OfhgOYZ^VXkm�Y�rV^VW*f�ÎzX�b � aVX�^VXlbemlUeX�|O_OR _ÑX�[\W*bdceç�rVm�W~_Ñ^VXkb�Y�]*aVf�ÎzX�b
X('?m�W*X�r�ceX�b�X�RòSVU�Y�tV]*X�Ro_}bwr?gOY}��]*WnrVXh_OU�X�b [�� X�U�i�W*X�r�*�Y$Xlc�_O]P¢�¹\w\wjw ^�p Y�akS?_OUe_u^VXFb�Y�]*aVf�Î�X�b{X('?m�W*X�r�ceX�b
[ Ð ^lkOrm]íU.Y;|�YÑ¹\wjw n�^ ¢fU.X�bdc"_I)�X�b�X�Y�b@î Ô}ê â"Ö@î Ô�� �(�*â � â ê ãC×Oáeâ"Ö5begOYo_OSVU�X�b�X�r�c"_O^VY�bJm�Y�R�YkY�t � X��ceY�bum�Y�R�SV]*X�R�X�r�c"_OU�X�bu_Ob�b�Yzm�W~_O^VY�b W r?gOYZbe_}ceW*bd�
_OfhgOYÑ^?_Ñm�Y�rV^VW*f�Î�X�b$^VX@X('?m�W*ç�rVm�W~_ ] )F± rVX�R&^?_
m�Y�rV^VW*fhgOYk^VX$W*r\�
_OmlceW*tVWn]*Wn^?_}^VXuß»U Ë ¢Ð b$m�Y�rV^VW*f�Î�X�b ] )F± begOYÑ|�X�U�W�'?mh_O^?_Ob p X�R&SVU�Y�tV]*X�Ro_ObJ�
_Omlcyxn|�X�W*b p X�R&SyY�r�ceY�buX('?m�W*Xlr�ceX�b$S(X�U��
ceX�rVm�X�r�ceX�b¡_OY·m�Y�r � aVr�ceYxX�×Oáeâlã Ô}ä�å ã
Õ �oÔ ¢ Ð m�Y�rV^VW*fhgOY·^VXÑW*r\�
_OmlceW*tVW*]nWn^?_O^VX p ^?_O^?_·_Áb�a?_Á�HY�U�Ro_
b�W*R�W*]*_OUuX�RqX�bdceU�a\ceaVUe_ W b5m�Y�rV^VW*f�ÎzX�b ] )F± p begOY`|�X�U�W�'?mh_O^?_Ob5X�RTaVRqm�Y�r � aVr�ceY2^VXoSyY�r�ceY�b5r?gOY
m�Y�r�|�X�[\Y\¢ � Y�tÁ_�m�Y�rV^VW*fhgOY¡^VX � aVX Y¡r�ÂVR�X�U�Y¡^VX5�HaVrVf�ÎzX�b���Y�t � XlceWn|�Y¡WnrV^VX�S(X�rV^VX�r�ceX�bub�X � _¡Ro_OW*Y�U
� aVXx_�^VW*R�X�rVbegOYF^VYFX�b�S?_Of�YJ^VXw|}_OU�W{k;|�X�W*b p be_Ot(X���b�X � aVX{Y.m�YOr � aVr�ceYSX�×Oáeâlã Ô}ä�å ã
Õ �oÔ SyY�b�b�aVW�|�Y�]*aVR�Xr?gOYÃ��X�U�Y [ vxà?_Or�*OY�rVi�]ÄcJ_OW*R�X�b5­hg�Ä J9^ ¢ Ð r?_O]*Y�i�_OR�X�r�ceX p Y�bJS(Y�r�ceY�bJrVY�b � a?_OW*b.begOYo|�X�U�W�'?mh_O^?_Ob
_ºm�Y�rV^VW*fhgOYÁ^VXÑß»U Ë ^VXlceX�U�R�W*r?_OR aVR m�Y�r � aVr�ceYÁ^VX¡|�Y�]*aVR�X¡r?gOYÅ��X�U�Y � a?_OrV^VY·YÁr�ÂVR�X�U�YÁ^VX
U�X�bdceU�W*f�ÎzX�b�|zW*Y�]~_O^?_Ob�j$Ro_OW*Y�U � aVX�_@^VW*R�X�rVbegOY@^VY�X�b�S?_Of�Y�^VXu|O_OU�W{kh|�XlW*b�¢

Æ.R´U�X�b�aV]nc"_O^VY�ceUe_O^VW*m�W*Y�r?_O]3^?_�SVU�Y�i�Ue_ORo_OfhgOY�]*W*rVXh_OU�j _�m�Y�rVbdceU�aVfhgOY¡^VX5m�X�UdceW�'?mh_O^VY�bJ^VX�W*rz�
�
_OmlceW*tVW*]nWn^?_O^VX [ WP¢ XO¢ p ^VY0W*rVi�]*ç�b Õ ê A�âe×LÖlÕ���Õ1�¼Õ1ã�Ç î"âlá�ã
Õ � îe×Oã�â"Ö ^ t?_}beX�_O^VY�bÑr?_0rVY�fhgOY0^VXÁ^Va?_O]*W*^?_O^VX[�e aVX�r�t(X�U�i�X�U5­hg�Ä JVpÈ` X�rz�!)ü_O]v]ÞU.X�R�W*U�YL|zb�*�W�¹\wjw\­ ^ ¢�U._�]*WnceX�Ue_}ceaVUe_ U�X�m�X�r�ceX�b�Y�tVU�X�_OrlkO]*W*b�Xum�Y�rz�
|�X�[V_ p _O]*i�aVrVbum�X�UdceW�'?mh_O^VY�b$^VX�W*r\�
_OmlceW*tVWn]nWn^?_O^VX ceç�R&b�W*^VYZY�t\ceW*^VY�b$S?_OUe_Z_ZSVU�Y�i�Ue_ORo_OfhgOYÑm���rVW*mh_
S(Y�UwR�X�W*Y$^VXF^Va?_O]*W*^?_O^VX�m���rVW*mh_ [ WP¢ XO¢ p ^VY5W*rVi�]*ç�b�î Ô}ê ÕPîJëOíV×O�¼Õ1ã�Ç ^C[ U.X�bdceX�U�Y;|kXlcx_O]P¢V­hgjgjg p�` X�rz�!)ü_O]]MU.X�R�W*U�Y;|zb�*�W�¹\wjw\­ ^ ¢ Ð m�Y�rV^VW*fhgOYZß»U Ë p _ � aVWwSVU�Y�S(Y�bdc"_ p j@X � aVWn|O_O]*X�r�ceX�_ÑaVR&m�X�UdceW�'?mh_O^VYZ^VX
W*r\�
_OmlceW*tVWn]*Wn^?_O^VXJX�RéX�b�S?_Of�Y�b.^VXu^VW*R�X�rVbegOY�'?rVWnc"_ X$_OSVU�X�b�X�r�c"_�_ beWnrVi�aV]~_OU�W*^?_O^VXJ^VX$b�X�U�^VX�U�Wn|O_O^?_
aVrVW*mh_OR�X�r�ceXº^VXº|}_OU�W{kh|�X�W*boSVU�W*Ro_OW*b�¢ÉbFX�b�be_O]nc"_L��b�XÁ_OW*rV^?_ � aVX·_=m�Y�rV^VW*fhgOY0ß»U Ë jºSVU�YL|zW*^?_8^VX
aVRo_kX�bdceU�a\ceaVUe_oS?_OUdceW*m�aV]~_OU p _ � a?_O]�b�X�Uyk�^VW*b�m�a\ceW*^?_�r?_Ob.SVU�Ïh[\W*Ro_ObFb�X�f�ÎzX�b p t(X�R´m�Y�R�Y � aVX�X�bdc"_
U�X�i�W~gOYÑS(Yz^VX�UykZb�X�U$SVU�Yzm�aVUe_O^?_Zm�Y�Rq_O]*i�Y�U�WÉceRkY�b [(] W�ÊFW*X�]�­hgjg�� p�e W~_OY�]Ë)�Yz^V^ ­hgjg µ\pvÌ Y\Í�rA]
_®W~_O]4­hgjg\g p�� àVY�U$­hg �j��^ a\ceW*]*W��h_O^VY�b�S?_OUe_@SVU�YzmlaVU"_}U._@U�X�i�W~gOY �
_Omlcyxn|�X�]P¢

b1`yÎ Ï �tÐK��Ñ�rts�g h �Ò� g���h�Ñ�rts�g h�� p ��Ó � � evÑ(Ô�Ñ(��Ñvh � h��
� SVU�Y�tV]*X�Ro_ [ ­�¢ Ä ^ b�X�Uykk_ � aVW!ceUe_}c"_O^VY@XujuU�X�SVU�X�b�X�r�c"_O^VYo_Ot?_OWÉ[\Y S?_OUe_k_ m�Y�R�Y�^VW*^?_O^VX®^VY@]*X�WnceY�U��

min f(x)
[
J ¢n­ ^

s.a. Ω∗ = {x∗ ∈ Ω | @x ∈ Ω tal que f(x) ≤ f(x∗) e f(x) 6= f(x∗)}

Ω = {g(x) ≤ 0 | x ∈ Rn}
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µ=J |+Õ()�Ö�Gh×(Ø*':Ø{Á{Ø@AÙÖ�AÙÚ
}�?+×7EuØ�×ZÖ�~v��Ö�E�Ú¡×7D��+�Û×(Ø{Ü�Ö�Á{Ø@AÙÖ�AÙÚIÚ H D,Õ;A:Ø��LðlÚ�? H D,ÜZ+:Á�Ú\Ü�Ú\Õ,×ZÖ�E�Ú�?
Y�rV^VX p

f(·) : Rn 7−→ Rm X
g(·) : Rn 7−→ Rp ¢

vxY�rVb�W*^VX�U�X`Y SVU�Y�tV]*X�Ro_Á^VX�b�m�U�WnceY SyY�U [
J ¢n­ ^ ¢ � Y�t � XlceWn|�Y·SVU�W*rVm�W*S?_O]�^VX`aVR SVU�Y�tV]*X�Ro_Á^VX
YOceW*R�W��h_OfhgOY$|�XlceY�U�W~_O](jJX�rVm�Y�r�ceUe_OU�_O]*i�aVRôSyY�r�ceY

x∗ ∈ Ω∗
� aVX®^VX�b�m�U�Xl|}_@Y R�X�]*àVY�U{m�Y�R�SVU�Y�R�W*b�b�Y

X�r�ceU�X@_ObJ^VWn�HX�U�X�r�ceX�bJ�HaVrVf�Î�X�b���Y�t � XlceWn|�Y � aVX ^VX('?rVX�R
f(·) ¢Jß�bdceYoc"_OR t(j�R´b�W*i�rVW�'?mh_ � aVX r?gOY¡X�[��

W*bdceX5Y�a\ceU�YoS(Y�r�ceY
x ∈ Ω∗

rVY � a?_O]ü_O]*i�aVR�_@�HaVrVfhgOY}��Y�t � XlceWn|�Y
fj(·)

^VY�|�XlceY�U
f(·) SyYz^VX5ceX�UJb�X�a|O_O]*Y�UkR�X�]*àVY�Ue_O^VY px� a?_OrV^VY=m�Y�R�S?_OUe_O^VY8_OY |O_O]*Y�U

fj(x
∗)
p b�X�Ró_ SVW*Y�Ue_·^VY8|}_O]*Y�U�^VXº_O]*i�aVRo_

Y�a\ceUe_`�HaVrVfhgOY}��Y�t � XlceWn|�YºSVU�X�b�X�r�ceXÑrVYºR�X�b�R�Y2|�XlceY�U
f(·) ¢ � m�Y�r � aVr�ceYÁ^VY�b SyY�r�c"YOb � aVXÑ_OSVU�X��

b�X�r�c"_ORÀX�bdc"_omh_OUe_OmlceX�U�x*bdceW*mh_kj�m"à?_ORo_O^VYom�Y�r � aVr�ceYIX�×Oáeâlã Ô}ä�å ã
Õ �oÔ Y�a X�×Oáeâlã Ô p Ω∗ p X�b�X�aVb®S(Y�rz�ceY�b®begOYZm"à?_ORo_O^VY�b®^VX@b�Y�]*aVf�ÎzX�b�X�×Oá"âlã Ô}ä�å ã
Õ �oÔ p X('?m�W*X�r�ceX�b p r?gOY}��^VY�R�Wnr?_O^?_ObJY�aÁr?gOY}��W*r\�HX�U�W*Y�U�X�b[�e aVm�r3¢ ^3¢ p �`W*Xlc�ceW*rVX�r8r3¢ ^3¢ p )ü_\*L_Oà?_Ob�àVW�¹\wjw n�^ ¢ � m�Y�rVm�X�WnceY2^VX�^VY�R�W*rlÝOrVm�W~_Ñjo_OSVU�X�b�X�r�c"_O^VYÁ_
b�X�i�aVW*UF_kS?_}U�ceW*U�^?_@b�X�i�aVW*r�ceXurVYOc"_OfhgOY��

w ≺ y
�¯Þ³Y�S(X�Ue_O^VY�U ≺ b�Y�tVU�X w X

y ∈ Rn c"_O] � aVX w(i) ≤ y(i) ∀ i = 1, . . . , nX
w(j) < y(j)

S?_OUe_�_O]*iOaVR
j = 1, . . . , n

¢
w 6≺ y

�¯Þ³rVX�i�_OfhgOY�^VX
w ≺ y

¢
w Â y

�¯Þ³Y�S(X�Ue_O^VY�U Â b�Y�tVU�X w X
y ∈ Rn c"_O] � aVX w(i) ≥ y(i) ∀ i = 1, . . . , nX

w(j) > y(j)
S?_OUe_�_O]*iOaVR

j = 1, . . . , n
¢

w 6Â y
�¯Þ³rVX�i�_OfhgOY�^VX

w Â y
¢

	�ß 
ià�á ����âVã ä � Ô�� Õ ê4äOê îlÕ
×��t�$Õ5� ä Ö;âJ<�í?â Ô � Ô}ê ã Ô x1

ë Ô�� Õ ê × Ô � Ô}ê ã Ô x2

Ö;â
f(x1) ≺ f(x2)

P

Ð b�b�W*R p S?_OUe_ZY2SVU�Y�tV]*X�Ro_Z^VX('?rVW*^VY2S(Y�U [
J ¢n­ ^ X�aVRTSyY�r�ceY � a?_O] � aVX�U
x̄
p aVRo_`^?_Ob � a?_}ceU�Y

m�Y�rV^VW*f�ÎzX�b._Ot?_OWÉ[\Y@W*Uyk@Y�m�Y�U�U�X�U��
å 7 B

x̄ ∈ Ω∗
p Y � aVX$b�W*i�rVW�'?mh_ � aVX5_Ob�m�Y�rV^VW*f�ÎzX�b�^VXuX('?m�W*ç�rVm�W~_ ] )F± begOYkbe_}ceW*bd�HX�Wnc"_Ob [ vxà?_Or�*OY�rVi

]�cJ_OW*R�X�bu­hg�Ä J9^�p Y�a p S?_OUe_k_O]*i�aVR
λ ∈ Rm X

µ ∈ Rp �

[(] )F± ^




λTF (x̄) + µTG(x̄) = 0

λ Â 0 , µ ≥ 0

gj(x̄) ≤ 0 ;∀ j = 1, . . . , p

µ(i)gi(x̄) = 0 ; ∀ i = 1, . . . , p

[
J ¢�¹ ^

Ð '?i�aVUe_ J ¢n­�_OSVU�X�b�X�r�c"_�aVRo_kW*]*aVbdceUe_OfhgOY@^VX5aVRÍS(Y�r�ceY
x∗
� aVX�be_}ceW*bd�
_\�5_ObFm�Y�rV^VW*f�ÎzX�b.^VX

X('?m�W*ç�rVm�W~_¡^VX ] aVàVrz�!)�aVm+*OX�U�¢�vxY�R�YÑS(Yz^VX@b�X�Uu|zW*bdceYÑi�X�Y�R�XlceU�W*mh_OR�X�r�ceX p X�[\W*bdceX@aVR&m�Y�rz�
� aVr�ceYk^VXuR aV]nceWnSV]*Wnmh_O^VY�U�X�bxr?gOY@rVX�i�_}ceWn|�Y�b

λ
p
µ
p c"_O] � aVX

(λ(1)∇̄f1(x∗) + λ(2)∇̄f2(x∗) +
µ(1)∇̄g1(x∗) + µ(2)∇̄g2(x∗)) = 0

¢
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����½^¾ Ú¡¿�ÕÙØ��¡À�DIAÙÖ H D,Õ;A:Ø��¡À�D�AÙÚI|+Õ()�Ö�Gh×(Ø*':Ø{Á{Ø@AÙÖ�AÙÚ µ �

g1(x) > 0

g1(x) < 0

g2(x) < 0

Curvas de

nível de f1(x)

x*

g2(x) > 0

*)(1 xfÑ
*)(2 xfÑ

*)(1 xgÑ

*)(2 xgÑ

Curvas de

nível de f2(x)

 �¡ ¢�£�¤@¥çæ9§¼»�©�ª(«T¬9­c®c¯±°v²7³v´�µ�¶f¬�¸ï¿$´v¾=®»´
x∗
÷�¬9¶�­±°)®c¹R­ « °�ø�è"éfêàÓ

å�ë B
x̄ ∈ Λ

p m�Y�R
Λ
^VX('?rVW*^VY�m�Y�R�Y@Y�mlY�r � aVr�ceYk^VX5SyY�r�c"YObFrVY�b � a?_OW*b��

[ ß»U Ë ^




∃ i | gi(x̄) > 0

µTG(x̄) = 0

µ Â 0

gj(x̄) < 0 ⇒ µj = 0

[
J ¢ n�^

S?_OUe_k_O]*i�aVRéR aV]nceWnSV]*Wnmh_O^VY�U
µ ∈ Rm ¢

Ð '?i�aVUe_ J ¢�¹$_OSVU�X�b�X�r�c"_5aVRo_uW*]*aVbdceUe_OfhgOY$^VX.aVRôSyY�r�ceY
xk
m�Y�RòceU�ç�b�U�X�bdceU�W*f�Î�X�b{|zW*Y�]~_O^?_ObwX

� aVX{be_}ceW*bd�
_\�{_Ob�m�Y�rV^VW*f�Î�X�b,S?_OUe_�W*r\�
_OmlceW*tVWn]nWn^?_O^VXO¢üvxY�R�Y�S(Y�^VX{b�X�U�|zW*bdceY�i�X�Y�R�XlceU�W*mh_OR�X�r�ceX p
X�[\W*bdceX5aVRÌm�Y�r � aVr�ceYo^VX$R@aV]nceWnSV]*Wnmh_O^VY�U�X�b�SyY�b�WnceWn|�Y�b

µ(1) > 0
p
µ(2) > 0

X
µ(3) > 0

p c"_O]
� aVX

(µ(1)∇̄g1(xk) + µ(2)∇̄g2(xk) + µ(3)∇̄g3(xk)) = 0
¢

å�ì B
x̄ ∈ Ω

X
x̄ 6∈ Ω∗

¢
å�í B

x̄ 6∈ Ω
X
x̄ 6∈ Λ

¢
Æ.R X�[\X�R�SV]*Y p rVY � a?_O]�rVX�R _Ám�Y�rV^VW*fhgOY·^VX`W*r\�
_OmlceW*tVWn]nWn^?_O^VX¡ß»U Ë rVX�R _·m�Y�rV^VW*fhgOY·^VX
X('?m�W*ç�rVm�W~_o^VX ] )F± begOYZ_}ceX�rV^VW*^?_ObJrVYÑS(Y�r�ceY

x̄k
p j X�[\W*tVW*^VY¡r?_Ã'?i�aVUe_ J ¢ n ¢5vxY�R�Y¡SyYz^VX

b�X�U5Y�tVb�X�Ud|O_O^VY p r?gOY`X�[\W*bdceX�aVRqm�Y�r � aVr�ceY`^VX�R@aV]nceWnSV]*Wnmh_O^VY�U�X�buS(Y�b�WnceWn|�Y�b
λ
X
µ
p c"_O] � aVX

(λ∇̄f1(xk) + µ(1)∇̄g1(xk) + µ(2)∇̄g2(xk)) = 0
¢
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µ�µ |+Õ()�Ö�Gh×(Ø*':Ø{Á{Ø@AÙÖ�AÙÚ
}�î+×7EuØ�×ZÖ�~v��Ö�E�Ú¡×7D��+�Û×(Ø{Ü�Ö�Á{Ø@AÙÖ�AÙÚIÚ H D,Õ;A:Ø��LðlÚ�î H D,ÜZ+:Á�Ú\Ü�Ú\Õ,×ZÖ�E�Ú�î

g1(x) < 0

g1(x) > 0

g2(x) < 0 g2(x) > 0

g3(x) < 0g3(x) > 0

kx )(2 kxgÑ

)(3 kxgÑ

)(1 kxgÑ

 �¡ ¢�£�¤@¥�æ9§ õ�©�ª(«T¬9­c®c¯±°v²7³v´�µ�¶f¬�¸ï¿À´v¾�®»´
xk
÷�¬9¶�­±°)®c¹R­ « °�øCª�ï�ð Ó

Curvas de

nível de f1(x)

g1(x) < 0

g2(x) < 0

g1(x) > 0

g2(x) > 0

)(1 kxgÑ

)(1 kxfÑ

)(2 kxgÑ

kx

 �¡ ¢�£�¤@¥çæ9§ ¦�©�ª(«T¬9­c®c¯±°v²7³v´�µ�¶�¬�¸ ¿À´v¾�®»´
xk ñ ¾9´u÷�¬�°)«4è"éfê�¶�ª�ï�ð ¾�³v´S­±³v´�­±°)®c¹R­ « ¶¼¹T®±°v­7ÓÐ kOU�Xh_km�Y�]*Y�U�W*^?_�R�Y�bdceUe_ p S?_OU�m�W~_O]*RkX�r�ceX p Yóò Ô}ê âIò Ô�� �(�*â � â ê ãC×Oá�^VX('?rVW*^VYkS(Y�U ∇̄f1(xk) p

∇̄g1(xk)
X ∇̄g2(xk) ¢
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���R� H D,Õ;A:Ø��LðlÚ�î�AÙÚ ¾ Ú�G�Ø�îZÀ�D µ��
b1`±_ � g���h�Ñ�r�

��	sh�� Ï ����Ñ�	vs�g
ô�ßöõ 7 � ��ò Ô}ê ÖlÕ
ë�âláeâ Ô Ö î Ô}ê : í ê ã Ô Ö Λ â

Ω
ãC×O�üî Ô��oÔ ë�â � ê Õ
ë Ô � Ô á��~�;P~�l�¡âo�~�;P1¸���Pf~ ê ã K Ô �

x̄ ∈ Λ⇒ Ω = ∅ [
J ¢ J9^
Xxá Ô #}×��~{ÖlãC×$î Ô}ê îl�¼í�Ö K Ô � Ô ë�â4Ö;âlá Ô ��ã
Õ
ë�×Û�?âl�n× Ô ��Ö;âláZ#}× �LK Ô ë�âx<�í?â"�3Õ ê ã�âlá �(áeâlãC× ê ë Ô}ä Ö;â�×LÖ(A"í ê ��� â"Ö ä áeâ"Ölã
á�Õ �LK Ô#;Õ Ô �n×�ë�×LÖ gj(·) î Ô��oÔ A"í ê ��� â"Ö ä�Ô � : âlã
Õ$# Ô ë�â�í � �(á Ô ���*â � ×�#Oâlã Ô á�Õ
×O��Õ1á�áeâ"Ölã
á�Õ1ã Ô ×OíOM�Õ1�¼Õ
×Oáe��×LÖ�î Ô}ê ëOÕ ��� â"Ö÷yøÄ� Ö K Ô âe<�ízÕ$#}×O�*â ê ã�â"Ö5×¡î Ô}ê ÖlÕ
ë�âlá�×Oá x̄ î Ô��oÔ Ö;â ê ë Ô í � � Ô}ê ã Ô@ê K Ô}ä ë Ô�� Õ ê ×�ë Ô ë�â"Ölã�âf�(á Ô ���*â � ××OíOM�Õ1�¼Õ
×Oá)P�÷eÖlã Ô ÖlÕ� ê Õ � îe×k<�í?â"� ê!Ô �(á Ô ���*â � × Ô á�Õ� OÕ ê ×O� ��îe×�ë�×�A"í ê �LK Ô #;Õ Ô �n×�ë�×5Ö Ô�� â ê ã�âuë�âlÕÉM�×Oá��kë�âÖ;âlá�#;Õ Ô �n×�ë�×2× Ô îlí�Ölã Ô ë�â
#;Õ Ô �n×Oá�×OÕ ê ë�× � ×OÕ*Ö Ô ízã
á�×`áeâ"Ölã
á�Õ �LK Ô PaN î Ô}ê #Oâ�M�Õ
ë�×�ë�âkë�×LÖ¡î Ô}ê : í ê ã Ô ÖÖlí�� ê I$#OâlÕ*Ö�ë�×LÖ{A"í ê ��� â"Ö g(·)  �×Oá�× ê ã�â � <�í?â ×Ñî Ô}ê ëOÕ �LK Ô ë�â$Õ ê Al×�îlã
Õ���Õ1�¼Õ
ë�×�ë�âç÷yøÄ� }  O� Ô �"×O�5P

�ùe X�Ro_8­oX�bdc"_Ot(X�]*X�m�X¡aVRo_`m�Y�rV^VW*fhgOYºb�a,'?m�W*X�r�ceX¡S?_OUe_º_2X�[\W*bdceç�rVm�W~_2^VYºm�Y�r � aVr�ceY
Λ
S?_OUe_

SVU�Y�tV]*X�Ro_Ob�^VX('?rVW*^VY�bFS(Y�U [
J ¢n­ ^ ¢ ��e X�Ro_@b�X�i�aVW*r�ceX$X�bdc"_OtyX�]*X�m�X�_@m�Y�rV^VW*fhgOYkrVX�m�X�b�bykOU�W~_\¢
ô�ßöõ 7 / �A�3â : × gi(·) : Rn 7→ R

í � ×oA"í ê �LK Ô <�íV×LÖlÕ ä î Ô}ê #Oâ�M�×�P�ò Ô}ê ÖlÕ
ë�âlá"â Ô �(á Ô ���*â � ×=ë�âAl×�îlã
Õ���Õ1�¼Õ
ë�×�ë�âh�
â ê î Ô}ê ã
áeâ xÖvP1×�P

x ∈ Ω

[
J ¢¯� ^

ê!Ô <�íV×O� Ô î Ô}ê : í ê ã Ô Ω } ë�â � ê Õ
ë Ô ãC×O��<�í?âh�

Ω , {x ∈ Rn | gi(x) ≤ 0 , i = 1, . . . , p} [
J ¢ µ�^
ò Ô}ê ÖlÕ
ë�âláeâuãC× � � } �´Ô î Ô}ê : í ê ã Ô Γ î Ô��oÔ Ö;â ê ë Ô í � î Ô}ê : í ê ã Ôkê K Ô #}×���Õ Ô â�ë�â � ê Õ
ë Ô � Ô á��

Γ , {x ∈ Rn | gi(x) ≤ 0 , i = 1, . . . , r} [
J ¢ ��^
�V×Oá�×

r ≤ p
P�X Ô á � � î Ô}ê ÖlÕ
ë�âláeâ Ô î Ô}ê : í ê ã Ô Λ ãC×O�üî Ô��oÔ ë�â � ê Õ
ë Ô � Ô á��~�;P~�l��P�~ ê ã K Ô �

Ω = ∅ ⇒ Λ 6= ∅ [
J ¢ Ä ^
Xxá Ô #}×��X�×Oá�×

Ω = ∅ ã�â �oÔ Ö�<�í?â r < p
P�~4M�Õ*Ölã�â � ë Ô Õ*Ö îe×LÖ Ô Ö�×kÖ;âláeâ � î Ô}ê ÖlÕ
ë�âlá�×�ë Ô Öh�

å á B ∃ k ≤ p
ã�×O�.<�íVâ Ô î Ô}ê : í ê ã Ô Φ = {x ∈ Rn | gk(x) ≤ 0} ë�âlã�âlá � Õ ê ×=<�í?â Φ ∩ Γ = ∅ Pø5â"Ölã�â@îe×LÖ Ô �xë�â � ê ×�í � �(á Ô ���*â � ×¡×OíOM�Õ1�¼Õ
×Oá5ë�â Ô ã
Õ � Õ5�;× �LK Ô #Oâlã Ô á�Õ
×O�{� � Õ ê Õ � Õ5�;× �LK Ô �oî Ô��×LÖ.A"í ê ��� â"Ö max {g1(x), . . . , gr(x)}

â
gk(x)

P�� î Ô}ê : í ê ã Ô X�×Oáeâlã Ô}ä�å ã
Õ �oÔ ë Ô �(á Ô ���*â � ×
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µ Ä |+Õ()�Ö�Gh×(Ø*':Ø{Á{Ø@AÙÖ�AÙÚ
}�î+×7EuØ�×ZÖ�~v��Ö�E�Ú¡×7D��+�Û×(Ø{Ü�Ö�Á{Ø@AÙÖ�AÙÚIÚ H D,Õ;A:Ø��LðlÚ�î H D,ÜZ+:Á�Ú\Ü�Ú\Õ,×ZÖ�E�Ú�î
×OíOM�Õ1�¼Õ
×Oá } í � ×`îlízáZ#}×`<�í?â Õ ê ã�âláeî"âc�(ãC×Z×uA"á Ô}ê ã�âlÕ1á�×Zë�â Γ �.â@×7�(á Ô M�Õ � ×L��× Ô^� â ê!Ô Ö ×LÖ"ÖlÕ ê?äã Ô ã
ÕPîe× � â ê ã�â"�J×$A"á Ô}ê ã�âlÕ1á�×2ë�â Φ PB~{Ölã�â¡î Ô}ê : í ê ã Ô X�×Oáeâlã Ô}ä�å ã
Õ �oÔ } î Ô�� � Ô Ölã Ô � Ô áÄ� Ô}ê ã Ô Ö<�í?â��?âlá�ã�â ê î"â � ×

Λ
P

å á�á B 6 ∃ k ≤ p
ãC×O��<�í?â Ô î Ô}ê : í ê ã Ô Φk = {x ∈ Rn | gk(x) ≤ 0} ë�âlã�âlá � Õ ê × Φk ∩Γ = ∅ P"ø5â"Ölã�âîe×LÖ Ô ��ë�â � ê × Ô î Ô}ê : í ê ã Ô Ψ = Γ ∩ Φk1 ∩ Φk2 ∩ . . . ∩ Φkv

�xÕ ê îl�¼ízÕ ê ë Ô ã Ô ë Ô Ö Ô ÖC� Ô Ö"ÖlI$#OâlÕ*Öî Ô}ê : í ê ã Ô Ö Φki
ë�â �oÔ ë Ô <�í?â Ψ �?âlá � × ê â � × ê K Ô #}×���Õ Ô P D ã
Õ1�¼Õ5�Lâk×h Ô á�×Z<�íV×O�n<�í?âlá Φα

��ãC×O�
<�í?â

Ψ∩Φα = ∅ ��â®ë�â � ê × Ô �(á Ô ���*â � ×ú#Oâlã Ô á�Õ
×O�(×OíOM�Õ1�¼Õ
×Oá5� � Õ ê Õ � Õ5�;× �LK Ô � î Ô�� ×LÖ�A"í ê ��� â"Ö
max {g1(x), . . . , gr(x), gk1(x), gk2(x), . . . , gkv(x)}

â
gα(x)

P	� î Ô}ê : í ê ã Ô X�×Oáeâlã Ô}ä�å ã
Õ �oÔë�â"Ölã�â	�!á Ô ���*â � × ×OíOM�Õ1�¼Õ
×Oá } í � ×=îlízáZ#}×=<�í?âZÕ ê ã�âláeî"âc�(ãC×=×�A"á Ô}ê ã�âlÕ1á�×8ë�â Ψ â
Φα
P�~{Ölã�â

î Ô}ê : í ê ã Ô X�×Oáeâlã Ô}ä�å ã
Õ �¡Ô } î Ô�� � Ô Ölã Ô � Ô á�� Ô}ê ã Ô Ö�<�í?â��?âlá�ã�â ê î"â � ×
Λ
P

� Ro_OW*b�W*R�S(Y�Udc"_Or�ceXxU�X�b�aV]nc"_O^VY®m�Y�R U�X�b�S(X�WnceY W b4m�Y�rV^VW*f�ÎzX�b4ß»U Ë j�_OSVU�X�b�X�r�c"_O^VY$rVY&)�X�Y�U�X�Ro_n _kS?_}U�ceW*U�^VY�b e X�Ro_Obu­$X�¹z¢
6 ß âÈû ßöõ 7 ã ä ò Ô}ê : í ê ã Ô ÷ ê Al×�îlã
I$#Oâl�J��ò Ô}ê ÖlÕ
ë�âláeâ Ô �(á Ô ���*â � ×�ë�â Ô ã
Õ � Õ5�;× �LK Ô ë�â � ê Õ
ë Ô � Ô á�~�;P1¸��;� Ô î Ô}ê : í ê ã Ô Λ ë�â � ê Õ
ë Ô � Ô áÑ�~�;P~�l�;� Ô î Ô}ê : í ê ã Ô Ω∗ ë�â � ê Õ
ë Ô �?âl�n×LÖoî Ô}ê ëOÕ ��� â"ÖúüZ¶F~ôâ Ôî Ô}ê : í ê ã Ô Ω ãC×O�üî Ô��oÔ ë�â � ê Õ
ë Ô@ê!Ô�ý â � ×.O�P�~ ê ã K Ô �

Λ = ∅ ⇔ Ω 6= ∅ ⇔ Ω∗ 6= ∅

Λ 6= ∅ ⇔ Ω = ∅ ⇔ Ω∗ = ∅

[
J ¢ g ^

Xxá Ô #}×���$Õ1áeâlãC× � â ê ã�â�ë Ô Ö ý â � ×LÖ�¸Zâ�O�P
Ð S?_OUdceW*UF^VYI)�X�Y�U�X�Ro_ n\p _kX�[\W*bdceç�rVm�W~_�^VYom�Y�r � aVr�ceY

Λ
ceY�U�r?_L��b�X5aVRo_km�Y�rV^VW*fhgOY�^VX5^VX�m�W*begOY

S?_OUe_`aVRTSVU�Y�tV]*X�Ro_Z^VX('?rVW*^VYºS(Y�U J ¢n­�¢ Ð b�m�Y�rV^VW*f�ÎzX�b ] )F±ÊXoß»U Ë S(Y�^VX�R b�X�U�m�Y�rVb�W*^VX�Ue_O^?_Ob
m�Y�rV^VW*f�ÎzX�b¡^VXÁ^VX�m�W*begOY p aVRo_ |�X�� � aVXÁX�bdc"_ObÑSyYz^VX�Rób�X�UÑa\ceW*]*W��h_O^?_Ob�X�RóaVR _O]ni�Y�U�WnceRkY8S?_OUe_
^VX�m�W*^VW*U.b�X�aVRÀSVU�Y�tV]*XlRo_�j�W*r\�
_Omlcyxn|�X�],Y�aºb�X�aVR´S(Y�r�ceY¡SyX�UdceX�rVm�Xk_OYom�Y�r � aVr�ceYIX�×Oáeâlã Ô}ä�å ã
Õ �oÔ ¢Ð ]*mh_OrVfh_O^?_ � a?_OW*b � aVX�U¡^VX�bdc"_Ob¡m�Y�rV^VW*f�ÎzX�b p aVR _O]*i�Y�U�WÉceR�Y � aVXºX�bdceX � _=b�X�rV^VY0X�[\X�m�a\c"_O^VY0S?_OUe_
b�Y�]*aVm�W*Y�r?_OUkaVR SVU�Y�tV]*X�Ro_·^VX('?rVW*^VY8S(Y�U [
J ¢n­ ^ Y�a9aVR SVU�Y�tV]*X�Ro_·^VX`�
_OmlceW*tVW*]nWn^?_O^VX p SyYz^VX2b�X�U
W*r�ceX�U�U�Y�R�SVW*^VYV¢

ÖÄÕ(ÔCÕ±× þ�Ù�ÿZþ��xþ0þ�Ù�ÿZåÄá»ã���þ��Xþ�Ù Ü��·ß»þ�ÜÞþ�ÿ�È$ÝÛÚ�þ��
U.Y�b.mh_Ob�Y�b [ m ^ X [ ^ ^ _}SVUeXlbeXlr�c"_O^VY�b.r?_�b�X�fhgOY J ¢�¹ p rVY � a?_O],aVRÍS(Y�r�ceY

x̄
r?gOY�be_}ceW*bd�
_\� � a?_O] � aVX�U

^?_Ob m�Y�rV^VW*f�ÎzX�b ^VX¡^VX�m�W*begOY p _O]*i�aVRo_Ob5m�Y�rV^VW*f�Î�X�b@m�Y�R�SV]nX�R�X�r�c"_OU�X�b _ ] )F±³X¡ß»U Ë S(Y�^VX�R b�X�U
X�bdc"_Ot(X�]*X�m�W*^?_Ob�¢ Ð m�Y�rV^VW*fhgOY�_Ob�b�Yzm�W~_O^?_ W r?gOYkbe_}ceW*bd�
_OfhgOYk^?_@m�Y�rV^VW*fhgOY ] )F±9j$^?_O^?_kSyY�U��
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���R� H�� Õ	�:Ø��LðlÚ�î
�ÙÚ ¾ Ú���Ø�îZÀ � µ g

 âÈû¡â	����û á â � �
ò ÔOê ÖlÕ
ë�âlá"â Ô î Ô}ê â CO(x̄) ��î Ô�� # } á�ã
ÕPî"â@â � x̄

�(A Ô á � ×O�¼Õ5�;×�ë Ô �?âl�n×
� â � ê Õ �LK Ô ¸�5�V�h OÕ ê ×����l�;� Ô î Ô}ê : í ê ã Ô Ω ë�â � ê Õ
ë Ô � Ô á��~�;P��"�@â Ô î Ô}ê : í ê ã Ô Ω∗ ë�â � ê Õ
ë Ô � Ô á5�~�;P1¸���P"�3â x̄ ∈ Ωâ
x̄ 6∈ Ω∗

��â ê ã K Ô CO(x̄) ∩ Ω∗ 6= ∅ P

Ð X�[\W*bdceç�rVm�W~_ ^VYkm�Y�rVX CO(x̄) jum�YOR�SV]*X�R�X�r�c"_OU W b�m�Y�rV^VW*f�ÎzX�b ] )F± rVY@b�X�r�ceW*^VY@^VX � aVXuX�bdceXm�Y�rVXFX"[\W*bdc"X�b�XFX�b�Y�R�X�r�ceXFb�XF_Obwm�Y�rV^VW*f�ÎzX�b ] )F±8r?gOYub"g}Y$be_}ceW*bd�HX�Wnc"_Ob4X�RòaVR¯S(Y�r�ceY � a?_O] � aVX�U
x̄
¢

� W*R�W*]*_}U�R�X�r�ceX p aVRo_$m�Y�rV^VW*fhgOY$m�Y�R�SV]*X�R�X�r�c"_OUwSyYz^VX.b�X�U�X�bdc"_Ot(X�]*X�m�W*^?_$S?_OUe_$Y5mh_Ob�Y�^?_$m�Y�rV^VW*fhgOY
ß»U Ë r?gOY�b�X�UFbe_}ceW*bd�HX�Wnc"_\¢

 âÈû¡â	����û á â / �Aò Ô}ê ÖlÕ
ë�âláeâoí � î Ô}ê â CF (x̄) � î Ô�� # } á�ã
ÕPî"â

x̄
�wA Ô á � ×O�¼Õ5�;×�ë Ô �?âl�n×K� â � ê Õ �LK Ô O�5�V�h OÕ ê ×����O�¡â Ô î Ô}ê : í ê ã Ô Ω ë�â � ê Õ
ë Ô � Ô ák�~�;P��"��P��yí�� Ô}ê �V×¡<�í?â x̄ 6∈ Ω

â
x̄ 6∈ Λ

PC~ ê ã K Ô �
Õ(P��3â

Ω 6= ∅ �{ã�â �@ä Ö;â <�í?â CF (x̄) ⊃ Ω �
Õ1Õ(P��3â

Λ 6= ∅ ��ã�â �@ä Ö;â�<�í?â CF (x̄) ∩ Λ 6= ∅ P
� X �HY�U�Ro_o_OrlkO]*Y�i�_�_OY¡mh_Ob�YZ_Or�ceX�U�W*Y�U p _oX�[\W*bdceç�rVm�W~_o^VYÑm�Y�rVX CI(x̄) X�[\W*bdceX b�X@X�b�Y�R�X�r�ceX�b�X_�m�Y�rV^VW*fhgOY@ß»U Ë r?gOY@j®be_}ceW*bd�HX�Wnc"_5X�R aVRéSyY�r�ceY � a?_O] � aVX�U

x̄
¢ Ð R tyY�b�Y�b�m�Y�rVX�b CO(x̄) X CF (x̄)W*rV^VW*mh_OR U�X�i�W*ÎzX�b�r?_Ob � a?_OW*b._Ob�m�Y�rV^VW*f�ÎzX�b ] )F±9X$ß»U Ë SyYz^VX�UegOYkb�X�U.be_}ceW*bd�HX�Wnc"_Ob�¢�üY�U�m�Y�rVb�X�i�aVW*r�ceX p _O]*i�aVRo_ObxrVYOc"_Ob�U�Xl�HX�U�X�r�ceX�b W X�bdceU�a\ceaVUe_@^VY�b�m�Y�r � aVr�c"YOb

Ω
p
Ω∗
X
Λ
^VXl|�X�R

b�X�UxU�X�b�b"_}]nc"_O^?_Ob�¢ Ð bxSVU�W*R�X�W*Ue_ObwceU�ç�b�rVYOc"_Ob�b"g}Y m�Y�U�U�X�b�S(Y�rV^VX�r�ceX�b�X�r�ceU�XJb�W p b�X�rV^VYk_	U.YOc"_o­Jt(X�R
m�Y�rVàVX�m�W*^?_\¢
� â�� 7 � ���yí�� Ô}ê �V×Z×LÖ�A"í ê ��� â"Ö gi(·) <�íV×LÖlÕ ä î Ô}ê #Oâ�M�×LÖvP�~ ê ã K Ô � Ô î Ô}ê : í ê ã Ô Ω } í � î Ô}ê : í ê ã Ô#}×���Õ Ô �{í � ÖlÕ � �(�*â"Ö�� Ô}ê ã Ô�ê!Ô Rn Ô í`í � ×oáeâ­ OÕ K Ô ë�â�# Ô �¼í � â ê K Ô �Lâlá Ôkê â"Ölã�â â"Öc�?× � Ô P
� â�� 7 / �m�yí�� Ô}ê �V×8×LÖuA"í ê ��� â"Ö gi(·) <�íV×LÖlÕ ä î Ô}ê #Oâ�M�×LÖ`â`ë�â � ê × Ô î Ô}ê : í ê ã Ô Ωg(φ)

�V×Oá�×·í �ë�×�ë Ô #Oâlã Ô á φ ∈ Rm � φ ≥ 0
�

Ωg(φ) , {x ∈ Rn | g(x) ≤ φ} [�� ¢n­hw ^
~ ê ã K Ô � Ô î Ô}ê : í ê ã Ô Ωg(φ)

} í � î Ô}ê : í ê ã Ô #}×���Õ Ô �wí � ÖlÕ � �(�*â"Ö � Ô}ê ã Ô@ê!Ô Rn Ô íZí � ×káeâ­ OÕ K Ô ë�â# Ô �¼í � â ê K Ô �Lâlá Ô�ê â"Ölã�â â"Öc�V× � Ô P
� â�� 7 ã � �yí�� Ô}ê �V×�×LÖ�A"í ê ��� â"Ö gi(·) <�íV×LÖlÕ ä î Ô}ê #Oâ�M�×LÖºâ·î Ô}ê ÖlÕ
ë�âláeâ`í � ε ∈ Rp P ~ ê ã K Ô � Ôî Ô}ê : í ê ã Ô Ωf (ε)

��ë�â � ê Õ
ë Ô � Ô á

Ωf (ε) , {x ∈ Rn | f(x) ≤ ε} [�� ¢n­�­ ^
} í � î Ô}ê : í ê ã Ô #}×���Õ Ô �Fí � ÖlÕ � �(�*â"ÖZ� Ô}ê ã ÔZê!Ô Rn Ô í·í � ×`áeâ! OÕ K Ô ë�â
# Ô �¼í � â ê K Ô �Lâlá ÔZê â"Ölã�ââ"Öc�V× � Ô P
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� w |+Õ()�Ö��h×(Ø*':Ø{Á{Ø��ÙÖ��ÙÚ
}�î+×��uØ�×ZÖ�~v��Ö���Ú¡× � �+�Û×(Ø{Ü�Ö�Á{Ø��ÙÖ��ÙÚIÚ � � Õ	�:Ø��LðlÚ�î!� � ÜZ+:Á�Ú\Ü�Ú\Õ,×ZÖ���Ú�î
Ð U.YOc"_ � j$aVRÌU�X�b�aV]nc"_O^VYkm�Y�rVàVX�m�W*^VY [ vxà?_Or�*OY�rViÃ]YcJ_OW*R�X�bu­ug�Ä�¹ p vxà?_Or�*�Y�rViÃ]�cJ_OW*R�X�b

­hg�Ä �9^ ¢ � _O^?_�_@X�bdceU�a\ceaVU"_kb�W*R�Wn]~_}U�^VX
Ω∗

X
Λ
p _.U.Y}c�_I��c"_OR t(j�Réju|�X�U�^?_O^VX�W*Ue_\¢

� â�� 7#" ��X�×Oáe× <�íV×O�n<�í?âlá
ε ∈ Rp �5ãC×O��<�í?â Ô î Ô}ê : í ê ã Ô Ωf (ε)

Ö;â : × ê K Ô #}×���Õ Ô ��×·áeâl�n× �LK Ô ×Ö;â­ OízÕ1á } #Oâlá�ë�×�ë�âlÕ1áe×�P
Ωf (ε) ∩ Ω∗ 6= ∅ [�� ¢n­L¹ ^

� â�� 7%$ � X�×Oá�×�<�íV×O�n<�í?âlá
φ ∈ Rm �,ãC×O�?<�í?â Ô Ö.î Ô}ê : í ê ã Ô Ö Ωg(φ)

â
Λ
Ö K Ô®ê K Ô #}×���Õ Ô Ö"��×$áeâl�n× �LK Ô×kÖ;â­ OízÕ1á } #Oâlá�ë�×�ë�âlÕ1á�×�P

Ωg(φ) ∩ Λ 6= ∅ [�� ¢n­ n�^
Ð rVYOc"_ � j p ^VX®�
_}ceY p _ t?_Ob�X$S?_OUe_ Y@R�jlceYz^VY

Pε
X�rVm�Y�r�ceUe_OUF_OR�Y�bdceUe_Ob�^VYkm�YOr � aVr�ceY{X�×Oáeâlã Ô}ä

å ã
Õ �oÔ [ vxà?_Or�*OY�rVim] cJ_OW*R�X�b ­hg�Ä�¹ ^ ¢ Ð W*^Vj�W*_ÑSVU�W*R�YOUe^VW*_O]�S(Y�U®ceU+k}b$^VX�bdceX�R�jlceYz^VYÑS(Yz^VXkb�X�U
U�X���X�b�m�U�Wnc"_@S(X�]~_@b�X�i�aVW*r�ceX$rVYOc"_,�
� â�� 78Ó �Ãò Ô}ê ÖlÕ
ë�âláeâ5í � ε ∈ Rp ãC×O�4<�í?â Ô î Ô}ê : í ê ã Ô Ωf (ε)

} ê K Ô #}×���Õ Ô P�~ ê ã K Ô �.â�M�Õ*Ölã�â�í �#Oâlã Ô á ω ∈ Rp â5í � â"Ö;îe×O�n×Oá
λ ∈ R

ãC×O��<�í?â
ω Â 0

�
λ > 0

âh�

Ωf (ε− λω) ∈ Ω∗
[�� ¢n­ �9^

ø5â"Ölã�â=îe×LÖ Ô � Ωf

} áeâeë�í=��Õ
ë Ô ×�í � > ê ÕPî Ô � Ô}ê ã Ô ë�â Ω∗
�V×�á�× ÔN� �hM�Õ �oÔ λ ê!Ô <�íV×O�@�~�;P1¸��O��?âlá � × ê â"î"â&#Oâlá�ë�×�ëzâlÕ1á�×�P

vxY�R�YuY�a\ceUe_®m�Y�rVb�X ��� ç�rVmhW~_u^?_®b�W*R�W*]*_OU�Wn^?_O^VXxX�r�ceU�X
Ω∗
X
Λ
p ceX�R@��b�X�m�YOR�Y®|�X�U�^?_O^VX�W*Ue_$_®rVYOc"_

_@b�X�i�aVW*U��
� â�� 7'& �Ãò Ô}ê ÖlÕ
ë�âláeâ5í � #Oâlã Ô á φ ∈ Rm ãC×O�4<�í?â Ô î Ô}ê : í ê ã Ô Ωg(φ)

} ê K Ô #}×���Õ Ô P^ò Ô}ê ÖlÕ
ë�âláeâãC× � � } � <�í?â
Λ 6= ∅ PC~ ê ã K Ô ��â�M�Õ*Ölã�â$í � â"Ö;îe×O�n×Oá

λ ∈ R
�
λ > 0

ãC×O�,<�í?âh�

Ωg(λφ) ∈ Λ
[�� ¢n­¡� ^

ø5â"Ölã�âºîe×LÖ Ô � Ωg
Ö;âlá�� áeâeëOí���Õ
ë Ô × í � > ê ÕPî Ô � Ô}ê ã Ô ë�â Λ �V×Oá�× Ô � �hM�Õ �oÔ λ ê!Ô <�íV×O�®�~�;P1¸�����?âlá � × ê â"î"â&#Oâlá�ë�×�ëzâlÕ1á�×�P

ß�bdceY�b�W*i�rVW�'?mh_ � aVXJ_$m�Y�rV^VW*fhgOY5^VX.W*r\�
_OmlceW*tVW*]nWn^?_O^VX�S(Y�^VX.b�X�Uxmh_OUe_OmlceX�U�W��h_O^?_$^VXF�HY�U�Ro_ub�W*R�W*]*_OU
W �HY�U�Ro_�r?_ � a?_O]üYÑm�Y�r � aVr�ceY X�×Oáeâlã Ô}ä�å ã
Õ �oÔ S(Yz^VX b�X�UuX�rVmlY�r�ceUe_O^VYV¢ Ð ^VW*m�W*Y�r?_O]nR�X�r�ceX p ceX�R@��b�X� aVXº_·tVaVb�mh_8S(Y�U�SyY�r�ceY�bk�
_Omlcyxn|�X�W*bkm�Y�rV^Va���W*Uyk8_·aVR SyY�r�ceY � aVX2mh_OUe_OmlceX�U�W���X2_ m�Y�rV^VW*fhgOY ^VX
W*r\�
_OmlceW*tVWn]*Wn^?_O^VX p mh_Ob�Y�X�bdceX$X�[\W*bdc"_\¢
�üY�Ui'?R p SyYz^VX���b�X._OW*rV^?_uU�X�i�W*bdceUe_OU{_O]*i�aVRo_Ob4rVYOc"_Ob{m�Y�RòU�X�b�S(X�WnceY W ^VW*R�X�rVbegOY$^VY�b{m�Y�r � aVr�ceY�b

Ω
p
Ω∗

X
Λ
¢
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���T� � � Õ	��Á)(4î�ðlÚ�î*� � �çÖ�+3ñ�×+(ÙÁ � � ­
� â�� 7%, ��ø Ô Ö îe×LÖ Ô Ö ê K Ô}ä ëzâ­ �â ê â�áe×�ë Ô Ö"� dim(Ω) = n -
� â�� 7%. ��ø Ô Ö îe×LÖ Ô Ö ê K Ô}ä ëzâ­ �â ê â�áe×�ë Ô Ö"� dim(Ω∗) = min({m− 1, n}) -
� â�� 7 �0/ �Ûò Ô}ê Ö�Õ
ëzâláeâ�<�í?â�í � �(á Ô ���*â � ×Fã�â � p̄

áeâ"Ölã
á�Õ ��� â"Ö�#;Õ Ô �n×�ë�×LÖ - ø Ô Ö�îe×LÖ Ô Ö ê K Ô}ä ë�â­ �â ê âlá�×�ë Ô Ö"�
dim(Λ) = min({p̄− 1, n}) -

Ð b@rVYOc"_Ob@Ä2X�gºbegOYÁtyX�R m�Y�rVàVX�m�W*^?_Ob�¢8vxY�R�Yºm�Y�rVb�X ��� ç�rVm�W~_Á^?_ºb�W*R�W*]*_}U�Wn^?_O^VXoX�bdceU�a\ceaVUe_O]
X�r�ceU�X

Ω∗
X
Λ
p _@rVYOc"_Ñ­hw@S(Yz^VX$b�X�UF^VW*U�Xlc"_OR�X�r�ceXuX�bdc"_Ot(X�]*X�m�W*^?_\¢

b1`cb � g���������	�

��	sh1g ������� e����"g
1.X�bdceX�v�_OS�xnceaV]*Y��HY�W�_OSVU�X�b�X�r�c"_O^?_FaVRo_�U�Xl|zW*begOY.tVW*tV]*WnY�i�Uyk�'?mh_�U�Xl�HX�U�X�r�ceX32Ob,m�Y�rV^VW*f�Î�X�b54&)F±2X{SVU�Y}�
S(Y�bdc"_ aVRo_�rVYL|}_@m�Y�rV^VWnfhgOY@rVX�m�X�b�bykOU�W~_@Xub�a,'?m�W*X�r�ceXuß61 Ë S?_OUe_ SVU�Y�tV]*X�Ro_ObxX�b�mh_O]~_OU�X�b�XJ|�XlceY�U�W~_OW*b� a?_Ob�WÉ��m�Y�r�|�X"[\Y�b�¢x±wR b�X ��� ç�rVmhW~_ p �HY�Ue_OR²^VX('?rVW*^VY�b�Y�b5î Ô}ê â"Ö�î Ô�� �(�*â � â ê ãC×Oáeâ"Ö � aVXuS(X�U�R�WÉc"XlRé_
^VX('?rVW*fhgOY ^VXJm�Y�rV^VW*f�Î�X�b�m�Y�R�SV]*X�R�X�r�c"_OU�X�b32Obxm�Y�rV^VW*f�ÎzX�b74&)F±0XJß61 Ë ¢,Æ.R²m�Y�r � aVr�c"Y�^VX e X�Ro_Ob p
)�X�Y�U�X�Ro_ObFX81.Y}c�_}b._Ob�b�Yzm�W~_O^?_ObF_ObFW*^Vj�W~_Ob�SVU�Y�SyY�bdc"_Ob��HY�Ue_OR c"_OR@tyj�RÍ_}SVUeXlbeXlr�c"_O^VY�b�¢
1.Y mh_OS�xnceaV]*Y�b�X�i�aVW*r�ceX·b�X�UegOY9^VXlc"_O]*à?_}^VY�bZY�bZ�HaVrV^?_OR�Xlr�ceY�bZSVU�Y�S(Y�bdceY�bZS?_OUe_�Y�bZR�jlceYz^VY�b

� aVXoa\ceW*]*W��h_OUegOYZ_`m�Y�rVbdceU�aVfhgOY2^VX·î Ô}ê â"Ö¡î Ô�� �(�*â � â ê ãC×Oáeâ"Ö�S?_OUe_Z^VX('?rVW*U�_Ñ�
_ORIx*]nW*_Ñ^VX�R�jlceYz^VY�b9 Ô �¼ÕPâeëOá Ô}ä ~x�¼Õ �?Ö Ô Õ
ë�×OÕ*Öl¢

¦Z¦Z§�¨Z¨ ©,ª$«­¬¯®,°$¬�± ²!³\±�´�±�µ ¶{·$·$¸º¹ »h¼y©�§





- .0/21436587:9 :

; 5 = D8.�R E = 3�9 D?9YG < =N3�9ùD?9YG
M 9Y7�B:EXD?J69PO�FH7�B:/2G^9YB�D8.�B�G /2.0JK. M J69�C27:EXR .�G
-S9 = 361 = 5?9YG

1.X�bdceX@mh_OS�xnceaV]*YobegOY¡SVU�Y�S(Y�bdceY�b®Y�bJ�HaVrV^?_OR�X�r�ceY�b®S?_OUe_oY�b®R�jlceY�^VY�b89 Ô �¼ÕPâeëOá Ô}ä ~x�¼Õ �?Ö Ô Õ
ë�×}Õ*Ö S?_OUe__=b�Y�]*aVfhgOY=^VXÁSVU�Y�tV]*X�Ro_OboX�b�mh_O]~_OU�X�bÑX2|�XlceY�U�W~_OWnb¡m�Y�R �HaVrVf�ÎzX�b � a?_Ob�WÉ��m�Y�r�|�X�[V_}bZXºr?gOY0rVX�m�X�b��
be_OU�W~_OR�X�r�ceX¡^VWn�HX�U�X�rVm�W{kh|�X�W*b?>A@$v71 �*B m�Y�R |}_OU�W{k;|�X�W*b m�Y�r�cyx*rza?_Ob�¢ ß�rVW*m�W~_O]*RkX�r�ceX¡YÁm�Y�rVm�X�WnceY·^VY
S(Y�]*W*X�^VU�Y�^VX tVaVb�mh_¡j5�HY�U�Ro_O]*W��h_O^VY�S(Y�UJ^VX('?rVW*f�ÎzX�b®X5ceX�Y�U�X�Ro_Ob p Y�b � a?_OW*b®SyX�U�R�WnceW*UegOY�m�Y�rVbdceU�aVW*U
aVRo_5|O_OU�W~_Or�ceXJ^VXuaVR R�jlceYz^VY t?_Ob�Xh_O^VY@X�R ~x�¼Õ �?ÖDC}Õ
ë�â®S?_OUe_@_�b�Y�]*aVfhgOY@^VX®SVU�Y�tV]*X�Ro_ObxX�b�mh_O]~_OU�X�b
Y�a�|�XlceY�U�W~_OW*b7@uv71 � ¢V±wRôb�X ��� ç�r?m�W~_ p j.SVU�Y�S(Y�bdceY�Y�S(Y�]*W*X�^VU�Y$^VXJtVaVb�mh_�m�Y�R²àVW*bdceÏ�U�W*m�Y5^VX.W*r�c"XlUd�
b�X�m�f�ÎzX�b � aVX�^VX('?rVW*Uyk�_�R�XlrVY�U.U�X�i�W~g}Y�^VX5W*r�ceX�U�X�b�b�X�^VX5tVaVb�mh_ p b�Y�t2m�X�Udc"_Ob.m�Y�rVb�W*^VX�Ue_Of�ÎzX�b p S?_OUe_
_�^VXlceX�U�R�W*r?_OfhgOYo^VX�aVR´rVY;|�Y¡X�]*W*SVb�Ï�W*^VX

Ek+1

� aVX�m�X�Udc"_OR�X�r�ceX�SVU�X�b�X�Ud|}_OUyk¡S?_OUdceX�^VYom�Y�r � aVr�ceY
9�×Oáeâlã Ô}ä�å ã
Õ �oÔ ¢� a\ceU�Y�bÑ^VXlc"_O]nàVX�bÑb�Y�tVU�XÁX�bdceX�bÑceX�R�_Ob¡S(Yz^VX�Rób�X�UÑm�Y�rVb�X�i�aVWn^VY�bÑr?_=U�Xl�HX�U�ç�rVm�W~_E>��`Y�aVUe_V]
)ü_\*L_Oà?_Ob�àVWü¹\wjw �FB ¢

ÿHG�o IKJ qML � �(Ñ+N � rts JPO JRQ k{r7t�n�yTS k y�nPUWV wYX�z

� SVU�Y�tV]*X�Ro_ >�­�¢ Ä B b�X�Uykk_ � aVW!ceUe_}c"_O^VY@XujuU�X�SVU�X�b�X�r�c"_O^VYo_Ot?_OWÉ[\Y S?_OUe_k_ m�Y�R�Y�^VW*^?_O^VX®^VY@]*X�WnceY�U��

min f(x)
>��z¢n­ B

s.a. Ω∗ = {x∗ ∈ Ω | @x ∈ Ω tal que f(x) ≤ f(x∗) e f(x) 6= f(x∗)}

Ω = {g(x) ≤ 0 | x ∈ Rn}

�\n



��� Z (ÙÕ	�ÙÖ�Ü�Ú\Õ,× � � � î*[ � × � � � î�� � Á$Ø�Ú���� � ��}tÁ{Ø*+Ùî � Ø��4Ö�Ø�î®+ÙÖ���Ö��\� � ':Á�Ú\Ü�Ö�î!� � Õ,×lñ{Õ�( � î
Y�rV^VX p

f(·) : Rn 7−→ Rm X
g(·) : Rn 7−→ Rp ¢

� m�Y�rVX CO(x) ^VX('?rVX�aVR m�Y�r � aVr�c"Y®^VX�^VW*U�X�f�ÎzX�b � aVX�S(Y�^VX�R¯R�X�]*àVY�Ue_OU�_JbeYO]*aVfhgOY®Y�t\ceW*^?_JX�R
aVR¯S(Y�r�ceY

x̄
¢ � _u^VX('?rVW*fhgOY$^VYum�Y�r � aVr�ceY

Ω∗
p r?gOYuX�[\W*bdceXFaVR¯m�Y�rVX CO S?_OUe_®aVR¯S(Y�r�ceY

x∗ ∈ Ω∗
¢

)ü_O]4m�Y�R�YÑ�HY�U�Ro_O]nW��h_O^VYÑSyX�]~_ � X('?rVW*fhgOY·­]>HSlkOi�W*r?_�� n�B S?_OUe_ÑaVR ^?_O^VYZS(Y�r�ceY
xk 6∈ Ω∗

X�[\W*bdceX
_O]*i�aVR²S(Y�r�ceY

xk +αd
� aVX®R�X�]*àVY�U�X

f(xk)
¢^�ü_OUe_ � a?_O] � aVX�U��HaVrVfhg}Y}��Y�t � XlceWn|�Y

fj(·)
ceX�R@��b�X � aVX

Lfj=fj(xk) ⊂ H
∇̄fj(xk),xk
−

¢ Ð r?_O]*Y�i�_OR�X�r�ceX p m�Y�rVb�W*^VX�Ue_OrV^VY¡Yom�Y�r � aVr�ceY
Ψ , {i | gi(xk) = 0} pS?_OUe_ � a?_O] � aVX�UZ�HaVrVf�gOY}��U�X�bdceUeWnfhgOY

gi(·) | i ∈ Ψ
Y m�Y�r � aVr�ceY

Lgi=gi(xk) ⊂ H
∇̄gi(xk),xk
−

¢_��Y�U
m�Y�rVb�X�i�aVW*r�ceX p S?_OUe_kaVRÌm�Y�r � aVr�ceY 9�×Oáeâlã Ô}ä�å ã
Õ �oÔ r?gOYk|}_\��W*YkX�[\W*bdceX5_OYkR�X�rVY�bFaVRÌS(Y�r�ceY

x∗ ∈ (H
∇̄f1(xk),xk
− ∩ . . . ∩H∇̄fm(xk),xk

− ∩H∇̄gΨ(xk),xk− ).
>��z¢�¹ B

±wR@tyY�Ue_`_ZW*r�ceX�U�b�X�m�fhgOY2^VY�b$b�X�R�WÉ��X�b�S?_Of�Y�b p _OSVU�X�b�X�r�c"_O^?_2_Om�W*Ro_ p S(Y�b�be_Zb�X�U5a\ceW*]*W��h_O^?_¡S?_OUe_
^VX('?rVW*U@aVR _O]*i�Y�U�WÉceRkYº^VXÑYOceW*R�W��h_OfhgOYºt?_Ob�Xh_O^VY·X�R ^VW*U�X�fhgOYÁ^VXÑtVaVb�mh_ p X�bdc"_ÁW*r�ceX�U�b�X�m�fhgOY·r?gOY
S(Y�^VX¡b�X�U@a\ceW*]*W��h_O^?_`^VW*U�Xlc"_OR�X�r�ceXoS?_OUe_2^VX('?rVW*U�aVR R�jlceYz^VYºt?_Ob�Xh_O^VYÁX�R X�]*W*SVb�Ï�W*^VXO¢ Ð Ue_\�hgOY
�HaVrV^?_OR�X�r�c"_O]�S?_OUe_ÁX�bdc"_ U�X�bdceU�W*fhgOY·X�rVm�Y�r�ceUe_L��b�X`r?_Á]*W*R�WÉc"_OfhgOYº^?_·U�X�i�W~gOY·^VXZtVaVb�mh_ p _ � a?_O]�j
^VX('?rVW*^?_FS(X�]*YFX�]*W*SVb�Ï�W*^VXwm�Y�U�U�X�r�c"X}¢ � aVUe_Or�ceX�Y.SVU�Yzm�X�b�b�YJ^VX�m�Y�r�|�X�U�i�ç�rVm�W~_ p YF|�Y�]*aVR�X{^VY.X�]*W*SVb�Ï�W*^VX
j�m�Y�R�SVU�W*R�Wn^VYkX�R´aVRÍ|�Y�]*aVR�X5mh_O^?_k|�X�� R�X�rVY�U p Ro_Ob � aVX b�X�R�SVU�X5^VXl|�X mlY�r�ceX�U®_�b�Y�]*aVfhgOYo^VY
SVU�Y�tV]*X�Ro_\¢ � W*U�Xlc"_OR�Xlr�ceX ^?_ � X('?rVW*fhgOY ­?>HSlkOi�W*r?_�� n�B�p S?_OUe_ÑSVU�Y�tV]nX�Ro_Ob®�
_}mlcyxn|�X�W*b p X�[\W*bdceXkaVR
S(Y�r�ceY

x∗
^VX�r�c"U�YÑ^VYÑm�Y�rVX CO ^VX('?rVW*^VYÑX�R´ceYz^VY¡S(Y�r�ceY {x | x ∈ Ω e x 6∈ Ω∗} p ceYz^?_h|zW~_or?gOYrVX�m�X�b�be_OU�W~_OR�X�r�ceXuY@SyY�r�ceY

x∗
b�XuX�rVm�Y�r�ceUe_@^VX�r�ceU�Y@^VY@X�]*W*SVb�Ï�W*^VXJm�Y�U�U�X�r�ceXO¢�±wbdceX®�
_}ceY � aVbdceW�'?mh_@_

�
_O]*à?_ ^VY�R�jlceY�^VY
MCE

^VW*b�m�a\ceW*^VYkr?_@b�X�fhgOY n ¢ � ¢
Ð '?i�aVUe_&�z¢n­�X�[\X�R�SV]*W�'?mh_J_.]*W*R�WÉc"_OfhgOYF^?_Jm�Y�rVbdceU�aVfhgOYu^VXxaVR R�jlceY�^VY®t?_Ob�Xh_O^VY®X�Rí~x�¼Õ �?ÖDC}Õ
ë�â

^VW*U�Xlc"_OR�X�r�ceX@^?_¡a\ceW*]*W��h_OfhgOY¡^?_ � X('?rVW*fhgOY·­?>HSlkOi�W*r?_�� n�B S?_OUe_ÑaVR SVU�Y�tV]*X�Ro_¡àVW*S(Y}c"j�c"Wnm�YÑm�Y�R
n = 2

p
m = 2

¢T1J_^'?i�aVUe_ p Y`SVU�W*R�X�WnU�YÑX�]*W*SVb�Ï�W*^VX
Ek

W*r�ceX�U�m�X�S\c"_ZS?_OUdceXk^VY`m�YOr � aVr�ceY`9�×Oáeâlã Ô}ä
å ã
Õ �oÔ � aVXob�X�X�rVm�Y�r�ceUe_`^VX�r�ceU�Y2^VY2m�Y�rVX CO(xk) ¢ � rVYL|�Y2X�]*W*SVb�Ï�W*^VX

Ek+1
c"_OR t(j�R&m�Y�r�cej�R

Y`b�aVt(m�Y�r � aVr�ceYa9�×Oáeâlã Ô}ä�å ã
Õ �oÔ CO(xk) ∩ Ω∗
p X�r�ceU�Xlc"_Or�ceY2Y`m�Y�rVX CO(xk+1)

r?gOY`W*r�ceX�U�m�X�S\c"_`Y
b�aVt(m�Y�r � aVr�ceYb9�×Oáeâlã Ô}ä�å ã
Õ �oÔ � aVX@b�X@X�rVm�Y�r�ceUe_Ñ^VX�r�ceU�YZ^VYÑX�]*W*SVb�Ï�W*^VX Ek+1

¢ � b®S(Y�r�ceY�b
p1
X
p2U�X�b�S(X�mlceWn|}_OR�X�r�c"X$U�X�SVU�X�b�X�r�c"_OR´YObFS(Y�r�ceY�bFRIx*rVW*RkY�b�W*U�U�X�bdceU�WnceY�b�^?_Ob��HaVrVf�ÎzX�b

f1(·)
X
f2(·)

¢
�4_OUe_·b�aVS(X�Ue_OU�X�bdc"_8]*W*RkWÉc"_OfhgOYÁX�R SVU�Y�tV]*X�Ro_Obkm�YOR |}_OU�W{k;|�X�W*bkm�Y�r�cyx*rza?_Ob p ^VaVUe_Or�ceX2Y SVU�Y}�

m�X�b�b�Y·^VX¡m�Y�r�|�X�U�i�ç�rVm�W~_º^VX¡aVR R�jlceYz^VYºt?_Ob�Xh_O^VYÁX�R ~x�¼Õ �?ÖDC}Õ
ë�â p j¡rVX�m�X�b�bykOU�W*Y � aVXZ_}YÁRkX�rVY�b
aVR SyY�r�c"Y8r?gOY}��^VY�R�W*r?_O^VY S(X�U�Ro_}rVX�fh_=m�Y�R�S?_OUdceW*]nà?_O^VY S(X�]~_ W*r�ceX�U�beXlm�fhgOY0^VX2ceY�^VY�b¡Y�bob�X�R�WÉ�
X�b�S?_Of�Y�boa\ceW*]*W��h_O^VY�b�¢c�4_OUe_·i�_OUe_Or�ceW*Uk_·m�Y�r�|�X�U�i�ç�rVm�W~_ ^VX`aVR R�jlceY�^VY t?_Ob�Xh_O^VY8X�R ~x�¼Õ �?ÖDC}Õ
ë�â
S?_OUe_�SVU�Y�tV]*X�Ro_}b{|�XlceY�U�W~_OW*b7@uv71 ��p SVU�W*R�X�W*Ue_ORkX�r�ceXF^VXl|�X���b�XJceX�U

(E0 ∩CO(x0)∩Ω∗) 6= ∅
p Y�rV^VX

E0

U�X�SVU�X�b�X�r�c"_8Y·X�]*W*SVb�Ï�W*^VXÑW*rVW*m�W~_O]
¢�±wR b�X�i�aVW*^?_ p Y SVU�Ï;[\W*R�YÁX�]*W*SVb�Ï�W*^VX
Ek+1

^VXl|�X2b�X�U�m�Y�rz�
bdceU�a�x*^VY@^VXJc"_O](�HY�U�Ro_ � aVX

(Ek ∩Ek+1 ∩Ω∗) 6= ∅
S?_OUe_�ceY�^VY

k
_}cej � aVXuaVRém�U�Wncej�U�W*Y�^VXuS?_OUe_O^?_

b�X � _�be_}ceW*bd�HX�WnceYV¢ � _O^VY � aVX _�W*r�ceX�U�b�X�m�fhgOY¡^VX5^VY�W*b.m�Y�rVX�b CO(xk) X CO(xk+1)
r?gOY�i�_OUe_Or�ceX � aVX

¦Z¦Z§�¨Z¨ ©,ª$«­¬¯®,°$¬�± ²!³\±�´�±�µ ¶{·$·$¸º¹ »h¼y©�§



ïÀ�)d Z � �uÜ�Ö�Á{Ø�e¡Ö��¡À � � �bf ���5���)�hg7� �$�Ki*j��lk"� � �

 �¡ ¢�£�¤@¥�m�§¼»�©on�¹T¸S¹T®±°v²7³v´ºµ9°$¦ó´v¾9­c®c¯c¬9²7³v´	µ�¶C¬�¸û¸�Á¼®»´=µ�´5¿�°v­»¶7°vµ�´�¶¼¸ôúüû Å ý9ÆqpvÅ Í�ÎÄ¿À¶¼«5°S¬�®c¹T«T¹¼ø"°v²7³v´	µ�¹T¯»¶¼®±°
µ�¶ CO(xk) ¶ CO(xk+1)

Ó

aVRÀS(Y�r�ceY¡r?gOY}��^VY�R�W*r?_O^VY�b�X�Uyk¡SVU�X�b�X�Ud|O_O^VY p _ob�X ��� ç�rVm�W~_Ñ^VX X�]*W*SVb�Ï�W*^VX�b.^VXl|�X@b�X�U®t?_Ob�Xh_O^?_¡X�R
aVRo_@^VX('?rVW*fhgOYkm�Y�R�SV]*X�R�X�r�c"_OUr2 � X('?rVW*fhgOY`­�>HSlkOi�W*r?_
� n�B ¢�),Yz^?_h|zW~_ p _@W*r�c"XlUeb�X�mlfhgOYo^VY�bFb�X�R�WÉ�
X�b�S?_Of�Y�b � aVX.^VX('?rVW*Ue_ORôY�b�m�Y�rVXlb CO rVY�b{^VWn|�X�U�b�Y�b�S(Y�r�ceY�b�^?_$b�X ��� ç�rVmhW~_5^VX.m�Y�r�|�X�U�i�çlrVm�W~_�SyYz^VXb�X�U®a\ceW*]*W��h_O^?_kS?_OUe_o^VX('?rVW*UJaVR´m�Y�r � aVr�ceYÑ^VX�S(Y�r�ceY�b p rVY � a?_O]�X�[\W*bdceX@_OY¡R�X�rVY�bJaVR´S(Y�r�ceY

x∗
¢

Ð U�X�i�W~gOY5^VXJtVaVb�mh_ ^VX('?rVW*^?_�SyY�UxX�bdceX®m�Y�r � aVr�ceY ^VXJS(Y�r�ceY�bxj®_ � aVW!^VX�rVYOR�W*r?_O^?_5^VXJS(Y�]*W*X�^VU�Y5^VX
tVaVb�mh_%>HWP¢ XO¢ p ^VYZW*rVi�]*ç�b5Ö;âe×Oáeî+�{� Ô � Çh�?âeëOá Ô}ê B X@UeXlSVUeXlbeXlr�c"_2_ÑU�X�i�W~gOY � aVXk^VXl|�Xkb�X�U$m�Y�r�ceW*^?_¡S(X�]*YrVY;|�YZX�]*W*SVb�Ï�W*^VX@S?_OUe_ � aVX�aVR&S(Y�r�ceY

x∗
b�X � _ZSVU�X�b�X�Ud|O_O^VYV¢ÃÆ.R&S(Y�]*W*X�^VU�YÑ^VXktVaVbem�_`j@�HY�U�Ro_O]*W¼�

�h_O^VYuS(X�]~_ � X('?rVW*fhgOY � X�S(X�]*YÛ)�X�Y�U�X�Ro_ �Vp c"_O]\m�Y�R�Y®SVU�Y�S(Y�bdceYuX�Rs>��`Y�aVUe_&] )ü_\*L_Oà?_Ob�àVWy¹\wjw �FB ¢
	�ß 
ià�á ����â " ä 9 Ô �¼ÕPâeëOá Ô ë�â®ìFí�Ö;îe×o��ò Ô}ê ÖlÕ
ë�âláeâ Ô �(á Ô ���*â � ×oë�â � ê Õ
ë Ô � Ô á@�6� - ¸��;��×�� â � ê Õ �LK Ô¸2�5�V�h OÕ ê ×K���l�¡â ×�� â � ê Õ �LK Ô�t �5�V�h OÕ ê ×K���O� - �yí�� Ô}ê �V×�í � � Ô}ê ã Ô v 6∈ Ω∗

í � � ÔOê ã Ô w 6∈ Ω∗ -� â � ê ×2í � î Ô}ê : í ê ã Ô Θ , {j | fj(w) ≥ fj(v) ∀ j = 1, . . . ,m} - ò Ô}ê ÖlÕ
ë�âláeâ�í � î Ô}ê : í ê ã Ôî Ô}ê #Oâ�M Ô ë�â�# Ô �¼í � â � ê Õ1ã Ô�ê K Ôkê íz� Ô Γ ��ãC×O��<�í?â

Γ ⊂ Rn





(CO(v) ∩ Γ ∩ Ω∗) 6∈ ∅ Ö;â
v ∈ Ω �

(CO(w) ∩ Γ ∩ Ω∗) 6∈ ∅ Ö;â
w ∈ Ω

â
v 6∈ Ω �

(Γ ∩ Ω∗) 6∈ ∅ ê!Ô Ö�ë�â � ×OÕ*Ö îe×LÖ Ô Ö �
>��z¢ n�B

¦Z¦Z§�¨Z¨ ©,ª$«­¬¯®,°$¬�± ²!³\±�´�±�µ ¶{·$·$¸º¹ »h¼y©�§



�Oµ Z (ÙÕ	�ÙÖ�Ü�Ú\Õ,× � � � î*[ � × � � � î�� � Á$Ø�Ú���� � ��}tÁ{Ø*+Ùî � Ø��4Ö�Ø�î®+ÙÖ���Ö��\� � ':Á�Ú\Ü�Ö�î!� � Õ,×lñ{Õ�( � î
� � Ô �¼ÕPâeëOá Ô ë�â���í�Ö;îe× } ë�â � ê Õ
ë Ô � Ô á��

Pw(v,Γ) ,





Γ ∩ CO(w) ∩ CO(v), f(w) ≺ f(v) e {w,v} ∈ Ω -
Γ ∩ CO(w) ∩ CO(v), f(v) ≺ f(w) e {w,v} ∈ Ω -
Γ

⋂Θ
i H

∇̄fi(w),w
− ∩ CO(v), f(w) 6≺ f(v), f(v) 6≺ f(w) e {w,v} ∈ Ω -

Γ ∩ CO(w) ∩ CF (v), w ∈ Ω e v 6∈ Ω -
Γ ∩ CF (w) ∩ CO(v), w 6∈ Ω e v ∈ Ω -
Γ ∩ CF (w) ∩ CF (v), {w,v} 6∈ Ω - >��z¢ �0B

u ß âÈû ßöõ 7#" ä 9 Ô �¼ÕPâeëOá Ô ë�â¡ìFí�Ö;îe×=� D � � Ô ��ÕPâ"ëOá Ô ë�âK��í�Ö;îe×�A Ô á � ×O�¼Õ5�;×�ë Ô �?âl�n×Å� â � ê Õ �LK Ô � �×Oá�× ê ã�â�<�í?â (Pw(v,Γ) ∩ Ω∗) 6= ∅ -
9xá Ô #}×��

á B 9�×Oáe× Ô ÖZ� Ô}ê ã Ô Ö w ∈ Ω v ∈ Ω | f(w) ≺ f(v)
�
(CO(v) ∩ Γ ∩ Ω∗) ⊃ (CO(w) ∩ Γ ∩ Ω∗) -ò Ô��oÔ � Ô á5ë�â � ê Õ �LK Ô (CO(v) ∩ Γ ∩ Ω∗) 6= ∅ ��â ê ã K Ô (Pw(v,Γ) ∩ Ω∗) 6= ∅ -

á�á B 9�×Oá�× Ô Ö·� Ô}ê ã Ô Ö w ∈ Ω v ∈ Ω | f(v) ≺ f(w)
�
(CO(v) ∩ Ω∗) ⊂ (CO(w) ∩ Ω∗) - ò Ô��oÔ� Ô á5ë�â � ê Õ �LK Ô (CO(v) ∩ Γ ∩ Ω∗) 6= ∅ ��â ê ã K Ô (Pw(v,Γ) ∩ Ω∗) 6= ∅ -

á�á�á B 9�×Oá�× Ô Ö.� Ô}ê ã Ô Ö w ∈ Ω v ∈ Ω | f(w) 6≺ f(v)
â
f(v) 6≺ f(w)

�
(CO(v) ∩ Ω∗) ⊂

⋂Θ
i H

∇̄fi(w),w
− - ò Ô��oÔ � Ô áJë�â � ê Õ �LK Ô (CO(v)∩Γ∩Ω∗) 6= ∅ �{â ê ã K Ô (Pw(v,Γ)∩Ω∗) 6= ∅ -

áwv B 9�×Oá�× Ô ÖC� Ô}ê ã Ô Ö w ∈ Ω v 6∈ Ω | f(w) 6≺ f(v)
â
f(v) 6≺ f(w)

� CF (v) ⊃ Ω∗ - ò Ô��oÔ � Ô áë�â � ê Õ �LK Ô (CO(w) ∩ Ω∗) 6= ∅ ��â ê ã K Ô (Pw(v,Γ) ∩ Ω∗) 6= ∅ -
v B 9�×�á�× Ô ÖÄ� Ô}ê ã Ô Ö w 6∈ Ω v ∈ Ω | f(w) 6≺ f(v)

â
f(v) 6≺ f(w)

�
(CO(v) ∩ Ω∗) ⊂ CF (w) -ò Ô��oÔ � Ô á5ë�â � ê Õ �LK Ô (CO(v) ∩ Γ ∩ Ω∗) 6= ∅ ��â ê ã K Ô (Pw(v,Γ) ∩ Ω∗) 6= ∅ -

vvá B 9�×Oá�× Ô ÖS� Ô}ê ã Ô Ö w 6∈ Ω v 6∈ Ω | f(w) 6≺ f(v)
â
f(v) 6≺ f(w)

�
Ω∗ ⊂ CF (w) - ò Ô��oÔ� Ô á�ë�â � ê Õ �LK Ô (CF (v) ∩ Γ ∩ Ω∗) 6= ∅ �uâ ê ã K Ô (Pw(v,Γ) ∩ Ω∗) 6= ∅ � Ô <�í?â¡î Ô�� �(�*âlãC×2×ë�â �oÔ}ê Ölã
á�× �LK Ô ë Ô ã�â Ô áeâ � × -

Ð '?i�aVUe_Û�z¢�¹�W*]*aVbdceUe_F_.W*^Vj�W~_�^VXxaVRÊS(Y�]*WnX�^VU�Y.^VX�tVaVb�mh_JX�RÊaVRÊSVU�Y�tV]*X�Ro_�|�XlceY�U�W~_O]�àVW*S(YOcejlceW*m�Y
m�Y�R

n = 2
p
m = 2

X
p = 2

p S?_OUe_k_kYzm�Y�U�U�ç�rVm�W~_@^VX5^VY�W*b�S(Y�r�ceY�bF�
_Omlcyxn|�X�W*b p b�X�rV^VY � aVX5Y�S(Y�r�ceY
w
r?gOY�^VY�R�W*r?_ X$rVX�RÌj$^VY�R�W*r?_O^VY@S(Y�U

v
¢ � bFS(Y�r�ceY�b

p1
X
p2
U�X�b�S(X�mlceWn|O_OR�X�r�ceX5U�X�SVU�X�b�X�r�c"_OR

Y�bFSyY�r�ceY�bFRIxnrVW*RkY�b�W*U�U�X�bdceU�WnceY�b�^?_Ob��HaVrVf�ÎzX�b
f1(·)

X
f2(·)

¢
Ð S?_OUdceW*Uu^?_ÑÏOceW*mh_Ñ^VXkaVR&R�jlceYz^VYZt?_Ob�Xh_O^VY`X�RqX�]*W*SVb�Ï�W*^VX b�Y�tVU�X�_ � X('?rVW*fhgOY � Xkb�Y�tVU�X�Y

)�X�Y�U�X�Ro_ �Vp Y^)�X�Y�U�X�Ro_��o^VX('?rVW*Uyk¡YÑrVY;|�YÑX�]*W*SVb�Ï�W*^VX
Ek+1

� aVX@m�Y�r�cej�R&_}YÑR�X�rVY�b®aVR SyY�r�ceY
x∗
¢
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ïÀ�)d Z � �uÜ�Ö�Á{Ø�e¡Ö��¡À � � �bf ���5���)�hg7� �$�Ki*j��lk"� �j�

 �¡ ¢�£�¤@¥Ym�§ õ�©�ª(«T¬9­c®c¯±°v²7³v´�µ�¶�¬�¸ ¿À´v«T¹R¶óµ�¯»´�µ�¶�¿�¬9­�¦7°·¿�°)¯±°
w
¶
v
« °h¦¼®�¬T½�¶¼¹R­7Ó

u ß âÈû ßöõ 7%$ ä ~x�¼Õ �?ÖDC}Õ
ë�â�ë�×�ë Ô í � 9 Ô �¼ÕPâeëOá Ô ë�âuìFí�Ö;î"×¡��ò Ô}ê ÖlÕ
ë�âláeâ Ô �(á Ô ���*â � ×oë�â � ê Õ
ë Ô � Ô á�6� - ¸��;�{×�� â � ê Õ �LK Ô �·â Ô ¶yâ Ô áeâ � ×®� - � â � ê × Ô î Ô}ê : í ê ã Ô î Ô}ê #Oâ�M Ô ë�â&# Ô �¼í � â � ê Õ1ã Ô@ê K Ô ê íz� Ôë�â � ê Õ
ë Ô �?âl� Ô âl�¼Õ �?ÖDC}Õ
ë�â Ek - ò Ô}ê ÖlÕ
ë�âláeâ Ô âl�¼Õ �?ÖDC}Õ
ë�â¡Õ ê ÕPîlÕ
×O� {E0 ⊂ Rn | E0 ⊃ Ω∗} - 9�×Oá�×í � ×�Õ1ã�âlá�× �LK Ô <�íV×O�n<�í?âlá k ��ãC×O�,<�í?â xi 6∈ Ω∗ | i = 0, . . . , k
� Ô�ê!Ô # Ô âl�¼Õ �?ÖDC}Õ
ë�â Ek+1

�?×Oá�× Ô <�íV×O�
ê â"î"â"Ö"Öh×Oá�Õ
× � â ê ã�â (Ek+1 ∩ Ω∗) 6= ∅ ë�â(#Oâ®Ö;âlá$ãC×O��<�í?âh�

Ek+1 ⊃ Pxk(xs, Ek)
>��z¢¯� B

onde s =





k − 1, 6 ∃ xj 6∈ Ω ∀ j = 0, . . . , k − 1 -
min({j}), ∃ xj ∈ Ω e 6 ∃ xi ∈ Ω | f(xi) ≺ f(xj)∀ j = 0, . . . , k − 1 e i < k -
i, ∃ xj ∈ Ω e ∃ xi ∈ Ω | f(xi) ≺ f(xj)∀ j = 0, . . . , k − 1 e i < k ->��z¢ µ�B

9xá Ô #}×��
á B 9�×Oáe× í � � Ô}ê ã Ô xk 6∈ Ω e xs 6∈ Ω

ë�×�ë Ô <�í?â (E0 ⊃ Ω∗) 6= ∅ âº<�í?â Ô Ö¡Ö;â � Õ ä â"Öc�?× � Ô Ö
H
∇̄gi(xj),xj

− ê K Ô â�Mzîl�¼ízI1á�× � <�íV×O�n<�í?âláI� Ô}ê ã Ô x ∈ Ω∗
�V×Oá�×°ã Ô ë Ô gi(xj) > 0 | i =
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� Ä Z (ÙÕ	�ÙÖ�Ü�Ú\Õ,× � � � î*[ � × � � � î�� � Á$Ø�Ú���� � ��}tÁ{Ø*+Ùî � Ø��4Ö�Ø�î®+ÙÖ���Ö��\� � ':Á�Ú\Ü�Ö�î!� � Õ,×lñ{Õ�( � î

{1, . . . , p} ∀ j = {0, . . . , k − 1} ��â ê ã K Ô Ω∗ ⊂ Pxk(xs, Ek)
â
(Ek+1 ∩ Ω∗) 6= ∅ -

á�á B 9�×Oá�×ºí � � Ô}ê ã Ô xk ∈ Ω e xs 6∈ Ω
� Ô ¶yâ Ô áeâ � ×o�A �×Oá�× ê ã�âÑ<�í?â (Pxk(xs, Ek) ∩ Ω∗) 6= ∅í � ×�#Oâ¼��<�í?âZ�?âl� Ô Õ1ã�â � (i) (Et ⊃ Ω∗) ∀ t = {1, . . . , k − 1} âk<�í?â (E0 ⊃ Ω∗) - ~ ê ã K Ô

(Ek+1 ∩ Ω∗) 6= ∅ -
á�á�á B 9�×Oá�×¡í � � Ô}ê ã Ô xk 6∈ Ω e xs ∈ Ω

� Ô ¶yâ Ô áeâ � ×5�K �×Oáe× ê ã�â <�í?â Pxk(xs, Ek) ⊃ (Ek ∩ Ω∗) -~ ê ã K Ô �xë�â"Öhë�â�<�í?â (Ek ∩ Ω∗) 6= ∅ � Ô�ê!Ô # Ô âl�¼Õ �?ÖDC}Õ
ë�â (Ek+1 ∩ Ω∗) 6= ∅.

áwv B 9�×Oá�×�í � � Ô}ê ã Ô xk ∈ Ω e xs ∈ Ω
â�M�Õ*Ölã�â � ëOíV×LÖ&�zÕ ��C}ã�â"Ö;â"Öh�

7 B ò{×LÖ Ô f(xs) 6≺ f(xj)∀ j = 0, . . . , k − 1 e i < k
ã�â �@ä Ö;âZ<�í?â xs î Ô á�áeâ"Öc� Ô}ê ë�âÑ× Ô�(álÕ � âlÕ1á Ô � Ô}ê ã Ô Al×�îlã
I$#Oâl�wë�×ÑÖ;âe<�N�x ê îlÕ
× 0, . . . , k - ò Ô}ê Ö;âe<�N?â ê ã�â � â ê ã�â (Es+1Ω

∗) 6=
∅ ëOÕ1áeâlãC× � â ê ã�âa�?âl� Ô Õ1ã�â � (ii) - 9Fâl� Ô ¶yâ Ô áeâ � ×Á�³âa�?âl� Ô Õ1ã�â � (iii)

ã�â �@ä Ö;â·<�í?â
(Pxt(xs, Es) ⊃ (Es+1Ω

∗) ∀ s < t < k -�ý,Ô  Ô � Ôkê!Ô # Ô âl�¼Õ �?ÖDC}Õ
ë�â (Ek+1 ∩ Ω∗) 6= ∅.ë B ò{×LÖ Ô f(xs) ≺ f(xj)∀ j = 0, . . . , k − 1 e i < k
ã�â �@ä Ö;âº<�í?â xs ë Ô�� Õ ê × ã Ô ë Ô Ö

Ô Ö8ë�â � ×�Õ*Öa� Ô}ê ã Ô Ö ë�×0Ö;âe<�N�x ê îlÕ
× 0, . . . , k - ø Ô�� âe× ê ë Ô}ä Ö;â xf Ô �(álÕ � âlá Ô � Ô}ê ã ÔAl×�îlãPI$#Oâl�.ë�× Ö;âe<�N�x ê îlÕ
× 0, . . . , k
� Ô Õ1ã�â � (ii)

 �×Oá�× ê ã�âÁ<�í?â (Ef+1Ω
∗) 6= ∅ - 9Fâl� Ô¶(â Ô áeâ � ×Ñ� â	�?âl� Ô îe×LÖ Ô (a)

ã�â �@ä Ö;â`<�í?â (Pxs(xf , Ef ) ∩ Ω∗) ⊇ (Ef+1Ω
∗)
â`<�í?â

(Pxt(xs, Ej) ⊃ (Es+1Ω
∗) ∀ s < t < k -�ý,Ô  Ô � Ôkê!Ô # Ô âl�¼Õ �?ÖDC}Õ
ë�â (Ek+1 ∩ Ω∗) 6= ∅.

v B 9 Ô á � � ��â � � Ô áe× Ô Ö®Õ1ã�â ê Ö (iii) â (iv) Ö;â : × � Õ ê ã�âlá�ë�âc�?â ê ë�â ê ã�â"ÖJã�â �oÔ Ö5<�í?â (Pxk(xs, Ek)∩
Ω∗) 6= ∅ Ô íK� Ô á â"Ölã�â"Ö$Õ1ã�â ê Ö Ô î Ô á�áeâláeâ � ×7��C;Ö Ô Õ1ã�â � (ii) Ô íK� Ô á�<�í?â x0 ∈ Ω

â
E0 ⊃ Ω∗

�
Ô <�í?â@î Ô�� �(�*âlãC×¡×Ñë�â �oÔ}ê Ölã
á�× �LK Ô ë Ô ã�â Ô áeâ � × -

� Xl|�X���b�XÑ_OW*rV^?_`Y�tVb�X�Ud|O_}U � aVX¡Y2X�]*W*SVb�Ï�W*^VX
Ek+1

Ro_Or�cej�RTY2R�X�b�R�Y2b�aVt(m�Y�r � aVr�ceY%9�×Oáeâlã Ô}ä
å ã
Õ �oÔ (Ek ∩Ω∗)

� a?_OrV^VY
Ek+1

�HY�W(^VX('?rVW*^VY S(Y�U
(i)
X
(iii)

p X � aVX®SVU�X�b�X�Ud|O_ S?_OUdceX®^VY b�aVtym�Y�rz�
� aVr�ceY]9�×Oáeâlã Ô}ä�å ã
Õ �oÔ (Ej ∩ Ω∗))

p c�_}] � aVX
j = max({0, . . . , k − 1}) | xj ∈ Ω

p!� a?_OrV^VY
Ek+1�HY�W3^VX('?rVW*^VY�SyY�U

(ii)
X
(iv)

¢
� â�� 7 �y� � ¶ Ô ë Ô � Ô �¼ÕPâeëOá Ô ë�âÛ��í�Ö;îe×@ë�â � ê âFí � î Ô}ê : í ê ã Ô î Ô}ê #Oâ�M Ô ë�âç# Ô �¼í � â � ê Õ1ã Ô5ê K Ô5ê íz� ÔF-
ÿHGyÎ IKJ qML � �(Ñ+N � rts JyO JzQ k{r7t�nfyTS�k y�nyUWV wYXfz{XfkT| } t$w\~��TSÄt�Xfk

y�n��Cmc~3n�SZwZn7Xr�!��nSw

Æ.Ro_®|�X��F�HY�U�Ro_O]nW��h_O^VYuY$S(Y�]*W*X�^VU�Yu^VXFtVaVb�mh_ p c"_OR t(jlRò^VXl|�X.b�X�U{^VX('?rVW*^VY5Y$m�Y�r � aVr�ceY5U�X�b�aV]nc"_Or�ceX
^?_8W*r�ceX�U�b�X�m�fhgOY=^VXº^VWn|�X�U�b�Y�b¡SyY�]*W*X�^VU�Y�b�^VXºtVaVb�mh_8^VXºWnceX�Ue_Of�Î�X�boS?_Ob�be_O^?_Ob p _ � aVWJ^VX�rVY�R�W*r?_O^VY
S(Y�]*W*X�^VU�YF^VX�tVaVb�mh_.m�Y�R³àVWnb�ceÏ�U�W*mlY.^VX�W*r�ceX�U�b�X�m�f�ÎzX�br>HWP¢ XO¢ p ^VYJW*rVi�]*ç�b �zÕ*Ölã Ô á�ÕPî"×O��Õ ê ã�âláeÖ;â"îlã
Õ Ô}ê Ö;âe×Oáeî+�� Ô � Çh�?âeëOá Ô}ê B ¢ Ð � X('?rVW*fhgOY�X$YovxY�U�Y�]{kOU�W*Y��HY�U�Ro_O]*W��h_OR X�bdceX$m�Y�rVm�X�WnceYV¢
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ïÀ��½ Z � �uÜ�Ö�Á{Ø�e¡Ö��¡À � � �bf ���5���)�hg7� �$�Ki*j��lk"�ak"�h�W�a�(���6�hg��Ak)� �$�T�v���»��g��v��k����=��� � g
	�ß 
ià�á ����â $ ä 9 Ô ��ÕPâ"ëOá Ô ë�â�ìFí�Ö;îe×`î Ô��s� Õ*Ölã�C}á�ÕPî Ô ë�â�÷ ê ã�âláeÖ;â"î ��� â"Ö@�^ò Ô}ê ÖlÕ
ë�âláeâ Ô �(á Ô ���*â � ×ë�â � ê Õ
ë Ô � Ô á �6� - ¸��=âº× � â � ê Õ �LK Ô � - � â � ê × í � î Ô}ê : í ê ã Ô ζ , {[x0, . . . ,xk]}

âÑÖlí�� Ô}ê �V×
(ζ ∩ Ω∗) = ∅ - ò{×O�*îlíz�*â Ô I ê ëOÕPî"â s � Ô á¡�6� - �"�Zâ5Ölí�� Ô}ê �V× (Pxs(xs,Γ) ∩ Ω∗) = ∅ - � â � ê â ä Ö;â Ô� Ô �¼ÕPâeëOá Ô Pζ(xk,Γ) �?âl�n×¡Õ ê ã�âláeÖ;â"î �LK Ô ë�â�ã Ô ë Ô Ö Ô ÖÄ� Ô �¼ÕPâeëOá Ô Ö ë�â
��í�Ö;îe×Zë Ô ÖC� Ô}ê ã Ô Ö@ë Ô î Ô}ê : í ê ã Ô
ζ
��ãC×O�üî Ô��oÔ ×7�(áeâ"Ö;â ê ãC×�ë Ô ×kÖ;â­ OízÕ1á -

Pζ(xs,Γ) , {
ζ⋂

j

Pxj(xs,Γ) }
>��z¢ �FB


 âÈû¡â	����û á â ã �^���V×Oá�ã
Õ1á�ë�×�� â � ê Õ �LK Ô �L� Ô.ê!Ô # Ô âl�¼Õ �?ÖDC}Õ
ë�â Ek+1
���V×Oá�× Ô <�íV×O�\ �×Oá�× ê ã
Õ
ë�× � â ê ã�â

(Ek+1 ∩ Ω∗) 6= ∅ ��� Ô ë�â®Ö;âlá�ë�â � ê Õ
ë Ô � Ô á��

Ek+1 ⊃ Pζ(xs,Γ)
>��z¢ Ä B

� â�� 7 �z/ �¡¶ Ô ë Ô � Ô �¼ÕPâeëOá Ô ë�â���í�Ö;îe×`î Ô�� �zÕ*Ölã�C}á�ÕPî Ô ë�â�Õ ê ã�âláeÖ;â"î ��� â"Ö5ãC× � � } � ë�â � ê â5í � î Ô}ê?ä: í ê ã Ô î Ô}ê #Oâ�M Ô ë�â�# Ô �¼í � â � ê Õ1ã Ô�ê K Ôkê íz� ÔF-
Ð S?_OUdceW*U3^?_Ob � X('?rVW*f�ÎzX�b � X���X{^VYç),X�Y�U�X�Ro_���X{^VYJvxY�U�Y�]{kOU�W*Y n\p ceX�R�Y�b,YOb,b�X�i�aVW*r�ceX�b e X�Ro_Ob��

ô�ßöõ 7 ã �Aò Ô}ê ÖlÕ
ë�âláeâ Ô �(á Ô ���*â � ×Áë�â � ê Õ
ë Ô � Ô á�� - ¸L�5×6� â � ê Õ �LK Ô �L� Ô ò Ô á Ô �n�Oá�Õ Ô �8â¡í � ×áeâ­ OÕ K Ô �¼Õ � Õ1ãC×�ë�×	�?âl� Ô âl�¼Õ �?ÖDC}Õ
ë�â Ek
ë�â � ê Õ
ë Ô � Ô áÑ�6� - �l� - ~ ê ã K Ô �J× � â ê!Ô á áeâ­ OÕ K Ô ë�â@Õ ê ã�âláeâ"Ö"Ö;âë�â
��í�Ö;îe×L�

R∗
�F<�í?âÄ� Ô ë�â$Ö;âlá@ë�âlã�âlá � Õ ê ×�ë�×��?âl�n×Z×\#}×O�¼Õ
× �LK Ô ë�â f(·) â g(·) ê!Ô ÖC� Ô}ê ã Ô Ö xk â xs} ë�â � ê Õ
ë�×·� Ô á��

R∗ ⇐⇒ Pζ(xs, Ek)
>��z¢ g B

9xá Ô #}×���$Õ1áeâlãC× � â ê ã�â�ë Ô ¶yâ Ô áeâ � ×��Ñâ ë Ô ò Ô á Ô �n�Oá�Õ Ô � -
ô�ßöõ 7a" �Aò Ô}ê ÖlÕ
ë�âláeâ Ô îe×LÖ ÔK�oÔ}ê!Ô}ä�Ô � : âlã
Õ$# Ô � m = 1

��ë�âlá�Õ$#}×�ë Ô ë Ô �(á Ô ���*â � ×Áë�â � ê Õ
ë Ô � Ô á� Ô áH� - ¸º�?×Oá�× ÔÃý â � ×`� - ò Ô}ê ÖlÕ
ë�âláeâ Ô î Ô}ê : í ê ã Ô Υ , {j ∀ xj ∈ Ω ∀ j ∈ {1, . . . , k}} âkí �î Ô}ê : í ê ã Ô Ψ , {i ∀ xi 6∈ Ω ∀ i ∈ {1, . . . , k}} ~ ê ã K Ô ��× � â ê!Ô áuáeâ­ OÕ K Ô ë�â5Õ ê ã�âláeâ"Ö"Ö;â ë�â���í�Ö;îe×L�
R∗
�5<�í?â�� Ô ë�â@Ö;âláÑë�âlã�âlá � Õ ê ×�ë�×B�?âl�n×·×\#}×O�¼Õ
× �LK Ô ë�â f(·) â g(·) ê!Ô Ö�� Ô}ê ã Ô ÖÑë Ô î Ô}ê : í ê ã Ô ζ }ë�â � ê Õ
ë�×S� Ô á��

R∗ , { Ek

Υ⋂

j

CO(xj)
Ψ⋂

i

CF (xi) }
>��z¢n­hw B

9xá Ô #}×��
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Äjw Z (ÙÕ	�ÙÖ�Ü�Ú\Õ,× � � � î*[ � × � � � î�� � Á$Ø�Ú���� � ��}tÁ{Ø*+Ùî � Ø��4Ö�Ø�î®+ÙÖ���Ö��\� � ':Á�Ú\Ü�Ö�î!� � Õ,×lñ{Õ�( � î
9�×Oá�× Ô îe×LÖ Ô �oÔ}ê!Ô}ä�Ô � : âlã
Õ$# Ô � Ô ¶(â Ô áeâ � ×`�9Ö;â`áeâ"Ölã
á�Õ ê  �âº× Ô ÖÁîe×LÖ Ô Ö (i)

â
(iv) - �JÖ"Ö�Õ � ��V×Oá�×

xk ∈ Ω
� ã�â �@ä Ö;â2<�í?â Pxk(x0,Γ) ⇐⇒ CO(xk) ∀ k ≥ 0 - 9�×Oá�× xk 6∈ Ω

� ã�â �@ä Ö;â2<�í?â
Pxk(x0,Γ) ⇐⇒ CF (xk) ∀ k ≥ 0 -�ý,Ô  Ô �u×Á× � â ê!Ô ákáeâ­ OÕ K Ô ë�â�Õ ê ã�âláeâ"Ö"Ö;âoë�â^��í�Ö;îe×Áë�â"Ö;îlá�Õ1ãC×� Ô á��6� -w� �kã Ô á ê × ä Ö;â��6� - ¸� "�;� Ô <�í?â@î Ô�� �(�*âlãC×¡×Ñë�â �oÔ}ê Ölã
á�× �LK ÔF-

Æ.R¯X�[\XlR�SV]*Yu^?_®W*]*aVbdceUe_OfhgOYJi�X�Y�R�jlceU�W*mh_.^VY e X�Ro_ � j�X�[\W*tVW*^VY®r?_�'?i�aVUe_&�z¢ n S?_OUe_JY�b4S(Y�r�ceY�b
x1 e x2 ∈ Ω

p aVRÌS(Y�r�ceY {x3 6∈ Ω} X5aVRÍm�Y�r � aVr�ceYom�Y�r�|�X�[\Y¡^VX$|�Y�]*aVR�X&'?rVWnceY
Γ
¢71.X�bdceX�mh_Ob�Y p

|�X�U�W�'?mh_L��b�X � aVXFY$SyY�]*W*X�^VU�Y®^VX�tVaVb�mh_$j�^VX('?rVW*^VY$SyX�]~_®W*r�ceX�U�b�X�m�fhgOY CO(x1)∩CO(x1)∩CF (x3)∩ΓX U�X�SVU�X�b�X�r�c"_`_oR�X�rVY�UJUeXli�W~gOY¡^VX W*r�ceX�U�X�b�b�X ^VX@tVaVb�mh_ÑU�X�b�aV]nc"_Or�ceX ^?_¡_;|}_O]*W~_OfhgOYo^VX
f(·) X g(·)X�R { x1 x2 e x3 }

¢

 �¡ ¢�£�¤@¥�m�§ ¦�©�ª(«T¬9­c®c¯±°v²7³v´ µ�¶1¬�¸\¿À´v«T¹R¶óµ�¯»´�µ�¶Ñ¿�¬9­�¦7°V¯»¶ó­c¬�«T®±°)¾�®»¶Iµ9°V¹T¾=®»¶¼¯»­»¶"¦¼²7³v´ CO(x1) ∩ CO(x2) ∩
CF (x3) ∩ Γ

¿�°)¯±°S´u¦7°v­»´S¸�´v¾9´��(´h¿�� ¶¼®c¹T½�´�Ó
vxY�R�YkS(Y�^VX5b�X�U�|�X�U�W�'?mh_O^VY p Y�bFRkjlceYz^VY�b
ò Ô álã�â�9�×Oá�×O�*âl� Ô p ò Ô á�ã�â@â � ò4í ê �V× p � Ô Õ*Ö&�yí��! Oá�× äëOÕPâ ê ã�â"Ö��yí?î"â"Ö"ÖlÕ$# Ô ÖJX^ò Ô}ê â ä ~x�¼Õ �?Ö Ô Õ
ë�×O�3_OSVU�X�b�X�r�c"_O^VY�b�rVY mh_OS�xnceaV]*Y n begOY p ceY�^VY�bxX�]*X�b p t?_Ob�Xh_O^VY�bX�R mh_Ob�Y�b$S?_OUdceW*m�aV]~_OU�X�b®^VYZ_ � aVW4SVU�Y�S(Y�bdceYZSyY�]*W*X�^VU�Y¡^VXktVaVb�mh_Ñm�Y�R àVW*bdceÏ�U�W*m�YÑ^VX@W*r�ceX�U�b�X�m�f�ÎzX�b�¢

�ü_OUe_ÑYÑmh_Ob�YZ^VYNò Ô á�ã�â!9�×Oá�×O�*âl� Ô ceX�R@��b�X � aVXkY�bum�Y�rVX�bu^VX('?rVW*^VY�buX�R v
X
w
begOYÑb�aVtVbdc"WÉc"a�xn^VY�b

S(Y�U�b�W*R�SV]*X�b�àVW*SyX�U�SV]~_OrVY�b�X¡Y�b SVU�Y�tV]*X�Ro_Ob5]*W*R�WÉc"_O^VY�b�_OY�b�mh_Ob�Y�b@X�b�mh_O]~_OU�X�b�¢a�jk2S?_OUe_2Y ò Ô á�ã�ââ � ò4í ê �V× p a\ceW*]*W��h_L��b�XkaVRqm�Y�rVX�m�Y�R�S(Y�bdceY`S(Y�U�_OSyX�r?_Ob�^VY�W*b$àVW*S(X�U�SV]~_OrVY�b$^VX('?rVW*^VY�b5b�Y�R�X�r�ceX
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ïÀ�R� � � Õ	��Á)(4î�ðlÚ�î*� � �çÖ�+3ñ�×+(ÙÁ � Ä\­
rVY8S(Y�r�ceY

w
X`Y�boSVU�Y�tV]nX�Ro_Obk]*W*R�WÉc"_O^VY�bk_OY�b�mh_Ob�Y�boX�b�mh_O]~_OU�X�b�¢E@®a?_Or�ceY=_OY�b�� Ô Õ*Ö��yí��! Oá�×�ëOÕ äâ ê ã�â"Ö �yí?î"â"Ö"ÖlÕ$# Ô Ö p X�bdc"X8j=m�Y�RkS(Y�bdceY�SyX�]*YÄò Ô á�ã�â`9�×Oá�×O�*âl� Ô p SyX�]*YÄò Ô á�ã�â0â � ò4í ê �V×°X8S(X�]*Y� â"âc��ò4ízã�_OSV]*W*mh_}^VY�bkX�[\m�]*aVb�Wn|O_OR�X�r�ceXº_OY�b�SVU�Y�tV]*X�Ro_ObkX�b�mh_O]~_OU�X�b�¢E1.X�bdceX2mh_Ob�Y p S?_OUe_ YV�@â"âc�

ò4ízãJceX�R@��b�X � aVXkY�bum�Y�rVX�b$^VX('?rVW*^VY�buX�R
v
X
w
begOYZb�aVtVbdceWncea�x*^VY�buS(YOUub�W*R�SV]*X�b®àVW*S(X�U�SV]~_OrVY�b®X

f(w) ≺ f(v)
¢���Y�U�'?R p rVYmò Ô}ê â ä ~x�¼Õ �?Ö Ô Õ
ë�×O�!_5^VX('?rVW*fhgOY�b�XJU�X�bdceU�W*rVi�X p X�U�U�Y�rVXh_OR�X�r�ceX p _OY5mh_Ob�YX�R � aVX

f(w) ≺ f(v) e {w,v} ∈ Ω
¢

ÿHG�� ��J ��������	�

��	 O J ��������� ��� J
1.X�bdceX v�_OS�xnceaV]*Y8�HY�Ue_OR SVU�Y�SyY�bdceY�bÑY�bo�HaVrV^?_OR�X�r�ceY�b¡S?_OUe_=Y�b¡R�jlceYz^VY�b?9 Ô �¼ÕPâeëOá Ô}ä ~x�¼Õ �?Ö Ô Õ
ë�×OÕ*ÖS?_OUe_o_kb�Y�]*aVfhgOYo^VX5SVU�Y�tV]*X�Ro_ObFX�b�mh_O]~_OU�X�b.X5|�XlceY�U�W~_OW*bY@$v71 � ¢�1.Y�b�X�aº^VX�b�X�r�|�Y�]n|zW*R�X�r�ceY��HY�Ue_OR
SVU�Y�S(Y�bdceY�b�)�X�Y�U�X�Ro_Ob p�e X�Ro_ObÑX v�Y�U�Y�]{kOU�W*Y�boX � X('?rVW*f�ÎzX�b � aVXº�HY�U�Ro_O]*W��h_OR Y�bÑm�Y�rVm�X�WnceY�bÑ^VY
S(Y�]*W*X�^VU�YÑ^VX�tVaVb�mh_`X�^VY`S(Y�]*W*X�^VU�YÑ^VX�tVaVb�mh_`m�Y�RqàVW*bdceÏ�U�W*m�YZ^VXkW*r�ceX�U�b�X�m�f�Î�X�b p tyX�Rqm�Y�R�Y`S(X�U��
R�WnceX�R´^VXlceX�U�R�W*r?_OU.aVRÀrVYL|�YÑX�]*W*SVb�Ï�W*^VX

Ek+1

� aVX@m�X�Udc"_OR�X�r�ceX SVU�X�b�X�Ud|O_OUykÑS?_OUdceX�^VYÑm�Y�r � aVr�ceY
9�×Oáeâlã Ô}ä�å ã
Õ �oÔ ¢1.YFmh_OS�xnceaV]*Y�b�X�i�aVW*r�ceXwb�X�UegOYF^VXlc"_O]*à?_O^VY�b3Y�b,_O]*i�Y�U�WnceRkY�b � aVX{b�X4�HaVrV^?_OR�X�r�c"_OR�r?_Ob�^VX('?rVW*f�Î�X�b p
_ � aVW,_OSVU�X�b�X�r�c"_O^?_Ob p S?_OUe_@W*R�SV]*X�R�X�r�c"_OU�_ �
_ORIx*]nW*_�^VX$R�jlceYz^VY�bY9 Ô �¼ÕPâeëOá Ô}ä ~x�¼Õ �?Ö Ô Õ
ë�×OÕ*Öl¢
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- .0/21436587:9 �

; .�R 1�7�B�. D?9YG < =N3�9ùD?9YG
M 9Y7�B:EXD?J69PO�FH7�B:/2G^9YB�D8.�B�G /2.0JK. M J69�C27:EXR .�G
-S9 = 361 = 58.�G

1.X�bdceX{mh_OS�xnceaV]*Y�b�X�UegOYFSVU�Y�SyY�bdc"YOb,Y�b,_O]ni�Y�U�WnceRkY�b � aVX{m�Y�rVbdceWnceaVX�RE_x�
_ORIx*]nW*_x^VY�b�R�jlceYz^VY�b�9 Ô �¼ÕPâeëOá Ô}ä~x�¼Õ �?Ö Ô Õ
ë�×OÕ*Ö p _$S?_OUdceW*U{^VY�b )�X�Y�U�X�Ro_ObxX®vxY�U�Y�]{kOU�WnY�b{^VX('?rVW*^VY�b�rVY�mh_OS�xnceaV]*Y�� p S?_OUe_5_5b�Y�]*aVfhgOY5^VXSVU�Y�tV]*X�Ro_Ob�X�b�mh_O]~_OU�X�b.X$|�XlceY�U�W~_OW*bFm�Y�RÌ|}_OU�W{kh|�X�W*bFSVaVUe_OR�X�r�ceX$m�Y�r�cyx*r�a?_Ob py� a?_Ob�WÉ��m�Y�r�|�X�[\Y�bJX5r?gOY
rVX�m�X�b�be_OU�W~_OR�X�r�ceX5^VWn�HXlUeXlrVm�W{k;|�X�W*b�¢
1.Y=b�X�a°^VX�b�X�r�|�Y�]n|zW*R�X�r�ceY p begOY0_OSVU�X�b�X�r�c"_O^?_ObÑ_Ob¡W*R�SV]nX�R�X�r�c"_Of�ÎzX�b�^VY=R�jlceYz^VY�9 Ô �¼ÕPâ"ëOá Ô}ä~x�¼Õ �?Ö Ô Õ
ë�×O�4S(Y�UÛc.W*S(X�U�X�bd�HX�Ue_ p ^VY¡R�jlceY�^VY?9 Ô �¼ÕPâeëOá Ô}ä ~x�¼Õ �?Ö Ô Õ
ë�×O�4SyY�U � X ��� çlrVmhW~_¡^VXkvxY�UdceX�b*�wU�Y}��HaVrV^VY�b�X�b._Ob�Y�b p Xu^VY@R�jlceYz^VY � Õ*Ölã Ô á�ÕPîe×O�È÷ ê ã�âláeÖ;â"îlã
Õ Ô}ê �3âe×Oá"î+�T9 Ô � Çh�yâeëOá Ô}ê ~x�1�¼Õ �?Ö Ô Õ
ë | âlã$� Ô ëO¢� a\ceU�Y�bÑ^VXlc"_O]nàVX�bÑb�Y�tVU�XÁX�bdceX�bÑceX�R�_Ob¡S(Yz^VX�Rób�X�UÑm�Y�rVb�X�i�aVWn^VY�bÑr?_=U�Xl�HX�U�ç�rVm�W~_E>��`Y�aVUe_V]

)ü_\*L_Oà?_Ob�àVWü¹\wjw �FB ¢

�KG�o  ¢¡7�oJTO J 	øqsr7tvuxwZk.t�y�z.t$w%� J L £ J �(Ñ(� O q JPO �¥¤ ��	v� �
Ð �HY�U�Ro_O]nW��h_OfhgOYJ^VYuS(Y�]*W*Xl^VUeYJ^VX�tVaVb�mh_ p |zW*^VX�_ � X('?rVW*fhgOY � >HSlkOi�W*r?_ � � B X�Y&)�X�Y�U�X�Ro_ � >HSlkOi�W*r?_
�Oµ�B�p S(X�U�R�WnceX�i�X�Ue_OU�aVRôR�jlceYz^VY5t?_Ob�Xh_O^VY�rVY _}]*i�Y�U�WnceRkYº~x�¼Õ �?Ö Ô Õ
ë�×O� p c"_O]?m�Y�R�Y5^VX�R�Y�rVbdceUe_O^VY�rVY)�X�Y�U�X�Ro_m�'>HSlkOi�W*r?_ �j�FB ¢ Ð � aVbdceW�'?mh_}ceWn|O_ZS?_OUe_º_`SVU�Y�S(Y�b�W*fhgOY2^VXoaVRTrVY;|�Y2R�jlceYz^VY2t?_Ob�Xh_O^VY
rVYÁ_O]*i�Y�U�WÉceRkY ~x�¼Õ �?Ö Ô Õ
ë�×O��b�X¡^VXl|�X¦2`S(X�U�b�S(X�mlceWn|}_º^VX � aVXÑ_2a\ceW*]*W��h_OfhgOY`^VYºS(Y�]*W*X�^VU�Y`^VX¡tVaVb�mh_
Pxk(xs, Ek)

S(Y�^VX�UykkSVU�Yz^Va���W*U�aVRo_k_Om�X�]*X�Ue_OfhgOY�rVYkSVU�Yzm�X�b�b�Yo^VX$m�Y�r�|�X�U�i�ç�rVm�W~_kS?_OUe_k_kb�Y�]*aVfhgOYV¢
±wR³�HaVrVfhgOYu^?_®SVU�Y;|\kh|�X�]Va\ceW*]*W��h_OfhgOYJ^VX�Ro_OW*b�^VX�aVR b�X�R�WÉ��X�b�S?_Of�Y®r?_Jm�Y�rVbdceU�aVfhgOY$^VX

Pxk(xs, Ek)ceX�U���b�X���kJS?_OUe_JX�bdceX�bwR�jlceY�^VY�b4aVR³Ro_OW*Y�U,X�bd�HY�U�f�Yum�Y�R�SVa\c"_Om�W*Y�r?_O]z±�v Ð � ceX�rV^VYum�Y�R�YJU�Xl�HX�U�ç�rVm�W~_
Y2_O]*i�Y�U�WÉceR�YÑ^VX � àVY�U�¢���Y�U$m�Y�rVb�X � aVW*r�ceX p Y`SyY�]*W*X�^VU�YZ^VX�tVaVb�mh_`^VXl|�Xob�X�U5a\ceW*]*W��h_O^VYÑSVU�W*rVm�W*S?_O]É�
R�X�r�ceX¡S?_OUe_Á_Ob m�]~_Ob�b�X�b@^VX¡SVU�Y�tV]*X�Ro_Ob�r?_Ob � a?_OW*b Y·± Ð ß��³jÑRo_OW*YOU � aVXÑY·±�v Ð � p c"_O]�m�Y�R�Y

Ä n



Ä � Z Ö�Ü`ñ{Á{Ø�Ö � � î*[ � × � � � îú� � Á{Ø�Ú���� � ��}tÁ{Ø*+Ùî � Ø��ÙÖ�Ø�î®+ÙÖ���Ö^��� � ':Á�Ú\Ü�Ö�î!� � Õ,×lñ{Õ�(4Ö�î
_OSVU�X�b�X�r�c"_O^VYor?_@b�X�fhgOY`­�¢�¹z¢�¹z¢
� Xl|�X���b�X`_OW*rV^?_2X�r\�
_}ceW��h_OU � aVX p R�X�b�R�Yºm�Y�R _ºa\ceW*]*W���_OfhgOYº^?_ºR�X�b�Ro_2U�X�i�W~gOYº^VXÑW*r�ceX�U�X�b�b�X

^VX@tVaVb�mh_
Pxk(xs, Ek)

p j@S(Y�b�b�xn|�X�]wi�X�Ue_OUuRo_OW*bJ^VXkaVRo_o|O_OU�W~_Or�ceX ^VXkaVR R�jlceYz^VYÑt?_Ob�Xh_O^VY`X�R
~x�¼Õ �?ÖDC}Õ
ë�âl¢�ß�bdceYoYzm�Y�U�U�X�SyY�U � aVX�r?gOY¡X�[\W*bdceX�aVRo_@�HÏ�U�R aV]~_�_}r?_O]�xnceWnmh_kS?_OUe_�^VX('?rVW*U.aVR´X�]*W*SVb�Ï�W*^VX
Ek+1 ⊃ Pxk(xs, Ek)

¢ Ð b�b�W*R p mh_O^?_�Ro_OrVX�W*Ue_5^VXJb�X®mh_O]*m�aV]~_OU
Ek+1 ⊃ Pxk(xs, Ek)

^VX('?rVW*Uyk�aVRo_
|O_OU�W~_Or�ceXu^VX$aVRÌR�jlceY�^VYkt?_Ob�Xh_O^VY�X�Rø~x�¼Õ �?ÖDC}Õ
ë�âl¢

Ð b�X�i�aVW*U�begOY=_OSVU�X�b�X�r�c"_O^?_}bÑ_O]*i�aVRo_Obk_Ot(Y�U�^?_Oi�X�rVb�S?_OUe_ Y8mukO]*m�aV]*Y·^VX
Ek+1

_ S?_OUdceW*Uk^VY
S(Y�]*W*X�^VU�Y@^VX$tVaVb�mh_

Pxk(xs, Ek)
¢

� SVU�Y�tV]*X�Ro_§>�­�¢ Ä B b�X�Uyk·_ � aVWxceUe_}c"_O^VYÁXZjÑU�X�SVU�X�b�X�r�c"_O^VY8_Ot?_OWÉ[\YÁS?_OUe_·_ºm�Y�R�Yz^VW*^?_O^VX¡^VY
]*X�WnceY�U��

min f(x)
> µ ¢n­ B

s.a. Ω∗ = {x∗ ∈ Ω | @x ∈ Ω tal que f(x) ≤ f(x∗) e f(x) 6= f(x∗)}

Ω = {g(x) ≤ 0 | x ∈ Rn}
Y�rV^VX p

f(·) : Rn 7−→ Rm X
g(·) : Rn 7−→ Rp ¢

¨CÕ±×àÕ±× ©«ª!È$ÙfåZÙ­¬�é{��ð)ë$ìÛò9é�®l¯Á��ð±°Sö;éÛð"ì ý{�K��ÙÛÚ³² á��	þFÚÀþ��h´óþFÚÀÝ�µ
MPEH

Ð SVU�W*R�X�W*U�_�SVU�Y�S(YOb�c"_o^VX a\ceW*]*W��h_OU.Y¡m�Y�rVm�X�WnceYÑ^VY¡S(Y�]*W*X�^VU�Yo^VX tVaVb�mh_¡S?_OUe_Ñ_Om�X�]*X�Ue_OU®_oU�X�^VaVfhgOY
^VYÁ|�Y�]*aVR�X¡^VY·rVY;|�Y·X�]*W*SVb�Ï�W*^VX

Ek+1

p m�YOrVbeWnb�ceXÑX�R a\ceW*]*W��h_OU _Ob@m�YzY�U�^VX�r?_O^?_Ob@rVY � a?_O]�YÁX�]*W*Sz�
b�Ï�W*^VX

Ek

j@aVRo_¡àVW*SyX�U�X�bd�HX�Ue_ÑS?_OUe_Ñmh_O]*m�aV]*_OU®YÑrVY;|�YÑX�]*W*SVb�Ï�W*^VXO¢!�ü_OUe_oc"_Or�ceY p �
_\����b�X@rVX�m�X�b�bykOU�W*Y
aVRo_�b�W*R�SV]*W '?mh_OfhgOY�^VY@S(Y�]*W*X�^VU�Y�^VX®tVaVb�mh_@S?_OUe_�aVRém�Y�rVX®S(Y�]~_OU�^VXlceX�U�R�W*r?_O^VY S(Y�U�àVW*SyX�U�SV]~_OrVY�b
_h|O_O]*W~_O^VY�b�X�RÌaVRWÂVrVW*m�YkS(Y�r�ceY p c"_O]�m�Y�R�Yk_OSVU�X�b�X�r�c"_O^VYo_@b�X�i�aVW*U��
	�ß 
ià�á ����â Ó ä ò Ô}ê â$ë�â.ìFí�Ö;îe×���ò Ô}ê ÖlÕ
ë�âláeâ$ë�×�� â � ê Õ �LK Ô �=�5�V�h OÕ ê × ¶���� Ô Ö5î Ô}ê : í ê ã Ô Ö Γ � Θâ
Ψ
�t��â � î Ô��oÔ¡Ô Ö�� Ô}ê ã Ô Ö v â

w - � î Ô}ê â�ë�â���í�Ö;îe× } ë�â � ê Õ
ë Ô � Ô á��

Cw(v,Γ) ,





Γ ∩ CO(w), f(w) ≺ f(v) e {w,v} ∈ Ω -
Γ ∩ CO(w), f(v) ≺ f(w) e {w,v} ∈ Ω -
Γ

⋂Θ
i H

∇̄fi(w),w
− , f(w) 6≺ f(v), f(v) 6≺ f(w) e {w,v} ∈ Ω -

Γ ∩ CF (w), w ∈ Ω e v 6∈ Ω -
Γ ∩ CF (w), w 6∈ Ω -

> µ ¢�¹ B
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·��)d [ � × � � � îK���5�R�F�v�����$���(�T� � Ü8� � Á{Ø�Ú���� � �ÙÚT¸*(4î��¡Ö Ä��

 âÈû¡â	����û á â " ä ò Ô}ê â�ë�âuìFí�Ö;îe×Ñ� D � î Ô}ê â�ë�â���í�Ö;îe×.A Ô á � ×O�¼Õ5�;×�ë Ô �?âl�n×�� â � ê Õ �LK Ô �� �×Oá�× ê ã�â<�í?â

(Pw(v,Γ) ∩ Ω∗) 6= ∅ -

� â�� 7 � ã �	� î Ô}ê â5ë�â���í�Ö;îe× Cw(v,Γ) ê K Ôkê â"î"â"Ö"Öh×Oá�Õ
× � â ê ã�â5î Ô á�áeâ"Öc� Ô}ê ë�â G � I ê Õ � ×káeâ­ OÕ K Ôë�â$Õ ê ã�âlá"â"ÖeÖ;â ë�â���í�Ö;îe× R∗ ë�â � ê Õ
ë�×·� Ô ák�6� -w� � -
� m�Y�rVm�XlWnceYZtlkOb�W*m�YÑ^VX�bdceXkR�jlceY�^VYÑj@mh_O]*m�aV]~_OUJaVRo_oX�bd�HX�Ue_ � aVXkm�Y�r�ceX�rVà?_ÑYZmlY�rVXk^VX@tVaVb�mh_

Cxk(xs, Ek)
¢ � SVU�Yzm�X�b�b�Y·W*rVW*m�W~_;��b�X�m�Y�R YÁmukO]*m�aV]*Y2^?_ºRo_}ceU�W��

MCk

� aVX¡mh_OUe_OmlceX�U�W��h_2YÁm�Y�rVX
^VX tVaVb�mh_9r?_�WnceX�Ue_OfhgOY

k
m�Y�U�U�X�r�ceXO¢ Ð Ro_}ceU�W��

MCk

j ^VX('?rVWn^?_ S(Y�U%> µ ¢ n�B X b�a?_Ob2m�Y�]*aVr?_Ob
m�Y�U�U�X�b�S(Y�rV^VX�R _OY�b5|�XlceY�U�X�b ∇̄fi Y�a ∇̄gj � aVX¡m�Y�R�SyÎzX�R _`W*r�ceX�U�b�X�m�fhgOYº^VXob�X�R�WÉ��X�b�S?_Of�Y�b � aVX
^VX('?rVX�RÍYkm�Y�rVX$^VX$tVaVbem�_\¢

Cxk(xs, Ek) ⇐⇒ MC
T
k (x− xk) ≥ 0

> µ ¢ n�B
@®a?_OrV^VY·_2Ro_Lc"U�W��

MCk

SyY�b�b�aVW�SyY�bdc"YºRo_OW*Y�U$Y�a=W*i�a?_O] � aVXZ_2^VW*R�X�rVbegOY2^VYºSVU�Y�tV]*X�Ro_ p j
S(Y�b�b�xn|�X�].mh_O]*m�aV]~_OUkaVR X�]*W*SVb�Ï�W*^VX

Sk+1

p c"_O] � aVX
vol(Sk+1) < vol(Êk+1)

¢E1.X�bdceXºmh_Ob�Y p
Êk+1m�Y�U�U�X�b�S(Y�rV^VXo_ÑaVR&X�]*W*SVb�Ï�W*^VX � aVXkS(Yz^VX�U�W~_Ñb�X�U$Y�t\ceW*^VYÑm�Y�R&Y`aVb�YZ^VX � a?_OWnb � aVXlU5^VY�b$^VY�W*b®|�X��

ceY�U�X�b � aVXJ^VX('?rVX�R _Ob�m�Y�]*aVr?_Ob{^VX
MCk

p W*rV^VWn|zW*^Va?_O]nR�X�r�ceX p X�R�SVU�X�i�_OrV^VY}��b�X¹>P¹z¢n­�­ B U�Xl�HX�U�X�r�ceX®_OY
R�jlceYz^VYa~x�¼Õ �?Ö Ô Õ
ë�×O�,^VX � àVY�U�¢�4_OUe_JY®mukO]*m�aV]*YJ^VX

Sk+1

p j�U�Xh_O]*W��h_O^?_FaVRo_.ceUe_OrVbd�HY�U�Ro_OfhgOYJ^VXxm�YzY�U�^VX�r?_O^?_Ob4Y�rV^VX�Y®X�]*W*SVb�Ï�W*^VX
Ek
j�aVRo_.àVW*S(X�U�X�bd�HX�Ue_®^VX�Ue_OW*YJaVrVWnc+kOU�W*Y p U�X�SVU�X�b�X�r�c"_O^?_uSyY�U

Ēk
¢M1J_Ob4rVY;|O_Ob4m�YzY�U�^VX�r?_O^?_Ob4Y®m�Y�rVX

C̄xk(xs, Ek)
U�X�SVU�X�b�X�r�c"_FYFm�Y�rVXw^VX{tVaVb�mh_�ceUe_OrVbd�HY�U�Ro_O^VYV¢�Æ.Ro_�àVW*S(X�U�X�bd�HX�Ue_

S̄k+1 ⊃ C̄xk(xs, Ek)j5X�r�c"gOY�mh_O]*m�aV]~_O^?_ p X5X�bdc"_kàVW*S(X�U�X�bd�HX�Ue_kceUe_OrVbd�HY�U�Ro_O^?_@S?_OUe_k_Ob.m�YzY�U�^VX�r?_}^?_Ob.Y�U�W*i�W*r?_OWnb�^VX('?rVW*Uyk
YkX�]*W*SVb�Ï�W*^VX

Sk+1

¢
@®a?_OrV^VYº_`Ro_}ceU�W��

MCk

S(Y�b�b�aVW�S(Y�bdceY2R�X�rVY�U � aVX¡_`^VW*R�X�rVbegOY`^VY2SVU�Y�tV]*X�Ro_ZY�a � a?_OrV^VY
vol(Sk+1) > vol(Êk+1)

YÑrVY;|�YÑX�]*W*SVb�Ï�W*^VX
Ek+1

b�X�Uyk
Êk+1

¢�v�_Ob�YÑm�Y�r�ceUykOU�W*YoYÑrVY;|�YÑX�]*W*SVb�Ï�W*^VX
Ek+1

b�X�Uyk
Sk+1

¢
±wbdceX2R�jlceY�^VY p S(Y�Udc"_Or�ceY p S(Y�^VX`b�X�U�X�r�ceX�rV^VW*^VY m�Y�R�Y aVRo_Ái�X�rVX�Ue_O]*W��h_OfhgOY·^VY R�jlceYz^VY·^VX

ò Ô á�ã�â"Öºâ � ò4í ê �V× p _OSVU�X�b�X�r�c"_O^VY8rVY mh_OS�xnceaV]*Y n X2_OSV]*Wnmuk;|�X�] � a?_OrV^VY8^?_·X�[\W*bdceç�rVm�W~_·^VX`^VY�W*bb�aVtVi�Ue_O^VW*X�r�ceX�b�¢
Ð X�bdceU�a\ceaVUe_OfhgOYÑi�X�Ue_O]�^VYÑ_O]*i�Y�U�WÉceR�Y � aVX W*R�SV]*X�RkX�r�c"_kY¡R�jlceYz^VY?9 Ô �¼ÕPâeëOá Ô}ä ~x�¼Õ �?Ö Ô Õ
ë�×}�4S(Y�Uc.W*S(X�U�X�bd�HX�Ue_ p �]�{±ü��c p j X�[\W*tVW*^?_ _ b�X�i�aVWnUh¢ Ð ceUe_h|�j�b2^?_ _OrlkO]*W*b�X·^VX�bdceX=_O]*i�Y�U�WÉceR�Y0S(Yz^VX���b�X

|�X�U�W�'?mh_OU � aVX�b�a?_ m�Y�R�SV]*X�[\W*^?_O^VX=S(X�U�Ro_OrVX�m�X0X � aVWn|O_O]*X�r�ceXc2�m�Y�R�SV]*X�[\W*^?_O^VX0SyY�]*W*rVY�RkW~_}]�^VY
_O]*i�Y�U�WÉceR�Y�~x�¼Õ �?Ö Ô Õ
ë�×O��^VX � àVY�U p�� k � aVX=_0ceUe_OrVbd�HY�U�Ro_OfhgOY ^VX m�YzY�U�^VX�r?_O^?_Ob`X8Y mukO]*m�aV]*Y ^?_àVW*S(X�U�X�bd�HX�Ue_

S̄k+1
begOY8^VX`m�Y�R�SV]*X�[\W*^?_O^VXZS(Y�]*W*rVY�RkW*_O]
¢º1.X�bdceXº_O]*i�Y�U�WÉceR�Y p _·�HaVrVfhgOY

Rt(n) =

(n/(n + 1))(n2/(n2 − 1))(n−1)/2
U�X�SVU�X�b�X�r�c"_Á_2U�X�]~_OfhgOY2^VXoU�X�^VaVfhgOYÁ^VY2|�Y�]*aVR�X�^VYºX�]*W*SVb�Ï�W*^VX
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X�r�ceU�Xk^Va?_Ob$WnceX�Ue_Of�Î�X�b$b�aVm�X�b�b�Wn|O_Ob$S?_OUe_ÑY`_O]*i�Y�U�WÉceR�YI~x�¼Õ �?Ö Ô Õ
ë�×O�{^VX � àVY�U�¢H�ü_OUe_¡�
_Om�W*]*WÉc"_OU®_ÑU�X��SVU�X�b�X�r�c"_OfhgOY`^VYZ_O]*i�Y�U�Wnc�R�Y p ^VX('?rVX���b�X � aVX

f(∅) = ∞+
X
Cv(∅,Γ) = Cv(v,Γ)

¢¹��X�]*YÑR�X�b�R�Y
R�YOceWn|�Y �HY�W3X�[\m�]*a�x*^VYkYkm�U�Wncej�U�W*Y@^VX$S?_OUe_O^?_

xk ∈ Ω∗
¢

Ò ��»ÈâÈû á �D¼ õ & 9 Ô �¼ÕPâeëOá Ô}ä ~x�¼Õ �?Ö Ô Õ
ë�×O��S(Y�U�c.W*S(X�U�X�bd�HX�Ue_�v�$��j���½¹¾ ¸ÿ¶¼«T¹T¿9­6¿v¹Rµ�¶Z¹T¾�¹É¦¼¹5°)«
E0 ñ ´v¾�µ�¶·°�­»´v«T¬9²7³v´!¿v®c¹T¸�° x∗

­»¶¼¯�ÀS¿�¯»´O¦¼¬�¯±°vµ9°	µ�¶·°h¦ó´v¯»µ�´ ¦ó´v¸Þ´�¿�¯»´��¿�«R¶¼¸�°Sµ�¶ÂÁ9¾�¹Rµ�´�¿$´v¯YÃwÄ�ÓÆÅ+Ç�Ó
È j�� ��j���½¹É ¸�¶¼«¼þ9´v¯S­»´v«T¬9²7³v´ « °h¦¼®�¬T½�¶¼«w¦ó´v¾�®�¬T¾=¬�°

xf
¶¼¾�¦ó´v¾�®c¯±°vµ9°�Ó¦Ê�°)¯±°.¬�¸M¿�¯»´h¿�«R¶¼¸�°a¹T¾ « °h¦¼®�¬T½�¶¼«Û´v¬

¿�°)¯±°
x∗ 6∈ E0

®»¶¼¯Ë�(­»¶Â�AÀ
xf = ∅ Ó

Ì+Í )A(ÙÕ	�h×(Ø � Õ
MPEH

Ã
E0
Ç

ÎDÍ
k ← 0ÏÐÍ
xf ← ∅ . Ñ ¶¼¯±°S´·¸�¶¼«¼þ9´v¯à¿À´v¾=®»´ « °h¦¼®�¬T½�¶¼«Ò Í Á ��� +

ÓDÍ
MCk ← Cxk(x

f , Ek) . Ô °)«É¦�¬9«R°�´u¦ó´v¾9¶Cµ�¶�¿�¬9­�¦7°·¶Ä°Z¸�°)®c¯c¹¼ø MCk
Ó

ÕÐÍ Ø*)
xk ∈ Ω∗

¶
f(xk) ≺ f(xf )

×+Ö4Ú\Õ
× Í

xf ← xk .
ï�´"½�´·¸�¶¼«¼þ9´v¯à¿À´v¾�®»´ « °h¦�®�¬ ½�¶¼«
Ó

ØÐÍ Ú\Õ	�mØ*)
ÙÐÍ Ø*)

rank(MCk) ≥ n
×+Ö4Ú\Õ

. Cxk(xf , Ek)
Ó

ÌÂÚÐÍ
S̄k+1 ← (Ēk ∩ C̄xk(xf , Ek)) . Û ¹T¿$¶¼¯»¶ó­ « ¶¼¯±°·¾�°v­{¦ó´�´v¯»µ�¶¼¾�°vµ�°v­à®c¯±°)¾9­ « ´v¯c¸�°vµ9°v­7ÓÌ+Ì+Í Ø*)

vol(S̄k+1)/vol(Ēk) > Rt(n)
×+Ö4Ú\Õ

ÌÜÎDÍ Ý � × �.«T¹T¾�þ�°
22ÌÂÏÐÍ Ú\Á{îZÚ

Ì Ò Í
Sk+1 ← QkS̄k+1 . Þ ¶¼®»´v¯c¾�° Ã ­{¦ó´=´v¯»µ�¶¼¾�°vµ9°v­ ¹T¾�¹É¦�¹5°)¹R­7ÓÌÜÓDÍ
Ek+1 = Sk+1ÌÂÕÐÍ Ý � × �.«T¹T¾�þ�°

24Ì × Í Ú\Õ	�mØ*)
ÌÂØÐÍ Ú\Á�îZÚ
ÌÂÙÐÍ Ý � × �B«T¹T¾�þ�°

22Î�ÚÐÍ Ú\Õ	�mØ*)
ÎDÌ+Í ∇̄k =

∑n
j=1

MCk(:,j)
‖MCk(:,j) ‖

. ß °)¯±°)¾=®»¶ xk+1
µ�¶¼¾=®c¯»´�µ�¶

C̄xk(xf , Ek)
Ó

Î+ÎDÍ
Ek+1 ← (Ek ∩H∇̄k,xk− ) . à ¹Rµ�¶
Ãwá�ÓÆÅDÅ+ÇÎ�ÏÐÍ Ø*)

vol (Ek+1) ' 0
´v¬

vol(Ek+1) ' vol(Ek)
×+Ö4Ú\Õ

Î Ò Í
return xf .

é3¶¼¯c¸S¹T¾9¶C´�°)«¼ª�´v¯c¹T®c¸�´�Ó
Î+ÓDÍ Ú\Õ	�mØ*)
Î�ÕÐÍ

k ← k + 1Î × Í Ú\Õ	�mÁ ��� +
Î�ØÐÍ Ú\Õ	�2)A(ÙÕ	�h×(Ø � Õ
Ð '?i�aVUe_ µ ¢n­xX�[\X�R�SV]*W '?mh_J_Fa\ceW*]*W��h_OfhgOYF^VYJR�j�c"Y�^VY

MPEH
¢ Ð b�aVt,'?i�aVUe_ µ ¢n­�¢ _.X�[\W*tyX p c"_Or�ceY

S?_OUe_Z_Ob$m�Y�Y�U�^VX�r?_O^?_Ob$ceUe_OrVbd�HY�U�Ro_O^?_Ob � a?_Or�ceYZS?_OUe_Z_Ob$m�YzY�U�^VX�r?_O^?_Ob$Y�U�W*i�W*r?_OWnb p aVRo_ÑWnceX�Ue_OfhgOY
Y�rV^VX®Y X�]*W*SVb�Ï�W*^VX

S̄k+1

S(Y�b�b�aVW!|�Y�]*aVR�XJW*r\�HX�U�W*Y�U�_OY@X�]*W*SVb�Ï�W*^VX
Êk+1

¢â�jk _ b�aVt,'?i�aVUe_ µ ¢n­�¢ t¡X�[\W*t(X
_@b�Wncea?_OfhgOYkY�S(Y�bdc"_ p r?_ � a?_O]�YkX�]*W*SVb�Ï�W*^VX

S̄k+1
S(Y�b�b�aVW�|�Y�]*aVR�Xub�aVSyX�U�W*Y�U._OYkX�]*W*SVb�Ï�W*^VX

Êk+1
¢
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_\­ B ±wbd�HX�Ue_
S̄k+1

r?_ObFm�Y�Y�U�^VX�r?_O^?_ObFceUe_OrVbd�HY�U�Ro_O^?_Ob�¢

_�¹ B ±w]*W*SVb�Ï�W*^VX
Sk+1

r?_ObFm�YzY�U�^VX�r?_O^?_}b.Y�U�W*i�Wnr?_OWnb�¢
_ B ßCceX�Ue_OfhgOY�m�Y�R

vol(Sk+1) < vol(Êk+1)
¢
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t3­ B ±wbd�HX�Ue_
S̄k+1

r?_ObFm�Y�Y�U�^VX�r?_O^?_Ob�ceUe_OrVbd�HY�U�Ro_O^?_Ob�¢

ty¹ B ±w]*W*SVb�Ï�W*^VX
Sk+1

r?_ObFm�Y�Y�U�^VX�r?_O^?_Ob.YOUeWni�W*r?_OWnb�¢
t B ßCceX�Ue_OfhgOY�mlY�R

vol(Sk+1) > vol(Êk+1)
¢

 �¡ ¢�£�¤@¥Yã�§¼»�©�ª(«T¬9­c®c¯±°v²7³v´�µ�¶ µ�¬�°v­3¹T®»¶¼¯±°v²"ö�¶ó­�µ�¶ü¦�À)«É¦¼¬�«R´�µ�´ ¸�Á¼®»´=µ�´räÛÃhû Å
Î»ÍvËcÃhù1úüû Å ý9ÆóÃvÅ Í�Ìhû9¿$´v¯ Û ¹T¿À¶¼¯»¶ó­ « ¶¼¯±°�Ó

¦Z¦Z§�¨Z¨ ©,ª$«­¬¯®,°$¬�± ²!³\±�´�±�µ ¶{·$·$¸º¹ »h¼y©�§



·��)d [ � × � � � îK���5�R�F�v�����$���(�T� � Ü8� � Á{Ø�Ú���� � �ÙÚT¸*(4î��¡Ö Äjg
¨CÕ±×àÕPÅ ©«ª!È$ÙfåZÙ¥¬�é{��ð)ë�ìÛò9é�®l¯Á��ð±°Sö;éÛð"ì ý{�%�	ÙÛÚ­å�þ�æ7çYè�ÿYé3á»Ý\åZþ�þ�ÙÛÚzÈ$þ��ëêVÚÀÙ5ì

´qí�ÿZåZÙ^�xþïî�Ý^��Ù^��µ
MPESC

Æ.Ro_=b�X�i�aVrV^?_�Y�S(fhgOY�^VXÁW*R�SV]*X�RkX�r�c"_OfhgOY=^VY�m�Y�rVm�X�WnceY�^VY�SyY�]*W*X�^VU�Y0^VXÁtVaVb�mh_�m�Y�rVb�W*bdceX·X�R
a\ceW*]*W��h_OU$aVRo_`b�X ��� ç�rVm�W~_º^VXom�Y�UdceX�b�SVU�YO�HaVrV^VY�b�Xom�Y�UdceX�b Ue_Ob�Y�b >HWP¢ XO¢ p ^VY2W*rVi�]*ç�b
���V×O�1� Ô�ð ò4ízã1Ö B^VX('?rVW*^VY�büS(Y�Ur>P¹z¢n­ �0B S?_OUe_Jmh_O]*m�aV]~_OU

Ek+1

¢4±wbdc"_®b�X ��� ç�rVm�W~_®a\ceW*]*W��h_OUykFb�aVm�X�b�b�Wn|O_OR�X�r�ceX�Y�b�|�XlceY�U�X�b
b�aVS(Y�UdceX`^VY8SyY�]*W*X�^VU�Y·^VX2tVaVb�mh_ p Y�a9b�X � _ p Y�bk|�XlceY�U�X�b � aVX`^VX('?rVX�R _Obk�
_Om�X�b�^VX�bdceX2S(Y�]*W*X�^VU�YV¢
±wR t(Y�Ue_uY5aVb�Y�^VX�bdceX�bxm�Y�UdceX�b�Ue_Ob�Y�b{b�X � _5SyY�aVm�Y�X�[\SVU�X�b�b�Wn|�Y r?_$]*WnceX�Ue_}ceaVUe_®S?_OUe_$Y5mukO]*m�aV]*Yu^VX.aVR
rVY;|�YuX�]*W*SVb�Ï�W*^VX p ^?_O^VY � aVX�b�X�a@|�Y�]*aVR�Xxm�Y�r�cej�Ròb�X�R�SVU�X�R�_OW*bü^?_uR�Xlc"_O^VX�^VYuX�]*W*SVb�Ï�W*^VX�_}cea?_O] p rVY
m�Y�r�ceX�[zceY¡^VY¡SyY�]*W*X�^VU�Y�^VX�tVaVb�mh_oX�bdceX�b®m�Y�UdceX�bJS?_Ob�be_ORÀ_�b�X�UJ^VX�i�Ue_OrV^VX5a\c"Wn]*W*^?_O^VXO¢�ß�bdceY¡Y�m�Y�U�U�X
S(Y�U � aVX p ^VaVUe_Or�ceX¡_2b�X ��� ç�rVm�W~_º^VXom�Y�UdceX�b _2Ro_}W*Y�U$S?_OUdceXo^VX�bdceX�b m�Y�UdceX�b�b�X�Uykº^VXom�Y�UdceX�b�Ue_Ob�Y�b�¢
vxY�R�Y`i�_OrVàVYº_O^VW*m�W*YOr?_O]4ceX�R@��b�X � aVXoYº_O]*i�Y�U�WÉceR�YÑU�X�b�aV]nc"_Or�ceX�j�^VXk��kOm�W*]wm�Y�R�SVU�X�X�rVbegOY2XotyY�R
^VX�b�X�R�S(X�rVàVYV¢
�4_OUe_k_@m�Y�rVbdceU�aVfhgOY�^VYo_O]*i�Y�U�WÉceRkY

MPESC
p �
_\����b�X$rVX�m�X�b�bykOU�W~_�_@b�X�i�aVW*r�c"Xu^VX('?rVW*fhgOYV¢

	�ß 
ià�á ����â & ä�ñ ×Oã
á�ÕóòLâ"Ö MP k

â
MXk

�&ò Ô}ê ÖlÕ
ë�âláeâoô?âl�n×ç� â � ê Õ�õ K Ô �2�óôV�h OÕ ê ×¹¶Ð���®í � ô Ô �¼ÕPâeëOá Ôë�â���í�Ö;îe×
Pxk(xs, Ek) - MP k

î Ô á�áeâ"Ö�ô Ô}ê ë�â.×5í � × � ×Oã
á�Õóòuîlí : ×LÖuî Ô �¼í ê ×LÖ�Ö K Ô Ô Ö�#Oâlã Ô áeâ"Ö�Ö�íDô Ô á�ã�âë�â
Pxk(xs, Ek) - MXk

î Ô á�áeâ"Ö�ô Ô}ê ë�â5×oí � × � ×Oã
á�Õóò ë�â � â"Ö � ×oëOÕ � â ê Ö K Ô ë�â MP k

��ãC×O�,<�í?â

MXk ,

{
MXk(:, i) = xk, MP k(:, i)

î Ô á�áeâ"Ö�ô Ô}ê ë�â�×�í � Ölí��"ëOÕ A�âláeâ ê îlÕ
×O�,îe×O�*îlíz�n×�ë Ô â � xk -
MXk(:, j) = xs, MP k(:, j)

î Ô á�áeâ"Ö�ô Ô}ê ë�â5×oí � Ölí��"ëOÕ A�âláeâ ê îlÕ
×O�,îe×O�*îlíz�n×�ë Ô â � xs -
9 Ô á â"ÖlãC×Ñë�â � ê Õ�õ K Ô �wã�â �@ä Ö;â�<�í?âh�

Pxk(xs, Ek)⇐⇒ (Ek

col(MP k)⋂

i=1

H
MP k(:,i),MXk(:,i)
− )

> µ ¢ �0B

Ð X�bdceU�a\ceaVUe_OfhgOYoi�X�Ue_O],^VY¡_O]*i�YOUeWÉceRkY � X ��� ç�rVm�W~_�^VX@vxYOU�ceX�bY�wU�YO�HaVrV^VY�b.X�b._Ob�Y�b p
SCPR

p j
_OSVU�X�b�X�r�c"_O^?_krVYo_O]*i�Y�U�WÉceRkY@Ä\¢ Ð ceUe_h|�j�bF^?_�_OrlkO]*WnbeX®^VX�bdceX5_O]*i�Y�U�Wnc�R�Y SyYz^VX���b�Xu|�X�U�W�'?m�_OU � aVX$b�a?_
m�Y�R�SV]*X�[\W*^?_O^VXumlY�U�UeXlbeSyY�rV^VX5X�[V_}c"_OR�X�r�ceX82km�Y�RkSV]*X�[\W*^?_O^VXu^VYo_O]*i�Y�U�WÉceRkYTöx�¼Õ ô?Ö Ô Õ
ë�×O��^VX � àVY�U�¢vxY�R�YÁS(Y�^VXZb�X�U@^VX�^Va���W*^VY p _ºW*rVm�]*aVbegOYÁ^VYºceX�bdceX

α < −1/n X�[\W*bdceXÑS?_OUe_ÁW*RkS(X�^VW*U � aVXÑY_O]*i�Y�U�WÉceR�Y®ceX�r�ceX.mh_O]*m�aV]~_OUwaVR²rVY;|�Y�X�]*W*SVb�Ï�W*^VXFm�a � Y5|�Y�]*aVR�XFr?gOY�b�YO�HU�X�Uyk$U�X�^VaVfhgOYV¢ � a\ceU�Y�SyY�r�ceY
_@b�X$Y�tVb�X�Ud|O_OUFj5_@a\ceW*]*W��h_OfhgOY ^VX$aVRo_ �HaVrVfhgOYk^VXu�
_}ceY�U�W��h_OfhgOY@b�Y�tVU�X5_@Ro_}ceU�W��

Qk+1
¢�)ü_O]3m�Y�R�Y

^VX�b�m�U�WnceY5r?_5b�X�fhgOY@¹z¢ n ¢ �Vp Y5SVU�Yzm�X�b�b�Y ^VX��
_}ceY�U�W��h_OfhgOY$W*Uyk$_OaVR�X�r�c"_OU�_$X�bdc"_OtVW*]*W*^?_O^VX�r�aVR�j�U�W*mh_$^VY
_O]*i�Y�U�WÉceR�Y XuU�X�^Va���W*UF_@S(X�U�^?_k^VXuS(Y�b�WnceWn|zW*^?_O^VX®^VX

Qk+1
S(Y�U�X�U�U�Y�b�^VX5_OU�U�X�^VY�rV^?_OR�X�r�ceYV¢ � _O^VY

� aVXorVY�b$ceX�bdceX�b�U�Xh_O]*W���_O^VY�b p |zW*^VX�'?i�aVUe_º¹z¢ �Vp Y�tVb�X�Ud|�Y�az��b�XoaVRq^VX�b�X�R�SyX�rVàVYºX � aVWn|O_O]*X�r�ceX�S?_OUe_
_`�
_}ceY�U�W��h_OfhgOY2^VXVò�� Ô �*â"Öq÷�Ç·XÑ_`�
_}ceY�U�W��h_OfhgOY UDU pw� a?_O] � aVX�U aVR ^VX�bdceX�b@R�jlceYz^VY�b�S(Y�^VXÑb�X�U
a\ceW*]*W��h_O^VYV¢4vxY�R�Y$m�Y�R�X�r�cZk}UeWnY&'?r?_O] p X�R t(Y�Ue_uYuceX�bdceX

vol(Ek+1) ' vol(Ek)
r?gOY5b�X � _$rVX�m�X�b�bykOU�W*Y
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gjw Z Ö�Ü`ñ{Á{Ø�Ö � � î*[ � × � � � îú� � Á{Ø�Ú���� � ��}tÁ{Ø*+Ùî � Ø��ÙÖ�Ø�î®+ÙÖ���Ö^��� � ':Á�Ú\Ü�Ö�î!� � Õ,×lñ{Õ�(4Ö�î
^VYuS(Y�r�ceYu^VX�|zW*bdc"_.ceX�Ï�U�W*m�Y p r?_®W*R�SV]*X�RkX�r�c"_OfhgOYJSVUyk}ceW*mh_J^VY$_O]*i�Y�U�Wnc�R�YJX�]*X�b�X�Uyk®R aVWnceYÛÂ\ceW*]P¢�±wbdceX
�
_}ceY·^VX�m�Y�U�U�XZ^?_Á^VX�be_Om�X�]*X�Ue_OfhgOY ^?_ºc"_L[V_·^VXÑU�X�^VaVfhgOY ^VY·|�Y�]*aVR�X

vol(Ek+1)/vol(Ek)
m�Y�R Y

S?_Ob�be_OUx^?_ObxWnceX�Ue_Of�ÎzX�b�¢�vxYOrVbeX ��� Xhr�ceXhRkX�r�ceX p Y�ceX�bdceX
vol(Ek+1) ' vol(Ek)

S(X�U�R�WnceX.^VX('?rVW*U�b�X®Y
mukO]*m�aV]*Y�^VX�aVRErVY;|�Y.X�]*W*SVb�Ï�W*^VX4b�X�Uyk � aVbdceW�'?mh_O^VY.S(X�]~_�U�X�^VaVfhgOY.^VXw|�Y�]*aVR�X � aVX�X�]*XwSVU�Y�S(Y�U�m�W*Y�r?_OUyk\¢

��e X�Ro_ç��^VX�R�Y�rVbdceUe_OUyk � aVX�YFX�]*W*SVb�Ï�W*^VX
Ek+1

Y�t\ceW*^VYFS(X�]~_��HaVrVfhgOY
SCPR(Ek,MP k,MXk)

p
jJc"_O] � aVX

vol(Ek+1) ≤ Êk+1

¢^1.X�bdceX®mh_Ob�Y p
Êk+1

m�Y�U�U�X�b�S(Y�rV^VXu_ aVR²X�]*W*SVb�Ï�W*^VX � aVXuSyYz^VX�U�W~_�b�X�U
Y�t\ceW*^VYkm�Y�RÍY�aVb�Yo^VX � a?_OW*b � aVX�UJ^VY�b.^VY�WnbF|�XlceY�U�X�bJb�aVSyY�UdceX5^VX

Pxk(xs, Ek)
p W*rV^VWn|zW*^Va?_O]nRkX�r�ceX p

X�R�SVU�X�i�_OrV^VY}��b�XK>P¹z¢n­�­ B U�Xl�HX�U�X�r�ceX5_OYkR�jlceYz^VY�öx�¼Õ ô?Ö Ô Õ
ë�×O�,^VX � àVY�U�¢
ô�ßöõ%ø $ ä �yí?î"â"Ö"ÖlÕ$# Ô Ö6ò Ô á�ã�â"Ö¹9xá Ô A"í ê ë Ô ÖÑâ¹ù�×LÖ Ô Öo�mò Ô}ê ÖlÕ
ë�âláeâkí � âl�¼Õ ô?ÖDC}Õ
ë�â

Ek

î Ô��oÔ í �î Ô}ê : í ê ã Ô î Ô}ê #Oâ�M Ô ë�â6# Ô �¼í � â � ê Õ1ã Ô ê K Ô·ê íz� Ô â Ô ô Ô �¼ÕPâeëOá Ô ë�âm��í�Ö;îe× Pxk(xs, Ek)
ë�â � ê Õ
ë Ôô Ô á¡�~�O� - ò{×O�*îlíz�*â@×LÖ � ×Oã
á�ÕóòLâ"Ö MP k

â
MXk

ë�â � ê Õ
ë�×LÖ\ô Ô á Pxk(xs, Ek) -¦ú âl�¼Õ ô?ÖDC}Õ
ë�â Ek+1 =

SCPR(Ek,MP k,MXk)
î Ô á�á"â"ÖËô Ô}ê ë�â G ëOÕ1�n×Oã�×Fõ K Ô n ë Ôç� �hM�Õ �oÔ âl��Õ ôyÖlCOÕ
ë�âxî Ô}ê ã
Õ
ë Ô â � Pxk(xs, Ek) -9xá Ô #}×��

ú ×O�  Ô á�Õ1ã �oÔ¦û î Ô�� ô(á�Õ � Õ1á�� Ô âl�¼Õ ô?ÖDC}Õ
ë�â Ek

×Oã
á�×\#�ü"Ö�ë�âZ� th- ¸��O�Z×Oã�üo<�í?â�×2ëOÕ*Ölã äOê îlÕ
×2ë�â@ã Ô ë Ô Ö
Ô Ö��zÕ ô?âláËô(�n× ê!Ô Ö HMP k(:,j),MXk(:,j)

â"Ölã�â : × � ×8í � ×0ëOÕ*Ölã äOê îlÕ
× 1/n
� ê ×LÖÁî Ô;Ô áeë�â ê ×�ë�×LÖ Ô}ê ë�â Ôâl�¼Õ ô?ÖDC}Õ
ë�â

Ek+1

ü@í � ×^�zÕ ô?âláeâ"Ö
A�âlá�×Zë�â@á�×OÕ Ô í ê Õ1ãC�Oá�Õ ÔF- ò Ô}ê Ö;âe<�N?â ê ã�â � â ê ã�â"�F×ºî Ô}ê ã
áe×Fõ K Ô n ë�×
�zÕ ô?âláeâ"Ö
A�âlá�× ë�âFá�×OÕ Ô í ê Õ1ãC�Oá�Õ Ô â"ÖlãC�kî Ô}ê ã
Õ
ë�× ê!Ô ô Ô �¼ÕPâeëOá Ô ë�âÛ��í�Ö;îe× P̄xk(xs, Ek)

�w<�í?âuî Ô á�áeâ"Ö�ô Ô}ê ë�â×
Pxk(xs, Ek) ê ×LÖ î Ô;Ô á�ë�â ê ×�ë�×}Ö Ô}ê ë�â Ek+1

ü5í � ×
�zÕ ô?âláeâ"Ö
A�âlá�×oë�â5á�×OÕ Ô í ê Õ1ãC�Oá�Õ ÔF-

 âÈû¡â	����û á â $_ý íV× ê ë Ô Pxk(xs, Ek) ⊂ Ek

â ü�í � ÖlÕ � ô(�*â�M}� Ô âl�¼Õ ô?ÖDC}Õ
ë�â Ek+1
áeâ"Ölíz�¼ãC× ê ã�âÑë�×A"í ê õ K Ô SCPR(Ek,MP k,MXk)

Ö;âlá�� Ô âl�¼Õ ô?ÖDC}Õ
ë�â�ëzât# Ô �¼í � â � I ê Õ �oÔ <�í?â.î Ô}ê ã�ü � Pxk(xs, Ek) -
Ð '?i�aVUe_ µ ¢�¹ÁX�[\X�R�SV]*W�'?mh_·X�R b�X�W*b�S?_Ob�b�Y�bo_ a\ceW*]*W��h_OfhgOY·^VY8_O]*i�Y�U�WÉceR�Y·Ä·^VY8SVU�Y�m�X�b�b�Y=^VX

mukO]*m�aV]*Y5^VY X�]*W*SVb�Ï�W*^VX
Ek+1

¢{vxY�R�Y�S(Yz^VXJb�X�Ux|zW*bdceY�r?_�b�aVt,'?i�aVUe_ µ ¢�¹z¢ _ p X�[\W*bdceX�R ^VY�W*b�b�aVtVi�Ue_O^VWÉ�
X�r�ceX�b � aVXu^VX('?rVX�RÌYkSyY�]*W*X�^VU�Y ^VXutVaVb�mh_\¢ � _O^VY � aVXuY@X�]*W*SVb�Ï�W*^VX®WnrVW*m�W~_O]

Ek

juaVRo_�àVW*S(X�U�X�bd�HX�Ue_
XuY�b�|�XlceY�U�X�bFb�aVSyY�Udc"Xu^VYkS(Y�]*W*X�^VU�Y ^VXutVaVb�mh_k^VX('?rVX�R

n− 1
]~_O^VY�b�^VXuaVR c"X�c"Ue_OXl^VUeYkU�X�iOaV]~_OU p Y

X�]*W*SVb�Ï�W*^VX
Emin
k+1

U�X�SVU�X�b�X�r�c"_�_�àVW*S(X�U�X�bd�HX�Ue_ � aVXum�Y�U�U�X�b�S(Y�rV^VX$_OY@R�X�rVY�UxX�]*W*SVb�Ï�W*^VX � aVXum�Y�r�cej�RéY
ceXlceUe_OX�^VU�YV¢ Ð Y¡b�X�a\ceW*]*W��h_OU�Y¡SVU�W*R�X�WnU�Y�àVWnS(X�U�SV]~_OrVY

H∇̄f1(xk),xk
S?_OUe_�U�Xh_O]*W��h_OUFYom�Y�UdceX�^VX

Ek

p j
i�X�Ue_O^?_._.SVU�W*R�X�WnUe_�X�bdceW*Ro_}ceWn|}_�^VY.rVYL|�YJX�]*W*SVb�Ï�W*^VX

Ek+1
¢ü±wR³b�X�i�aVW*^?_Fr?_.b�aVt,'?i�aVUe_ µ ¢�¹z¢ tóX�[\W*t(X

Y@X�]*W*SVb�Ï�W*^VX
Êk

m�Y�R�Y@_ U�X�SVU�X�b�X�r�c"_Of�gOY�^?_ X�bdceW*Ro_}ceWn|O_
Ek+1

^VYkS?_}beb�Yk_Or�ceX�U�W*Y�U�¢w±wbdceXuX�]*W*SVb�Ï�W*^VX
Êk

b�X�Uykom�Y�Udc"_O^VYoS(X�]*Yob�X�i�aVrV^VY¡àVW*S(X�U�SV]~_OrVY
H∇̄f2(xk),xk

X�j�i�X�Ue_O^?_o_ob�X�i�aVrV^?_oX�bdceW*Ro_}ceWn|O_k^VY
rVY;|�Y`X�]*W*SVb�Ï�W*^VX

Ek+1
¢��wU�Y�b�b�X�i�aVX���b�X¡_Ñb�X ��� ç�rVmhW~_`^VXki�X�Ue_OfhgOY`^VY�b$X�]*W*SVb�Ï�W*^VX�b

Ek+1
X
Êk

p _}cej
� aVXJXlb�ceX�bxX�]*W*SVb�Ï�W*^VXlb{m�Y�r�|zW*U � _ORôS?_OUe_$aVRÄÂVrVW*m�Y5X�]*W*SVb�Ï�W*^VX p m�Y�R�Y5R�Y�bdceUe_O^VY$r?_5b�aVt,'?i�aVUe_ µ ¢�¹z¢ ��¢
Æ.Ro_8_O]nceX�U�r?_}ceWn|}_ S?_OUe_ � aVXºY8X�]*W*SVb�Ï�W*^VX

Ek+1
b�X � _8b�X�R�SVU�X2RIx*rVW*RkY m�Y�rVb�W*bdceX2X�R _O^VW*m�W*Y�r?_OU

m�Y�R�Y5�HaVrVf�ÎzX�b���U�X�bdceU�W*fhgOY@Y àVW*SyX�U�S?_OUe_O]*X�]*X�S�x*S(X�^VY5^VX('?rVW*^VY@SyX�]*Y�b�]*W*RkWÉceX�b�b�aVS(X�U�W*Y�U�X�b�X®W*r\�HX�U�W*YOUeXlb
^?_Ob.|O_OU�W{kh|�X�W*b.^VY¡SVU�Y�tV]*X�Ro_\¢ Ð b�b�W*R´b�X�rV^VY p r�aVrVmh_oà?_;|�X�UykoaVRÍ�
_Om�X�^VY¡SyY�]*W*X�^VU�Y�^VX('?rVW*^?_oS(Y�U
aVR b�XlceY�U�^VY X�]*W*SVb�Ï�W*^VX p ^?_O^VY � aVX$_Obx�
_Om�X�b�^VY@S(Y�]*W*X�^VU�Y�X�bdc"_OUegOY@b�X�R�SVU�X®m�Y�r�ceW*^?_ObxrVY@X�]*W*SVb�Ï�W*^VX
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·��)d [ � × � � � îK���5�R�F�v�����$���(�T� � Ü8� � Á{Ø�Ú���� � �ÙÚT¸*(4î��¡Ö g\­
Ò ��»ÈâÈû á �D¼ õ , � X ��� ç�rVm�W~_k^VX�vxY�UdceX�bY�wU�YO�HaVrV^VY�bFXúb._Ob�Y�b
�v�$��j���½¹¾ ¸ï¶¼«T¹T¿9­6¿v¹Rµ�¶�¹T¾�¹É¦¼¹5°)«

Ek ñ ¬�¸�°Z¸�°)®c¯c¹¼ø MP k
¶�¬�¸�°·¸�°)®c¯c¹¼ø

MXk
Ó

È j�� ��j���½Hþ ¶¼«T¹T¿9­»´v¹Rµ�¶
Ek+1

Ó
Ì+Í )A(ÙÕ	�h×(Ø � Õ

SCPR
Ã
Ek ñ MP k ñ MXk

Ç
ÎDÍ

Ek+1 ← EkÏÐÍ Á ��� +
Ò Í

j ← 1ÓDÍ
α← −1/nÕÐÍ
i← 0× Í ��Ú}+vÚ�Öj×

. Ô À)«É¦¼¬�«R´�µ�¶ α
Ó

ØÐÍ
αj ←MP k(:, j)

Txk+1 −MP k(:, j)
TMXk(:, j)/(MP k(:, j)

TQkMP k(:, j))
1/2ÙÐÍ Ø*)

αj < α
×+Ö4Ú\Õ

ÌÂÚÐÍ
α← αj . ÿ ¶¼«¼þ9´v¯ Ô ´v¯c®»¶�ÓÌ+Ì+Í
i← jÌÜÎDÍ Ú\Õ	�mØ*)

ÌÂÏÐÍ
j ← j + 1Ì Ò Í (ÙÕ,×(Ø{Á

j >
¾���¸�¶¼¯»´$¦ó´v«T¬�¾�°v­

MP kÌÜÓDÍ Ø*)
α < −1/n ×+Ö4Ú\Õ

ÌÂÕÐÍ
return Ek+1 .

é3¶¼¯c¸S¹T¾9¶C´�°)«¼ª�´v¯c¹T®c¸�´�Ó
Ì × Í Ú\Á�îZÚ
ÌÂØÐÍ

Ek+1 ← (Ek ∩H
MCk(:,i),MXk(:,i)
− ) . à ¹Rµ�¶
Ãwá�ÓÆÅ���ÇÌÂÙÐÍ

Qk+1 ← Fatorizao(Qk+1) . à ¹Rµ�¶8Ãwá�Ó����ÐÇ ¶
Ãwá�Ó á	�ÐÇÎ�ÚÐÍ Ú\Õ	�mØ*)
ÎDÌ+Í Ø*)

vol(Ek+1) ' vol(Ek)
×+Ö4Ú\Õ

Î+ÎDÍ
return xf .

é3¶¼¯c¸S¹T¾9¶C´�°)«¼ª�´v¯c¹T®c¸�´�Ó
Î�ÏÐÍ Ú\Õ	�mØ*)
Î Ò Í

Ek ← Ek+1Î+ÓDÍ Ú\Õ	�mÁ ��� +
Î�ÕÐÍ Ú\Õ	�2)A(ÙÕ	�h×(Ø � Õ

m�Y�U�U�X�r�ceXO¢ e Y�i�Y p r?_Ñb�X ��� ç�rVm�W~_Z^VXkSyY�]*W*X�^VU�Y�b®^VXktVaVb�mh_ÑceY�^VYZS(Y�]*W*X�^VU�Y¡^?_Ñb�X ��� ç�rVmhW~_Zb�X�UykÑaVR
b�W*R�SV]*X�[!¢

� _O]ni�Y�U�WnceRkYmgÁX"[\W*t(XZ_ºX�bdceU�a\ceaVUe_OfhgOY·i�X�Ue_O]x^VY·R�jlceY�^VYÁ^VX]9 Ô �¼ÕPâeëOá Ô}ä öx�¼Õ ô?Ö Ô Õ
ë�×O��S(Y�U�
zX����� ç�rVm�W~_¡^VX�vxY�UdceX�b
�wU�YO�HaVrV^VY�buX�b._Ob�Y�b p
MPESC

¢�)ü_O]üm�Y�R�Y¡^VX('?rVW*^VYÑS?_OUe_¡YZ_O]*i�Y�U�WÉceRkY¡Ä p
m�Y�rVb�W*^VX�Ue_L��b�X � aVX

MP k

X
MXk

begOY�^VX('?rVW*^?_ObxS(X�]*Y�S(Y�]nW*X�^VU�Y5^VXJtVaVb�mh_
Pxk(xs

¢��ü_OUe_$�
_Om�W*]*Wnc"_}U�_
U�X�SVU�X�b�X�r�c"_OfhgOY�^VYk_O]*i�Y�U�WÉceR�Y p ^VX('?rVX���b�X � aVX

f(∅) =∞+
X
Cv(∅,Γ) = Cv(v,Γ)

¢^��X�]*Y@R�X�b�R�Y
R�YOceWn|�YZ�HY�W{X�[\m�]*a�x*^VY2Yºm�U�Wncej�U�W*Y`^VXoS?_OUe_O^?_

xk ∈ Ω∗
¢ � Xl|�X���b�XÑ_OW*rV^?_`Y�tVb�X�Ud|}_OU � aVX p X�R@tyY�Ue_

Ro_OW*b{m�Y�R�SV]*X�[\Y p X�bdceX®_O]*i�Y�U�WÉceR�Y$Ro_Or�cej�R²SyX�]*Y�R�X�rVY�b�_5R�X�b�Ro_5m�]~_}beb�XJ^VXJm�Y�R�SV]*X�[\Wn^?_O^VX.S(Y�]*WÉ�
rVY�R�W~_O]3^VY¡_O]*iOY�U�WnceRkY�öx�¼Õ ô?Ö Ô Õ
ë�×O��^VX�
zàVY�U�¢�ß�bdceYoYzm�Y�U�U�X5SyY�U � aVX _kmh_O^?_�WnceX�Ue_OfhgOYk�HY�W,_Om�U�X�b�m�W*^?__ X�[\X�m�aVfhgOY�^VYk_O]*i�Y�U�WnceRkY Ä XuX�bdceXuS(Y�b�b�aVW�m�Y�R�SV]*X�[\W*^?_}^VX®W*i�a?_O]�2 m�Y�R�SV]*X�[\W*^?_O^VX®^VYk_O]*i�Y�U�WÉceR�Y
öx�¼Õ ô?Ö Ô Õ
ë�×O�,^VX

zàVY�U�X$YkröÂVRkX�U�Y�^VX$WnceX�Ue_Of�Î�X�bFj$R�X�rVY�U�Y�aZW*i�a?_O]�_OYk^VX�bdceXO¢
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Ò ��»ÈâÈû á �D¼ õ . 9 Ô �¼ÕPâeëOá Ô}ä öx�¼Õ ô?Ö Ô Õ
ë�×O��S(Y�U�
zX ��� ç�rVmhW~_k^VX�vxY�UdceX�b��wU�YO�HaVrV^VY�bFXúb._Ob�Y�b������j���½¹¾ ¸ÿ¶¼«T¹T¿9­6¿v¹Rµ�¶Z¹T¾�¹É¦¼¹5°)«

E0 ñ ´v¾�µ�¶·°�­»´v«T¬9²7³v´!¿v®c¹T¸�° x∗
­»¶¼¯�ÀS¿�¯»´O¦¼¬�¯±°vµ9°	µ�¶·°h¦ó´v¯»µ�´ ¦ó´v¸Þ´�¿�¯»´��¿�«R¶¼¸�°Sµ�¶ÂÁ9¾�¹Rµ�´�¿$´v¯YÃwÄ�Ó��+Ç�Ó

È j�����j���½¹É ¸�¶¼«¼þ9´v¯S­»´v«T¬9²7³v´ « °h¦¼®�¬T½�¶¼«w¦ó´v¾�®�¬T¾=¬�°
xf
¶¼¾�¦ó´v¾�®c¯±°vµ9°�Ó¦Ê�°)¯±°.¬�¸M¿�¯»´h¿�«R¶¼¸�°a¹T¾ « °h¦¼®�¬T½�¶¼«Û´v¬

¿�°)¯±°
x∗ 6∈ E0

®»¶¼¯��(­»¶��AÀ
xf = ∅ Ó

Ì+Í )A(ÙÕ	�h×(Ø � Õ
Shor

Ã
E0
Ç

ÎDÍ
k ← 0ÏÐÍ
xf ← ∅ . Ñ ¶¼¯»¶Ä°Z¸�¶¼«¼þ9´v¯�­»´v« ¬�²ó³v´ « °h¦¼®�¬T½�¶¼«
ÓÒ Í Á ��� +

ÓDÍ
Pxk(x

f , Ek) . Ô °)«É¦¼¬�«5°�´·¿$´v«T¹R¶óµ�¯»´�µ�¶�¿�¬9­�¦7°S°Z¿�°)¯»®c¹T¯ µ�¶ xf , Ek, f(·)
¶
g(·) ¿$´v¯YÃ���� ��Ç��ÕÐÍ

MP k ← Pxk(x
f , Ek) . à��! #" ÃwÄ�� ��Ç��× Í

MXk ← Pxk(x
f , Ek) . à��! #" ÃwÄ�� ��Ç��$ÐÍ Ø*)

xk ∈ Ω " f(xk) ≺ f(xf )
×+Ö4Ú\Õ

ÙÐÍ
xf ← xk .

ï�%'&(%*) "�+ þ,%�-/.0%�1324% «65 ¦�2�¬7& "�+ �ÌÂÚÐÍ Ú\Õ	�mØ*)
Ì+Ì+Í

Ek+1 ← SCPR(Ek,MP k,MXk) . à��! #" É + ª,� Ã��ÐÇÌ�8DÍ Ø*)
vol (Ek+1) ' 0

%�9
vol(Ek+1) ' vol(Ek)

×+Ö4Ú\Õ
ÌÂÏÐÍ

return xf .
é " -:) � 1 " % 5 + ª(%�- � 2:);%#�Ì Ò Í Ú\Õ	�mØ*)

ÌÜÓDÍ
k ← k + 1ÌÂÕÐÍ Ú\Õ	�mÁ ��� +

Ì × Í Ú\Õ	�2)A(ÙÕ	�h×(Ø � Õ
vxY�R�S?_OUe_OrV^VY}��b�X®Y@_O]*i�Y�U�WnceRkY

MPESC
m�Y�RéY@_O]*i�Y�U�WnceRkY
� Ô Õ*Ö��yí��! Oá�×�ëOÕPâ ê ã�â"Ö��yí?î"â"Ö"ÖlÕ$# Ô Ö|�X�U�W�'?mh_L��b�X � aVX�X�bdceXtÂV]nceW*R�Y.S(Y�^VX�b�X�Uwm�Y�rVb�W*^VX�Ue_O^VY®m�Y�R�Y®aVR mh_Ob�Y®S?_OUdceW*m�aV]~_OU�^VY®SVUeWnR�X�W*U�YV¢,ß�bdceY

S(Y�U � aVXkY`_O]*i�Y�U�WÉceR�Y
MPESC

b�X�UykZb�X�R�SVU�X@mh_OS?_\�k^VXkSVU�Yz^Va���W*UuaVRo_¡U�X�i�W~gOYÑ^VXktVaVb�mh_ZW*i�a?_O]
Y�aÁR�X�rVY�U*2Ñ^VX('?rVW*^?_¡rVY`_O]*i�Y�U�WÉceRkY6� Ô Õ*Ö��yí��! Oá�×�ëOÕPâ ê ã�â"Ö��yí?î"â"Ö"ÖlÕ$# Ô Öl¢8�ü_OUe_ÑYÑmh_Ob�YZX�b�SyX�m�x�'?m�Y^VX5aVR´SVU�Y�tV]*X�Ro_@m�Y�RÍ|}_OU�W{kh|�X�W*bFm�Y�r�cyx*rza?_Ob p X�b�mh_O]~_OU.W*U�U�X�bdceU�WnceY p _Ob.U�X�i�W*ÎzX�b.^VX5tVaVb�mh_o^VX('?rVW*^?_Ob
_Zmh_O^?_ZWnceX�Ue_Ofhg}YZS(Y�U5_OR t(Y�buY�b$R�jlceYz^VY�b$b�X�UegOY � a?_Ob�X�b�X�R�SVU�XkW*i�a?_OW*b�¢ Ð ^VWn�HX�U�X�rVfh_ZYzm�Y�U�U�X�Uyk
� a?_OrV^VYÁY�b |�XlceY�U�X�b@b�aVt(^VWn�HX�U�X�rVm�W~_}W*b ^VX('?rVW*U�X�R aVR m�Y�UdceX¡m�Y�RT|�XlceY�U�X�bkr?gOYºS?_OUe_O]*X�]*Y�b p b�X�rV^VY
� aVX Y¡X�]*W*SVb�Ï�W*^VX5i�X�Ue_O^VY¡SyX�]*YÑ_O]*i�Y�U�WÉceR�Y

MPESC
b�X�Uyk¡Y¡^VX R�X�rVY�UF|�Y�]*aVRkXO¢��ü_OUe_oX�bdceX ceW*SyY

^VXuSVU�Y�tV]*X�Ro_ p ^VXl|�X���b�X$Y�tVb�X�Ud|O_OU � aVX5_}R@tyY�b�Y�b�R�jlceYz^VYOb�a\ceW*]*W��h_OUegOY�b�X�R�SVU�XuaVRéY�aÑ^VY�W*b�b�X�R�WÉ�
X�b�S?_Of�Y�b4S?_}U"_F^VX('?rVW*UüYJXl]*W*SVb�Ï�W*^VX

Ek+1
¢wvxY�R�Y.Y�tVb�X�Ud|O_OfhgOY�'?r?_O] p U�X�b�be_O]nc"_L��b�X � aVX�S?_OUe_.X�bdceX�ceW*S(Y

^VX{SVU�Y�tV]*X�Ro_Ob3W*U�U�X�bdceU�WnceY�b p Y�a$S?_OUe_F_ � aVX�]*X�b,^VX{t?_OWÉ[V_�^VW*R�X�rVbegOY�X{m�Y�R�SV]*X�[\W*^?_O^VX p j{SVU�Y;|�k;|�X�] � aVX
Y@_O]*i�Y�U�WnceRkY�� Ô Õ*Ö��yí��! Oáe×�ëOÕPâ ê ã�â"Ö��yíVî�â"Ö"Ö�Õ$# Ô Öu_OSVU�X�b�X�r�ceXuR�X�rVY�UxceX�R�SyY ^VX®m�Y�r�|�X�U�i�ç�rVm�W~_ p ^?_O^?__oa\ceW*]*W��h_OfhgOY�^VX�X � a?_Of�ÎzXlb$_Or?_O]�xnceWnmh_ObFS?_OUe_oYomukO]*m�aV]*Yo^VY

Ek+1
X�RÀm�Y�r�ceUe_OS(Y�b�W*f�gOY 2�a\ceW*]*W��h_OfhgOY

^?_ �HaVrVfhgOY
SCPR

¢
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_ B vxY�UdceX$^VYK�ü_Ob�b�Y`­�¢ t B vxY�UdceX$^VYT�4_Ob�b�Y¡¹z¢

m B vxY�UdceX$^VYT�ü_Ob�b�Y n ¢ ^ B vxY�UdceX$^VYT�4_Ob�b�Y � ¢

X B vxY�UdceX$^VYT�ü_Ob�b�Y��z¢ � B vxY�UdceX$^VYK�ü_Ob�b�Y µ ¢
K�L M#N(OQPYã�R õ�SUT + 9,V:2:- 5�W�X %  %F¦�À + ¦�9 + %  #" Ek+1

. "�+ % 5 + ª(%�- � 2:);%*Y " ÷3Z�¥�1�¦ � 5  #"3Ô %�-:2 " V5Ê[-4% « 9#1  %	V "^Þ 5 V4%	V��
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w
�

|0�������#~��
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k
¯'�����Q�B���0�����£�0�f�0|0�����������
 ,|=���Q�£�����0���������,~±���
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�=� � ���=�0�Q����� �#> � k ���Q�=� � g B ���0�¸¼�������� k ���Q� n > � k ���Q�=� � g B � {�|�~��Q�Q�B���������f�0���³~��������Q�Q���0���f�0�
�0|0�����������½¹0�Q�³~�»����Q���
�0�;�Q�#~��������������F���h�0�'�=�0�Q� k |0�½�0� � ���l¤'~��,�0���=���������0�l��� ö�¦�§ ô=¬DC3§J©,¨ �0�� ,|0�
�0���0���l�Q�=���0�

HISPE
> � � � � �[�0�¸�Q�0���Q¢�� � §Q¬'¾:¥3ª�§H¿�­�¦v÷�À=¾:¨'ª�¬	¨±¿'¾J§H¥3ÀÂÁD¨�­�ª�¿+�]9h¥3¦ Çh�k¨�©�ª�¥3À#ö�¦�¦�§ ô=¬	¥3§J©

ñ ¨'¾$�=¥�© B �k���h���'�6����¢��0������� >HÃ ��|0��� ] � ��Ä3��¹=����¹0�ÆÅ wjw �FB �
1 �h�������3�£Ç � Å � Åµ�6���#���0���������,~±���=���@��È��Q�³~�¢��0�����@�0�/�����³~±�����'�������������0�/�0�����0�Q�������D ,|0�D²³|0��~��B�=�����|0�É������¤������Q�l�¸�0�Ê���³�6�������Ë�0��� k �Q��|0�Q�¸�0�Ê���Q�������B~����°�0����~��Q�l�B���������0��Ìµ¼�{�Í
�Æ�=�����°�����0|0���Q�£�

� Â �l�����Î�0�°� � ���Q�������F���£�0�·�Q���6�����������,���
�0�Î�0�����0�Q����� � Ì��³~��·���³�6�������q�0�·� k �Q��|0�Q�Ê��ÈF~����Î�k�F�0����������#~����0�0�Q�0�£�0�£�0���������#~��*�����#~���ÈF~��
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Ek+1 �{������0�³~���|0�����°�0�°�l¤'~��F�0�

HISPE
�Q�0�Q�����	Ð:���
�����Ñ� � �����B�=���������°�0�� ,|=���Q�������°��� � �'~��������

��|0�����³~��h ,|0�h�0�'�=�0�����;�����Q�Q���0���*�0�h�0|0�����;�����Ò¹0�Q�³~�»����Q�����0�h�Q�#~��������������F���µ�=�����;���B~������������������4Ð
�����#~����0�z�=���³~��Q�/�=�����Q���6�����������,���[² k �����Q��|0�����=���µ�=���µ�B~����������F�����=�3�������=�3� ��� �,�=� � �����F� � �'�=�0�Q������T> � k ���Q�=� � g B �0��������|0�k�F�*�;|�~��Q�Q�B�����������0�h~��F�=���µ���µ�Q���6�������3���F�����0��� � �����l���,~��h�����Q��|0�����=�����=�����
���*�k���,~����j�0�·�����3²³|0�#~��

ζ �*Ó �³~��·�Q�l�0�B�B���l ,|0�
�·���Q�������B~���� HISPE
�0� � ��� k �������������=���h~��F�0���

���������#~����
x
�@���/�������k���'~�� � ��� � �'~��������µ��|0���0�B�6�'���'�0�������Q�/� � ���Q�����0���Æ�0���³~����µ�����#~���� � { � �'�=�0�Q�����£Ô�0�'�=�0�;�0|=���d���3~����Q�����d�����t���d�Q���6�����������F���� ,|0���0� � �������������h�������������=���=���d�=�������
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HISPE �

Õ�ß#Ö à�áJ×�Ø â , « ñ ­�¾Jª�§óò(¨±¬ MHP

¨
MHX Ù òµ¥3À�¬'§J©,¨'ª�¨7ô=¨'¦B­�Ú
¨JÛ�À=§�õ(Ü,¥T�ÊÝóô0Þ	ß�§�À�­]¶ ��à Ï � ¿±¥3À=«

á ÏFÀ=¾:¥
ζ , {[x0, . . . ,xk]}

¨°Ï � ô=¥3¦�§H¨�©�ª�¥¶©,¨Ëâ�Ï#¬	¿�­ Pζ(xs, Ek) - Ú£­ÎÚ
¨JÛ�À=§�õ(Ü,¥a�w¿±¥3À�¬'§J©,¨'ª�¨
MCk

¨�©,¨JÛ�À�­
MCXk

¿±¥3ª�ª�¨±¬�ô=¥3À�©,¨'À=¾:¨�­¸Ï � ­ � ­�¾Jª�§óò�©,¨ � ¨±¬ � ­¸©�§ � ¨'ÀF¬�Ü,¥¸©,¨ MHP k ã ¿'Ï á ­(¬¿±¥3¦�ÏFÀ�­(¬zª�¨�ô�ª�¨±¬	¨'À=¾�­ � ¥
ô=¥3À=¾:¥·¥3À�©,¨�¥	¬£ä�¨'¾:¥3ª�¨±¬
MC(:, i) å ¥3ª�­ � ­�ä3­�¦�§J­#©,¥	¬ - Ú
¨JÛ�Àb¨'«H¬	¨ MHP

¨
MHX ã ¾�­�¦Uæ�Ï=¨
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MHP =

ζ⋃

j

MCj

>Jï � � B

MHX =

ζ⋃

j

MCXj

>Jï � ï B

9h¥3ª
¨±¬'¾�­·©,¨JÛ�À=§�õ(Ü,¥ ã ¾:¨ � «H¬	¨£æ�Ï=¨ Ù

Pζ(xs, Ek)⇐⇒ (Ek

col(MHP )⋂

i=1

H
MHP (:,i),MHX(:,i)
− )

>Jï � �FB

� � � ��Ð:���Î�������������f ,|0� 2 �l���0�Q�=�Â ,|0�Ê�ë���Q�Q�0��»��Q�0�Ë�3~�|=���h~����0¹=�ë����|í~±�������0¹0�Â�����#~��±� x �0�0�
��È��Q�³~��Q�����*�����Q�Q���0�����Æ�0�@�0|0�����;�����Q��|0�����0���Æ���Ò�B~����������,���/���#~������Q�������� ,|0�h�����#~��������;�Q�#~����������Q�����,~��
�h�k���Q�Q���0���d�0�/�0|0�����@�=�@�B~������������h�3~�|=��� � ¼����0���� ,¡0���#~����l���,~��������Q��|0�0�D�0���[�����Q�Q���0�����D�0���B~����������,������#~������Q�������U���ð�=���=�@�����#~����Q�0|0���=�������@�0�'~������l�Q�=�������@�0�

Pζ(xs, Ek) � Ì��³~��/�J�3~��@~������=�@�0��� ��ñ�� ���F�¹0�Q��»�~��������0�d ,|0�@�=�j�0� ñ ~��Q���j¹=� � ��� ñ |0�´�Q�Q�l�!~��������Q��|0���k���,~��
x ∈ ζ �#�j�=���³~��Q���0�� ,|=���F�=���������Q������ ñ ������� xB� �������0�����#~������µ�Q���6�����������F��� Â ~����Q�/�0�����k���Q�Q���0�����/�0���0|0�����£�����Q��|0�����0���µ���#~������Q�����l���#~��

�����³~��z�����#~�� �� ���*�����0������|0�Q�#~����[�k�F�0��Ð:�����0�'�=�0�Q�*|0�ò�=��� Ý �l�'~����
τ
 ,|0���Q�Q�l�!~±��� ñ �f|�~��Q�Q�Q�������3�f�=���*�Q���6���4Ð

�������F�����3���l�������=���=���h�=���h���3~����Q�����
MHP

�
MHX � Ì��³~��z�=��� Ý �l�'~�����¤z�� ,|0�[�0���0���l�Q�=���0�������~±�������0¹0���=���0|0������¹0�Q�³~�»����Q��� � {j�����Q�¸�

Pζ(xs, Ek) ⊆ (Ek

k−τ⋂

i=k−1

H
MHP (:,i),MHX(:,i)
− )

>Jï � Ô B
� � � �;�����h�����J�3~��Q�����0�� ,|0�;�=������È��Q�³~��;|0���
�0�'�=�0�Q�������0��¤ � �����0�; ,|0�z���=���³~��Q�d�0�;|0�½�0�'~����4Ð

�l�Q�=���0�£�k���,~��
�0�
¹0�Q�³~�»����Q���£��� � ���Q���������#�������#~��Q�=���l���#~����=���
�����Q�µ�����������������0��� � ���B~ ñ�� ���Q���=�����
���z�����³~����£�3~�|=�������6|�~�|0����� ��Ó �³~��Ë¤��0�������������,~��l�0�¸�J�3~��°�0�l ,|0�l|0�Ñ¹0�Q�������0�����0�0�U�0�'�=�0�Q�0�¸�����
� �'~����h��|0���0�B�6�������0�������D�0�;|0���
�=���@�6|0�0���,�����0���0�����0�Q�����
� � ���Q�����0�
���t|0�t�����#~��� ,|=���Q ,|0���h�=�
���� ,¡0¢��0�����l�0�;����� � ������¢��0�������=���F�0�;�����0�³~��B~�|0�Q�d|0���
�J�����;�0�������Q�Q���0���

Pζ(xs, Ek) �@ |=���0�0�¸���0�Q�Q�����0� 2 �����B|0�����°�0���0�����0�Q�������*�0�����������'~���� x �³~��Q�����*����|0���°�����0¹0�����Q�=���;�������F���!Ð
���=���/����������²³�'~�� � �����@�����³~±���Q�'�F���/��|��0�h���Q� � ���0�;��|0�³~��z�0��� � ���Q���3�����0�#���0|0�����;�0� � �h�����/�������Q�Q�����=�
�3~�¤��°�0���Q�l���Q���·�����Q�B���0���°�0���0|0�����¸���������0� � 1 ���;�0�������Q�������������������l�°���F�0��� ñ ����� � �����B�=�����0��0����������|0�B~±���0�����0� ñ ~��Q�����
 ,|0�°���������¶���0���������,~±���0�����0�q����� x ~�|0�Q�Ê������|0�Q�#~������Ê¹0��|0� x �³~��Q���Ê�0�°���
���³~±�������Q�������@� � ���B���d�0�

τ ≈ 3n
�����0���������#~±��|0���£���#�
�������������
���#~��������³�6�������������l�0|�~±�����Q���=�����0�

�0|0�����l�����ó�l�#���0¹0�l�������[�0�z�����0|0�������0� � ���Q|0�l� � Ì��³~±�l�0�Q����|0������������� ñ ���'~������3�=�� ,|=���0�0���=����0���������#~±���������0���@���'��|0�!~��3�0���h����~��Q�0��� �
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Íõ���Q�������B~����ÊÇ w ��È��Q���l�·���³~���|�~�|0���������¸�����������0�°�l¤'~��F�0�·�0� 9h¥3¦�§H¨�©�ª�¥3«Aö�¦�§ ô=¬	¥3§J©#­�¦ �k��� 
 ��Ð

 ,¡0¢��0�����f�0�l¼����³~���� � �����6|0�0�0������ö����������
MPESC �;� ���Æ�����l�f�0�'�=�0�Q�0�·�=�����f�°���Q�������!~����fÔ�������0���Q�0�����(Ð:���� ,|0�

MHP k

�
MHXk

�����¸�0�'�=�0�Q�=���z�����Q�°�����Q�Q���0���·�0�l�0|0�����
Pxk(xs, Ek) � � ������J�����Q�Q�!~±���;�°�����0���������#~±�������Ê�0�Ê���Q�������!~��l���U�0�'�=�0��Ð:���� ,|0�

f(∅) = ∞+

�
Cv(∅,Γ) = Cv(v,Γ) �� ���Q�Ê�l�����l�Ê�l��~�� � �¸�6���µ��È����Q| x �0�Ê�Î�'���!~±¤'���B�Ë�0�·�=�������=�

xk ∈ Ω∗ � � � � ��Ð:���¸���Q�0�=�¸���0����� � ��� ,|0�����³~��f���Q�������B~����°�����#~�¤��Ñ���'�Q�Ë�l���0���£�¸�l�������°�������������0�l�����l�0�Q��È��Q�=���0�������Q�Q�0�������3���0�
���Q�������!~��l� ö�¦�§ ô=¬	¥3§J©#­�¦ �0� 
 ¹0��� � {½�����=�Ë�B~������������Ë¤���È�����|�~±���0�Î�Ê���Q�������!~��l�¸ÔË�����³~��f�k������|0�
�����l�0�Q��È��Q�=���0�
�Q��|=��� 2 �����l�0�Q��È��Q�=���0�
�0�¸���Q�������B~���� ö�¦�§ ô=¬	¥3§J©#­�¦ �0� 
 ¹0�����U������|0�B~±���0�0�°���º|0�
� Â �l�������l���0���@��|¸�Q��|=���b�0�;�B~����������F��� �

÷ ��»ÈâÈû á �D¼ õùø /#� §Q¬'¾:¥3ª�§H¿�­�¦È÷�À=¾:¨'ª±¬�¨�¿'¾J§H¥3À¸ÁD¨�­�ª�¿+��9h¥3¦ Çh�=¨�©�ª�¥3À?ö�¦�¦�§ ô=¬	¥3§J©������j���½¹¾ ) "�+�� .,V6¿ �! #"j� 1 �!ú�� 5 + E0 ñ %�1  #" 5 V4% + 9 W�X %!¿�2 � ) 5 x∗
V " -�À�.#-4% ú 9#- 5  5  #" 5 ú %�-  % ú %�)Ò%z.#-4%��û +!" ) 5  #" Á,1 �! %;.�%�-YÃwÄ����+Ç�� þ 2 5 ) 5 1#ü,% τ > 0

. 5 - 5�5 û#9,V ú 5  ," & 5 + %�- " V�ü � V:26¿�- �!ú %	V��
È j�����j���½¹É ) "�+ ü,%�-�V4% + 9 W�X %lý 5 ú 2:þ�& "�+�ú %�132:þ�1�9 5 xf " 1 ú %�132:- 5  5 �¦Ê 5 - 5 9#)½.#-4%�û +!" ) 5 � 1�ý 5 ú 2:þ�& "�+ %�9. 5 - 5

x∗ 6∈ E0
2 " -��JV " �AÀ xf = ∅ �

Ì+Í�ÿ (ÙÕ	�h×(Ø � Õ
Shor

Ã
E0
Ç

8DÍ
k ← 0ÏÐÍ
xf ← ∅ . ��" - " 5 ) "�+ ü,%�-�V4% + 9 W±X %*ý 5 ú 2:þ�& "�+ �Ò Í
MHP ← ∅ . ��" - " 5 V�) 5 2:- ����" V ú %�) � 1�ý�%�-:) 5�W�� " Vo��À ú 5 +!ú 9 + 5  5 V��ÓDÍ
MHX ← ∅ÕÐÍ Á ��� \

× Í
Pxk(x

f , Ek) . Ô 5 +!ú 9 + 5 %*.�% +��!"± -4%  #" û#9,V ú 5�5 . 5 -42 � -  #" xf , Ek, f(·) " g(·) .�%�-YÃ���� ��Ç��$ÐÍ
MCk ← Pxk(x

f , Ek)�ÐÍ
MCXk ← Pxk(x

f , Ek)ÌÂÚÐÍ
MHP ← [MHP MCk]Ì+Ì+Í
MHX ← [MHX MCXk] . à��! #"��d" Á,1 � W�X %£��ÃQ.hÀ	� � 1 5�

� Ç��Ì�8DÍ Ø ÿ

xk ∈ Ω " f(xk) ≺ f(xf )
×+Ö4Ú\Õ

ÌÂÏÐÍ
xf ← xk .

ï�%'&(%*) "�+ ü,%�-/.0%�1324%�ý 5 ú 24þ7& "�+ �Ì Ò Í Ú\Õ	�mØ ÿ
ÌÜÓDÍ

Ek+1 ← SCPR(Ek, (Ek,MHP (:, {k − τ, . . . , k}),MHX(:, {k − τ, . . . , k})) . à��! #"É + �,� Ã��ÐÇÌÂÕÐÍ Ø ÿ
vol (Ek+1) ' 0

%�9
vol(Ek+1) ' vol(Ek)

×+Ö4Ú\Õ
Ì × Í

return xf .
é " -:) � 1 " % 5 + �(%�- � 2:);%#�Ì�$ÐÍ Ú\Õ	�mØ ÿ

Ì��ÐÍ
k ← k + 18�ÚÐÍ Ú\Õ	�mÁ ��� \

8DÌ+Í Ú\Õ	� ÿ (ÙÕ	�h×(Ø � Õ
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1 ���³~��;¼d���'&B~�|0�Q�;�6������� ���0���������,~±���0���d�����l¤'~��,�0���� ,|0�*�Q�l�0�B���l���#~±������� � ���������#~������0�
�l¤'~��,�0�
ö�¦�§ ô=¬	¥3§J©#­�¦ �° ,|0�°���°�6|0�0�=���l���#~±��� �0���������0�����B~������0�q�����Q�Q���0���Î�0�°�0|0�����¶�°�0�q�����Q�Q���0���Î�0�
�0|0�����z������¹0�Q�³~�»����Q���;�0���Q�#~��������������F��� � Ì���������|0�Q�=���,���/�l¤'~��F�0���/�0���������³~����/�6�������Ò���,�0�B�=�����0���
�0�������Q�������!~������

MPEH
�
MPESC

�
HISPE �1 �������'&B~�|0�Q�
������|0�Q�#~��*������������È��Q�0�Q�0���d���d�0�����0�Q�������������³~����B~����d�*�Q�������³~±���B~������F�����������������d� � ��Ð

~����������B�Æ|�~��Q�Q�Q�����0���Æ�����l�����Q�
|0���������j�0�d~����³~��@�0�����l¤'~��F�0�����0���������³~������#�k��� �����l������������|0�B~±���0���
���Q�����0�����0��� �
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q ���³~��;�����'&B~�|0�Q����������È��Q�0�Q�0���d���h�0�����0�Q�����3�@�0�����Q�
|0���������
����� � ����� ñ	� ���Q�d�����,~H&Q�,|=�����0�����������������
��| � �'~����������Q���� ,|=�����!Ð:����� � ��È������=�3�*�0�������������������l���,~����0�B�6�������0��� ñ�� ���Q���0���������³~����Æ�=�����*� � ���Q�Q�=�������
�0�������Q�������!~������d ,|0�z�����0�³~��B~�|0���ó�
�J���r&Q�B�Q�£�0���h�l¤'~��F�0���ts ¥3¦�§H¨�©�ª�¥3«2u�¦7§ vk¬�¥�§J©�­�§Q¬ �q �j����|��0������� � ��� � �Q�l���#~��*�����j�l���³~������0���U���Æ������|0�B~±���0��������~��Q�0�����k���Q���Æ���Q�������B~������ws ¥3¦�§H¨±©�ª�¥3«
u�¦�§ v=¬	¥3§J©#­�§Q¬ ���0���������,~±���0���h�0�������'&B~�|0�Q� ï ���0������� � ��� � �Q�0�����
�=���³~��Q�d�=���@�0�'�=�0�Q���F�'���=�'������� ñ ���Q�����
�Q�������d��~������������������0���������#~±���0�����0�������'&B~�|0�Q�rx �y �����·���'�6����¢��0�����°�=�°� � ���Q���������f�0�¸�0�������l�k���0¹0�Ë�0���z���Q�������B~��l���*�0�����k���³~�����������������|0�B~±���0���
����~��Q�0�������������¶��È��Q�0�Q�0���������3²³|0�#~±���l���#~��¸����� ���l�������������k���0�0���,~�����������|0�B~±���0�����=�����q�������Q���(Ð
���B~��l���	z u�¦�§ v=¬	¥3§J©#­�¦ �0���������³~��q�k���

Shor
�·�¶���B�������B~����Ê�0��� Ú
¥3§Q¬�ÁkÏ0â:ß�ª�­#©�§H¨'À=¾:¨±¬fÁkÏ=¿±¨±¬±¬'§�ä�¥	¬

�0���������³~��Ë�k���
Kim � öh���������B~±�(Ð:������ ,|0�µ ,|0���Ë���Q�������B~���� MPEH

�=���¸�6���/�Q�0���Q|'&Q�0�°���#~��������
���Q�������!~��l����� � ���Q�����0���j�����*~����z���0���������#~±���0�¸������|0�B~±���0������|0�B~��f�0��»�È��Q�l���;���°���Q�������B~����

Shor �{�ñ �������Q�������B~������}| ¥3ª�¾:¨±¬ s ­�ª�­�¦Q¨'¦Q¥	¬ �~| ¥3ª�¾:¨±¬j¨�� | ÏFÀ.�0­ �=���j�6��������|�~��Q�B�Q�����0�����=�j�����l�=�����������
������ ,|0�;�����0�³~��B~�|0���t|0�t�������l�=���³~��Q��|0�����d�0�l���Q�������!~��l� Ú
¥3§Q¬�ÁkÏ0â:ß�ª�­#©�§H¨'À=¾:¨±¬�ÁkÏ=¿±¨±¬±¬'§�ä�¥	¬ �� |=���0�0���;�Q�l�0�Q�������,~±���������0�������Q�������B~����������6���=|�~��Q�Q�B�����=�;���J�3~������Q�����������t��� �=�����;�l���Q¹0�3Ð
�����z�°���³~��3�0�Q�Q�Q�=���0���F|0�l¤����Q���·�0�Ê���Q�������!~����0�[�����0|0���Q�0�0�Ë���z���������z ,|0�l�����0�0|0�������°�������=�¸�=�
�������B~�� � �Q�=���0���0�

Qk

���#~������0�z|0�����'��� � ������¢��0�����l���3~��Q�³�J�3~�»�������� � {�ñ  ,|=���,~������=�������l�'~����Q����������0�Ë~±�������0¹0�Ë�=�Ë�0|0�����Î¹0�Q�³~�»����Q���°�Î���Q�������B~����¸����� ñ �Q�0�0�Q�����0�Ë�k���
HISPE{τ} � {½�Q�0�0�Q���������

�0�
τ
�����l�

kmax
�0�'~������l�Q�=�q ,|0�Ë�¶�0|0�����Â¹0�Q�³~�»����Q���Î�F����������|���� ~��F�0�¶�Â�'���3²³|0�,~��Â�0� � �(Ð

�Q��������¹0�Q�³~�»����Q�������0�Q�������'& � ���Q�;���º�����=�°�B~������������
k ��� �������Ñ���0���������#~±���=���z�0|=���z�������=��|0�������,���

�=�������f���Q�������B~����
HISPE

�b������ ,|0�
���������=��|0���������f�����
τ = 3n

�����0���������#~±�·���������=��|0���������
�=���0�����Ê���������l���0�=���=�Ê�=�3�±�¸� � ���Q���z�0�

τ
�����0 ,|=���#~��

τ = kmax
�����0���������#~±�Î�Ë�������=��|0���������
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ε(·) = {max(xi− xj) | ∀ i ∈ ϑ | ∀ j ∈ ϑ}

���0���������,~±������� � ���Q�����Q���6�����Q�����
|0�õ�=���Hß��l�'~����
ε = 10−6

�6�����0�����Q�0�0�0�����t�����l�l���������=���0�;�k�����B~�� � �Q�=���0�*�0�
Qk �Ì��½~��F�0���h���@~����³~������0�����k���³~������k���@�Q�Q�l�!~����d�0�

x
�6�������½�0�'�=�0�Q�0���h�����@|0�t¹0�Q��������|0�k�

C ⊂
Rn

+

�0�q�����0�
ladoC

�Q��|=�����
20
�*�����0�0�n ,|0�¶�n���Q�Q�0��»��Q�0�

E0

�6�����Q�0�Q�����3�B�Q�����0�w����� �w�l���0���
¹0�Q���������³�6�����* ,|0�d�����,~��Q�0¹=�j�*¹0�Q��������|0�k�0�#�����#~������Q�Q�����0�j��� |0�´�k���,~��

x0

���������0�;���Q���3~������Q�������,~��
�0���l�F�0�
 ,|0�

(E0 ∩Ω∗ ) 6= ∅ � q ���
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| ∇f1(x∗)
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+ ∇f2(x∗)
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ñ�� ���Q�z���0���0�����0�Q�������;����� � ��È����
�0�B�6�������0��� ñ�� ���Q� � {½������|0�0�=�Ë¤������l�����³~±�¸�k���£�0�����0�Q���l���z�0�
Ì��0�����0¹=������� � |'&Q�l�Q��� � {n�0�'�=�0�Q�����j�0���³~������0�����0�Q�������[������������|0�B~±���0���Æ���Q�����0�����0���������j��È��Q�0�Q�0����=���h�0��»�È��Q�����@�������,��� �
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Íõ�0�����0�Q�����·�����#~H&Q�,|0�0� � �'~������������l ,|=�����!Ð:����� � ��È��Ê�=�3�¸�0���������±���������l���#~��l�0�B�6�������0��� ñ�� ����¤��� ,|0�
�0���0���l�Q�=���0� y ¼dÌ � ¼ �z���'�0���'���'�,~±���0�f�����.iKj � Çlk �d� �F�=���j��� � ����� ñ�� ���Q�h�����������³~����B~±���j����¹0�Q�k���4Ð��|0���

C ⊂ Rn
+

�;�����#~��l�Q���6�����Q�������� ,|0�����0���0�l�����#~�� {0, . . . , 0} ∈ Rn �

min f(x) = max({−(1 + e(λ(j)(x(j)−x̃(j)))2)}) | j = 1, . . . , n
iKj � Çlk
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s.a. Ω = {g(x) ≤ 0 | x ∈ Rn}

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

���0�0�
x̃
�
x̆i ∈ C

�
0 < λj < 10−1

�D�
Q̆i ∈ Rn×n
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�0�����0�Q������� y ¼dÌ � ¼��6�������®���������0���

�=�������0�Q�l���0���F���
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�
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f(x) � ��~±���
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âpáØè�åpúûá�ë�ëûê8ÿÒä8ã¸çÌá�úûá�ù���ã�æoã±ë3ævâoæo÷±ã±æoä8åpëgù8å��såpù�è�å���åpúûúûá�ùMè�á���ä8áØâpáÚëûá�ú:è_æoì.ÿÒí�ìBæoù�æo÷±ã±ë�æoä8å�å���åpì��Òåpú	�
è_æoìºá�ùMè�åbä8á�ë�è�á�ë.ìºíØè�å�ä8åpë�é�ê�æoù8ä8å6ä8å¦æoê8ìºá�ù�è�åbä8å¦ù�à8ìºá�úûå¦ä8áºúûá�ë�è�úûã±ý�þ�á�ë#ä8áüê8ì
�8úûåpÿ8÷±á�ìüæ��
y æoú�æ
�sá�úûìºã¸è�ã±ú�á�ë�è_æ6æoù��o÷±ã±ëûá��@çÌåpã3êZè�ã±÷±ã¸øvæoä8åbå
�8úûåpÿ8÷±á�ìüæ y���� � � úûá��8úûá�ëûá�ù�è_æoä8å��såpú¤j��������¼å��
ä�ævâ�ã�æ��8å���åpù���ê8ù�è�å�ä8á�úûá�ë�è�úûã±ý�þ�á�ë

g(·) çÌåpãXúûá�ä8á ��ù8ã±ä8å��8è_æo÷!��åoìºå�ã±ù8ä8ã"�væoä8å�æ�ëûá�#pê8ã±ú��

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , φ

gi+φ(x) = −x(i) | i = 1, . . . , n

gi+n+φ(x) = x(i)− ladoC | i = 1, . . . , n

iKj��%$pk

åpù8ä8á%è�å�ä8åpë�åpë&��æoúHßoìºáØè�úûåpë&�Òá�úûìüæoù8á'��á�ì è_æo÷���åpìºå#æoù�è�á�úûã±åoú�ì�á�ù�è�á,ä8á�ë(��úûã¸è�åpë�áÚæ���úûá�ë(��á�ù�è_æ)��ëûáGå
ù8å}âMå���æoúHßoìºáØè�úûå

φ
�½�Gá�ë�è_æ¤çÌá�ã¸è_æ��Zå�ù�à8ìºá�úûå�ä8á�úûá�ë�è�úûã±ý�þ�áØë*��æoëûë�æºæ.âoæ�úûã�æoú+�Øåpù�è�úûåp÷�æoä8å,�såpú,á�ë�è�á

��æoúHßoìºáØè�úûå��¬�GáØâpá ��ëûábæoã±ù8ä�æ6æ���úûìüæoú#é�ê8á
æoë.ìüæ�è�úûã±ø�á�ë
Q̆i

ë.-oå���åpù8ë�è�úûê'&±ä�æoë/��åpì æoêZè�å}âoæo÷±åpúûá�ë
æo÷±ávæ�è.0púûã±åoëºä8á¦ìºå�ä8åeæ1#Mæoú�æoù�è�ã±ú�é�ê8á

(Ĕ1 ∩ . . . Ĕnφ) 6= ∅
�,åpù8ä8á

Ĕi

úûá��8úûá�ëûá�ùMè_æeåeá�÷±ã"�8ë(0pã±ä8á
ä8á'��ù8ã±ä8å��Òá�÷±å���á�ùMè�úûå

x̆i
á��Òá�÷�æ¤ìüæ�è�úûã±ø

Q̆i

�
y æoú�æ*��úûã�æoú@æoë@è_æoÿÒá�÷�æoë@á&#pú.������åpë¼ä8á�úûá�ëûê8÷¸è_æoä8åpë���åpë2�8úûåpÿ8÷±á�ìüæoë y���� � � çÌåpú�æoì3#pá�ú�æoä8åpë2��æoú�æ

ä8ã±ìºá�ù8ëûþ�á�ë
n = {5, 10, 15} á:ù�à8ìºá�úûå%ä8á:úûá�ë�è�úûã±ý�þ�á�ë@ä8áØè�á�úûìºã±ù�æoä8å��Òåpú

φ = {100, 200, 300, 400, 500} �45��æoú�è�ã±ú<ä8åpë�úûá�ëûê8÷¸è_æoä8åpë�åpÿZè�ã±ä8åpë�ä8åpë#æo÷"#påpúûã�è�ì�åpë6�8úûå��Òåpë�è�åpë
MPESC

á
HISPE

á�ä8åoë
æo÷"#påpúûã�è�ìºåoëgä8áÚúûáØçÌáØú.7Øù���ã�æ

Shor
á
Kim

çÌåpú�æoì8#pá�ú�æoä�æoë�æoë:è_æoÿÒá�÷�æoë�j��4x�æ#j�� j��ñ�GáØâpá ��ëûáGåpÿ8ëûá�ú�â�æoú
é�ê8á»çÌåpú�æoì êZè�ã±÷±ã±øvæoä�æoë�ä8ê�æoë���åpù���#pê8ú�æoý�þ�á�ë�ä8å9��æoúHßoìºáØè�úûå6è_æoìüæoù�:8åªä�æªÿ8ê8ë(�væ9:8ã±ë�è.0púûã"�væ��:åpê
ëûá	�ûæ��

3n
á
kmax

�
� åpìºå;�Òå�ä8áGëûá�ú<��åpù8ë�è_æ�è_æoä8å.ù8åpë¹úûá�ëûê8÷¸è_æoä8åpë¹á =Zã±ÿ8ã¸ä8åpë¹ù�æoë�è_æoÿÒáØ÷�æoë,j��4x#æ.j�� j���å>�(�#á�ë(�Òá�ú�æoä8å

æoê8ìºá�ùMè�åªä8å9��æoúHßoìºáØè�úûå6è�á�ì��såªè�åoè_æo÷<��æoú�æ?��åpù�âpá�ú(#�7�ù���ã�æªå���åpúûúûá@��æoú�æ¦è�å�ä8åpë¤åpë�æo÷"#påpúûã�è�ì�åpë
êZè�ã±÷±ã¸øvæoä8åpë��?�@å�ä�ævâ�ã�æ��gç©æoø ��ëûáüù8á���á�ëûëA�oúûã±åªåpÿ8ëûá�ú�â�æoú¤é�ê8á�åpë/��æoúHßoìºáØè�úûåpë�ù�à8ìºá�úûåªä8á�ã¸è�á�ú�æoý�þ�á�ë��
è_æ)=8æüä8á.úûá�ä8ê8ý�-oå»ä8åüâpåp÷±ê8ìºá#ä8å�á�÷±ã"�8ë(0pã±ä8á#á�ù�à8ìºá�úûåüä8á¤æ���á�ëûëûåpë�æ

f(·) ù�-oå�ù8á���á�ëûë�æoúûã�æoìºá�ù�è�áæ��8úûá�ëûá�ùMè_æoì\âoæo÷±åpúûá�ë¹ìºá�÷":8åpúûá�ë­�.ìºá�ä8ã±ä�æ�é�ê8á<å¤ù�à8ìºá�úûå.ä8á�úûá�ë�è�úûã±ý�þ�á�ë,ä8å/�8úûåpÿ8÷±á�ìüæ.æoê8ìºá�ùMè_æ��
� ë�è_æ�åpÿ8ëûá�ú�â�æoýB-oå#ëûá%ä8áØâpáGæoå�ç©æ�è�å�ä8á%é�ê8á%ê8ì ìüæoã±åpú!ù�à8ìºáØú�å�ä8á%úûá�ë�è�úûã±ý�þ�á�ë:ù�-oå�ëûã"#pù8ã����væ<ù8á���á�ë	�
ë�æoúûã�æoìºá�ùMè�á¹ê8ì ìüæoã±åpú¼ù�à8ìºá�úûå<ä8á�:8ã"�sá�ú(�8÷�æoù8åpë!ëûê��Òåpú�è�á1ä8ã±ë(�såpù'&¸âMá�ã±ë2��æoú�æGä8á'��ù8ã±úgå6�såp÷±ã±á�ä8úûåGä8á
ÿ8ê8ë(�væ�áC��åpù8ëûá�éED8á�ù�è�á�ìºá�ùMè�á�úûá�ë�è�úûã±ù�#pã±ú�æ#úûá�#pãF-oå#ä8áGã±ùMè�á�úûá�ëûë�áGä8áGÿ8ê8ë(�væ��Zä8ê8ú�æoùMè�áGå/�8úûåE��á�ëûëûå¤ä8á
��åpùMâMá�ú(#�7Øù���ã�æ�� � ê�æoù�è�å ����åpì���æoú�æoýB-oåüä8åpëGúûá�ëûê8÷¸è_æoä8åoëGä8åG��æoúHßoìºá�è_úûå�è�á�ì��Òåºè�åoè_æo÷H��æoú�æ���åpù��
âpá�ú(#�7�ù���ã�æ6åpÿZè�ã±ä8åpë/�ÒáØ÷±åpë.ìºíØè�å�ä8åpë/�8úûå��såpë�è�åpë��:âpá�úûã����væ)��ëûá»é�ê8á
æ
��åpù���#pê8ú�æoýB-oåªä8å æo÷"#påpúûã�è�ìºå
HISPE

��åpì åI��æoúHßoìºáØè�úûå
τ = 3n

�!æ��8úûá�ëûá�ùMè�åpêeëûá�ì��8úûáºåpë�ìºá�÷":8åpúûá�ë�úûá�ëûê8÷¸è_æoä8åpë�� � åpìºåbæ
��åpù���#pê8ú�æoýB-oå

HISPE3n

æ��8úûá�ëûá�ùMè�åpêüìºá�÷":8åpúûá�ë:úûá�ëûê8÷¸è_æoä8åpë3é�ê8áÚå�æo÷"#påpúûã�è�ìºå
MPESC

á*��åpìºå
á�ë�è_æ@��åpù���#pê8ú�æoýB-oå
÷±ã±ì�ã�è�åpê¦çÌåpú�è�á�ìºáØù�è�á.å
ù�à8ìºá�úûå»ä8á¤ã±ùZçÌåpúûìüæoý�þ�á�ë<æoúûìüæoø�á�ù�æoä�æoë��Xí,�8÷�æ�ê8ëH&�âMá�÷
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þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ �����
ëûê��Òåpú�é�ê8áÚëûá�éED�7�ù���ã�æoë¹ä8á>�Òåoù�è�åpë:ç©æ��ØèH&¸âMá�ã±ë:ä8áØâMá�ì è�á�ú3á =Zã±ë�è�ã±ä8å#áÚé�ê8áGæoë�ã±ùZçÌåpúûìüæ�ý�þ�á�ëK�(���væo÷"��ê��
÷�æoä�æoëgä8á�ë�è�á�ë��såpù�è�åpë:á�ì ì¤ê8ã¸è�å6��åp÷�æoÿsåpú�æoú�æoìL��æoú�æ�æ�úûá�ä8ê8ýB-oå�ä�æ�úûá�#pãF-oå�ä8á,ã±ùMè�á�úûá�ëûëûá%ä8á%ÿ8ê8ë(�væ��
� ë�è_æ�ëûê��Òåpëûã±ýB-oå�è_æoì.ÿÒí�ìM��ê8ë�è�ã����væoúûã�æ#åpë¹ÿsåpù8ë1úûá�ëûê8÷¸è_æoä8åpë¹ä8å.æo÷"#påpúûã¸è�ì�å

Kim
á�ì5��åpì���æoú�æoýB-oå

æoåpë�úûá�ëûê8÷¸è_æoä8åpë�ä8å¦æo÷"#oåpúûã¸è�ì�å
MPESC

�ON%á�ëûë�æo÷¸è_æ)��ëûá�é�ê8á��2�væoëûå¦æoë�ã±ùZçÌåpúûìüæoý�þ�á�ë�úûá�ëûê8÷¸è_æoù�è�á�ë
ä8å9#pú�æoù8ä8á»ù�à8ìºá�úûå ä8á
úûá�ë�è�úûã±ý�þ�á�ë¤çÌåpëûëûá�ì ëûá�ì��8úûá
ëûê�����ã±á�ùMè�á�ë���æoú�æ�#pá�ú�æoú¤ê8ìüæ?��åpù8ëûã±ä8á�ú.�vâMáØ÷
úûá�ä8ê8ýB-oåºä8å��Òåp÷±ã±á�ä8úûå¤ä8á�ÿ8ê8ë(�væ��såºæo÷"#påpúûã�è�ì�å

MPESC
ä8áØâpá�úûã�æ¤è�á�ú%æ��8úûá�ëûá�ù�è_æoä8åºåpë%ìºá�÷":8åpúûá�ë

úûá�ëûê8÷¸è_æoä8åpë<��æoú�æ�å�è�á�ì��Òå#è�åoè_æo÷Òä8á6��åpùMâpá�ú(#�7�ù���ã�æ��QP>ë�è�å.å���åpúûúûá�úûã�æ#ê8ìüæ�âpá�ø�é�ê8á<á�ë�è�á�æo÷"#påpúûã�è�ìºå
�Òåpëûëûê8ãgê8ìVìºá�ù8åpú ��� 4CR ä8å»é�ê8á�å@��åpúûúûá�ë(�Òåpù8ä8á�ùMè�á ��� 4>R ä8åbæo÷"#påpúûã�è�ì�å

HISPE
�,R<êZè�úûå

�ÒåpùMè�å�é�ê8á>���væ���÷�æoúûå���æoú�æ�á�ë�è�á�ë��8úûåpÿ8÷±á�ìüæoë3íÚé�ê8áGå;#oú_æ�ù8ä8áGù�à8ìºá�úûå#ä8áGúûá�ë�è�úûã±ý�þ�á�ë��8úûå}âMåE�væ�ù�æ
��åpù���#pê8ú�æoýB-oå

HISPEkmax

ê8ì æoê8ìºá�ùMè�å�ä8å ��� 4>R ì.ê8ã¸è�å¤ëûê��sá�úûã±åpúÚæoå�#Mæoù�:8å�åpÿZè�ã±ä8å,��åpì æ
úûá�ä8ê8ýB-oå�ä�æºúûá�#pãF-oåºä8á�ã±ùMè�á�úûá�ëûëûá.ä8á#ÿ8ê8ë.��æ�úûá�ëûê8÷¸è_æoùMè�á�ä�æºêZè�ã±÷±ã¸øvæoýB-oåºä8á�è�å�ä�æoë<æ�ëGã±ùZçÌåpúûìüæoý�þ�áØë
�(���væo÷"��ê8÷�æoä�æoë�� y åpúQ��ìI��åpë�úûá�ëûê8÷¸è_æoä8åpë�ä�æoë3è_æoÿÒá�÷�æoë¹j��4x�æ�j�� j��sá�úûìºã¸è�á�ìBëûê��Òåpú�é�ê8á��8æ�è�ú�ævâpí�ë¹ä8å
��åpùMè�úûåp÷±á%ä8å���æoúHßoìºáØè�úûå

τ
í*�Òåpëûë�&¸âpá�÷sáØâ�ã¸è_æoú:é�ê8áÚå�æoê8ìºá�ùMè�å#ä8å�ù�à8ìºá�úûå�ä8áÚúûá�ë�è�úûã±ý�þ�áØë�úûá�ë�è�úûã±ù��ûæ

æ�æ��8÷±ã"�væoÿ8ã±÷¸ã¸ä�æoä8á<ä8åºæo÷"#påpúûã¸è�ì�å
HISPE

�
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���)$ À�Á+Â�ÃÅÄ7Æ�ÇÉÈÅÊ�Â�Ë}Ê.Ì
mVÃÍÆ�ÇÉÎ+ÏÐÊ.ÑPÇ�ÏÐÂ�mÅÇÉÒ	Ç%Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂÔÎ�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ
4G÷"#påpúûã±ì�åpë

φ
P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �¼á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
�G¿®¿ �G¿�U�V ¿�� W®¿ Ù $ $;¿pn $®x��4x®x

Kim
�G¿®¿ nMj�U ¿�� UMj�V®¿ Vpn W�� ¿pn

MPESC
�G¿®¿ U®¿pn ¿�� UMj�$®x �XW®¿ �XU�� Ù U

HISPE15

�G¿®¿ �}nÉx ¿�� V Ù j�� xon $�� W�V
HISPEkmax

�G¿®¿ U�W ¿��4x®x�UY$ Ù®Ù x��%$on
Shor

$;¿®¿ ���G¿®¿ ¿�� W®¿ Ù $ $;¿Y$ x®x�� Ù $
Kim

$;¿®¿ n�U�� ¿�� UMj�V�V V�� �XW�� j�$
MPESC

$;¿®¿ j�Upn ¿�� U�V�Vpn �XWY$ n�V�� Wpn
HISPE15

$;¿®¿ �}nÉx ¿�� Vpn�WÉx x®x V�� ¿ Ù
HISPEkmax

$;¿®¿ WÉx ¿��4x�VY$�U Ù x �lj�� V�W
Shor

n®¿®¿ ���G¿�V ¿�� W®¿ Ù $ $;¿�U Upn�� j;¿
Kim

n®¿®¿ n�VMj ¿�� UMj Ù®Ù x�W $�W�� ¿�V
MPESC

n®¿®¿ j®x�$ ¿�� U�VÉx�W �XU Ù x®x�� j�W
HISPE15

n®¿®¿ �}n�W ¿�� V Ù xon xpj W�� ¿�V
HISPEkmax

n®¿®¿ W�� ¿��4x®x Ù W Ù x n Ù �4x�$
Shor Ù ¿®¿ �G¿Éx®x ¿�� W®¿ Ù $ $�$�W �G¿�W�� ¿®¿
Kim Ù ¿®¿ nMj�$ ¿�� UMjon�V V�W n�W�� jpj
MPESC Ù ¿®¿ U Ù $ ¿�� U�U®¿�W $��XW UÉx��%$�$
HISPE15 Ù ¿®¿ � Ù $ ¿�� V Ù j®x x�W �}n�� n®¿
HISPEkmax Ù ¿®¿ �G¿®¿ ¿��4xpj�UMj Ù j x�U�� Ù W
Shor

x;¿®¿ ���}nY$ ¿�� W®¿ Ù $ $ Ù $ ��x�U�� ¿Y$
Kim

x;¿®¿ nMjon ¿�� UMj�$�W V�W x Ù �����
MPESC

x;¿®¿ jpjpj ¿�� U�V��}n $�$®x �G¿����%$pj
HISPE15

x;¿®¿ �}nÉx ¿�� VpnMj®x xpj ��x�� j Ù
HISPEkmax

x;¿®¿ U�U ¿��4x®xpj�V Ù®Ù �)$���� n®¿
qsrltvuvw rGxpy ZM|@~��_���M�{���v�M�}��[_�v�������������{�l�}�,�M�}�1���]\l�v���{�����}�

Shor � Kim � MPESC
�
HISPE

���������M��M�>�B^M�����#���!�!�!�,���M�,�p�{���������v�#� � ���3_��M��À��v���M�#���M�������>�#�M�<�o³M�����>���M�,�>�_��������ÀA`��_���
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þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ ���}n
4G÷"#påpúûã±ì�åpë

φ
P è�á�ú�æoý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �¼á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
�G¿®¿ Ù ¿�Vpn ¿�� W®x���� x�W�� $;¿ Ù �4x;¿

Kim
�G¿®¿ � Ù WY$ ¿�� W Ù®Ù j �XW�U j�V�� V�U

MPESC
�G¿®¿ $ Ù WÉx ¿�� WY$���� x®x®x �)$;¿�� WY$

HISPE30

�G¿;¿ $ Ù W ¿�� V�V�W�� WMj �������}n
HISPEkmax

�G¿;¿ ��x;¿ ¿��4x®x�VMj j Ù �)$�U�� Ù W
Shor

$;¿®¿ n�W�UY$ ¿�� W®x���� jpj;¿ n�W�U�� W®¿
Kim

$;¿®¿ � Ù j Ù ¿�� W Ù n®x $�V�� ��x���� ¿®¿
MPESC

$;¿®¿ $�V Ù j ¿�� WY$�V Ù jon�V $®x®x�� ¿Éx
HISPE30

$;¿;¿ $�VÉx ¿�� V�V�V Ù �G¿�U $on��%$�W
HISPEkmax

$;¿;¿ ��xon ¿��4x�V���x jpj xpj®x�� U Ù
Shor

n®¿®¿ Ù ¿pnÉx ¿�� W®x���� V Ù W V�VY$�� j�W
Kim

n®¿®¿ ��x��G¿ ¿�� W Ù®Ù n $�$�$ $®x���� V®¿
MPESC

n®¿®¿ $;x Ù n ¿�� WY$on�� V�� Ù Ù ¿Y$����XU
HISPE30

n®¿;¿ $®x�V ¿�� V�V�W�V �G¿�� nÉx�� Ù �
HISPEkmax

n®¿;¿ ��x Ù ¿��4x�V®¿Éx jpj �G¿�UÉx�� UY$
Shor Ù ¿®¿ Ù ¿�V�U ¿�� W®x���� xpj�V �G¿Y$�W�� j�$
Kim Ù ¿®¿ ��x;¿Éx ¿�� W Ù n®x �XW�U n�U���� Ù x
MPESC Ù ¿®¿ $ Ù j�� ¿�� W��XW®¿ x Ù U x�WY$�� U��
HISPE30 Ù ¿;¿ $ Ù x ¿�� VÉx�W�V WMj x;¿����XV
HISPEkmax Ù ¿;¿ � Ù x ¿��4xon�U�W jon ��x®x�$����)$
Shor

x;¿®¿ Ù $�VMj ¿�� W®x���� j�$pj ��x Ù®Ù � Ù ¿
Kim

x;¿®¿ ��xon®¿ ¿�� W Ù n�$ $ Ù®Ù xpj�U��%$�W
MPESC

x;¿®¿ $�nMj�U ¿�� W��lj;¿ VÉx;¿ j®x�W�� Ù $
HISPE30

x;¿;¿ $®x Ù ¿�� VÉxpj;¿ �G¿Éx j��������
HISPEkmax

x;¿;¿ � Ù x ¿��4xon Ù ¿ j®x npn®¿Mj����)$
qsrltvuvw rGxpy ap|@~��_���M�{���v�M�}��[_�v�������������{�l�}�,�M�}�1���]\l�v���{�����}�

Shor � Kim � MPESC
�
HISPE

���������M��M�>�B^M�����#���!�!�!�,���M�,�p�{���������v��� b � ���c_��M��À��v���M�#���M�����o�>���M����³M�����>�#�M�1�>�_��������ÀA`o�_���
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��� Ù À�Á+Â�ÃÅÄ7Æ�ÇÉÈÅÊ�Â�Ë}Ê.Ì
mVÃÍÆ�ÇÉÎ+ÏÐÊ.ÑPÇ�ÏÐÂ�mÅÇÉÒ	Ç%Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂÔÎ�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ
4G÷"#påpúûã±ì�åpë

φ
P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �¼á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
�G¿®¿ UÉx�$�V ¿�� W�VMj�$ �}npn®¿ V�W�U�� j�U

Kim
�G¿®¿ n Ù �XV ¿�� W�VY$�V xon�V $�U����4xpj

MPESC
�G¿®¿ x;¿��XU ¿�� W Ù j Ù ���BW�� Ù ¿Éx��%$�$

HISPE45

�G¿®¿ j;¿ Ù ¿�� V�V Ù x n���� Ù j�� W�U
HISPEkmax

�G¿®¿ x;¿�U ¿��4xpj�U Ù $�V�U W�V Ù �%$®x
Shor

$;¿®¿ Upn�� Ù ¿�� W�VMj�$ �}n Ù � � Ù x;¿��4x��
Kim

$;¿®¿ n�V�U�U ¿�� W�V��XU V��G¿ Vpn�W�� W�W
MPESC

$;¿®¿ Ù j�U�W ¿�� W Ù n�� �)$�Vpn j�U�U�� j�U
HISPE45

$;¿®¿ V�U Ù ¿�� V Ù V�W n�� Ù W®¿�� W�W
HISPEkmax

$;¿®¿ Ù Wpn ¿��4x Ù jpj $pj;¿ nMj�$on�� VMj
Shor

n®¿®¿ UÉxpj�U ¿�� W�VMj�$ W�W�U $�VÉx�$��4x;¿
Kim

n®¿®¿ nMj®x Ù ¿�� W�VY$�U Ù npn ���XU®¿����XU
MPESC

n®¿®¿ Ù®Ù®Ù n ¿�� WpnMjon WY$®x �}npn�W����}n
HISPE45

n®¿®¿ j;¿pn ¿�� VÉxon�V $�W�W �XVÉx�� V�W
HISPEkmax

n®¿®¿ Ù j®x ¿��4x Ù � Ù $®x;¿ j�W�V�U��%$on
Shor Ù ¿®¿ U�V�VY$ ¿�� W�VMj�$ ���XUY$ Ù ¿�W Ù � j®x
Kim Ù ¿®¿ nMj�W�� ¿�� W�VY$�U x��)$ �XU��XV�� n�U
MPESC Ù ¿®¿ Ù V®¿®¿ ¿�� Wpn�W�W �G¿pj Ù $;¿pnÉx�� ¿��
HISPE45 Ù ¿®¿ j;¿pn ¿�� VÉx�� Ù n®¿�W $ Ù x�� V��
HISPEkmax Ù ¿®¿ Ù j�V ¿��4xonÉx�$ $®xpj �)$��lj;¿�� nÉx
Shor

x;¿®¿ U����}n ¿�� W�VMj�$ �XV Ù x x��G¿ Ù �%$��
Kim

x;¿®¿ nMjon�W ¿�� W�VY$®x j®x®x $onpnY$�� Vpn
MPESC

x;¿®¿ x®x�VÉx ¿�� WÉx�$;¿ ��x�U�W n��XUpn�� V®¿
HISPE45

x;¿®¿ j��XW ¿�� VMj;¿�U nY$�U nY$®x�� Wpn
HISPEkmax

x;¿®¿ x;¿Y$ ¿��4xpj Ù � $�U®¿ �XU�V�Upn�� npn
qsrltvuvw rGxpy xp|@~��_���M�{���v�M�}��[_�v�������������{�l�}�,�M�}�1���]\l�v���{�����}�

Shor � Kim � MPESC
�
HISPE

���������M��M�>�B^M�����#���!�!�!�,���M�,�p�{���������v����� � ���c_��M��À��v���M�#���M�����o�>���M����³M�����>�#�M�1�>�_��������ÀA`o�_���

4d��æoú�è�ã±úXä8åpë!úûá�ëûê8÷¸è_æoä8åpë!æ��8úûá�ëûá�ù�è_æoä8åpë!ù�æoë¼è_æoÿsá�÷�æoëgj��4xÚæ<j�� j1çÌåpãE#pá�ú�æoä�æGæ*��#pê8ú�æ<j�� Ù � � åpìºå
�Òå�ä8á�ëûá�ú,åpÿ8ëûá�ú�âoæoä8å��8á�ì.ÿÒåpú�æ¤æ/��åpù���#pê8ú�æoýB-oå

HISPEkmax

ú�áØë�ê8÷�è_á<á�ì'ê8ì\è�á�ì��så.è�åoè_æo÷K��æoú�æ
��åpùMâMá�ú(#�7Øù���ã�æe�væoä�æ«âpá�øªìüæoã±åpú�é�ê8áªå«è_áØì��ÒåeåpÿZè�ã±ä8åf�Òá�÷±å�æo÷"#påpúûã�è�ì�å

Shor
�}�eìºá�ä8ã±ä�æ�é�ê8á

å ù�à8ìºá�úûå ä8á
úûá�ë�è�úûã±ý�þ�á�ëºä8å9�8úûåpÿ8÷±á�ìüæªæoê8ìºá�ùMè_æ��¹æ���åpù���#pê8ú�æoýB-oå
HISPE3n

æ��8úûá�ëûá�ù�è_æ ê8ì
úûá�ëûê8÷¸è_æoä8å
å��Òåpë�è�å�� � åpìVå¦æ�ê8ìºá�ù�è�å
ä8å
ù�à8ìºá�úûå
ä8á�úûá�ë�è�úûã±ý�þ�á�ë�ä8å��8úûåpÿ8÷±á�ìüæ��`å
è�á�ì��Òå»è�åoè_æo÷
ä8á���åpùMâpá�ú(#�7�ù���ã�æºä�æ���åpù���#pê8ú�æoýB-oå

HISPE3n

ëûá�è�åpúûù�æ��væoä�æ¤âpá�ø�ìºá�ù8åpú,é�ê8á#å�è�á�ì��ÒåºåpÿZè�ã±ä8å
�Òá�÷±å�æo÷"#påpúûã�è�ìºå

Shor
��R ìºá�ëûìºå,��åpì��såpú�è_æoìºá�ù�è�å���ä8á#æoì.ÿ�æoë,æoë+��åpù���#pê8ú�æoý�þ�á�ë%ä8åºæo÷"#påpúûã�è�ìºå

HISPE
á�ì úûá�÷�æoýB-oå«æoåeæo÷"#påpúûã¸èûìºå

Shor
�,ëûá¦ìüæoùMè�í�ìg��æoú�æ�å�æoê8ìºá�ùMè�å«ä�æ�ä8ã±ìºá�ù8ë.-oå«ä8åpë

�8úûåpÿ8÷±á�ìüæoë����såpúûí�ì ä8á�çÌåpúûìüæ.ìºá�ù8åpëÚæ���á�ùMè�ê�æoä�æ��
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þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ ����x
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Dimensão: n

Problema PRQC

Número de Restrições: ρ
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æMk��Gã¸çÌá�úûá�ù8ý�æ�á�ù�è�úûá�å¤è�á�ì��Òå¤è�åoè_æo÷h��æoú�æ,��åpùMâMá�ú(#�7Øù���ã�æºåpÿZè�ã±ä8å,�Òá�÷±åºæo÷"#påoú�ã�è�ì�å
Shor

á�åè�á�ì��så¤è�åoè_æo÷h��æoú�æ,��åpù�âpá�ú(#�7�ù���ã�æ�åpÿZè�ã±ä8å,�Òá�÷±åºæo÷"#påpúûã�è�ìºå
HISPEkmax
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Dimensão: n

Problema PRQC − HISPE
3n

Número de Restrições: ρ
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po

 T
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al
 H
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P

E 3n

ÿsk­�Gã¸çÌá�úûá�ù8ývæ�á�ùMè�úûá#å¤è�á�ì��Òå¤è�åoè_æo÷h��æoú�æ,��åpùMâpá�ú(#�7�ù���ã�æ�åpÿZè�ã±ä8å��sá�÷±åºæo÷"#påpúûã¸è�ì�å
Shor

á�åè�á�ì��Òå¤è�åoè_æo÷h��æoú�æ,��åpùMâMá�ú(#�7�ù���ã�æ�åpÿZè�ã±ä8å,�Òá�÷±åºæo÷"#påpúûã�è�ì�å
HISPE3n

�
¬p­ ®M¯l°±rGxpy ¢�|@~��_���M�{���v�M�}�i[_�v�������������{���}�g�������Ú�M�>�B^M�����#�v�:�!�!�!�,�����M_��M��À��v�G�M�����M�������>�<�M�G��³M�����>��M�,�>�_��������ÀA`��_���
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���XV À�Á+Â�ÃÅÄ7Æ�ÇÉÈÅÊ�Â�Ë}Ê.Ì
mVÃÍÆ�ÇÉÎ+ÏÐÊ.ÑPÇ�ÏÐÂ�mÅÇÉÒ	Ç%Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂÔÎ�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ
ÂQÃkj�Ãkj�Ã"l m ÕlÎon Ý Ð�ÏqpªÄØÕlÕlÐ�×ØÑ}Õ�Ê¶ÑvÎ
�GáØâ�ã±ä8å�æoå�ç©æ�è�å.ä8á�é�ê8á<åpë1ìºíØè�å�ä8åpë�s%î�ï{ðKñ�òoó_î�ô u ï{ð v�õ î�ð©òpöoð õ êZè�ã±÷±ã¸øvæoìBè�å�ä�æoë,æoë1ã±ùZçÌåpúûìüæoý�þ�á�ë¹ä8åpë
âpáØè�åpúûá�ëÚëûê8ÿsä8ã¸çÌá�úûá�ù���ã�æoã±ë%ævâoæo÷±ã�æoä8åpë¹ù8å��ÒåpùMè�å���åpúûúûá�ùMè�á��sæ¤úûá�ä8ê8ýB-oåºä8å�ù�à8ìºá�úûå¤ä8á�ã±ùZçÌåpúûìüæoý�þ�áØë
ä8ã±ë(�Òåpù'&¸âpá�ã±ë�á�ì�ê8ìg�ÒåpùMè�åq�så�ä8áI��åpù8ë�è�ã¸è�ê8ã±ú�ê8ìg��á�ù��oúûã±å1�8úûá	��ê8ä8ã"��ã�æo÷%æ�å«ä8á�ëûá�ì��sá�ù�:8åeä8á�ë�è�á
ìºíØè�å�ä8åpë�� � ë�è�á�ú�æ���ã±å��	&±ù8ã¸å.ã±ì��8÷±ã��væ�ù�æ�ù8á���á�ëûëûã±ä�æoä8á#ä8á�ëûá#æ}â�æo÷±ã�æoú¹åpë%ìºíØè�å�ä8åpë*�8úûå��såpë�è�åpë*��æoú�æ
�8úûåpÿ8÷±á�ìüæoë#ã±úûúûá�ë�è�úûã¸è�åpë��R�Úìüæ»âMá�ø�é�ê8áüù8åpë;�8úûåpÿ8÷±á�ìüæoë#ã±úûúûá�ë�è�úûã¸è�åpë#å¦ù�à8ì�á�úûå6ä8áüã±ùZçÌåpúûìüæoý�þ�áØë
�(�/�væo÷"��ê8÷�æoä�æoë1í�ã±ùZçÌá�úûã±åpú1æoå¤ù�à8ìºá�úûå�ä8á�ã±ùZçÌåpúûìüæoý�þ�á�ë1é�ê8á�á =Zã±ë�è�ã±úûã�æoì5�væoëûå�å�ìºá�ëûìºå,�8úûåpÿ8÷±á�ìüæ
çÌåpëûëûáÚúûá�ë�è_úûã¸è�å��Mä8áØâMá ��ëûá<æoù�æo÷±ã±ë�æoú:å#ä8á�ëûá�ì��Òá�ù�:8å.ä8åpë�ìºíØè�å�ä8åpë��8úûå��såpë�è�åpë�ù8á�ë�è�áC��åpù�è�á =�è�å�� y æoú�æ
�Òá�úûìºã¸è�ã¸ú1á�ë�è_æºæoù��o÷±ã±ëûá���çÌåpã`êZè�ã±÷±ã±øvæoä8å.å��8úûåpÿ8÷±á�ìüæ y���� � � úûá��8úûá�ëûá�ùMè_æoä8åO�såpúGj�������åpì

p = 0
�

y æoú�æG��úûã�æoú�æoë<è_æoÿÒá�÷±æoë�á,#pú.������åpë�ä8á¤úûá�ëûê8÷¸è_æoä8åpë��Xåpër�8úûåpÿ8÷±á�ìüæoë y���� � � ã±úûúûá�ë�è�úûã¸è�åüçÌåpú�æoì
#pá�ú�æoä8åpës��æoú�æGä8ã±ìºá�ù8ëûþ�á�ë

n = {5, 15, 25, 35} �i4d��æoú�è�ã±ú¼ä8åoëgúûá�ëûê8÷¸è_æoä8åpë!åpÿZè�ã±ä8åpë¼ä8åpë:æo÷"#påpúûã�è�ìºåoë
�8úûå��Òåpë�è�åpë

MPESC
�
HISPE

�
Shor

á
Kim

çÌåpú�æoìL#pá�ú�æoä�æoë�æoëgè_æoÿÒá�÷�æoë3j�� U�æ#j��������s�!æo÷��Øåpìºå
úûávæo÷±ã±øvæoä8å���æoú�æ�å��væoëûå�úûá�ë�è�úûã¸è�å��MçÌåpú�æoìBêZè�ã±÷±ã¸øvæoä�æoë:ä8ê�æoë<�Øåpù���#pê8ú�æoý�þ�á�ë¹ä8å���æoúHßoìºáØè�úûå�è_æoìüæoù�:8å
ä�æ¤ÿ8ê8ë(�væ�:8ã±ë�è.0púûã"�væ��Zåpêbëûá	�ûæ��

3n
á
kmax

�

4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá
f(x)

�¼åoè_æo÷
Shor

V�UY$ ¿�� W®¿ Ù $ V�UY$ ¿��%$pj
Kim

V®¿�� ¿�� UMj�U®¿ V®¿®¿ ¿��%$�U
MPESC

$�Uon ¿�� j�Vpn Ù $�UY$ ¿��%$on
HISPE15

��x Ù ¿��4x�U�Vpn ��xon ¿�� nÉx
HISPEkmax

�}npn ¿��4xonY$�U �}npn ¿��4xon
qsrltvuvw rGxpy tp|@~��_���M�{���v�M�}��[_�v�������������{���}���M�}�������>�o�M�}�

Shor � Kim � MPESC
�
HISPE

���������M��M�>�B^M�����#���!�!�!�,�e�{���>�_�������{�>���M�,�p�{���������v���p�

4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá
f(x)

�¼åoè_æo÷
Shor

n®¿Éx®x ¿�� W�VMj�$ n®¿Éx®x n�� VMj
Kim

nÉxpj�W ¿�� WÉx�$on nÉxpj�W Ù � U�U
MPESC Ù V®x ¿�� WY$®xon Ù V Ù ¿�� j��
HISPE45

n��XW ¿�� UMjonpn n��XW $�� ¿�V
HISPEkmax

n®¿�U ¿�� U Ù jon n®¿Mj Ù �4xpjqsrltvuvw rGxpy up|@~��_���M�{���v�M�}��[_�v�������������{���}���M�}�������>�o�M�}�
Shor � Kim � MPESC

�
HISPE

���������M��M�>�B^M�����#���!�!�!�,�e�{���>�_�������{�>���M�,�p�{���������v�º���p�

(�(�)+*�* ,.-0/2143.50176 8:9;6=<=6�> ?A@0@0BDC EGFH,')



þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ ���lj
4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
x Ù n�W ¿�� W�U®¿Y$ x Ù n�W � Ù ���XU

Kim
jon®¿�U ¿�� W�V�W�U jon®¿�U $on����)$

MPESC
x��BW ¿�� WMj;¿ Ù x��XU ¿�� WÉx

HISPE75 Ù W�W ¿�� W�V�V Ù Ù W�U n�� ¿�V
HISPEkmax

x;¿®¿ ¿�� WÉx�U�U Ù W�W W�� nY$
qsrltvuvw rGxpy{z vp|@~��_���M�{���v�M�}�>[_�v�������������{���}�G�M�}�%�����>�o�M�}�

Shor � Kim � MPESC
�
HISPE

�������¤�M��M�>�B^M�����#���!�!�!�,�e�{���>�_�������{�>���M�%�p�{���û�����v�#¡}�p�

4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá
f(x)

�¼åoè_æo÷
Shor

U®¿Y$®x ¿�� W�UÉx�U U®¿Y$®x n�W�� n®¿
Kim

�)$pj�Upn ¿�� WMj�U®¿ �)$pj�Upn U����%$pj
MPESC

j�V®x ¿�� WMjpjpj j�V Ù $�� Ù j
HISPE105

j Ù j ¿�� WMj®x Ù j Ù V U�� Ù $
HISPEkmax

j;¿®¿ ¿�� WMj��XV V�W�W $�V�� WY$
qsrltvuvw rGxpy{z}z}|@~��_���M�{���v�M�}�>[_�v�������������{���}�G�M�}�%�����>�o�M�}�

Shor � Kim � MPESC
�
HISPE

�������¤�M��M�>�B^M�����#���!�!�!�,�e�{���>�_�������{�>���M�%�p�{���û�����v�#£}�p�
� åpìºåf�så�ä8á¦ëûá�úüâpá�úûã����væoä8åeù�æoëüè_æoÿÒá�÷±æoë»j�� Ueæej��������,ìºá�ëûìºåq��æoú�æ«åq�væoëûå�ã±úûúûá�ë�è�úûã¸è�å��¹åpë

ìºíØè�å�ä8åpë*�8úûå��Òåpë�è�åpëÚä8á�ìºåpù8ë�è�ú�æoú�æoì æ¤âoæo÷±ã±ä�æoä8á�ä�æºêZè�ã±÷±ã¸øvæoýB-oå�ä�æoë%ã±ùZçÌåpúûìüæoý�þ�á�ës�(����æo÷"��ê8÷�æoä�æoë
��æoú�æ�úûá�ä8ê8ø�ã±úÚæ�úûá�#pãF-oå�ä8á�ã±ù�è�á�úûá�ëûëûá#ä8á#ÿ8ê8ë(�væ��+R<ë*��æoúHßoìºáØè�úûåpë%ù�à8ìºá�úûåºä8á#ã¸è�á�ú�æoý�þ�á�ë���è_æ)=8æ�ä8á
úûá�ä8ê8ýB-oå�ä8å<âpåp÷±ê8ìºá¹ä8å�á�÷±ã"�8ë(0pã±ä8á¹á,ù�à8ìºá�úûå�ä8á%æ���áØë�ëûåpë3æ

f(·) ëûá�ì��8úûá,åpÿZè�ã¸âpá�ú�æoì ìºá�÷":8åpú�æC��åpì
å»æoê8ìºá�ù�è�å�ä8åüè_æoìüæoù�:8å�ä�æüÿ8ê8ë(�væ@:8ã±ë�è.0púûã"�væ

τ
� { �üé�ê�æoùMè�å
æoåG��æoúHßoìºáØè�úûåüè�á�ì��Òåüè�åoè_æo÷2��æoú�æ

��åpùMâMá�ú(#�7Øù���ã�æ�����åpù8ë�è_æ�è_æ)��ëûá%é�ê8áÚå#æo÷"#påpúûã�è�ìºå
MPESC

ëûá�ì��8ú�á*�8úûå�ä8ê8ø�ã±êºåpë3ìºá�÷":8åpúûá�ë:úûá�ëûê8÷¸è_æ)�
ä8åpë��*�!æoì.ÿÒí�ì í;�såpëûë�&¸âMá�÷¼åpÿ8ëûá�ú�â�æoú<é�ê8á��ºìºá�ä8ã±ä�æ�é�ê8á.å � 4CP y æoê8ìºá�ùMè_æ��sè_æoì.ÿÒí�ì æoê8ìºá�ùMè_æ
å/#Mæoù�:8å;�8úûå��Òåpú(��ã±åpù�æoä8å;�Òá�÷�æ#êZè�ã±÷±ã¸øvæoýB-oå#ä8å/�Òåp÷±ã±á�ä8úûå#ä8á<ÿ8ê8ë(�væ/��æoú�æ#úûá�ä8ê8ø�ã±ú1æ�úûá�#pãF-oå�ä8áGã±ùMè�á �
úûá�ëûëûá�ä8á�ÿ8ê8ë(�væ���ä8ê8ú�æoùMè�á�å��8úûåE��á�ëûëûåºä8á���åoù�âpá�ú(#�7�ù���ã�æ�� � æoø ��ëûá<ã±ì��Òåpú�è_æoùMè�áGåpÿ8ëûá�ú�âoæoú,é�ê8á���æoú�æ
á�ë�è_æG��÷�æoëûëûá.ä8á/�8úûåpÿ8÷±á�ìüæoëGå»æo÷"#påpúûã�è�ìºå

Kim
í.ê8ìw�væoëûå@��æoú�è�ã"��ê8÷�æoúÚä8å»æo÷"#påpúûã¸è�ì�å

MPESC
�

P�ë�è�å�å���åpúûúûá>�Òåpúûé�ê8áGæoì¤ÿsåpë�åpë¹æo÷"#påpúûã�è�ìºåoë3êZè�ã±÷±ã¸øvæoì ë�áØì��8úûáGåpë�ìºá�ëûìºåpë�ä8åpã±ë&:8ã"�Òá�ú(�8÷�æoù8åpë&��æoú�æ
úûá�ä8ê8ø�ã±ú�æ�úûá�#pãF-�å�ä8á¤ã±ùMè�á�úûá�ëûëûá¤ä8á.ÿ8ê8ë(�væ���4Bä8ã¸çÌá�úûá�ù8ývæ�á�ùMè�úûá¤á�÷±á�ë<å���åpúûúûá/�såpú<ä8åpã±ë6�såpù�è�åpë��;R
�8úûã±ìºá�ã±úûå.ëûá�ä8áØâpá#æoå¤ç©æ�è�å¤ä8åºæo÷"#påpúûã¸è�ì�å

Kim
êZè�ã±÷±ã¸øvæoú¹ê8ìüæ.á�é�ê�æoýB-oåüæoù�æo÷Ð&¸è�ã��væ;��æoú�æ¤å��B�o÷"��ê8÷±å

ä8å6ù8å}âMå6á�÷±ã"�8ë(0pã±ä8á��¼á�ù8é�ê�æoù�è�åªå6æo÷"#påpúûã¸è�ì�å
MPESC

êZè�ã±÷±ã¸øvæbæbçÌê8ù8ýB-oå
SCPR

��R ëûá�#pê8ù8ä8å
å���åpúûúûá1é�ê�æoù8ä8å�ä�æ�á =Zã±ë�è.7�ù���ã�æ<ä8á,ä8åpã±ëi:8ã"�Òá�ú(�8÷�æoù8åpëgù�-oår��æoú�æo÷±á�÷±åpë��oåpù8ä8á,å#æo÷"#påpúûã�è�ì�å

MPESC�væo÷"��ê8÷�æ�ê8ì á�÷±ã"�8ë(0pã±ä8á,ä8á,âMåp÷±ê8ìºá,ã±ùZçÌá�úûã±åpú3æoå���æo÷"��ê8÷�æoä8å��Òá�÷±å�æo÷"#påpúûã�è�ì�å
Kim

�i4Gëûëûã±ìI��á�ùMè�úûáÚåpë
ìºíØè�å�ä8åpë

Kim
á
MPESC

��æoú�æGá�ë�è_æC��÷�æoëûëûá¹ä8á��8úûåpÿ8÷±áØìüæoë��pæGåpÿZè�á�ù8ý�-oå�ä8åGìºá�ù8åpú¼è�á�ì��såGè�åoè_æo÷
ä8ár��åpùMâpá�ú(#�7�ù���ã�æ¤ëûá�ú.�.çÌê8ù8ýB-oå¤ä8å � 4CP y ä8å,�8úûåpÿ8÷±á�ìüæ�á�ì'é�ê8á�ë�èA-oå�� � æoÿÒá�æoã±ù8ä�æ.æ.åpÿ8ëûá�ú�âoæoýB-oå
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���XU À�Á+Â�ÃÅÄ7Æ�ÇÉÈÅÊ�Â�Ë}Ê.Ì
mVÃÍÆ�ÇÉÎ+ÏÐÊ.ÑPÇ�ÏÐÂ�mÅÇÉÒ	Ç%Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂÔÎ�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ
é�ê8á���á�ì.ÿÒåpú�æ.åºæo÷"#påpúûã�è�ì�å

HISPE
è�á�ù�:�æ¤ëûá�ì��8úûá#æ��8úûá�ëûá�ùMè_æoä8å�åpë%ì�á�÷":8åpúûá�ë,úûá�ëûê8÷¸è_æoä8åpë+��æoú�æ

åpë*��æoúHßoìºáØè�úûåpë,ù�à8ìºá�úûå�ä8á�ã¸è�á�ú�æoý�þ�á�ë��8è_æ)=8æ¤ä8á�úûá�ä8ê8ýB-oåºä8å�âpåp÷±ê8ìºá�ä8å�á�÷±ã"�8ë(0pã±ä8á�á�ù�à8ìºá�úûå�ä8á
æ���á�ëûëûåpë#æ

f(·) �`å�#Mæoù�:8å»åpÿZè�ã±ä8å@��åpìSæ�êZè�ã±÷±ã±øvæoýB-�å�ä�æoë�ã±ùZçÌåpúûìüæoý�þ�á�ë&�(�@�væo÷"��ê8÷±æoä�æoëGçÌåpãgã±ù8ëûê����
��ã±á�ùMè�áG��æoú�æ¦ëûê��Òá�ú�æoú.å6á�ë�çÌåpúûý�å���åpì��8êZè_æ���ã±åpù�æo÷&��åpúûúûá�ë(�Òåpù8ä8áØù�è�á��¦ëûê�æ6êZè�ã±÷±ã¸øvæoýB-oå��!ù8åpë/�væoëûåpë
ä8åpë*�8úûåpÿ8÷±á�ìüæoë,æoù�æo÷Ð&¸è�ã���åpë,æoé�ê8ã!��åpù8ëûã±ä8á�ú�æoä8åpë��
/10�230yx 46587:9<;>=@?BAµL�73N¹O�=QP%7URUT37 []I>^_=`58=XNGWQI a O3=X;�WQ7�? 4
A:58c�?B=QY�5873H¦df;>=ÒJ

AgYZh:58I>73H
�<æoä8åpë!åpë!ÿÒåpù8ë!úûá�ëûê8÷¸è_æoä8åpë!åpÿZè�ã±ä8åpë2��æoú�æÚåpës�8úûåpÿ8÷±á�ìüæoë¼é�ê�æoëûãz�{��åpùMâMá =Zåpë��påpë!ìºíØè�å�ä8åpë2�8úûå��Òåpë�è�åpë
çÌåpú�æoìµè_æoì.ÿÒí�ì ævâoæo÷±ã�æoä8åpë@é�ê�æoù�è�å�æoå<ëûá�ê¤ä8á�ëûá�ì��Òá�ù�:8år��æoú�æ<æGëûåp÷±ê8ýB-oå<ä8á��8úûåpÿ8÷±á�ìüæoë2��åpùMâMá =Zåpë
ù�-oå�ä8ã¸çÌá�úûá�ù���ãF�}âpá�ã±ë��&RM�8úûåpÿ8÷±á�ìüæ���åpì â�æoúûãF�vâMá�ã±ë���åpùMèH&±ù�ê�æoë��Zá�ë(�væo÷�æ�ú¹áC��åpùMâMáA=Zå�ù�-oå�ä8ã¸çÌá�úûá�ù���ãF�)�
âpá�ã±ë¹íGæoé�ê8ãÒä8á�ù8åpìºã±ù�æoä8å y������­q áÚúûá��8úûá�ëûá�ùMè_æoä8å,�såpú<iKj�� nMk �i�¼å�ä�æoë1æ�ë�âoæ�ú�ã"�}âpá�ã±ë�ë.-oå�úûá�ë�è�úûã¸è_æoë
æoå�:8ã"�Òá�ú(��ê8ÿså

C ⊂ Rn
+

á��væoù�è�å�ã±ùZçÌá�úûã±åpú1á�ëûé�ê8á�úûä8åüù8å��ÒåpùMè�å {0, . . . , 0} ∈ Rn
�

min f(x) = max({(x− x̃j)
T (Q̃j)

−1(x− x̃j)}) | j = 1, . . . , n
iKj�� nMk

s.a. Ω = {g(x) ≤ 0 | x ∈ Rn}

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

åpù8ä8á
x̃j
á
x̆i ∈ C

�
Q̃j

á
Q̆i ∈ Rn×n

ë.-oå¤ìüæ�è�úûã±ø�á�ë1ëûã±ìºíØè�úûã"�væoë¹ä8á'��ù8ã±ä�æoë��Òåpëûã¸è�ã¸âoæoë��&R<ë���á�ù�è�úûåpë
x̆i
ä8åpë¤á�÷±ã"�8ë(0pã±ä8á�ë.á

x̃j
ë.-oå�#pá�ú�æoä8åpë¤ä8á�çÌåpúûìüæ6æo÷±ávæ�è.0púûã�æ���4Gë�ìüæ�è�úûã¸ø�á�ë

Q̃j

ë.-oå���åpù8ë�è�úûê'&±ä�æoë
��åpì æoêZè�å}âoæo÷±åpúûá�ë¤æo÷±á�æ�è.0púûã±åpë��94Gë¤ìüæ�è�úûã¸ø�á�ë

Q̆i

ë.-oå���åpù8ë�è�úûê'&±ä�æoë,��åpì æoêZè�å}âoæo÷±åpúûá�ë¤æo÷±ávælèA0oú�ã¸åpë
ä8á#ìºå�ä8åüæ,#Mæoú�æoù�è�ã±ú1é�ê8á

(Ĕ1 ∩ . . . Ĕn+1) 6= ∅
��åpù8ä8á

Ĕi

úûá��8úûá�ëûá�ùMè_æüåºá�÷±ã"�8ë(0pã±ä8á<ä8á'��ù8ã±ä8å��Òá�÷±å
��á�ùMè�úûå

x̆i
á��Òá�÷�æ¤ìüæ�è�úûã¸ø

Q̆i

�
�<æ#ìºá�ëûìüæ�çÌåpúûìüæ�é�ê8áÚä8á'��ù8ã±ä8å���æoú�æ�åpë��8úûåpÿ8÷±á�ìüæoë:é�ê�æoëûãz�{��åpù�âpá =Zåpë��Zå#á�÷±ã"�8ë(0pã±ä8á,ã±ù8ã"��ã�æ�÷

E0çÌåpãXä8á'��ù8ã±ä8åüä8á#ìºå�ä8åüæ�#Mæoú�æoù�è�ã±ú,é�ê8á
E0 ⊃ Ω

� q å}âoæoìºá�ùMè�á��|��æoú�æ���úûã�æoúÚæoë%è_æoÿÒá�÷�æoë%á�#pú.������åpë
ä8á�úûá�ëûê8÷¸è_æoä8åpë���åpë*�8úûåpÿ8÷¸á�ìüæoë y������­q çÌåpú�æoì}#pá�ú�æoä8åpë*��æoú�æ¤ä8ã±ìºá�ù8ëûþ�á�ë

n = {5, 15, 25, 35} �4Gë�è_æoÿÒá�÷�æoë�j����)$
æ¦j�����x�çÌåpú�æoì~#pá�ú�æoä�æoë#æ���æoú�è�ã±ú�ä8åpë#úûá�ëûê8÷¸è_æoä8åpë�åpÿZè�ã±ä8åpë�ä8åpë�æo÷"#påpúûã�è�ì�åpë
�8úûå��Òåpë�è�åpë

MPESC
á
HISPE

ábä8åpë�æo÷�#påpúûã¸è�ì�åpë¤ä8á¦úûáØçÌá�ú(7�ù���ã�æ
Shor

á
Kim

���!æoì¤ÿsí�ì
çÌåpú�æoìSêZè�ã±÷±ã¸øvæoä�æoë�ä8ê�æoë;��åpù���#oê8ú_æ�ý�þ�á�ë�ä8åI��æoúHßoìºáØè�úûå
è_æoìüæoù�:8å
ä�æ
ÿ8ê8ë(�væ
:8ã±ë�è.0púûã"�væ��@åpê�ëûá	�ûæ��
3n

á
kmax

�
R<ë�úûá�ëûê8÷¸è_æoä8åoë3åpÿZè�ã±ä8åpë&��æoú�æ<è�å�ä8åpë3åpë&�8úûåpÿ8÷±á�ìüæoëgè�á�ë�è_æoä8åpë�ë.-oå#ìºåpë�è�ú�æoä8åpë:á�ìBâ�æo÷±åpúûá�ë&�Òá�ú	�

��á�ùMè�ê�æoã±ë�ù�æoë/��#pê8ú�æoëüj��4x6ábj�� V��:è�á�ù8ä8å1�Òåoú�ÿ�æoëûá»ä8á
úûáØçÌá�ú(7�ù���ã�æªåpë�úûá�ëûê8÷¸è_æoä8åpë¤ä8å�æo÷"#påpúûã�è�ìºå
Shor

� �Gã¸çÌáØú�áØù�è�á�ìºá�ùMè�á¦ä�æ è�á�ù8ä�7�ù���ã�æ�åpÿ8ëûá�ú�âoæoä�æ«ù�æ9��#pê8ú�æej������1æ9��#pê8ú�æej��4x ù�-oåq�sá�úûìºã¸è�á
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þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ ���XW
4G÷"#påpúûã¸è�ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
���XWÉx ¿�� W®¿ Ù $ n��lj $��%$pj

Kim
nMj Ù ¿�� U�V�W�� Upn ¿�� jpj

MPESC
VÉxoj ¿�� Upn�W Ù �XWY$ ���%$�V

HISPE15

U�V ¿��4x®x�V Ù Ù®Ù ¿��%$pj
HISPEkmax

j�V ¿��4x��XW®¿ Ù n ¿�� n�V
qsrltvuvw rGxpy{z��p|@~��_���M�{���v�M�}�>[_�v�������������{���}�G�M�}�%�����>�o�M�}�

Shor � Kim � MPESC
�
HISPE

�������¤�M��M�>�B^M�����#���!�!�!�<�f�M�%�p�{���������v�#�p�
4G÷"#påpúûã¸è�ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
W�U Ù n ¿�� W�VMj�$ ��x;¿�� � Ù W�� U��

Kim
npn Ù U ¿�� W�V®¿�U Ù x�W Ù U�� W®¿

MPESC
��x�U Ù ¿�� U�U�U®¿ $�UMj $���� Ù W

HISPE45 Ù®Ù j ¿��4x�$�V�W $�$�$ W�� V Ù
HISPEkmax

n�Upn ¿�� Ù UÉx�W $;¿Y$ $pj�� U®¿
qsrltvuvw rGxpy{z� p|@~��_���M�{���v�M�}�>[_�v�������������{���}�G�M�}�%�����>�o�M�}�

Shor � Kim � MPESC
�
HISPE

�������¤�M��M�>�B^M�����#���!�!�!�<�f�M�%�p�{���������v�����p�
��åpù���÷±ê8ã±ú3é�ê8áGá =Zã±ë�è�áGê8ìüæ�è�á�ù8ä�7�ù���ã�æ#ä8áGúûá�ä8ê8ýB-oå.ä�æ#ú�æoøB-oå�ä8åpë¹úûá�ëûê8÷¸è_æoä8åpë�ä8å�ù�à8ìºá�úûå�ä8á<æ���á�ë	�
ëûåpët�¤çÌê8ù8ýB-oå

f(·) ä8åpëGæo÷"#påpúûã�è�ì�åpë MPESC
á
HISPE

á�ì úûáØçÌá�ú(7�ù���ã�æüæoåpë%úûá�ëûê8÷¸è_æoä8åpë
Shor

�
�¼å�ä�ævâ�ã�æ��Mè_æoì.ÿÒí�ìBù�-oå�á =Zã±ë�è�áÚê8ìüæ�è�á�ù8ä�7�ù���ã�æ;�Ø÷�æoú�æ�ä8áGæoê8ìºá�ù�è�å���æoú�æ#æ#ú�æoøB-oå#ä8åpë�úûá�ëûê8÷¸è_æoä8åpë
ä8åpë#æo÷"#påpúûã�è�ì�åpë6�8úûå��Òåpë�è�åpë��@ä8ã¸çÌá�úûá�ùMè�á�ìºá�ù�è�á�ä8å
é�ê8áºí.âMá�úûã����væoä8å���æoú�æ»å¦æo÷"#påpúûã�è�ì�å

Kim
�OR

�Òá�ú���÷!æ��8úûá�ëûá�ùMè_æoä8åG��æoú�æºåpëGúûá�ëûê8÷¸è_æoä8åpëGä8å�æo÷"#påpúûã�è�ìºåoë
MPESC

á
HISPE

�Òá�úûìºã¸è�á�ì��8ú�áØë��
ëûê��Òåpú%é�ê8á�ù�-oå�:�ævâpá�ú.��ê8ìüæ�æ��8úûåB=Zã±ìüæoýB-oå,��åpù8ëûã±ä8á�ú.�vâpá�÷@ä8åºù�à8ìºá�úûå�ä8á#æ���á�ëûëûåpët�¤çÌê8ù8ýB-oå

f(·)ä8á�ë�è�á�ë�æo÷"#påpúûã�è�ìºåoë¤á�ì�úûá�÷�æoýB-oå«æoåpë�ù�à8ì�á�úûå«ä8á¦æ���á�ëûëûåpë � çÌê8ù8ýB-oå
f(·) ä8åeæo÷"#påpúûã�è�ì�å Shor ��6ìºá�ä8ã±ä�æbé�ê8á
æ6ä8ã±ìºá�ù8ë.-oå6ä8åpë/�8úûåpÿ8÷±á�ìüæoë.æoê8ìºá�ùMè�á�� { �¦åpë.ú�áØë�ê8÷�è�æ�ä8åpë.á =Zã±ÿ8ã±ä8åpë.ù�æ
��#pê8ú�æ

j�� V�ë.-oåüÿÒá�ì��8ú(0X=Zã¸ìºåpë%ä8åpëÚá =Zã±ÿ8ã±ä8åpëÚù�æ,��#pê8ú�æ�j��%$�� � ë�è_æ���#pê8ú�æ¤è_æoì.ÿÒí�ì��sá�úûìºã¸è�á���åpù���úûìüæoú
å»ìºá�÷":8åpúÚä8á�ëûá�ì��Òá�ù�:8å
ä�æG��åpù���#pê8ú�æoýB-oå»ä8å
æo÷"#påpúûã�è�ì�å

HISPE3n

��æoú�æ�å@��æ�ú�ß�ìºáØè�úûåüè�á�ì��Òå
è�åoè_æo÷&��æoú�æ���åpù�âpá�ú(#�7�ù���ã�æ��!ÿÒá�ì���åpìºå¦æbúûá�ä8ê8ýB-oå6ä�æbú�æoøB-oå¦ä8á�ë�è�áO��æoúHßoìºáØè�úûåI��åpì úûáØçÌá�ú(7�ù���ã�æ
æoåpë#úûá�ë(�sá��Øè�ã¸âMåpë�úûá�ëûê8÷¸è_æoä8åpë#ä8å¦æo÷"#påpúûã¸è�ì�å

Shor
� q æ���#pê8ú�æ¦j��%$���æoú�æbæI��åoù���#pê8ú�æoýB-oå¦ä8å6æo÷z�

#påpúûã¸è�ìºå
HISPEkmax

æ�ú�æoøB-oåºä8á�ë�è�á�ë<úûá�ëûê8÷¸è_æoä8åpë��sá�ì úûá�÷�æoýB-oåºæoåpëÚúûá�ë(�Òá��Øè�ã¸âpåpëGúûá�ëûê8÷¸è_æoä8åpëÚä8å
æo÷"#påpúûã�è�ìºå
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�¼è_æoì.ÿÒí�ìDæ��8úûá�ëûá�ùMè�æbè�á�ù8ä�7�ù���ã�æbä8áüúûá�ä8ê8ýB-oå�� { �bé�ê�æoùMè�åªæoåpë#úûá�ëûê8÷¸è_æoä8åpë#ä8å

ìºíØè�å�ä8å
Kim

�`å@�sá�ú���÷gä8åpë�úûá�ëûê8÷¸è_æoä8åpë�æ��8úûá�ëûá�ùMè_æoä8åpë#æ��8úûá�ëûá�ùMè_æ»ê8ìüæO�Òá�é�ê8á�ù�æ�è�á�ù8ä�7�ù���ã�æ»ä8á
æoê8ìºá�ùMè�å�� y åpú���åpù8ëûá�#pê8ã±ùMè�á��,æ�ä8ã¸çÌáØú�áØù8ývæ�á�ùMè�úûá¦åpë�úûá�ëûê8÷¸è_æoä8åpëºä8å«æo÷"#påpúûã¸è�ì�å
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ábåpë

úûá�ëûê8÷¸è_æoä8åpë1ä8å�æo÷"#påpúûã�è�ìºå
Kim

ä8áØâpá�ëûá<è�åpúûù�æoú<�væoä�æ�âpá�ø�ìüæoã±åoú���åpì'å�æoê8ìºá�ùMè�å.ä�æ.ä8ã±ìºá�ù8ë.-oå
ä8á�ë�è�á�ë>�8úûåpÿ8÷±á�ìüæoë��

�!æo÷&��åpìºå
úûávæo÷±ã±øvæoä8å���æoú�æ
åpë��8úûåpÿ8÷±á�ìüæoë y���� � � �2��æoú�æbævâoæo÷±ã�æoú<åbä8á�ëûá�ì��Òá�ù�:8å¦ä8å6æo÷"#på��
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f(x)
�¼åoè_æo÷

Shor
$ Ù V Ù®Ù ¿�� W�U®¿Y$ $�Wpn�� ���lj�U�� Wpn

Kim
WY$;¿pn ¿�� WMj�UY$ W�U�U Ù � Ù � j�W

MPESC Ù ¿Éx Ù ¿�� WpnpnÉx xpj;¿ �XV�V�� ¿Éx
HISPE75

n®¿�� ¿��4xpj Ù®Ù � Ù � $on�� n�V
HISPEkmax

$pj Ù ¿��4x Ù VMj �}nÉx ��� Ù � V�Vqsrltvuvw rGxpy{z�¢�|@~��_���M�{���v�M�}�>[_�v�������������{���}�G�M�}�%�����>�o�M�}�
Shor � Kim � MPESC

�
HISPE

�������¤�M��M�>�B^M�����#���!�!�!�<�f�M�%�p�{���������v�#¡}�p�
4G÷"#påpúûã�è�ìºåoë P è_áØú_æ�ý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor Ù V�V�� Ù ¿�� W�UÉx�U $�U��lj x�UMj�$����)$
Kim

�lj®xonMj ¿�� W�UÉx�$ �)$pj�V $;¿ Ù V��%$��
MPESC

x®x®x�� ¿�� WÉx®x;¿ V Ù n x�WY$�� VMj
HISPE105

xon�W ¿�� VY$ Ù®Ù $�$on U�U�� nMj
HISPEkmax Ù nÉx ¿��4x�V®¿pn $;¿�U V Ù j�� j�W

qsrltvuvw rGxpy{zAZM|@~��_���M�{���v�M�}�>[_�v�������������{���}�G�M�}�%�����>�o�M�}�
Shor � Kim � MPESC

�
HISPE

�������¤�M��M�>�B^M�����#���!�!�!�<�f�M�%�p�{���������v�#£}�p�
úûã¸è�ìºå

HISPE
á�ì çÌê8ù8ýB-oå.ä8å�è_æoìüæoù�:8å�ä�æ�ÿ8ê8ë(�væ/:8ã±ë�è.0púûã"�væ�æ�ëûá�ú1úûávæo÷±ã±øvæoä�æ��MçÌåpú�æoì úûá��ÒáØè�ã±ä8åpë

åpë3è�á�ë�è�á�ë¹ä8åpë&�8úûåpÿ8÷±á�ìüæoë y������­q âoæoúûã�æ�ù8ä8å���ëûá%å#è_æoìüæoù�:8å�ä�æ�ÿ8ê8ë(�væ;�såpú3â�æo÷±åpúûá�ë&:8ã±ë�èA0oú�ã���åpë
τ
�

4���#pê8ú�æ#j�� j�á =Zã±ÿsáÚåoë3ú�áØë�ê8÷�è�æ�ä8åpë��½Ü6æ�ã±ë3ê8ìüæ<âpá�øGær:8á�ê8ú�&±ë�è�ã"�væ�ä8áÚä8á'��ù8ã±ú:ê8ìBâ�æo÷±åpú:ä8á
τ ≈ 3n

�
��æoú�æ¤å¤è_æoìüæoù�:8å�ä�æ¤ÿ8ê8ë(�væºä8á�â�æo÷±åpúûá�ëi�(�,�væo÷"��ê8÷�æoä8åpë1ä8á�ìºåpù8ë�è�ú�æ�ëûê�æ¤á'���B����ã�æ��
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100*(Ac. f(x) Kim)/(Ac. f(x) Shor)
100*(Ac. f(x) MPESC)/(Ac. f(x) Shor)
100*(Ac. f(x) HISPE

3n
)/(Ac. f(x) Shor)

100*(Ac. f(x) HISPE
kmax
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¬p­ ®M¯l°±rGxpy ZM|@~��_���M�{���v�M�}�¦�8���	[_�������������ª�������²�²�o³M�����>�f�M�e�B[_�_�>�>�}�ª´
f(x)

�M�}�ª���]\l�v���{�����}�
Kim �

MPESC
�
HISPE � ���µ�>�(_¶���>·��E[��¸�#�
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100*(Tempo Total Kim)/(Tempo Total Shor)
100*(Tempo Total MPESC)/(Tempo Total Shor)
100*(Tempo Total HISPE

3n
)/(Tempo Total Shor)

100*(Tempo Total HISPE
kmax

)/(Tempo Total Shor)
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MPESC
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HISPE � ���µ�>�(_¶���>·��E[��¸�#�
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/10�230k� 46587:9<;>=@?BA L�73N¹O�=QP%7 []I>^_=`58=XNGWQI a O�=X;�WQ7�? 4
A:58c�?B=QY�5873H df;>=XAgYZh!J

58I>73H
4Gë�ëûá�ý�þ�á�ë,æoùMè�á�úûã±åpúûá�ë3ä8á�ë�è�áC�væ��'&¸è�ê8÷±å#ìºåoëûè�ú�æoú�æoì é�ê8áGåpë�ìºíØè�å�ä8åpë­s%î�ï{ðKñ�òpó�î�ô u ï{ð v�õ î�ð©òpöoð õ çÌåpú�æoì
áØçÌáØè�ã¸âpåpë!á�ìµúûá�ä8ê8ø�ã±ú¼åÚè�á�ì��ÒåÚè�åoè_æo÷Y��æoú�æ>��åpùMâMá�ú(#�7�ù��Øã�æGä8á<�8úûåpÿ8÷±á�ìüæoë@á�ë(�væo÷�æoúûá�ë!é�ê�æoëûãz�{��åpùMâpá =Zåpë
á9��åpù�âpá =Zåpë¦ù�-oåFä8ã¸çÌá�úûá�ù���ãF�}âpá�ã±ë�� � ù�èA-oå��6��æoú�æFæ���åpùMè�ã±ù�ê8ã±ä�æoä8áªä�æ²ævâoæo÷±ã�æoýB-oå�ä8åpë
ìºíØè�å�ä8åpë
�8úûå��Òåpë�è�åpë��`è_æoì¤ÿsí�ì çÌåpú�æoìVä8á'��ù8ã±ä8åpër�8úûåpÿ8÷±á�ìüæoë<ä8á¤è�á�ë�è�á�á�ë(�væo÷�æ�ú�áØë���åpùMâMá =Zåpë�ä8ã¸çÌá�úûá�ù���ãF�}âpá�ã±ë
��åpì��8÷±á�ìºá�ùMè_æoúûá�ë�����åpìºå�ëûá�ú.��ä8á�ë(��úûã¸è�åºæ�ëûá�#pê8ã±ú��

ÂQÃkj�Ã"�`Ãkj m ÕlÎon Ý Ð�Ïqpq�ºÇHp�Í@Õ)�ZÑlÊ©ÉpÎeÉpÎÒÏ Ö�Ð�×ØÑ}Õ�Êk� Ù Ð�×��ºÇHp�Í@Õ)�ZÑlÊ©É�p�×
R��8úûåpÿ8÷±á�ìüær��åpì âoæoúûãF�vâpá�ã±ë&��åpùMèH&±ù�ê�æoë���á�ë(�væo÷�æoú:á>��åpùMâMá =Zå�ä8ã¸çÌá�úûá�ù���ãF�vâMá�ã±ëQ��åpìBçÌê8ù8ýB-oå���åpÿ���áØè�ã¸âpå
é�ê�æoä8ú.��è�ã"�væGá1çÌê8ù8ý�þ�á�ë	��úûá�ë�è�úûã±ýB-oå�é�ê�æoä8ú.��è�ã"�væoëgí,æoé�ê8ã8ä8á�ù8åpìºã±ù�æoä8å y���� �"� á1úûá��8úûá�ëûá�ùMè�æ�ä8å��Òåpú
iKj�� Ù k � q á�ë�è�áO�8úûåpÿ8÷¸á�ìüæ
ä8á�è�á�ë�è�áºè�å�ä�æoë�æoë�âoæoúûãF�vâpá�ã±ë#ë.-oåbúûá�ë�è�úûã¸è_æoë�æoåI:8ã"�Òá�ú(��ê8ÿÒå

C ⊂ Rn
+

á
�væoùMè�åºã±ùZçÌá�úûã±åpú¹á�ëûé�ê8á�úûä8å�ù8å��ÒåpùMè�å {−10, . . . ,−10} ∈ Rn

�

min f(x) = (x− x̃)T (Q̃)−1(x− x̃)
iKj�� Ù k

s.a. Ω = {g(x) ≤ 0 | x ∈ Rn}

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

åpù8ä8á
x̃
á
x̆i ∈ C

�
Q̃
á
Q̆i ∈ Rn×n

ë.-oå�ìüæ�è�úûã±ø�á�ë:ëûã±ìºíØè�úûã"�væoë:ä8á'��ù8ã±ä�æoë&�såpëûã¸è�ã¸âoæoë��QR<ë&��á�ùMè�ú�åoë
x̆iä8åpë¼á�÷±ã"�8ë(0pã±ä8á�ë@á

x̃
ë.-oå>#pá�ú�æoä8åpë¼ä8á3çÌåpúûìüæÚæo÷±ávæ�è.0púûã±æ��H4Fìüæ�è�úûã±ø

Q̃
í<�Øåpù8ë�è_úûê'&±ä�æ*��åpì æoêZè�å}âoæo÷±åpúûá�ë

æo÷±ávæ�è.0púûã±åoë��i4Gë¹ìüæ�è�úûã±ø�á�ë
Q̆i

ë.-oå/��åpù8ë�è�úûê'&±ä�æoë<��åpì'æoêZè�å}â�æo÷±åpúûá�ë1æo÷±ávæ�è.0púûã±åoë�ä8áGìºå�ä8å.æ;#Mæoú�æoùMè�ã±ú
é�ê8á

(Ĕ1 ∩ . . . Ĕn+1) 6= ∅
�3åpù8ä8á

Ĕi

úûá��8úûá�ëûá�ùMè_æ å á�÷±ã"�8ë(0pã±ä8á�ä8á'��ù8ã±ä8å9�sá�÷±å9��á�ùMè�úûå
x̆i
á@�Òá�÷�æ

ìüæ�è�úûã±ø
Q̆i

�
�<æ#ìºá�ëûìüæ�çÌåpúûìüæ�é�ê8áÚä8á'��ù8ã±ä8å���æoú�æ�åpë��8úûåpÿ8÷±á�ìüæoë:é�ê�æoëûãz�{��åpù�âpá =Zåpë��Zå#á�÷±ã"�8ë(0pã±ä8á,ã±ù8ã"��ã�æ�÷

E0çÌåpãXä8á'��ù8ã±ä8åüä8á#ìºå�ä8åüæ�#Mæoú�æoù�è�ã±ú,é�ê8á
E0 ⊃ Ω

� q å}âoæoìºá�ùMè�á��|��æoú�æ���úûã�æoúÚæoë%è_æoÿÒá�÷�æoë%á�#pú.������åpë
ä8á�úûá�ëûê8÷¸è_æoä8åpë���åpë*�8úûåpÿ8÷¸á�ìüæoë y���� �"� çÌåpú�æoì}#pá�ú�æoä8åpë*��æoú�æ¤ä8ã±ìºá�ù8ëûþ�á�ë

n = {5, 15, 25, 35} �4Gë#è_æoÿsá�÷�æoë.j����XV
á�j����lj�çÌåpú�æoì
#pá�ú�æoä�æoë�æ���æoú�è�ã±ú�ä8åpë#úûá�ëûê8÷¸è_æoä8åpë#åpÿZè�ã±ä8åpë�ä8åpë.æo÷"#påpúûã�è�ì�åpë
�8úûå��Òåpë�è�åpë

MPESC
á
HISPE

ábä8åpë�æo÷�#påpúûã¸è�ì�åpë¤ä8á¦úûáØçÌá�ú(7�ù���ã�æ
Shor

á
Kim

���!æoì¤ÿsí�ì
çÌåpú�æoìSêZè�ã±÷±ã¸øvæoä�æoë�ä8ê�æoë;��åpù���#oê8ú_æ�ý�þ�á�ë�ä8åI��æoúHßoìºáØè�úûå
è_æoìüæoù�:8å
ä�æ
ÿ8ê8ë(�væ
:8ã±ë�è.0púûã"�væ��@åpê�ëûá	�ûæ��
3n

á
kmax

�
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�)$�V À�Á+Â�ÃÅÄ7Æ�ÇÉÈÅÊ�Â�Ë}Ê.Ì
mVÃÍÆ�ÇÉÎ+ÏÐÊ.ÑPÇ�ÏÐÂ�mÅÇÉÒ	Ç%Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂÔÎ�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ
4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
npn®¿�� ¿�� W�VMj�$ $ Ù $�� �)$����lj

Kim
npn®¿ Ù ¿�� W�V�VY$ $ Ù®Ù U �)$�� Vpn

MPESC
$�$®x�� ¿�� W�V�V�W �BVMj�$ n�� VY$

HISPE45

��x®x�� ¿�� WY$ Ù x Upn�W W�� j�$
HISPEkmax

Vpn�W ¿�� U���x�$ npn�� x������ Ùqsrltvuvw rGxpy{z ap|@~��_���M�{���v�M�}�i[_�v�������������{���}�:�M�}�:���]\l�v���{�����}�
Shor � Kim � MPESC

�
HISPE

�������Ú�M��M�>�B^M�����#���!�!�!�,� �M�,�p�{���������v�º���p�

4G÷"#påpúûã¸ìºåoë P è_áØú_æ�ý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá
f(x)

�¼åoè_æo÷
Shor

� Ù Wpn�W ¿�� W�UÉx�U �G¿Mj®x;¿ npn�U�� WY$
Kim

�XVpn�V�� ¿�� W�UÉx�U ���XUY$�$ n�WY$�� WMj
MPESC

x®x®x�� ¿�� W�UÉx�U n�W�W Ù Ù n��%$ Ù
HISPE105 Ù®Ù x Ù ¿�� W Ù x®x $�V Ù U �lj�U�� W�U
HISPEkmax

$;¿�WMj ¿�� U�VpnY$ �)$�$;¿ xpj�W���� ¿®¿
qsrltvuvw rGxpy{z�xp|@~��_���M�{���v�M�}�i[_�v�������������{���}�:�M�}�:���]\l�v���{�����}�

Shor � Kim � MPESC
�
HISPE

�������Ú�M��M�>�B^M�����#���!�!�!�,� �M�,�p�{���������v��£}�p�
R<ë�úûá�ëûê8÷¸è_æoä8åoë3åpÿZè�ã±ä8åpë&��æoú�æ<è�å�ä8åpë3åpë&�8úûåpÿ8÷±á�ìüæoëgè�á�ë�è_æoä8åpë�ë.-oå#ìºåpë�è�ú�æoä8åpë:á�ìBâ�æo÷±åpúûá�ë&�Òá�ú	�

��á�ùMè�ê�æoã±ë�ù�æoë/��#pê8ú�æoëüj�� Uªábj�� W��:è�á�ù8ä8å1�Òåoú�ÿ�æoëûá»ä8á
úûáØçÌá�ú(7�ù���ã�æªåpë�úûá�ëûê8÷¸è_æoä8åpë¤ä8å�æo÷"#påpúûã�è�ìºå
Shor

�Q43��#pê8ú�æ�j�� U,�sá�úûìºã¸è�á<ê8ìüæ.ìºá�÷":8åpú�â�ã±ëûê�æo÷±ã±øvæoýB-oå�ä�æ.è�á�ù8ä�7�ù���ã�æ¤ä8á�é�ê8á�ä�æ¤ä�æ¤ú�æoøB-oå¤ä8åpë
úûá�ëûê8÷¸è_æoä8åpë.ä8å6ù�à8ìºá�úûåªä8á»æ���á�ëûëûåpë��bçÌê8ù8ýB-oå

f(·) ä8åpë.æo÷"#påpúûã¸è�ì�åpë MPESC
á
HISPE

á�ì
úûáØçÌá�ú(7�ù���ã�æ�æoåpë3úûá�ëûê8÷¸è_æoä8åpë

Shor
�E��åpìBå#æoê8ìºá�ùMè�å�ä�æ�ä8ã±ìºá�ù8ë.-oå�ä8å��8úûåpÿ8÷±áØìüæ�� y åpúûí�ìI�Y��æoú�æ�åpë

úûá�ëûê8÷¸è_æoä8åpë3ä8å�æo÷"#påpúûã�è�ì�å
Kim

��æ�è�á�ù8ä�7�ù���ã�æ�ä8áÚæoê8ìºá�ù�è�å�ä�æ�ú�æoøB-oå�ä8åpë3úûá�ëûê8÷¸è_æoä8åpë3ä8á�ë�è�áGæo÷"#på��
úûã¸è�ìºå��oá�ìBúûá�÷�æoýB-oå�æoåpë:úûá�ë(�Òá���è_ã�âMåpë3úûá�ëûê8÷¸è_æoä8åpë:ä8å#æo÷"#påpúûã¸èûìºå

Shor
�Mí,ìüæoã±ëi�8úûå�á�ìºã±ù8á�ùMè�á,é�ê8áÚæ

âpá�úûã����væoä�æºù8åpë>�8úûåpÿ8÷±á�ìüæoë y���� � � á y������­q � y åpëûëûã¸âpá�÷±ìºá�ù�è�á�á�ë�è�á#ç©æ�è�å�ä8á���åpúûúûá�ä�æ�úûá�ä8ê8ýB-oå
ä8å � 4CP y ��æoú�æ á�ë�è�á��8úûåpÿ8÷±á�ìüæ��3á�ì úûá�÷�æoýB-oå�æoå � 4CP y ä8åpë��8úûåpÿ8÷±á�ìüæoë y���� � � á y������­q �
� ë�è�ábìºá�ëûìºåªç©æ�è�å9��æoúûá���ábä8áØè�á�úûìºã±ù�æoú¤å1�sá�ú���÷%ä8åpëºúûá�ëûê8÷¸è_æoä8åpëºæ��8úûá�ëûá�ùMè_æoä8åpëºù�æ���#pê8ú�æ«j�� W��
q á�ë�è_æ���#pê8ú�æ���åpë3úûá�ëûê8÷¸è_æoä8åpë3ä8åpë¹æo÷"#påpúûã�è�ìºåoë

Kim
�
MPESC

á%ä�æ���åpù���#pê8ú�æoýB-oå�ä8å�æo÷"#påpúûã�è�ì�å
HISPE3n

æ��8úûá�ëûá�ù�è_æoì ê8ì
�Òá�ú���÷&��åpìSè�á�ù8ä�7�ù���ã�æ
ä8áºé�ê8á�ä�æ�� { �
å¦úûá�ëûê8÷¸è_æoä8åbä�æ���åpù���#pê8ú�æ)�
ýB-oå
ä8å¦æo÷"#påpúûã�è�ì�å

HISPEkmax

æ��8úûá�ëûá�ùMè_æoì ê8ì~�Òá�ú���÷Q��åpìVè�á�ù8ä�7�ù���ã�æ»ä8á�#pú�æoù8ä8á�á�÷±áØâ�æoýB-oå��
� åpù8ëûã±ä8á�ú�æoù8ä8å���ëûá#é�ê8á#åpë%â�æo÷±åpúûá�ëÚæ��8úûá�ëûá�ù�è_æoä8åpëÚù�æ���#pê8ú�æüj�� W�ë.-oå�âoæo÷±åpúûá�ë*�sá�ú(��á�ù�è�ê�æoã±ë���è�á�ù8ä8å
�Òåpú<ÿ�æoëûá.ä8á¤úûáØçÌá�ú(7�ù���ã�æ�åpë<úûá�ëûê8÷¸è_æoä8åpë�ä8å
æo÷�#påpúûã¸è�ì�å

Shor
�`ê8ìüæG:8ã��|0oè�á�ëûá¤í.úûáØçÌåpúûývæoä�æ�� � ë�è_æ

:8ã"�|0oè�á�ëûá>�8úûá�ëûëûê��Òþ�áGé�ê8áÔ��ìºá�ä8ã±ä�æ�é�ê8áGå � 4CP y ä8ã±ìºã±ù�ê8ãy�pä8ã±ìºã±ù�ê8á�ì æoë<�såpëûë�ã¸ÿ8ã±÷±ã±ä�æoä8á�ë3ä8áGé�ê8á
ê8ì ìºíØè�å�ä8å���åpì ìüæoã¸åpú ��� 4CRL�Òåpëûë�æ��8úûå�ä8ê8ø�ã±ú%ê8ì ìºá�ù8åpú ��� �r�|�1æoëûávæoä8åºù8á�ë�è�á#ú�æ���ã±å��	&±ù8ã±å��
åeæo÷"#påpúûã�è�ì�å

Kim
ä8áØâpáªæ��8úûá�ëûá�ùMè_æoúüìºá�÷":8åpúûá�ë�úûá�ëûê8÷¸è_æoä8åpëºé�ê8á¦åeæo÷"#påpúûã¸è�ì�å

MPESC
��æoú�æ
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þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ �)$pj
�8úûåpÿ8÷±á�ìüæoë3ä8áÚÿ�æoãz=Zå � 4CP y ��4Gù�æo÷±å�#Mæoì�á�ù�è�á��Må.æo÷"#påpúûã�è�ì�å

MPESC
è_æoì.ÿÒí�ì ä8áØâpá<æ��8úûá�ëûá�ùMè_æoú

ìºá�÷":8åpúûá�ë,úûá�ëûê8÷¸è_æoä8åpë,é�ê8á#åºæo÷"#påpúûã¸è�ì�å
HISPE

��æoú�æ,�8úûåpÿ8÷±á�ìüæoë,ä8á�ÿ�æoãz=Zå � 4>P y �
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Dimensão do Problema
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ce
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ua
is

 p
ar

a 
A

ce
ss

os
 a

 f(
x)

100*(Ac. f(x) Kim)/(Ac. f(x) Shor)
100*(Ac. f(x) MPESC)/(Ac. f(x) Shor)
100*(Ac. f(x) HISPE

3n
)/(Ac. f(x) Shor)

100*(Ac. f(x) HISPE
kmax

)/(Ac. f(x) Shor)

¬p­ ®M¯l°±rGxpy tp|@~��_���M�{���v�M�}�¦�8���	[_�������������ª�������²�²�o³M�����>�f�M�e�B[_�_�>�>�}�ª´
f(x)

�M�}�ª���]\l�v���{�����}�
Kim �

MPESC
�
HISPE � ���µ�>�(_¶���>·��E[��¸�#�

Shor � �������<�M�>�B^M�����#�v���!�!�!�,�G�
Ü¦æoã±ë@ê8ìüæ¹âMá�ø�����æoú�æÚævâ�æo÷±ã�æoú`å%ä8á�ëûá�ì��Òá�ù�:8åGä8åÚæo÷"#påpúûã¸è�ì�å

HISPE
á�ìUçÌê8ù8ýB-oåÚä8å,è_æoìüæoù�:8å

ä�æfÿ8ê8ë(�væ�:8ã±ë�è.0púûã"�væ æfëûá�úªúûávæo÷±ã±øvæoä�æ���çÌåpú�æoì úûá��ÒáØè�ã±ä8åpë6åpë¦è�á�ë�è�á�ë ä8åpë?�8úûåpÿ8÷±á�ìüæoë y������­q
âoæoúûã�æoù8ä8å���ëûá¦åe��æoúHßoìºáØè�úûå

τ
� q å}âoæoìºá�ùMè�á��Gæf:8á�ê8ú�&±ë�è�ã"�væ«ä8áªä8á'��ù8ã±ú�ê8ì âoæo÷±åpúüä8á

τ ≈ 3n
�

��æoú�æ�åºè_æoìüæoù�:8å�ä�æºÿ8ê8ë(�væüä8á�â�æo÷±åpúûá�ëQ�(���væo÷"��ê8÷�æoä8åpë���ä8á�ìºåpù8ë�è�ú�æºëûê�æºá'���B����ã�æ���4���#pê8ú�æüj����G¿
á =Zã±ÿÒá�åpë,úûá�ëûê8÷¸è_æoä8åpë*��æoú�æ,�8úûåpÿ8÷±á�ìüæoë,ä8á�ä8ã±ìºá�ù8ë.-oå�nÉx��
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Dimensão do Problema
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po
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100*(Tempo Total Kim)/(Tempo Total Shor)
100*(Tempo Total MPESC)/(Tempo Total Shor)
100*(Tempo Total HISPE

3n
)/(Tempo Total Shor)

100*(Tempo Total HISPE
kmax

)/(Tempo Total Shor)

¬p­ ®M¯l°±rGxpy up|@~��_���M�{���v�M�}�%�8���	[_�������������G�������¤���>�����Z���>�v�����¼��������[_�v�������{\l·��E[��¸���M�}�G���]\l�v���{�����}�
Kim �

MPESC
�
HISPE � ���µ�>�(_¶���>·��E[��¸�#�

Shor � �������<�M�>�B^M�����#�v���!�!�!�,�G�
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¬p­ ®M¯l°±rGxpy{z vp|H�1�_�>�����8���Y��� �M�]���]\l�v���{����� ½¹¾�¿o�@� ���_�p�¸���o�>� � �}�����¸�vÀ��v� �M�f�����#���Y��� ����^M���	[���M�����>Áv���z[����������<���M�>�B^M�����#���X�!�,� �M�%�p�{���������v�#£}�p�
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þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ �)$�W
ÂQÃkj�Ã"�`Ã"l m ÕlÎon Ý Ð�Ïqpq�ºÇHp�Í@Õ)�ZÑlÊ©ÉpÎeÉpÎÒÏ Ö�Ð�×ØÑ}Õ�Êk� Ù Ð�×/��Ê©Å@ÐEp8ÕlÐ�×
R��8úûåpÿ8÷±á�ìüær��åpì âoæoúûãF�vâpá�ã±ë&��åpùMèH&±ù�ê�æoë���á�ë(�væo÷�æoú:á>��åpùMâMá =Zå�ä8ã¸çÌá�úûá�ù���ãF�vâMá�ã±ëQ��åpìBçÌê8ù8ýB-oå���åpÿ���áØè�ã¸âpå
é�ê�æoä8ú.��è�ã"�væ�ábçÌê8ù8ý�þ�á�ë	��úûá�ë�è�úûã±ýB-oåe÷±ã±ù8ávæoúûá�ë�í6æoé�ê8ãGä8á�ù8åpìºã±ù�æoä8å y���� �r� á¦úûá��8úûá�ëûá�ùMè_æoä8åe�Òåpú
iKj��4xpk � q å}â�æoìºá�ù�è�á��`ù8á�ë�è�á��8úûåpÿ8÷±á�ìüæüä8á.è�á�ë�è�á.è�å�ä�æoë�æoëGâoæoúûãF�vâpá�ã±ë<ë.-oå
úûá�ë�è�úûã¸è_æoë�æoå@:8ã"�Òá�ú(��ê8ÿså
C ⊂ Rn

+

á��væoùMè�åºã±ùZçÌá�úûã±åpú1á�ëûé�ê8á�úûä8åüù8å��ÒåpùMè�å {−10, . . . ,−10} ∈ Rn
�

min f(x) = (x− x̃)T (Q̃)−1(x− x̃)
iKj��4xpk

s.a. Ω = {g(x) ≤ 0 | x ∈ Rn}

g(x) =





gi(x) = A(i, :)(x− bi) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

åpù8ä8á
bi
á
x̃ ∈ C

�
Ai ∈ R(p+1)×n

á
Q̃ ∈ Rn×n

�1R���á�ù�è�úûå
x̃
ä8å6á�÷±ã"�8ë(0pã±ä8áüá�åpë/�ÒåpùMè�åpë

bië.-oå@#pá�ú�æoä8åpë�ä8á.çÌåpúûìüæ�æo÷±ávæ�è.0púûã�æ���4Bìüæ�è�úûã±ø
Q̃
í/��åpù8ë�è�úûê'&±ä�æ@��åpìVæoêZè�ålâ�æo÷±åpúûá�ë�æo÷±ávæ�è.0púûã±åpë��r4

ìüæ�è�úûã±ø
A
í¤ê8ìüæüìüæ�è�úûã±ø�ëûã±ìºíØè�úûã"�væºä8á'��ù8ã±ä�æG�Òåpëûã¸è�ã¸âoæüá.í,��åpù8ë�è�úûê'&±ä�æG��åpì â�æo÷±åpúûá�ë�æo÷±ávæ�è.0púûã±åpë

ä8á�ìºå�ä8å�æ,#Mæoú�æoù�è�ã±ú1é�ê8á
(H

A(:,1),b1

− ∩ . . . HA(:,n+1),bn+1

− ) 6= ∅ �
�<æ�ìºá�ëûìüæ6çÌåpúûìüæªé�ê8ábä8á'��ù8ã±ä8å1��æoú�æ åpë��8úûåpÿ8÷±á�ìüæoë¤ä�æoëºëûá�ý�þ�á�ë�æoùMè�á�úûã±åpúûá�ë��¹å�á�÷±ã"�8ë(0pã±ä8á

ã±ù8ã"��ã�æ�÷
E0

çÌåpã.ä8á'��ù8ã±ä8å ä8á�ìºå�ä8å]æ�#Mæoú�æoùMè�ã±ú¦é�ê8á
E0 ⊃ Ω

� q å}â�æoìºá�ù�è�á��;��æoú�æ���úûã�æoú6æoë
è_æoÿÒá�÷�æoëüá�#pú.������åpë�ä8áªúûá�ëûê8÷¸è_æoä8åpë��ÚåpëG�8úûåpÿ8÷±á�ìüæoë y���� �r� çÌåpú�æoì�#pá�ú�æoä8åpë@��æoú�æeä8ã±ìºá�ù8ëûþ�á�ë
n = {5, 15, 25, 35} �q4Gë.è_æoÿÒá�÷�æoë�j����XU6ábjE���XW¦çÌåpú�æoì�#pá�ú�æoä�æoë�æ?��æoú�è�ã±ú.ä8åpë¤úûá�ëûê8÷¸è_æoä8åpë.åpÿZè�ãz�
ä8åpëÚä8åpë<æo÷"#påpúûã�è�ì�åpë*�8úûå��såpë�è�åpë

MPESC
á
HISPE

á#ä8åpë<æo÷"#påpúûã�è�ì�åpë%ä8á#úûáØçÌá�ú(7�ù���ã�æ
Shor

á
Kim

�ñÜ¦æoã±ë3ê8ìüæ<âpá�ø%çÌåpú�æoì êZè�ã±÷±ã±øvæoä�æoëgä8ê�æoë&��åpù���#pê8ú�æoý�þ�á�ë�ä8å���æoúHßoì�áØè�ú�å<è_æoìüæoù�:8å�ä�æ�ÿ8ê8ë(�væ
:8ã±ë�è.0púûã"�væ��Zåpêbëûá	�ûæ��

3n
á
kmax

�

4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá
f(x)

�¼åoè_æo÷
Shor

n Ù®Ù � ¿�� W�VMj�$ $�WMj�$ ����� ¿�V
Kim

n��G¿�U ¿�� W�VÉx�� $�V�WÉx �G¿��%$;¿
MPESC

$®x®x�� ¿�� W�VMj;¿ $�$��}n n��4xon
HISPE45

�}nÉx�$ ¿�� W���x�� W®¿�V U�� WY$
HISPEkmax

xon�V ¿�� U®¿�WY$ $pj�$ nY$��4x;¿
qsrltvuvw rGxpy{z tp|@~��_���M�{���v�M�}�i[_�v�������������{���}�:�M�}�:���]\l�v���{�����}�

Shor � Kim � MPESC
�
HISPE

�������Ú�M��M�>�B^M�����#���!�!�!�<�¦�M�,�M� ���������v�º���p�
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4G÷"#påpúûã¸ìºåoë P è_áØú_æ�ý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
��x Ù j�� ¿�� W�UÉx�U �}nMj;¿pn n��lj�� j;¿

Kim
�}n��G¿®¿ ¿�� W�UÉx�� ���XV��lj $ Ù ¿�� W�W

MPESC
�G¿Éx;¿�� ¿�� W�UÉx�V Wpn®¿ Ù U®¿��%$�W

HISPE105

n�WÉx�$ ¿�� Wpn�WÉx $�W��)$ � Ù W�� j�$
HISPEkmax

$;¿�UY$ ¿�� U�WY$;¿ �����XU n�W�W�V��4x�U
qsrltvuvw rGxpy{z up|@~��_���M�{���v�M�}�i[_�v�������������{���}�:�M�}�:���]\l�v���{�����}�

Shor � Kim � MPESC
�
HISPE

�������Ú�M��M�>�B^M�����#���!�!�!�<�¦�M�,�M� ���������v��£}�p�
R<ë»úûá�ëûê8÷¸è_æoä8åpë�åpÿZè�ã±ä8åpëO��æoú�æ�è_å�ä8åpë�åpëG�8úûåpÿ8÷±á�ìüæoëºè�á�ë�è_æoä8åpë»ë.-oå�ìºåpë�è�ú�æoä8åpë�áØì âoæo÷±åpúûá�ë

�Òá�ú(��á�ùMè�ê�æoã±ë�ù�æoë���#pê8ú�æoë¤j�������á»j����)$E�!è�á�ù8ä8å?�såpú�ÿ�æoëûáüä8á�úûáØçÌá�ú(7�ù���ã±æ¦åpë�úûá�ëûê8÷¸è_æoä8åpë�ä8åªæo÷"#på��
úûã¸è�ìºå

Shor
�­�<á�âMá ��ëûá�åpÿ8ëûá�ú�âoæoúÚé�ê8á�åpëÚúûá�ëûê8÷¸è_æoä8åpë%á =Zã±ÿ8ã±ä8åpëÚù�æoë*��#pê8ú�æoëGj������#á.j����)$¤ë.-oåüÿÒá�ì

ëûá�ìºá�÷":�æoùMè�á�ë<æoåpëÚä8ã¸ë.�ØêZè_ã¸ä8åpë>��æoú�æºå��8úûåpÿ8÷±á�ìüæ y���� �"� �Qæ��8úûá�ëûá�ùMè_æoä8åpëGù�æoë>��#pê8ú�æoë<j�� U�á¤j�� W��
4Gë��8úûã±ù���ã"��æoã±ë�ä8ã¸çÌá�úûá�ù8ývæoë�á�ë�èA-oåbù8åpë��Òá�ú���ë#ä8åpë�úûá�ëûê8÷¸è_æoä8åpë�åpÿZè�ã±ä8åpër�Òá�÷±åpë#æo÷"#påpúûã�è�ì�åpë

Kim
á

MPESC
á =Zã±ÿ8ã±ä8åpë#ù�æ���#pê8ú�æ6j�������� y æoú�æbåpë��8úûåpÿ8÷±á�ìüæoë y���� �r� �¼åpë;�ÒáØú(��ë�ä8åpë�æo÷"#påpúûã¸è�ì�åpë

Kim
á
MPESC

��æoëûë�æoì æ¦æ��8úûá�ëûá�ùMè_æoú.ê8ìüæ»è�á�ù8ä�7�ù���ã�æ¦ä8áüá�ë�è_æoÿ8ã±÷±ã±øvæoýB-oåbä�æbú�æoøB-oå¦ä8åpë�úûá �
ëûê8÷¸è_æoä8åpë�ä8åbù�à8ìºá�úûåbä8áºæ���á�ëûëûåpë���çÌê8ù8ýB-oå

f(·) �¼á�ìSúûáØçÌá�ú(7�ù���ã�æbæoåpë�úûá�ëûê8÷¸è_æoä8åpë
Shor

�2��åpìSå
æoê8ìºá�ùMè�å�ä�æüä8ã±ìºá�ù8ë.-oå�� q å}âoæoìºá�ùMè�á��`æO:8ã"�|0oè�á�ëûá.é�ê8á/�8úûá�ëûëûê��Òþ�á¤é�ê8á~��ìºá�ä8ã±ä�æºé�ê8á.å � 4CP y
ä8ã±ìºã±ù�ê8ãk�¹ä8ã±ìºã¸ù�ê8á�ì�æoëO�såpëûëûã±ÿ8ã±÷±ã±ä�æoä8á�ë�ä8á¦é�ê8á¦ê8ì ìºíØè�å�ä8å1��åpì���åpì ìüæoã±åoú ��� 4>R~�Òåpëûë�æ
�8úûå�ä8ê8ø�ã±ú,ê8ì ìºá�ù8åpú ��� �r��è_æoì.ÿÒí�ì}�Òå�ä8á�ëûá�úÚåpÿ8ëûá�ú�â�æoä�æ�ù�æ,��#pê8ú�æºj����)$��
Ü¦æoã±ëgê8ìüæGâpá�ø��E��æoú�æ<â�æo÷±ã±ä�æoúgæ6:8á�ê8ú�&±ë�è�ã"�væ<ä8á,ä8á'��ù8ã±úgê8ì âoæo÷±åpú!ä8á

τ ≈ 3n
�Y��æoú�æ<å�è_æoìºæoù�:8å

ä�æ�ÿ8ê8ë(�væeä8ábâoæo÷±åpúûá�ër�(�1�væo÷"��ê8÷�æoä8åpë��,ævâoæo÷¸ã±åpê���ëûábå«ä8á�ëûá�ì��ÒáØù�:8å�ä8å�æo÷"#påpúûã�è�ì�å
HISPE

á�ì
çÌê8ù8ýB-oåºä8å

τ
�&4c��#pê8ú�æºj����G¿¤á =Zã±ÿsá�åpë%úûá�ëûê8÷¸è_æoä8åpë*��æoú�æ,�8úûåpÿ8÷±á�ìüæoë y���� �r� ä8á�ä8ã±ìºá�ù8ë.-oå�nÉx��
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Dimensão do Problema
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ss
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 a

 f(
x)

100*(Ac. f(x) Kim)/(Ac. f(x) Shor)
100*(Ac. f(x) MPESC)/(Ac. f(x) Shor)
100*(Ac. f(x) HISPE

3n
)/(Ac. f(x) Shor)

100*(Ac. f(x) HISPE
kmax

)/(Ac. f(x) Shor)

¬p­ ®M¯l°±rGxpy{z}z}|@~��_���M�{���v�M�}���8���	[_�������������
�������«�«�o³M�����>���M�ª�B[_�_�>�>�}�
´
f(x)

�M�}�
���]\l�v���{�����}�
Kim �

MPESC
�
HISPE � ���µ�>�(_¶���>·��E[��¸�#�

Shor � �������<�M�>�B^M�����#�v���!�!�!�<�@�
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100*(Tempo Total Kim)/(Tempo Total Shor)
100*(Tempo Total MPESC)/(Tempo Total Shor)
100*(Tempo Total HISPE

3n
)/(Tempo Total Shor)

100*(Tempo Total HISPE
kmax

)/(Tempo Total Shor)

¬p­ ®M¯l°±rGxpy{z��p|@~��_���M�{���v�M�}���Z���	[_���o���������¹�����������>�����Z�#�>�v�����Ò��������[_�v�o�l���{\l·��E[��¸�#�M�}�1���]\l�v���{�����}�
Kim �

MPESC
�
HISPE � ���µ�>�(_¶���>·��E[��¸�#�

Shor � �������<�M�>�B^M�����#�v���!�!�!�<�@�

(�(�)+*�* ,.-0/2143.50176 8:9;6=<=6�> ?A@0@0BDC EGFH,')



þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ �}npn

0 200 400 600 800 1000 1200
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
HiSCE x t

Tamanho da Busca Histórica

V
al

or
es

 N
or

m
al

iz
ad

os

Tempo de Cálculo
Iterações (k)
Tx Redução Volume
Acesso a f(x)

¬p­ ®M¯l°±rGxpy{z� p|H�1�_�>�����8���Y��� �M�]���]\l�v���{����� ½¹¾�¿o�@� ���_�p�¸���o�>� � �}�����¸�vÀ��v� �M�f�����#���Y��� ����^M���	[���M�����>Áv���z[����������<���M�>�B^M�����#���X�!�<�¦�M�%�p�{���������v�#£}�p�
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/10�230T� 46587:9<;>=@?BA3H�WQ7�?��6A:58I a O3=XI>H�� =X;>AgP%A&�GA3HO�<A:58Af46587,WQ=XH�H�7]CFEC��?BI>WQ7

�G=��,I>N¹YZ=QYZI	�QA&�QT37
� åpìºåüëûá�ú.�üä8ã±ë(��êZè�ã±ä8åüä8áØè_æo÷":�æoä�æoìºá�ù�è�á#ù8åpëC�væ��� ¸è�ê8÷±åpëCU��KW��ÒåpëC�8úûåpÿ8÷±á�ìüæoë>��åpì âoæoúûãF�vâMá�ã±ëÚù�-oå
á =���÷±ê8ëûã¸âoæ�ìºá�ù�è�á���åpùMè. ±ù�ê�æoëi�8úûá���ã±ë�æoì ëûá�ú:úûá�ëûåp÷¸â�ã±ä8åpës��åpìBæGúûá�÷�æ)=8æoýB-oå�ä�æoë!âoæoúûãF�vâpá�ã±ëgé�ê8á,ä8áØâpá�ì
ëûá�ú�ä8ã±ë(��úûáØè_æoë3è�åpìüæoä�æoëQ��åpìºå�â�æoúûãF�}âpá�ã±ë&��åpùMè. ±ù�ê�æoë�� � ë�è�áC�8úûåE��á�ëûëûå�ç©æoø*��æoú�è�áÚä8á%ä8ã¸âMá�úûëûåpë�ìºíØè�å��
ä8åpë<ä8á.å�è_ã¸ìºã±øvæoýB-oåºä8ã±ë(��úûáØè_æ�� � åpù8ëûá�éED8á�ùMè_á�ìºá�ùMè�á��Xá�ë�è�á�ër�8úûåpÿ8÷±á�ìüæoë>��åpì âoæ�ú�ã"�}âpá�ã±ëGúûá�÷�æ)=8æoä�æoë
�Òå�ä8á�ì ëûá�ú%êZè�ã±÷±ã¸øvæoä8åpë���åpìºå��væoëûåpë%ä8á�è�á�ë�è�á#é�ê�æoëûãz�{��åpùMâpá =Zåpë>��åpì'âoæoúûãF�vâpá�ã±ë+��åpùMèA ¸ù�ê�æoë��
�Gåpã±ë6�8úûåpÿ8÷±á�ìüæoëGúûáØçÌá�úûá�ù�è�á�ë�æoå@�8úûå���á�ëûëûå
é�ê� ±ìºã"��åüä8á¤ëûã±ùMè�áØè�ã±øvæoýB-oå i©�Gê8ú�æoù1¡ Ú�úûåpëûëûìüæoù8ù

�XW�U�VMk#ë.-oåªúûá��8úûá�ëûá�ù�è_æoä8åpë��ÒåpúbiKj�� VMk#á�iKj�� jpk � � ë�è�á�ë��8úûåpÿ8÷±á�ìüæoë�úûá��8úûá�ëûá�ù�è_æoì¢�væoëûåpë�úûávæoã±ë.ä8á
�8úûåpÿ8÷±á�ìüæoë%ä8á�á�ù�#pá�ù�:�æoúûã�æ���æoú�æüæ���÷�æoëûëûá�ä8á��8úûåpÿ8÷±á�ìüæoëÚá�ë(�væo÷�æoúûá�ëÚé�ê�æoëûãz�{��åpù�âpá =Zåpë��`æ��Òá�ë�æoúGä8å
ç©æ�è�å�ä8åpë*�8úûåpÿ8÷±á�ìüæoë1ëûá�úûá�ì úûávæo÷±ìºá�ùMè�ár�8ëûá�ê8ä8å��{��åpùMâMá =Zåpë��
ÂQÃkj�Ãz£@Ãkj m ÕlÎXÉpÐ�×v×�ÎeÍ@Ð9¤XÊ©ÅÒÑ}ÐMÑlÊT¥Yp���¦8Î j ÉpÎÒÏ¨§�p8Õ�ÊT�Y©sÐ�Ê©×¤Ö�Ð Ý p�ª!p�ÍHp�×
R��8úûã±ìºá�ã±úûåI�8úûåpÿ8÷±á�ìüæ¦æoëûëûå���ã�æoä8åªæ¦ê8ì��8úûå���á�ëûëûåªé�ê� ±ìºã"��å¦ä8á�ëûã±ùMè�áØè�ã±øvæoýB-oå¦í»æ��8úûá�ëûá�ùMè�æ�ä8å�æ
ëûá�#pê8ã±ú+��åpì'âoæoúûãF�vâpá�ã±ë,úûá�÷�æ)=8æoä�æoë���åpê
ëûá	�ûæ���á =���÷±ê8ëûã¸âoæoìºá�ùMè�á���åpùMè. ±ù�ê�æoë��

min f(x) = 5x(1) + 6x(2) + 8x(3) + 10x(4)− 18ln(x(5) + 1) +

−7x(6)− 19.2ln(x(4)− x(5) + 1) + 10
iKj�� VMk

s.a. Ω = {g(x) ≤ 0 | x ∈ R6
+}

g(x) ,





g1(x) = −0.8ln(x(5) + 1)− 0.96ln(x(4)− x(5) + 1) + 0.8x(6) ≤ 0

−ln(x(5) + 1)− 1.2 ∗ ln(x(4)− x(5) + 1) + x(6) + 2 ∗ x(3)− 2 ≤ 0

g2(x) = x(5)− x(4) ≤ 0

g3(x) = x(5)− 2x(1) ≤ 0

g4(x) = x(4)− x(5)− 2x(2) ≤ 0

g5(x) = x(1) + x(2) ≤ 1

g5+i = −x(i) | i = 1, . . . , 6

g11+i = x(i)− 2 | i = 1, 2

g14 = x(6)− 1RUá�÷±ã"�8ë(0pã±ä8á,ã±ù8ã"��ã�æ�÷
E0

çÌåpã�ä8á'��ù8ã±ä8å#ä8áGìºå�ä8å�æ�#Mæoú�æoùMè_ã¸ú3é�ê8á
E0 ⊃ Ω

�i4]è_æoÿÒá�÷�æ#j��%$;¿�á =Zã±ÿÒá
åpë�úûá�ëûê8÷¸è_æoä8åpë/��æoú�æ¦å?�8úûåpÿ8÷±á�ìüæ
ä8á�ëûã±ùMè_á�è_ã¸øvæoýB-oåf�»æo÷"�væoù8ývæoä8åpë;�sá�÷±åpë.æo÷"#påpúûã¸è�ì�åpë

MPESC
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�
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�8è_æo÷h��åpìºå�ù8åpë,è�á�ë�è�á�ëGæ��8úûá�ëûá�ùMè_æoä8åpëÚù�æoë%ëûá�ý�þ�á�ë<æoùMè�á�úûã±åpúûá�ë��
R<ë
úûá�ëûê8÷¸è_æoä8åpë
æ��8úûá�ëûá�ù�è_æoä8åpë
ù�æ�è_æoÿsá�÷�æ²j��%$;¿eä8á�ãz=8æoì«��÷�æoúûå�é�ê8á åpë
ìºíØè�å�ä8åpëgs%î�ï{ðKñ_òoó�î�ô
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þ.ÿ�� Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ���Â�Î�Ç�ÄÐÇÉÒ	Á+Â�Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ�Ë}Ê.Ñ'Æ J0Ñ«ÃPÇÉÂ �}nÉx
4G÷"#påpúûã¸è�ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá

f(x)
�¼åoè_æo÷

Shor
�XV®¿ Ù ¿�� Wpn®¿�U �XVpn®¿ $�� ¿Éx

Kim
j�UÉx ¿�� W��XW�� j�W�W ��� ¿�V

MPESC
j�$;x ¿�� U�WY$�V j Ù x �����}n

HISPE21

�XWpn ¿��4x®x®x�U $;¿ Ù j�� U Ù
HISPEkmax

� Ù $ ¿�� Ù U®¿�� ��x�$ ����� VMj
qsrltvuvw rGxpy �Xvp|@~��_���M�{���v�M�}��[_�v�������������{�l�}���M�}�������>�o�M�}�

Shor � Kim � MPESC
�
HISPE

�M�»�M�>��Â^M�����#���M�%���{���>�����]ÃØ�vÀ��v�º�}�

u ï{ð v�õ î�ð©òMöoð õ ��åpù8ëûá�#pê8ã±ú�æoì úûá�ä8ê8ø�ã±ú¤æ6úûá�#pãF-oå6ä8á�ÿ8ê8ë(�væªä8ê8ú�æoùMè�á»å��8úûåE��á�ëûëûå�ä8áG��åpù�âpá�ú(#�7�ù���ã�æ��
� åpì���æoú�æoù8ä8å���ëûáüåpë¤úûá�ëûê8÷¸è_æoä8åpë�ä8åpë,��æoúHßoìºáØè�úûåpë�ù�à8ìºá�úûåªä8á�ã¸è�á�ú�æoý�þ�á�ë��gè_æ)=8æ6ä8á�úûá�ä8ê8ýB-oå ä8å
âpåp÷±ê8ìºá�ä8åºá�÷±ã"�8ë(0pã±ä8á�á�ù�à8ìºá�úûåºä8á#æ���á�ëûëûåpë<æ

f(·) �sí�ù8åoè.0púûã±å¤åüæoê8ìºá�ùMè�å�ä�æ�á'����ã"7�ù���ã�æ�á�ì úûá �
ä8ê8ø�ã±úgæ<úûá�#pãF-oåGä8á,ÿ8ê8ë(�væ<ù�æoëgã¸è�á�ú�æoý�þ�á�ëi��åpì æGêZè�ã±÷±ã±ø�æoýB-oåGä8á1ê8ì ìüæoã±åoú¼ù�à8ìºá�úûå�ä8á1ã±ùZçÌåpúûìüæoý�þ�áØë
:8ã±ë�è.0púûã"�væoë�� � ùMè�úûáØè_æoùMè�å��!��åpìºå�å»ìºå�ä8á�÷±å�ä8á�ë�è�á,�8úûå���á�ëûëûåbä8á.ë( ±ù�è�á�ëûá¤í.ÿ�æoëûávæoä8å
á�ìVá�é�ê�æoý�þ�á�ë
æoù�æo÷" ¸è�ã��væoëÚä8á¤ÿ�æoãz=8æO��åpì��8÷±á =Zã±ä�æoä8á�á.ä8ã±ìºá�ù8ë.-oå��Qå»æoê8ìºá�ù�è�å�ä8å ��� 4>R ù�-oå�çÌåpãs�Øåpì��Òá�ù8ë�æoä8å
�Òá�÷�æ¤úûá�ä8ê8ýB-oåºä8å � 4CP y �o4Gëûëûã±ìI�8ù�æ�åpúûä8á�ì ä8ã±úûáØè_æ¤á�ì é�ê8á�æoê8ìºá�ùMè�åpêbæ�á'����ã"7�ù���ã�æ¤á�ì ú�áØä8ê8ø�ã±ú
æbúûá�#pãF-oåbä8áºÿ8ê8ë(�væ��!è_æoì.ÿÒí�ìDæoê8ìºá�ùMè�åpê«åbè�á�ì��såbè�åoè_æo÷Q��æoú�æI��åpùMâMá�ú(#�7�ù���ã�æ�� � æoÿÒáüúûá�ëûë�æo÷¸è_æoú
é�ê8á��:æ��Òá�ë�æoú�ä�æbëûã±ì��8÷±ã���ã¸ä�æoä8á�ä8å¦ìºå�ä8á�÷±å��¼å6æo÷"#påpúûã�è�ì�å

MPESC
��åpù�âpá�ú(#pã±ê«á�ìDê8ì è�á�ì��Òå

x®xp§Vã±ùZçÌá�úûã±åpú#æoå6æo÷"#påpúûã�è�ì�å
Shor

���¼å�ä�ævâ�ã�æ��!å6æo÷"#påpúûã�è�ìºå
MPESC

æ��8úûá�ëûá�ùMè�åpê�ê8ì è�á�ì��Òå
è�åoè_æo÷+��æoú�æ9��åpùMâpá�ú(#�7�ù���ã�æ�ëûã±ìºã±÷±æoú¤æoå�åpÿZè�ã±ä8å9�Òá�÷±å«æ�÷"#påpúûã¸è�ì�å

Kim
�¹ìüæoë�ëûê��sá�úûã±åpú��[�GáØâpá ��ëûá

æoã±ù8ä�æ6åpÿ8ëûá�ú�âoæoú�é�ê8á�����æoú�æ��8úûåpÿ8÷±á�ìüæoë.ä8á�ë�è_æ ìºá�ëûìüæ?��÷�æoëûëûá
á@��ê���åpë�ìºå�ä8á�÷±åpë.á =Zã �ûæoì ìüæoã±åpú
��� 4>R/���8úûå}âoævâpá�÷±ìºá�ùMè_áÚåpë¹ìºíØè�å�ä8åpë�s%î�ï{ðKñ_òoó�î�ô u ï{ð v�õ î�ð©òpöoð õ æ��8úûá�ëûá�ùMè_æoúûã�æoì ìºá�ù8åpú3è�á�ì��Òå#è�åoè_æo÷
ä8á���åpùMâMá�ú(#�7�ù���ã±æ��

ÂQÃkj�Ãz£@Ã"l m ÕlÎXÉpÐ�×v×�ÎeÍ@Ð9¤XÊ©ÅÒÑ}ÐMÑlÊT¥Yp���¦8Î l ÉpÎÒÏ¨§�p8Õ�ÊT�Y©sÐ�Ê©×¤Ö�Ð Ý p�ª!p�ÍHp�×
R ëûá�#oê8ù8ä8å1�8úûåpÿ8÷±á�ìüæ6æoëûëûå���ã�æoä8å æªê8ìÄ�8úûå���á�ëûëûå�é�ê� ±ìºã"��å6ä8á»ëûã±ùMè�áØè�ã±øvæoýB-oåªí
æ��8úûá�ëûá�ùMè_æoä8å«æ
ëûá�#pê8ã±ú+��åpì'âoæoúûãF�vâpá�ã±ë,úûá�÷�æ)=8æoä�æoë��

min f(x) = 5x(1) + 8x(2) + 6x(3) + 10x(4) + 6x(5)+

−10x(6)− 15x(7) + 15x(8) + 5x(9)− 15x(10)− 20x(11)
iKj�� jpk

s.a. Ω = {g(x) ≤ 0 | x ∈ R11
+ }

¬ ¬ ­�® ® ¯�°²±´³%µ�¶²³�· ¸{¹�·	º	·(» ¼F½²½²¾T¿ ÀXÁ.¯�­
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Ω ,





−ln(x(8) + x(9) + 1) ≤ 0

−x(6)− x(7)− x(10) + x(9) + 2x(11) ≤ 0

−x(6)− x(7)− 0.75x(10) + x(8) + 2x(11) ≤ 0

x(10)− x(11) ≤ 0

2x(10)− x(8)− 2x(11) ≤ 0

−0.5x(8) + x(9) ≤ 0

0.2x(8)− x(9) ≤ 0

ex(6) − 10x(1) ≤ 0

ex(7)/1.2 − 10x(2) ≤ 0

1.25x(10)− 10x(8) ≤ 0

−2x(8) + 2x(11)− 10x(5) ≤ 0

x(1) + x(2)− 1 = 0

x(4) + x(5)− 1 ≤ 0

0 ≤ x(6) ≤ 2

0 ≤ x(7) ≤ 2

0 ≤ x(8)

0 ≤ x(9)

0 ≤ x(10) ≤ 2

0 ≤ x(11) ≤ 3

Å ã±ìºã±÷±æoúûì�á�ùMè�ábæoå�úûávæo÷±ã±ø�æoä8å9��æoú�æ åq�8úûåpÿ8÷±á�ìüæe���¹å�á�÷±ã"�8ë(0pã±ä8á»ã±ù8ã"��ã�æo÷
E0

çÌåpã%ä8á'��ù8ã¸ä8å«ä8á
ìºå�ä8å«æ9#Mæoú�æoùMè�ã±ú�é�ê8á

E0 ⊃ Ω
��4 è_æoÿsá�÷�æ«j��%$��bá =Zã±ÿÒábåpëºúûá�ëûê8÷¸è_æoä8åpë���æoú�æ�åq�8úûåpÿ8÷±á�ìºæ ä8á

ëûã±ùMè�áØè�ã±øvæoýB-oå?$
æ�÷"�væoù8ývæoä8åpë��Òá�÷±åpë#æo÷"#påpúûã¸è�ì�åpë6�Òá�÷±åpë#æo÷"#påpúûã�è�ìºåoë
MPESC

�
HISPE

�
Shor

á
Kim

4G÷"#påpúûã¸è�ì�åpë P è�á�ú�æoý�þ�á�ë �!=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �@á�ì��ÒåiTSZk �3åp÷±ê8ìºá
f(x)

�¼åoè_æo÷
Shor

n�Upn�U ¿�� WÉx®x®x Ù �XU Ù �G¿�� ¿�W
Kim

�lj��XU ¿�� W Ù Upn �XW Ù � Ù �4x®x
MPESC

��x Ù � ¿�� W��lj�$ Ù V�WÉx Ù ���XW
HISPE33

n�U�V ¿�� V�Vpn�U $�U�V®¿ x�V��%$®x
HISPEkmax

$�$�� ¿�� Ù WY$ Ù $on®¿�V U�W�� WMj
qsrltvuvw rGxpy �pz}|@~��_���M�{���v�M�}��[_�v�������������{�l�}���M�}�������>�o�M�}�

Shor � Kim � MPESC
�
HISPE

�M�»�M�>��Â^M�����#���M�%���{���>�����]ÃØ�vÀ��v��¡p�
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þ.ÿ�Æ Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ�Õ�Á�Æ�Ê�Ò
ÏÐÇ�ÏÐÂ"Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ �}nMj
4 æoú(#pê8ìºá�ùMè_æoýB-oå��`æ��8úûá�ëûá�ùMè_æoä�æ@��æoú�æüåG�8úûåpÿ8÷±á�ìüæüä8á.ëûã±ùMè�áØè�ã±øvæoýB-oå?���Qù�æ�é�ê�æo÷!í.á�ë(�Òá�ú�æoä8å

ä8åpë�ìºíØè�å�ä8åpë­s%î�ï{ðKñ�òoó�î�ô u ï{ð v�õ î�ð©òMöoð õ ê8ìüæ�ìºá�÷":8åpúûã�æ<ä8å#è�á�ì��så#ä8á>��åpù�âpá�ú(#�7�ù���ã�æ�è�åoè_æo÷�ìºá�ä8ã�æoùMè�á
å
æoê8ìºá�ùMè�å»ä8å ��� 4CR í.úûáØçÌåpúûývæoä�æG�sá�÷±åpë<úûá�ëûê8÷¸è_æoä8åpë�æ��8úûá�ëûá�ù�è_æoä8åpë�ù�æüè_æoÿÒá�÷�æ»j��%$���� � ì¤ÿsåpú�æ
å9�8ú�åoÿ8÷±á�ìüæªä8á
ëûã±ùMè�áØè�ã±øvæoýB-oåq$���åpùMè�ã±ù�ê8á
ëûá�ù8ä8å«ä8á'��ù8ã±ä8å9�Òåpú�á�é�ê�æoý�þ�á�ë�æoù�æo÷" ¸è�ã��væoë.ä8á
ÿ�æoãz=8æ
��åpì��8÷±á =Zã±ä�æoä8á���å.æoê8ìºá�ù�è�å�ä�æ#ä8ã±ìºá�ù8ë.-oå#ù8å/�8úûåpÿ8÷±á�ìüæ�ä8áGëûã±ùMè�áØè�ã±øvæoýB-oå,$�çÌåpãsëûê�����ã±á�ùMè�á6��æoú�æ�æ
ìºá�÷":8åpú�æ�ä8åpë�úûá�ëûê8÷¸è_æoä8åpë¹æ��8úûá�ëûá�ù�è_æoä8åpë<�Òá�÷±åpë�æo÷"#påpúûã¸è�ì�åpë�s%î�ï{ðKñ�òoó�î�ô u ï{ð v�õ î�ð©òMöoð õ � � åpì���æoú�æoù8ä8å��
ëûá�åpë
úûá�ëûê8÷¸è_æoä8åpë
ä8åoëI��æoúHßoìºáØè�úûåpë»ù�à8ìºá�úûå²ä8á ã¸è�á�ú�æoý�þ�áØëB�Úè_æ)=8æFä8á úûá�ä8ê8ýB-oå ä8å�âMåp÷±ê8ìºáªä8å
á�÷±ã"�8ë(0pã±ä8á�á»ù�à8ìºá�úûå ä8ábæ���á�ëûëûåpëüæ

f(·) ��ù8ålâ�æoìºá�ùMè�á
í
ù8åoè.0púûã±å6å�æoê8ìºá�ù�è�åªä�æ á'����ã"7Øù���ã�æ á�ìúûá�ä8ê8ø�ã±úbæ²úûá�#pãF-oåFä8á�ÿ8ê8ë(�væ²ù�æoëbã¸è�á�ú�æoý�þ�á�ëI��åpì å æoê8ìºá�ùMè�å²ä�æFêZè�ã±÷±ã±øvæoýB-oå�ä8á�ã±ùZçÌåpúûìüæoý�þ�áØë
:8ã±ë�è.0púûã"�væoë�� y åpúH��ìI��ä8áØâMá1æoã±ù8ä�æ%ëûá�ú!úûá�ëûë�æo÷¸è_æoä8åGé�ê8á¹åpë@âoæo÷±åoú�áØë2�Òá�ú(��á�ùMè�ê�æoã±ës��æoú�æÚåÚè�á�ì��såÚè�åoè_æo÷
��æoú�æ���åpùMâpá�ú(#�7�ù���ã�æ�è_æoì.ÿÒí�ìBìºá�÷":8åpú�æoú�æoì��pëûá�ù8ä8å.é�ê8á�����æoú�æ�á�ë�è�áÚè�á�ë�è�á���å#ìºá�÷":8åpú:ä8áØë�áØì��Òá�ù�:8å
çÌåpãXæ��8úûá�ëûá�ùMè_æoä8åO�Òá�÷¸åºæo÷"#påpúûã¸è�ì�å

MPESC
�

���.Ç ���! #"�È'É $ËÊ�Ì ( É -  ��!) Ê ) Ì�Í  $ (�Ê �!)�*%+/É,) ÌÏÎ  ;Ð -HÑ Ð�Ò Ê�Ì
�¼ú(7�ës��÷�æoëûëûá�ë!ä8á<�8úûåpÿ8÷±áØìüæoë@âpáØè�åpúûã�æoã±ëXçÌåpú�æoì�êZè�ã±÷±ã±øvæoä�æ�ëH��æoú�æGævâoæo÷±ã�æoúXåÚä8á�ëûá�ì��Òá�ù�:8å<ä8åpëgæo÷"#påpúûã�è��
ìºåpës�8úûå��såpë�è�åpë��i4d�8úûã±ìºá�ã±ú�æ*��÷�æoëûëûá1í<��åpì��Òåpë�è_æC�såpús�8úûåpÿ8÷±á�ìüæoë � �­q �fä8á¹ä8ã¸âMá�úûë�æoëgä8ã±ìºá�ù8ëûþ�á�ë
ù8åpë!é�ê�æoã±ë¼åpës��æoúHßoìºáØè�úûåpë@çÌåpú�æoìc#pá�ú�æoä8åpë¼ä8á�çÌåpúûìüæÚæo÷±ávæ�è.0púûã�æ�� q á�ë�è_æC��÷�æoëûëûá¹ä8á<�8úûåpÿ8÷±á�ìüæ�ë@è_æoì,�
ÿÒí�ì çÌåpã:è�á�ë�è_æoä�æ¦æ¦ëûê8ÿo��÷�æoëûëûá�ä8áO�8úûåpÿ8÷±á�ìüæoë���åpùMâMá =Zåpë.ä8ã¸çÌá�úûá�ù���ãF�vâpá�ã±ë���4\ëûá�#pê8ù8ä�æ
��÷�æoëûëûáüä8á
�8úûåpÿ8÷±á�ìüæoë�íG��åpì��Òåpë�è_æ
�Òåpú/�8úûåpÿ8÷±á�ìüæoë�ä8á � ù�#pá�ù�:�æoúûã�æ6ä8á � åpù�è�úûåp÷±á���4'è�á�ú(��á�ã±ú�æ?��÷±æoëûë�á�ä8á
�8úûåpÿ8÷±á�ìüæoë,í���åpì��Òåpë�è_æ,�Òåpú+�8ú�åoÿ8÷±á�ìüæoë,ä8á�ç©æ��Øè�ã±ÿ8ã±÷¸ã¸ä�æoä8á��Q4 ä8á'��ù8ã±ýB-oåºä8á�ë�è�á�ë>�8úûåpÿ8÷±á�ìüæoë,á�åpë
úûá�ëûê8÷¸è_æoä8åpëÚæo÷"�væoù8ý�æoä8åpë%ë.-oå�á =Zã±ÿ8ã±ä8åpë,ù�æoë*�8ú(0X=Zã±ìüæoë1ëûá�ý�þ�á�ë��

/10yx,0�2 46587:9<;>=@?BADCFEGA3H�IKJML�73N1O3=QP%7SRUT37VRU=XWQ=XH�H�A:58I>A�?B=XN�YZ=\[]I>^_=`58=XNGWQIKJ
a O3=X;�WQ7�? 4bA:58c�?B=QY�5873Hedf;>=XAgYZh:58I>73H

RÓ�8úûåpÿ8÷±á�ìüæ@��åpùMè. ±ù�ê8å��XâMáØè�åpúûã�æo÷gáºé�ê�æoëûãz�{��åpùMâpá =Zå6ù�-�åbù8á���á�ëûë_æoúûã�æoìºá�ùMè�áºä8ã¸çÌá�úûá�ù���ãF�vâpá�÷:íüæoé�ê8ã
ä8á�ù8åpìºã±ù�æoä8å y�� � � � á#úûá��8úûá�ëûá�ùMè_æoä8åG�Òåpú�iKj�� UMk ���¼å�ä�æoë<æoë%â�æoúûãF�}âpá�ã±ë%ë.-oåüúûá�ë�è�úûã¸è_æoëÚæoåO:8ã"�sá�ú	�
��ê8ÿÒå

C ⊂ Rn
+

á��væoùMè�åºã±ùZçÌá�úûã±åpú¹á�ëûé�ê8á�úûä8åüù8å��ÒåpùMè�å {0, . . . , 0} ∈ Rn
�

min f(x) = [ f1(x) . . . fm(x) ]
T ;

iKj�� UMk
s.a. Ω = {g(x) ≤ 0 | x ∈ Rn}

fj(x) = max({−(1 + e(λj(t)(x(t)−x̃j(t)))
2

)}) | t = 1, . . . , n | ∀ j
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ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

åpù8ä8á
x̃j
á
x̆i ∈ C

�
λj ∈ Rn |0 < λj(t) < 10−1

�Má
Q̆i ∈ Rn×n

í,ê8ìüæ<ìüæ�è�úûã±ø¹ëûã±ìºíØè�úûã"�væGä8á'��ù8ã±ä�æ
�Òåpëûã¸è�ã¸â�æ��GR<ë���á�ùMè�úûåpë

x̆i
ä8åpë�á�÷±ã"�8ë(0pã±ä8á�ë��@åpë#ì� ±ù8ã¸ìºåpë<ã±úûúûá�ë�è�úûã¸è�åpë

x̃j
á�åpë#ì.ê8÷¸è�ã"�8÷¸ã��væoä8åpúûá�ë

λjë.-oår#pá�ú�æoä8åpë:ä8á1çÌåpúûìüæ<æo÷±ávæ�è.0púûã±æ��24Gë:ìüæ�è�úûã±ø�áØë
Q̆i

ë.-oår��åpù8ë�è�úûê� ±ä�æoëQ��åpìBæoêZè�å}âoæo÷±åpúûá�ë:æo÷±ávælèA0oú�ã¸åpë
ä8á#ìºå�ä8åüæ,#Mæoú�æoù�è�ã±ú1é�ê8á

(Ĕ1 ∩ . . . Ĕn+1) 6= ∅
��åpù8ä8á

Ĕi

úûá��8úûá�ëûá�ùMè_æüåºá�÷±ã"�8ë(0pã±ä8á<ä8á'��ù8ã±ä8å��Òá�÷±å
��á�ùMè�úûå

x̆i
á��Òá�÷�æ¤ìüæ�è�úûã¸ø

Q̆i

�
y æoú�æ
��úûã�æoú.æoë�è_æoÿÒá�÷�æoë�áG#pú.������åpë.ä8á»úûá�ëûê8÷¸è_æoä8åpë��:åpë/�8úûåpÿ8÷±á�ìüæoë y�� � � � çÌåpú�æoì�#pá�ú�æoä8åpë

��æoú�æ#ä8ã±ìºá�ù8ëûþ�á�ë
n = {5, 15, 25} áC��æoú�æ

m = 2
�½�GáØâpá ��ëûá<åpÿ8ëûá�ú�âoæoú¹é�ê8áÚçÌåpú�æoì êZè�ã±÷±ã¸øvæoä�æoë3ä8ê�æoë

��åpù���#pê8ú�æoý�þ�á�ë�ä8å
��æoúHßoìºáØè�úûå»è�æ�ìüæoù�:8åbä�æbÿ8ê8ë(�væ
:8ã±ë�è.0púûã"�væ��@åpê«ëûá	�ûæ��
3n

á
kmax

�G4Ó��æoú�è�ã±ú
ä8åpë.úûá�ëûê8÷¸è_æoä8åpë�åpÿZè�ã±ä8åpë�ä8åpë¤æo÷"#påpúûã�è�ì�åpë��8úûå��Òåpë�è�åpë

MPESC
á
HISPE

çÌåpú�æoì�#pá�ú�æoä�æoë¤æoë
è_æoÿÒá�÷�æoëÚj��%$�$¤æºj��%$ Ù �

4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4*��á�ëûëûåpë �¼á�ì��Òå § Å åp÷±ê8ý�þ�á�ëiTSZk �:åp÷±ê8ìºá
f(x)

�¼åoè_æo÷ q -oå��=�Gåpìºã±ù�æoä�æoë
MPESC

WY$ Ù ¿�� W®¿ Ù $ WY$on ��� Ù n �G¿®¿�� ¿®¿
HISPE15

nMj ¿�� n®¿Éx�� n�U ¿��%$®x �G¿;¿�� ¿®¿
HISPEkmax

nMj ¿�� n®¿Éx Ù n�U ¿��%$�U �G¿;¿�� ¿®¿
qsrltvuvw rGxpy �}�p|@~��_���M�{���v�M�}��[_�v�������������{���}�#�M�}�#���]\l�v���{�����}�

MPESC
�
HISPE

���������M� �M�>�B^M�����#��!�2Ô1�,�e�M�,�p�{���������v���p�
4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4*��á�ëûëûåpë �¼á�ì��Òå § Å åp÷±ê8ý�þ�á�ëiTSZk �:åp÷±ê8ìºá

f(x)
�¼åoè_æo÷ q -oå��=�Gåpìºã±ù�æoä�æoë

MPESC
Upn�U®¿ ¿�� W�VMj�$ UpnMj�W Ù $�� WY$ �G¿®¿�� ¿®¿

HISPE45

nÉx�$ ¿�� Ù jonpn nÉx�� �����%$�U �G¿;¿�� ¿®¿
HISPEkmax

n Ù $ ¿�� Ù VÉxon n Ù � �XU�� W�V �G¿;¿�� ¿®¿
qsrltvuvw rGxpy �} p|@~��_���M�{���v�M�}��[_�v�������������{���}�#�M�}�#���]\l�v���{�����}�

MPESC
�
HISPE

���������M� �M�>�B^M�����#��!�2Ô1�,�e�M�,�p�{���������v�º���p�
4G÷"#påpúûã±ì�åpë P è�á�ú�æoý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4*��á�ëûëûåpë �¼á�ì��Òå § Å åp÷±ê8ý�þ�á�ëiTSZk �:åp÷±ê8ìºá

f(x)
�¼åoè_æo÷ q -oå��=�Gåpìºã±ù�æoä�æoë

MPESC
$;¿�Vpn�W ¿�� W�U®¿Y$ $;¿�Vpn�U $onÉx��4x Ù �G¿®¿�� ¿®¿

HISPE75

$�U�U ¿��4xon�Wpn $�U�W $�V����XU �G¿;¿�� ¿®¿
HISPEkmax

$�U Ù ¿��4xonMj;¿ $�U Ù Ù x�� n�V �G¿;¿�� ¿®¿
qsrltvuvw rGxpy ��¢�|@~��_���M�{���v�M�}��[_�v�������������{���}�#�M�}�#���]\l�v���{�����}�

MPESC
�
HISPE

���������M� �M�>�B^M�����#��!�2Ô1�,�e�M�,�p�{���������v��¡}�p�
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þ.ÿ�Æ Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ�Õ�Á�Æ�Ê�Ò
ÏÐÇ�ÏÐÂ"Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ �}n�W
R<ë�úûá�ëûê8÷¸è_æoä8åpë#æ��8úûá�ëûá�ùMè_æoä8åpë#ù�æoë�è_æoÿsá�÷�æoë�j��%$�$»æbj��%$ Ù úûáØçÌåpúûývæoì æo÷"#pê8ìüæoë<åpÿ8ëûá�ú�âoæoý�þ�á�ë*�(�

úûávæo÷±ã±øvæoä�æoëC��æoú�æüåpër�8úûåpÿ8÷±á�ìºæoë<á�ë(�væo÷�æ�ú�áØë�æ��8úûá�ëûá�ùMè_æoä8åpë�ù�æ�ëûá�ýB-oåbj��������!æo÷s��åpìºå�á�ë(�Òá�ú�æoä8å��@æ
êZè�ã±÷±ã¸øvæoýB-oå�ä8á%ã±ùZçÌåpúûìüæoý�þ�á�ëK�(�r�væo÷"��ê8÷�æoä�æoëQ�sá�úûìºã¸è�ã±ê�æ�úûá�ä8ê8ýB-�å�ä�æ�úûá�#pã"-oå�ä8á%ã±ùMè�á�úûá�ëûëûáÚä8áÚÿ8ê8ë(�væ
ä8ê8ú�æoùMè�á�å@�8úûå���á�ëûëûåbä8á,��åpù�âpá�ú(#�7�ù���ã�æ»ä8åbæo÷"#påpúûã�è�ìºå

HISPE
�;4Gëûëûã±ìI�!�så�ä8á ��ëûá¤âpá�úûã����væoú�ù�æoë

è_æoÿÒá�÷�æoë3é�ê8áÚåpë���æoúHßoìºáØè�úûåpë3ù�à8ìºá�úûå#ä8áÚã¸è�á�ú�æoý�þ�áØëB�Mè_æ)=8æ�ä8á>��åpùMâMá�ú(#�7�ù���ã�æ#áÚù�à8ìºá�úûå#ä8áGæ���á�ëûëûåpë
æ
f(·) æ��8úûá�ëûá�ùMè_æoú�æoì ìºá�÷":8åpúûá�ë�úûá�ëûê8÷¸è_æoä8åpë���ìºáØä8ã±ä�æ#é�ê8á<æoê8ìºá�ùMè�åpê���ëûáGå#âoæo÷±åoú�ä8å;��æoúHßoìºáØè�úûå

τ
�Xúûá�÷�æ���ã±åpù�æoä8å�æoå�è_æoìüæoù�:8å»ä�æ�ÿ8ê8ë(�væ@:8ã±ë�è.0púûã"�væ�� � åpù8ëûá�éED8á�ùMè�ávìºá�ùMè�á��H��æoú�æ�á�ë�è�á�ë�è�ú(7�ër��æoúHß)�
ìºáØè�úûåpë��:è�á�ìºåpë¤é�ê8á
åpë¤úûá�ëûê8÷¸è_æoä8åpë¤ä8å�æo÷"#påpúûã¸è�ì�å

HISPE
��åpì æ���åpù���#pê8ú�æoýB-oå

τ = kmaxçÌåpú�æoì'ìºá�÷":8åpúûá�ë1é�ê8á#åpë,ä8å�ìºá�ëûìºåºæo÷"#påpúûã�è�ì�å/��åpì æ,��åpù���#pê8ú�æoýB-oå
τ = 3n

é�ê8á����Òåpú,ëûê�æ¤âpá�ø��
è_æoì.ÿÒí�ì çÌåpú�æoì\ìºá�÷":8åpúûá�ë¹é�ê8á�åpë,úûá�ëûê8÷¸è_æoä8åpë1ä8å�æo÷"#påpúûã¸è�ì�å

MPESC
� � ê�æoù�è�å�æoå/��æoúHßoìºáØè�úûå

è�á�ì��Òå#è_å�è�æ�÷Òä8á6��åpùMâMá�ú(#�7Øù���ã�æ��8ù8å}âoæoìºá�ùMè�á�æ;:8á�ê8ú( ±ë�è�ã"�væ#ä8á<ä8á'��ù8ã±ú¹å/��æoúHßoìºáØè�úûå
τ = 3n

��åpìºå
ìºá�÷":8åpú2��ê8ë�è�å�ÿsá�ù8áØçT "��ã±å<á�ùMè�úûá � 4CP y á ��� 4>R ëûá1ìºåpë�è�úûåpê.æoä8á�é�ê�æoä�æ�� � ì è�å�ä8åpë!åpës�væoëûåpë��Má�ë�è_æ
��åpù���#pê8ú�æoýB-oå
ä8å
æo÷"#påpúûã¸è�ì�å

HISPE
åpÿZè�áØâpá�åpë�ìºá�ù8åpúûá�ë<è�á�ì��såpë<è�åoè_æoã±ë6��æoú�æG��åpùMâMá�ú(#�7�ù��Øã�æ��

�GáØâpá ��ëûá.æoã±ù8ä�æ¤úûá�ëûë�æo÷¸è_æoú%é�ê8á#åºæo÷"#påpúûã¸èûìºå
HISPE

��åpì æ���åpù���#pê8ú�æoýB-oå
τ = kmax

æ��8úûá�ëûá�ù��
è�åpêh�Q��æ�ú_æbè�å�ä8åpë.åpë/�8úûåpÿ8÷±á�ìüæoë�è�á�ë�è_æoä8åpë��3ìºá�ù8åpú#è�á�ì��Òå¦è�åoè_æo÷���æoú�æ
��åpùMâMá�ú(#�7�ù���ã±æªä8å6é�ê8á»å
è�á�ì��Òå<åpÿZè�ã±ä8å6�sá�÷±å�æo÷"#påoú�ã�è�ì�å

MPESC
� � ë�è�á,úûá�ëûê8÷¸è_æoä8å<ìüæoã±ë¼ê8ìüæÚâMá�ø,úûáØçÌåpúûývæ<æ6:8ã"�|0oè�á�ëûá1ä8á

é�ê8áGå¤æo÷"#påpúûã�è�ì�å
HISPE

�8úûå�ä8ê8øGìºá�÷":8åpúûá�ë�úûá�ëûê8÷¸è_æoä8åpë�é�ê8á<å.æo÷"#påpúûã�è�ìºå
MPESC

�#ìºá�ä8ã±ä�æ
é�ê8á�å � 4CP y æoê8ìºá�ùMè_æ�� � ë�è_æoë,ìºá�ëûìüæoë,åpÿ8ëûá�ú�â�æoý�þ�á�ë*�Òå�ä8á�ì'ëûá�ú,âpá�úûã����væoä�æoë+#pú�æ����væoìºá�ù�è�á<ù�æoë
��#pê8ú�æoëGj���� Ù á�j����Gx.ìºåpë�è�ú�æoä�æoë%æ�ëûá�#pê8ã±ú��
y åpú*��ìI�Òä�æoä�æ�æüêZè�ã±÷±ã¸øvæoýB-oåºä8á;��æoúHßoìºáØè�úûåpëC#pá�ú�æoä8åpë<æo÷±ávæ�è�åpúûã±æoì�á�ù�è�á��sù�-oå�í;�såpëûë. �âMá�÷s�8úûí �

ä8á'��ù8ã±ú1ëûá�ê8ìÓ�ÒåpùMè�å.ç©æ��Øè. ¸âpá�÷K�Òá�ú�è�á�ù���á�åpê»ù�-oå¤æoå,��åpù���ê8ùMè�å�s,öoó�ñ'Õ�î�ô � Õ©ð � î��i4Gëûë�ã¸ìI�Zå,��úûã¸è�í�úûã±å
æoä8åoè_æoä8å���æoú�æªæ}â�æo÷±ã�æoú�ëûá»ê8ìüæ6ëûåp÷±ê8ýB-oåªá�ù���åpù�è�ú�æoä�æ��såpú¤ê8ì ìºíØè�å�ä8å��Òá�ú�è�á�ù���ábæoå���åpù���ê8ùMè�å
s,öoó�ñ'Õ�î�ô � Õ©ð � îüçÌåpã!ä8áØè�á�úûìºã±ù�æoúGëûáºæ�ëûåp÷±ê8ýB-oå»á�ìVé�ê8á�ë�èA-oå
ù�-oå
í.ä8åpìºã±ù�æoä�æO�Òåpú�æo÷"#pê8ìw�såpù�è�å
ævâoæo÷±ã�æoä8å;�Òåpú1é�ê�æo÷±é�ê8á�ú,åpêZè�úûå�æo÷"#påpúûã¸è�ì�å�é�ê8á�è_æoì.ÿÒí�ì\ëûåp÷±ê���ã±åpù8åpê�å��8úûåpÿ8÷±á�ìüæ�� � ë�è�á���úûã¸è�í�úûã±å��
é�ê�æoùMè�ã����væoä8å��Òá�÷±å���æoúHßoìºáØè�úûår�Òá�ú(��á�ùMè�ê�æo÷sä8áÚëûåp÷±ê8ý�þ�á�ë�ù�-oå���ä8åoìºã±ù�æoä�æoë����Òá�úûìºã¸è�á+��åpù���÷±ê8ã±úgé�ê8á��
á�ì è�å�ä8åpë�åpëüè�á�ë�è�á�ë»úûávæo÷±ã±øvæoä8åpë��,åpë»æo÷"#påpúûã�è�ìºåoë��8úûå��Òåpë�è�åpë�á�ù���åpù�è�ú�æoú�æoìÖ�G¿®¿M§ ä8á6ëûåp÷±ê8ý�þ�á�ë
ù�-oå���ä8åpìºã¸ù�æoä�æoë��

4×��#pê8ú�æ.j����XV#áA=Zã±ÿÒáGåpë��såpù�è�åpë¹ævâoæo÷±ã�æoä8åpëQ�Òá�÷±åpë¹æo÷"#påpúûã�è�ì�åpë
MPESC

á
HISPE

��æoú�æ#ê8ì
y�� � � � è�á�ë�è_æoä8å���åpì

n = 5
á
m = 2

�ñ�Gê8ú�æoùMè�áÚær��åpù�âpá�ú(#�7�ù���ã�æ�ä8åpë:ìºíØè�å�ä8åpë��pâMáØú�ãz���væ)��ëûá%é�ê8á
æoëgä8ê�æoëi��åpù���#pê8ú�æoý�þ�á�ë:ä8å�æo÷"#påpúûã�è�ì�å

HISPE
��åpùMâMá�ú(#pã±ú�æoìL��æ�ú_æ<æ<ìºáØë�ìºæ<ëûåp÷¸ê8ýB-oå��pá�ù8é�ê�æoùMè�å

å»æo÷"#påpúûã¸è�ì�å
MPESC

��åpùMâpá�ú(#pã±ê���æoú�æ�ê8ìüæºëûåp÷±ê8ýB-oå»ìºæoã±ë<æ�ç©æoë�è_æoä�æ��6�¼å�ä�ævâ�ã�æ��Qá�ì è�å�ä8åpë<åpë
�væoëûåpë<æoëÚëûåp÷¸ê8ý�þ�á�ëÚá�ù���åpù�è�ú�æoä�æoëÚù�-oåüë.-oåüä8åpìºã±ù�æ�ä�æoë*�Òåpú%é�ê�æo÷±é�ê8á�úÚåpêZè�ú�å��ÒåpùMè�åüæ}â�æo÷±ã�æoä8å��Òåpú
é�ê�æo÷±é�ê8á�ú3ä8åpë3åpêZè�úûåpë�æo÷"#påpúûã�è�ì�åpë�� � ë�è_æ#æ���úûìüæoýB-oå�í%ìüæoã±ëi�Òá�ú(��á��Zè. ¸âpá�÷o�sá�÷�æ�åpÿ8ëûá�ú�âoæoýB-oå#ä8áÚé�ê8á
ù�-oå#á =Zã¸ëûè�á%é�ê�æo÷±é�ê8á�ú&�ÒåpùMè�å#ù8å#ã±ùMè�á�úûã±åpúgä�æ�úûá�#pãF-oå�ä8á�ìüæoú(�væoä�æ��såpú3÷±ã±ù�:�æoëQ�såpù�è�ã±÷":�æoä�æoë:æ���æoú�è�ã±ú
ä�æoë¹ëûåp÷±ê8ý�þ�á�ë¹á�ù���åpù�è�ú�æoä�æoë<�Òá�÷±åpë¹æo÷"#påpúûã�è�ì�åpë��s4Gëûëûã±ìI��âpá�úûã����væ)��ëûáGé�ê8á<æoë¹ëûåp÷±ê8ý�þ�á�ë¹á�ù���åpù�è�ú�æoä�æoë
ë.-oå��såpùMè_åoë%ù�-oå���ä8åpìºã±ù�æoä8åpë��såpú%é�ê�æoã±ëûé�ê8á�ú%ä8åpë%åpêZè�úûåpë*�såpù�è�åpë,á =Zã±ÿ8ã±ä8åpë%ù�æ/��#pê8ú�æºj����XV��

¬ ¬ ­�® ® ¯�°²±´³%µ�¶²³�· ¸{¹�·	º	·(» ¼F½²½²¾T¿ ÀXÁ.¯�­



� Ù ¿ À�Á+Â�ÃÅÄ7Æ�ÇÉÈÅÊ�Â�Ë}Ê.Ì
mVÃÍÆ�ÇÉÎ+ÏÐÊ.ÑPÇ�ÏÐÂ�mÅÇÉÒ	Ç%Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂÔÎ�Ê.Ì]Õ�ÇÉÒ
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5 10 15 20 25
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2.5
x 104 Comparação de Resultados − PRVQC

Dimensão do Problema

A
ce

ss
os

 a
 f(

x)

Ac. f(x) MPESC
Ac. f(x) HISPE

3n
Ac. f(x) HISPE

kmax

¬p­ ®M¯l°±rGxpy{z�¢�|@~��_���M�{���v�M�}�G�Z�����º�º�o³M�����>���M�¤�B[_�_�>�>�}�<´
f(x)

���}�����]\l�v���{�����}�
MPESC

�
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� åpì åüåpÿ���áØè�ã¸âMåºä8á�ævâoæo÷±ã�æoú+�såpúÚê8ìüæ�ìºíØè�úûã"�væ�ä8ã�çÌá�úûá�ù�è�á#ä�æüæ��8úûá�ëûá�ùMè_æoä�æºù�æºëûá�ýB-oå»æoùMè�á�úûã±åpúÚæ
�væ���æ���ã±ä�æoä8áÚä8åpë¹æo÷"#påpúûã¸è�ì�åpë

MPESC
á
HISPE

á�ù���åpù�è�ú�æoú��ÒåpùMè�åpë�ù�-oå���ä8åpìºã±ù�æoä8åpë��pçÌåpão�8úûå��
�Òåpë�è�å�å/�8úûåpÿ8÷±á�ìüæ���åpì â�æoúûãF�}âpá�ã±ë���åpùMè. ±ù�ê�æoë�âpáØè�åpúûã�æo÷sé�ê�æoä8ú.��è�ã"��å�ã±úûúûá�ë�è�úûã¸è�å���æoé�ê8ãÒä8á�ù8åpìºã±ù�æoä8å
�Òåpú y�� � � PA�sí�úûá��8úûá�ëûá�ùMè_æoä8åO�Òåpú#iKj�� WMk �

min f(x) = [ f1(x) . . . fm(x) ]
T : | : x ∈ Rn;

iKj�� WMk
fj(x) = (x− x̃j)

T (Q̃j)
−1(x− x̃j) | ∀ jåpù8ä8á

x̃j ∈ C
�
Q̃j ∈ Rn×n

ë.-oå
ìüæ�è�úûã±ø�á�ë�ëûã±ìºíØè�úûã"�væoë<ä8á'��ù8ã±ä�æoë��Òåpëûã¸è�ã¸â�æoë���R<ë���á�ùMè�úûåpë
x̆i
ä8åpë

á�÷±ã"�8ë(0pã±ä8á�ë!ë.-oår#pá�ú�æoä8åpë:ä8á¹çÌåpúûìüæ<æo÷±ávæ�è.0púûã±æ��H4Gë:ìüæ�è�úûã±ø�á�ë
Q̃j

ë.-oår��åpù8ë�è�úûê� ±ä�æoëQ��åpì æoêZè�å}âoæo÷±åpúûá�ë
æo÷±ávæ�è.0púûã±åoë��
y æoú�æ*��úûã�æ�ú¼æoëXè_æoÿÒá�÷�æoëXá�#pú.������åpë@ä8á�úûá�ëûê8÷¸è_æoä8åpë���åpëH�8úûåpÿ8÷±á�ìüæoë y�� � � � çÌåpú�æoì3#pá�ú�æoä8åpëH��æoú�æ

ä8ã±ìºá�ù8ëûþ�á�ë
n = {5, 15, 25} á���æoú�æ

m = 2
� q å}âoæoìºá�ùMè�á�çÌåpú�æoì'êZè�ã±÷±ã±øvæoä�æ�ë,ä8ê�æoë>��åpù���#pê8ú�æoý�þ�á�ë

ä8å@��æoúHßoìºáØè�úûå�è_æoìüæoù�:8å�ä�æ�ÿ8ê8ë(�væ@:8ã±ë�è.0púûã"�væ��Qåpê ëûá	�ûæ��
3n

á
kmax

��4Ù��æoú�è�ã±úGä8åpë�úûá�ëûê8÷¸è_æoä8åpë
åpÿZè�ã±ä8åpë�ä8åpë�æo÷"#påpúûã�è�ì�åpë��8ú�å��Òåpë�è�åpë

MPESC
á
HISPE

çÌåpú�æoì�#pá�ú�æoä�æoë¤æoë.è_æoÿsá�÷�æoë�j��%$®x¦æ
j��%$pj��

4G÷"#påpúûã¸ìºåoë P è_áØú_æ�ý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �¼á�ì��Òå � úûúûåiTSZk �3åp÷±ê8ìºá
f(x)

�@åoè_æo÷ | ∇f1(x∗)
|∇f1(x∗)|

+ ∇f2(x∗)
|∇f2(x∗)|

|
MPESC Ù x�$ ¿�� W®¿ Ù $ Ù x�� ¿����XV ��� ¿�Woá �=¿®¿pn
HISPE15

�lj®x ¿�� j Ù x Ù �lj Ù ¿�� UÉx U�� j�$�á �=¿®¿ Ù
HISPEkmax

x�U ¿�� Ù ¿�VMj xpj n����G¿ W��%$onoá �=¿®¿ Ù
qsrltvuvw rGxpy �BZM|@~��_���M�{���v�M�}��[_�v�������������{���}�#�M�}�#���]\l�v���{�����}�

MPESC
�
HISPE

���������M� �M�>�B^M�����#��!�2Ô1�¹¾!�M�%�p�{���������v�#�p�

4G÷"#påpúûã¸ìºåoë P è_áØú_æ�ý�þ�á�ë �!=IN%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �¼á�ì��Òå � úûúûåiTSZk �3åp÷±ê8ìºá
f(x)

�@åoè_æo÷ | ∇f1(x∗)
|∇f1(x∗)|

+ ∇f2(x∗)
|∇f2(x∗)|

|
MPESC

n��}nY$ ¿�� W�VMj�$ n��}n�� n�� WY$ j�� V Ù á �=¿®¿ Ù
HISPE45

Upn®¿ ¿�� U�VÉx�W UY$�W �XV�� ¿ Ù x��4x�Uoá �=¿®¿ Ù
HISPEkmax

�ljpj ¿��4x;¿�W Ù �lj�V W�U�� V�� Ù � Wpnoá �=¿®¿ Ùqsrltvuvw rGxpy �Xap|@~��_���M�{���v�M�}��[_�v�������������{���}�#�M�}�#���]\l�v���{�����}�
MPESC

�
HISPE

���������M� �M�>�B^M�����#��!�2Ô1�¹¾!�M�%�p�{���������v�����p�
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f(x)
�@åoè_æo÷ | ∇f1(x∗)

|∇f1(x∗)|
+ ∇f2(x∗)
|∇f2(x∗)|

|
MPESC

U��lj�U ¿�� W�U®¿Y$ U��ljpj n®¿�� ¿Éx Ù �4x�Woá �=¿®¿ Ù
HISPE75

�XVÉx;¿ ¿�� U�WMj�V �XV Ù W j®x���� Ù Ù � j®x�á �=¿®¿ Ù
HISPEkmax

npnÉx ¿��4x�W®¿�U npn Ù V Ù®Ù � Ù W Ù �4x Ù á �=¿®¿ Ùqsrltvuvw rGxpy �}xp|@~��_���M�{���v�M�}��[_�v�������������{���}�#�M�}�#���]\l�v���{�����}�
MPESC

�
HISPE

���������M� �M�>�B^M�����#��!�2Ô1�¹¾!�M�%�p�{���������v�#¡}�p�
R<ë¤úûá�ëûê8÷¸è_æoä8åpë�æ��8úûá�ëûá�ù�è_æoä8åpë�ù�æoë.è_æoÿÒá�÷�æoë�j��%$®xªæ j��%$pj6æ��8úûá�ëûá�ù�è_æoì ê8ìÄ��åpì��Òåpú�è_æoìºá�ùMè�å

��æoú�æºåpëC��æoúHßoìºáØè�úûåpëÚù�à8ìºá�úûåüä8á�ã¸è�á�ú�æoý�þ�á�ë��sè_æ)=8æüä8á;��åpùMâpá�ú(#�7�ù���ã�æüá�ù�à8ìºáØú�åüä8á.æ���á�ëûëûåpë<ÿÒá�ì
ëûã±ìºã±÷±æoú%æoåpëÚúûá�ëûê8÷¸è_æoä8åpëQ�(��ä8ã±ë(��êZè�ã±ä8åpë>��æoú�æ�åO�8úûåpÿ8÷±á�ìüæ y�� � � � �|�¼å�ä�ævâ�ã�æ��o��æoú�æ�åO�8úûåpÿ8÷±á�ìüæ
y�� � � P¤æoë���åpù���#pê8ú�æoý�þ�áØëºä8å«æo÷"#påpúûã¸èûìºå

HISPE
��æoú�æ

τ = 3n
á
τ = kmax

æ��8úûá�ëûá�ù�è_æoì
ìüæoã±åpú¤è�á�ì��Òå«ä8á?��åpùMâMá�ú(#�7�ù���ã�æ�è�åoè_æo÷Gæoåeëûá?��åpì���æoú�æoúºåpëüúûá�ëûê8÷¸è_æoä8åpëG��åpì åpë�åpÿZè�ã±ä8åpë��Òá�÷±å
æo÷"#påpúûã�è�ìºå

MPESC
�½�Úìüæ�âpá�ø<é�ê8áGá =Zã±ë�è�áGê8ìüæ�ìºá�ù8åpú�é�ê�æoùMè�ã±ä�æoä8áGä8áÚã±ùZçÌåpúûìüæoý�þ�á�ëh�(���væo÷"��ê��

÷�æoä�æoë:ä8ã±ë(�såpù� ¸âMáØã±ëQ��æoú�æ�æ�úûá�ä8ê8ýB-oå#ä8å��Òåp÷±ã±á�ä8úûå<ä8á%ÿ8ê8ë(�væ���ä�æoä8å�å��8úûåpÿ8÷±á�ìüæ<ëûá�ú3ã±úûúûá�ë�è�úûã¸è�å��oá�ë�è�á
ìºá�÷":8åpú,ä8á�ëûá�ì��Òá�ù�:8åüä8å�æo÷"#påpúûã�è�ì�å

MPESC
ù�-oå���åpù8ë�è�ã¸è�ê8ãXê8ì ç©æ�è�åºù8å}âMå�� y æoú�æ��sá�úûìºã¸è�ã±ú,æ

â�ã±ëûê�æo÷±ã±øvæoýB-oå,#pú.�����væ¤ä8á�ë�è_æoëÚìºá�ëûìüæ�ë%åpÿ8ëûá�ú�â�æoý�þ�á�ë��së.-oåºá =Zã±ÿ8ã±ä�æoë%æoë+��#pê8ú�æoëGjE���lj.á�j����XU��

5 10 15 20 25
0

1000

2000

3000

4000

5000

6000

7000

8000

9000
Comparação de Resultados − PRVQI

Dimensão do Problema

A
ce

ss
os

 a
 f(

x)

Ac. f(x) MPESC
Ac. f(x) HISPE

3n
Ac. f(x) HISPE

kmax
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f(x)
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MPESC

�
HISPE�������<�M�>�B^M�����#�v�¹�!Ô1�!�¹¾û�
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¬p­ ®M¯l°±rGxpy{z tp|@~��_���M�{���v�M�}�Ò�������3�:�>�����8�3�>�v�������������&[_�v�������{\l·��E[��¸���M�}�Q���]\l�v���{�����}�
MPESC

�
HISPE�������<�M�>�B^M�����#�v�¹�!Ô1�!�¹¾û�

y æoú�æ�æºæoù��o÷±ã±ëûá<ä8åpëÚúûá�ëûê8÷¸è_æoä8åpë%áA=Zã±ÿ8ã±ä8åpë*�Òá�÷±å���æoúHßoìºáØè�úûå | ∇f1(x∗)
|∇f1(x∗)|

+ ∇f2(x∗)
|∇f2(x∗)|

| ��úûá�ëûë�æo÷¸è_æ)��ëûáé�ê8á�åpëÚâpáØè�åpúûá�ë ∇f1(x) á ∇f2(x) ä8áØâpá�ì ëûá�úC��æoú�æo÷±á�÷±åpë*��æoú�æºåpëC�såpù�è�åpëÚä8åG��åpù���ê8ùMè�å�s,öoó�ñ'Õ>î�ô
� Õ©ð � î�� � ë�è�á�ç©æ�è�å.í�ä8á���åpúûúûá�ùMè�á�ä8å,�8úûåpÿ8÷±á�ìüæ�ëûá�ú,ã±úûúûá�ë�è�úûã¸è�å���é�ê�æ�ä8úA�lè_ã���å¤ár��åpì��såpë�è�å,�Òåpú1ä8åpã±ë
åpÿ���áØè�ã¸âMåpë�� y åpú,��åpù8ëûá�#pê8ã±ùMè�á�����æoú�æ6è�å�ä8åpë�åpë.è�á�ë�è�á�ëºúûávæo÷±ã±øvæoä8åpë��gâMá�úûã����væ)��ëûá»é�ê8ábåpë¤ìºíØè�å�ä8åpë
MPESC

á
HISPE

æ��8úûá�ëûá�ùMè_æoú�æoì úûá�ëûê8÷¸è_æoä8åpë&��åpìBÿsåMæ��8úûá���ã±ë.-oå��B�(��åpë:âoæo÷±åpúûá�ë:á =Zã±ÿ8ã±ä8åpë3ù�æ�ë
è_æoÿÒá�÷�æoëÚj��%$®x¤æºj��%$pj.ë.-oå�é�ê�æoëûá#ëûá�ì��8úûá�ä�æ�åpúûä8á�ì ä8á�xX=

10−4
�

/10yx,0yx L�73N�Y�5873;>A&�G7:5 WQ7�? RU7:5�?BA
H2 Ú H∞

�Gê8ú�æoùMè�á.åO�8úûå���á�ëûëûå»ä8á;�8úûå���áØè�å�ä8á�ê8ì ëûã±ë�è�á�ìüæºä8á;��åpùMè�úûåp÷±á�æüá�ë(�sá���ã����væoýB-oå»ëûã±ì.ê8÷¸è�ßoù8ávæ�ä�æoë
�væoú�æ��Øè�á�ú( ±ë�è�ã"�væoë3ä8áGúûåpÿ8ê8ë�è�á�øGáÚä8á�ëûá�ì��Òá�ù�:8å/�Òå�ä8áÚëûá�ú1æ���åpì���æoù�:�æoä�æ��Òá�÷±å���úûã¸è�í�úûã±å#ä�æoë�ù8åpúûìüæoë
H∞

á
H2

� y åpúr��åpù8ëûá�#pê8ã±ùMè�á��@á�ë�è�á��8úûåpÿ8÷±á�ìüæO�Òá�ú�è�á�ù���á��@��÷�æoëûëûá¤ä8åpë��8úûåpÿ8÷±á�ìüæoëGâpáØè�åpúûã�æoã±ë��;4
úûávæo÷±ã±øvæoýB-oå<ä8á,ê8ì áØë.��æ�ý�å#ä8á,á�ë�è_æoä8åpëQ��æoú�æ<ê8ìüæ6�8÷�æoùMè_æ

P (s)
í,úûá��8úûá�ëûá�ùMè_æoä�æ��Òåpú%iKj����G¿Mk �QR á�ë	�

��æoý�å�ä8á,á�ë�è_æoä8åpëQ��æoú�æ<å�ëûã±ë�è�á�ìüæGä8á+��åpùMè�úûåp÷±á¹á�ì ìüæo÷":�æ%çÌá�� :�æoä�æ6��æoú�æ
u = Kv

í,úûá��8úûá�ëûá�ùMè_æoä8å
�Òåpú#iKj������lk �
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



v̇ = Av +B1w +B2u

z∞ = C1v +D11w +D12u

z2 = C2v +D22u

iKj����G¿Mk
åpù8ä8á

w ∈ R
n
2
í¤å�âMáØè�åpú�ä�æoëGâoæoúûãF�vâMáØã±ë<ä8á¤á�ù�è�ú�æoä�æ�á =�è�á�úûù�æ��

u ∈ R
n
2
í¤å�âpáØè�åpú�ä8á.âoæoúûãF�vâpá�ã±ë

ä8á.á�ùMè�ú�æoä�æG�ÒåpúGúûávæo÷±ã±ìºá�ùMè_æoýB-oå
�
v ∈ R

n
2
í.åüâpáØè�åpú<ä8á.â�æoúûãF�vâMá�ã±ëGä8á.á�ë�è_æoä8å��

z∞
í¤æºâoæoúûãF�vâMá�÷

ä8á<ë�æ� ±ä�æ;��æoú�æ.å.åpÿ���áØè�ã¸âpå
H∞

á
z2
í�æ#âoæoúûãF�vâMá�÷Òä8á�ë�æ� ±ä�æ;��æoú�æ�å¤åpÿ���áØè�ã¸âMå

H2

�Q4Gë1ìüæ�è�úûã±ø�á�ë
A
�

B1

�
B2

�
C1

�
C2

�
D11

�
D12

á
D12

ä8ã±ø�áØì úûá�ë(�Òá�ã¸è�å��,�8÷�æoùMè_æ
P (s)

�




v̇ = (A+B2K)v +B1w

z∞ = (C1 +D12K)v +D11w

z2 = (C2 +D22K)v

iKj������lk
RÛ�8úûåpÿ8÷±á�ìüæ+�Øåpì�â�æoúûãF�}âpá�ã±ë!��åpù�è. ±ù�ê�æoë��lâpáØè�åpúûã�æo÷pá3ù�-oå���ä8ã¸çÌá�úûá�ù���ãF�}âpá�÷��8úûå��Òåpë�è�å���ä8á�ù8åpìºã±ù�æoä8å

�Òåpú+�8úûåpÿ8÷±á�ìüæ
H2 � H∞ �8í�úûá��8úûá�ëûá�ùMè_æoä8åO�Òåpú#iKj����)$pk �

min f(x) = { z2 z∞ } | x = [ vT uT ]T
iKj����)$pk

åpù8ä8á
x ∈ Rn

�
A ∈ R

n
2
×n

2
�
B1 ∈ R

n
2
×n

2
�
B2K ∈ R

n
2
×n

2
�
C1 ∈ R1×n

2
�
C2 ∈ R1×n

2
�
D11 ∈ R1×n

2
�

D12K ∈ R1×n
2
á
D22K ∈ R1×n

2
�i�¼å�ä8åpë:åpëgâoæo÷±åpúûá�ëgä�æoë3ìüæ�è�úûã±ø�á�ëgë.-oå�#pá�ú�æoä8åoë�æo÷±ávæ�è�åpúûã±æoì�á�ù�è�á��

ìüæoë,ä8á�ìºå�ä8å�æ�#Mæ�ú_æ�ù�è�ã±ú1ê8ì ëûã±ë�è�á�ìüæ.á�ì ìüæo÷":�æ#çÌá��A:�æoä�æ�á�ë�èA�}âpá�÷y�
y æoú�æGæÚëûåp÷±ê8ýB-oåÚä8å6�8úûåpÿ8÷±á�ìüæ%ä8á���åpù�è�úûåp÷±á&��åpì�#Mæoù�:8å

H2 � H∞ ä8á'��ù8ã±ä8åC�Òåpú1iKj����G¿MkXá<iKj����)$pk �
ä8ê�æoëÚæoÿÒåpúûä�æ�#pá�ù8ë%ä8ã±ë�è�ã±ùMè_æoë,ë.-oå�êZè�ã±÷±ã¸øvæoä�æoë��

4}�8úûã±ìºá�ã¸ú�æ
æoÿÒåpúûä�æ�#pá�ì êZè�ã±÷±ã±ø�æbæoë#ÿÒá�ì���åpù�:8á���ã±ä�æoë#çÌê8ù8ý�þ�á�ë.ä8å¦ì�0�ä8ê8÷±å
ä8áO��åpùMè�úûåp÷±áºä8å
MatLabr

ÿ�æoëûávæoä�æoëGá�ì � Ü
PA� q á�ë�è_æ�æ�ÿÒåpúûä�æ�#pá�ìI�o�8úûã±ìºá�ã¸ú�æoì�á�ù�è�á�åpëGì� ±ù8ã¸ì�åpë%á�ë(�væo÷�æoúûá�ëÚä8åpë
�8úûåpÿ8÷±á�ìüæoë3ã±ù8ä8ã¸â�ã±ä8ê�æoã¸ë

H2

á
H∞

ë.-oå�á�ù���åpùMè�ú�æoä8åpë�� � ì ëûá�#pê8ã±ä�æ���ä�æoä8å#é�ê8á<æ�æoÿsåpúûä�æ�#pá�ìÜ�Òåpú
� ÜIP6�Òá�úûìºã¸è�á�é�ê8áüê8ì���æoúHßoìºáØè�úûå

γ
ëûá	�ûæbêZè�ã±÷±ã¸øvæoä8å���åpìºåbê8ìüæbúûá�ë�è�úûã±ýB-oåbä8å
�8úûåpÿ8÷±á�ìüæ

H∞
�

ê8ìüæ6ëûá�éED�7�ù���ã�æ ä8áI$;¿¦âoæo÷¸åpúûá�ë,��úûá�ë(��á�ùMè�ávëºä8á
γ
í»êZè�ã±÷±ã±øvæoä�æI��æoú�æªëûá»åpÿZè�á�ú¤ê8ìÄ��åpù���ê8ùMè�å ä8á

ëûåp÷±ê8ý�þ�á�ë*�såpú%á�ë�è_æºæoÿsåpúûä�æ�#pá�ìI�
4 ëûá�#pê8ù8ä�æbæoÿsåpúûä�æ�#pá�ìVêZè�ã±÷±ã¸ø�åpê6å��8úûå��såpë�è�åbæo÷"#påpúûã�è�ìºå

HISPE
��æoú�æ�ëûåp÷±ê���ã±åpù�æoúGå��8úûå��

ÿ8÷±á�ìüæ
H2 � H∞ �½�Úì}��åpù���ê8ùMè�å�ä8á;$;¿.á�÷±ã"�8ë(0pã±ä8á�ë1ã¸ù8ã"��ã�æoã¸ë

E0

í�êZè�ã±÷±ã¸øvæoä8å/��æoú�æ/#pá�ú�æoú,ä8ã¸çÌá�úûá�ùMè�á�ë
ëûåp÷±ê8ý�þ�á�ë���æoú�æ
á�ë�è_æ¦æoÿÒåpúûä�æ�#pá�ìI� � æoä�æbá�÷±ã"�8ë(0pã±ä8á

E0

íºä8á'��ù8ã±ä8å
��åpìºåbê8ìüæ�:8ã"�sá�úûá�ë�çÌá�ú�æ¦é�ê8á
��åpùMè�í�ìVê8ìÝ:8ã"�Òá�ú(��ê8ÿÒå�ä8á.÷�æoä8å

106
á/�væoùMè�å�ã±ùZçÌá�úûã±åpúÚá�ëûé�ê8á�úûä8å {0, . . . , 0} ∈ Rn

��R<ëC��á�ù�è�úûåpë
ä8åpëGá�÷±ã"�8ë(0pã±ä8á�ëGã±ù8ã"�Øã�æoã¸ë

E0

çÌåpú�æoì ä8ã±ë�è�úûã±ÿ8ê� ±ä8åpëGæo÷±ávæ�è�åpúûã±æoì�á�ù�è�á#ëûåpÿ8úûá.æü÷±ã±ù�:�æºé�ê8á/��åpù8á'�Øè_æ»æoë
ëûåp÷±ê8ý�þ�á�ë%ä8åpë*�8úûåpÿ8÷±áØìüæoë,ã±ù8ä8ã¸â�ã±ä8ê�æoã¸ë

H2

á
H∞

�
q á�ë�è�ár�væoëûå¤á�ìÓ��æoú�è�ã"��ê8÷�æoú���åpë�è�á�ë�è�á�ë,çÌåoú_æ�ì\á =Zá���êZè_æoä8åpë,á�ì\ê8ìÓ��åpì��8êZè_æoä8åpú<��åpìÓ�8úûå���á�ë	�

ë�æoä8åpúCÞCßIà8Þ>Õ � ï±î�á TM 64
�

4���#pê8ú�æGj����XW%ìºåpë�è�ú�æoë@åpë¼úûá�ëûê8÷¸è_æoä8åpë2��æoú�æ%ê8ìc�8úûåpÿ8÷±á�ìüæ,ä8á�ä8ã±ìºá�ù8ë.-oå
n = 8

á�ëûåp÷±ê���ã±åpù�æoä8å
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þ.ÿ�Æ Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ�Õ�Á�Æ�Ê�Ò
ÏÐÇ�ÏÐÂ"Î�Ê.Ì]Õ�ÇÉÒ
ÏÐÖ�×.Á;ÏÐÂ~Ë}Ê.Ñ.Æ'JAÑ«ÃPÇÉÂ � Ù j
�Òá�÷�æoë@æoÿsåpúûä�æ�#pá�ù8ë

LMI
á
HISPE

� q á�ë�è_æ+��#pê8ú�æ��lê8ìüæ1ìüæoú(�væ1úûá��8úûá�ëûá�ù�è_æoä�æ*�ÒåpúXê8ì3�såpù�è�å,çÌåpã
ä8á�ëûá�ù�:�æoä�æO��æoú�æ�ä8á'��ù8ã±úÚæoë%ëûåp÷±ê8ý�þ�á�ëÚù�-oå���ä8åpìºã¸ù�æoä�æoë�� � åpìºå��Òå�ä8á#ëûá�ú%âpá�úûã����væoä8å��sù�-oåºá =Zã±ë�è�á
ëûá�é�ê8á�ú�ê8ìüæüëûåp÷±ê8ýB-oå»åoÿZè_ã¸ä�æO�Òá�÷�æ»æoÿsåpúûä�æ�#pá�ì

HISPE
é�ê8á.çÌåpã!ä8åpìºã±ù�æoä8åO�Òåpú<ê8ìüæüëûåp÷±ê8ýB-oå

åpÿZè�ã±ä�æ>�sá�÷�æGæoÿÒåpúûä�æ�#pá�ì
LMI

� �GáØâ�ã±ä8å�æoåÚç©æ�è�åGä8å<ì�0�ä8ê8÷±åÚä8á<��åpùMè�úûåp÷±á�ä8å
MatLabr

ÿ�æoëûávæoä8å
á�ì

LMI
ëûá�ú���åpì��8ã±÷�æ�ä8å��`ù�-oå
í,�Òåpëûë( ¸âpá�÷3æ@��åpì���æoú�æoýB-oå
ä8å
ä8á�ëûá�ì��sá�ù�:8å¦ä8åpë�ìºíØè�å�ä8åpër��åpì

úûá�ë(�Òá�ã¸è�åºæoå���æoúHßoìºáØè�úûå¤è�á�ì��så¤è�åoè_æo÷h��æoú�æ,��åpù�âpá�ú(#�7�ù���ã�æ��

0.36 0.37 0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45
0.27

0.275

0.28

0.285

0.29
Espaço dos Objetivos

Norma H
2

N
or

m
a 

H
∞

Mínimos Escalares
Soluções LMI
Soluções HiSPE
Pontos Não−Dominados

¬p­ ®M¯l°±rGxpy{z up|H[_�v�XØK�M�o�>��âQãBä�å.æTçBè�éQæFê"ë�ç����v�:�>�v�{��ÀA`��_�3�B^M�������v�3�Z�����}�����]\l�v���{�����}�
LMI

�
HISPE

����������M�>�B^M�����#�
H2/H∞

�
�Úìüæ#âpá�ø<âpá�úûã����væoä8å.é�ê8á�æ.æoÿÒåpúûä�æ�#pá�ì

HISPE
æ��8úûá�ëûá�ùMè�åpê»ÿÒåpù8ë1úûá�ëûê8÷¸è_æoä8åpë���æoú�æ�å/�8úûå��

ÿ8÷±á�ìüæ
H2 � H∞ �gê8ì���åpù���ê8ùMè�åªä8á
�G¿
�8úûåpÿ8÷±á�ìüæoë

H2 � H∞ ä8á�ä8ã±ìºá�ù8ë.-oå
n = 8

çÌåpã�êZè�ã±÷±ã¸øvæoä8å
��æoú�æ
æ}â�æo÷±ã�æoú<å
ä8á�ëûá�ì��Òá�ù�:8å¦ä8åpë#æo÷"#påpúûã�è�ì�åpë6�8úûå��Òåpë�è�åpë�� q å}âoæoìºá�ùMè�á¤çÌåpú�æoìVêZè�ã±÷±ã±øvæoä�æoë<ä8ê�æoë
��åpù���#pê8ú�æoý�þ�á�ë�ä8å
��æoúHßoìºáØè�úûå»è�æ�ìüæoù�:8åbä�æbÿ8ê8ë(�væ
:8ã±ë�è.0púûã"�væ��@åpê«ëûá	�ûæ��

3n
á
kmax

�G4Ó��æoú�è�ã±ú
ä8åpëÚúûá�ëûê8÷¸è_æoä8åpë%åpÿZè�ã±ä8åpë%ä8åpëÚæo÷"#påpúûã¸è�ì�åpë+�8úûå��såpë�è�åpë

MPESC
á
HISPE

çÌåpã!#pá�ú�æoä�æºæ¤è_æoÿÒá�÷�æ
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j��%$�U��

4G÷"#påpúûã¸è�ì�åpë P è�á�ú�æoý�þ�á�ë �h=
N%á�ä8ê8ýB-oå 4+��á�ëûëûåpë �¼á�ì��så § Å åp÷±ê8ý�þ�á�ëiTSZk �3åp÷±ê8ìºá
f(x)

�¼åoè_æo÷ q -oå��=�Gåpìºã¸ù�æoä�æoë
MPESC

�XU��XV ¿�� Wpn�Wpn �XU���x V�W�� U®¿ �G¿®¿�� ¿®¿
HISPE24

�XU�� ¿��4xpjon�W �lj�U �XV�� ¿®¿ �G¿®¿�� ¿®¿
HISPE∞

��x�V ¿�� n�V®¿pn ��x®x $pj�� U®¿ �G¿®¿�� ¿®¿
qsrltvuvw rGxpy �Xtp|@~��_���M�{���v�M�}��[_�v�������������{���}�#�M�}�#���]\l�v���{�����}�

MPESC
�
HISPE

���������M� �M�>�B^M�����#�
H2/H∞

�M�,�p�{���������v�;ìp�
R<ëºúûá�ëûê8÷¸è_æoä8åpëºæ��8úûá�ëûá�ù�è_æoä8åpëºù�æªè_æoÿÒá�÷�æ�j��%$�U�æ��8úûá�ëûá�ùMè_æoì å�ìºá�ëûìºå9��åpì��Òåpú�è_æoìºá�ùMè�åG�(�

ä8á�ë(��úûã¸è�åüù8åpë%è�á�ë�è�á�ë6��æoú�æ�åO�8úûåpÿ8÷±á�ìüæ y�� � � � ��Ü¦æoã±ë%ê8ìüæ¤âMá�ø.æ���åpù���#pê8ú�æoýB-oåüä8å�æo÷"#påpúûã�è�ìºå
HISPE

��æoú�æ
τ = kmax

æ��8úûá�ëûá�ùMè�åpê�åpë�ìºáØ÷":8åpúûá�ë<úûá�ëûê8÷¸è_æoä8åpër��æoú�æ�åpër��æoúHßoìºáØè�úûåpë<ù�à8ìºá�úûå
ä8áGã¸è�á�ú�æoý�þ�á�ë���è_æ)=8æ�ä8áC��åpù�âpá�ú(#�7�ù���ã�æ�á<ù�à8ìºá�úûå�ä8á�æ���á�ëûëûåpë�� { ����æoú�æ�å;��æoúHßoìºáØè�úûå#è�á�ì��Òå#è�åoè_æo÷
��æoú�æ���åpù�âpá�ú(#�7�ù���ã�æ��Zå.ìºá�ù8åpú3âoæo÷¸åpú3çÌåpãÒåpÿZè�ã±ä8å;�sá�÷�æ;��åpù���#pê8ú�æoý�-oå.ä8å¤æo÷"#påpúûã¸èûìºå

HISPE
��æoú�æ

τ = 3n
�!å6é�ê8áüúûávæ���úûìüæ¦æI:8á�ê8ú( ±ë�è�ã"�væI�8úûå��Òåpë�è_æ
��æoú�æbåbâoæo÷±åpú�ä8å?��æoúHßoìºáØè�úûå

τ
� y åpú���ìI�!å

��æoúHßoìºáØè�úûå6�Òá�ú(��á�ùMè�ê�æo÷�ä8á,ëûåp÷±ê8ý�þ�á�ë:ù�-�å���ä8åpìºã±ù�æoä�æoës�ÒáØú�ì�ã¸è�á���åpù���÷±ê8ã±ú!é�ê8á���á�ì è�å�ä8åpëgåpëgè�á�ë�è�á�ë
úûávæo÷±ã±øvæoä8åpë��ZåpëÚæo÷"#påpúûã�è�ìºåoë��8úûå��Òåpë�è�åpë%á�ù���åpùMè�ú�æoú�æoì~�G¿®¿M§ ä8á�ëûåp÷±ê8ý�þ�á�ë%ù�-oå���ä8åpìºã±ù�æ�ä�æoë��
/10yx,0k� 46587:9<;>=@?BAÙ�G=3íÚA3WsYZI�9<I>;>I	�GA&�G=
y æoú�æºævâ�æo÷±ã�æoú,æ,�væ���æ���ã±ä�æoä8á�ä8å�ìºíØè�å�ä8å

HISPE
ä8á�ã±ä8á�ù�è�ã�����æoú%æ¤ã±ùZç©æ��Øè�ã±ÿ8ã±÷¸ã¸ä�æoä8á<ä8á�ê8ì��8úûå��

ÿ8÷±á�ìüæ��!çÌåpã1ä8á'��ù8ã±ä8åªê8ìÄ�8úûåpÿ8÷±á�ìüæbâpáØè�åpúûã�æo÷¹é�ê�æoä8ú.��è�ã"��å���åpì úûá�ë�è�úûã±ý�þ�á�ë¤é�ê�æoä8ú.��è�ã"�væoë.é�ê8á
ëûá
è�åpúûù�æoúûã�æbã±ùZç©æ��Øè. ¸âMá�÷y�!åpê�ù�-oå��:ä8á��Òá�ù8ä8á�ù8ä8å�ä8á�ê8ìÄ��æoúHßoìºáØè�úûå?#pá�ú�æoä8å æ�÷±ávæ�è�åpúûã�æoì�á�ù�è�á�� � ë�è�á
�8úûåpÿ8÷±á�ìüæeâpáØè�åpúûã�æo÷�ä8á ç©æ��Øè�ã±ÿ8ã±÷¸ã¸ä�æoä8á���åpì âoæoúûãF�vâpá�ã±ë���åpù�è. ±ù�ê�æoë
í�ä8á�ù8åpìºã±ù�æoä8åFä8á y�� � � áä8á'��ù8ã±ä8å��Òåpú#i©áØéo� y�� � � k �

min f(x) = [ f1(x) . . . fm(x) ]
T ;

iKj����}nMk
s.a. Ω = {g(x) ≤ 0 | x ∈ Rn}

fj(x) = (x− x̃j)
T (Q̃j)

−1(x− x̃j) | ∀ j

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

åpù8ä8á
x̃j

á
x̆i ∈ C

�
Q̃j ∈ Rn×n

ë.-oå6ìüæ�è�úûã±ø�á�ë#ëûã±ìºíØè�úûã"�væoë#ä8á'��ù8ã±ä�æoë;�Òåpëûã¸è�ã¸âoæoë#á
Q̆i ∈ Rn×në.-oå»ìüæ�è�úûã±ø�á�ëGä8ã�æ�#påpù�æoã¸ë���R<ë6��á�ùMè�úûåpë
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min f(x)
ikU����lk

s.a. x ∈ Ω

Ω , {x(1 : z) ∈ Iz+ e x(z + 1 : z + d) ∈ Rd | gi(x) ≤ 0 ∀ i = 1, . . . , p}
åpù8ä8á��

z + d = n, f(·) : Rn 7−→ R
á
g(·) : Rn 7−→ Rp
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ÜIP y � Å á?��åpù8ëûã±ä8á�ú�æoúûìºåpëüé�ê8á6åf��åpù���ê8ùMè�å�ä8á¦â�æoúûãF�vâMá�ã±ë���åpù�è. ±ù�ê�æoëüí¦â�æoø�ã±å��,åpê ëûá	�ûæ

d = 0
�
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��åpù�:8á���ã±ä8åpë*�Òåpú}ÜIP q � y i<;«åp÷±ëûá>=�ùh� äh��� � ÷±åpê8ä�æoë,ùh� äh� k �
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�GáØâMá ��ëûá
æoã±ù8ä�æbåpÿ8ëûá�ú�âoæoú.é�ê8á�è�å�ä8å?�8úûåpÿ8÷±á�ìüæ ÜIP y åpêfP y �Òå�ä8á�ëûá�ú�è�ú�æoù8ë(��úûã¸è�å?��æoú�æ¦ê8ì

�8úûåpÿ8÷±á�ìüæ.á�é�ê8ã¸âoæo÷±áØù�è�á��<P y �|R��¼á�åpúûá�ìüæ�V¤çÌåpúûìüæo÷¸ã¸øvæ.á�ë�è_æºæ���úûìüæoýB-oå'z
C Ð�ÎsÕlÐ�ÏqpED ô uGFIH ð<J�öoï±ñ'á�Õ>ñLK�ØHsNMPOQöoï Q�ð²á�Rdß ö�Õ �5H ó+áBS¶ò7S TVUWO HGv î�á � ö.ñ �XH�� v ó�îZY�ï±ñ � ö6ß�ØHs
M�î H ØHs[T FIH ñ�\�öMòMö]J�öoó�ð_^`JoñØï

x(j) ≤ uj a õ ñ'áÒò�î uj \_î�ó�ó�ñ õ:v î�áÒò�ñ'á�Õ�ñ�ö H�� òoð õ \Øó�ñ'Õ�î v î õ ð²Õ©ð<Joî ñ
j ≤ z
S u á�Õcb�î
î v ó�îedoóûö � öfK�ØHs ñ FIH ð<J�öoï±ñ'á�Õ�ñ õ ñØóg^
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| H Õûk�ä8áØë�áØù�âpåp÷¸â�ã±ä8å/�ÒåpúäÙ3åpê8ù�#
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ξ∗j = (x∗ − αjw
∗
j ) ∈ R, ∀ j ∈ NB
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� åpù8ëûã±ä8á�ú�æoù8ä8åbæ»ä8á�ë(��úûã±ýB-oå
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y = cTx | x ∈ Ω

Ω , {x ∈ Rn
+ | Ax = b e x ∈ In} ikW����lk
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y åpú!ä8á ��ù8ã±ýB-oåGè�á�ì,��ëûá¹é�ê8á1åGëûê8ÿ|��åpù���ê8ùMè�å
Ax = b
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Ax = b
��è_æo÷1é�ê8á¦æ á�é�ê�æoýB-oå

A(i, :)x = b(i)
í»çÌåpúûìüæoä�æ��såpú

âoæo÷±åpúûá�ë��8ê8ú�æoìºá�ùMè�á�ä8ã±ë(��úûáØè�åpë+��æoú�æ�æ�÷"#pê8ì
i
�8í<çÌåpúûìüæoä8å/�Òåpú+�såp÷±ã¸è�å��Òåpë¹é�ê8á���åoù�è.7�ì æoå¤ìºá�ù8åpë

ê8ì~�ÒåpùMè�å
ä8ã±ë(��úûáØè�åbá�ìSê8ìüæ»ä�æoë�ç©æ��Øá�ë���4Ü�væoë(�væ���åpù�âpá =8æ
conv(x)

è_æoì.ÿÒí�ìVí�ê8ì~�Òåp÷±ã¸è�å��Òå
åpù8ä8á¤æºá�é�ê�æoýB-oå

Ax = b
í#çÌåpúûìüæoä�æ��såpúÚâoæo÷±åpúûá�ëC�8ê8ú�æoìºá�ùMè�á�ä8ã±ë(��úûáØè�åpë��6P�ë�è�åG��åpúûúûá�ë(�Òåpù8ä8á�æoå

ç©æ�è�å�ä8áGé�ê8á6�væ�ä�æ;�8÷�æoù8å�ëûê��Òåpú�è�áGä8á
conv(x)
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Ax = b
á.ìºå}â�7 ��÷±åpëGä8á�çÌåpúûìüæüæüé�ê8á

ëûá.æ��8úûåX=Zã±ìºá�ì ä8á
conv(x)

æ�è�í�é�ê8á;��åpù�è�á�ù�:�æoì ê8ìÝ�ÒåpùMè�å�ä8ã¸ë.�Øú�á�è_åªi � :Mâ���è_æo÷��XWMjonMk �*4Gëûëûã±ìI�
� :Mâ���è_æo÷3ä8á�ìºåpù8ë�è�úûåpê«é�ê8áüå
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�8÷�æoù8åpëC�sá�úûëûã±ë�è�ã±êªæ�è�í¤æO�8úûå��såpëûã±ýB-oå�ä8å»æo÷"#påpúûã�è�ìºåºä8á~Ú�åpìºåpú�=�� � ë�è�á¤æo÷"#påpúûã�è�ìºå�#pá�ú�æO��åpú�è�á�ë�æ
��æoú�è�ã±ú3ä�æ�ëûåp÷±ê8ýB-oå�úûá�÷�æ)=8æoä�æ���åpùMè. ±ù�ê�æ���åpë¹é�ê�æoã±ë�á =���÷±ê8á�ì'æ�æ�è�ê�æo÷Òëûåp÷±ê8ýB-oå�úûá�÷±æ)=8æoä�æ#á�����æoê8÷�æ�è�ãz�
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A ∈ Rp×n

á<å�âpáØè�åpú
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u ∈ Rp
+

�@ikW��%$pk¹í�â��o÷±ã±ä�æ��

n∑

j=1

u . ∗ A(:, j)x ≤ u. ∗ b ikW��%$pk
åpù8ä8á

u . ∗ A(:, j) = [u(1)A(1, j), . . . , u(p)A(p, j)]T
á
u . ∗ b = [u(1)b(1), . . . , u(p)b(p)]T

�
�¼å�ä�ævâ�ã�æ��8ä�æoä�æºæ¤ä8á�ëûã"#pê�æo÷±ä�æoä8á��@ikW�� nMk�è_æoì.ÿÒí�ì'í�â��o÷±ã±ä�æ��

n∑

j=1

bu . ∗ A(:, j)cx ≤ u. ∗ b ikW�� nMk
åpù8ä8á�� bwc ú�á'�8ú�áØë�áØù�è_æºåºæoúûúûá�ä8åpù8ä�æoìºá�ùMè�å�ä8á w ��æoú�æ¤åºìºá�ù8åpú,ã±ùMè�á�ã±úûå,�8ú(0B=Zã±ìºå��
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y åpúK��ìI�ZikW�� Ù ksè_æoì.ÿÒí�ìUígâ���÷±ã±ä�æ��}ä�æoä8å%é�ê8á:å%÷�æoä8å,ä8ã¸ú�áØã¸è�å,ä�æ1ä8á�ëûã"#pê�æo÷±ä�æoä8áÚikW�� npkQúûá��8úûá�ëûá�ùMè_æ
ê8ì'âoæo÷±åpú1ä8ã±ë(��úûáØè�å��

n∑

j=1

bu . ∗ A(:, j)cx ≤ bu. ∗ bc ikW�� Ù k

4 ëûá�éED�7�ù���ã�æüæ¤ëûá�#pê8ã±ú,ìºåpë�è�ú�æ¤ê8ì á =Zá�ì��8÷±å�ä8å���åpú�è�á � :Mâ���è_æo÷z�¡Ú�åpìºåoú�=��
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Ó�Ò	Ê��VÄÐÁ;Ì�ÇÉÂ�:�ÏÐÂ�Î�Ò	Á�Æ�Ê�Â

0.6x1 + 0.8x2 ≤ 3.6

4x1 − x2 ≤ 11

−x1 ≤ 1

−x2 ≤ 1

�Gã¸â�ã±ä8ã±ù8ä8å�æoë¹ã±ù8á�é�ê�æoý�þ�á�ë��Òåpú�ê8ì ä8åpë<��å�á'����ã±á�ùMè�á�ë1é�ê8á�æoë���åpì��Òþ�á�ìI��ä8á�ëûä8á<é�ê8áGä8ã¸çÌá�úûá�ùMè�á
ä8á�ê8ìI�Zè�á�úûá�ìºåpë	z

x1 + b
0.8x2
0.6
c ≤ 3.6

0.6

b0.6x1
0.8
c+ x2 ≤

3.6

0.8

x1 + b
−x2
4
c ≤ 11

4

4Gúûúûá�ä8åpù8ä�æoù8ä8åºåpë,âoæo÷±åpúûá�ë,ä8å�÷�æoä8å�á�ëûé�ê8á�úûä8åüä�æoë%ã±ù8á�é�ê�æoý�þ�á�ë%è�á�úûá�ìºåpë	z

x1 + x2 ≤ b
3.6

0.6
c

x2 ≤ b
3.6

0.8
c

x1 − x2 ≤ b
11

4
c

y åpú+��ì æoúûúûá�ä8åpù8ä�æoù8ä8åºå�â�æo÷±åpú,ä8åº÷�æoä8å¤ä8ã±úûá�ã¸è�å�ä�æoë%ã±ù8á�é�ê�æoý�þ�á�ë%è�á�úûá�ìºåpë+��åpú�è�á�ëÚä8á'��ù8ã±ä8åpë
�Òåpú � :Mâ���è_æo÷z�¡Ú�åpìºåoú�=��

x1 + x2 ≤ 6

x2 ≤ 4

x1 − x2 ≤ 2

4���#pê8ú�æOW�� nºá =Zã±ÿÒá�æºúûá�#pãF-oå�ç©æ��Øè. ¸âpá�÷@ä8åO�8úûåpÿ8÷±á�ìüæ¤åpúûã"#pã±ù�æo÷
Ω
�Òæ��væoë(�væO��åpùMâpá =8æ

conv(x)
�
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å ÿ�Æ Õ�ÇÉÒ
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P1

ä8á'��ù8ã±ä8å��Òåpú,á�ë�è�á�ë>��åpú�è�á�ë��

¬p­ ®M¯l°¸r6upy  p|!�!�v���>�_�:�8���¸�<�o�����v���M�Ú�2�o�qï������%Âcð1�v���v��ñl�

Ú �.Ç (�Ê �!) Ê ���� ù  Ð%ª© -  ù  & ÈØ) ú
Ì  �) ùIÊ È Í  $ Û ) ú É1� ú È Ê Ð» ÌMù É
Î  �� - ÉÇòó% & Û Î

�Úìüæ¦âpá�ø»é�ê8á
åªìºíØè�å�ä8å u ï{ð v�õ î�ð©ò�öoï+�Òá�úûìºã¸è�á�æ6ëûåp÷±ê8ýB-oåªä8á@�8úûåpÿ8÷±á�ìüæoë.÷±ã±ù8ávæoúûá�ë��:å���åpù���á�ã¸è�å
ä8åpëC��åpú�è�á�ëGä8á�úûã¸âoæoä8åpë>#pá�åpìºáØè�úûã"�væoìºá�ùMè_á�ç©æ���ã±÷±ì�á�ùMè�á��så�ä8á�ëûá�úGã±ì��8÷±á�ìºá�ùMè_æoä8å���æoú�æ���úûã�æoú%ê8ìüæ
âoæoúûã�æoýB-�å�ä8å�ìºíØè�å�ä8å��væ���æoø�ä8á�ëûåp÷±ê���ã±åpù�æoú��8úûåpÿ8÷±á�ìüæoë1÷±ã±ù8ávæoúûá�ë,ä8ã±ë(��úûáØè�åpë��

�¼å�ä�ævâ�ã�æ��Mær��úûã�æoýB-oå<ä8á,ê8ìBæo÷"#påpúûã¸è�ì�åGÿ�æoëûávæoä8å�á�ì u ï{ð v�õ}¥ ð©ò�ñ+��æoú�æ�æ�ëûåp÷±ê8ý�-oå�ä8á*�8úûåpÿ8÷¸á�ìüæoë
P y ù�-oå���åpù8ë�è�ã¸è�ê8ã¹ê8ì ævâoæoù8ý�å��9P�ë�è�åªåE��åpúûúûáG�Òåpúûé�ê8á»åpë.ìºíØè�å�ä8åpë>�(�¦á =Zã±ë�è�á�ù�è�á�ë¤ÿ�æoëûávæoä8åpë¤á�ì
Simplex

åpê s%î�á�Õ�î õ Ø'á�Õ>ñØó�ðKî�ó�ñ õ è�á�ú.-oåeä8á�ëûá�ì��Òá�ù�:8å�ì.ê8ã¸è�å«ëûê��Òá�úûã±åpúüá�ì çÌê8ù8ýB-oåeä8å«è�á�ì��Òå
#Mæoë�è�å���æoú�æ¤á�ù���åpù�è�ú�æoú%æ�ëûåp÷±ê8ýB-oå�ä8åpë*�8úûåpÿ8÷±á�ìºæoë,úûá�÷�æ)=8æoä8åpë��
{ �9��æoú�æ�æ ëûåp÷±ê8ýB-oå�ä8á��8úûåpÿ8÷±á�ìüæoë q P y ��åpì çÌê8ù8ýB-oå���åpÿ���áØè�ã¸âpå ÷±ã±ù8ávæoú¤ábúûá�ë�è�úûã±ý�þ�á�ëºé�ê�æoëûãz�

��åpùMâMá =8æ�ëB�gê8ìDæo÷"#påpúûã¸è�ì�å
ÿ�æoëûávæoä8å¦á�ì u ï{ð v�õ}¥ ð©ò�ñ���æoëûë�æ6æ»è�á�ú�âoæo÷±åpú����(�
é�ê8áüá =Zã±ë�è�á�ì��Òåpê���åpë
ìºíØè�å�ä8åpë<�væ���æoø�á�ë1ä8á6#Mæoú�æoù�è�ã±ú�æ/��åpùMâpá�ú(#�7�ù���ã�æ/#p÷±åpÿ�æo÷sä8á�ë�è�á�ë+�8úûåpÿ8÷±á�ìüæoë�i<;«á�ë�è�á�úû÷±ê8ù8ä�¡ y¼£ úûù
$;¿®¿Y$pk �8á�ë(�sá���ã�æo÷±ìºá�ùMè�á���åpì ÿ�æoëûá�á�ì�:8ã"�Òá�ú(�8÷�æoù8åpë1ä8á���åpú�è�á��
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� åpìºå��8úûã±ìºá�ã±úûå6�ÒåpùMè�å�æ�ëûá�ú���åpù8ëûã±ä8á�ú�æoä8å���ê8ìüæGâMá�øÚé�ê8á,è_æoùMè_å�åpë&��åpú�è�á�ë3ä8á�úûã¸âoæoä8åpëQ#pá�åpìºá �

è�úûã"�væoìºá�ùMè�á���é�ê�æoùMè�å#åpë���åpú�è�á�ë � :Mâ���è_æo÷z�¡Ú�åpìºåoú�=.ÿ�æoëûá�ã�æoì,��ëûá%ù�æ�á =Zã±ë�è.7�ù���ã�æ�ä8áÚá�é�ê�æoý�þ�á�ë1÷¸ã±ù8ávæ)�
úûá�ë���ê8ì}��åpù���ê8ùMè�å�ä8á�ë�è_æoë%á�é�ê�æoý�þ�á�ëÚä8áØâpá�ëûá�ú%êZè�ã±÷±ã¸øvæoä8å/��æoú�æ¤æ¤ä8áØè�á�úûìºã¸ù�æoýB-oå¤ä8å��såp÷±ã¸è�å��Òå.ã±ù8ãz�
��ã�æo÷y� � ê�æo÷±é�ê8á�ú��Òåp÷±ã¸è�å��så#é�ê8áC��åpù�è�á�ù�:�æ.æ#úûá�#pãF-oå#ç©æ��Øè. ¸âpá�÷sù�-oå.÷±ã±ù8ávæoú&�så�ä8áGëûá�ú¹êZè_ã¸÷±ã±øvæoä8å�� y æoú�æ
�8úûåpÿ8÷±á�ìüæoë�á�ì é�ê8ábæ6ä8áØè�á�úûìºã±ù�æoýB-oå6ä8á�ë�è�á��såp÷±ã¸è�å��Òå¦ëûá	�ûæ���åpì��8÷±á =8æ��:å�:8ã"�Òá�ú(��æoú�æo÷±á�÷±á��� ��Òá�ä8å
ä8á'��ù8ã±ä8å��Òá�÷±åpë%ã¸ù�è�á�ú�â�æo÷±åpë,ä8á�âoæ�ú�ã±æoýB-oå�ä�æoë,â�æoúûãF�}âpá�ã±ë+��åpù8ë�è�ã¸è�ê8ã`ê8ìüæ¤å��ÒýB-oå��

� ì ëûá�éED�7�ù���ã�æ��%æ��|0pëºëûåp÷±ê���ã±åpù�æoä8å�å1�8úûåpÿ8÷±á�ìüæ úûá�÷�æ)=8æoä8å��¹á�ì�â�ã±ú�è�ê8ä8ábä�æ�á =Zã±ë�è.7�ù���ã�æ�ä8á
úûá�ë�è�úûã±ý�þ�á�ë.ù�-oåª÷±ã±ù8ávæoúûá�ë�íG�8ú�å}â��}âpá�÷1é�ê8á
æ6ëûåp÷±ê8ýB-oå?0oè�ã±ìüæbä8å��8úûåpÿ8÷±á�ìüæbúûá�÷�æ)=8æoä8å

x∗
ù�-oåªëûá

á�ù���åpùMè�úûá¹ù�æÚá =�è�úûá�ìºã±ä�æoä8á�ä8åC�Òåp÷±ã¸è�å��Òå%ã±ù8ã"��ã�æo÷k� q á�ë�è�á��væoëûå��oä8áØâpá ��ëûá1êZè�ã±÷±ã¸øvæoúXá =���÷±ê8ëûã¸âoæoìºá�ùMè�á�åpë
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min f(x)
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s.a. x ∈ Ω

Ω , {x(1 : z) ∈ Iz+ e x(z + 1 : z + d) ∈ Rd | gi(x) ≤ 0 ∀ i = 1, . . . , p}
åpù8ä8á��

z + d = n, f(·) : Rn 7−→ R
á
g(·) : Rn 7−→ Rp
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«�¬W­8®
¬ �S¯���  ®
°|±�²t³ ¯��|´ ¬W­/¬WµG® ¯·¶:¯¸¯ ®
¬W² ´/¹�¯+�:¯·´
¯t¯ ² ÿ ®
¬Wµ|º - ² ¶ ¬�»H³L®
² ¶ ²�­ �:¯·´
¯�¯ ­/²�±�°|º - ² ¶ ¬ �|´ ² ÿ ±�¬ �
» ¯ ­w« P2¼ ¬>½ P « ¼�¯ ® ´
¯S¾ ³W­ ¶ ² �|´ ² � ¬W­/­/² ¶ ¬¿¬WµA°|»H¬ ´
¯ º - ² �N¹ » � ±  ��W¹ ® ¯ ²�°©¬ =�� ±  "�W¹ ® ¯���¶ ² � ²�µ � °|µG®
²
¶ ¬ � ²�µG®
²�­ ¶|¹ ­ �W´ ¬L®
²�­À²�°Á» ¹ ­8®
²�­ ¶|¹ ­ �W´ ¬L®
²�­À¬ � ²�µG®   µA°|²�­À¬ =N¹ ­8®
¬WµG®
¬W­Âµ ¯�´ ¬ #�¹F- ² ¶ ¬ ¹ µG®
¬ ´ ¬W­/­/¬ ¶ ¬
ÿ °|­ �S¯��

«�¬W­8®
¬ �S¯���  ®
°|±�² �6¹ µ ¹"�W¹�¯ ±'»Ã¬WµG®
¬À³ ¶ ¬ � µ ¹�¶ ²©°|»Ä»H³L®
² ¶ ² ÿ:¯ ­/¬ ¯Å¶ ²Æ¬W»Ç¬WµA°|»H¬ ´
¯ º - ²©¬ =�� ±  "�W¹ ® ¯
�:¯·´
¯À¯ ­/²�±�°|º - ² ¶ ¬ �|´ ² ÿ ±�¬W» ¯ ­�« P2¼2� «�² ¶ ¬ � ² ´/´ ¬ ´�¶ ² �S¯���  ®
°|±�² � ³ ¯��|´ ¬W­/¬WµG® ¯·¶:¯ °|» ¯>¹ µA® ´ ² ¶ °|º - ²
¯ ²Æ»H³L®
² ¶ ² KtÈ/É�á¤\%Ê�Ë8É�á6Ì·ËPK¸Í H á6Ì·Î�Ï ¬W»¡ÐW²�»H² ¯©Ï °|­/Ð ¯ÒÑ|´ ² Ñ ²�­8® ¯ÆÑ ² ´ ¬W­8®
¬H»H³L®
² ¶ ²Æ³ ¯·Ñ ± ¹ Ð ¯·¶:¯
Ñ:¯·´
¯Ò¯Ò¹ » Ñ ±�¬W»H¬WµG® ¯ ºSÓ·² ¶ ¬H°|» ¯ µ|² ¾·¯©¾·¯·´/¹�¯ ºSÓ·² ¶ ¬H°|»¦»H³L®
² ¶ ² Ï:¯ ­/¬ ¯·¶ ²�¬W»ÕÔ�ÖJ× Ø:ÙQÚÅ× ÌAÛ ÐW²�»
¬WµA°|»H¬ ´
¯ ºSÓ·² Ñ:¯·´
¯Ü¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­Ý«�Þ ¼ ¬¸½ÒÞ2« ¼�ß�à »á»Ã³L®
² ¶ ² KtÈ/É�á¤\%Ê�Ë8É�áZÌ·Ëvâ H Õ ® ¯ »äã
Ï ³W»¦³ ¶ ¬Lå:µ ¹�¶ ²�¬H°N® ¹ ± ¹�æS¯·¶ ² Ñ:¯·´
¯ Ð ´/¹�¯·´>¶ ° ¯ ­ ¾·¯·´/¹�¯ ºWçA¬W­ ¶ ¬H»H³L®
² ¶ ²�­ Ï:¯ ­/¬ ¯·¶ ²�­Ü¬W»èÔ�ÖJ× Ø:ÙQÚÅ× ÌAÛ
Ñ:¯·´
¯éÑ|´ ² Ï ±�¬W» ¯ ­;«�Þ ¼ ¬ê½ÒÞ2« ¼�ß�ë ­8®
¬W­3ìA° ¯ ® ´ ² ¯ ±�í�² ´/¹ ®
»Ã²�­ Î!î °|µA® ¯ »H¬WµG®
¬ÒÐW²�»ï°|» ¯ð¾·¯·´/¹�¯ ºSÓ·²
¶ ²Æ»H³L®
² ¶ ²�Ô�ÖJ× Ø:Ù Í × ÌGÉ Ö Ñ:¯·´
¯Æ¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­ñÐW²�» ¹ í�° ¯ ± ¶:¯·¶ ¬W­ñ± ¹ µ|¬ ¯·´ ¬W­ Î ÐW²�µ|ÐW±�°|¬W» ¯
ÐW²�µG® ´/¹�Ï ° ¹ ºSÓ·² ¶ ¬W­8® ¯Hò ¬W­/¬ Ñ:¯·´
¯H¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­ó»H²�µ|²Åã�² ÏNî ¬L® ¹5¾ ²Ã½ÒÞ2« ¼ ¬Ü«�Þ ¼�ß

½ ¯·¹ ² ´ ¬W­ ¶ ¬L® ¯ ±�ô|¬W­!­/² Ï|´ ¬Ý²�­?®
¬W» ¯ ­�® ´
¯ ® ¯·¶ ²�­?µ ¯ ­!­/¬WºWç�¬W­ ¯·Ñ|´ ¬W­/¬WµA® ¯·¶:¯ ­�µ|¬W­8®
¬ÝÐ ¯·Ñ|õ ®
°|±�² Ñ ² ¶ ¬W»
­/¬ ´ ÐW²�µ|­/¬Wí�° ¹�¶ ²�­wµ ¯ ­ ´ ¬Lö	¬ ´/÷ µ|Ð ¹�¯ ­Üø�ù ¯ µ ¶Æúüû ² ¹ í©ýQþ�ÿ�� Î ù ¹ ®/®
±�¬ Î ½Ò° ´ ® =·Î���� ¬W¬Wµ|¬ =Òú��>¯·´ ¬ÂýQþ�ÿ�� Î
	 ¯ ± ¯ ­�ýQþ�ÿ�
 Î�ûñ¯
�A¹ µ3ýQþ�ÿ�
 Î
��´ ² �t¶ ¬ ´WÎ�� ²�ô|µ|­/²�µ ú ¼�¯·¶|Ï ¬ ´ íÂýQþ���� Î
�N¯ ± �A¹ µ ú ½ ¯ ®
ôA° ´ µ ß ¶�ß'Î��N¯S¾ ¬W±�­2ã
Ï ¬ ´ í�ô ú «�¬W»Hô ¯ °|­/¬ ´ ýQþ�þ�� Î�� ±�²�° ¶:¯ ­�µ ß ¶�ß'Î�� ° Î «�¬W»Hô ¯ °|­/¬ ´Ýú��N¯S¾ ¬W±'­ Ï ¬ ´ í�ôÆýQþ�þ�
 Î ù ¹ µ ¶ ¬ ´ ²·®
ô ú
�N¯S¾ ¬W±�­ Ï ¬ ´ í�ô;ýQþ�þ�� ÎI; ²�±�­/¬ = µ ß ¶�ß'Î
� ² ´/¶|¹ ¬ ´WÎ ½ ¯·´ Ðvô ¯ µ ¶�Î ù ¯ °|µ ¶í=Üú ; ²�±�­/¬ = ýQþ�þ�þ ÎQ¼�¯·¶|Ï ¬ ´ í�������
��
¬Hµ|²Ò® ´
¯·Ï:¯ ±�ô|² øi½Ò²�° ´
¯NÎ�� » ¹ ®
ô ú ò�¯
��¯ ô ¯ ­/ô ¹ ��������� ¯·Ñ|´ ¬W­/¬WµA® ¯·¶ ² µ ¯ ÐL²�µNö	¬ ´/÷ µ|Ð ¹�¯ ½ÒÞ ¼ �
�����

ý����
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8=.�# : ),#�6�34/����$#�/2*A),#B���$#µ|² � ¬WµA® ´ ¬ ¶ ¬DCt¬WÐvô|¬ ´ Ð%ô|¬W­¿½ ¯ ®
ô|³W» ¯ ® ¹ ìA°|¬W­ ¶:¯Hà µ ¹'¾ ¬ ´ ­ ¹ ®
³ ¶ ¬À½Ò²�µG® ´ ³ ¯ ± ß

E?FHG4E IKJ�LNM4J ���&OQPROØ%ª©(STO1PROVUXW�Y[Z]\_^1Y<`=abWdc2Ofe gihkj=eml L�JDn(o O
gApbq=r5s4c M S J ò

MEEE

t Ñ|´ ² Ï ±�¬W» ¯ øu� ß ý���­/¬ ´wvÃ¯ ìA° ¹ ® ´
¯ ® ¯·¶ ²ä¬¿³ ´ ¬ Ñ|´ ¬W­/¬WµG® ¯·¶ ² ¯·Ï:¯·¹yx ² Ñ:¯·´
¯Ã¯ ÐW²�»H² ¶|¹�¶:¯·¶ ¬ ¶ ²ä±�¬ ¹ ®
² ´4z

min f(x)
ø2ý�� ß ý��

s.a. x ∈ Ω

Ω , {x(1 : z) ∈ Iz+ e x(z + 1 : z + d) ∈ Rd | gi(x) ≤ 0 ∀ i = 1, . . . , p}
²�µ ¶ ¬ Î

z + d = n, f(·) : Rn 7−→ R
¬
g(·) : Rn 7−→ Rp

ß

{ ö	² ´ » ¯ » ¯·¹ ­ñ­ ¹ » Ñ ±�¬L­ ¶ ¬ä­/¬ÃÐ ´/¹�¯·´ °|» ¯;¾·¯·´/¹�¯ ºSÓ·² ¶ ²Æ»H³L®
² ¶ ² Ô�Ö-× ØZÙ Í × ÌGÉ ÖÝÐ ¯·Ñ:¯·æä¶ ¬Ã­/²�±�°�ã
Ð ¹ ²�µ ¯·´�Ñ|´ ² Ï ±�¬W» ¯ ­ ¶|¹ ­/Ð ´ ¬L®
²�­wÐW²�»H²Â²�­ ¶ ¬Lå:µ ¹�¶ ²�­ Ñ ² ´ ø2ý�� ß ý�� Ñ:¯Å´%¯

z = n
Î:¯ ® ´
¯S¾ ³W­ ¶:¯ °N® ¹ ± ¹'æS¯ ºSÓ·²

¶ ² Ñ|´ ²AÐW¬ ¶|¹ »H¬WµG®
² ¶ ¬Â¬WµA°|»H¬ ´
¯ ºSÓ·² Î ³À¬WµA°|»H¬ ´
¯·´ ¬ xNÑ ± ¹ Ð ¹ ® ¯ »Ã¬WµA®
¬>²3ÐL²�µ î °|µA®
² ¶:¯ ­ ¾Å¯·´/¹*vS¾ ¬ ¹ ­ ¹ µ�ã
®
¬ ¹�´
¯ ­ ¶ ¬t°|» Ñ|´ ² Ï ±�¬W» ¯NÎ ÐW²�µNö	² ´ »Ã¬ î|v>¯·Ñ|´ ¬W­/¬WµG® ¯·¶ ²Àµ ¯ å:í�° ´
¯ � ß � ß�ò�¯ ±:ÐW²�»H² ¶ ¬W­/Ð ´/¹ ®
²>µ ¯ ­/¬WºSÓ·²
� ß � ÎÝ¶ ° ´
¯ µG®
¬Æ² Ñ|´ ²AÐW¬W­/­/² ¶ ¬©ÐW²�µ ¾ ¬ ´ í ÷ µ|Ð ¹�¯ð¶ ¬©°|» ¯ ±�í�² ´/¹ ®
»Ã²éÔ�ÖJ× Ø:Ù Í × ÌGÉ Ötµ ¯ ­/²�±�°|ºSÓ·² ¶ ¬©°|»
Ñ|´ ² Ï ±�¬W» ¯ñ¶|¹ ­/Ð ´ ¬L®
² Î ²�°H» ¹ ­8®
² ¶|¹ ­
Ð ´ ¬v®%²>¬tÐW²�µG® õ µA°|² ÎG¶ ¬ ¾ ¬vã�­/¬�í ¯·´
¯ µA® ¹�´$¯ ¬ xN¹ ­8® ÷ µ|Ð ¹�¯>¶ ¬ ¯ ²>»Ã¬Wµ|²�­
°|» Ñ ²�µA®
² {x | x(1 : z) ∈ Iz} ¶ ¬WµG® ´ ² ¶:¯ »H¬L® ¯·¶ ¬ ¶ ² ¬W± ¹�Ñ ­|} ¹'¶ ¬ÃìA°|¬3­/¬ Ñ|´ ¬L®
¬Wµ ¶ ¬ Ñ|´ ¬W­/¬ ´8¾·¯·´WÎ¯ µG®
¬W­ ¶:¯ í�¬ ´
¯ ºSÓ·² ¶ ²H¬W± ¹�Ñ ­|} ¹�¶ ¬ ¶:¯ä¹ ®
¬ ´
¯ ºSÓ·²Ã­/¬Wí�° ¹ µA®
¬ ß

à » ¯�¾ ¬ æ í ¯·´
¯ µG® ¹�¶:¯ ¯ ¬ xN¹ ­8® ÷ µ|Ð ¹�¯ ¶ ¬©°|» ¯ ­/²�±�°|ºSÓ·² ¶ ¬WµG® ´ ² ¶:¯ »H¬L® ¯·¶ ¬ ¶ ²ê¬W± ¹�Ñ ­|} ¹�¶ ¬;ìA°|¬
­/¬ ´wv>Ñ|´ ¬W­/¬ ´8¾·¯·¶:¯NÎ ² Ñ|´ ²AÐW¬ ¶|¹ »H¬WµA®
² Ñ:¯·´
¯Ü¯ ² Ï ®
¬Wµ|ºSÓ·² ¶ ²Üµ|² ¾ ²ÜÐW¬WµG® ´ ²Ü¬ ¶ ²>µ|² ¾ ²Ü¬W± ¹�Ñ ­|} ¹�¶ ¬ó­/¬Wí�°|¬
¬ x|¯ ® ¯ »H¬WµG®
¬3²�­À»H¬W­/»H²�­ Ñ:¯ ­/­/²�­ ¶ ¬Lå:µ ¹�¶ ²�­ Ñ:¯·´
¯ ¬W­8®
¬W­ÂÐ v ±�ÐW°|±�²�­Àµ ¯Ò¾ ¬ ´ ­
Ó·² ¶ ² ¯ ±�í�² ´/¹ ®
»H²ÒìA°|¬
­/²�±�°|Ð ¹ ²�µ ¯ðÑ|´ ² Ï ±�¬W» ¯ ­ÃÐW²�» ¾Å¯·´/¹*vS¾ ¬ ¹ ­ Ñ ° ´
¯ »H¬WµA®
¬ÒÐW²�µG® õ µ�° ¯ ­ Î�¾�¹�¶ ¬ ø~� ß ý�ý�� Ñ!v í ¹ µ ¯ ��� ß ûñ¯·¶ ²
ìA°|¬Â²3¬W± ¹�Ñ ­|} ¹�¶ ¬ ¶ ¬Lå:µ|¬ä°|» ¾ ²�±�°|»H¬ÀÐW²�» Ñ:¯ ÐL®
² Î6Ñ ² ¶ ¬vã�­/¬ ¯ å ´ » ¯·´ ìA°|¬Â²3ÐW²�µ î °|µG®
² ¶ ¬À­/²�±�°|ºWç�¬W­
¹ µG®
¬ ¹�´
¯ ­ÃìA°|¬ Ñ ² ¶ ¬W»ï­/¬ ´ ¬Wµ|ÐW²·µA® ´
¯·¶:¯ ­;µ|²Á­/¬W° ¹ µG®
¬ ´/¹ ² ´WÎ ìA° ¯ µ ¶ ² ² Ñ|´ ² Ï ±�¬W» ¯ ¬W»ïìA°|¬W­8®%Ó·² ³
Ñ ° ´
¯ »H¬WµG®
¬ ¶|¹ ­/Ð ´ ¬L®
² Î ³Ò°|»ïÐW²�µ î °|µG®
²éå:µ ¹ ®
² ß ¼ ² ´ ÐW²�µ|­/¬Wì�� ÷ µ|Ð ¹�¯�Ît¯éÏ °|­/Ð ¯Á¶ ¬Ò°|» ¯ ­/²�±�°|ºSÓ·²
¹ µG®
¬ ¹�´
¯ µ ¯ »H¬L® ¯·¶ ¬ ¶ ²Ò¬W± ¹�Ñ ­|} ¹�¶ ¬ÂìA°|¬H­/¬ ¶ ¬W­/¬ î/¯ÒÑ|´ ¬W­/¬ ´8¾·¯·´ ® ¯ » Ï ³W»¡­/¬ ´wv °|» Ñ|´ ²�ÐW¬W­/­/²Òå:µ ¹ ®
² Î
­/¬Wµ ¶ ² ® ¯ » Ï ³W»ïå:µ ¹ ® ¯ ¯ ÐW²�µ ¾ ¬ ´ í ÷ µ|Ð ¹�¯ª¶ ² »H³L®
² ¶ ² ß Ct¬W­/­ ¯ ±'® ¯ ã�­/¬ ¯·¹ µ ¶:¯ ìA°|¬ ² Ñ|´ ²AÐW¬W­/­/² ¶ ¬
¶|¹'¾�¹ ­
Ó·² ¶ ²Â¬W± ¹�Ñ ­|} ¹�¶ ¬ Ñ ¬ ´ » ¹ ®
¬ ¯Â¯S¾·¯ ± ¹�¯ ºSÓ·² ¶ ¬ ¯·Ñ ¬Wµ ¯ ­ó°|» ­
° Ï ÐW²�µ î °|µG®
² ¶:¯ ­ Ñ ²�­/­ õ'¾ ¬ ¹ ­�­/²�±�°|ºWç�¬W­
¬HìA°|¬ ¯ ¬WµA°|»H¬ ´
¯ ºSÓ·²�­/¬Hö ¯·æ µ|¬WÐW¬W­/­ v·´/¹�¯ ¯·Ñ ¬Wµ ¯ ­ ¯ ®
³ÃìA°|¬;°|» Ñ ²�µG®
² {x | x(1 : z) ∈ Iz} ­/¬ î/¯¬Wµ|ÐW²�µG® ´
¯·¶ ² ß

{ ­/­ ¹ » ÎNÑ:¯·´
¯ ÐW¬ ´ ® ¯ ­wÐW± ¯ ­
­/¬W­ ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­ ÎN¯ ¬WµA°|»H¬ ´
¯ ºSÓ·²ä¬ xNÑ ± õ Ð ¹ ® ¯ ²AÐW² ´/´ ¬ ´wv ¬W» °|» ­/° Ï ã
ÐW²�µ î °|µG®
² ¶ ¬¿­/²�±�°|ºWç�¬W­t»H¬Wµ|² ´w¶ ²ÃìA°|¬>²ÃÐW²�µ î °|µG®
²Ã®
²·® ¯ ± ¶:¯ ­w­/²�±�°|ºWç�¬W­ ¹ µG®
¬ ¹�´
¯ ­�ö ¯ ÐL® õ'¾ ¬ ¹ ­ Ñ:¯·´
¯ ²
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Ñ|´ ² Ï ±�¬W» ¯Nßµ� ± ¯·´
¯ »H¬WµG®
¬t¬ xN¹ ­8®
¬W» Ñ|´ ² Ï ±�¬W» ¯ ­Ý²�µ ¶ ¬�­/¬ ´wv µ|¬WÐW¬W­/­ v·´/¹ ² ¯Q¾Å¯ ± ¹�¯·´ ®
² ¶ ²À²ÜÐW²�µ î °|µG®
² ¶ ¬
­/²�±�°|ºWç�¬W­ Î ÐW²�»H² Ñ ² ´ ¬ x ¬W» Ñ ±�²>ìA° ¯ µ ¶ ²Ü²¿ÐW²�µ î °|µA®
² ¶ ¬t­/²�±�°|ºWçA¬W­&ö	² ´ °|µ ¹ ® v·´/¹ ² ß�ò ² ¶:¯S¾�¹�¯NÎG¶ ¬ ¾ ¬vã�­/¬
ÐW²�µ|­ ¹�¶ ¬ ´
¯·´ ìA°|¬ Ñ:¯·´
¯H¯ ±�í�°|µ|­ Ñ|´ ² Ï ±�¬W» ¯ ­t°|» Ñ ²�µA®
² Ñ ² ¶ ¬ ´wv ­/¬ ´ ¬WµA°|»H¬ ´
¯·¶ ²;» ¯·¹ ­ ¶ ¬>°|» ¯ä¾ ¬ æ
¶ ° ´
¯ µG®
¬>² Ñ|´ ²AÐW¬W­/­/² ¶ ¬>ÐW²�µ ¾ ¬ ´ í ÷ µ|Ð ¹�¯�ß t ù?¬W» ¯ �Àö	² ´ » ¯ ± ¹'æS¯ ¬W­8®
¬ ´
¯ Ð ¹ ²�Ð õ µ ¹ ² ß
¶¸·$¹»º]¼ ËÃâ�Í�½!¾·ÛLÈ~¿�À5½"Á × É Û Ô ½!Â$Ã;ÛLÈ/É�Ä�ÅAÍbÆ × ½ ×�Ç É Ø É·È/ÉbÈwÉ©Ê â�Í�½ ÙL× ÌAÛLÈ%Û;Í Ø È
Í�Ë Ö Û5Ã;É�ÌAÛuÌµ½ × ÌAÍ
Ø ÍÅÈ]Í�Î�Ï�Ð�Î�Ñ Í�½6ÌAÛ

z = n Ò Â�Ã Û ÖJ× Ø:ÙQÚÅ× ÌAÛÓ½�ÅAÍ ÌAÛ�¿AÛ5½CÛLÈ
ÉGÌAÍ ÛðÌ�ÛÓ¾·Í Ö Â$Ã;ÛÔÌµ½ ×�Ç Í ÌAÛuÌµ½ × ÌAÍ Ø ÍÅÈ
E0 = {x ∈ Rn | (x − x0)

TQ−10 (x − x0) ≤ 1 | Ω ⊂ E0}
ÛbÂ$Ã Ù Â�Ë�Á%Í�½�ÕBÂ$½ Ç ÍêÌGÉ ÙÃÙ Í Ö Â-Ä�ÖQÛ Ù

× É�Á ÇuØ ¾·Û ×�Ù
X̂ , {E0 ∩ Ω} ÐÚÙTÃ¡É Ö ¿AÍÅÈ ×�Ç Ã;ÍRË%É Ù Û
ÉAÌAÍ1½CÍbÃHÛ Ç ÍSÌAÍ Ô�ÖJ× Ø:Ù Í × ÌGÉ Ö Ò Á%Í�Ã9ÁLÈ ×�Ç ÛLÈ × Í Ù ÌAÛ

Ø É·È/ÉGÌGÉ
vol (Ek+1) ' 0

Í�Â
vol(Ek+1) ' vol(Ek)

ÛÔÜ4Â:Û × Ã Ø6Ö Û5Ã;Û5½ Ç É3Í Ø È
Í�Á%Û Ù%Ù Í;ÌAÛÂÛ5½!Â$Ã;ÛLÈ/É·Ë
Ä�ÅAÍ©Û|Ý Ø6ÖÞØ Á ×�Ç É Ø É·È/Éß¿GÉ·È/É
½ Ç�× ÈÂÉÆÛ Ù Á%Í Ö Ê|É©ÌGÉHÃ;Û Ç ÉGÌAÛÂÌAÍÆÛ ÖJ× Ø:ÙQÚÅ× ÌAÛÀÉ Ù ÛLÈ Ø È
Û Ù ÛLÈ�¾ÅÉGÌAÍ Ò Á%Í�½!¾·ÛLÈ~¿ × È|àÛ5ÃáÂ$Ãâ½!ã$Ã;ÛLÈ
ÍäÌµ½ ×�Ç Í©ÌAÛ ×�Ç ÛLÈ/É�Ä�ÖQÛ Ù ÛäÉ
¾ÅÉ ÖJ× É·È|à1Â$Ãâ½!ã$Ã;ÛLÈ
Í3ÌAÛ Ø Í�½ Ç Í Ù Ì ×�Ù ÁLÈ
Û Ç Í ÙÜ× ¿
Â|É Ö Í�Â × ½:Ë
× ÛLÈ × ÍÅÈÜÉAÍ1½!ã$Ã;ÛLÈ
Í;ÌAÛäÛ Ö Û5Ã;Û5½ Ç Í Ù ÌAÍRÁ%Í�½�ÕBÂ$½ Ç Í;ÌAÛ Ù Í Ö Â-Ä�ÖQÛ Ù × É�Á ÇuØ ¾·Û ×�Ù>× ½ Ç Û × È/É Ù Ð

É�È
Í�¾ÅÉ�Ê
å�æÚç ÉGÌ�ÍÁÍ Ø È
Í�Ë Ö Û5ÃHÉ Ù ÛLÈ Ø Â�È/É
Ã;Û5½ Ç Û�Ì ×�Ù ÁLÈ
Û Ç Í Ç Û5Ã;Í Ù Ü4Â:Û

X̂
ÌAÛuÌµ½CÛ=Â$ÃQÁ%Í�½�ÕBÂ$½ Ç ÍèÁ%Í�ÃéÂ�Ã

½!ã$Ã;ÛLÈ
Í?Ìµ½ ×�Ç Í3ÌAÛ Ù Í Ö Â-Ä�ÖQÛ Ù Ð
åuå�æ ÉwÉ·È/É ÌAÛ5Ã;Í�½ Ù5Ç È/É·ÈÓÜ4Â:ÛéÉ É
¾ÅÉ ÖJ× É�Ä�ÅAÍªÌAÍè½!ã$Ã;ÛLÈ
Í ÌAÛ Ø Í�½ Ç Í Ù Ì ×�Ù ÁLÈ
Û Ç Í Ù ÛÔÌµ½ ×�Ç É Ò Ù Â Ø Í�½NÊ|ÉØ ÍÅÈ¿É�Ë Ù Â�È/ÌAÍkÜ4Â:ÛÜÉHÁ%Í�½!¾·ÛLÈ�¿�À5½"Á × ÉäÌAÛ7Â$Ã�É Ö ¿AÍÅÈ ×�Ç Ã;ÍkË%É Ù Û
ÉGÌAÍf½CÍÔÃHÛ Ç ÍQÌAÍ Ô�ÖJ× Ø:Ù Í × ÌGÉ Ö Û5½!Â�Ë

Ã;ÛLÈ
Û°Â$Ãé½!ã$Ã;ÛLÈ
Í × ½�Ìµ½ ×�Ç Í ÌAÛ Ø Í�½ Ç Í Ù Ì
Â�È/É
½ Ç ÛðÍ Ù Û5Â Ø È
Í�Á%Û Ù%Ù ÍÁÌAÛ§Á%Í�½!¾·ÛLÈ~¿�À5½"Á × É Ø É·È/É
Â$Ã Ø È
Í�Ë Ö Û5ÃHÉbÈwÉ©ÐµÈ Ù5Ç Í�ÌGÉ·ÈLË Ù ÛLË × É Ø Í·ÈHÌAÍ ×�Ù Ã;Í Ç�× ¾·Í Ù Ðèê Ø È × Ã;Û × È
Í Í�Á%ÍÅÈvÈ
ÛLÈ × É§Á
É Ù ÍêÍ É Ö Ë
¿AÍÅÈ ×�Ç Ã;Í©É
¾ÅÉ ÖJ× É Ù%Ù ÛäÛ5ÃëÜ4Â:ÛHÛ5ÃëÜ4Â|É Ö Ü4Â:ÛLÈ ×�Ç ÛLÈ
É�Ä�ÅAÍ©Ì
Â�È/É
½ Ç ÛÃÍ Ø È
Í�Á%Û Ù%Ù Í3ÌAÛkÁ%Í
½�¾·ÛLÈ�¿�À5½"Á × É
× Í Ù%Ù Û©É
¾ÅÉ ÖJ× ÉGÌAÍ°Â$ÃéÁ%Í�½�ÕBÂ$½ Ç Í × ½�Ìµ½ ×�Ç ÍêÌAÛ Ø Í�½ Ç Í Ù Ì ×�Ù ÁLÈ
Û Ç Í Ù Ò ÍÚÜ4Â:Û=Á%Í�½ Ç È
ÉGÌ ×�ì Í ×�Ç Û5Ã i

Ð
ê Ù Û�¿
Â$½6ÌAÍªÍ�ÁvÍÅÈvÈ
ÛLÈ × ÉíÁ
É Ù Í ÍªÉ Ö ¿AÍÅÈ ×�Ç Ã;Í É
¾ÅÉ ÖJ× É Ù%Ù Û°Â$Ãî½!ã�Ã3ÛLÈ
Í1Ìµ½ ×�Ç ÍªÌAÛ Ø Í�½ Ç Í Ù Ì ×�Ù Ë
ÁLÈ
Û Ç Í Ù©× ½�Ìµ½ ×�Ç É Ù ¾·Û ì Û Ù Ð ÔÝÙ5Ç É Ê × Ø:Ú�Ç Û Ù Û�Í�Á%ÍÅÈvÈ
ÛLÈ × É»Á
É Ù ÍéÉèÁ%Í�½!¾·ÛLÈ~¿�À5½"Á × ÉéÍ�Á%ÍÅÈvÈ
Û Ù%Ù Ûb½!Â$Ã
½!ã$Ã;ÛLÈ
Í × ½�Ìµ½ ×�Ç Í3ÌAÛ ×�Ç ÛLÈ/É�Ä�ÖQÛ Ù Ò ÍRÜ4Â:ÛkÁ%Í�½ Ç È/ÉGÌ ×�ì Í Ù ÁLÈ ×�Ç ÛLÈ × Í Ù ÌAÛ Ø É·È
ÉGÌGÉ vol (Ek+1) ' 0Í�Â

vol(Ek+1) ' vol(Ek)
Ð¢ï!Íw¿AÍ Ò Ø ÍÅÈÃÈ
Û
Ì
Â!Á Ç�× Í ÉGÌðÉ�Ë Ù Â�È/Ì
Â$Ã ÉÚÁ%Í�½!¾·ÛLÈ~¿�À5½"Á × ÉêÍ�Á%ÍÅÈvÈ
ÛLÈ|à

Á%Í�Ã ÉÆÛ5½!Â$Ã;ÛLÈ/É�Ä�ÅAÍHÌAÛDÂ$Ãá½!ã$Ã;ÛLÈ
Í?Ìµ½ ×�Ç Í;ÌAÛ Ø Í�½ Ç Í Ù Ì ×�Ù ÁLÈ
Û Ç Í Ù Ð
åuåuå~æ ÉwÉ·È/É3ÌAÛ5Ã;Í�½ Ù5Ç È/É·È&Ü4Â:ÛÂÉ3É
¾ÅÉ ÖJ× É�Ä�ÅAÍHÌAÍk½!ã$Ã;ÛLÈ
Í;ÌAÛ Ø Í�½ Ç Í Ù Ì ×�Ù ÁLÈ
Û Ç Í Ù�Ø ÍQÌAÛ Ù ÛLÈ × ½ × ÛLÈ × ÍÅÈÜÉAÍ

½!ã$Ã;ÛLÈ
ÍÒÌAÛ Ø Í�½ Ç Í Ù ÌAÍ¢Á%Í�½�ÕBÂ$½ Ç ÍÒÌAÛ Ù Í Ö Â-Ä�ÖQÛ Ù
X̂ Ò Á%Í�½ ÙL× ÌAÛLÈ
ÛHÍ¢Á%Í�½�ÕBÂ$½ Ç Í Ù ÌAÍ Ù¸Ø Í�½ Ç Í Ù Õ5àÛ5½!Â$Ã;ÛLÈ/ÉGÌAÍ Ù É Ç ÛÆÉ ×�Ç ÛLÈ/É�Ä�ÅAÍ

k
ÌAÛ5½CÍ�Ã × ½6ÉGÌAÍ

X̂k Ò Ç É Ö Ü4Â:Û X̂k ⊆ X̂
Ð â�Í�½ ÙL× ÌAÛLÈ/É
½6ÌAÍÅË Ù Û

Ü4Â:Û Ç ÍSÌAÍ Ø Í�½ Ç Í
xk

Á%ÍÅÈvÈ
Û Ù�Ø Í�½6ÌAÛLÈwà;ÉAÍÔïñð�â Í�Ë Ç�× ÌAÍ Ø ÍÅÈÀÛ5½!Â$Ã;ÛLÈ/É�Ä�ÅAÍ Ò Í ÙwØ Í�½ Ç Í Ù ÌAÍ Ù Â�ËWËÁ%Í�½�ÕBÂ$½ Ç Í
% = {x ∈ (H

∇̄f(xk−1),xk−1

− ∩ X̂) | x 6= xk−1}
½�ÅAÍ × ÍÅÈ/É
Ã Û5½!Â$Ã;ÛLÈ/ÉGÌAÍ Ù ½6É

×�Ç ÛLÈ/É�Ä�ÅAÍ
k − 1

ÐDò Ù%ÙL× Ã Ò Ì
Â�È/É
½ Ç ÛÃÉ¢Á%Í�½!¾·ÛLÈ�¿�À5½�Á × ÉÆÌAÍÆÉ Ö ¿AÍÅÈ ×�Ç Ã;Í Ò Á
É Ù ÍÆÛ|Ý ×�Ù5Ç É�Í Ù Â�Ë�Á%Í�½:ËÕBÂ$½ Ç Í
ν = {x ∈ % | x 6∈ ((H

∇̄f(xk),xk
− ∩ X̂) ∪ X̂k−1) | x 6∈ Ek+1}

Ø É·È/É©É Ö ¿
Â$ÃHÉ ×�Ç ÛLÈ/É�Ä�ÅAÍ
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k Ò Í Ù¸Ø Í�½ Ç Í Ù ÌAÍ°Á%Í�½�ÕBÂ$½ Ç Í ν ½�ÅAÍ Ù ÛLÈ|ÅAÍÆÉ
¾ÅÉ ÖJ× ÉGÌAÍ Ù ½6É ×�Ç ÛLÈ/É�Ä�ÅAÍ k Ò ½�ÅAÍ Ç ÛLÈ|ÅAÍ ÙL× ÌAÍÆÉ
¾ÅÉ·ËÖJ× ÉGÌAÍ Ù�Ø ÍÅÈkÜ4Â|É Ö Ü4Â:ÛLÈHÍ�Â Ç È/É ×�Ç ÛLÈ/É�Ä�ÅAÍÆÉ
½ Ç ÛLÈ × ÍÅÈäÉ

k
Ûß½�ÅAÍ Ù ÛLÈ|ÅAÍÒÉ
¾ÅÉ ÖJ× ÉGÌAÍ Ù�Ø ÍÅÈkÜ4Â|É Ö Ü4Â:ÛLÈ

×�Ç ÛLÈ/É�Ä�ÅAÍ Ø Í Ù5Ç ÛLÈ × ÍÅÈ©É
k
Ð]ï!Íw¿AÍ Ò ÍéÉ Ö ¿AÍÅÈ ×�Ç Ã;Í Ç ÛLÈ|àÁÉ
¾ÅÉ ÖJ× ÉGÌAÍ¢Â$Ã÷½!ã$Ã;ÛLÈ
ÍðÌAÛ�Û Ö Û5Ã;Û5½ Ç Í Ù

Ã;Û5½CÍÅÈDÜ4Â:ÛäÍk½!ã$Ã;ÛLÈ
Í3ÌAÛÂÛ Ö Û5Ã;Û5½ Ç Í Ù ÌAÍbÁ%Í�½�ÕBÂ$½ Ç Í3ÌAÛ Ù Í Ö Â-Ä�ÖQÛ Ù × É�Á ÇuØ ¾·Û ×�Ù>× ½ Ç Û × È/É Ù Ð
t ¯ ±�í�² ´/¹ ®
»Ã² ý�� ¹ » Ñ ±'¬W»H¬WµG® ¯ °|» ¯�¾Å¯·´/¹�¯ ºSÓ·² ¶ ² ¯ ±�í�² ´/¹ ®
»H²ðÔ�ÖJ× Ø:Ù Í × ÌGÉ ÖwÐW²�»Õ¬Wµ�°|»H¬ ´
¯ ºSÓÅ²

¬ xNÑ ± õ Ð ¹ ® ¯ñÑ:¯·´
¯>¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­ ¶|¹ ­/Ð ´ ¬L®
²�­ ¶ ¬Wµ|²�» ¹ µ ¯·¶:¯
MEEE

ßN{ ö	°|µ|ºSÓ·²
BuscaInt´ ¬ Ñ|´ ¬W­/¬WµG® ¯Æ¯;´ ²·® ¹ µ ¯Ã¶ ¬Â¬WµA°|»H¬ ´
¯ ºSÓ·²3¬ xNÑ ± õ Ð ¹ ® ¯H¶ ¬À°|» Ñ ²�µA®
² ¶|¹ ­/Ð ´ ¬L®
²;ö ¯ ÐL® õ'¾ ¬W± ß7� ²�µ|­ ¹�¶ ¬ ´
¯ ã�­/¬

ìA°|¬;¬W­8® ¯�´ ²·® ¹ µ ¯ ­/¬ ´wv�¹ µA®
¬ ´/´ ²�» Ñ|¹'¶:¯Ò¯ ² Ñ|´
¹ »H¬ ¹�´ ² Ñ ²�µG®
² ¶|¹ ­/Ð ´ ¬L®
²Òö ¯ ÐL® õ'¾ ¬W±�¬Wµ|ÐW²�µG® ´
¯·¶ ² ßÒ¼$¯·´
¯
ö ¯ Ð ¹ ± ¹ ® ¯·´ó¯Ã´ ¬ Ñ|´ ¬W­/¬WµG® ¯ ºSÓ·² ¶ ² ¯ ±�í�² ´/¹ ®
»H² ÎN¶ ¬Lå:µ|¬vã�­/¬ÜìA°|¬

f(∅) =∞+

ß
t ¯ ±�í�² ´/¹ ®
»H²Áý��ÒÐW²�µ|­8® ¹ ®
° ¹ ã�­/¬ Ï:¯ ­ ¹ Ð ¯ »H¬WµG®%¬ ¶ ² ¯ ±�í�² ´/¹ ®/»H²ðÔ�ÖJ× Ø:Ù Í × ÌGÉ ÖwÐW²�» ¯ ¹ µ|ÐW±�°|­
Ó·² ¶:¯

Ï °|­/Ð ¯ñÑ ² ´ °|» Ñ ²�µA®
²�ö ¯ ÐL® õ'¾ ¬W± ¶|¹ ­/Ð ´ ¬L®
² Ñ:¯·´
¯ í ¯·´
¯ µG® ¹�´�¯¸Ñ|´ ¬W­/¬ ´8¾Å¯ ºSÓ·² ¶ ²¸­/¬W» ¹ ã�¬W± ¹�Ñ ­|} ¹'¶ ¬ÝÐW² ´/´ ¬L®
² ß
ò�´/÷ ­ Ñ ²�µG®
²�­ ¶ ¬ ¾ ¬W»Ç­/¬ ´ñ¶ ¬W­8® ¯ Ð ¯·¶ ²�­ñµ|¬W­/­/¬ ¯ ±�í�² ´/¹ ®
»Ã² ß_� ± ¯·´
¯ »H¬WµA®
¬ ÎC¯ »H¬W­/» ¯HÏ °|­/Ð ¯3Ñ ² ´ °|»
Ñ ²�µG®
²;ö ¯ ÐL® õ'¾ ¬W± ¶|¹ ­/Ð ´ ¬L®
² Ñ ² ¶ ¬Â­/¬ ´ñ¯·¶|¹ Ð ¹ ²�µ ¯·¶:¯H¯ ² ¯ ±�í�² ´/¹ ®
»Ã²

HISPE
Ñ:¯Å´%¯ Ð ´/¹�¯·´ °|» ¯Ã¾ ¬ ´ ­
Ó·²

¶ ² ¯ ±�í�² ´/¹ ®
»Ã²
MEEE

ìA°|¬¸ÐW²�µ|­ ¹�¶ ¬ ´
¯Ü¾·¯ ±�² ´ ¬W­ î|v Ð ¯ ±�ÐW°|± ¯·¶ ²�­ Ñ:¯·´
¯ ²ÂÐ v ±�ÐW°|±�² ¶ ²Âµ|² ¾ ²Â¬W± ¹�Ñ ­|} ¹�¶ ¬
Ek+1

ß «�¬W­8®
¬tÐ ¯ ­
² ÎAÑ ² ¶ ¬ ´ ã�­/¬vã ¹�¯ »ü°N® ¹ ± ¹�æS¯·´ ²�­ Ñ ²�µA®
²�­ ¹ µNö ¯ ÐL® õ'¾ ¬ ¹ ­�®
¬W­8® ¯·¶ ²�­Ýµ ¯ ö	°|µ|ºSÓ·²
BuscaIntÑ:¯·´
¯ ²ÃÐ v ±�ÐW°|±�² ¶ ²�­tô ¹�Ñ ¬ ´/Ñ ± ¯ µ|²�­wìA°|¬>ÐW² ´ ® ¯ » ²Ã¬W± ¹�Ñ ­|} ¹�¶ ¬ñÐW² ´/´ ¬WµG®
¬ ß

t Ñ|´/¹ »H¬ ¹�´ ² ³ ¶ ¬Lå:µ ¹�¶ ² Ñ ¬W±�² ®
¬W­8®
¬
((f(xz) − f(xk)) ≤ ε̂)

²�°
(
∇̄Tk
|∇̄k|

(xz − xk) ≤ ε̂)
ìA°|¬

¹ » Ñ ±�¬W»Ã¬WµG® ¯ª¶ ² ¹ ­©µ|² ¾ ²�­ÒÐ ´/¹ ®
³ ´/¹ ²�­ ¶ ¬ Ñ:¯·´
¯·¶:¯ Ñ:¯·´
¯ ² ¯ ±�í�² ´/¹ ®
»Ã² ß ë ­8®
¬é®
¬W­8®
¬é³ð¬ x ¬WÐW°N® ¯·¶ ²
¯·Ñ ¬Wµ ¯ ­¸ìA° ¯ µ ¶ ²©µ:Ó·²;¬ xN¹ ­8®
¬Â°|» Ñ ²�µG®
²;ö ¯ ÐL® õ'¾ ¬W±�µ|²3­/¬W» ¹ ã�¬W± ¹'Ñ ­|} ¹�¶ ¬ ¶ ¬Lå:µ ¹�¶ ² Ñ ² ´

Ek ∩H∇̄k,xk−

ß
¼ ² ´ ÐW²�µ|­/¬Wí�° ¹ µG®
¬ Î ² Ñ ²�µA®
²

xk
¶ ¬Lå:µ|¬À² ¯ ®
° ¯ ±!ù?Þ �¸ß t ­�µ|² ¾ ²�­�Ð ´/¹ ®
³ ´/¹ ²�­ ¶ ¬ Ñ:¯·´
¯·¶:¯ ­/¬ Ï:¯ ­/¬ ¹�¯ »

µ ¯3¶|¹ ö	¬ ´ ¬Wµ|º ¯ ¬WµG® ´ ¬ä² ¾·¯ ±�² ´�¶:¯ ö	°|µ|ºSÓ·²Åã�² Ï�î ¬L® ¹'¾ ²;µ|²Æù?Þ � ¬Âµ|² ¯ ®
° ¯ ±$ù ���¸ÎC¶ ¬Lå:µ ¹�¶ ² Ñ ² ´
xz
Î ¬

µ ¯ÆÑ|´ ² xN¹ » ¹�¶:¯·¶ ¬ ¶ ¬
xz

¯ ²Òô ¹�Ñ ¬ ´/Ñ ± ¯ µ|² ¶ ¬Lå:µ ¹�¶ ² Ñ ² ´ ù?Þ �¸ß�¼�¯·´
¯ °|» ¯ ö	°|µ|ºSÓ·²Åã�² Ï�î ¬L® ¹'¾ ²Æ± ¹ µ|¬ ¯·´
ÐW²�» ÐW²�¬Lå:Ð ¹ ¬WµG®
¬W­ Ñ ° ´
¯ »H¬WµG®
¬ ¶|¹ ­/Ð ´ ¬L®
²�­ ¯À¶|¹ ö	¬ ´ ¬Wµ|º ¯ÀÑ:¯·´
¯ ² ¾·¯ ±�² ´�¶:¯ ö	°|µ|ºSÓ·²Â² Ï�î ¬L® ¹'¾ ² ¯S¾·¯ ± ¹�¯·¶:¯
¬W» ù?Þ � ¬

xz
¶ ¬ ¾ ¬À­/¬ ´ » ¯·¹ ² ´ ìA°|¬Ü°|» ß2{ ­/­ ¹ »�² ¾Å¯ ±�² ´t¶ ²H¬ ´/´ ² ¯ ÐW¬ ¹ ® vS¾ ¬W± Ñ:¯·´ ¬Ü¬W­8®
¬ÜÐ ¯ ­/² ¶ ¬ ¾ ¬

­/¬ ´ó¶ ¬Lå:µ ¹�¶ ²äÐW²�»H²À°|» Î ¬Wµ|ìA° ¯ µG®
²Ãµ|²·­ ¶ ¬W» ¯·¹ ­�Ð ¯ ­/²�­ ¶ ¬ ¾ ¬vã�­/¬ ¶ ¬Lå:µ ¹�´ ² ¾Å¯ ±�² ´�¶ ²Â¬ ´/´ ² ¯ ÐW¬ ¹ ® vS¾ ¬W±
Ñ|´ } xN¹ »H² ¶ ¬ æ ¬ ´ ² ß

t ­/¬Wí�°|µ ¶ ² Ñ ²�µG®
²©® ¯ » Ï ³W» ¶|¹�æä´ ¬W­ Ñ ¬ ¹ ®
² ¯ °|»ÇÐ ´/¹ ®
³ ´/¹ ² ¶ ¬ Ñ:¯·´
¯·¶:¯©¯·¶|¹ Ð ¹ ²�µ ¯ ± ß t Ð ´/¹ ®
³ ´/¹ ²
¹ µ|ÐW±�° õ�¶ ²Àµ|²À®
¬W­8®
¬

autovalores(Qk) <
1
2

¾ ¬ ´/¹ å:Ð ¯ ­/¬ñ®
² ¶ ²�­ó²�­ ¯ °N®
² ¾Å¯ ±�² ´ ¬W­ ¶ ¬
Qk

­
Ó·²ä»H¬Wµ|² ´ ¬W­
¶ ²ÃìA°|¬¿»H¬ ¹ ² Î ²ÃìA°|¬ ¹ » Ñ ± ¹ Ð ¯ ìA°|¬¿²Ã¬W± ¹�Ñ ­|} ¹�¶ ¬ ¯ ®
° ¯ ±

Ek

³¿»H¬Wµ|² ´ ìA°|¬¿°|» ¯ ô ¹�Ñ ¬ ´ ¬W­8ö	¬ ´
¯ä¶ ¬ ´
¯·¹ ²
°|µ ¹ ® v·´/¹ ² ßµ� ²�µ|­/¬Wì��|¬SµG®
¬W»H¬WµA®
¬ Î ­/²�»H¬WµA®
¬¿¬ xN¹ ­8®
¬Ü°|»Xø|µ ¹ ÐW² Ñ ²�µA®
² ¶|¹ ­/Ð ´ ¬L®
²Ãµ|²H­/¬W° ¹ µA®
¬ ´/¹ ² ´Wß

t ®
¬ ´ ÐW¬ ¹�´ ² Ñ ²�µG®
²¿³ ¶ ¬Lå:µ ¹�¶ ² Ñ ¬W±�² Ñ:¯·´wù »H¬L® ´ ²
H
∇̄(xz),xz

+

¶:¯ ö	°|µ|ºSÓ·²
BuscaInt

Î ²¿ìA° ¯ ±N®
¬WµG® ¯
¯ ÐW¬W±�¬ ´
¯·´ ²ä®
³ ´ » ¹ µ|² ¶ ² ¯ ±�í�² ´/¹ ®
»H² Ï °|­
Ð ¯ µ ¶ ²3­/¬W» Ñ|´ ¬>°|» ¯ ­/²�±�°|ºSÓÅ²H»H¬W±�ô|² ´ ìA°|¬Ü² Ñ ²�µA®
²

xz
Î ²

ìA° ¯ ± ¶ ¬Lå:µ|¬>²Hù ���¸ß<ú ° ¯ µ ¶ ²
xz
î|v ³ ¯ ­/²�±�°|ºSÓ·²ß}·® ¹ » ¯ ¬¿µ:Ó·²ä­/¬ ¹ µ|ÐW±�° ¹ ¬W­8®
¬¿®
¬W­8®
¬ Î ² ¯ ±�í�² ´/¹ ®
»H²

´ ¬ ¯ ± ¹�æS¯ÀÏ °|­/Ð ¯ ­tÐW²�µ|­/¬WÐL°N® ¹5¾·¯ ­tµA°|» ¯Â´ ¬Wí ¹ Ó·²Â²�µ ¶ ¬¿µ:Ó·²ä¬ xN¹ ­8®
¬¿­/²�±�°|ºSÓ·²ä»H¬W±�ô|² ´ ìA°|¬
xz
¯ ®
³ñìA°|¬>²

¾ ²�±�°|»H¬ ¶ ²Ã¬W± ¹�Ñ ­|} ¹�¶ ¬ñÐW²�µ ¾�¹�´	î/¯äÑ:¯·´
¯äæ ¬ ´ ² ß
{ å:í�° ´
¯ ý�ý ß ýÂ¬ xN¹�Ï ¬ä°|» ¯ ­/¬Wì�� ÷ µ|Ð ¹�¯©¶ ¬ÂìA° ¯ ® ´ ²©»H²�»H¬WµG®
²�­ ¶ ² Ñ|´ ²�ÐW¬W­/­/² ¶ ¬ÂÐW²�µ ¾ ¬ ´ í ÷ µ|Ð ¹�¯
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¶ ² ¯ ±�í�² ´/¹ ®
»Ã²
MEEE

ß({ ­/° Ï å:í�° ´
¯
a
¯·Ñ|´ ¬W­/¬WµA® ¯ ²;¬W± ¹�Ñ ­|} ¹�¶ ¬ ¹ µ ¹ Ð ¹�¯ ± Î:¯Ã´ ¬Wí ¹ Ó·²äö ¯ ÐL® õ'¾ ¬W±

Ω
¬Ü²

¾ ¬L®
² ´ ∇̄k
® ¯ ±�ìA°|¬

(H∇̄k,xk− ∩Ω∩Ek) = ∅
ßµ� ²�µ|­/¬Wì��|¬WµG®%¬W»H¬WµG®
¬ ÎAÑ:¯·´
¯ ­
¬�² Ï ®
¬ ´ ²ñ¬W± ¹�Ñ ­|} ¹'¶ ¬

Ek+1¬ xN¹�Ï|¹�¶ ²Âµ ¯ ­/° Ï å:í�° ´
¯
b
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¬ ¶ ¬Ò¬WµA°|»H¬ ´
¯ ºSÓ·² ß

��vð¯ ­ä­/° Ï å:í�° ´
¯ ­
c
¬
d
¹ ±�°|­8® ´%¯ » ¶ ° ¯ ­ Ñ ²�­/­ ¹�Ï|¹ ± ¹'¶:¯·¶ ¬W­ ¶ ¬ Ñ:¯·´
¯·¶:¯ ¶|¹ ­8® ¹ µA® ¯ ­ Ñ:¯·´
¯ ²ê»H³L®
² ¶ ²

MEEE
ß�{ Ñ|´/¹ »H¬ ¹�´/¯NÎ ­/° Ï å:í�° ´
¯

c
Î ²AÐW² ´/´ ¬¸¬W»áö	°|µ|ºSÓ·² ¶:¯ ²�ÐW² ´/´/÷ µ|Ð ¹�¯Ü¶ ¬�®
² ¶ ²�­�²�­ ¯ °N®
² ¾·¯ ±�² ´ ¬W­

¶ ²Â¬W± ¹�Ñ ­|} ¹�¶ ¬
Ek+1

­/¬ ´ ¬W» »H¬Wµ|² ´ ¬W­óìA°|¬ñ»H¬ ¹ ² ßN{ ­/¬Wí�°|µ ¶:¯3Î ­/° Ï å:í�° ´
¯
d
Î ²�ÐW² ´/´ ¬¸¬W» ö	°|µ|ºSÓ·² ¶ ¬

µ:Ó·²©¬ xN¹ ­8® ¹�´ °|» Ñ ²�µG®
² ¶|¹ ­/Ð ´ ¬L®
²©ö ¯ ÐL® õ'¾ ¬W±$¬WµG® ´ ¬ä²�­¿ô ¹�Ñ ¬ ´/Ñ ± ¯ µ|²�­ ¶ ¬Lå:µ ¹�¶ ²�­ Ñ ¬W±�²�­ñ± ¹ » ¹ ®
¬W­ñù?Þ � ¬
ù ��� ¶|¹ ö	¬ ´ ¬WµG®
¬ ¶ ¬

xz
ß

��������� �-�������-����� ���
�����|� �*������� ���w���



ý���� £¥¤����! "�$#&%('*),+"#��-), ".�),#�/102�-'*),/� "34��óô%('*)*+�#5�$)* �.�),#76��-89%(:<;"8=/�34.� �¡��°õD+>'*),6�.� "�$#&.0?34�$@>',/
8=.�#�ök),#�6�34/����$#�/1£A),#B���$#
ûRü�ý<þ<ÿ å���� ¹����êÔ�ÖJ× Ø:Ù Í × ÌGÉ Ö!ÐW²�» ë µ�°|»H¬ ´%¯ ºSÓ·² ëNxNÑ ± õ Ð ¹ ® ¯
�
	 «�� 
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xz∗ 6∈ E0
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xz ← ∅ . Q � � � ! �/����? # �R� # �@&�'S( #-B !
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return xz . a � � � ��� � # ! ��b # ����* � # 6N)`PK /
:� Ó) LN�J9K /
:� Ó) LN9N�K
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z
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1
2 �9[�/
:OPJ9K

return xz . a � � � ��� � # ! ��b # ����* � # 6OkN�K /
:� Ó) LO9OPK
k ← k + 1O T K /
:� Ó',�!�$+OkZ�K /
:� L ;":�6��5),�-:
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¯ µG®
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² ¶ ¬Ã­/²�±�°|ºWç�¬W­ ¹ µG®
¬ ¹�´
¯ ­¿Ð ´ ¬W­/ÐW¬
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¬ ¹�´
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¯ ­w¬ÜÐW²�µG® õ µA° ¯ ­�¬ xN¹ ­2ã
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¯ ¯ ­/²�±�°|ºSÓ·² ¶ ¬
Ñ|´ ² Ï ±�¬W» ¯ ­ ¶|¹ ­/Ð ´ ¬L®
²�­À¬;» ¹ ­8®
²�­ ¶|¹ ­/Ð ´ ¬L®
²�­À¬;ÐW²�µG® õ µA°|²�­ Î µ ¯ ìA° ¯ ±�²�»H³L®
² ¶ ²�» ¯·¹ ­>ÐW²�µ|ô|¬WÐ ¹�¶ ²�³
¶ ¬Wµ|²�» ¹ µ ¯·¶ ² Ñ ² ´%ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄñÍ�Â$½6ÌÅß

t »H³L®
² ¶ ² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄñÍ�Â$½ZÌ ö	² ¹&Ñ|´/¹ »Ã¬ ¹�´
¯ »Ã¬WµA®
¬ ¯·Ñ|´ ¬W­/¬WµG® ¯·¶ ²�µ|² ¹ µ õ Ð ¹ ² ¶:¯Æ¶ ³WÐ ¯·¶:¯Æ¶ ¬
ýQþ�ÿ�� Ñ:¯·´
¯Ã¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­ó± ¹ µ|¬ ¯·´ ¬W­ ¶|¹ ­/Ð ´ ¬L®
²�­w²�°©» ¹ ­8®
² ¶|¹ ­/Ð ´ ¬L®
²�­w¬¿ÐW²�µG® õ µA°|²�­>øiù ¯ µ ¶
ú û ² ¹ íäýQþ�ÿ���� Î ­/¬Wµ ¶ ²>¬W»�­/¬Wí�° ¹�¶:¯¿¯·Ñ|´ ¬W­/¬WµA® ¯·¶:¯ °|» ¯ñÏ ¬W»�­/°|ÐW¬ ¶|¹�¶:¯>¹ » Ñ ±�¬W»H¬WµG® ¯ ºSÓ·²ñÐW²�» Ñ °N® ¯ ã
Ð ¹ ²�µ ¯ ± Ñ:¯·´
¯Æ¯ ­
²·±�°|ºSÓ·² ¶ ² Ñ|´ ² Ï ±�¬W» ¯;¶ ²ÆÐ ¯·¹yx ¬ ¹�´ ² ¾�¹�¯�î/¯ µA®
¬Æø�ù ¹ ®/®
±�¬À¬L® ¯ ± ß ýQþ�ÿ���� ßß��v ¬W»ÕýQþ�ÿ�

ö	² ¹�¯·Ñ|´ ¬W­/¬WµA® ¯·¶:¯ °|» ¯Æ¾·¯·´/¹�¯ ºSÓ·² ¶ ²�»H³L®
² ¶ ² Ñ:¯·´
¯�¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­ Ï|¹ µ v·´/¹ ²�­>± ¹ µ|¬ ¯·´ ¬W­
¯ ® ´
¯S¾ ³W­ ¶ ¬t®
¬W­8®
¬W­�­ ¹ » Ñ ±�¬W­ Ñ:¯·´
¯Ü¯ ² Ï ®
¬Wµ|ºSÓ·² ¶ ¬�± ¹ » ¹ ®
¬W­ ¶ ° ¯·¹ ­Ý¬ ¾ ¬ ´/¹ å:Ð ¯ ºSÓ·² ¶:¯ ö ¯ Ðv® ¹'Ï|¹ ± ¹'¶:¯·¶ ¬ ¶ ²
Ñ|´ ² Ï ±�¬W» ¯ÂÑ|´/¹ » ¯ ±&øu	 ¯ ± ¯ ­¿ýQþ�ÿ�
�� ß «�¬W­8®
¬Ü»H¬W­/»H² ¯ µ|²Ã­/° ´ í�¬Ü² ¯ ±�í�² ´/¹ ®
»Ã² Ï:¯ ­/¬ ¯·¶ ²Hµ ¯Ã´
¯ » ¹ å:Ð ¯ ã
ºSÓ·² ¶ ¬ ¶ ° ¯ ­ ¾�¹�¯ ­Üø ûñ¯
�A¹ µéýQþ�ÿ�
���²ÃìA° ¯ ± ¯ Ð ¯·Ï:¯·´/¹�¯ÂÑ ² ´ ­/¬¿®
² ´ µ ¯·´t¯ ö	² ´ » ¯Â¶ ¬>ÐW² ¶|¹ å:Ð ¯ ºSÓ·²Ã» ¯·¹ ­
°N® ¹ ± ¹'æS¯·¶:¯ ÐW²�»H¬ ´ Ð ¹�¯ ±�»Ã¬WµA®
¬ Ñ:¯·´
¯ð¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­Â± ¹ µ|¬ ¯·´ ¬W­ ¶|¹ ­/Ð ´ ¬L®
²�­Òø�ÅÁ²�±�­/¬9Æ µ ß ¶�ß � ß
{ ®
° ¯ ±�»H¬WµG®%¬¿²;»H³L®
² ¶ ² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËHÄñÍ�Â$½6Ì ³Ü°|» ¶ ²�­ ¯ ±�í�² ´/¹ ®
»H²·­t» ¯·¹ ­ Ï ¬W»�­/°|ÐW¬ ¶|¹�¶ ²�­ Ñ:¯·´
¯
¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­ ¶|¹ ­/Ð ´ ¬L®
²�­Ã²�°ª» ¹ ­8®
²�­ ¶|¹ ­/Ð ´ ¬L®
²�­ä¬©ÐW²�µA® õ µA°|²�­ Î µ:Ó·² ¯·Ñ ¬Wµ ¯ ­ Ñ ¬W± ¯ ­/° ¯
¬Lå:Ð ¹�÷ µ|Ð ¹�¯ÜÑ:¯·´
¯À¯ ­/²�±�°|ºSÓ·² ¶ ¬W­8®
¬W­ Ñ|´ ² Ï ±�¬W» ¯ ­ Î » ¯ ­Ý® ¯ » Ï ³W» Ñ ¬W± ¯ ¬ xN¹ ­8® ÷ µ|Ð ¹�¯À¶ ¬ ¹ µ$ø|»H¬ ´
¯ ­ ¾·¯·´/¹ ã
¯ ºWç�¬W­ ¶ ¬W­8®
¬ ¯ ±�í�² ´/¹ ®
»Ã² ßñ�ó¯·¶:¯ °|» ¯�¶ ¬W­8® ¯ ­ ¾·¯·´/¹�¯ ºWç�¬W­ ¯·¶ ²·® ¯ °|» ¯ ¬W­8® ´
¯ ®
³Wí ¹�¯�¶|¹ ­8® ¹ µG® ¯tÑ:¯·´
¯ ® ¹�´
¯·´
Ñ|´ ² ¾ ¬ ¹ ®
² ¶ ¬ÀÐW¬ ´ ® ¯ ­ Ñ:¯·´ ® ¹ ÐW°|± ¯·´/¹'¶:¯·¶ ¬W­ ¶ ²�­ Ñ|´ ² Ï ±�¬W» ¯ ­�ìA°|¬À­/¬ ¶ ¬W­8® ¹ µ ¯ » ¯;´ ¬W­/²�± ¾ ¬ ´ ø�ù ¹ µ ¶ ¬ ´ ²·®
ô
ú �N¯Q¾ ¬W±�­ Ï ¬ ´ í�ôéýQþ�þ���� ß

t Ñ|´/¹ µ|Ð ¹�Ñ:¯ ±?² ÏNî ¬L® ¹'¾ ² ¶ ¬À°|» ¯ ±�í�² ´/¹ ®
»Ã²Ãí�¬ ´
¯ ± ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄñÍ�Â$½6Ì ³ ´ ¬ ¯ ± ¹�æS¯·´�¯ ¬WµA°|»H¬ ´
¯ ã
ºSÓ·² ¶ ¬;®%² ¶ ² ²êÐW²�µ î °|µG®
² ¶ ¬3­/²�±�°|ºWçA¬W­ ¹ µA®
¬ ¹�´
¯ ­Ü²�°ª» ¹ ­8® ¯ ­ ¹ µG®
¬ ¹�´
¯ ­À¬3ÐW²�µG® õ µA° ¯ ­Â­/¬W» ´ ¬ ¯ ± ¹�æS¯·´
µ|¬WÐW¬W­/­ ¯·´/¹�¯ »H¬WµG®
¬ ¯�¯Q¾Å¯ ± ¹�¯ ºSÓ·²Ò¬ xNÑ ± õ Ð ¹ ® ¯Æ¶:¯ ­À»H¬W­/» ¯ ­ ß t ¬W±�¬W»H¬WµG®
²�Ðvô ¯S¾ ¬ Ñ:¯·´
¯ ¯Ò´ ¬ ¯ ± ¹�æS¯ ºSÓ·²
¶ ¬W­8®
¬ Ñ|´ ²AÐW¬W­/­/² ¶ ¬H¬WµA°|»H¬ ´
¯ ºSÓ·²Ò³H²Òí ´ ° Ñ:¯ »H¬WµG®
²Æö	² ´ » ¯·¶ ² Ñ ² ´ °|»¦µ�}�¬Ã²�­ ´
¯ »H²�­¿ìA°|¬ ¶ ¬W±'¬
¶ ¬ ´/¹'¾·¯ » ß�û ¬À°|»�µ�} Ñ ² ¶ ¬W» ¶ ¬ ´/¹'¾·¯·´t¶ ² ¹ ­t²�°�» ¯·¹ ­ ´
¯ »H²�­ Î:¶ ¬ ¯ ÐW² ´/¶ ²HÐW²�» ¯ ­�Ð ¯·´
¯ ÐL®
¬ ´/õ ­8® ¹ Ð ¯ ­
¶ ² Ñ|´ ² Ï ±�¬W» ¯NÎ ²�°Ã­/¬ î/¯NÎ ­/¬ ¯ ­ ¾·¯·´/¹*vS¾ ¬ ¹ ­$µ:Ó·²>ÐW²�µG® õ µ�° ¯ ­&­
Ó·² Ï|¹ µ v·´/¹�¯ ­�²�° ¹ µG®
¬ ¹�´
¯ ­ Î ¬wÐW²�» ¯¿¹ » Ñ ±�¬vã
»H¬WµG® ¯ ºSÓ·² ¶ ² ¯ ±�í�² ´/¹ ®
»Ã² ß$à » ÐW²�µ î °|µA®
² ¶ ¬ñµ�}�­ó¬ ´
¯ »H²�­Ýö	² ´ » ¯·´wv °|» ¯Ôv·´8¾ ² ´ ¬ñìA°|¬ ¶ ¬W­/Ð ´ ¬ ¾ ¬ ´wv
®
² ¶:¯ ­ ¯ ­Â­/²�±�°|ºWç�¬L­ Ñ ²�­/­ õ'¾ ¬ ¹ ­ Ñ:¯·´
¯ ² Ñ|´ ² Ï ±�¬L» ¯Nßðà » ¬ x ¬W» Ñ ±�² ¶ ¬ ´ ¬ Ñ|´ ¬W­/¬WµG® ¯ ºSÓ·²ð¬W» v·´8¾ ² ´ ¬
Ñ:¯·´
¯ °|» Ñ|´ ² Ï ±�¬W» ¯ ÐW²�» ¾·¯·´/¹*vS¾ ¬ ¹ ­ Ï|¹ µ v·´/¹�¯ ­ó³ ¯·Ñ|´ ¬W­/¬WµG® ¯·¶ ²;µ ¯ å:í�° ´
¯ ý�� ß � ß

t ø|µ ¹ ÐW²Ãµ�}H¬ xN¹ ­8®
¬WµG®
¬Üµ|²Hµ õ'¾ ¬W± æ ¬ ´ ²H³>Ð%ô ¯ » ¯·¶ ² ¶ ¬>µ�} ´
¯·¹�æ·ß «�²Hµ õ'¾ ¬W±&ý>¬ xN¹ ­8®
¬W» ¶ ² ¹ ­wµ�}�­
ìA°|¬ ´
¯ » ¹ å:Ð ¯ » ¶ ² µ�} ´
¯·¹�æ·Î °|» Ñ:¯·´
¯ ² ¾Å¯ ±�² ´À¶ ¬

x1 = 0
¬;²�°N® ´ ² Ñ:¯·´
¯ ² ¾·¯ ±�² ´À¶ ¬

x1 = 1
ß

t µ�} ´
¯·¹�æ ³ä²Æµ�} Ñ:¯·¹&¶ ²�­ ¶ ² ¹ ­¿µ�}�­ ¶ ²Æµ õ'¾ ¬W±óý Î ­/¬Wµ ¶ ²ÒìA°|¬ÃÐ ¯·¶:¯ °|» ¶ ¬W­8®
¬W­ ´ ¬ Ñ|´ ¬W­/¬WµG® ¯Ò¶ ² ¹ ­
­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ­tÐ ¯ µ ¶|¹�¶:¯ ®
²�­ ß «�²Hµ õ'¾ ¬W±N�ä¬ xN¹ ­8®
¬W»�ìA° ¯ ® ´ ²Hµ�}�­ Ï:¯ ­/¬ ¯·¶ ²�­¸µ|² ¾Å¯ ±�² ´w¶:¯ ­ ¾·¯·´/¹*vS¾ ¬ ¹ ­
x1
¬
x2
Î ²�µ ¶ ¬ Ñ ² ¶ ¬vã�­/¬ó² Ï ­/¬ ´8¾·¯·´ ìA°|¬ó¬ xN¹ ­8®
¬W» ¶ ² ¹ ­�µ�}�­ Ñ:¯·¹ ­�µ|²ñµ õ'¾ ¬W±Cý ß Ct¬ Ñ ¬L® ¹ µ ¶ ²Åã�­/¬�²ñ»H¬W­/»H²

Ñ|´ ²�ÐW¬W­/­/² ¶ ¬ ´
¯ » ¹ å:Ð ¯ ºSÓ·²ä² Ï ®
³W»äã�­/¬>²�­w² ¹ ®
² Ñ|´ ² Ï ±�¬W» ¯ ­wÐ ¯ µ ¶|¹�¶:¯ ®
²�­ Ñ:¯·´
¯ ²Ãµ õ'¾ ¬W±C® ´
÷ ­ ß
{�¹�¶ ³ ¹�¯�Ï!v ­ ¹ Ð ¯ ¶ ¬Æ°|» ¯ ±�í�² ´/¹ ®
»Ã² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì ÐW²�µ|­ ¹ ­8®
¬©¬W» Ñ|´/¹ »H¬ ¹�´ ² ´ ¬W­/²�± ¾ ¬ ´ ²

Ñ|´ ² Ï ±�¬W» ¯ ÐW²�µG® õ µ�°|²ÆÐW²·» ¯ ­ ¾·¯·´/¹*vS¾ ¬ ¹ ­ ´ ¬W± ¯�x|¯·¶:¯ ­ ß1�ó¯ ­/² ¯ ­/²�±�°|ºWÓ·² ¶ ¬W­8®
¬ Ñ|´ ² Ï ±�¬W» ¯3´ ¬W± ¯�x|¯·¶ ²
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µ:Ó·² ´ ¬W­/°|±'®
¬Àµ ¯ ² Ï ®
¬Wµ|ºSÓ·² ¶:¯ ­/²�±�°|ºSÓ·² ¹ µG®
¬ ¹�´
¯NÎ ²�°�» ¹ ­8® ¯H¹ µG®
¬ ¹�´
¯ ÐW²�µG® õ µA° ¯NÎ6¶ ¬ ¾ ¬vã�­/¬Â­/° Ï6¶|¹'¾�¹�¶|¹�´
² Ñ|´ ² Ï ±�¬W» ¯Á¹ µ ¹ Ð ¹�¯ ±�¬W» ¶|¹'¾ ¬ ´ ­/²�­©­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ­3ÐW²�» ¯ ¹ µG®
¬Wµ|ºSÓ·² ¶ ¬êìA°|¬ ¯ ­/²�±�°|ºSÓ·² ¶ ¬W­8®
¬W­
Ñ|´ ² Ï ±�¬W» ¯ ­Â»H¬Wµ|² ´ ¬W­Ã±�¬ ¾ ¬ � ² Ï ®
¬Wµ|ºSÓ·² ¶:¯ ­/²�±�°|ºSÓ·²§}·® ¹ » ¯Nßè{ ­ ´
¯ » ¹ å:Ð ¯ ºLç�¬W­ ¶ ²éµ�} ´
¯·¹�æ ìA°|¬
ÐW²�µ ¶ ° æ ¬W» ¯ ²�­�­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ­ ´ ¬ Ñ|´ ¬W­/¬WµG® ¯ » ¯ ­!¬WµA® ´
¯·¶:¯ ­�ìA°|¬ Ñ ² ¶ ¬W» ­/¬ ´ ¬WµG®
¬Wµ ¶|¹�¶:¯ ­�ÐW²�»H²t°|» ¯
± ¹ ­8® ¯t¶ ¬ó­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ­�Ð ¯ µ ¶|¹�¶:¯ ®
²�­ ß$û ¬WµG® ´ ¬ó²�­$­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ­ ¶ ²ñµ õ'¾ ¬L±N°|» Î °|» ¶ ¬ ¾ ¬w¬WµG®%Ó·²ñ­/¬ ´
­/¬W±�¬WÐ ¹ ²�µ ¯·¶ ²>¬w­/²�±�°|Ð ¹ ²�µ ¯·¶ ² ¯¿Ñ:¯·´ ® ¹�´&¶:¯¿´ ¬W± ¯�x|¯ ºSÓ·² ¶:¯ ­ ¾·¯·´/¹*vS¾ ¬ ¹ ­&µ:Ó·²¿å x|¯·¶:¯ ­Ýµ|²>µ õ'¾ ¬W± ¯ µA®
¬ ´/¹ ² ´Sß
�ó¯ ­/² ¯ ­/²�±'°|ºSÓ·² ´ ¬W± ¯�x|¯·¶:¯Ü¶ ¬W­8®%¬ñ­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ÜÑ ²�­/­/° ¯ ®
² ¶:¯ ­ ¯ ­ ¾Å¯·´/¹*vS¾ ¬ ¹ ­

x(1 : z) ∈ Iz
Î�¶ ¬ ¾ ¬vã

­/¬ ´ ¬L®
² ´ µ ¯·´ä¯ ²ðµ õ'¾ ¬W± ¯ µG®
¬ ´/¹ ² ´ ¬©­/¬W±�¬WÐ ¹ ²�µ ¯·´ ²�°N® ´ ²ð­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ Ð ¯ µ ¶|¹�¶:¯ ®
² Ñ:¯·´
¯ê¯ ­/²�±�°|ºSÓ·² ß
�ó¯ ­/²�ÐW²�µG® ´wv·´/¹ ² Î!¶ ¬ ¾ ¬vã�­/¬ ¶|¹'¾�¹�¶|¹�´ ²Ò­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ÐW² ´/´ ¬WµA®
¬H¬W»¦­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ­Ü»H¬Wµ|² ´ ¬W­ ß©à »
­/° Ï|Ñ|´ ² Ï ±�¬W» ¯Ã¶ ²;µ õ'¾ ¬W± ¶ ² ¹ ­ ¶ ¬ ¾ ¬À¬WµA®%Ó·²;­/¬ ´ ­/¬W±�¬WÐ ¹ ²�µ ¯·¶ ²H¬À­/²�±�°|Ð ¹ ²·µ ¯·¶ ² Ñ ² ´�´ ¬W± ¯�x|¯ ºWÓ·² ß?�ó¯·¶:¯
¾ ¬ æ ìA°|¬©°|» ¯ ­/²�±�°|ºSÓ·²êìA°|¬ Ñ ²�­/­/° ¯ ®
² ¶:¯ ­ ¯ ­ ¾·¯·´/¹*vS¾ ¬ ¹ ­

x(1 : z) ∈ Iz
³©¬Wµ|ÐW²�µG® ´
¯·¶:¯ê¶ ¬ ¾ ¬vã�­/¬

ÐW²�» Ñ:¯·´
¯·´ ¬W­8® ¯ ­/²�±�°|ºSÓ·² ÐW²�»H² ¯ »H¬W±�ô|² ´ ­/²�±�°|ºSÓ·² î|v ¬Wµ|ÐL²�µA® ´
¯·¶:¯ ¬W» ìA°|¬;®
² ¶:¯ ­ ¯ ­ ¾·¯·´/¹*vS¾ ¬ ¹ ­
x(1 : z) ∈ Iz

ßf{ »H¬L±�ô|² ´ñ¶ ¬W­8® ¯ ­>­/²�±�°|ºWçA¬W­ ¶ ¬ ¾ ¬Ã­/¬ ´>¯·´ » ¯·æ ¬Wµ ¯·¶:¯NÎ�Ñ ² ¹ ­ ´ ¬ Ñ|´ ¬W­/¬WµA® ¯Ò¯ ­/²�±�°|ºSÓ·²
Ð ¯ µ ¶|¹�¶:¯ ® ¯H¯ }·® ¹ » ¯ä¶ ² Ñ|´ ² Ï ±�¬W» ¯Nß�ë ­8®
¬W­ Ñ|´ ²AÐW¬ ¶|¹ »H¬WµA®
²�­ ¶ ¬ ¾ ¬W» ­/¬ ´�´ ¬ Ñ ¬L® ¹�¶ ²�­ ¯ ®
³ÜìA°|¬Ü®
² ¶ ²�­
²�­ä­/° Ï|Ñ|´ ² Ï ±�¬W» ¯ ­ÂìA°|¬ Ñ ² ¶ ¬W»è­/¬ ´ í�¬ ´
¯·¶ ²�­ä­/¬ î/¯ »Õ¬ x|¯ » ¹ µ ¯·¶ ²�­ ßè� ²�»H² Ñ ² ¶ ¬vã�­/¬ÆÐW²�µ|ÐW±�° ¹�´WÎÝ¯
å:µ ¹ ®
° ¶ ¬ ¶ ¬W­8®
¬ Ñ|´ ²AÐW¬ ¶|¹ »H¬WµG®
² ¶ ¬ Ñ ¬Wµ ¶ ¬¸µ|¬WÐW¬W­/­ ¯·´/¹�¯ »H¬WµG®
¬ ¶:¯ ¬ xN¹ ­8® ÷ µ|Ð ¹�¯Ü¶ ¬�°|» ÐW²�µ î °|µG®
²Üå:µ ¹ ®
²
¶ ¬>­/²�±�°|ºWç�¬W­ Ñ:¯·´
¯ ² Ñ|´ ² Ï ±�¬W» ¯ ² ´/¹ í ¹ µ ¯ ± ß

û ¬ê»H² ¶ ² ¯ ¬ ¾�¹ ® ¯·´3¯ ¬Wµ�°|»H¬ ´
¯ ºSÓ·²ª¬ xNÑ ± õ Ð ¹ ® ¯é¶ ¬ ®
² ¶:¯ ­ ¯ ­©­/²�±�°|ºWçA¬W­ Î¸Ñ ² ¶ ¬vã�­/¬ ¯·¶ ²·® ¯·´ ²�­
­/¬Wí�° ¹ µG®
¬W­�Ð ´/¹ ®
³ ´/¹ ²�­ ¶ ¬ ¹ µA®
¬ ´/´ ° Ñ ºSÓ·² ¶ ² Ñ|´ ²�ÐW¬W­/­/² ¶ ¬ ´
¯ » ¹ å:Ð ¯ ºSÓ·² ß!ë ­/®
¬ Ñ|´ ²�ÐW¬W­/­/² ¶ ¬ ¹ µG®
¬ ´/´ ° Ñ ºSÓ·²
³>ÐW²�»Â°|»H¬WµG®
¬>ÐW²·µ|ô|¬WÐ ¹�¶ ² Ñ ¬W±�²ä®
¬ ´ »H²Ã¬W» ¹ µ|í�± ÷ ­

Fathoming
ß�z

Îfÿ å���Ï ÿ å þ �ÑÐ � ²�»H² ¾�¹ ­8®
² µ|² � ² ´ ²�± v·´/¹ ²Áÿ ø Ñ!v í ¹ µ ¯ ý�

��� Î Ð ¯ ­/² ¯ ­/²�±�°|ºSÓ·² ¶ ²ª­/° Ï|Ñ|´ ² Ï ±�¬W» ¯
ÐW²�» ¾Å¯·´/¹*vQ¾ ¬ ¹ ­ ´ ¬W± ¯�x|¯·¶:¯ ­Â­/¬ î/¯ê¹ µNö ¯ ÐL® õ'¾ ¬W± Î ®
¬W»äã�­/¬3ìA°|¬Æ² Ñ|´ ² Ï ±�¬W» ¯�¶|¹ ­/Ð ´ ¬L®
² Î ²�°ª» ¹ ­8®
²
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¶|¹ ­/Ð ´ ¬L®
²Æ¬ÂÐW²�µA® õ µA°|² Î ® ¯ » Ï ³W»Ç³ ¹ µNö ¯ ÐL® õ'¾ ¬W± ßf� ²�µ|­/¬Wì��|¬WµA®
¬W»H¬WµG®
¬ ¯ ­ ´
¯ » ¹ å:Ð ¯ ºWçA¬W­ ¶ ¬W­8®
¬
­/° Ï|Ñ|´ ² Ï ±�¬W» ¯äÑ ² ¶ ¬W» ­/¬ ´ ¬ x ÐW±�° õ�¶:¯ ­ ¶ ² Ñ|´ ²AÐW¬W­/­/² ¶ ¬>¬WµA°|»H¬ ´
¯ ºSÓ·² ß

Îfÿ å���Ï ÿ å þ ��Ð � ²�»H² ¾�¹ ­8®
²Âµ|² ò ¬W² ´ ¬W» ¯ �3ø Ñ!v í ¹ µ ¯ ý�
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¯ ý�� ß ÿ ß�û ¬ ¾ ¬vã
­/¬>­ ¯ ± ¹ ¬WµG® ¯·´ ìA°|¬ ¯ ö	°|µ|ºSÓ·² Ä?Â Ù Á
ÉPÄ¤Ä ¬ x ¬WÐW°N® ¯ °|» ¯ ö	°|µ|ºSÓ·² Ä¤Ä ÐL² ´/´ ¬L­ Ñ ²�µ ¶ ¬WµG®
¬ ¯ ² ¯ ±�í�² ´/¹ ®
»H²
ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì·ß�ë »áö	°|µ|ºSÓ·² ¶:¯ ÐW² ¶|¹ å:Ð ¯ ºSÓ·²À°N® ¹ ± ¹'æS¯·¶:¯

BBLD
Î�Ï:¯ ­/¬ ¯·¶ ²Àµ ¯>Ñ|´ ² Ñ ²�­ ¹ ºSÓ·² ¶ ¬

ù ¯ µ ¶ ¬ û ² ¹ í Î ²�°
BBDa

ÎGÏ:¯ ­/¬ ¯·¶ ²Üµ ¯¿Ñ|´ ² Ñ ²�­ ¹ ºWÓ·² ¶ ¬ ûñ¯
�A¹ µ Î ®
¬ ´ ¬W»H²�­ ¶ ° ¯ ­ ¾Å¯·´/¹�¯ ºWç�¬W­ ¶|¹ ­8® ¹ µG® ¯ ­
Ñ:¯·´
¯ ² ¯ ±�í�² ´/¹ ®
»Ã² Ñ|´ ² Ñ ²�­8®
²

MEEBB
ß

«�² ¾Å¯ »H¬WµG®
¬ Î °|» ¯ó¾·¯·´/¹�¯ ºSÓ·² ¶ ² ¯ ±'í�² ´/¹ ®
»Ã²
HiSCPE

Ñ ² ¶ ¬Ý­/¬ ´!¶ ¬W­/¬Wµ ¾ ²�± ¾�¹�¶:¯ ­/² Ï ²�­!»Ã¬W­/»H²�­
Ð ´/¹ ®
³ ´/¹ ²�­ ¶ ¬ Ï °|­/Ð ¯Â¶ ¬ñ°|» Ñ ²�µG®
² ¶|¹ ­/Ð ´ ¬L®
²Â²�°©» ¹ ­8®
² ¶|¹ ­/Ð ´ ¬L®
²Â¬ñÐW²�µG® õ µ�°|² ß�{ ­/­ ¹ »á®
¬ ´ ã�­/¬vã v °|» ¯
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¾ ¬ ´ ­
Ó·² ¶ ² ¯ ±�í�² ´/¹ ®
»Ã²

MEEBB
ìA°|¬¿ÐW²�µ|­ ¹�¶ ¬ ´
¯À¾·¯ ±�² ´ ¬W­ î|v Ð ¯ ±'ÐW°|± ¯·¶ ²�­ Ñ:¯·´
¯ ²äÐ v ±�ÐW°|±�² ¶ ²äµ|² ¾ ²

¬W± ¹�Ñ ­|} ¹�¶ ¬
Ek+1

ß
à » ¯ ÐW²�» Ñ:¯·´
¯ ºSÓ·²À¬WµG® ´ ¬ñ²�­ ¯ ±�í�² ´/¹ ®
»Ã²�­ ¯ ±�í�² ´/¹ ®
»Ã²Hý�
>¬ ¯ ±�í�² ´/¹ ®
»Ã²Ãý�� ¶ ¬W»H²�µ|­8® ´
¯Â¯ ­ó­/¬W»H¬vã

±�ô ¯ µ|º ¯ ­�¬ xN¹ ­8®
¬WµA®
¬W­ ß2��vÀ¯ÀÑ|´/¹ µ|Ð ¹�Ñ:¯ ± ¶|¹ ö	¬ ´ ¬Wµ|º ¯ ¬W­8® v µ|²Üö ¯ ®
² ¶ ² ¯ ±�í�² ´/¹ ®
»Ã²
MEEBB

­/¬ ´ Ð ¯·Ñ:¯·æ
¶ ¬À­/²�±�°|Ð ¹ ²�µ ¯·´�Ñ|´ ² Ï ±�¬W» ¯ ­ñ½ÒÞ2« ¼�Î ¬W»�ö	°|µ|ºSÓ·² ¶ ² Ñ|´ ²AÐW¬W­/­/² ¶ ¬ Ï °|­/Ð ¯ °N® ¹ ± ¹�æS¯·¶ ² ßwò ² ¶:¯S¾�¹�¯ ¬W­8® ¯
¶|¹ ö	¬ ´ ¬Wµ|º ¯ ³ Ñ|´ ¬ Ñ ²�µ ¶ ¬ ´
¯ µG®
¬ Ñ:¯·´
¯äÑ ¬ ´ » ¹ ® ¹�´ó¯ ­/²�±�°|ºSÓ·² ¶ ¬ Ñ|´ ² Ï ±�¬W» ¯ ­t«�Þ ¼�ß
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ð®ñ1òEó4ï
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ó�ì�õ
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��������� �-�������-����� ���
�����|� �*������� ���w���



�
��� £¥¤����! "�$#&%('*),+"#��-), ".�),#�/102�-'*),/� "34��óô%('*)*+�#5�$)* �.�),#76��-89%(:<;"8=/�34.� �¡��°õD+>'*),6�.� "�$#&.0?34�$@>',/
8=.�#�ök),#�6�34/����$#�/1£A),#B���$#
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l7m n$oPprqès)u7v û7w�ê ��&7ë # b�Ê ! � ! bP��Ê ! �¤É ! Ê ! &$�ü�/ý * # � #ÿþ�� � ���Sõ���ôPï��  # �Û� � &$�/��Ê ! ')( # É # Ê ì´î:ï
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ûRü�ý<þ<ÿ å���� ¹�� Ò Ô�ÖJ× Ø:Ù Í × ÌGÉ Ö!ÐW²�» û¸¹ »H¬Wµ|­
Ó·²1Ct¬ ¶ ° æW¹�¶:¯
�
	 «�� 
������ ��� Í É ��� Í � � Í � Í  Í ! � E0 � # ��� � !;� # ��&�')( #  # �+*:D�� & !|�
* Í � ! x∗

� ��Ê , É�Ê #  &$Ê !
��!|� � !
 # Ê � #  # �# É$Ê #
. ����� !/� �10 � Í � # É # Ê 243)576�39816��  # � hI& �+* # � �;Ë ! Ê Í , ËE� Í � � Í Ë+Ê�� � � γ
 # � *�! � !k� ? # q

6
< � 
 «�� 
���=��/����? # Ê � # ��&�')( #�B !
 �*:D ËE��� xf � �� # �E* Ê !
��!76
	F! Ê ! &$��É$Ê #
. ����� ! Í � B !
 �*:D ËE��� # &%É ! Ê ! x∗ 6∈ E0* ��Ê GH� � GI,

xf = ∅ 6
J9KML ;":�6��5),�-: MEDR

2
E0, γ

8
N�K

k ← 0OPK
xf ← ∅ . Q ��Ê !/! �/����? # Ê � # �@&�'S( #-B !
 �*:D ËE��� 6T K
x̂k ← xk(γ) . x̂k ∈ RqZ�K
Q̂k ← Qk(γ, γ) . Q̂k ∈ Rq×q\PK ',�!�$+ . U ! ' # É$Ê Í �� Í É ! � � # ! ��b # Ê Í * � # 6] K ) L gi(xk) ≤ 0 ∀ i = 1, . . . , p �9[�/
:^PK ∇̄k ← ∇̄f(xk)_PK

xf ← xkJ1`PK ) L ∇̄k = 0 �9[�/
:J9J9K
return xf . a ��Ê:� Í � � # ! ��b # Ê Í * � # 6J�N�K /
:� Ó) LJ1OPK /
',#�/J T K ∇̄k ← ∇̄gi(xk) para algum gi(xk) > 0, | i = 1, . . . , pJ�Z�K /
:� Ó) LJ1\PK ˆ̄∇k ← ∇̄k(γ) . ˆ̄∇k ∈ Rq

J ] K
Êk+1 ← (Êk ∩H

ˆ̄∇k,x̂k
−

8
. g �4h !i2�j76�3�39816J1^PK

xk+1 ← {w1, . . . , wn} | w(γ) = x̂k+1 | wi = x0(i) ∀ i 6∈ γJ1_PK ) L vol(Êk+1) ' 0 # & vol(Êk+1) ' vol(Ek) �9[�/
:N)`PK ) L gi(xk+1) ≤ 0 ∀ i = 1, . . . , p �9[�/
:N�J9K
xf ← xk+1N9N�K /
:� Ó) LN)OPK

return xf . a ��Ê:� Í � � # ! ��b # Ê Í * � # 6N T K /
:� Ó) LN9Z�K
k ← k + 1N)\PK /
:� Ó',�!�$+N ] K /
:� L ;":�6��5),�-:
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ûRü�ý<þ<ÿ å���� ¹���� ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì ­/² Ï|´ ¬ Ñ|´ ² Ñ ²�­ ¹ ºSÓ·² ¶ ¬ ûñ¯
�A¹ µ

������������������  !#"%$& (')�* +, (-. (/��

E0 021 +#')�3/�" 1 � 4#5�6 1 $�78 �9/ xz∗ "%��:�;<!,: 1 -.4,:�/&',/<')�3/&- 1 :�' 1 - 1 � 1 !,: 1&= � ���9/')�.>#+, (' 1 ! 1 :@? J1`,A JCBDA2E �F"G78:84)784,:�/H')�I:8�F"G78:8 (5.J��F"K')�I L&4#/��(',/&')�I"%�F-.4,+#',;�:8 (/&" S
AMEON /�:8 P; N ���

PareBusca
A

Q ���R������� E �S��� T 1 :�" 1 � 4#5�6 1VU /&-D78W N ��� xz ��+#- 1 +X78:�/&',/ A�Y /�:�/V4,�Z!,: 1&= � ���9/H + U /&-D78W N ����78��:%[\"%�.[\; xz = ∅ A
J9K
]_^�`�a�bFcedf`

BBDa
?
E0,S 0 PareBusca BN�K

i← 0 0 j ← 0OPK
xz ← ∅ 0 xlb

i,j ← ∅ . g ��:�/ 1 �S��� T 1 :
! 1 +X7 1HU /&-D78W N ����� 1 "h! 1 +X7 1 "
' 1 "
i�j8k AT K
γ ← {1, . . . , n} 0 γ̄ ← ∅ . g ��:�/ 1 - 1 +�l\4,+X7 1 ')� N /�:8 (; N �� ("K�  N :8�F"K� UR1 :�5�/&',/&" AZ�K
lP ← ∅ .

i� ("G7�/S')�@!,: 1&= � ���9/&" A\PK med�d#n
.
io/&5 1 !,:8 +#-. !#/���' 1S= :�/�+#-�T)[\/�+#'�[ =f1 4,+#' A] K prq�meq�s,tFq 7 1 ',/&"
/&"h:8��L&:�/&"K')�@:8�F"G78:8 (5.J��F"h')�@ L&4#/��(',/&')�I"%�F-.4,+#',;�:8 (/&"^PK ce] ∃ algum k e σ | xlb

i,j(k) ≤ σ e xlb
i,j(k) ≥ σ

bFu�q�`_PK
γ̄ ← todos os k 0 γ ← {l | l ∈ {1, . . . , n} | l 6∈ γ̄}J1`PK q�`�vwce]J9J9K s)n�n�mRx

regral ∀ Sl == True . y �F"G78:8 (5.J��F"
')�I L&4#/��(',/&')�@"%�F-.4,+#',;�:8 (/&" AJ�N�K
γ̄ ← (γ̄ ∪ l) | ∀ Sl == True 0 γ ← {l | l ∈ {1, . . . , n} | l 6∈ γ̄}J1OPK
x̃0(γ̄)← xlb

i,j(γ̄) .
k 1 !, � 1 " N /�� 1 :8�F"M>,z 1 "h!#/�:�/ 1 ! 1 +X7 19{ 4,�I| 1 -.��+X78: 1 ' 1 ���  !#"%$& (')� AJ T K

xlb
i,j ←MEDR(E0, γ) . y �F" 1 � 4#5�6 1 ' 1 !,: 1&= �(�.�9/H:8���(/rz,/&' 1 /�� L 1 :8 78� 1 J1O,AJ�Z�K ce]
xlb

i,j = ∅ 1 4 f(xlb
i,j) > f(xz)

bFu�q�`J1\PK }fd~bFd �  +,T#/
32J ] K q�`�vwce]J1^PK ce]

xlb
i,j(1 : z) ∈ Iz

+

bFu�q�`
.
Y 1 +&7 1SU /&-D78W N ��� AJ1_PK ce]

f(xlb
i,j) < f(xz)

bFu�q�`
. � ��� T 1 :�" 1 � 4#5�6 1 /r78| 1 � 1 �S��+X7 1 AN)`PK

xz ← xlb
i,j .

E 784#/��  �F/9i��,k AN�J9K ce]
PareBusca == True

bFu�q�`N9N�K prqXbF^opr`
xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AN)OPK q�`�vwce]N T K q�`�v�ce]N9Z�K }fd~bFd �  +,T#/

32N)\PK q�`�vwce]N ] K
k ← qualquer({l | l ∈ {1, . . . , z} | xlb

i,j(l) 6∈ I+}
BN)^PK s,v�v + 1 N /V:8�F"G78:8 (5�6 1 x(k) ≤ bxlb

i,j(k)cN)_PK
i← i+ 1 0 j ← 0O9`PK s,v�v !,: 1&= � ���9/ Pi,j

+#/S�  ("G7�/
lPOPJ9K }fd~bFd �  +,T#/

07OkN�K med�d#nw� T, � �
j = 1O9OPK prq�t�bFd#prq ',/S�  ("G7�/

lP 1S� � 78 � 1 !,: 1&= � ���9/V� prq���d���q �F"G78�I!,: 1&= � ���9/S',/H�  ("G7�/ lPO T K q�`�vwmed�d#nOkZ�K ce]
lP = ∅ bFu�q�`O9\PK prqXbF^opr`

xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AO ] K q�`�vwce]O9^PK prq���d��fq � � 78 �9/S:8�F"G78:8 (5�6 1 x(k) ≤ bxlb
i,j(k)cO9_PK s,v�v + 1 N /V:8�F"G78:8 (5�6 1 x(k) ≥ dxlb

i,j(k)eT `PK prq���d��fq !,: 1&= � ���9/ Pi,0

',/S�  ("G7�/
lPT J9K

j ← 1T N�K s,v�v !,: 1&= � ���9/ Pi,j

+#/S�  ("G7�/
lPT OPK q�`�v�med�d#nT9T K
q�`�vw]_^�`�a�bFcedf`
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E0 021 +#')�3/�" 1 � 4#5�6 1 $�78 �9/ xz∗ "%��:�;<!,: 1 -.4,:�/&',/<')�3/&- 1 :�' 1 - 1 � 1 !,: 1&= � ���9/')�.>#+, (' 1 ! 1 :@? J1`,A JCBDA2E ��"G7�:84�7�4):�/H')��:8�F"G78:8 (5.J)�F"�')�I L&4#/��(',/&')��"%�F-.4,+#',;�:8 (/&" S
A ��� N /�� 1 :K!#/�:�/�!,:8�F-. ("86 1!#/�:�/ 1 78�F"G78��')�@�  �S 78�F" ε̂ > 0

A
Q ���R������� E �S��� T 1 :�" 1 � 4#5�6 1�U /&-D78W N �.� xz

��+#- 1 +X78:�/&',/ AOY /�:�/�4,��!,: 1&= � ���9/� + U /&-D78W N ��� 1 4�!#/�:�/ xz∗ 6∈ E078��:%[\"%�.[\;
xz = ∅ A

J9K
]_^�`�a�bFcedf`
MEEBB

?
E0,S, ε̂

BN�K
k ← 0OPK
xz ← ∅ . g ��:�/ 1 �S��� T 1 :
! 1 +X7 1HU /&-D78W N ���T K med�d#n

.
io/&5 1 ')�@� 1 N  (�S�.+X7�/&5�6 1 ' 1 io�#k AZ�K ce]

gi(xk) ≤ 0 ∀ i = 1, . . . , p
bFu�q�`\PK ∇̄k ← ∇̄f(xk)] K ce]

xk 6∈ Ω
�
f(xk) < f(xz)

bFu�q�`^PK
wz ← BuscaBB(Ek, ∇̄k,x

z,S) .
Y : 1 -.4):�/H4,�Z! 1 +X7 1HU /&-D78W N �.� A_PK ce]

wz = ∅ bFu�q�`J1`PK ce]
((f(xz)− f(xk)) ≤ ε̂) 1 4 (

∇̄T
k

|∇̄k|
∗ (xz − xk) ≤ ε̂)

bFu�q�`J9J9K
return xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AJ�N�K q�`�v�ce]J1OPK ∇̄k ← −∇̄k . xk

| 1 + 1 N 1 i�j8kJ T K
wz ← BuscaBB(Ek, ∇̄k,x

z,S) .
Y : 1 -.4):�/H4,�Z! 1 +X7 1HU /&-D78W N �.� AJ�Z�K ce]

wz = ∅ bFu�q�`J1\PK
return xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AJ ] K q�`�v�ce]J1^PK q�`�vwce]J1_PK q�metFqN)`PK

wz ← xkN�J9K q�`�v�ce]N9N�K ∇̄k ← ∇̄f(wz)N)OPK
xz ← wz . � ��� T 1 :�" 1 � 4#5�6 1 /r78| 1 � 1 �S��+X7 1 AN T K q�metFqN9Z�K ∇̄k ← ∇̄gi(xk) para algum gi(xk) > 0, | i = 1, . . . , pN)\PK
wz ← xkN ] K q�`�vwce]N)^PK

Ek+1 ← (Ek ∩H∇̄k,wz

−

B
. �  (')�*? N)A J T BDAN)_PK ce]

vol (Ek+1) ' 0 1 4 vol(Ek+1) ' vol(Ek)
bFu�q�`O9`PK

return xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AOPJ9K q�`�vwce]OkN�K
k ← k + 1O9OPK q�`�v�med�d#nO T K
q�`�vw]_^�`�a�bFcedf`

J9K
]_^�`�a�bFcedf`
BuscaBB

?
Ek, ∇̄k,x

z,S
B

. � "G7�/ U 4)+#5�6 1 - 1 :8:8�F"%! 1 +#'��I� = 4#"8-./9')�I4,�9/S�S��� T 1 :�" 1 � 4#5�6 1S{ 4,�
xz,

! 1 :��
�%�r�������%�r���r�����r�)���3+ 1 "%���S [_���  !#"%$& (')�@')�.>#+, (' 1 ! 1 : Ek ∩H∇̄k,xk

−

AN�K s,v�v :8�F"G78:8 (5�6 1 (∇̄k)
T (x− xk) ≤ 0OPK ce]

xz 6= ∅ bFu�q�`T K s,v�v :8�F"G78:8 (5�6 1 (∇̄f(xz))T (x− xz) ≤ 0Z�K q�`�vwce]\PK
[xz, Ek]← BC(Ek,S, T rue) .

E � L 1 :8 78� 1 J1\] K prq�meq�s,tFq :8�F"G78:8 (5.J)�F"K/&') (-. 1 +#/&',/&" A^PK
return 1 !,:8 �S�� : 1 ! 1 +&7 1HU /&-D78W N ��� xz A_PK
q�`�v�]_^�`�a�bFcedf`
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���|�HÞ|��� �7�R�� ¢¡¤£%¥%¦X§A¡©¨A¡©¯±°�²´³/µ·¶R¸7²´³/¹´¸M¦æ¼*§
{ µ|¬WÐW¬W­/­ ¹�¶:¯·¶ ¬ ¶ ¬À­/¬À­/²�±'°|Ð ¹ ²�µ ¯·´tÑ|´ ² Ï ±�¬W» ¯ ­t»Â° ¹ ®
² ¶|¹ ö õ ÐW¬ ¹ ­óö	² ¹�¯ ÐW¬WµA®
¬W±�ô ¯ µ|¬WÐW¬W­/­ v·´/¹�¯HÑ:¯·´
¯ ­/¬
¯·Ñ ± ¹ Ð ¯·´ ¬W»¡ÐW²�µ î °|µG®
² ¶|¹ ö	¬ ´ ¬WµA®
¬W­ ¹�¶ ³ ¹�¯ ­ ¹ µ|² ¾·¯·¶ ² ´
¯ ­ ¶ ° ´
¯ µG®
¬Ã² Ñ|´ ²�ÐW¬W­/­/² ¶ ¬Ã­/²�±�°|ºWÓ·² ¶ ²�­ Ñ|´ ²Åã
Ï ±�¬W» ¯ ­Âø�Åé²�±�­/¬9ÆÒµ ß ¶�ß � ß¸à » Ï ²�» ¬ x ¬W» Ñ ±�² ¶ ¬W­8® ¯3¯ ­/­/²AÐ ¹�¯ ºSÓ·²;¬W­8® v µ ¯;¹ µG®
¬Wí ´
¯ ºSÓ·² ¶ ¬Ü®
³WÐWµ ¹ Ð ¯ ­
¶ ¬ Ñ ± ¯ µ|² ¶ ¬3ÐW² ´ ®
¬ ¯ ²�­ ¯ ±'í�² ´/¹ ®
»Ã²�­ ¶ ¬ ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì·ßê¼$¯·´
¯ ¬W­8®
¬W­ Ñ|´ ² Ï ±�¬W» ¯ ­ ¶|¹ ö õ ÐW¬ ¹ ­ Î
® ¯ ±$ÐW²�»H² î|vÆ¶|¹ ­/ÐW°N® ¹�¶ ²Æµ ¯ ­/¬WºSÓ·²Áý ß � ß � Î °|» ¹ µ|Ð ´ ¬W»H¬LµA®
²Æµ|²Ò¬W­8ö	² ´ ºW² ¶ ¬ÃÐ v ±�ÐW°|±�² ¶ ² ¯ ±�í�² ´/¹ ®
»H²
¶ ¬¸²·® ¹ » ¹'æS¯ ºSÓ·²3ø ë²�2{ t �Ýµ:Ó·²À­ ¹ í�µ ¹ å:Ð ¯ µ|¬WÐW¬L­
­ ¯·´/¹�¯ »H¬WµG®
¬¸°|» ¹ µ|Ð ´ ¬W»H¬WµG®
²Àµ|²Â¬W­8ö	² ´ ºW²ÂÐW²�» Ñ °N® ¯ ã
Ð ¹ ²�µ ¯ ±·®
²·® ¯ ± Ñ:¯·´
¯t¯w¶ ¬L®
¬ ´ » ¹ µ ¯ ºSÓ·² ¶:¯ ­
²·±�°|ºSÓ·²?}·® ¹ » ¯ ø ë²��ò � ßÅë » ¶|¹'¾ ¬ ´ ­/²�­!Ð ¯ ­/²�­ Î ³Ý¬ x|¯ ® ¯ »H¬WµG®
¬
² ¯ °|»H¬WµA®
² ¶:¯ ÐW²�» Ñ ±�¬ xN¹�¶:¯·¶ ¬ ¶ ² ¯ ±�í�² ´
¹ ®
»Ã² ¶ ¬t²·® ¹ » ¹'æS¯ ºSÓ·²¿ìA°|¬ Ñ ¬ ´ » ¹ ® ¹�´wvñ¯¿´ ¬ ¶ °|ºSÓ·² ¶ ² ë²��ò¿ß

t Ñ|´/¹ »H¬ ¹�´ ²3Ð4} ¶|¹ í�²Æ» ¯·¹ ­ñí�¬Wµ|³ ´/¹ ÐW²ÒìA°|¬ ¯·¶ ²·®
²�° ¯ °N® ¹ ± ¹'æS¯ ºSÓ·² ¶ ¬ Ñ ± ¯ µ|²�­ ¶ ¬ÃÐW² ´ ®
¬Ã¬Lö	¬L® ¹'¾ ²�­
Ñ:¯·´
¯ ­/¬ ´ ¬W»¡°N® ¹ ± ¹�æS¯·¶ ²�­¸µ|²Æµ�} ´
¯·¹�æÂ¶ ¬ä°|» ¯ ±�í�² ´/¹ ®
»Ã² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì�Ñ:¯·´
¯©¯ ­/²�±�°|ºSÓ·² ¶ ¬
Ñ|´ ² Ï ±�¬W» ¯ ­=	�Þ ¼ ¶ ¬é± ¯·´ í ¯ ¬W­/Ð ¯ ± ¯ªÑ ² ¶ ¬ð­/¬ ´ ¬Wµ|ÐW²�µG® ´
¯·¶ ² ¬W» ø ��´ ² �t¶ ¬ ´ ¬L® ¯ ± ß ýQþ��
��� ß ë ­8® ¯
¯·Ï ² ´/¶:¯ í�¬W» Ñ ² ¶ ¬Â­/¬ ´¸¶ ¬Wµ|²�» ¹ µ ¯·¶:¯ » ¯·¹ ­ Ñ|´ ¬WÐ ¹ ­ ¯ »H¬WµG®
¬ ¶ ¬Â°|» »H³L®
² ¶ ² â�Â Ç Ë8É
½6Ì·ËIÄtÈ/É
½"Á%Ê�ß7��v
¯Á¹�¶ ³ ¹�¯é¶ ¬ ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËvâNÂ Ç Ît¯ ìA° ¯ ± ¶ ¬L®
¬ ´ » ¹ µ ¯Á¯ í�¬ ´
¯ ºSÓ·² ¶ ¬ Ñ ± ¯ µ|²�­ ¶ ¬ ÐW² ´ ®
¬ ¶ ° ´
¯ µA®
¬ ²
Ñ|´ ²�ÐW¬W­/­/² ¶ ¬ ´
¯ » ¹ å:Ð ¯ ºSÓ·² ÎwÑ ² ¶ ¬ê­/¬ ´©¹�¶ ¬WµG® ¹ å:Ð ¯·¶:¯ ¬W» ø �N¯S¾ ¬W±�­ Ï ¬ ´ í�ô ú «�¬W»Hô ¯ °|­/¬ ´ ýQþ�þ����Ã¬
Ñ ²�­8®
¬ ´/¹ ² ´ »H¬WµG®
¬ð¬W» ø � ° ¬L® ¯ ± ß ýSþ�þ�
�� ß à » µ�ø|»H¬ ´ ² Ð ¯·¶:¯ ¾ ¬ æ » ¯·¹ ² ´©¶ ¬ ¯ ±�í�² ´/¹ ®
»Ã²�­©ìA°|¬
ÐW²�» Ï|¹ µ ¯ »Ç®
³WÐWµ ¹ Ð ¯ ­ ¶ ¬Hí�¬ ´
¯ ºWÓ·² ¶ ¬Hô ¹�Ñ ¬ ´/Ñ ± ¯ µ|²�­ ¶ ¬HÐW² ´ ®
¬ ¯�ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄñÍ�Â$½6ÌêÑ ² ¶ ¬W» ­/¬ ´
¬Wµ|ÐW²�µG® ´
¯·¶ ²�­�¬W» Ñ ° Ï ± ¹ Ð ¯ ºWçA¬W­ ´ ¬WÐW¬WµG®
¬W­Âø�ÅÁ²�±�­/¬9Æ©µ ß ¶�ß'Î�� ² ´/¶|¹ ¬ ´ ¬L® ¯ ± ß ýQþ�þ�þ Î|¼$¯·¶|Ï ¬ ´ íb�
����
�� ß

ë » Ï ² ´
¯Ã¯ í�¬ ´
¯ ºSÓ·² ¶ ¬ Ñ ± ¯ µ|²�­ ¶ ¬¿ÐW² ´ ®
¬ ¶ ° ´
¯ µG®
¬>² Ñ|´ ²AÐW¬W­/­/² ¶ ¬ ´
¯ » ¹ å:Ð ¯ ºSÓ·² ¶ ¬¿°|» ¯Ã¯ ±�í�²�ã
´/¹ ®
»H² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6ÌÀÑ ²�­/­ ¯¿Ñ:¯·´ ¬WÐW¬ ´ ­
¬ ´�¯·Ñ ¬Wµ ¯ ­&°|» ¶|¹ ö	¬ ´ ¬Wµ|Ð ¹�¯ ±N» õ µ ¹ »Ã² Î µ ¯ñÑ|´wv ® ¹ Ð ¯ ¬W­8® ¯
í�¬ ´
¯ ºSÓ·² ´ ¬ Ñ|´ ¬W­/¬WµA® ¯ °|» ¯ »Â° ¶:¯ µ|º ¯Ò¶ ¬Hå:±�²�­/²·å ¯Nß t ìA°|¬3­/¬ Ñ|´ ¬L®
¬Wµ ¶ ¬3³ Î µ:Ó·² ¯·Ñ ¬Wµ ¯ ­ ¯S¾·¯ ± ¹�¯·´
²�­Àµ|² ¶ ²�­ ¶ ¬Hö	² ´ » ¯Æ´wv·Ñ|¹�¶:¯NÎ » ¯ ­Ü­ ¹ » í�¬ ´
¯·´ ²�® ´
¯·Ï:¯ ±�ô|²ÒìA°|¬;ö	² ´ µ|¬WÐW¬W­/­ v·´/¹ ² Ñ:¯·´
¯ í ¯·´
¯ µA® ¹�´Ü¯
¯·Ñ|´ ² xN¹ » ¯ ºSÓ·² ¶ ²�­t± ¹ » ¹ ®
¬W­tù?Þ � ¬Üù ��� ¬ xN¹ ­8®
¬WµG®
¬W­ ¯ Ð ¯·¶:¯ÃÑ|´ ²�ÐL¬W­/­
² ¶ ¬ ´
¯ » ¹ å:Ð ¯ ºSÓ·² ß

���|�HÞ|�I� ¨%¥%�C£%¨�×«ØF�R�®¡AäÛ£%Ø ¯±°�²´³/µ·¶R¸7²´³/¹´¸M¦æ¼*§üß Ù-à�â.©X¨A£%¡Aä ¨A¡ ª­¬X�®¡¤£%¡
ª¬«8­%®<¯ º ­ ¹�² «

à » ¯Ò¹�¶ ³ ¹�¯�¯ µ v ±�²�í ¯í��ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ëvâ�Â Ç Ñ ² ¶ ¬3­/¬ ´ ÐW²�µ|­8® ´ ° õ'¶:¯ ìA° ¯ µ ¶ ²ê°|» »H³L®
² ¶ ² Ï:¯ ­/¬ ¯·¶ ²
¬W» Ô�ÖJ× Ø:ÙQÚÅ× ÌAÛ ³Ã°N® ¹ ± ¹'æS¯·¶ ²©ÐW²�»H²3ö	¬ ´/´
¯ »H¬WµA® ¯3¶ ¬Ã­/²�±�°|ºSÓ·² ¶ ² Ñ|´ ² Ï ±�¬W» ¯ ² Ï ® ¹�¶ ² Ñ ² ´¿´ ¬W± ¯�x|¯ ºSÓ·²
¬W» °|» ¯ ±�í�² ´/¹ ®
»Ã² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì·ß ¼&´
¹ »H¬ ¹�´
¯ »Ã¬WµA®
¬ ¶ ¬ ¾ ¬vã�­/¬©² Ï ­/¬ ´8¾·¯·´ ìA°|¬©°|»Õ»H³L®
² ¶ ²
Ô�ÖJ× Ø:Ù Í × ÌGÉ Ö Ñ|´ ¬WÐ ¹ ­ ¯©¶ ¬ä°|»Ç¬W± ¹�Ñ ­|} ¹�¶ ¬ ¹ µ ¹ Ð ¹�¯ ± Ñ:¯·´
¯3´ ¬W­8® ´/¹ µ|í ¹�´ñ¯3´ ¬Wí ¹ Ó·² ¶ ¬ Ï °|­/Ð ¯NßÂë µG®%Ó·² Î?Ñ:¯·´
¯
²ð»H³L®
² ¶ ² ¶ ¬ ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ëvâ�Â Ç ¯ ìA° ¹wÑ|´ ² Ñ ²�­8®
² Î�¯ê¹�¶ ³ ¹�¯ Ñ|´/¹ »H² ´/¶|¹�¯ ±�­/¬ ´wv °N® ¹ ± ¹'æS¯·´ ²�­ä± ¹ » ¹ ®
¬W­
¬Wµ|ÐW²�µG® ´
¯·¶ ²�­ ¶ ° ´
¯ µG®
¬¿² Ñ|´ ²AÐW¬W­/­/² ¶ ¬ ´%¯ » ¹ å:Ð ¯ ºSÓ·² ¶:¯ ¬WµA°|»H¬ ´
¯ ºSÓ·² Ñ:¯·´
¯ ÐW² ´ ® ¯·´ ø	ÐW²�» Ñ|´/¹ » ¹'´ �Ý²
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8���#�ök),#�6�34/����$#�/1£A),#B���$#¬W± ¹�Ñ ­|} ¹�¶ ¬�ìA°|¬t­/¬ ´wv °N® ¹ ± ¹'æS¯·¶ ² ¶ ° ´
¯ µG®
¬t² Ñ|´ } xN¹ »H² Ñ|´ ²�ÐW¬W­/­/² ¶ ¬ Ï °|­/Ð ¯>¶:¯ ­/²�±�°|ºSÓ·² ´ ¬W± ¯�x|¯·¶:¯Nß$¼ ² ´
å:» Î ® ¯ ±CÐW²�»H² Ñ|´ ¬L®
¬Wµ ¶|¹�¶ ² Ñ ² ´ °|» ¯ ±�í�² ´/¹ ®
»Ã² ÄtÈ
É
½"Á%Ê�Ë8É
½6ÌÅËvâ�Â Ç Î ¬W­8®
¬ Ñ|´ ²AÐW¬W­/­/²ÃÐW²�» Ñ|´/¹ » ¹'´wv ²�­
± ¹ » ¹ ®
¬W­tù?Þ � ¬Üù ��� °|» ÐW²�µG® ´
¯ ²H²�°N® ´ ² ß

à » ÐW² ´ ®
¬Ü¬Lå:Ð ¹ ¬WµG®
¬©ø ¹iß ¬ ß'ÎZ¶ ² ¹ µ|í�± ÷ ­ñÙ5Ç È
Í�½$¿°Á5Â Çw�w³ ¯ ìA° ¹�¶ ¬Lå:µ ¹�¶ ²HÐW²�»H²H²;­/¬W» ¹ ã�¬W­ Ñ:¯ ºW²;ìA°|¬
ÐW²�µG®
³W» °|» ¯ ­/²�±�°|ºSÓ·² ¹ µG®%¬ ¹�´
¯NÎ ²�° » ¹ ­8® ¯ ¹ µG®
¬ ¹�´
¯ ¬ðÐW²�µG® õ µA° ¯NÎ ¬ðìA°|¬ ¹ µA®
¬ ´ ÐW¬ Ñ ® ¯ ² ÐW² ´/´ ¬WµA®
¬
¬W± ¹�Ñ ­|} ¹�¶ ¬ ¶ ¬ñ»H² ¶ ²ÂìA°|¬ñ²Âµ|² ¾ ²Â¬W± ¹�Ñ ­|} ¹�¶ ¬�ÐW²�» ¾ ²�±�°|»H¬¸»H¬Wµ|² ´�Ñ ²�­/­ ¯ ­/¬ ´ Ð ´/¹�¯·¶ ² ¯ÀÑ:¯·´ ® ¹�´�¶ ¬W­8® ¯
¹ µG®
¬ ´ ­/¬WÐWºSÓ·² ß t Ñ ²�µA®
² Ñ|´ ¬ Ñ ²�µ ¶ ¬ ´
¯ µG®
¬ ¶ ²é»H³L®
² ¶ ² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ë%â�Â ÇÀ³ÆÐW²�»H² ¶ ¬Lå:µ ¹�´ ÐW² ´ ®
¬W­
ìA°|¬ Ñ ² ¶ ¬ ´ Ó·²©­/¬ ´ °N® ¹ ± ¹'æS¯·¶ ²�­¸µ ¯ ÐW²�» Ñ|´ ¬W­/­
Ó·² ¶ ²©¬W± ¹�Ñ ­|} ¹�¶ ¬ÀÐW² ´/´ ¬WµG®
¬ ß t ò ¬W² ´ ¬W» ¯ �3¬Â²Æù?¬W» ¯
�Òö	² ´ » ¯ ± ¹'æS¯ »¦²�­ÂÐW² ´ ®
¬W­ÂìA°|¬ Ñ ² ¶ ¬W» ­/¬ ´ °N® ¹ ± ¹�æS¯Å¶ ²�­ î °|µG® ¯ »H¬WµG®
¬ ¯ ² ¯ ±�í�² ´/¹ ®
»Ã² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ë
ÄñÍ�Â$½6Ì ÐW²�»H²ÃÐW² ´ ®
¬W­t¬Lå:Ð ¹ ¬WµG®
¬W­ ß
° · þ<ÿ ·$¹»º²± Ë;â$È ×�Ç ÛLÈ × ÍéÌAÛêâ�ÍÅÈ Ç Û Ø É·È/ÉÁÍ Ô�ÖJ× Ø:ÙQÚÅ× ÌAÛ[Ê â�Í�½ ÙL× ÌAÛLÈ
ÛÒÍ Ø È
Í�Ë Ö Û5ÃHÉéÌAÛ Ù ÁLÈ ×�Ç Í Ø ÍÅÈ
Í�Î�Ï�Ð�Î�ÑÁÛêÍ Û ÖJ× Ø:ÙQÚÅ× ÌAÛ {Ě ⊂ Rn | xz∗ ∈ Ě} Ò ÌAÛuÌµ½ × ÌAÍ Ø Û Ö ÍèÁ%Û5½ Ç È
Í x̌ Û Ø Û Ö É ÃHÉ Ç È ×�ì

Q̌−1
Ð

ç ÛuÌµ½6ÉäÉ × Â�½<Ä�ÅAÍ
ρ(ξ,x) = ξT (x̌−x)√

ξT Q̂−1ξ

½6ÉkÜ4Â|É Ö
ξ
Û
x ∈ Rn

Ð?ð<Â Ø Í�½NÊ|ÉÃÍ Ø Í�½ Ç Í {w | w(1 : z) ∈
Iz+ | w(z + 1 : n) ∈ Rn−z} Ò Û5½ Ç ÅAÍ
å�æ {H∇̄f(w),w

+ | z = 0 | w = x∗} ÛÚÂ$ÃVÁ%ÍÅÈ Ç ÛÁÛuÌ2Á × Û5½ Ç Û Ø É·È/É§Í�Û ÖJ× Ø:ÙQÚÅ× ÌAÛ
Ě
Ù Û

(− 1
n
<

ρ(−∇̄f(w),w) ≤ 1)
Ð

åuå�æ {H∇̄gi(w),w
− | ∃ algum gi(w) > 0 ∀ i = 1, . . . , p} ÛßÂ$Ã Á%ÍÅÈ Ç ÛHÛuÌ2Á × Û5½ Ç Û Ø É·È/É�Í�Û ÖJ× Ø:ÙQÚÅ× ÌAÛ
Ě
Ù Û

(− 1
n
< ρ(∇̄gi(w),w) ≤ 1)

Ð
åuåuå~æ {H∇̄f(w),w

− | w ∈ Ω} Û?Â$Ã Á%ÍÅÈ Ç Û¸ÛuÌ2Á × Û5½ Ç Û Ø É·È/ÉÂÍÂÛ ÖJ× Ø:ÙQÚÅ× ÌAÛ
Ě
Ù Û

(− 1
n
< ρ(∇̄f(w),w) ≤

1)
Ð

É�È
Í�¾ÅÉ�Ê
å�æ ê Á%ÍÅÈ Ç Û Ø ÍÅÈfï ÈÅâ ¿ Ö Í�Ë%É Ö Ò H∇̄f(x∗),x∗+ Ò ÛÔ¿GÉ·È/É
½ Ç�× ÌAÍ Ø Û Ö Í´³6Û%ÍÅÈ
Û5ÃHÉ²µ§Í Ø à�¿ × ½6ÉÓÎ�¶�µôÑ�Ð ç Û Ù ÌAÛ

Ü4Â:Û
(∇̄f(x∗))T (xz∗ − x∗) < 1 Ò xz∗ ∈ (H

∇̄f(x∗),x∗

+ ∩ Ě)
Ð ò × Â$½<Ä�ÅAÍ

ρ(−∇̄f(w),w)Ã;Û
ÌAÛñÉäÌ ×�Ù5Ç�· ½"Á × É Ò 4 Ò ÌAÍ Ø Í�½ Ç ÍDÃHÉ ×�Ù&Ø È Ú Ý × Ã;ÍÀÉAÍ¿Ê × Ø ÛLÈ Ø6Ö É
½CÍ H∇̄f(w),x
É Ç Û¿ÍkÁ%Û5½ Ç È
ÍÂÌAÍ

Û ÖJ× Ø:ÙQÚÅ× ÌAÛ
x̌
Ø Û Ö É=ÃHÛ Ç È × Á
ÉÒÌAÍ�Û ÖJ× Ø:ÙQÚÅ× ÌAÛ[ÐßÉtÍÅÈ(ÌµÃ Ò 4 ∈ (− 1

n
, 1]

Ø ÍÅÈ|Ü4Â:Û 4 > 1
× Ã Ø6ÖJ× Á
É

Ü4Â:Û
xz∗ 6∈ Ω Ò ÍèÜ4Â:Û§Û × Ã Ø Í Ù%Ù5Ø ¾·Û Ö Ò Û 4 ≤ − 1

n

È
Û Ù Â ÖÞÇ É Û5Ã Â$Ãé½CÍ�¾·ÍªÛ Ö-× ØZÙSÚ·× ÌAÛ¢Á%Í�Ã
¾·Í Ö Â$Ã;Û × ¿
Â|É Ö ÉAÍ ¾·Í Ö Â$Ã;Û�ÌAÍªÛ ÖJ× Ø:ÙQÚÅ× ÌAÛ

Ě Ò ÍèÜ4Â:Û§Á%Í�½ Ç È/ÉGÌ ×�ì ÉªÌAÛuÌµ½ × Ä�ÅAÍÁÌAÛ=Â$ÃQÁvÍÅÈ Ç Û
ÛuÌ2Á × Û5½ Ç Û[Ð

åuå�æ ê Ù Á%ÍÅÈ Ç Û ÙÜØ ÍÅÈ Ø Í�½ Ç Í Ù3× ½ × É�Á ÇuØ ¾·Û ×�Ù Ò H∇̄gi(w),w
− Ò Ù ÅAÍ=¿GÉ·È/É
½ Ç�× ÌAÍ ÙÜØ ÍÅÈ Ω ⊂ H

∇̄gi(w),w
−

Ø É·È/É
Ç ÍSÌAÍ Ù Í Ù

gi(w) > 0
Ð Ô ½ Ç ÅAÍ

xz∗ ∈ (H
∇̄gi(w),w
− ∩ Ě)

Ð ê × ½ Ç ÛLÈ�¾ÅÉ Ö Í 4 ∈ (− 1
n
, 1]

Û
ÌAÛuÌµ½ × ÌAÍHÌAÛ × ÍÅÈ�ÃHÉ3É
½�à Ö Íw¿GÉ3ÉAÍ ×�Ç Û5Ã

i
Ð
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åuåuå~æ ê Ù Á%ÍÅÈ Ç Û Ù ÌGÉ Ù�Ù Í Ö Â-Ä�ÖQÛ Ù × É�Á ÇuØ ¾·Û ×�Ù Ò H∇̄f(w),x̌
− Ò Ù ÅAÍ_¿GÉ·È/É
½ Ç�× ÌAÍ Ù�Ø ÍÅÈ (∇̄f(w))T (xz∗−w) ≤ 0Ø É·È/É Ç ÍSÌAÍ

w ∈ Ω
Ð?ÉtÍÅÈfÁ%Í�½ Ù ÛwÜX¸!À5½"Á × É

xz∗ ∈ (H
∇̄f(w),x̌
− ∩ Ě)

Ðfê × ½ Ç ÛLÈ�¾ÅÉ Ö Í 4 ∈ (− 1
n
, 1]ÛÂÌAÛuÌµ½ × ÌAÍHÌAÛ × ÍÅÈ�ÃHÉ3É
½�à Ö Íw¿GÉ;ÉAÍ ×�Ç Û5Ã

i
ÛßÁ%Í�Ã Ø6Ö Û Ç É3É©ÌAÛ5Ã;Í�½ Ù5Ç È/É�Ä�ÅAÍHÌAÍ Ç Û%ÍÅÈ%Û5ÃHÉ�Ð

¶¸·$¹»º¹± Ë©â$È ×�Ç ÛLÈ × ÍéÌAÛéâ�ÍÅÈ Ç Û Ø ÍÅÈðâ�Â�È�¾ÅÉ ÌAÛ»º Ø ¾·Û Ö Ê â�Í�½ ÙL× ÌAÛLÈ%ÛÒÍ Ø È
Í�Ë Ö Û5ÃHÉÁÌAÛ Ù ÁLÈ ×�Ç Í Ø ÍÅÈ
Í�Î�Ï�Ð�Î�ÑÁÛêÍ Û ÖJ× Ø:ÙQÚÅ× ÌAÛ {Ě ⊂ Rn | xz∗ ∈ Ě} Ò ÌAÛuÌµ½ × ÌAÍ Ø Û Ö ÍèÁ%Û5½ Ç È
Í x̌ Û Ø Û Ö É ÃHÉ Ç È ×�ì

Q̌−1
Ð

ç ÛuÌµ½6É�É × Â$½<Ä�ÅAÍ
ρ(ξ,x) = ξT (x̌−x)√

ξT Q̂−1ξ

½6ÉÓÜ4Â|É Ö
ξ
Û
x ∈ Rn

Ðbð<Â Ø Í�½NÊ|É=Â$Ã Ø Í�½ Ç Í {w ∈ Ω} Û
Â$Ã Ø Í�½ Ç Í {v ∈ Rn | f(v) > f(w)} Ð°ê Ù Û5Ã × Ë/Û Ù�Ø É�ÄÅÍ

H
∇̄f(v),v
−

ÛßÂ$Ã9Á%ÍÅÈ Ç Û;ÛuÌ2Á × Û5½ Ç Û Ø É·È/É�Í
Û ÖJ× Ø:ÙQÚÅ× ÌAÛ

Ě
Ù Û

(− 1
n
< ρ(∇)f(v),v) ≤ 1

Ð
É�È
Í�¾ÅÉ�Ê
ç × È
Û Ç É
Ã;Û5½ Ç Û;ÌAÍ¼³ZÛ%ÍÅÈ
Û5ÃHÉO½ Ò Â$ÃHÉ¢¾·Û ì Ü4Â:Û f(x) − f(w) ≤ 0

Ø ÍSÌAÛ Ù ÛLÈbÁ%Í�½ ÙL× ÌAÛLÈ/ÉGÌGÉ=Â$Ã
È
Û Ù5Ç È × Ä�ÅAÍ Ø É�È/É©Í Ø È%Í�Ë Ö Û5ÃHÉ;ÌAÛuÌµ½ × ÌAÍ Ø ÍÅÈkÍ�Î�Ï�Ð�Î�Ñ Ø É·È/É Ç ÍSÌAÍ {w ∈ Ω} Ð

� ²�µ|ÐW²�» ¹ ® ¯ µG®
¬W»H¬WµA®
¬ ¯ ² Ñ|´ ²�ÐW¬W­/­/² ¶ ¬¿í�¬ ´
¯ ºSÓ·² ¶ ¬¿ÐW² ´ ®
¬W­ Ñ:¯·´
¯ ²ä¬W± ¹�Ñ ­|} ¹�¶ ¬ Î|¯ ²ä­/¬ ´ ÐW²�µ|­ ¹�¶ ¬vã
´
¯·¶:¯Æ¯©´ ¬ ¶ °|ºSÓ·² ¶ ² ¾ ²�±�°|»H¬äìA°|¬Ã²AÐW² ´/´ ¬ ´wv©¶ ° ´
¯ µA®
¬ä² Ñ|´ ²AÐW¬W­/­/² ¶ ¬ ´%¯ » ¹ å:Ð ¯ ºSÓ·² ¶ ² ¯ ±�í�² ´/¹ ®
»H²
ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ëvâ�Â Ç Î ³ Ñ ²�­/­ õ'¾ ¬W± ¶ ¬Lå:µ ¹�´ °|» µ|² ¾ ²3Ð ´/¹ ®
³ ´/¹ ² ¶ ¬ ¹ µG®
¬ ´/´ ° Ñ ºSÓ·² ¶ ¬W­8®
¬ Ñ|´ ²AÐW¬W­/­/² ¶ ¬ ´
¯ ã
» ¹ å:Ð ¯ ºSÓ·² ßóë ­8®
¬ÀÐ ´/¹ ®
³ ´/¹ ² Ñ ²�­/­ ¹�Ï|¹ ± ¹ ® ¯·´wvä¯ ¬ x ÐW±�°|­
Ó·² ¶ ¬À°|» ´
¯ »H²Ãµ|²;ìA° ¯ ±�µ|¬Wµ|ôA°|» ô ¹�Ñ ¬ ´/Ñ ± ¯ µ|²
¶ ¬Lå:µ ¹�¶ ² Ñ ² ´À¾ ¬L®
² ´ ¬W­ Ñ:¯·´
¯ ±�¬W±�²�­ ¯ ²�­Â¬ ¹yx ²�­ ¶:¯ ­ ¾·¯·´/¹*vS¾ ¬ ¹ ­Â± ¹'¾�´ ¬W­ Î&¶ ¬Lå:µ ¹'¶:¯ ­ Ñ ² ´

γ
Î&¹ µG®
¬ ´ ÐW¬ Ñ ® ¯

²Æ¬W± ¹�Ñ ­|} ¹�¶ ¬ÂÐW² ´/´ ¬WµG®
¬ ß t ò ¬W² ´ ¬W» ¯ þ3ö	² ´ » ¯ ± ¹'æS¯ ¬W­8®
¬ÃÐ ´/¹ ®
³ ´/¹ ² ¶ ¬ ¹ µG®
¬ ´/´ ° Ñ ºSÓ·² ¶ ² Ñ|´ ²AÐW¬W­/­/² ¶ ¬
´
¯ » ¹ å:Ð ¯ ºSÓ·² ß

° · þ<ÿ ·$¹»º²¾ Ëäâ$È ×�Ç ÛLÈ × Í�ÌAÛfÈ�½ Ç ÛLÈvÈ�Â Ø Ä�ÅAÍÒÌAÍbÉ�È
Í�Á%Û Ù%Ù Í�ÌAÛ~¿tÉ
Ã × Ì2Á
É�Ä�ÅAÍkò Ø6ÖJ× Á
ÉGÌAÍ�É°Â$Ã Ô�ÖJ× Ø Ë
ÙQÚÅ× ÌAÛ[Ê â�Í�½ ÙL× ÌAÛLÈ
ÛÆÍ Ø È
Í�Ë Ö Û5ÃHÉðÌAÛ Ù ÁLÈ ×�Ç Í Ø ÍÅÈÓÍ�Î�Ï�Ð�Î�ÑðÛÒÍéÛ ÖJ× Ø:ÙQÚÅ× ÌAÛ {Ě ⊂ Rn | xz∗ ∈ Ě} ÒÌAÛuÌµ½ × ÌAÍ Ø Û Ö Í¢Á%Û5½ Ç È
Í

x̌
Û Ø Û Ö É=ÃHÉ Ç È ×�ì

Q̌−1
ÐHð<Â Ø Í�½NÊ|É°Ü4Â:Û3Í Ø Í�½ Ç Í

xlb ∈ Rn
ÛHÉ Ù Í Ö Â-Ä�ÅAÍÒÌAÛ

Â$Ã Ø È
Í�Ë Ö Û5ÃHÉÆÍ�Ë Ç�× Ì�Í Ø ÍÅÈÜÈ
Û Ö É[ÝAÉ�Ä�ÅAÍ Ø É·È/ÉÆÉ©È
Û�¿ × ÅAÍ©ÌAÛßË4Â Ù Á
ÉÒÌAÛuÌµ½ × ÌGÉ Ø Û Ö ÍÒÛ ÖJ× Ø:ÙQÚÅ× ÌAÛ
Ě
ÛßÜ4Â:Û

{xlb(k) ∈ R | xlb(k) 6∈ I | k ∈ {1, . . . , z} ÐÀâ�Í�½ ÙL× ÌAÛLÈ
ÛñÉß½CÍ�¾ÅÉäÈ
Û Ù5Ç È × Ä�ÅAÍäÌAÛuÌµ½ × ÌGÉ Ø ÍÅÈ_Â$ÃHÉHÌGÉ ÙÛwÜ4Â|É�Ä�ÖQÛ Ù É Ù Û�¿
Â × È4Ê
å�æ

gp+1 , {x(k) ≤ σ | σ = bxlb(k)c} Ð
åuå�æ

gp+1 , {x(k) ≥ σ | σ = dxlb(k)e} Ð
åuåuå~æ

gp+1 , {x(k) = σ | σ = bxlb(k)c} Ð
å\ÀNæ

gp+1 , {x(k) = σ | σ = dxlb(k)e} Ð
³ZÉ
Ã1Ë�Û5Ã9Á%Í�½ ÙL× ÌAÛLÈ
ÛÃÍ Ø Í�½ Ç Í {w | w(i) = xlb(i) ∀ ({i 6= k e i = 1, . . . , n} | w(k) = σ}ÛÆÍÓ¾·Û Ç ÍÅÈ {ξ | ξ(i) = 0 ∀ ({i 6= k e i = 1, . . . , n} | ξ(k) = (xlb(k) − σ)} Ð¥ê ½CÍ�¾·Í Ø È
ÍÅË

Ë Ö Û5ÃHÉ©ÌAÛuÌµ½ × ÌAÍ Ø ÍÅÈ1Í�Î�Ï�Ð�Î�Ñ;ÉAÌ × Á × Í�½6ÉGÌAÍHÌGÉ;È
Û Ù5Ç È × Ä�ÅAÍ
gp+1

½�ÅAÍ Ø Í Ù%Ù Â ×�Ù Í Ö Â-Ä�ÅAÍ × É�Á ÇuØ ¾·Û Ö
xz∗

Ù Û
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| ξT (w−x̌)√

ξT Q̌−1ξ
| > 1

Ð
É�È
Í�¾ÅÉ�Ê

å�æ â�Í�Ã;Í
xz∗ ∈ Ě Û5½ Ç ÅAÍ ∈ (Ě ∩Hξ,w

− ) 6= ∅ Ð ç ÉGÌAÍHÜ4Â:Û xlb 6∈ Hξ,w
−

½�ÅAÍÂÊ�àHÂ$Ã Á
É Ù Í3Û5Ã Ü4Â:Û
Ě ⊂ Hξ,w

−

Ð©ÉtÍÅÈÔÁ%Í�½ Ù Û�¿
Â × ½ Ç Û
(Ě ∩Hξ,w) 6= ∅ Ð

åuå�æ ð�ÛäÛ|Ý ×�Ù5Ç ÛfÂ$Ã Ê × Ø ÛLÈ Ø6Ö É
½CÍHÜ4Â:Û × ½ Ç ÛLÈwÁvÛ Ø�Ç ÉÆÍÆÛ ÖJ× Ø:ÙQÚÅ× ÌAÛ
Ě Ò ÉÆÌ ×�Ù5Ç�· ½"Á × É©ÌAÍ Ø Í�½ Ç Í1ÃHÉ ×�ÙtØ È Ú ËÝ × Ã;Í¢Ü4Â:Û Ø ÛLÈ Ç Û5½"Á%Û;ÉAÍ3Ê × Ø ÛLÈ Ø6Ö É
½CÍÒÉ Ç Û©ÍÓÁ%Û5½ Ç È%Í�ÌAÍ Û ÖJ× Ø:ÙQÚÅ× ÌAÛ

x̌
ÌAÛ5¾·Û Ø ÛLÈ Ç Û5½"Á%ÛLÈHÉAÍ × ½:Ë

Ç ÛLÈ�¾ÅÉ Ö Í
[−1, 1] Ò Ü4Â|É
½6ÌAÍêÉéÌ ×�Ù5Ç�· ½"Á × É ÛbÃ;Û
Ì × ÌGÉ Ø Û Ö É§½CÍÅÈ�ÃHÉðÌAÍéÛ ÖJ× Ø:ÙQÚÅ× ÌAÛ Ě Ðdê ¾ÅÉ Ö ÍÅÈ

1
È
Û Ø È
Û Ù Û5½ Ç É©ÍÃÈ/É × Í1Â$½ ×�Ç à·È × Í Ò Á%Í�½ ÙL× ÌAÛLÈ/É
½6ÌAÍÅË Ù ÛDÜ4Â:Û&Â$ÃÇÛ ÖJ× Ø:ÙQÚÅ× ÌAÛÔÛ&Ã;Û
Ì × ÌAÍbÁ%Í�Ã;ÍkÂ$ÃHÉ

Ê × Ø ÛLÈ
Û Ù × ÛLÈ/ÉkÂ$½ ×�Ç à·È × ÉH½6É Ù Â|É Ø È Ú%Ø È × É1½6Í·È�ÃHÉ�Ð
åuåuå~æ ÙTÃHÉ°¾·Û ì Ü4Â:Û ξT (w−x̌)√

ξT Q̌−1ξ

È
Û Ø È
Û Ù Û5½ Ç É�É Ì ×�Ù5Ç�· ½"Á × ÉêÛ5½ Ç È
Û3Í3Ê × Ø ÛLÈ Ø6Ö É
½CÍ
Hξ,w

½6É°½CÍÅÈ�ÃHÉ ÌAÍ
Û ÖJ× Ø:ÙQÚÅ× ÌAÛ

Ě Ò Ù Û | ξT (w−x̌)√
ξT Q̌−1ξ

| > 1
Û5½ Ç ÅAÍ

(Ě∩Hξ,w) = ∅ Û xz∗ ½�ÅAÍ Ø ÍSÌAÛ Ù ÛLÈ?Â$Ã È
Û Ù Â ÖÞÇ ÉGÌAÍ
Ø É·È/É©Í Ø È
Í�Ë Ö Û5ÃHÉ�Ð

à » Ô:° x ²�í ´
¯ » ¯ í�¬ ´
¯ ± Ñ:¯·´
¯ ² ¯ ±�í�² ´/¹ ®
»Ã² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ëvâ�Â Ç Ï:¯ ­/¬ ¯·¶ ² µ ¯ªÑ|´ ² Ñ ²�­ ¹ ºSÓ·² ¶ ¬
ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì©¶ ¬ ûñ¯
�A¹ µ�³ ¯·Ñ|´ ¬W­/¬WµG® ¯·¶ ²3µ ¯ å:í·° ´%¯ ý�� ß � ßóà » ¯Ã¹ » Ñ ±�¬W»Ã¬WµA® ¯ ºSÓ·² ¯ µ v ±�²�í ¯
Ñ ² ¶ ¬À­/¬ ´ ÐW²�µ|­8® ´ ° õ�¶:¯;Ñ:¯Å´%¯;¯HÑ|´ ² Ñ ²�­ ¹ ºSÓ·² ¶ ¬ ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6ÌÆ¶ ¬Âù ¯ µ|í ¯ µ ¶ û ² ¹ í ß©{ ÐW²�µ�ã
¾ ¬ ´ í ÷ µ|Ð ¹�¯ í�±�² Ï:¯ ±�³äµ|² ¾Å¯ »H¬WµG®
¬ ¯ ­/­/¬Wí�° ´
¯·¶:¯©Ñ:¯·´
¯Æ¯ ­¿»H¬W­/» ¯ ­ñÐW²�µ ¶|¹ ºWç�¬W­>¬L»¡ìA°|¬Ã²�­¿»H³L®
² ¶ ²�­
ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì ¬HÔ�ÖJ× Ø:Ù Í × ÌGÉ Ö&ÐW²�µ ¾ ¬ ´ í�¬W» ß&{ ­ Ñ|´/¹ µ|Ð ¹�Ñ:¯·¹ ­ ¶|¹ ö	¬ ´ ¬Wµ|º ¯ ­¿¬WµG® ´ ¬ä²ÜÔ:° x ²�í ´
¯ » ¯
¶:¯ å:í·° ´%¯ ý�� ß � Ñ:¯·´
¯ ² Ô:° x ²�í ´
¯ » ¯Â¶ ¬ ÄtÈ/É�½�Á%ÊNË8É
½6ÌÅËIÄñÍ�Â$½6Ì©¯·Ñ|´ ¬W­/¬WµG® ¯·¶ ²Hµ ¯ å:í�° ´
¯ ý�� ß 
Â¬W­8®%Ó·²
¹ µ ¶|¹ Ð ¯·¶:¯ ­ Ñ ¬W± ¯ ­ÂÐ ¯·¹yx|¯ ­Â­/²�» Ï|´ ¬ ¯·¶:¯ ­ ß { ¬W­8® ´ °N®
° ´
¯ê¶ ¬ ´ ¬W­8® ´/¹ ºWç�¬W­ ¶ ¬ ¹ í�° ¯ ± ¶:¯·¶ ¬;­/¬WÐW°|µ ¶!v·´/¹�¯ ­
¶ ¬ ¾ ¬Ü­/¬ ´t¶ ¬Lå:µ ¹�¶:¯ » ¯ µA° ¯ ±�»H¬WµG®
¬ Ñ ¬W± ¯Ã¯ µ v ± ¹ ­/¬ ¶:¯ ­ ´ ¬W­8® ´/¹ ºWç�¬W­ ¶ ² Ñ|´ ² Ï ±�¬W» ¯Nß

���|�HÞ|�HÞ ª­¬X�®¡;£%¡ ª¬«8­%®<¯ º ­ ¹�² « ©X¡�× Ö �¤¥-×«Ø� ¢¨A¦X§A¡ Ùt¡´ ±¯±°�²´³/µ·¶R¸7²´³/¹´¸M¦æ¼*§MÁ
MEEBC

à »üÔ:° x ²�í ´
¯ » ¯ í�¬ ´
¯ ± Ñ:¯·´
¯ °|»¡»H³L®
² ¶ ² Ô�ÖJ× Ø:Ù Í × ÌGÉ Ö�ÐW²�»¡¬WµA°|»H¬ ´
¯ ºSÓ·² Ñ ² ´tÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ëvâ�Â Ç
ÐW² ´/´ ¬W­ Ñ ²�µ ¶ ¬�ìA° ¯ ­/¬�ìA°|¬�¬ x|¯ ® ¯ »H¬WµG®
¬ ¯ ²ÿÔ:° x ²�í ´
¯ » ¯é¯·Ñ|´ ¬W­/¬WµG® ¯·¶ ² Ñ:¯·´
¯é¯ ¬WµA°|»H¬ ´
¯ ºSÓ·² Ñ ² ´
ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄ¸Í�Â$½6Ì ¬ xN¹�Ï|¹�¶ ²ðµ ¯ å:í�° ´
¯ ý�� ß ÿ ß]{�¶|¹ ö	¬ ´ ¬Wµ|º ¯ å:Ð ¯ µ|²êö ¯ ®
² ¶ ¬ÆìA°|¬Ò²ð¬W± ¹�Ñ ­|} ¹�¶ ¬
ÐW²�» Ñ|´/¹ » ¹'¶ ² ¶ ° ´
¯ µA®
¬ ¯ ö	°|µ|ºSÓ·² ¶ ¬ Ï °|­/Ð ¯tÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ëvâ�Â Ç!­/¬w­/² Ï|´ ¬ Ñ ² ´wv>¯ ²¿¬W± ¹�Ñ ­|} ¹'¶ ¬�ÐW² ´/´ ¬WµA®
¬
Ek

ß�ò�¯ ±�ÐW²�»H²t²�ÐW² ´/´ ¬ Ñ:¯·´
¯t¯ ¬WµA°|»H¬ ´
¯ ºSÓ·² Ï:¯ ­/¬ ¯·¶:¯-ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËHÄñÍ�Â$½6Ì·ÎQ¯ ÐW²�µ ¾ ¬ ´ í ÷ µ|Ð ¹�¯ í�±�² Ï:¯ ±
Ñ:¯·´
¯ ²Ü»H³L®
² ¶ ² Ñ|´ ² Ñ ²�­8®
²À³�í ¯·´
¯ µG® ¹�¶:¯>Ñ:¯·´
¯Ü¯ ­�»H¬W­/» ¯ ­�ÐW²�µ ¶|¹ ºWç�¬L­�¬W» ìA°|¬ ¯ » Ï ²·­�²�­�»H³L®
² ¶ ²�­
Ô�ÖJ× Ø:Ù Í × ÌGÉ Ö!¬ ÄtÈ/É
½"Á%Ê�Ë/É
½6ÌÅËIÄñÍ�Â$½6Ì ÐW²�µ ¾ ¬ ´ í�¬W» ß

t ¯ ±�í�² ´/¹ ®
»Ã²ñýQÿ ´ ¬ Ñ|´ ¬W­/¬WµG® ¯�¯ ÐW² ¶|¹ å:Ð ¯ ºSÓ·² ¶ ²w»H³L®
² ¶ ² ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·Ëvâ�Â Ç Ï:¯ ­/¬ ¯Å¶ ²�µ ¯óÑ|´ ² Ñ ²�­ ¹ ºSÓ·²
¶ ¬ ûñ¯
�A¹ µ ¯·Ñ|´ ¬W­/¬WµG® ¯·¶ ² µ ¯ å:í�° ´
¯ ý�� ß � ß�ë ­8®
¬ ö	² ¹ñ¶ ¬W­/¬Wµ ¾ ²�± ¾�¹�¶ ² ¯ Ñ:¯·´ ® ¹�´3¶ ² ¯ ±�í�² ´/¹ ®
»H²§ý[�
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¯ Ð ´ ¬W­/Ð ¹�¶:¯>¯>´ ¬ ¶ °|ºSÓ·² ¶ ²Ü¬W± ¹�Ñ ­|} ¹�¶ ¬ Ñ ¬W±�²�­&ÐW² ´ ®
¬W­ ¶ ¬Lå:µ ¹�¶ ²�­Ýµ|² ò ¬W² ´ ¬W» ¯ � Î µ|²Üù?¬W» ¯ �>¬wµ ¯ µ|² ¾Å¯
´ ¬Wí ´
¯Ò¶ ¬ ¹ µG®
¬ ´/´ ° Ñ ºSÓ·² ¶ ² Ñ|´ ²AÐW¬W­/­/² ¶ ¬ ´
¯ » ¹ å:Ð ¯ ºSÓ·² ¶ ¬Lå:µ ¹�¶:¯ µ|² ò ¬W² ´ ¬W» ¯ þ ßÒà » ¯ ±�í�² ´/¹ ®
»H²
­ ¹ » ¹ ± ¯·´óÑ ² ¶ ¬Ü­/¬ ´ ÐW² ¶|¹ å:Ð ¯·¶ ² Ñ:¯·´
¯H¯äÑ|´ ² Ñ ²�­ ¹ ºSÓ·² ¶ ¬ ÄtÈ/É
½"Á%Ê�Ë8É
½6Ì·ËIÄñÍ�Â$½6Ì©¶ ¬Üù ¯ µ ¶ ¬ û ² ¹ í ß¸{ ­
»H¬W­/» ¯ ­ ¶ ¬Lå:µ ¹ ºWçA¬W­ ¶ ¬W­/Ð ´/¹ ® ¯ ­ Ñ:¯·´
¯ ² ¯ ±�í�² ´/¹ ®
»Ã²êý[� Î!´ ¬Lö	¬ ´ ¬WµA®
¬W­ � ¬W­8® ´ °N®
° ´
¯Ò¶ ¬ ´ ¬W­8® ´/¹ ºWçA¬W­ ¶ ¬
¹ í�° ¯ ± ¶:¯·¶ ¬t­/¬WÐW°|µ ¶!v·´/¹�¯ ­

S
¬ ¯ °|» Ñ|´ ² Ï ±�¬W» ¯

Pi,j
Î ­
Ó·² ¾�v ± ¹�¶:¯ ­ ß¸� ²�»H²À¬W­8®
¬ ¯ ±�í�² ´/¹ ®
»Ã² Ñ ² ¶ ¬ñ­/¬ ´

°N® ¹ ± ¹'æS¯·¶ ²H® ¯ µG®
²©ÐW²�»H²;¬Wµ�°|»H¬ ´
¯·¶ ² ´¸¶ ¬Â°|» Ñ ²�µA®
²;ö ¯ ÐL® õ'¾ ¬W± Î ìA° ¯ µG®
²©ÐW²�»H² ¯ ±�í�² ´/¹ ®
»Ã² ÄtÈ/É
½"Á%Ê�Ë
É
½6Ì·Ëvâ�Â Ç�ìA°|¬¿¬Wµ|ÐW²�µG® ´
¯Ã¯ ­/²�±�°|ºSÓ·²Ô}·® ¹ » ¯NÎ�¯À¾·¯·´/¹*vS¾ ¬W± Ï ²A²�±�¬ ¯ µ ¯

PareBusca
ö	² ¹C¹ µ|ÐW±�° õ�¶:¯ ÐW²�»H²

Ñ:¯·´wù »H¬L® ´ ² ß&ë ­8® ¯Â¾·¯·´/¹*vS¾ ¬W± ¶ ¬ ¾ ¬ ´wv ­/¬ ´w¶ ¬Lå:µ ¹�¶:¯ ÐW²�»Ã²
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³ ´/¹ ²�­ ¶ ¬ Ñ:¯·´
¯·¶:¯�Ñ:¯·´
¯ ²�­ ¯ ±�í�² ´/¹ ®
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×�ØXÙ)Ú)Û_Ü�ÝoÞ»ßGà á âCã�äDá åCßMá æCá çGá è�à

E0 é�ê æCåCßKè
ã ê à ëCì%í ê ä�î�á Þ�è xz∗
ã�ßGï�ð
âCï ê çGëCï�è�årè�åCß�è�ç ê ïeå ê ç ê Þ ê âCï êDñ à ßGÞ�èhåCß\òræCá å ê â ê ï�óeô%õFö ô8÷_öø ßGãeî�ïeëFî�ëCï_èhåCßMïeß\ãeî�ïeá ìGù�ß%ã�åCß2á úDërè�à årè�åCßMã�ßGç\ëCæCårðDïeá è�ã

S
ö ø<û è�ïeá ð û ßGà

PareBusca
ö

ü Ú)Û Ù)Ú)Û_Ü ø Þ
ßGà ý ê ï�ã ê à ëCì%í ê�þ è�ç\î�ÿ û ßGà xz ßGæCç ê æ.î�ï�è�å�èFö��,è�ï�è�ëCÞ�âCï êDñ à ßGÞ�è
á æ þ è�ç\î�ÿ û ßGà,î�ßGï��Pã�ß��Rð xz = ∅
ö���ßGà á âCã�äDá åCßKåCß û ê à ëCÞ
ßïeßGåCë��Gá å ê E0

ö
J9K	��

������� ���

BCDa
ó
Ek,S é PareBusca ÷N�K

i← 0 é j ← 0OPK
xz ← ∅ é xlbi,j ← ∅ . � ßGï�è ê Þ
ßGà ý ê ï�â ê æ�î êKþ è�ç\î�ÿ û ßGà�ß ê ãoâ ê æ.î ê ã�å ê ã�������öT K
γ ← {1, . . . , n} é γ̄ ← ∅ . � ßGï�è ê ç ê æ��RëCæ.î ê åCß û è�ïeá ð û ßGá ã�à á û ïeßGã�ß þ ê ïeì%è�årè�ã%öZ�K
lP ← ∅ .

��á ãeî_èKåCß2âCï êDñ à ßGÞ�è�ã%ö\PK � �����
.
�)è�ì ê âCïeá æCçGá ârè�à�å êhñ ï�è�æCç_ý��Rè�æCå�� ñ�ê ëræCåXö] K  "!�� ! z$# ! î ê årè�ã�è�ãoïeßGúDï�è�ã�åCß2ïeßGãeî�ïeá ìGù�ßGã�åCß2á úDërè�à årè�åCß2ã�ßGçGëCæCårð�ïeá è�ã^PK � �

∃ algum k e σ | xlbi,j(k) ≤ σ e xlbi,j(k) ≥ σ
��%�!��_PK

γ̄ ← todos os k é γ ← {l | l ∈ {1, . . . , n} | l 6∈ γ̄}J1`PK !���&'� �J9J9K z �
�(� )
regral ∀ Sl == True . * ßGãRî�ïeá ì\ù�ßGã�åCßMá úDërè�à årè�åCß2ã�ßGçGëCæCårð�ïeá è�ã%öJ�N�K

γ̄ ← (γ̄ ∪ l) | ∀ Sl == True é γ ← {l | l ∈ {1, . . . , n} | l 6∈ γ̄}J1OPK
Ẽ0 ← EkJ T K
x̃0(γ̄)← xlbi,j(γ̄) .

� ê âCá ß ê ã û è�à ê ïeßGãoò�+ ê ãoârè�ï�è ê â ê æ.î ê-, ëCß/. ê çGßGæ.î�ï ê å ê ßGà á âCã�äDá åCßDöJ�Z�K
xlbi,j ← ERD(Ẽ0, γ) . * ßGã ê à ëCì%í ê å ê âCï êDñ à ßGÞ�è�ïeßGà è"+Cè�å ê è�à ú ê ïeá î�Þ ê ô10FöJ1\PK � �
i = 0

è�æCå
j = 0

��%�!��
J ] K

Ek ← (Ek ∩H
∇̄f(xlb

i,j),x
lb
i,j

+ ) .
ø î�ërè�à á �Gß ê ßGà á âCã�äDá åCß2â�ßGà ê �����3úDà êDñ è�à(öJ1^PK !���&'� �J1_PK � �

xlbi,j = ∅ ê ë f(xlbi,j) > f(xz) ê ë32(4�5 68714�5 9;:=<?>A@$68<14�4�B"C�D"E=9F:=</G�H�IJ5 KMLAH=D"E=9-.Mè�âCà á ç%ð û ßGà ��%�!��N)`PK NO�P�"� à á æCýrè
45N�J9K !���&'� �N9N�K � �

xlbi,j(1 : z) ∈ I
z
+

��%�!��
.
� ê æ.î êKþ è�ç\î�ÿ û ßGà(öN)OPK � �

f(xlbi,j) < f(xz)
��%�!��

. Q ßGà ý ê ï�ã ê à ëCì%í ê è8îR. ê Þ ê Þ
ßGæ.î ê öN T K
xz ← xlbi,j .

ø î�ërè�à á �%èJ�(S���öN9Z�K � �
PareBusca == True

��%�!��N)\PK  "!=��
� ��
xz ß Ek . T ßGïeÞ
á æCß ê è�à ú ê ïeá î�Þ ê öN ] K !���&'� �N)^PK !���&'� �N)_PK NO�P�"� à á æCýrè

36O9`PK !���&'� �OPJ9K
k ← qualquer({l | l ∈ {1, . . . , z} | xlbi,j(l) 6∈ I+}

÷OkN�K z &
& æ ê û èKïeßGãeî�ïeá ì%í ê x(k) ≤ bxlbi,j(k)cO9OPK
i← i+ 1 é j ← 0O T K z &
& âCï êDñ à ßGÞ�è Pi,j ærèKà á ãeî_è lPOkZ�K NO�P�"� à á æCýrè

07O9\PK � �
xlbi,j ∈ Ω

��%�!��
O ] K

Ek ← (Ek ∩H
∇̄f(xlb

i,j),x
lb
i,j

− ) .
ø î�ërè�à á �Gß ê ßGà á âCã�äDá åCß�â ê ï�â ê æ�î êKþ è�ç\î�ÿ û ßGà(öO9^PK !�� # !O9_PK � ����� ârè�ï�è�î ê årè l ç ê æCãRî�ï�è�á æ.î�ã | l = 1, . . . , pT `PK � �

gl(x
lb
i,j) > 0

��%�!��
T J9K

Ek ← (Ek ∩H
∇̄gl(x

lb
i,j),x

lb
i,j

− ) .
ø î�ërè�à á �Gß ê ßGà á âCã�äDá åCß2â ê ï�ëCÞ â ê æ.î ê á æ þ è�ç\î�ÿ û ßGà(öT N�K !���&'� �T OPK !���&'� �����T9T K !���&'� �T Z�K � �����PU ýCá à ß

j = 1T \PK  "! # �"�� "! årèKà á ãeî_è
lP êJV à î�á Þ ê âCï êDñ à ßGÞ�è�ß  "!�WX��YO! ßGãeî�ß2âCï êDñ à ßGÞ�èKårè lPT�] K !���&'� �����T ^PK � �

lP = ∅
��%�!��T _PK  "!=��
� ��
xz ß Ek . T ßGïeÞ
á æCß ê è�à ú ê ïeá î�Þ ê öZ)`PK !���&'� �Z�J9K  "!�WX��Y$! V à î�á Þ�èMïeßGãeî�ïeá ì%í ê x(k) ≤ bxlbi,j(k)cZ9N�K z &
& æ ê û èKïeßGãeî�ïeá ì%í ê x(k) ≥ dxlbi,j(k)eZOZPK  "!�WX��Y$! âCï ê.ñ à ßGÞ�è Pi,0 årèKà á ãeî_è lPZ T K

j ← 1Z9Z�K z &
& âCï êDñ à ßGÞ�è Pi,j ærèKà á ãeî_è lPZ)\PK !���&'� �����Z ] K[!���&\��

������� ���
��������� �-�������-����� ���
�����|� �*������� ���w���
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ûRü�ý<þ<ÿ å���� ¹��-¼^]\_8` a?b
cM`1d Ê _;eXÎgfih@Ö[jkf Ð&ÏrÔ Ò�lfÎnm�Î Ï 	 ÏCÔ Öke%ô[o Ô Ö�Ó[o � j	p

������������������  !#"%$& (')�* +, (-. (/��

E0 021 +#')�3/�" 1 � 4#5�6 1 $�78 �9/ xz∗ "%��:�;<!,: 1 -.4,:�/&',/<')�3/&- 1 :�' 1 - 1 � 1 !,: 1&= � ���9/')�.>#+, (' 1 ! 1 :@? J1`,A JCBDA2E ��"G7�:84�7�4):�/H')��:8�F"G78:8 (5.J)�F"�')�I L&4#/��(',/&')��"%�F-.4,+#',;�:8 (/&" S
A ��� N /�� 1 :K!#/�:�/�!,:8�F-. ("86 1!#/�:�/ 1 78�F"G78��')�@�  �S 78�F" ε̂ > 0

A
Q ���R������� E �S��� T 1 :�" 1 � 4#5�6 1�U /&-D78W N �.� xz

��+#- 1 +X78:�/&',/ AOY /�:�/�4,��!,: 1&= � ���9/� + U /&-D78W N ��� 1 4�!#/�:�/ xz∗ 6∈ E078��:%[\"%�.[\;
xz = ∅ A

J9K
]_^�`�a�bFcedf`
MEEBC

?
E0,S, ε̂

BN�K
k ← 0ZPK
xz ← ∅ . g ��:�/ 1 �S��� T 1 :
! 1 +X7 1HU /&-D78W N ���T K med�d#n

.
io/&5 1 ')�@� 1 N  (�S�.+X7�/&5�6 1 ' 1 io�#k AZ�K ce]

gi(xk) ≤ 0 ∀ i = 1, . . . , p
bFu�q�`\PK ∇̄k ← ∇̄f(xk)] K {wz | wz(i) = dxe ∀ ∇̄k(i) ≥ 0 e i = 1, . . . , z | wz(j) = bxc ∀ ∇̄k(j) < 0 e j =

1, . . . , z | wz(l) = x(l) ∀ l = z + 1, . . . , n} . q ��4,:8W("G78 (-�/S',/ N  �� +,T#/�+#5�/ A^PK ce]
wz 6∈ Ω

�
f(wz) < f(xz)

bFu�q�`_PK
[wz,E]← BuscaBC(Ek, ∇̄k,x

z,S) .
Y : 1 -.4):�/H4,�Z! 1 +X7 1HU /&-D78W N �.� AJ1`PK ce]

wz = ∅ bFu�q�`J9J9K ce]
((f(xz)− f(xk)) ≤ ε̂) 1 4 (

∇̄T
k

|∇̄k|
∗ (xz − xk) ≤ ε̂)

bFu�q�`J�N�K
return xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AJ�ZPK q�`�v�ce]J T K ∇̄k ← −∇̄k . xk

| 1 + 1 N 1 i�j8kJ�Z�K
[wz,E]← BuscaBC(Ek, ∇̄k,x

z,S) .
Y : 1 -.4):�/H4,�Z! 1 +X7 1HU /&-D78W N �.� AJ1\PK ce]

wz = ∅ bFu�q�`J ] K
return xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AJ1^PK q�`�v�ce]J1_PK q�`�vwce]N)`PK q�`�v�ce]N�J9K ∇̄k ← ∇̄f(wz)N9N�K

xz ← wz . � ��� T 1 :�" 1 � 4#5�6 1 /r78| 1 � 1 �S��+X7 1 ANOZPK q�metFqN T K ∇̄k ← ∇̄gi(xk) para algum gi(xk) > 0, | i = 1, . . . , pN9Z�K
wz ← xkN)\PK q�`�vwce]N ] K

Ek+1 ← (Ek ∩H∇̄k,wz

−

B
. �  (')�*? N)A J T BDAN)^PK ce]

vol (Ek+1) ' 0 1 4 vol(Ek+1) ' vol(Ek)
bFu�q�`N)_PK

return xz . � ��:8�S +,� 1 /�� L 1 :8 78� 1 AZ9`PK q�`�vwce]ZPJ9K
k ← k + 1ZkN�K q�`�v�med�d#nZ�ZPK
q�`�vw]_^�`�a�bFcedf`

J9K
]_^�`�a�bFcedf`
BuscaBC

?
Ek, ∇̄k,x

z,S
B

. � "G7�/ U 4)+#5�6 1 - 1 :8:8�F"%! 1 +#'��I� = 4#"8-./9')�I4,�9/S�S��� T 1 :�" 1 � 4#5�6 1S{ 4,�
xz,

! 1 :��
�%�r�������%�r���r��r��
sh+ 1 "%���S [_���  !#"%$& (')�I')�.>#+, (' 1 ! 1 : Ek ∩H∇̄k,xk

−

AN�K s,v�v :8�F"G78:8 (5�6 1 (∇̄k)
T (x− xk) ≤ 0ZPK ce]

xz 6= ∅ bFu�q�`T K s,v�v :8�F"G78:8 (5�6 1 (∇̄f(xz))T (x− xz) ≤ 0Z�K q�`�vwce]\PK
[xz, Ek]← BC(Ek,S, T rue) .

E � L 1 :8 78� 1 J1\] K prq�meq�s,tFq :8�F"G78:8 (5.J)�F"K/&') (-. 1 +#/&',/&" A^PK
return 1 !,:8 �S�� : 1 ! 1 +&7 1HU /&-D78W N ��� xz

� 1 ���  !#"%$& (')� Ek

A_PK
q�`�v�]_^�`�a�bFcedf`
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ûRü�ý<þ<ÿ å���� ¹��o± Ä*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌOuNÂ Çv]\_8` a?b
cM`1d Ê _
�
	 «�� 
������Û��� Í É ��� Í � � Í � Í  Í ! � E0 � # ��� � !í� # ��&�')( # �
* Í � ! xz∗

� ��Ê , É$Ê #  &$Ê !
��!�� � !
 # Ê � #  # � #É$Ê #
. ����� !/� �10 � Í � # É # Ê 243)576�39816 = � �:* Ê:& * &$Ê !V� �¤Ê�� �:* Ê Í '$w+� ��� � Í b�& ! � ��!
� � � �  & ����, Ê Í !
� S
6

< � 
 «�� 
���= �/����? # Ê � # ��&�')( #MB !
 �*:D ËE��� xz � �� # �+* Ê !
��!76h	�! Ê ! &$�>É$Ê #
. ����� ! Í � B !
 �*:D ËP��� # &|É ! Ê ! xz∗ 6∈ E0* ��Ê GH� � GI,
xz = ∅ 6

J9KML ;":�6��5),�-: MBCE
2
E0,S

8
N�K

k ← 0ZPK
xz ← ∅ . Q ��Ê ! # �/����? # ÊAÉ # �+* #-B !
 �*:D ËP���T K ',�!�$+ . U ! ' # � �;� # Ë Í �/� �+*�! ')( # � #VUXW$Y 6Z�K ) L gi(xk) ≤ 0 ∀ i = 1, . . . , p �9[�/
:\PK ∇̄k ← ∇̄f(xk)] K {wz | wz(i) = dxe ∀ ∇̄k(i) ≥ 0 e i = 1, . . . , z | wz(j) = bxc ∀ ∇̄k(j) < 0 e j =

1, . . . , z | wz(l) = x(l) ∀ l = z + 1, . . . , n} . x ��&$Ê D��:* Í  )!-��! Ë Í8ySÍ � ? !k� ' !76^PK ) L wz 6∈ Ω
�
f(wz) < f(xz) �9[�/
:_PK ) L xz 6= ∅ �9[�/
:J1`PK

�� "  # ���:* Ê ! Í �E* (∇̄f(xz))T (x− xz) ≤ 0J9J9K /
:� Ó) LJ�N�K
[wz,E]← BC(Ek,S, False) .

=���b # Ê Í * � # 3OzJ�ZPK ) L f(wz) < f(xz) �9[�/
:J T K
xz ← wzJ�Z�K /
:� Ó) LJ1\PK 34/
',/#��#�/ Ê�� �:* Ê Í '$w+� �R!
� Í  Í�# ��!
��!
�)6J ] K

return xz . a ��Ê:� Í � � # ! ��b # Ê Í * � # 6J1^PK /
:� Ó) LJ1_PK
xz ← wz . { ���@? # Ê � # ��&�')( # !k* ý # � # �/� �+* # 6N)`PK ∇̄k ← ∇̄f(wz) .

÷ �10 � � # � ��� Í G � � É ! ' # É ! Ê !V ), �  &$� # � # � # Ë # ��� Í É ��� Í � � 6N�J9K /
',#�/N9N�K ∇̄k ← ∇̄gi(xk) para algum gi(xk) > 0, | i = 1, . . . , p .
÷ �10 � � # � ��� Í G � � É ! ' # É ! Ê ! ), �  &$� # � # � # Ë # ��� Í É ��� Í � � 6NOZPK

wz ← xkN T K /
:� Ó) LN9Z�K
Ek+1 ← (Ek ∩H∇̄k,w

z

−

8
. gRÍ � � 2�j76�3�|+816N)\PK ) L vol (Ek+1) ' 0 # & vol(Ek+1) ' vol(Ek) �)[�/
:N ] K

return xz . a ��Ê:� Í � � # ! ��b # Ê Í * � # 6N)^PK /
:� Ó) LN)_PK
k ← k + 1Z9`PK /
:� Ó',�!�$+ZPJ9K /
:� L ;":�6��5),�-:
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� Ð Í�p Ð e Ô m õ p�jk��ÎHöGÎ ÏCÔ f Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�ÍÕÎ�Í�ö�j�Ö�Ó Ô f Ð Ö�pCÎ�Í�m ÔfÏCÔ fn��pCÎoÓ�Î�Í�� Ô Í Ð�Ô Ó�Î�Í Ð f�]\_8` a?b
�M`1d��
eXÎgf Ô e ÔfÏCÔ e�p ÐXÏ/õ Í�pCÑRe Ô Ó Ð mMÎ�ÍFÍ�j õ�ÏFÐ f�eXÎ�Ö�� ÐXÏ���÷ ÖkeXÑ Ô�� ��Îg� Ô �k��j Ô Ö�Ó�Î Ô mk��ÑRe Ô Ó�Î�Í Ô m Ï Îg�k� Ð f Ô ÍX�3�=�
Ð�� �=��� Ô p ÏCÔ �g�XÍ*Ó�Înm Ï Î�e Ð ÍFÍFÎ Ó Ð�Ð Ö�jkf ÐXÏCÔ Ò�lfÎk�?��j ÐXÏ Í Ð=�FÔ ÑRfnmk�R��eXÑ�p Ô Îgj Ð�x mk�R�ReXÑ�p Ô	�

h�f Í Ð ��� ÷ ÖkeXÑ Ô öGÎ ÏrÔ f�m Ï ÎgmMÎ�Í�p Ô Í���j Ô p Ï Î�� ÔfÏ Ñ Ô Ò�� Ð Í¬Ó�Î Ô � � Î Ï Ñ�p�f�Î�]\_8` a?b
cM`1d Ê _8� Í Ð Ö�Ó�Î Ô
m Ï ÑRf Ð Ñ ÏCÔ � Ô Í Ð�Ô Ó Ô9Ð f Ð Ö�jkf ÐXÏCÔ Ò�lfÎ Ð�x mk���ReXÑ�p Ô � Ô Í Ð�� j�Ö�Ó Ô � Ô Í Ð�Ô Ó Ô9Ð f Ð Ö[jkf ÐXÏCÔ Ò�lfÎ�m�Î Ï�Ä*ÉFÊ
½"ÁrËoÌ
Ê
½ d ÌIÄ c Â$½ d Ð~Ô Í�Ókj Ô Íäøk��pCÑRf Ô Í'� Ô Í Ð�Ô Ó Ô Í3Ö�jkfifn��pCÎoÓ�Înm Ï ÎgmMÎ�Í�pCÎ Ó ÐiÄ*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌOu�Â Ç �X��Ô f�o
����fÇöGÎ�Ñvm Ï Îgm�Î�Í�p Ô jkf Ô � ÔfÏ Ñ Ô Ò�lfÎ�Ó�Î fn��pCÎoÓ�Î^]\_8` a?b
cM`1d Ê _Xm ÔfÏCÔ�Ô ÍFÎg�Rj�Ò�lfÎ�Ó Ð m Ï Îg�k� Ð f Ô Í¡eXÎgf
Ñ � j Ô ��Ó Ô Ó Ð Í¡��Ñ�Ö Ð�ÔfÏFÐ Í�� Ô Í ÐXÏ j	pCÑR��ÑR¢ Ô Ó�Î�Ö�Î�Í Ô � � Î Ï Ñ�p�f ÎfÍ<Ó ÐæÄ*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌHÄ c Â$½ d ÐæÄ*ÉFÊ
½"ÁrËoÌ�Ê
½ d Ì
u�Â Ç �
��Î£e Ô mk��p�jk��Î�Í Ð�� j�Ñ�Ö�p Ð Í ÐXÏ lfÎÕÓ Ð p Ô �R¤ Ô Ó�Î�Í�Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í�Îg�	pCÑ�Ó�Î�Í¥eXÎgf Ô Í;� ÔfÏ Ñ Ô Ò�� Ð Í¥m Ï Îgm�Î�Í�p Ô Í

Ó�Î Ô � � Î Ï Ñ�p�f�În]\_8` a?b
cM`1d Ê _¥m ÔfÏCÔ�Ô ÍFÎg�Rj�Ò�lfÎ�Ó Ð m Ï Îg�k� Ð f Ô Í��3�=� Ð�� �=��� �
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� Ð Í�p Ð e Ô mk��p�jk��Î�Í�lfÎ Ð�x ÑR��Ñ�Ó�Î�Í�Î�ÍFm Ï Îg�k� Ð f Ô Í�Ó Ð ÍFÑRfÇjk� Ô Ò�lfÎ3�3�=� ÐÈ� �=��� Ð Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í�Îg�	pCÑ�Ó�Î�Í
m Ð � Ô ÍÉ� ÔfÏ Ñ Ô Ò�� Ð Í�Ó�Î Ô � � Î Ï Ñ�p�f�ÎÊ]\_8` a?b
cM`1d Ê _�Ó Ð Í Ð Ö���Îg���oÑ�Ó�Î�Í Ô m ÔfÏ pCÑ Ï Ó Ô Í�Ó Ð�Ë Ö�Ñ�Ò�� Ð Í��£� Ð f Ô Í Ð
p Ð Î ÏFÐ f Ô Í Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�Í*Ö�Î�Í�e Ô mk��p�jk��Î�Í�Ì	�?Í ÐÏÎ
Ð	�

� ÔfÏCÔ�ÏFÐ�ÑGÐXÏ�Ò ÖkeXÑ Ô Ó Ô�Ô � Ô ��Ñ Ô Ò�lfÎ»Ó�Î Ó Ð Í Ð fnm Ð Ök¤�ÎOÓ�Î�Í Ô � � Î Ï Ñ�p�f Î�Í£m Ï ÎgmMÎ�Í�pCÎ�Í���Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í
Îg�	pCÑ�Ó�Î�ÍIÍ ÐXÏ lfÎ Ð�x ÑR��ÑeÓ�Î�Í�eXÎ�Ö � j�Ö�p Ô f Ð Ö�p Ð eXÎgf Î�Í�eXÎ ÏFÏFÐ Í�m�Î�Ö�Ó Ð Ö�p Ð Í ÏFÐ Í�jk��p Ô Ó�Î�Í�m ÔfÏCÔ Î Ô � � Î Ï Ñ�p�f Î
Ä*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌIÄ c Â$½ d �2{ Ð Í�eXÎg�R¤ Ô Ó�Î Ô � � Î Ï Ñ�p�f�Î Ä*ÉFÊ
½"ÁrËoÌFÊ
½ d ÌIÄ c Â$½ d�Í Ð Ó Ð � ÐwÔ Î Ñ%Ô pCÎ Ó Ð Í�p Ð�Ô ��o
� Î Ï Ñ�p�f Î<Í ÐXÏ eXÎ�Ö�ÍFÑ�Ó ÐXÏCÔ Ó�Îk�[m Ð � Ô ��Ñ�p ÐXÏCÔ p�j ÏCÔ �gjkf Ô � � Î Ï Ñ�p�f Î Ð�Ë e Ô ¢�m ÔfÏCÔ Ô ÍFÎg�Rj�Ò�lfÎ Ó Ð m Ï Îg�k� Ð f Ô Í
� �=��� � � ÔfÏCÔOÔ ÍFÎg�Rj�Ò�lfÎ Ó�Î�Í~Í�jk�km Ï Îg�k� Ð f Ô Í Îg�	pCÑ�Ó�Î�ÍÓmMÎ Ï~ÏFÐ � Ô�x�Ô Ò�lfÎOÓ Ô ÍÓ� ÔfÏ Ñ v � Ð Ñ�Í Ñ�Ö�p Ð Ñ ÏCÔ Í���Î
Ô � � Î Ï Ñ�p�f Î Ä*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌIÄ c Â$½ dÉj	pCÑR��ÑR¢ ÔfÏwv jkf Ô � � Î Ï Ñ�p�f�ÎÇ� Ô Í Ð�Ô Ó�Î Ð fÔ]\_8` a?b
�M`1d�� � h@Í�p Ô�Ð Í�eXÎg��¤ Ô
Í ÐÕ� j�Í�pCÑ Ë e Ô m Ð ��Î Ñ%Ô pCÎOÓ�Î�Í Ô � � Î Ï Ñ�p�f�Î�ÍÕ� Ô Í Ð�Ô Ó�Î�Í Ð fÖ]\_8` a?b
�M`1d�� Í ÐXÏFÐ f×eXÎ�Ö�ÍFÑ�Ó ÐXÏCÔ Ó�Î�Í��Fm Ð � Ô ��Ñ�o
p ÐXÏCÔ p�j ÏCÔ � Ô � � Î Ï Ñ�p�f�Î�Í Ð�Ë e Ô ¢ Ð Í�m ÔfÏCÔ Ô ÍFÎg�Rj�Ò�lfÎ�Ó Ð m Ï Îg�k� Ð f Ô Í úÕØ ��Ù � � Ô Í¡p Ô � Ð � Ô Í Ð�Ë?� j ÏCÔ Í
eXÎgf Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í�� Ô Ñ�Ó Ð Ö�pCÑ Ë e Ô Ò�lfÎ

ALGORITMOLD
ÏFÐ m ÏFÐ Í Ð Ö�p Ô jkf Ô � � Î Ï Ñ�p�f ÎÇeXÎgf Ô ÑRf�o

mk� Ð f Ð Ö�p Ô Ò�lfÎ Ó�Î Ä*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌIÄ c Â$½ d Ô m ÔfÏ pCÑ Ï Ó Ô m Ï ÎgmMÎ�ÍFÑ�Ò�lfÎ Ó ÐÉÚ�Ô Ö�Ó Ð Ù3Î�Ñ � � Ð Ök��j Ô Ö�prÎ Ô
Ñ�Ó Ð Ö�pCÑ Ë e Ô Ò�lfÎ

ALGORITMODa
ÏFÐ m ÏFÐ Í Ð Ö�p Ô Ô m Ï ÎgmMÎ�ÍFÑ�Ò�lfÎ�Ó Ð Ù ÔÜÛ Ñ�Ö �

ú j Ô Ö�pCÎ � eXÎ�Ó�Ñ Ë e Ô Ò�lfÎ�Ó�Î¡fn��pCÎoÓ�Î�]\_8` a?b
cM`1d Ê _/j	pCÑR��Ñ�¢ Ô Ó�Î£eXÎgf Î¡� Ô Í Ð Ó�Î¡m Ï Î[e Ð ÍFÍFÎ Ó Ð9Ð Ö[jkf Ð o
ÏCÔ Ò�lfÎ Ð eXÎgf Î Ô � � Î Ï Ñ�p�f�Î�m ÔfÏCÔÕÔ ÍFÎg�Rj�Ò�lfÎ<Ó�Î�Ívm Ï Îg�k� Ð f Ô Í�Îg�	pCÑ�Ó�Î�ÍvmMÎ ÏIÏFÐ � Ô�x�Ô Ò�lfÎk�geXÎ�Ö�ÍFÑ�Ó ÐXÏ Îgj[oDÍ Ð
Í Ð fnm ÏFÐ�Ô j	pCÑR��Ñ�¢ Ô Ò�lfÎ»Ó�Î Ô � � Î Ï Ñ�p�f�Î

MPESC
��p Ô �FeXÎgf Î Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�Ö Ô Í Ð Ò�lfÎÁÝ ��Îg�ßÞ m ÔfÏCÔ Î

e v �Re�jk��Î�Ó�Î Ö�Î
��Î Ð ��ÑRm�Í|}�Ñ�Ó ÐÜ�nà*Ð ÍFÍ Ô ��p Ô oDÍ Ð ��j Ð Î Ô � � Î Ï Ñ�p�f�Î Ä*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌIÄ c Â$½ d Ó Ð�ÏFÐ�ÑGÐXÏ�Ò ÖkeXÑ Ô
j	pCÑR��Ñ�¢XÎgj�ÎÏf Ð Í�f Î Ô � � Î Ï Ñ�p�f�Î

MPESC
m ÔfÏCÔ�Ô ÍFÎg�Rj�Ò�lfÎ�Ó�ÎÏm Ï Îg�k� Ð f Ô�ÏFÐ � Ô�x�Ô Ó�Î � �DÍ�pCÎ�Î[eXÎ ÏFÏFÐ j

eXÎgf ÔáË Ö Ô ��ÑeÓ Ô Ó Ð Ó Ð Í Ð Ó�Ñ�Í�pCÑ�Ö � j�Ñ Ï Î�Í ��Ô Ök¤�Î�Í�Îg�	pCÑ�Ó�Î�ÍÕm Ð � Ô ÍÕm Ï ÎÜm�Î�ÍFÑ�Ò�� Ð Í Ô ��j�Ñ Ô � Ô ��Ñ Ô Ó Ô Í<Ó�Î
��Ô Ök¤�Î ÏFÐ Í�jk��p Ô Ö�p Ð Ó Ô j	pCÑR��Ñ�¢ Ô Ò�lfÎÕÓ�Î�Í�� Ô ��Î ÏFÐ Í�¤�Ñ�Í�pw} Ï ÑReXÎ�Í �|v�Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�ÍVÖ Ô Í Ð Ò�lfÎÇâ � � Ï Î(� Ô � Ð ��o
f Ð Ö�p Ð � Ô ÎÕÍ Ð j	pCÑR��Ñ�¢ ÔfÏ Î Ô � � Î Ï Ñ�p�f�Î

HISPE
eXÎgf Ô eXÎ�Ö Ë?� j ÏCÔ Ò�lfÎ

τ ≈ 3n
Îg�	p ÐXÏ oDÍ Ð o v3ÏFÐ Í�jk��p Ô Ó�Î�Í

Ô Ñ�Ö�Ó Ô f Ð �R¤�Î ÏFÐ ÍwÓ�Î���j Ð Î�Í Ô ��j�Ñ Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�Í �í{ ÍFÍFÑRf®� Ð Í�m ÐXÏCÔ oDÍ Ð eXÎgf Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í Ô ��j�Ñ

Þ[Î â



Þ[Î Ì ã�äMå�æJç�è
��éJê åÇë ê	ì í æ/è ��îMïRê	ð���ï å íK��ñX�áò�ñ�ê[ó çRä ì�� å öÏï å î(ñ ä(è ê åÕä £�ï å$è ê å

Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�ÍÕ� Ô ��Ñ�Ó ÔfÏ Î�ÍÕfn��pCÎ�Ó�Î�ÍÕm Ï ÎgmMÎ�Í�pCÎ�Í��¥f Ð Í�f Î ��j Ô Ö�Ó�Î ÑRfnmk� Ð f Ð Ö�p Ô Ó�Î�Í¡eXÎgf Ô � � Î Ï Ñ�p�o
f Î�Í\� Ô Í Ð�Ô Ó�Î�Í Ð fi]\_8` a?b
�M`1d��3Í Ð f Ô j	pCÑR��ÑR¢ Ô Ò�lfÎ~Ó Ð � Ô ��Î ÏFÐ Í\¤�Ñ�Í�pw} Ï ÑReXÎ�ÍXm ÔfÏCÔ~ÏFÐ Ókjk¢XÑ ÏSÔ~ÏFÐ�� ÑAlfÎ~Ó Ð
Ñ�Ö�p ÐXÏFÐ ÍFÍ Ð Ó Ð �kj�Í�e Ô	�®��Ô fÇ����f Ñ Î�Ñ Ô Ó�ÎÜp Ô Ó�ÎOÎ Ô � � Î Ï Ñ�p�f Î�Ó ÐnÑ%Ô pCÎ Ï ÑR¢ Ô Ò�lfÎ Ó Ðôu�Ë cM_R�$b$õMö ô �¥�oÑ�Ó Ð
Í Ð Ò�lfÎ Þ[� ÷	� ø �	m ÔfÏCÔ f Ð �R¤�Î ÏCÔfÏHÔ�Ð Í�p Ô ��ÑR��Ñ�Ó Ô Ó Ð Ö�jkfn� Ï ÑRe Ô Ó�Î�Í Ô � � Î Ï Ñ�p�f�Î�Í\m Ï ÎgmMÎ�Í�pCÎ�Í�� Ð �oÑ�p Ô Ö�Ó�ÎwÎ�Í
ÐXÏFÏ Î�Ív��j Ð eXÎ�Ö�Ókjk¢ Ð f � m ÐXÏ Ó Ô Ó Ô m�Î�ÍFÑ�pCÑ��oÑ�Ó Ô Ó Ð Ó Ð

Qk

Ô Ö�p Ð Í@Ó Ð jkf Ô eXÎfÖ�� ÐXÏ��gÒ ÖkeXÑ Ô Í Ô pCÑ�Í Ñ%Ô pw} Ï Ñ Ô[�
Ø Îgf ÎZÓ Ð p Ô �R¤ Ð Ó Ô ÑRfnmk� Ð f Ð Ö�p Ô Ò�lfÎk�3Ó Ð � Ð oDÍ Ð²ÏFÐ�� Ñ�Í�p ÏCÔfÏ ��j Ð pCÎoÓ�Î�Í�Î�Í Ô � � Î Ï Ñ�p�f�Î�Í Ñ Î ÏCÔ f

eXÎoÓ�Ñ Ë e Ô Ó�Î�ÍÏj	pCÑR��Ñ�¢ Ô Ö�Ó�ÎMoDÍ Ð�Ô ��Ñ�Ö � j ÔÜ��Ð f
MatLabr

� Ð f Í�j Ô � ÐXÏ Í�lfÎôÝ � 
[� Ô ÍFÍFÑRfÖeXÎgf Î�pCÎ�Ó�Î�Í
Î�Í£p Ð Í�p Ð ÍÕeXÎgfnmkj	p Ô eXÑ�Î�Ö Ô Ñ�Í Ñ Î ÏCÔ f Ð�x�Ð e�j	p Ô Ó�Î�Í Ð f·jkf·eXÎgfnmkj	p Ô Ó�Î ÏDò�ù ç ³�ÂoÉ `"c ½ 64X2 ÍFÎg� ÏFÐ� ÑRe Ï Î�ÍFÎ Ñ p

Windowsr ú É\�
Ø Îgf ÎÉe Ï Ñ�p�� Ï Ñ�Î�Í*Ó Ð m ÔfÏCÔ Ó Ô m ÔfÏCÔ Î�Í�� Ô ÒXÎ�Í*Ó�Î�Í Ô � � Î Ï Ñ�p�f�Î�Í�]\_8` a?b
cM`1d Ê `Rb Ñ Î ÏCÔ fûj	prÑ���ÑR¢ Ô Ó�Î�Í Ô

Ð Í�p Ô ��ÑR��ÑR¢ Ô Ò�lfÎÏm ÔfÏCÔ ÎÉeXÎ�Ö � j�Ö�pCÎ
ϑ , {xk, . . . ,xk−4 | x ∈ Rn } p Ô �;��j Ð�ÔÏÑ j�Ö�Ò�lfÎ ÐXÏFÏ Î Ó Ð�Ë Ö�ÑeÓ ÔeXÎgf Î

ε(·) = {max(xi− xj) | ∀ i ∈ ϑ | ∀ j ∈ ϑ}
Ô m ÏFÐ Í Ð Ö�p Ô ÍFÍ Ð � Ô ��Î Ï Ñ�Ö ÑGÐXÏ Ñ�Î ÏHÔ jkfüm ÔfÏwù f Ð p Ï Î

ε = 10−6
Ñ Î Ï Ö Ð eXÑ�Ó�Îk�k� Ð fûeXÎgf Î Ô m ÐXÏ Ó Ô Ó Ð mMÎ�ÍFÑ�pCÑ��oÑ�Ó Ô Ó Ð Ó Ð

Qk

�
h�fýpCÎoÓ�Î�Í*Î�Í'p Ð Í�p Ð Í3m Ï ÎgmMÎ�Í�pCÎ�Í��MÎ�Í'��ÑRf Ñ�p Ð ÍSÓ Ð

x
Ñ Î ÏCÔ f Ó Ð�Ë Ö�Ñ�Ó�Î�Í�m�Î Ï jkfû¤�ÑRm ÐXÏ e�jk�MÎ

C ⊂
Rn

+

Ó Ð � Ô Ó�Î
ladoC

Ñ � j Ô � Ô
10
�ÕÍ Ð Ö�Ó�ÎÊ��j Ð Î Ð ��ÑRm�Í|}�Ñ�Ó Ð

E0

Ñ Î�Ñ<Ñ�Ö�ÑReXÑ Ô �eÑR¢ Ô Ó�ÎÅeXÎgf Ô f Ð Ö�Î Ï
¤�ÑRm ÐXÏFÐ Í ÑGÐXÏCÔ ��j Ð eXÎ�Ö�pCÑ�Ök¤ Ô Î�¤�ÑRm ÐXÏ e�jk�MÎk�	e Ð Ö�p ÏCÔ ��ÑR¢ Ô Ó�Î Ð f�mMÎ�Ö�pCÎ

x0

��ÐXÏCÔ Ó�Î Ô � Ð�Ô pCÎ Ï Ñ Ô f Ð Ö�p Ð Ó Ð
f ÎoÓ�Î���j Ð

(E0 ∩Ω ) 6= ∅ � ��lfÎ Ñ Î�Ñ�Ó Ð�Ë Ö�Ñ�Ó�Î�jkf Ö�økf ÐXÏ ÎÇf v�x ÑRf Î~Ó Ð Ñ�p ÐXÏCÔ Ò�� Ð Í���Ó Ð f Î�Ó�ÎÇ��j Ð
Î Ô � � Î Ï Ñ�p�f�Î�Í Ð fnm ÏFÐ m ÔfÏCÔ ÍFÍ Ð mMÎ Ï jkf Ó�Î�Í�e Ï Ñ�p�� Ï Ñ�Î�ÍSÓ Ð�Ë Ö�Ñ�Ó�Î�Í �

Ù Ð f ÎoÓ�Î Ô���ÐXÏCÔfÏ jkf Ô¥Ô Ö v ��Ñ�Í Ð�Ð Í�p Ô p���Í�pCÑRe Ô m ÏFÐ ��ÑRf ÑeÖ ÔfÏ Ó�Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í��Èe Ô Ó Ô m Ï Îg�k� Ð f Ô
Ó Ð�Ë Ö�Ñ�Ó�ÎÉm�Î Ï jkf Ô Ó�ÑRf Ð Ö�Í�lfÎ Ð m ÔfÏCÔ jkf Ö�økf ÐXÏ Î Ó Ð � ÔfÏ Ñ v � Ð Ñ�Í*Ñ�Ö�p Ð Ñ ÏCÔ Í Ð Í�m Ð e�� Ë eXÎ Ñ Î�Ñ-p Ð Í�p Ô Ó�Î
eXÎgfþjkfÖeXÎ�Ö � j�Ö�pCÎ Ó Ð

10
m ÔfÏwù f Ð p Ï Î�ÍwÓ�Ñ�Í�pCÑ�Ö�pCÎ�Í ��ÐXÏCÔ Ó�Î�Í Ô � Ð�Ô pCÎ Ï Ñ Ô f Ð Ö�p Ð ��Í Ð Ö�Ó�Îÿ��j Ð Î�Í ÏFÐ o

Í�jk��p Ô Ó�Î�Í Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�Í Ô Í Ð�� j�Ñ Ï Ñ�Ö�Ó�ÑRe ÔfÏ lfÎk�oÍ Ô ����ÎÇ��j Ô Ö�Ó�Î Ð�x mk��ÑReXÑ�p Ô f Ð Ö�p Ð Ñ�Ö Ñ Î Ï f Ô Ó�Îk�oÎÇ� Ô ��Î Ï
fn�XÓ�Ñ�ÎwÓ�Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í*Îg�	pCÑ�Ó�Î�Í Ð fûe Ô Ó Ô p Ð Í�p ÐÜ�

� Ô Í\p Ô � Ð � Ô ÍHÓ ÐÕÏFÐ Í�jk��p Ô Ó�Î�Í\p Ð f Î�Í Ô ÍSÍ Ð�� j�Ñ�Ö�p Ð Í9Ñ�Ö Ñ Î Ï f Ô Ò�� Ð Í Ô m ÏFÐ Í Ð Ö�p Ô Ó Ô Í'eXÎgf ÎÇm ÔfÏwù f Ð o
p Ï Î�Í*Ó Ð Ô � Ô ��Ñ Ô Ò�lfÎwÓ Ð Ó Ð Í Ð fnm Ð Ök¤�Î Ó�Î�Í�fn��pCÎoÓ�Î�Í z
�����������	�

f(x)
Ð�
 Ö$økf ÐXÏ Î¬Ó Ð � Ð ¢ Ð Í Ð fþ��j Ð�Ô^Ñ j�Ö�Ò�lfÎ¬Îg� ��Ð pCÑ���Î Ñ Î�Ñ Ô � Ô ��Ñ Ô Ó Ô	� h@Í�p Ô Ñ�Ö Ñ Î Ï o

f Ô Ò�lfÎ^� j�Í Ô Ó Ô eXÎgf Î^f Ð Ó�Ñ�Ó Ô Ó�Î Ð Í Ñ Î Ï ÒXÎ eXÎgfnmkj	p Ô eXÑ�Î�Ö Ô �Xm ÔfÏCÔ¬Ô � Ô ��Ñ Ô Ò�lfÎOÓ�Î f ÎoÓ Ð ��Î
f Ô p Ð f v pCÑ�eXÎwÓ�ÎÏm Ï Îg�k� Ð f Ô	�

��
����������	�
Qk+1

Ð�
 Ö�økf ÐXÏ Î Ó Ð � Ð ¢ Ð Í Ð f×��j Ð Î Ö�Î
��Î Ð ��ÑRm�Í|}�ÑeÓ Ð
Ek+1

Ñ Î�ÑXe Ô �Re�jk� Ô Ó�Î � h@Í�p Ô
Ñ�Ö Ñ Î Ï f Ô Ò�lfÎ®�Éj�Í Ô Ó Ô eXÎgf ÎÁf Ð Ó�Ñ�Ó Ô Ó�Î Ð Í Ñ Î Ï ÒXÎ eXÎgfnmkj	p Ô eXÑ�Î�Ö Ô �@Ó�Î Ô � � Î Ï Ñ�p�f�Î Ókj ÏCÔ Ö�p Ð
Îám Ï Î[e Ð ÍFÍFÎ�Ó Ð eXÎ�Ö�� ÐXÏ��gÒ ÖkeXÑ Ô m ÔfÏCÔ�Ô ÍFÎg�Rj�Ò�lfÎb}ÜpCÑRf Ô	� � ÔfÏCÔ Î�Í Ô � � Î Ï Ñ�p�f�Î�Í Ä*ÉFÊ
½"ÁrËoÌ�Ê
½ d Ì
Ä c Â$½ dÜ� Ð Í�p Ð m ÔfÏwù f Ð p Ï Î ÏFÐ m ÏFÐ Í Ð Ö�p Ô Ô ÍFÎgf Ô Ó�Î�Ö�økf ÐXÏ Î�Ó ÐwÐ ��ÑRm�Í|}�Ñ�Ó Ð Í�e Ô �Re�jk� Ô Ó�Î�Í�m Ð ��Î
Ô � � Î Ï Ñ�p�f�Î^� Ô Í Ð�Ô Ó�Î Ð f ]\_8` a?b
�M`1d��»Ókj ÏrÔ Ö�p Ð�Ô ÍFÎg�Rj�Ò�lfÎ¬Ó�Î�ÍwÍ�jk�km Ï Îg�k� Ð f Ô Í�Îg�	pCÑ�Ó�Î�ÍÇm�Î Ï

��� 1 "�78�F"G78�F"�:8�F/��  �F/&' 1 "�!#/�:�/*!,: 1&= � ���9/&" � j Y � � j � Y 1&= "%��: N 1 4)[\"%�V4,� ')�F"%���S!f��+,T 1 � { 4, N /�� ��+&78�S!#/�:�/�/
U /r7 1 :8 �F/&5�6 1 ')�¡ro�,��� ���������@/ U /r7 1 :8 �F/&5�6 1 UDU A

��������� ���������-����� ���
�����|� �*������� ���w���



�$�$�*�! äMå$èOäMå é äáë ê	ð�" ä ñ$# % ð�îMï�� íK��ñX�áê¢õ ç #[ê[ñ�ï è ì ê MEHC
Þ[Î Í

ÏFÐ � Ô�x�Ô Ò�lfÎ � � ÔfÏCÔ Î�Í Ô � � Î Ï Ñ�p�f�Î�Íám Ï Îgm�Î�Í�pCÎ�Í�� Ð Í�p Ð m ÔfÏwù f Ð p Ï Î ÏFÐ m ÏFÐ Í Ð Ö�p Ô Ô ÍFÎgf Ô Ó�Î
Ö�økf ÐXÏ Î�Ó Ð3Ð ��ÑRm�Í|}�Ñ�Ó Ð ÍXe Ô �Re�jk� Ô Ó�Î�ÍVÖ Ô ÍFÎg�Rj�Ò�lfÎ~Ó�Î�ÍSÍ�jk�km Ï Îg�k� Ð f Ô ÍVÎg�	pCÑ�Ó�Î�Í\mMÎ ÏHÏFÐ � Ô�x�Ô Ò�lfÎ
Ð Ó�Î�Ö�økf ÐXÏ Î Ó Ð�Ð ��ÑRm�Í|}�Ñ�Ó Ð ÍÈe Ô �Re�jk� Ô Ó�Î�Í9Ókj ÏCÔ Ö�p Ð Ô Í*Ñ�p ÐXÏCÔ Ò�� Ð Í*Ñ�Ö ÐXÏFÐ Ö�p Ð Í Ô Î�Í Ô � � Î Ï Ñ�p�f ÎfÍ �

& ��')(*� & ��+-,�� Ð�
 p Ð fnm�Î�pCÎÜp Ô � Ð f Í Ð�� j�Ö�Ó�Î�Í'm ÔfÏCÔ Í Ð<Ð ÖkeXÎ�Ö�p ÏCÔfÏ9Ô ÍFÎg��j�Ò�lfÎÔ}ÜpCÑRf Ô
xz∗
� h@Í�p Ô

Ñ�Ö Ñ Î Ï f Ô Ò�lfÎ��£j�Í Ô Ó Ô eXÎgf ÎÇf Ð Ó�Ñ�Ó Ô Ó Ô ÍFÎgf Ô Ó�Î Ð Í Ñ Î Ï ÒXÎ�eXÎgfnmkj	p Ô eXÑ�Î�Ö Ô ��m ÔfÏCÔwÔ � Ô ��Ñ Ô Ò�lfÎ
Ó�Î®f ÎoÓ Ð ��Î f Ô p Ð f v pCÑReXÎ�Ó�ÎÁm Ï Îg�k� Ð f Ô�Ð Ó�Î Ð Í Ñ Î Ï ÒXÎÁeXÎgfnmkj	p Ô eXÑ�Î�Ö Ô �IÓ�Î Ô � � Î Ï Ñ�p�f�Î�Ókj[o
ÏCÔ Ö�p Ð ÎÕm Ï Î[e Ð ÍFÍFÎ Ó Ð eXÎ�Ö�� ÐXÏ��gÒ ÖkeXÑ Ô m ÔfÏCÔ�Ô ÍFÎg�Rj�Ò�lfÎ�}ÜpCÑRf Ô	� � ÔfÏCÔ � Ô ��Ñ�Ó ÔfÏIÐ Í�p Ð m ÔfÏwù f Ð p Ï Îk�
Ô ÍFÎg�Rj�Ò�lfÎ1}ÜpCÑRf ÔwÐ ÖkeXÎ�Ö�p ÏCÔ Ó Ô mMÎ Ï pCÎoÓ�Î�Í�Î�Í�fn��pCÎ�Ó�Î�Í Ñ Î�Ñ;eXÎgfnm ÔfÏCÔ Ó Ô	��Ø Î�Ö�ÍFÑ�Ó ÐXÏCÔ Ö�Ó�ÎMoDÍ Ð
ù Ê[Ý × Î�� Ô ��Î Ï f v�x ÑRf Î�Ó Ð

f(·) Ô � Ô ��Ñ Ô Ó�Î�Ö�Î¡mMÎ�Ö�pCÎ7}ÜpCÑRf Î Ð ÖkeXÎ�Ö�p ÏCÔ Ó�Î¡m Ð ��Î�ÍFfn��pCÎoÓ�Î�Í�ÍFÎg�eXÎgfnm ÔfÏCÔ Ò�lfÎ ÐÉù ` ½ × Î � Ô ��Î Ï fn��Ö�Ñ�f Î Ó Ð
f(·) m Ô#ÏrÔ Î�Í¡f Ð Í�f Î�Í¡mMÎ�Ö�prÎfÍ&}ÜpCÑRf ÎfÍ Ð ÖkeXÎ�Ö[op ÏCÔ Ó�Î�Í�� Ô�ÑGÏCÔ Ò�lfÎ Minf

Maxf

Ñ Î�ÑhÍ Ð fnm ÏFÐ f Ð Ö�Î�Í���j Ð
10−5

Ð fýpCÎoÓ�Î�Í9Î�Í�m Ï Îg�k� Ð f Ô ÍÈp Ð Í�p Ô Ó�Î�Í �

100 ∗ (Tempo)/(Tempo BB)
Ð�
�m ÐXÏ e Ð Ö�p�j Ô �3Ó�Îÿp Ð fnm�ÎÿpCÎÜp Ô �9Îg�	pCÑ�Ó�Î eXÎgf Îôfn�OprÎ�Ó�Î m Ï ÎMo

m�Î�Í�pCÎZÍFÎg� p Ð Í�p Ð eXÎgf � Ô Í Ð Ö�Î¾p Ð fnm�Î¾pCÎÜp Ô �ÕÎg�	pCÑ�Ó�ÎÊeXÎgf Î Ô � � Î Ï Ñ�p�f Î´Ó Ð ÏFÐ�ÑGÐXÏ�Ò ÖkeXÑ Ô
Ä*ÉFÊ
½"ÁrËoÌ�Ê
½ d ÌIÄ c Â$½ dÜ�geXÎ�Ö�ÍFÑ�Ó ÐXÏCÔ Ö�Ó�ÎMoDÍ Ð3Ô f Ð Í�f Ô eXÎoÓ�Ñ Ë e Ô Ò�lfÎk����j ÐXÏ Í Ð=�FÔ m Ð � Ô m Ï ÎgmMÎ�ÍFÑ�Ò�lfÎ
Ó Ð Ù ÔÜÛ Ñ�Ö�Îgj®m Ð � Ô m Ï ÎÜm�Î�ÍFÑ�Ò�lfÎ�Ó ÐÓÚ�Ô Ö�Ó Ô Ö�ÓÁÙ3Î�Ñ �k�

././0$. 132 �54 2 �76 2 ~98;:=<=2?>A@/BC:)DFE$GIHJGK>LGM8INPOQ@/8R>AE 4TS 8
MEHC

h�f Ñ j�Ö�Ò�lfÎ¥Ó Ô Ín��ÑRf�Ñ�p Ô Ò�� Ð Í �-U Ó Ð Í�e Ï Ñ�p Ô Í Ö Ô Í Ð Ò�lfÎôÍ � ÷ Î�Í ÏFÐ Í�jk��p Ô Ó�Î�ÍÏ��j ÐOÔ ��j�Ñ*Í ÐXÏ lfÎ Ô m ÏFÐ o
Í Ð Ö�p Ô Ó�Î�Í m ÔfÏCÔ Î Ô � � Î Ï Ñ�p�f�Î

MEHC
m ÏFÐ p Ð Ö�Ó Ð f Ô m Ð Ö Ô Í�Ó Ð f Î�Ö�Í�p ÏCÔfÏ�Ô e Ô m Ô eXÑ�Ó Ô Ó Ð Ó Ð Í�p Ð

Ô � � Î Ï Ñ�p�f Î�eXÎ�Ö�� ÐXÏ�� Ñ Ï m ÔfÏCÔ m Ï Îg�k� Ð f Ô Ín�3�=�¥�\eXÎgf Ñ j�Ö�Ò�lfÎMoDÎg� ��Ð pCÑ���Î ��Ñ�Ö Ð�Ô#Ï�� ��lfÎ¹Í ÐXÏ lfÎk�Èm�Î Ï o
p Ô Ö�pCÎk� Ð Í�p Ô � Ð � Ð eXÑ�Ó Ô ÍÈeXÎgfnm ÔfÏCÔ Ò�� Ð ÍSÓ Ð Ó Ð Í Ð fnm Ð Ök¤�Î Ð f ÏFÐ � Ô Ò�lfÎ Ô Î�ÍSÓ Ð f Ô Ñ�Í Ô � � Î Ï Ñ�p�f�Î�Í��[��j ÐXÏ
Í Ð=�FÔ fûm ÏFÐ �oÑ Ô f Ð Ö�p Ð�ÐWV Ñ�Í�p Ð Ö�p Ð Í3��j ÐXÏ Í Ð=�FÔ fûm Ï ÎgmMÎ�Í�prÎfÍ*Ö Ð Í�p Ôn��Ð Í ÐÜ�

X m Ï ÎÜ�k� Ð f Ô Ó�Ñ�Í�e ÏFÐ pCÎ Ð Í�e Ô � ÔfÏ eXÎgf Ñ j�Ö�Ò�lfÎMoDÎg� ��Ð pCÑ���Î���Ñ�Ö Ð�ÔfÏ�ÐSÏFÐ Í�p Ï Ñ�Ò�� Ð ÍveXÎ�Ö�� ÐWV�Ô Í�� Ô ��j�ÑoÓ Ð o
Ö�Îgf Ñ�Ö Ô Ó�ÎÇ���=h Ú¥Ø Ð<Ô�Ñ Î Ï f Ô���ÐXÏCÔ �KÓ Ð Í�p Ð m Ï Îg�k� Ð f Ô � ÏFÐ m ÏFÐ Í Ð Ö�p Ô Ó Ô m Ð � ÔÓÑ Î Ï fÇjk� Ô Ò�lfÎ Ô � Ô Ñ V Î �
� ÎoÓ Ô Í Ô Í�� ÔfÏ Ñ U � Ð Ñ�Í3Í�lfÎ ÏFÐ Í�p Ï Ñ�p Ô Í�m Ð ��Î ¤�ÑRm ÐXÏ e�jk��Î

C ⊂ Rn
+

eXÎgf»� Ô Ó�Î�Í���Ö Ð Í�p Ð e Ô ÍFÎ Ð f»m ÔfÏ pCÑ�o
e�jk� ÔfÏ ��Ñ � j Ô � Ô

4
Ð e Ô Ö�pCÎ�Ñ�Ö ÑGÐXÏ Ñ�Î Ï Ö�ÎnmMÎ�Ö�pCÎ {0, . . . , 0} ∈ Rn

�

min f(x) = cTx Y ÎgÎg��Î[Z
s.t. Ω = {g(x) ≤ 0 | x ∈ In+}

g(x) =





g1(x) = (x− x̆)T (Q̆)−1(x− x̆)

g1+i(x) = −x(i) | i = 1, . . . , n

gn+1+i(x) = x(i)− ladoC | i = 1, . . . , n
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ÞgÞÜÐ ã�äMå�æJç�è
��éJê åÇë ê	ì í æ/è ��îMïRê	ð���ï å íK��ñX�áò�ñ�ê[ó çRä ì�� å öÏï å î(ñ ä(è ê åÕä�x ï å$è ê å

Î�Ö�Ó Ð {c ∈ Rn | |cj| ≤ 2 ∀ j} � x̆ ∈ C Ð
Q̆ ∈ Rn×n �£jkf Ô f Ô p Ï ÑR¢�ÍFÑRfn��p Ï ÑRe Ô Ó ÐOË Ö�Ñ�Ó Ô m�Î�ÍFÑ�pCÑ�� Ô	�X e Ð Ö�p Ï Î

x̆
Ó�Î Ð ��ÑRm�Í-y�Ñ�Ó Ð<Ð În� Ð pCÎ Ï

C
Í�lfÎnm ÔfÏwù f Ð p Ï Î�Í ��ÐXÏCÔ Ó�Î�Í Ô � Ð�Ô pCÎ Ï Ñ Ô f Ð Ö�p ÐÜ�{z f Ô p Ï ÑR¢

Q̆Ñ Î�Ñ�eXÎ�Ö�Í�p Ï jk��Ó Ô e&Îgf Ô j	pCÎ(� Ô ��Î ÏFÐ Í Ô � Ð�Ô pwy Ï Ñ�Î�ÍSÓ Ð f Î�Ó�Î Ô���ÔfÏCÔ Ö�pCÑ Ï ��j Ð
(Ĕ ∩C ∩ In+) 6= ∅

��Í Ð Ö�Ó�Î
Ĕ
Î Ð ��ÑRm�Í-y�Ñ�Ó Ð Ó Ð�Ë Ö�Ñ�Ó�ÎÏm Ð ��ÎÏe Ð Ö�p Ï Î

x̆
Ð m Ð � Ô f Ô p Ï ÑR¢

Q̆
�

ziË?� j ÏCÔ¾ÎgÎg��Î ÐWV ÑR� Ð jkf Ô Í Ð �}| Ò ÖkeXÑ Ô eXÎgf Î�Ínf Îgf Ð Ö�pCÎ�ÍwÑ�Ö�ÑReXÑ Ô � ÐáË Ö Ô �9Ó�Îÿm Ï Î[e Ð ÍFÍFÎ²Ó Ð
eXÎ�Ö�� ÐXÏ��gÒ ÖkeXÑ Ô Ó�Î Ô � � Î Ï Ñ�p�f�Î

MEHC
m ÔfÏCÔ Î m Ï Îg�k� Ð f Ô Ó Ð�Ë Ö�Ñ�Ó�Î m�Î Ï Y ÎgÎg��Î[ZO�~z Í�jk� Ë?� j ÏCÔ

ÎgÎg��Îg�
a
Ô m ÏFÐ Í Ð Ö�p Ô~Ô Í ÏFÐ Í�p Ï Ñ�Ò�� Ð ÍVÑ�Ö�ÑReXÑ Ô ÑeÍ���Ó Ð jkf m Ï ÎÜ�k� Ð f Ô p Ð Í�p Ô Ó�Îk� Ñ Î Ï f Ô Ó Ô Í�m Ð ��Î Ð ��ÑRm�Í-y�Ñ�Ó Ð

ĔÐ Î�¤�ÑRm ÐXÏ e�jk�MÎ
C
� X m�Î�Ö�pCÎ

x∗
��j Ð<ÏFÐ m ÏFÐ Í Ð Ö�p Ô�Ô ÍFÎg�Rj�Ò�lfÎ�Ó�ÎÏm Ï Îg�k� Ð f Ô Îg�	pCÑ�Ó�ÎÇm�Î ÏSÏFÐ � Ô[V�Ô Ò�lfÎ

Ð Î ��ÏCÔ Ó�Ñ Ð Ö�p Ð Ó Ô Ñ j�Ö�Ò�lfÎ Îg� ��Ð pCÎ p Ô f��/��f Í�lfÎ ÐWV ÑR��Ñ�Ó�Î�Í ����U Ô Í�jk� Ë?� j ÏCÔÿÎgÎg��Îg�
b
Ô m ÏFÐ Í Ð Ö�p Ô Î

m�Îg��Ñ�pCÎÜm�Î ÏFÐ Í�jk��p Ô Ö�p Ð Ó Ô Ô Ó�Ñ�Ò�lfÎ�Ó�Î�Í�Ó�Ñ�� ÐXÏ ÍFÎ�ÍXeXÎ Ï p Ð ÍPe Ô �Re�jk� Ô Ó�Î�Í@Ö�ÎÓm Ï Î�e Ð ÍFÍFÎ~Ó Ð eXÎ�Ö�� ÐXÏ��gÒ ÖkeXÑ Ô�Ð
��j Ð eXÎ�Ñ�ÖkeXÑ�Ó Ð eXÎgf Ô e Ô Í�e Ô eXÎ�Ö�� ÐWV�Ô Ó�Î£m Ï Îg�k� Ð f Ô Ö�Î�m�Î�Ö�pCÎÕÓ Ô ÍFÎg�Rj�Ò�lfÎ�yÜpCÑRf Ô

xz∗
��Ø � ÔfÏCÔ f Ð Ö�p Ð

Í Ð Îg��Í ÐXÏ � Ô Ö Ð Í�p Ô Í�jk� Ë?� j ÏCÔ Ô p Ð Ö�Ó Ò ÖkeXÑ Ô ÔÁÑ Î Ï f ÔfÏ jkf Ô e�j Ï � Ô p�j ÏCÔ eXÎ�Ö�� ÐWV�Ô Ó Ð�Ë Ö�Ñ�Ó Ô m Ð � Ô Í
ÏFÐ Í�p Ï Ñ�Ò�� Ð Í Ô Ó�ÑReXÑ�Î�Ö Ô Ó Ô Í��[p Ô ��eXÎgf Î�Ó�Ñ�Í�e�j	pCÑ�Ó�Î�Ö Ô Í Ð Ò�lfÎÉÍ � ÷	�

−4 −2 0 2 4 6 8
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x
1

x 2

x
2
 ≤ 4

x
1
 ≤ 4 

x
2
 ≥ 0 

x1 ≥ 0 

(x−x)TQ−1(x−x) ≤ 1 

xz* 

∇ f(x)
x* 

v v v 

Ô�Z'à*Ð Í�p Ï Ñ�Ò�� Ð Í*Ñ�Ö�ÑReXÑ Ô ��f Ð Ö�p Ð Ó Ð�Ë Ö�Ñ�Ó Ô Í�m ÔfÏCÔ
jkfûm Ï Îg�k� Ð f Ô ���=h Ú¥Ø��
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MEHC: k=27

∇ f(x) 

∇ g
13

(x) 

x1 ≥ 0  

x
2
 ≥ 0  

x
2
 ≤ 4

∇ g
22

(x) 

∇ g
25

(x) 

∇ g
27

(x) 

∇ g
19

(x) 

∇ g
17

(x) 

Ω 

xz* 

� Z'à*Ð Í�p Ï Ñ�Ò�� Ð Í Ë Ö Ô Ñ�Í�m Ô#ÏrÔ�Ô ÍFÎg�Rj�Ò�lfÎ�Ó Ð
jkfûm Ï Îg�k� Ð f Ô ���=h Ú¥Ø��

l7m n$oPprqts�s�v�s�w c ��& �:* Ê ! ')( # � �;&$� !V� �SxEy�z �� Í !V� �  # � ËP��Ê:bPz �� Í !/� # ! ��b # Ê Í * � # MEHC
6

Ù Ð � Ð oDÍ Ð�ÏFÐ�� Ñ�Í�p ÏCÔfÏ�Ô Ñ�Ö�Ó Ô ��j Ð Ö�Î m Ï Î[e Ð ÍFÍFÎ Ó Ð p Ð Í�p Ð�ÏFÐ�Ô ��ÑR¢ Ô Ó�Îk�IÎ Ô � � Î Ï Ñ�p�f�Î
MEHC

Ñ Î�Ñ
e Ô m Ô ¢ Ô m Ð Ö Ô Í*Ó Ð ÍFÎg�RjkeXÑ�Î�Ö ÔfÏ m Ï Îg�k� Ð f Ô Í'����h Ú;Ø m ÔfÏCÔ Ó�ÑRf Ð Ö�Í�� Ð Í*Î�Ö�Ó Ð

n < 5
� h@Í�p Ð eXÎgfnm�Î Ï o

p Ô f Ð Ö�pCÎ Ð Í�p U Ó Ð�Ô eXÎ Ï Ó�ÎÉeXÎgf Ô Í3��ÑRf Ñ�p Ô Ò�� Ð Í3eXÎgf Ð Ö�p Ô Ó Ô Í�Ö Ô Í Ð Ò�lfÎáÍ � ÷	� �DÖ�Ó Ð m Ð Ö�Ó Ð Ö�p Ð f Ð Ö�p Ð
Ó Ð Í�p Ô Í;��ÑRf Ñ�p Ô Ò�� Ð Í��,Ó�Ñ�� ÐXÏ ÍFÎ�Í;m Ï Îg�k� Ð f Ô Í-�=�Ám Ï ÎgmMÎ�Í�pCÎ�Í Ð f Y�� Ô � Û Ñ�ÖR� �OÔ p�¤[j Ï Ö � Ó � �
Å²Îg��Í Ð Æ<Ö � Ó �eZ
Ð e�j �FÔ Ó�ÑRf Ð Ö�Í�lfÎ ÐXÏCÔ ÏFÐ Ókjk¢XÑ�Ó Ô ��p Ô fÇ����f Ñ Î ÏCÔ f ÍFÎg�RjkeXÑ�Î�Ö Ô Ó�Î�Í�eXÎgf Í�jke Ð ÍFÍCÎÿm Ð ��Î Ô � � Î Ï Ñ�p�f Î
MEHC

�
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�����"½ ò�ñ�ê[ó çRä ì�� x���� ò�� å î,� ç ��ñ�� æ � å ïyó ë ê	ð�" ä[� ê ÞgÞ[Î
�/�/0�} ��>A8/�)OQ2 S G ����� � � � D?GRO$GK>��7�)G � E���~98;:=<=2F��8
Ù�j Ô ÍÕe�� Ô ÍFÍ Ð Í�Ó Ð m Ï Îg�k� Ð f Ô Í � �3�=� Ð Í�e Ô � ÔfÏFÐ Í¡��j Ô ÍFÑ�o�eXÎ�Ö�� ÐWV Î�Í Ñ Î ÏCÔ f»j	pCÑR��ÑR¢ Ô Ó Ô Í�m ÔfÏCÔ�Ô � Ô ��Ñ ÔfÏ
Î¼Ó Ð Í Ð fnm Ð Ök¤�Î Ó�Î�Í Ô � � Î Ï Ñ�p�f�Î�Í � Ô Í Ð�Ô Ó�Î�Í Ð f Ð Ö�jkf ÐXÏCÔ Ò�lfÎÊm Ï ÎgmMÎ�Í�pCÎ�Í �7z m Ï ÑRf Ð Ñ ÏFÔ e�� Ô ÍFÍ Ð
�áeXÎgfnm�Î�Í�p Ô m�Î Ï m Ï Îg�k� Ð f Ô Í úÕØ ��Ù Ó Ð Ó�Ñ�� ÐXÏ Í Ô ÍwÓ�ÑRf Ð Ö�Í�� Ð Í Ð eXÎgfÇ��Ñ�Ö Ô Ò�� Ð Í�Ó�Î Ö$økf Ð&Ï Î¬Ó Ð
� ÔfÏ Ñ U � Ð Ñ�ÍHÑ�Ö�p Ð Ñ ÏCÔ ÍVÖ�Î�Í'��j Ô Ñ�ÍSÎ�ÍÈm ÔfÏwù f Ð p Ï Î�Í Ñ Î ÏCÔ f ��ÐXÏCÔ Ó�Î�ÍSÓ Ð£Ñ Î Ï f Ô~Ô � Ð�Ô pwy Ï Ñ Ô[�Az Í Ð�� j�Ö�Ó Ô �
eXÎgfnm�Î�Í�p Ô m�Î Ï m Ï Îg�k� Ð f Ô Í¥f Ñ�Í�pCÎ�Í;eXÎgf � ÔfÏ Ñ U � Ð Ñ�Í¥��Ñ�Ö UfÏ Ñ Ô Í�Ó ÐHÐ Ö ��Ð Ök¤ ÔfÏ Ñ Ô ��jk�Rf ÑRe Ô	�*z Ó Ð�Ë Ö�Ñ�Ò�lfÎ
Ó Ð Í�p Ð Í3m Ï Îg�k� Ð f Ô Í Ð Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í Ô �Re Ô Ö�Ò Ô Ó�Î�Í9Í�lfÎ ÐWV ÑR��Ñ�Ó�Î�Í9Ö Ô Í�m Ï y V ÑRf Ô ÍSÍ Ð Ò�� Ð Í �

�A���I�����  � ¢¡¢¡-à�Ø�×«¨�ª­â�ä$�®¡~£ ¡A����¤��¤¥%¡�Ø3¥ â�äo©§¦¢Ø©¨�ª ©©ª�×« )¬¢¦	­�×«Ø©¨�¦	ªAä�ß�à�Ø§®
¬L¨�¯¢¦¢âmªAä

X m Ï Îg�k� Ð f Ô f Ñ�Í�pCÎ*Ó�Ñ�Í�e ÏFÐ pCÎ Ð eXÎ�Ö�p���Ö�j�Îk� Ð Í�e Ô � ÔfÏ�Ð ��j Ô ÍCÑ8o�eXÎ�Ö�� ÐWV Î�� Ô ��j�Ñ�Ó Ð Ö�Îgf Ñ�Ö Ô Ó�Î3� � h{° Ø
Ð ÏFÐ m ÏFÐ Í Ð Ö�p Ô Ó�Î mMÎ Ï Y ÎÜÎg�ßÞ�ZO�\� ÎoÓ Ô Í Ô Í�� ÔfÏ Ñ U � Ð Ñ�Í9Í$l#Î ÏFÐ Í�p Ï Ñ�p Ô Í Ô În¤�ÑRm ÐXÏ e�jk�MÎ C ⊂ Rn

+

Ð e Ô Ö�pCÎ
Ñ�Ö ÑGÐXÏ Ñ�Î Ï~Ð Í���j ÐXÏ Ó�Î²Ö�Î�m�Î�Ö�pCÎ {0, . . . , 0} ∈ Rn

� � Ð Ök¤�jkf Ô¬ÏFÐ���ÏCÔ Ó Ð�ÏFÐ Í�p Ï Ñ�Ò�lfÎ Ó Ð Ñ � j Ô ��Ó Ô Ó Ð
Í Ð e�j�Ö�Ó UfÏ Ñ Ô�Ñ Î�ÑhÖ Ð e Ð ÍFÍ UfÏ Ñ Ô m ÔfÏCÔ Î�Í�m Ï Îg�k� Ð f Ô Í'� � h{° Ø��

min f(x) = max({−(1 + e(λj(xj−x̃j))
2

)}) | j = 1, . . . , n Y ÎgÎg�ßÞ�Z
s.a. Ω = {g(x) ≤ 0 | x(1 : z) ∈ Iz+ and x(z + 1 : z + d) ∈ Rd | n = d+ z}

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

Ö Ô ��j Ô �"�
x̃
Ð
x̆i ∈ C

�
0 < λj < 10−1

� Ð
Q̆i ∈ Rn×n ��jkf Ô f Ô p Ï ÑR¢HÍFÑRfn��p Ï ÑRe Ô Ó ÐQ± Ö�Ñ�Ó Ô m�Î�ÍFÑ�pCÑ�� Ô	�X e Ð Ö�p Ï Î�Ó�Î�Í Ð ��ÑRm�Í-y�Ñ�Ó Ð Í

x̆i
Ð Î�m�Î�Ö�pCÎ

x̃
Í�lfÎ ��Ð&ÏrÔ Ó�Î�ÍHÓ Ð�Ñ Î Ï f Ô Ô � Ð�Ô pwy Ï Ñ Ô	�Tz Í\f Ô p Ï Ñ�¢ Ð Í

Q̆i

Í$l#Î
eXÎ�Ö�Í�p Ï jk��Ó Ô Í3eXÎgf Ô j	pCÎ(� Ô ��Î ÏFÐ Í Ô � Ð�Ô pwy Ï ÑeÎ�Í*Ó Ð f ÎoÓ�Î ÔÏ��ÔfÏCÔ Ö�pCÑ Ï ��j Ð

(Ĕ1 ∩ . . . Ĕn+1 ∩ Iz+) 6= ∅
�

Î�Ö�Ó Ð
Ĕi

ÏFÐ m ÏFÐ Í Ð Ö�p Ô Î Ð ��ÑRm�Í-y�Ñ�Ó Ð Ó ÐQ± Ö�Ñ�Ó�Înm Ð ��Î�e Ð Ö�p Ï Î
x̆i

Ð m Ð � Ô f Ô p Ï ÑR¢
Q̆i

�
X Ð ��ÑRm�Í-y�Ñ�Ó Ð Ñ�Ö�ÑReXÑ Ô �

E0

Ñ Î�Ñ<Ó ÐQ± Ö�Ñ�Ó�Î eXÎgf Î Ô ¤�ÑRm ÐXÏFÐ Í ÑGÐXÏCÔ ��j Ð eXÎ�Ö�p���f
C
�²z m ÏFÐ eXÑ�Í�lfÎ

j	pCÑR��Ñ�¢ Ô Ó Ô m ÔfÏCÔ Ó Ð p ÐXÏ f ÑeÖ ÔfÏ ��j Ð jkf � Ô ��Î Ï �^eXÎ�Ö�ÍFÑ�Ó ÐXÏCÔ Ó�ÎÅeXÎgf Î´Ñ�Ö�p Ð Ñ Ï Î |x(i) − 〈x(i)〉| Ñ Î�ÑÓ ÐQ± Ö�Ñ�Ó Ô eXÎgf Î
10−6

�
� ÔfÏCÔ e Ï Ñ ÔfÏ
Ô Í-p Ô � Ð � Ô Í Ð���ÏwU�± eXÎ�Í
Ó Ð�ÏFÐ Í�jk��p Ô Ó�Î�Í��,Î�Í-m Ï Îg�k� Ð f Ô Í-� � h{° Ø Ñ Î ÏCÔ f ��ÐXÏCÔ Ó�Î�Í-m ÔfÏCÔ

Ó�ÑRf Ð Ö�Í�� Ð Í�Ó�Î�Ñ�Ö�p ÐXÏ � Ô ��Î
n = [3, 10]

� � ÔfÏCÔ e Ô Ó Ô m Ï Îg�k� Ð f Ô Ó Ð jkf Ô Ó Ð p ÐXÏ f Ñ�Ö Ô Ó Ô Ó�ÑRf Ð Ö�Í�lfÎ
Ñ Î ÏCÔ fûp Ð Í�p Ô Ó�Î�Í Ô p��

5
Ó�Ñ ÑGÐXÏFÐ Ö�p Ð Í3� Ô ��Î ÏFÐ Í�Ó�Î»Ö}³kf ÐXÏ Î»Ó Ð � ÔfÏ Ñ U � Ð Ñ�Í�Ñ�Ö�p Ð Ñ ÏCÔ Í��MÑ�Ö�ÑReXÑ Ô Ö�Ó�ÎMoDÍ Ð eXÎgf

Î � Ô ��Î Ï Ó Ð
z = 1

Ð p ÐXÏ f Ñ�Ö Ô Ö�Ó�Î eXÎgf
z = n

��Î���j Ð Ó Ð p ÐXÏ f Ñ�Ö Ô jkfþm Ï Îg�k� Ð f Ô mkj ÏCÔ f Ð Ö�p Ð
Ó�Ñ�Í�e ÏFÐ pCÎ �

�DÖ�ÑReXÑ Ô �Rf Ð Ö�p Ð �hÎ�Í¡m Ï Îg�k� Ð f Ô Í
PMEQC

Ñ Î ÏCÔ f»j	pCÑR��ÑR¢ Ô Ó�Î�Í�m ÔfÏCÔ Í Ð�Ð Í�p Ô � Ð � Ð e ÐXÏ jkf Ô eXÎgf�o
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ÞgÞgÞ ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
m ÔfÏCÔ Ò�lfÎ¼Ó Ð Ó Ð Í Ð fnm Ð Ök¤�Î Ó�Î�Í®fn��pCÎ�Ó�Î�Í^]\_8` a?b
cM`1d Ê `Rb Ô ��j�ÑÕm Ï ÎgmMÎ�Í�pCÎ�Í��

MEEE
�
MEEBB

�
MEEBC

Ð
MBCE

� Ð f ÏFÐ � Ô Ò�lfÎ Ô Î Ô � � Î Ï Ñ�p�f Î<Ó Ð�¶*ÉFÊ�·§¸rË�Ì�Êk· d Ì�¶ c�¹ · d �Tz m ÔfÏ pCÑ Ï Ó Ð Í�p Ô eXÎgf�o
m ÔfÏCÔ Ò�lfÎk� Ñ Î ÏCÔ f ��ÐXÏCÔ Ó Ô Í Ô Í�p Ô � Ð � Ô Í ÎgÎg��Î � ÎgÎg�ßÞ¬Ð�ÎgÎg� ÷ ��j ÐOÐWV ÑR� Ð f Î�Í ÏFÐ Í�jk��p Ô Ó�Î�Í Îg�	pCÑ�Ó�Î�Í �
h�f Ñ j�Ö�Ò�lfÎ�Ó Ô ��ÑRf Ñ�p Ô Ò�lfÎ Ó�Î Ô � � Î Ï Ñ�p�f Î

MEEE
Ó Ð ÍFÎg�RjkeXÑ�Î�Ö ÔfÏ ÍFÎgf Ð Ö�p Ð m Ï Îg�k� Ð f Ô Í£�3�=�¥�KÎ�Í

ÏFÐ Í�jk��p Ô Ó�Î�Í¡m ÔfÏCÔ�Ð Í�p Ð Ô � � Î Ï Ñ�p�f�Î»Ö?lfÎ�Í�lfÎ Ô m ÏFÐ Í Ð Ö�p Ô Ó�Î�Í Ô m Ð Ö Ô Í�Î�Í¡m Ï Îg�k� Ð f Ô Í£eXÎgf � ÔfÏ Ñ U � Ð Ñ�Í
f Ñ�Í�p Ô ÍSÑ�Ö�p Ð Ñ ÏCÔ Í Ð eXÎ�Ö�p���Ö�j Ô Í �

z � � Î Ï Ñ�p�f ÎfÍ
z º n z e Ð ÍFÍFÎ�Í Ø?U �Re�jk��Î�Í ��Ð fnm�Î

100 ∗ (Tempo)/
f(x) Qk+1

� ÎÜp Ô � Y ��Ð fnm�Î�»?» Z
MEEBBLD

Î º ÷ Î(ÞÜÐÜø 
ÜÌ�â Ð Îg� ÍgÍ ÷�ÞÜÐ	� ø�÷
MEEBCLD

Î º ÷ ÷	Î
÷gÐ Ì Ð�Þ Í Þ[� ÌgÝ ø Ý Ð	��Î Ý
MBCELD

Î º ÷ Ý ÐÜø 
 Þ Í Ð	� ø�÷ ÝgÌ � ÌgÌ
BBLD

Î º ÷ âÜÍgÝ Î(Þ Í ÷ Ð	� Ý Þ Î
ÐgÐ	� ÐgÐ
MEEBBDa

Î º ÷ Þ ÍgÝ ÍgÌ�
 Þ[� Ð�Þ Þ Ì ÷	� Í ø
MEEBCDa

Î º ÷ Ý Î Í 
ÜÍ Ð Îg� ÝgÌ ÞÜ÷ Ý � â Î
MBCEDa

Î º ÷ âgâÜÌ ÌgÝ�â Ð	� Ý Î Ì�
 � 
 Î
BBDa

Î º ÷ Î
Ð âÜÝ Î
Ð	ÎgÎ Ð	� â Î Î
ÐgÐ	� ÐgÐ
MEEBBLD

Þ º ÷ Î Í�â Þ Ý�â Î Ì ÷	�ßÞÜ÷ ÷ Ì�â � 
ÜÍ
MEEBCLD

Þ º ÷ 
 ÷Üø�÷ Î
Ð	Î�ø�÷ øk� Ý Î 
�
 Þ[� ÷ 

MBCELD

Þ º ÷ Ý ø Ý Ì Î
÷ Ð	� 
 Î Ý ÎÜ� ÷ Í
BBLD

Þ º ÷ ÌgÝ Î Î 
 ÐgÐ Ð	� Ì ÷ Î
ÐgÐ	� ÐgÐ
MEEBBDa

Þ º ÷ 
ÜÍ�â Î Ì Þ[Î øk� Ý Þ ÷g÷ 
 � ÝgÝ
MEEBCDa

Þ º ÷ Î(ÞMø�Ð Î
÷Üø Ì øk� ø â ÷�Þ 
 ��Î
Ð
MBCEDa

Þ º ÷ Î
Ð Ì Ð Î Ì ÷ Ý Ð	� Í Î ÝgÝ � ÷ â
BBDa

Þ º ÷ Î Ì ø�÷ ÞgÞ[Î Ì Îg� ÷ Ì Î
ÐgÐ	� ÐgÐ
MEEE

÷ º ÷ â�
 ÷ ÌgÝ�
 Þ[� 
 Ð Þ Ì�â � Ð â
MEEBBLD

÷ º ÷ Þ[Î Í ø â ø Í ø ÷	� 
�
 ø�Ð â � 
 Ð
MEEBCLD

÷ º ÷ â Ð�Þ Ì Î(Þ Ý ÷ 
 
 � Ì�â Ý�â Þ[� â ø
MBCELD

÷ º ÷ â�
 ø Ì ø Í Ð	� 
�
 Ý ÷[�ßÞMø
BBLD

÷ º ÷ Í Î�ø Î 
 ÞÜ÷ Ð	� Ì�â Î
ÐgÐ	� ÐgÐ
MEEBBDa

÷ º ÷ Î
÷gÐgÐ ÷Üø�Þ Ì Ý ��Î Ì Þ Ì�
 ��Î â
MEEBCDa

÷ º ÷ Î Ì Þ[Î ÞÜÐ	ÎgÎ Ý � ÝgÌ ÷gÐ Ì ��Î 

MBCEDa

÷ º ÷ Î Ý Ð	Î Þ â Þ Ý Îg� ø�Ð Ý ø	� ø�Þ
BBDa

÷ º ÷ Þ Ý�â ø ÷ Í Ðg÷ Þ[��Î â Î
ÐgÐ	� ÐgÐ
¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄÅÃvÆ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ/Ñ�ÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ�ÐvÉ;Ï�ÐvÉRÒR×wÌmÐkÏ�ÐvÉ

MEEE Ø MEEBB Ø MEEBC Ø MBCE
È

BB
Ó�Í$ÔÎÍ�Ê�Ò�Ó�ÔmÐÁÙ�ËÚÈwÒ/ÍRÛ {�ÜTÝ�ÞFØ Ï�ÕÅÒRÈwß}ÉÎàÁÐ/á�â

\W\W]�^W^ _��a`cbed�fabhg i�jkgmlmg-n o�papaqsr tvuw_	]



�����hã ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ�� æ§´�å ïÚå ë ê	ð�" ä[� ê ÞgÞÜ÷
z � ��æ�ç-èÚéwê�ækë

z º n z�ì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë �Tí$ê�ð§æ
100 ∗ (Tempo)/

f(x) Qk+1

�Tæké�ñkî Y �Tí$ê�ð§æ »?» Z
MEEBBLD

Î º ø Î�ø ÝgÍ ÌgÍ�âgâ Þ[� Í�
 Î�ø Í � ÌgÍ
MEEBCLD

Î º ø Þ âÜÌ ø ÎgÎ â ÷ 
 øk� Í ÷ Þ 
 Ð	�ßÞ[Î
MBCELD

Î º ø Î
Ð Í Ð âÜÝ Ð Ð	� Í ø ø â � ÌgÍ
BBLD

Î º ø Þ âÜÌ�
 Þ 
gâÜÌ Îg� Í�â Î
ÐgÐ	� ÐgÐ
MEEBBDa

Î º ø Þ Ý ÷ Î
÷ Í Þ Þ[� 
ÜÝ Í ÷[� Í Þ
MEEBCDa

Î º ø Ì�
 Î Í Î Ý Þ[� ø â Í Ð[� Ì Î
MBCEDa

Î º ø Î 
�
 Þ Î
÷gÐ Ý Îg� ÷	Î ø Ì � Ð 

BBDa

Î º ø ÷ Í ÷g÷ Þ ÌgÝgÍ Þ[� â Þ Î
ÐgÐ	� ÐgÐ
MEEBBLD

Þ º ø ÷ âÜÍ Î Î âÜÌ�
ÜÝ Ý � Ð 
 Î Ì�â � 
ÜÍ
MEEBCLD

Þ º ø ø â ÷Üø Î�ø â Î
Ð Ý � ÌgÌ Þ[Î
÷	� ÷�Þ
MBCELD

Þ º ø Î â�
 ø Þ ÍgÍ�â Îg� âgâ 
 ø	� Í Þ
BBLD

Þ º ø ÷ â Î â 
ÜÌ Î�ø ÷	�ßÞgÞ Î
ÐgÐ	� ÐgÐ
MEEBBDa

Þ º ø â Î�ø Þ â Þ[Î â �ßÞMø Î
÷g÷	��ÎgÎ
MEEBCDa

Þ º ø Î ÝgÌ ø Î Í Î(Þ øk� Ì�â ÌgÍ � 
 Þ
MBCEDa

Þ º ø ÷	Î
Ð	Î ÷gÐ 
ÜÌ Þ[� ø Í ø 
 � Ì ø
BBDa

Þ º ø â ø 
 ÷ Ý Þ âÜÍ 
 � øgø Î
ÐgÐ	� ÐgÐ
MEEBBLD

÷ º ø ø�Ð�Þ â Î 
ÜÍ ÷Üø Ý � 
ÜÌ Î�ø Í � Í Î
MEEBCLD

÷ º ø ø�÷ 
ÜÍ Î(Þ Ì ø�Þ Ý � 
gâ Î�ø Í � â ø
MBCELD

÷ º ø ÞMø â Þ 
 Ð ÍgÍ Þ[� 
ÜÍ 
ÜÍ ��Î
Ð
BBLD

÷ º ø ø�÷ Ý�â â ÷Üøgø øk� ÷ Í Î
ÐgÐ	� ÐgÐ
MEEBBDa

÷ º ø Î(Þ â ÷ ÷ ÍgÍ ø Î(Þ[��Î 
 Î
÷ Ì � ø�Þ
MEEBCDa

÷ º ø Þ 
 ÷ Ý Þ 
�
ÜÍ Ý � â ø âÜÝ � Ì Î
MBCEDa

÷ º ø 
gâÜÌ Þ â Ð	Î Ý øk� Ì Þ 
 ø	� Í ø
BBDa

÷ º ø ÎgÎ(Þ Ì�â ÎgÎ�ø Ý Ð Ì � âÜÌ Î
ÐgÐ	� ÐgÐ
MEEE

ø º ø Î Ý�â ÷ Î(Þ Ý Î ÷�Þ[� ÐÜø 
 Î 
 �ßÞ Ý
MEEBBLD

ø º ø 
ÜÌgÝ Þ Î Í Î 
ÜÌ Í �ßÞ 
 Î�ø Ì � â�

MEEBCLD

ø º ø 
gâ ø Ý Î Ì ø�Ð Ý Ì � ÷ Í Î
÷Üøk� Ì�

MBCELD

ø º ø ø Ì Î Í ÌgÍ Ð Ì øk� ÌgÝ âÜÌ ��Î â
BBLD

ø º ø Ý Ðg÷	Î Í�â ÷ 
 Ý �ßÞgÞ Î
ÐgÐ	� ÐgÐ
MEEBBDa

ø º ø Þ â Î(Þ â Þ Í ø Î Í � Ì ÷ Î(Þ Ì � ÷g÷
MEEBCDa

ø º ø Î âÜÝ�â Î Ì ÐÜø Í � ÐÜø 
ÜÌ � 
 Þ
MBCEDa

ø º ø ÎgÎ 
 ÞgÞ Î â Î Ý�â Î
Ð	�ßÞ 
 ÝgÝ � ÷ 

BBDa

ø º ø Î Ì ÷ â�
 ÞMø Í�â ÷ Î 
 � ø 
 Î
ÐgÐ	� ÐgÐ
¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄ ò�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ/Ñ�ÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ�ÐvÉ;Ï�ÐvÉRÒR×wÌmÐkÏ�ÐvÉ

MEEE Ø MEEBB Ø MEEBC Ø MBCE
È

BB
Ó�Í$ÔÎÍ�Ê�Ò�Ó�ÔmÐÁÙ�ËÚÈwÒ/ÍRÛ�ó ÜTÝ�ÞFØ Ï�ÕÅÒRÈwß}ÉÎàÁÐKô}â

\W\W]�^W^ _��a`cbed�fabhg i�jkgmlmg-n o�papaqsr tvuw_	]



ÞgÞMø ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
õ ËÅö[ÐÁÔ�ÕÅÌ�ÒRÐvÉ

z ÷ n õ Ñ�È�ÉmÉmÐvÉ ÞLø ËÚÑwÊ�ËÚÐvÉ ù§ÈwÒKÓ	Ð
100 ∗ (Tempo)/

f(x) Qk+1
ù©ÐÁÌÎÍ$Ë ú�ù§ÈwÒKÓ	ÐRûLû�ü

MEEBBLD ý ÷Tþ ô þ ávÿ ý ÿ$ôvô ý � â �vá �vÿ ý â ���
MEEBCLD ý ÷Tþ ô ývý ÿ ý þ����vþ ÿ�â � � �$ô���â � ý
MBCELD ý ÷Tþ ý � � � � ý á ý ý â � ý ÿ þ â ává
BBLD ý ÷Tþ á�� �vþ ô ý á � ��â ��� ý ����â ���
MEEBBDa ý ÷Tþ ÿvÿ � ����� ý ô}â � ô ý ô ý â � �
MEEBCDa ý ÷Tþ ÿvÿ � ���$ô ý ô}â � ô ý á � â � �
MBCEDa ý ÷Tþ � �vþvþ � ý á � ��â � � ÿ þ â ý �
BBDa ý ÷Tþ ô ��� ý á����vá á�â ô � ý ����â ���
MEEBBLD � ÷Tþ � þ �vÿ � � ÿ ��� ý ��â á�� �$ô�ÿ�â � �
MEEBCLD � ÷Tþ ��� �vá � � ô��$ô ývý â � ô �vá � â á ý
MBCELD � ÷Tþ � � ��� ÿ$ô ý�� á�â á � ÿ � â þvþ
BBLD � ÷Tþ á þ ô � � � ô�á ô}â ��� ý ����â ���
MEEBBDa � ÷Tþ ý ÿ$ô � ô � ÿ�� ý ��â � á ý � á�â ÿ��
MEEBCDa � ÷Tþ ý ôvô�� ôvô ý � ý ��â þ � ý ��� â ô þ
MBCEDa � ÷Tþ ô ��� � ô þ � � ô}â �vÿ � á�â �$ô
BBDa � ÷Tþ ÿ � � þ ÿ��vá � þ â þ ô ý ����â ���
MEEBBLD á ÷Tþ ývý � ��� ô�á�� �vþ ý�� â � � � þ á�â � ý
MEEBCLD á ÷Tþ ý ávÿ þvþ ô ���vþ � ����â ÿ � � �vþ â � �
MBCELD á ÷Tþ á ý þ ÿ ývý ô ý�� ô}â ��� ÿ � â ���
BBLD á ÷Tþ ô ý ��� ý þ�� ává � â � ý ý ����â ���
MEEBBDa á ÷Tþ � þ ÿvá ÿ � �vá � ý â � � �$ô���â ôvô
MEEBCDa á ÷Tþ � þ � � ÿ � ÿ$ô ����â � ô �vÿ ý â � ô
MBCEDa á ÷Tþ ÿ � � � � ��� ô ÿ�â ý � � ��â ý �
BBDa á ÷Tþ ý ���vÿ$ô ý ��� � ý � â ÿ � ý ����â ���
MEEBBLD ô ÷Tþ ý á$ô�ávÿ þ �vá � � �vá�â � ô � þ ý â �vá
MEEBCLD ô ÷Tþ ý ávÿ ��� þ á����$ô �$ô}â �vá � þ ô}â á��
MBCELD ô ÷Tþ ô��vává ý ôvô ��� ÿ�â á � ÿvÿ�â � ÿ
BBLD ô ÷Tþ ô � á�� ��� ý þ ô � â þ á ý ����â ���
MEEBBDa ô ÷Tþ þ ý � ý ý ����� � ô���â á�� � � á�â � �
MEEBCDa ô ÷Tþ ÿvÿ þ ô ývý á$ô � á � â ává � � ÿ�â �$ô
MBCEDa ô ÷Tþ ý ���vÿ ý ý ô�� � ý � â � á �ký â ô �
BBDa ô ÷Tþ ý þ ÿ � á ý ÿ � á � ý á�â � þ ý ����â ���
MEEE þ=÷Tþ �vÿ �vþ ý ý�� � þ � ÿvÿ�â � � ������� â ý á
MEEBBLD þ=÷Tþ ý ÿ � ��� ÿ$ô������ á���â þ ÿ á ý á�â ÿ �
MEEBCLD þ=÷Tþ ý�� �$ô ý ÿ$ô þ ÿ�� á���â ÿvÿ á ý ô}â ÿ �
MBCELD þ=÷Tþ ô�� � � ý ô þ�� � ÿ�â ÿ þ ÿ � â á ý
BBLD þ=÷Tþ ô � á þ ���vÿ���� � â � ô ý ����â ���
MEEBBDa þ=÷Tþ � � ý þ ý ÿ��vá � ô � â � þ � þ�� â � �
MEEBCDa þ=÷Tþ ÿ � ô � ývý ává � ô ý â þvþ � ý � â á$ô
MBCEDa þ=÷Tþ ývý ôvô � ý ÿ�� � á ývý â �vá þ�� â ý �
BBDa þ=÷Tþ � ý á � ÿ �$ô �vþ á ý � â �vþ ý ����â ���

¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄ ��Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ/Ñ�ÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ�ÐvÉ;Ï�ÐvÉRÒR×wÌmÐkÏ�ÐvÉ
MEEE Ø MEEBB Ø MEEBC Ø MBCE

È
BB

Ó�Í$ÔÎÍ�Ê�Ò�Ó�ÔmÐÁÙ�ËÚÈwÒ/ÍRÛ�ó ÜTÝ�ÞFØ Ï�ÕÅÒRÈwß}ÉÎàÁÐ þ â

\W\W]�^W^ _��a`cbed�fabhg i�jkgmlmg-n o�papaqsr tvuw_	]



�����hã ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ�� æ§´�å ïÚå ë ê	ð�" ä[� ê ÞgÞ 

z ë/é�ñ
	§í$î�ñkënÎgÎ���Î

\ÎgÎ��ßÞ íÁÎgÎ�� ÷Jê�æ�ëÎéwçwñkê��}ï	í!æ�ë;ê��Qéwæ��	æ�ë�	�ñkë-íÁñ
�	æ�ë=í$ê í���ï	ê�í$çwñ
���kæ����kæ

ñkð	ç-í$ë-í���é�ñkçwñkê ç-í$ë-ï	îhé�ñ
�	æ�ëRë-ï	ð¾í$ç-èäæ�ç-í$ë;ñkæ�ëRñkîäìÁñ
���Áñ
�	æ�ëRì$æ�ê æJñkî���æ�ç-èhé-ê�æJ¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(
�
ØFæ�ê�æ)í$çwñ í$ë-ð§í$çwñ
�	æ�
-,�è��	í ë-í����kæÿÎ
Ð.��Î�
�æ)ê��Qéwæ&�	æ

MEEE
ñkð	ç-í$ë-í��}éwæ�ï ï	ê���çwñ
���	í ñkï	ê�í��}éwæ

�	æ éwí$ê�ð§æ éwæké�ñkî/�	í/ì$æ��0,�í$ç"�gÒ��	ì$è�ñ21 ê�í��	è���ñ3�}ï	í;ñ4�	èäê�í��	ë5�kæÏÑsæ�è�ñkï	ê�í��}é�ñ
��ñ.�?��U æ�ëCê��Qéwæ&�	æ�ë
MEEBB

í
MEEBC

ñkð	ç-í$ë-í���é�ñkçwñkê�í���éwç-í�ë-è�ç-í$ë-ï	îhé�ñ
�	æ�ë�ë-èäê�èäîäñkç-í$ë5ð�ñkçwñ?æ�ë�ð	ç-æ�		îäí$ê!ñkë�
[ð¾æ�ç"�$ê
�}ï�ñkë-í ë-í$ê�ð	ç-í����kæ ñkð	ç-í$ë-í���é�ñkçwñkê ç-í$ë-ï	îhé�ñ
�	æ�ë�ë-ï	ð§í$ç-èäæ�ç-í$ë�ñkæ�ë�ñkîäìÁñ
���Áñ
�	æ�ë�ì$æ�ê æ ñkî���æ�ç-èÚéwê�æ
¶ �"!k·©¸$#&%'!k·)(
%�¶6* ¹ ·)(

�é�ñ
��éwæ�ð�ñkçwñ�ñ�ì$æ��	è87�ìÁñ
���kæ��	í�¶ �5!k·©¸$#&%'!k·)(�%�¶+* ¹ ·)(�ð	ç-æ�ð§æ�ëÎé�ñ�ð¾æ�ç�Ú*ñ
���Jí
Ù æ�è��9�}ï�ñ
�}éwæ)ð�ñkçwñ)ñ)ð	ç-æ�ð¾æ�ë-è����kæ:�	í Ù ñÜÛ}è��/�4;¢ëÎéwí�Ñ�ñ�éwæ)ë-í4�	í�,�í ð	ç-èäê�æ�ç"�	è�ñkîhê í���éwí=ð§í$îäæ)îäí���éwæ
ð	ç-æ�ì$í$ë-ë-æ<�	í ì$ækê�ð	ç-í$ë-ë$��æ<�	æ í$îäèäð	ë y è��	í=��ñ íQé�ñkð�ñ>7���ñkî+�	æ ñkî���æ�ç-èÚéwê æ�
�ñ�é5�?�}ï	í ï	ê ì$ç-èhé5�$ç-èäæ
�	í�ð�ñkçwñ
��ñ ë-íA@-ñ ñkîäìÁñ
���Áñ
�	æ��B;C�}éwç-íQé�ñ
��éwæ�
�ñ ð	ç-è��	ì$èäð�ñkî�èäê�ð§æ�çÎé$D
�	ì$èäñ=�	í$ëÎéwí$ë�ê��Qéwæ&�	æ�ëE���kæB�	è�F
ç-í$ë-ð§í$èhéwæ/ñkæRë-í$ï2�	í$ë-í$ê�ð¾í���G	æE�	í�éwí$ê�ð§æH�	íCì$æ��0,�í$ç"�gÒ��	ì$è�ñ.�I;¢î�ñ�ëwí �	í�,�í61J�	æ�,kñRð¾æ�çÎé�ñJ�}ï	í�í$ëÎéwí$ë
ê��Qéwæ&�	æ�ë{ñ
		ç-í$ê ð�ñkçwñ/ñ/èäê�ð	îhí$ê�í���é�ñ
���kæH�	í ï	ê ñkî���æ�ç-èhé-ê�æJ�}ï	í ë-æ�îäï	ì$èäæ��	í�ð	ç-æ�		îhí$ê!ñkëC,�íQéwæ�ç-è�ñkèäë
ê�èäëÎéwæ�ëK�	èäë-ì$ç-íQéwæ�ëAíFì$æ���é5L��}ï	æ�ëTì$æ�ê Ñsï�����M�í$ëN�}ï�ñkë-èPO�ì$æ��0,�íWV	ñkë�
��	íXÑsæ�ç-ê!ñ�ñ
��Ukîäæ���ñ�ñkæ�ëTê��Qéwæ&�	æ�ëQ�	í
ækéwèäê�è8FÁñ
���kæH,�íQéwæ�ç-è�ñkî¾ð�ñkçwñ�,kñkç-è�U�,�í$èäë{ì$æ��}é5L��}ï�ñkë?ñkð	ç-í$ë-í���é�ñ
�	æ�ë?í$ê YSR æ�ï	çwñ �UT ñÜÛ[ñ
G�ñkë"G	è-ÞÜÐgÐ â ZV�ØFæ�ê�æ�æ�		ë-í$ç',kñ
���kænÑsï�����ñkê�í���éWñ�îS
§ñkëCé�ñ
	¾í$î�ñkëÓÎgÎ���Î�
-ÎgÎ��ßÞ ínÎgÎ�� ÷ ê�æ�ëÎéwçwñkê²æ2	¾æ�êW�	íQëwíQê�ð§í���G	æ
�	æ�ñkî���æ�ç-èhéwê æ

MBCE
ì$æ�ê�ð�ñkçwñ
�	æ�ñ=éwæ&�	æ�ëCæ�ëX�	í$ê!ñkèäë�ê��Qéwæ&�	æ�ë��

\W\W]�^W^ _��a`cbed�fabhg i�jkgmlmg-n o�papaqsr tvuw_	]



ÞgÞ Ý ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
z î���æ�ç-èhéwê æ�ë

z º n zCì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë T í$ê�ð§æ
100 ∗ (Tempo)/

f(x) Qk+1

T æké�ñkî Y T í$ê�ð¾æ »?» Z
MBCELD

Î º Ì Y�YÜÍ Þ Ý Ð Y Ð â �ßÞgÞ ÝgÌ � YÜÍ
BBLD

Î º Ì ÎgÎ(Þ[Î Í Í ø Y�Y Î
Ð.� Y Þ Î
ÐgÐ.� ÐgÐ
MBCEDa

Î º Ì Í ÷ Ì Î ÷ Í Þ Ý Ì �ßÞÜÐ Ygâ � Ygâ
BBDa

Î º Ì Î Í ÞMøgø ÝgÝ0Ygâ Î�ø��ßÞ Y Î
ÐgÐ.� ÐgÐ
MBCELD

÷ º Ì Î Y Ð Y ø Þ ÍgÌ ø Í Þ[Î�� â Î Ì ÷.� Ð Í
BBLD

÷ º Ì Þ[Î
Ð Ì Ð ÷	Î�ø Í Ð Þ Ý ��Î
÷ Î
ÐgÐ.� ÐgÐ
MBCEDa

÷ º Ì ÷ â Ð�ÞÜÐ Î ÌgÌ�âÜÝ ÷	Î�� YÜÝ Ý ÷.� Ý Î
BBDa

÷ º Ì YÜÍgÍ Ð Ì Þ Ì Ð YÜÌ ø Í � Ý Î Î
ÐgÐ.� ÐgÐ
MBCELD Y º Ì ÷ Ì ÷g÷ Í Î
Ð ÍgÝgÌgÌ â Ð.� ø Í Í Î�� ø Í
BBLD Y º Ì ø�Ð Ì ø Í ÎgÎ ÌgÌgÍ0Y âgâ � Ð Y Î
ÐgÐ.� ÐgÐ
MBCEDa Y º Ì Î
Ð Ì�âgâ Ð âÜÝgÌ�â Î Î
Ð Y � ø�Ð Í Î��ßÞÜÐ
BBDa Y º Ì Î(ÞÜÐ ÍgÝ Î Ì Þ Í Þ Y ÎgÎ Y � Ygâ Î
ÐgÐ.� ÐgÐ
MBCELD â º Ì Î
÷ Y�Y�Y Î ø Y Ð âÜÌ Î Þ Ý Ð.� Í Î Ì ø�� Ì�â
BBLD â º Ì Î Y ÷	Î
Ð â ø�Þ Ì0Y ÷ â ÷gÐ â � øgø Î
ÐgÐ.� ÐgÐ
MBCEDa â º Ì ÷ Ì Î(Þ ÍgÍ økÎ YÜÍ Þ Í ø�Þ Ý � ÷ Y Ì Þ&� â Þ
BBDa â º Ì ø Í Î âgâÜÌ ø Ygâ�Y Þ Ì Y Î Y � ø�Ð Î
ÐgÐ.� ÐgÐ
MBCELD Ì º Ì Î�ø ÌgÌ�âgâ ø YÜÍgÝ ø Ì Þ Ì Ð.� Í�â Ì Þ&� økÎ
BBLD Ì º Ì Î Ý0Y ÷ Ì0Y ø Ì�âÜÝgÍ0Y ÷Üø�Ð.� Í ÷ Î
ÐgÐ.� ÐgÐ
MBCEDa Ì º Ì ø Í økÎ�ø Ý Y øgø Ì Þ Y Y ÷ â �ßÞ Í â Þ&� ø Ì
BBDa Ì º Ì â Þ âÜÍgÌ Þ â�Y ÷ÜøkÎ Ý â økÎ�� ÷	Î Î
ÐgÐ.� ÐgÐ

¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄ Z}Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉFÑ�ÐÁÒKÓ�Í$ÔÎÍ$ÌmÕeÖ�ÐvÉ�Ï�ÐvÉ{ÒR×wÌmÐ�Ï�ÐvÉ
MBCE

È
BB

Ó�Í$ÔÎÍRÊ�Ò Ó�ÔmÐÁÙ�ËÚÈwÒ/Í;Û*ó ÜAÝ�ÞFØÏ�ÕÅÒRÈwß}ÉÎàÁÐ � â

[ ñkçwñ ê�í$î�G	æ�ç�ñ
��ñkîäèäëwñkç=æ\�	í$ë-í$ê�ð§í���G	æ>�	æ3ñkî��kæ�ç-èhéwê æ
MBCE

í$ê ç-í$î�ñ
���kæ ñkæ ñkî���æ�ç-èÚéwê æ
¶ �"!k·©¸$#&%'!k·)(
%�¶6* ¹ ·)(

-�	æ�,�æ�ëRéwí$ëÎéwí$ëÓÑsæ�çwñkê ç-íÁñkîäè�FÁñ
�	æ�ë�� z ëRé�ñ
	§í$îäñkëÏÎgÎ�� øJí ÎgÎ�� Y ìQæ��.7�ç-ê!ñkê æ�ë
	§æ��	ëKç-í$ë-ï	îhé�ñ
�	æ�ëKæ�	�éwè��	æ�ë�ì$æ�ê æJñkî���æ�ç-èÚéwê æ

MBCE
í$ê ì$æ�ê�ð�ñkçwñ
���kæ)ñkæ)ñkî���æ�ç-èhéwê æJ¶ �"!k·©¸$#&%

!k·)(
%�¶+* ¹ ·)(
�
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�����hã ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ�� æ§´�å ïÚå ë ê	ð�" ä[� ê ÞgÞ â
z î���æ�ç-èhéwê æ�ë

z º n zCì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë T í$ê�ð§æ
100 ∗ (Tempo)/

f(x) Qk+1

T æké�ñkî Y T í$ê�ð¾æ »?» Z
MBCELD

Î º Í Ì ÷ Ì Î â ÷Üø â Î
Ð.� YÜÝ ÝgÍ � Ý ÷
BBLD

Î º Í Î Ý Ð Y�Y ÎgÎ Í ÷	Î Î Y ��Î â Î
ÐgÐ.� ÐgÐ
MBCEDa

Î º Í Î
÷g÷ Í Î ø Ý ø�Ð ÎgÎ�� ÍgÌ YÜÝ �ßÞ â
BBDa

Î º Í Þ Ì Î
Ð Í Ì ÷ â Ð Þ[Î��ßÞ Ì Î
ÐgÐ.� ÐgÐ
MBCELD

÷ º Í ÞÜÐ Y Ðg÷ ÷ ÍgÍ ø�÷ ÷	Î�� ÷�Þ Í Ð.� â Ð
BBLD

÷ º Í Þ ÍgÌ Î Y ÷ Ý Î(Þ Y ÷Üø�� Y ÷ Î
ÐgÐ.� ÐgÐ
MBCEDa

÷ º Í øgø�÷ Y�Y Î âÜÍ ÷ Y ÷ â � Y ø Y Þ&� â Ð
BBDa

÷ º Í Ì0Y Ð�Þ[Î ÷Üø�Ð â ø â Î��ßÞÜ÷ Î
ÐgÐ.� ÐgÐ
MBCELD Y º Í ø ÌgÌ�â Ð ÎgÎ Í Þ Ý�â Ì ø���Î(Þ Í Î�� Ygâ
BBLD Y º Í Y�Y ÷ ÌgÌ ÎgÎ Ì Î â ÷ Í Î�� ÌgÝ Î
ÐgÐ.� ÐgÐ
MBCEDa Y º Í Î(Þ ÌgÌgÌ0Y ÝgÍ0Y Î Í ÎgÎ Ì � Y ÷ âÜÝ � Ý Þ
BBDa Y º Í Î â Ð Y Þ Ì Ì�â ÞÜ÷ Y Î Y ø�� â Î Î
ÐgÐ.� ÐgÐ
MBCELD â º Í Í ÐÜø YÜÌ ÷ âÜÌ Î â ø Þ[Î Í �ßÞ Í ÌgÍ ��Î(Þ
BBLD â º Í Í0Y Î(Þ[Î ø�÷Üø Ý Ð�Þ ÞMø Ý � Ð Y Î
ÐgÐ.� ÐgÐ
MBCEDa â º Í ÷g÷ YÜÝ Ð	Î Þ â�YÜÝgÝ ÷ ÷ Y Þ&� Í0Y ÌgÍ � ÷�Þ
BBDa â º Í ÷ Ì Þ[Î Ì�â ÷gÐ	Î�ø ÍgÌ ÷ Í0Y ��Î Y Î
ÐgÐ.� ÐgÐ
MBCELD Í º Í ÎgÎ(ÞMø Ì Î ø ÝgÍ ÷ÜøkÎ Þ âÜÍ � Í0Y ÌgÌ � Y ÷
BBLD Í º Í ÎgÎ�øgø�Ð�Þ Y�YÜÍgÍ Þ Ì ÷	Î Ý �ßÞgÞ Î
ÐgÐ.� ÐgÐ
MBCEDa Í º Í Y ÷ âgâÜÝ Þ Y ÷g÷ âÜÍ Î YÜÝ0Y � ÷�Þ ÌgÝ � ÍgÍ
BBDa Í º Í Ý ÞÜ÷ âÜÝ Î YÜÌgÌ Î�ø Í Ý ø Í � Í Ð Î
ÐgÐ.� ÐgÐ

¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄ ]�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉFÑ�ÐÁÒKÓ�Í$ÔÎÍ$ÌmÕeÖ�ÐvÉ�Ï�ÐvÉ{ÒR×wÌmÐ�Ï�ÐvÉ
MBCE

È
BB

Ó�Í$ÔÎÍRÊ�Ò Ó�ÔmÐÁÙ�ËÚÈwÒ/Í;Û*ó ÜAÝ�ÞFØÏ�ÕÅÒRÈwß}ÉÎàÁÐ � â

X ë�ç-í$ë-ï	îhé�ñ
�	æ�ë¢æ�	�éwè��	æ�ëLð�ñkçwñ�éwæ&�	ækë�æ�ë¢ìÁñkë-æ�ë¢éwí$ëÎé�ñ
�	æ�ë�ð�ñkçwñ�æRê��Qéwæ&�	æ
MBCE

ë5�kæRê�æ�ëÎéwçwñ^O
�	æ�ëN��ñkëK7���ï	çwñkë\ÎgÎ��ßÞ&
	ÎÜÎ�� ÷.
kí�ÎgÎ�� ø��N_ ñ 7���ï	çwñÓÎgÎ��ßÞCï	ê�ç-í$ë-ï	îhé�ñ
�	æ ìQæ�ê�ð�ñkçwñ�éwè8,�æ �	æ�ëAð�ñkç5Dkê�íQéwç-æ�ë
` ¸$a$b$b�*�b

f(x)

dcIe
fä¸ ¹ f�*�b

Qk+1

í
Tempo Total

��ñkð	ç-í$ë-í���é�ñ
�	æ)ì$æ�ê�æ2,�ñkîäæ�ç ð¾í$ç-ì$í��}éwï�ñkîS
©æ����	í
æ�ë+,kñkîäæ�ç-í$ëKæ�	�éwè��	æ�ëKì$æ�ê æJñkî���ækçwèÚéwê æJ¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)( ë5�kæ)ï�éwèäîäè�FÁñ
�	æ�ë�ì$æ�ê�æg,kñkîäæ�ç-í$ëJ	�ñkë-í
ð�ñkçwñ!í$ëÎéwí=ìÁUkîäì$ï	îäæ��Cz ç�ñ�F��kæ�ð�ñkçwñ!æ�ï	ë-æg�	æ�ëh,kñkîäæ�ç-í$ë í$ê ð¾í$ç-ì$í���éwï�ñkèäë+���kæ�ë-íi�	í�,�í ñkð¾í���ñkëKñkæ
Ñ�ñ�éwæ��	í/éwæ��	æ�ë æ�ë ,�ñkîäæ�ç-í$ë�ë-í$ç-í$ê ñkð	ç-í$ë-í���é�ñ
�	æ�ë ì$æ�êPç-í�ÑsíQç�Ò��	ì$è�ñ�ñkæ�ê�í$ë-ê�æ�í$èÚV�æ2�	æ2��çwU�7�ì$æ��?z
çwñ
F��kæ é�ñkêi	)�$ê�ë-í9�	íV,�í:1��	í$ì$í$ë-ë-è���ñ
�	í9�	í�ë-í�ìÁñkîäì$ï	î�ñkç/ï	ê ³ �	èäì$æ�,kñkîäæ�ç/ç-í$ð	ç-í$ë-í���éWñ[é�èP,�æ ð�ñkçwñ
ìÁñ
��ñ\�	èäê�í��	ë5�kæ�� z ë�îäè���G�ñkëi�	í9,kñkîäæ�ç-í$ë3�	æj��çwU�7�ì$æ ë5�kæj��í$çwñ
��ñ�ë4�	è8,�è��	è����	æ�O�ë-í æ�ë�ç-í$ë-ï	îhé�ñ
�	æ�ë
�	æ3ñkî���æ�ç-èhéwê æ

MBCE
ð§í$îäæ�ë ç-í$ë-ï	îhé�ñ
�	æ�ë4�	æ ñkî��kæ�ç-èhéwê æ3¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)( ð�ñkçwñ ñ ê�í$ë-ê!ñ

ì$æ&�	è87�ìÁñ
���kæ.
 Ù ñÜÛ}è��)æ�ïÁÚ*ñ
���Jñ
��� Ù æ�è����
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ÞgÞ Ì ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
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Problema PMEQC, m < n

100*(Tempo MBCEDa)/(Tempo BBDa)
100*(Acessos f(x) MBCEDa)/(Acessos f(x) BBDa)
100*(Cálculos Qk+1 MBCEDa)/(Cálculos Qk+1 BBDa)
100*(Tempo MBCELD)/(Tempo BBLD)
100*(Acessos f(x) MBCELD)/(Acessos f(x) BBLD)
100*(Cálculos Qk+1 MBCELD)/(Cálculos Qk+1 BBLD)

ñ�Z [ ç-æ�		îäí$ê!ñ=ê�èäëÎéwæ3�	èäë-ì$ç-íQéwæ�íRç-íÁñkî ° Øk_ Ù �
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Problema PMEQC, m = n

100*(Tempo MBCEDa)/(Tempo BBDa)
100*(Acessos f(x) MBCEDa)/(Acessos f(x) BBDa)
100*(Cálculos Qk+1 MBCEDa)/(Cálculos Qk+1 BBDa)
100*(Tempo MBCELD)/(Tempo BBLD)
100*(Acessos f(x) MBCELD)/(Acessos f(x) BBLD)
100*(Cálculos Qk+1 MBCELD)/(Cálculos Qk+1 BBLD)

	¾Z [ ç-æ�		îäí$ê!ñi�	èäë-ì$ç-íQéwæ ° Ød_ Ù
l�m n0o^pä½/ÃvÃvÄ ò�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ=Ó	ÈwÔmÑ�Èwß�Ì�Ê�Í$ÕÚÉ�Ï�È�ù©ÈwÒKÓ�Ð Ø õ Ñ�È�ÉmÉmÐvÉ f(x)

È ÞLø ËÚÑwÊ�ËÚÐvÉ Qk+1 ÷ MBCELD q
BBLD q MBCEDa q BBDL Ó�Í$ÔÎÍ Ó�ÔmÐÁÙ�ËÚÈwÒ/ÍÁÉFÛ*ó ÜAÝ�Þ â
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�����hã ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ�� æ§´�å ïÚå ë ê	ð�" ä[� ê ÞgÞ Í
X ë6,�ñkîäæ�ç-í$ë ð§í$ç-ì$í���éwï�ñkèäë+�	í

Acessos f(x)
í
Tempo Total

ð§í$ç-ê!ñ
�	í$ì$í$çwñkêW�}ï�ñkë-í�ë-í$ê�ð	ç-í
ñ
	�ñkèÚV�æ=�	í

90 r 
Aæ=�}ï	í!ç-í$ð	ç-í$ë-í���é�ñ ï	ê�ì$æ��	ë-è��	í$çwU�,�í$îs��ñ
��G	æ æ�	�éwè��	æ)ð§í$îäæ ñkî���æ�ç-èhéwê æ
MECBð	ç-æ�ð§æ�ëÎéwæ�� T æ���ñ�,�è�ñ�æ�		ë-í$ç',kñ^O�ë-í�ï	ê!ñ?éwí����kÒ��	ì$è�ñX�	í�ç-í��	ï����kæh�	æ�ë-��ñ
��G	æ�ëQ1�ê�í��	è���ñd�}ï	í{ñX�	èäê�í��&O

ë5�kæ�ñkï	ê�í���é�ñ.
�æi�}ï	í�ð§æ��	í�ë-è����	è87�ìÁñkçs�}ï	í�í$ëÎéwíJ��ñ
��G	æ=ð§æ&�	í$çwUE�	í$ëwñkð�ñkç-í$ì$í$ç�ð�ñkçwñ;ð	ç-æ�		îäí$ê!ñkës�	í
��çwñ
���	í��	èäê�í��	ë5�kæ��kt�ê!ñi,�í�F��}ï	í;æ�ê��Qéwæ&�	ægukfwv x�b�*�vy(0!
fAð¾í$ç"�	í;í�7�ì$èRÒ��	ì$è�ñ ì$æ��	ì$æ�ê�èhé�ñ
��éwí$ê�í���éwí
ñkæ ñkï	ê�í���éwæ=��ñ=�	èäê�í��	ë5�kæ=�	æJð	ç-æ�		îäí$ê!ñ.
*í$ëÎéwí!ì$æ�ê�ð¾æ�çÎé�ñkê�í���é�æ:���	í�ì$í$çÎé�ñ Ñsæ�ç-ê!ñ í$ë-ð¾í$çwñ
�	æ��
X T í$æ�ç-í$ê!ñ Ì Y ð�U
��è���ñ®ÞÜÐ Ý Z6�	í�7��	í�ï	ê!ñ9�	èäëÎé$D
�	ì$è�ñ 4 �}ï	í��	í�,�í�í$ëÎé�ñkçRì$æ�ê�ð	ç-í$í����	è���ñ:�	æJè��&O
éwí$ç',kñkîäæ

(− 1
n
, 1]

ð�ñkçwñ��}ï	í ë-íA@-ñ ì$ç-è�ñ
�	æ ï	ê�ì$æ�çÎéwí�í�7�ì$èäí���éwí
� ØFæ�ê�æ í$ëÎé�í�è��}éwí$ç',�ñkîäæ ë-í ì$æ���éwçwñkè
�}ï�ñ
���	æ=�	æJñkï	ê�í��}éwæ:��ñ9�	èäê�í��	ë5�kæ9�	æJð	ç-æ�		îäí$ê!ñ�æ:� ³ ê�í$ç-æ:�	í ì$æ�çÎéwí$ë/ìÁñkð�ñ
F$í$ëH�	í ç-í��	ï�F$èäçRæ
í$îäèäð	ë y è��	íFì$ækçwç-í���éwíX�	èäê�è8�}ï	è�ë-èäê=ï	îhé�ñ
�	íÁñkê�í���éwí?ñkæKñkï	ê�í���éwæJ��ñ+�	èäê�í��	ë5�kæ��vØFæ��	ë-í�� | í��}éwí$ê�í���éwí


í$ëÎéwí�Ñ�ñ�éwæ�ð§æ&�	í;ç-í��	ï�F$èäç ñ�í�7�ì$èRÒ��	ì$è�ñ��	æ�ê��Qéwæ��	æ2�	í ¶ �"!k·©¸$#&%'!k·)(
%Vc ¹&z ñ
�}ï	è*ð	ç-æ�ð§æ�ëÎéwæ�ð�ñkçwñ��	èPO
ê�í��	ë"M�í$ë í$îäí�,kñ
��ñkë�� X ð�ñkç5Dkê�íQéwç-æ>cIe
fä¸ ¹ f�*�b

Qk+1

�	í$ê�æ��	ëÎéwçwñ2�}ï	í;æ!éwí$ê�ð§æ�éwæké�ñkîK�	æ�ê��Qéwæ��	æ
¶ �"!k·©¸$#&%'!k·)(
%Vc ¹&z Ñsæ�è*è��	Ñsí$ç-èäæ�ç�ñkæ�éwæké�ñkîQ�	æ!ê��Qéwæ&�	æ)¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)()ê�í$ë-ê�æ2�}ï�ñ
���	æ æ�ñkîPO
��æ�ç-èhéwê�æ

MBCE
�	í$ë-ð§í����	í$ï ê�ñkèäëRí$ë�Ñsæ�ç"�$æ ì$æ�ê�ð	ï�é�ñkì$èäæ���ñkî¢ð§æ�ç/ìÁñkîäì$ï	î�ñkçRï	ê�ê!ñkèäæ�çJ� ³ ê�í$ç-æ

�	íRí$îäèäð	ë y è��	í$ë��
z{7���ï	çwñ®ÎgÎ�� ÷�í;ñ47���ï	çwñ®ÎgÎ�� ø�èäîäï	ëÎéwç�ñ�ê²æ!ì$ç-í$ë-ì$èäê�í���éwæ�íWV�ð¾æ��	í��	ì$è�ñkîQ�	æ!í$ë�Ñsæ�ç"�$æ�ì$æ�ê�ð	ï�é�ñ^O

ì$èäæ���ñkî�ð�ñkçwñ�ç-í$ë-æ�î8,�í$ç æ�ë�ð	ç-æ�		îäí$ê!ñkë [ R ; ° Ø�ì$æ�ê æ�ñkï	ê�í���é�æ���ñ��	èäê�í��	ë5�kæ�íE�	æ2� ³ ê�í$ç-æ2�	í
,kñkç-è�U�,�í$èäë{è���éwí$èäçwñkë�
���ñkë{ë-ï�	.7���ï	çwñkë�ÎgÎ�� ÷.�

a
í�ÎÜÎ�� ø��

a
��ØFæ�ê�æ;ð¾æ&�	í ë-í$çFæ�		ë-í$ç',�ñ
�	æ�
�æ/éwí$ê�ð¾æ/éwæké�ñkî

ð�ñkçwñ ì$æ��0,�í$ç"�gÒ��	ì$è�ñ ñkï	ê�í���é�ñ��	ínÑsæ�ç-ê!ñJíWV�ð§æ��	í��	ì$è�ñkîFí$ê�Ñsï������kæ?��ñ��	èäê�í��	ë5�kæ��	æ ð	ç-æ�		îäí$ê!ñ
è����	í$ð§í����	í���éwí$ê�í���éwí:�	æ?� ³ ê�í$ç-æ?�	í2,kñkç-è�U�,�í$èäë=è���éwí$èäçwñkë

z
íWV�èäëÎéwí���éwí$ë��|;¢ê«Ñsï������kæ?�	æ éwí$ê�ð§æ

éwæké�ñkî¾ð�ñkçwñRì$æ���,�í$ç"�gÒ��	ì$è�ñ;ñkï	ê�í��}é�ñkç�íWV�ð§æ��	í��	ì$è�ñkîäê�í���éwí�í6�	æ�,�ñkîäæ�ç�ð§í$ç-ì$í���éwï�ñkî}�	æ/éwí$ê�ð¾æ/éwæké�ñkî
éwí����	í$çLð�ñkçwñ

100 r 
�ñh�	è�Ñsí$ç-í����Áñ í$ê�ë-í���ï����	æ�ë~�	æ�ëAç-í$ë-ï	îhé�ñ
�	æ�ëN�	æ éwí$ê�ð§æ�éwæké�ñkî��	íFì$æ��0,�í$ç"�gÒ��	ì$è�ñ.

Y ∆Tempo = Tempo Total BB

O
Tempo Total MBEC

ZV
&� ê�æ�ëÎéwçwñ
��ñH��ñkëFë-ï�	.7���ï	çwñkë�ÎgÎ�� ÷.�
bí�ÎgÎ�� ø��

b
�I;¢ëÎéwíRç-í$ë-ï	îhé�ñ
�	æ3�Rð�ñkçÎéwèäì$ï	î�ñkç-ê í���éwí�è��}éwí$ç-í$ë-ëwñ
��éwí

�ï	ê!ñE,�í�F��}ï	íRæ�ëX��çwU�7�ì$æ�ë�ê�æ�ëÎéwçwñkê

ñ ê�í$ë-ê!ñJéwí����kÒ��	ì$è�ñB�	í�ì$æ�ê�ð§æ�çÎé�ñkê�í���éwæ íWV�ð§æ��	í��	ì$è�ñkî?ð�ñkçwñ
∆Tempo

�ÿØFæ��	ë-í�� | í���éwíÁê�í���éwí


èäëÎéwæ�ð¾í$ç-ê�èhéwíKñ=è��}éwí$ç-ð	ç-íQé�ñ
���kæ3�	íJ�}ï	íKæ�ê��Qéwæ&�	æ3�	í;¶ �"!k·©¸$#&%'!k·)(
%Vc ¹�z ñ
�}ï	è5ð	ç-æ�ð§æ�ëÎéwæ�ð§æ&�	íKë-í$ç
ì$æ��	ë-è��	í$çwñ
�	æ�íV7�ì$èäí��}éwíH�}ï�ñ
���	æ�ì$æ�ê�ð�ñkçwñ
�	æ ì$æ�ê²æ ê��Qéwæ��	æ4�	í=¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(��

��U�ñ�7���ï	çwñ^ÎgÎ�� Y ê�æ�ëÎéwçwñ�ñ!ì$æ���éwçwñ
���kæg�	æ2,�æ�îäï	ê�íE�	æ�í$îäèäð	ë y è��	í/ì$æ�ç-ç-í���éwí=ï�éwèäîäè8FÁñ
�	æ!ð�ñkçwñ!æ
ìÁUkîäì$ï	îäæ��	æ�ë?ð	ç-æ�		îäí$ê!ñkë{æ�	�éwè��	æ�ë{ð§æ�çFç-í$îäñ[V	ñ
���kæi��ñkës,kñkç-è�U�,�í$èäë�
&�	ï	çwñ
��éwí�æ;ð	ç-æ�ì$í$ë-ë-æ3�	í/¶ �"!k·©¸$#&%
!k·)(
%Vc ¹&z ð�ñkçwñ æ�ë�ñkî���æ�ç-èhéwê æ�ë

MBCEDa
í
MBCELD

��ØFæ��	ë-è��	í$ç-æ�ï&O�ë-íJì$æ�ê�æ\	�ñkë-íJð�ñkçwñ æ
,�æ�îäï	ê�í��	æ�í$îäèäð	ë y è��	íRì$æ�ç-ç-í���éwí=æ2�	íQéwí$ç-ê�è���ñ
��éwíE��ñ�ê!ñ�éwç-è�F

Qk

� [ ñkçwñ!ï	êPð	ç-æ�		îäí$ê!ñ [ R ; ° Øí$ë-ð§í$ì�L87�ì$æ�
.�	æi�}ï�ñkî©ñE�	èäê�í��	ë5�kæE�
n = 4

í æi� ³ ê�í$ç-æi�	íh,kñ�çwèäU�,�í$èäë{è��}éwí$èäçwñkë
z = 3


�æ�ñkî���æ�ç-èÚéwê æ
¶ �"!k·©¸$#&%'!k·)(
%Vc ¹&z 	�ñkë-íÁñ
�	æ2��ñ ð	ç-æ�ð§æ�ë-è����kæ4�	í Ù ñÜÛ}è��Jð	ç-æ&�	ï�F$èäïJï	ê!ñ�ì$æ��}éwçwñ
���kæ�ê!ñkèäë?í�7�ì$èäí��}éwí
�	æ�,�æ�îäï	ê�íH�	æ�í$îäèäð	ë y è��	íKì$æ�ç-ç-í��}éwí
�X;¢ëÎéwíÓÑ�ñ�éwæ é�ñkêi	)�$ê²ì$æ��}éwç-è�		ï	èäï)ð�ñkçwñ ç-í��	ï�F$èäç�æ�� ³ ê�í$ç-æ��	í
ð	ç-æ�		îäí$ê!ñkëAæ
	�é�è8�	æ�ëAð§æ�çLç-í$îäñ[V	ñ
���kæ+��ñkëN,kñkç-è�U�,�í$èäëN�}ï	íÈÑsæ�çwñkê9ñ�,kñkîäè�ñ
�	æ�ë��K��ëÎéwæKð§æ��	í?ë-í$ç�ñ�7�ç-ê!ñ
�	æ
ï	ê!ñi,�í�F��}ï	í/ñ�îäè���G�ñi�	æ���çwU�7�ì$æ ð�ñkçwñ�æ�ñkî���æ�ç-èhéwê æ

MBCEDa
�/ñ�ê�í��	æ�ëCíWV�éwí��	ëwñ.�
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�����hã ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ�� æ§´�å ïÚå ë ê	ð�" ä[� ê ÞÜ÷g÷
�I���S���S�   ¦	ª¢¡+�A�K� ¬��j�A�6�¢¦��mª���¬¢¦	¬   ¦	ªd�}�-�&��ª��<� ¤'���A�©ª��6���X�A�{¨.�©¨.�A�©¬I�}��ª
Ù æ�èäëAð	ç-æ�		îäí$ê!ñkëTç-í�Ñsí$ç-í���éwí$ë�ñ�æ�ð	ç-æ�ì$í$ë-ë-æJ�}ï�Läê�èäì$æh�	í?ë-è���éwíQéwè�FÁñ
���kæ Y Ù ï	çwñ
� ��� ç-æ�ë-ë-ê!ñ
��� Î ÍgÌgÝ Zë5�kæ;ç-í$ð	ç-í$ë-í���é�ñ
�	æ�ëFð§æ�ç Y ÎÜÎ�� ÷�ZLí Y ÎgÎ�� ø}ZV�C;¢ëÎéwí$ëFð	ç-æ�		îäí$ê!ñkë¢ç-í$ð	ç-í$ë-í��}é�ñkê7ñRì$î�ñkë-ë-íh�	í ð	ç-æ�		îhí$ê!ñkë
		è���Ukç-èäæ�ëAí$ë-ìÁñkî�ñkç-í$ëC�}ï�ñkë-èPO�ì$æ���,�íWV�æ�ë�
 [�» ; ° Ø6
}ñkð§í$ëwñkçC�	æ£Ñ�ñ�éwæJ�	æ�ë¢ð	ç-æ�		îäí$ê!ñkëLë-í$ç-í$ê ç-íÁñkîäê�í���éwí
ð	ë-í$ï��	æ�O�ì$æ��0,�í�V	æ�ë�� X æ�	&@ÎíQéwè8,�æh��ñCï�éwèäîäè�FÁñ����kæ �	í$ëÎéwí$ëAð	ç-æ�		îäí$ê!ñkë�ì$æ�ê�æCéwí$ëÎéwí{ë-ís�	í�,�ík���kæ ñkð§í���ñkë
ñkæ¡Ñ�ñ�éwæH�	íCë-íCéwçwñ�é�ñkç-í$ê��	íCìÁñkë-æ�ë�ç-íÁñkèäë�
}ê!ñkëLé�ñkêi	)�$ê ð§æ�ç�ë-í$ç-í$ê ð	ç-æ�		îäí$ê!ñkë~		è���Ukç-èäæ�ë�
�æ�ëI�}ï�ñkèäë
éwí$æ�ç-èäìÁñkê�í���éwí/ì$æ
�	ë-éwèhéwï	í$êPñ�ì$î�ñkë-ë-í��	í;ð	ç-æ�		îäí$ê!ñkëCê!ñkèäë �	è�Ñ�Lhì$í$èäë �	í/ë-í$ç-í$ê ë-æ�îäï	ì$èäæ���ñ
�	æ�ëCð§í$îäæ�ë
ê��Qéwæ&�	æ�ë�ð	ç-æ�ð§æ�ëÎéwæ�ëCì$æ�ê���ñ
��G	æ�ë �	íH�	í$ë-í$ê�ð§í���G	æ��

 ¡ �¢�£/¢�£/¢y  ¤�¥^¦-§�¨&©�©�¦|ªK¨\«-¬S­¡®�¨0®^¬�¯0°�±�²�¦³ 
X ð	ç-èäê�í$èäç-æJð	ç-æ�		îäí$ê!ñ ñkë-ë-æ�ì$è�ñ
�	æ ñ ï	ê�ð	ç-æ�ì$í$ë-ë-æ?�}ï�Läê�èäì$æ��	í�ë-è���éwíQéwè�FÁñ
���kæ�� ñkð	ç-í$ë-í���éWñ��	æ ñ
ë-í���ï	èäç º

min f(x) = 5x(1) + 6x(2) + 8x(3) + 10x(4)− 18ln(x(5) + 1) +

−7x(6)− 19.2ln(x(4)− x(5) + 1) + 10 Y ÎgÎ�� ÷�Z
s.a. Ω = {g(x) ≤ 0 | x(1 : 3) ∈ {0, 1}3 e x(4 : 6) ∈ R3

+}

g(x) ,





g1(x) := −0.8ln(x(5) + 1)− 0.96ln(x(4)− x(5) + 1) + 0.8x(6) ≤ 0

g2(x) := −ln(x(5) + 1)− 1.2 ∗ ln(x(4)− x(5) + 1) + x(6) + 2 ∗ x(3)− 2 ≤ 0

g3(x) := x(5)− x(4) ≤ 0

g4(x) := x(5)− 2x(1) ≤ 0

g5(x) := x(4)− x(5)− 2x(2) ≤ 0

g6(x) := x(1) + x(2) ≤ 1

g6+i := −x(i) ≤ 0 | i = 1, . . . , 6

g12+i := x(i)− 1 ≤ 0 | i = 1, 2, 3

X í$îäèäð	ë y è��	í/è��	èäì$è�ñkî
E0

Ñsæ�èQ�	í�7��	è��	æ9�	í=ê�æ&�	æ�ñg��ñkçwñ
��éwèäçh�}ï	í
E0 ⊃ Ω

� Ù í�,�íVO�ë-í�ç-í���èäëÎéwçwñkç
�}ï	í�æ?G	èäð¾í$ç-ì$ï�	§æ

C
�	í$ëÎéwí ìÁñkë-æ?��ï	ê´G	èäð¾í$ç-ð�ñkçwñkîäí$îäí$ð�Läð¾í��	æ��	í�î�ñ
�	æ

ladoC
è���ï�ñkîFñ

10
ð�ñkçwñ

ñkë4,�ñkç-è�U�,�í$èäë ì$æ���é5L���ï�ñkë í
ladoC

è���ï�ñkî�ñ
1
ð�ñkçwñ3ñkë4,�ñkç-è�U�,�í$èäë è���éwí$èäçwñkë�� z ë-æ�îäï����kæ y éwèäê!ñB�

ð	ç-í�,�è�ñkê�í���éwí ì$æ���G	í$ì$è���ñ ì$æ�ê�æ
xz∗ = [0 1 0 1.30097 0 1]T

� z ð	ç-í$ì$èäë5�kæ ï�éwèäîäè�FÁñ
��ñ3ð�ñkçwñ
�	íQéwí$ç-ê�è���ñkç~�}ï	í�ï	êµ,�ñkîäæ�çC�Cì$æ
�	ëwè8�	í$çwñ
�	æ/ì$æ�ê�æRè���éwí$èäç-æ |x(i)−〈x(i)〉| Ñsæ�è��	í�7��	è���ñKì$æ�ê�æ 10−6 �z�é�ñ
	§í$î�ñ ÎgÎ�� Ý íWV�è�	¾í;æ�ë�ç-í$ë-ï	îhé�ñ
�	æ�ë�ð�ñkçwñ æ�ð	ç-æ�		îäí$ê!ñ4�	í/ë-è���éwíQéwè�FÁñ
���kæ®Î=ñ�îäìÁñ
���Áñ
�	æ�ë�ð§í$îäæ�ë
ñkî���æ�ç-èÚéwê�ækë

BBDa


BBLD



MBCEDa


Lñ
���
MBCELd

�:;¢ê�ñkì$ç"�$ë-ì$èäê�æ ñ�æ�ë;ð�ñkç5Dkê�íWé�ç-æ�ëd@-U
ï�éwèäîäè8FÁñ
�	æ�ë/ð�ñkçwñ ñ ê�í��	è8���kæB�	íg�	í$ë-í$ê�ð¾í���G	æ�
�ï	ê´�	æ�,�æ ð�ñkç5Dkê�íQéwç-æ

∆f/f(xz∗)
Ñsæ�è{è��	ì$îäï�L��	æ��
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ÞÜ÷Üø ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
;¢ëÎéwí3ð�ñkç5Dkê�íQéwç-æ ç-í$ð	ç-í$ë-í��}é�ñ æ¶,�ñkîäæ�ç)ê����	èäæ<�	æ í$ç-ç-æ í���éwç-í ñ<�	è�Ñsí$ç-í����Áñ¶��ñ ë-æ�îhï����kæ y éwèäê!ñ
ì$æ���G	í$ì$è���ñ

xz∗
í6��ñ;ë-æ�îäï����kæ;æ�	�éwè���ñ/ð§í$î�ñ/íWV�í$ì$ï����kæ4�	í ìÁñ
��ñ=ñkî���æ�ç-èÚéwê�æH�	è8,�è��	è���ñRð§í$îäæ�,kñkîäæ�çs��ñ

ë-æ�îäï����kæ y éwèäê!ñ;ì$æ���G	í$ì$è���ñ
xz∗
�

z î���æ�ç-èÚéwê�ækë
z º n zCì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë T í$ê�ð¾æ

100 ∗ (Tempo)/ ∆f ·
f(x) Qk+1

T æké�ñkî Y T í$ê�ð¾æ »?» Z f(xz∗)

MBCELD
÷ º Ý Î â Þ[Î Ì Y Þ[Î â ø�� Ý ÷ ÍgÝ � Í Þ â � Ì íVO=ÐgÐ Ý

BBLD
÷ º Ý Î âgâgâÜÝ YÜÝgÌgÝ ø�� âÜÌ Î
ÐgÐ.� ÐgÐ â � â íVO=ÐgÐ Ý

MBCEDa
÷ º Ý Î â ÷ â ÷ Y ÷ âÜÍ ø�� â Þ Í�â � ø�Þ Ì ��ÎÁíVO=ÐgÐ Ý

BBDa
÷ º Ý Î âgâ Ð â YÜÝgÍgÍ ø�� Ì0Y Î
ÐgÐ.� ÐgÐ â � â íVO=ÐgÐ Ý

¼�½[¿vÀÁÂ ½/ÃvÃvÄ ¸�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ�Ï�ÐKÓ�ÔmÐÁÙ�ËÚÈwÒ/ÍRÏ�È�É�ÕÅßkÌmÈwÌ�Õw¹QÍÁÑWÍÁÐ ý â

X ëRç-í$ë-ï	îhé�ñ
�	æ�ëRð�ñkçwñ í$ëÎéwí�éwí$ëÎéwí�è����	èhìÁñkê ï	ê!ñ ð¾í��}ï	í���ñ=�	è�Ñsí$ç-í����Áñ)í$ê Ñ�ñ�,�æ�çJ�	æ�ëRê��Qéwæ&�	æ�ë
ð	ç-æ�ð§æ�ëÎéwæ�ë�
�ð�ñkçwñ�ï	ê ê�í$ë-ê�æKð�ñ�é�ñkê!ñkçN�	í�í$ç-ç-æ

∆f/f(xz∗)
ñkîäìÁñ
���Áñ
�	æ��Az�ð	ç-è��	ì$èäð�ñkî�çwñ
F��kæKð�ñkçwñ

ñ)ð§í��}ï	í���ñ ê�í$î�G	æ�çwñ í$ëÎé�U:�	æ Ñ�ñ�éwæ=�	í íWV�èäëÎéwèäç-í$ê ð§æ�ï	ì$æ�ë/ì$æ�çÎéwí$ë/í�7�ì$èäí���éwí$ëE�kí$çwñ
�	æ�ë��	ï	çwñ
��éwí�æ
ð	ç-æ�ì$í$ë-ë-æ6�	í�ì$æ��0,�í$ç"�gÒ��	ì$èäñ.�~t�ê!ñd,�í�FI�}ï	í{æ�ð	ç-æ�		îäí$ê!ñd�I		è���Ukç-èäæ�
����kæ G�UCê=ï	èhé�ñkë�æ�ð¾æ�çÎé�ï��	è8��ñ
�	í$ë
ð�ñkçwñ)í��	ì$æ���éwçwñkç��	è�Ñsí$ç-í��}éwí$ë/ð¾æ��}éwæ�ë/ñkë-ë-æ�ì$è�ñ
�	æ�ë/ñkæÁÚ � Ø�í�ë-æ�îäï���M}í$ë/è��	Ñ�ñkìQé5L8,�í$èäëJ�	í�ë-ï�		ð	ç-æ�		îäíVO
ê!ñkë�
©æ�ë+�}ï�ñkèäë ð§æ��	í$ç-è�ñkêPë-í$çKï�éwèäîäè8FÁñ
�	æ�ë�ð�ñkçwñ2��í$çwñkç�ìQæ�çÎé�íQëKí�7�ì$èäí���éwí$ë���;¢ëÎéwí=ç-í$ë-ï	îhé�ñ
�	æg�=ï	ê!ñ
è����	èäìÁñ
���kæKð	ç-í$îäèhê�è8��ñkçN�	í �}ï	íCæ/ñkî���æ�ç-èÚéwê æ

MBCE
ð¾í$ç"�	íCí�7�ì$èRÒ��	ì$è�ñKð�ñkçwñKð	ç-æ�		îäí$ê!ñkë~		è���Ukç-èäæ�ë�


í���éwç-íQé�ñ
�}éwæRæRê��Qéwæ&�	æKð§í$ç-ê!ñ
�	í$ì$íCì$æ�ê�æKï	ê!ñRñkîhéwí$ç"��ñ�éwè8,�ñ6,kUkîäè���ñ ð�ñkçwñRñKë-æ�îäï����kæH�	íCð	ç-æ�		îhí$ê!ñkë
[�» ; ° Ø6�

 ¡ �¢�£/¢�£/¢�£ ¤�¥^¦-§�¨&©�©�¦|ªK¨\«-¬S­¡®�¨0®^¬�¯0°�±�²�¦|£

X ë-í��kï����	æ ð	ç-æ�		îäí$ê!ñ ñkë-ë-æ�ì$è�ñ
�	æ ñ ï	ê ð	ç-æ�ì$í$ë-ë-æj�}ï�Läê�èäì$æB�	í ë-è���éwíQéwè�FÁñ
���kæ?�)ñkð	ç-í$ë-í���é�ñ
�	æ3ñ
ë-í���ï	èäç º

min f(x) = 5x(1) + 8x(2) + 6x(3) + 10x(4) + 6x(5)+

−10x(6)− 15x(7) + 15x(8) + 5x(9)− 15x(10)− 20x(11) Y ÎgÎ�� ø}Z
s.a. Ω = {g(x) ≤ 0 | x(1 : 5) ∈ {0, 1}5 e x(6 : 11) ∈ R6

+}
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�����hã ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ�� æ§´�å ïÚå ë ê	ð�" ä[� ê ÞÜ÷ Y

Ω ,





−ln(x(8) + x(9) + 1) ≤ 0

−x(6)− x(7)− x(10) + x(9) + 2x(11) ≤ 0

−x(6)− x(7)− 0.75x(10) + x(8) + 2x(11) ≤ 0

x(10)− x(11) ≤ 0

2x(10)− x(8)− 2x(11) ≤ 0

−0.5x(8) + x(9) ≤ 0

0.2x(8)− x(9) ≤ 0

ex(6) − 10x(1) ≤ 0

ex(7)/1.2 − 10x(2) ≤ 0

1.25x(10)− 10x(8) ≤ 0

−2x(8) + 2x(11)− 10x(5) ≤ 0

x(1) + x(2)− 1 = 0

x(4) + x(5)− 1 ≤ 0

0 ≤ x(6) ≤ 2

0 ≤ x(7) ≤ 2

0 ≤ x(8)

0 ≤ x(9)

0 ≤ x(10) ≤ 2

0 ≤ x(11) ≤ 3

� èäê�èäîäñkç-ê í���éwíJñkæ ç-íÁñkîäè�F$ñ
�	æ ð�ñkçwñ æ3ð	ç-æ�		îäí$ê!ñÅÎ�
Fæ í$îäèäð	ë y è��	í è��	èäì$è�ñkî E0

Ñsæ�è �	í�7��	è8�	æ>�	í
ê�æ&�	æ ñ3��ñkçwñ
�}éwèäçd�}ï	í

E0 ⊃ Ω
�s_�æ�,kñkê�í���éwíH�	í�,�íVO�ë-í/ç-í���èäëÎéwçwñkçX�}ï	íRæ�G	èäð¾í$ç-ì$ï�	§æ

C
�	í$ëÎéwí/ìÁñkë-æ

��ï	ê´G	èäð¾í$ç-ð�ñkçwñkîäí$îäí$ð�Läð§í��	æ��	í�î�ñ
�	æ
ladoC

è���ï�ñkîFñ
10

ð�ñkçwñ ñkëE,�ñkç-è�U�,�í$èäë;ì$æ���é5L��}ï�ñkë=í
ladoCè���ï�ñkî5ñ

1
ð�ñkçwñ ñkëX,�ñkç-è�U�,�í$èäë�è���éwí$èäçwñkë��Lz�ë-æ�îäï����kæ y éwèäê!ñE�Rð	ç-í�,�è�ñkê�í���éwíRì$æ���G	í$ì$è���ñ�ì$æ�ê�æ

xz∗ = [0 1 1 1 0 0 2 0.6520 0.3260 1.0784 1.0784]T
��z ð	ç-í$ì$èäë5�kæ�ï�éwèäîäè8FÁñ
��ñ ð�ñkçwñ2�	íQéwí$ç-ê�è���ñ�ç

�}ï	íRï	ê�,kñkîäæ�çX�Kì$æ��	ë-è��	í$çwñ
�	æ�ì$æ�ê�æ è���éwí$èäç-æ |x(i)− 〈x(i)〉| Ñsæ�è/�	í�7��	è���ñ�ì$æ�ê�æ 10−5
�

z7éWñ�	§í$î�ñÿÎgÎ�� â íWV�è�	¾í�æ�ë;ç-í$ë-ï	îhé�ñ
�	æ�ë;ð�ñkçwñ æ ð	ç-æ�		îäí$ê!ñ:�	í�ë-è���éwíQéwè�FÁñ
���kæ Þ ñkîäìÁñ
���Áñ
�	æ�ë;ð¾íVO
îäæ�ë�ñkî���æ�ç-èÚéwê�ækë

BBDa


BBLD



MBCEDa


{ñ
���
MBCELd

�ÅàCíQëwëwñkîÚéWñ�O�ëwíg�}ï	í)æ?�	æ^,�æ\�	æ�,�æ
ð�ñkç5Dkê�íQéwç-æ3�	í/ñ�,�ñkîäè�ñ
���kæ3�	íH�	í$ë-í$ê�ð¾í���G	æ

∆f/f(xz∗)
é�ñkêi	)�$êüÑsæ�è�è��	ì$îäï�L8�	æ��

_�æ^,�ñkê�í���éwí�æ�ëFç-í$ë-ï	îhé�ñ
�	æ�ëFð�ñkçwñ;í$ëÎéwí éwí$ëÎéwí�è����	èäìÁñkê ï	ê!ñ/ð§í��}ï	í���ñi�	è�Ñsí$ç-í����Áñ;í$ê�Ñ�ñ�,�æ�çk�	æ�ë
ê��Qéwæ&�	æ�ë�ð	ç-æ�ð§æ�ëÎéwæ�ë�
�ð�ñkçwñ ï	ê ê�í$ë-ê�æ ð�ñ�é�ñkê!ñkç6�	í í$ç-ç-æ

∆f/f(xz∗)
ñkîäìÁñ
���Áñ
�	æ�� T æ&��ñ�,�è�ñ.
�æ

ê��Qéwæ&�	æ�ð§í$ç-ê!ñ
�	í$ì$íRì$æ�ê�æ ï	ê!ñ ñkîhéwí$ç"��ñ�éwè8,�ñE,kUkîäè���ñ=ð�ñkçwñ ñ�ë-æ�îäï����kæ4�	íRð	ç-æ�		îäí$ê!ñkë [�» ; ° Ø6�
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ÞÜ÷ Ý ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
z î���ækçwèÚéwê æ�ë

z º n zCì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë T í$ê�ð§æ
100 ∗ (Tempo)/ ∆f ·

f(x) Qk+1

T æké�ñkî Y T í$ê�ð¾æ »?» Z f(xz∗)

MBCELD Y º Î
Ð Î YÜÌ Ð�Þ Ý ÷	Î Ygâ ÷ ÷ Ì �ßÞ Í ÍgÍ � Ð â ÷.�ßÞ�íVO=ÐgÐ Ý
BBLD Y º Î
Ð Î YÜÍ Î âÜÌ ÷�Þ ÍgÝ�â ÷ Ì � Ý0Y Î
ÐgÐ.� ÐgÐ ÷kíVO=ÐgÐ Ý
MBCEDa Y º Î
Ð Î Y ø�ÞÜÐ Y ÷ÜøgÐ â Ð ÷ Í � ÐÜø ÍgÍ � Y Ð Î�� Í íVO=ÐgÐ Y
BBDa Y º Î
Ð Î Y ÷ Ì ø â ÷ Y Þ Ý Ð ÷ Í �ßÞMø Î
ÐgÐ.� ÐgÐ Î�� Í íVO=ÐgÐ Y

¼�½[¿vÀÁÂ ½/ÃvÃvÄ º�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ�Ï�ÐKÓ�ÔmÐÁÙ�ËÚÈwÒ/ÍRÏ�È�É�ÕÅßkÌmÈwÌ�Õw¹QÍÁÑWÍÁÐ���â
�/�/0'» ��>A8/�)OQ2 S G½¼ ��� � ��¾*D?GRO$GK>´¿�8=:=<=2F��8
;¢ê Ñsï������kæh�	æ�ë*ç-í$ë-ï	îhé�ñ
�	æ�ë*æ�	�éwè��	æ�ë*ð�ñkçwñ�æ�ëTð	ç-æ�		îäí$ê!ñkë-�}ï�ñkë-èPO�ì$æ��0,�íWV�æ�ë�
�æ�ë*ê��Qéwæ&�	æ�ë�ð	ç-æ�ð§æ�ëÎéwæ�ë
Ñsæ�çwñkê é�ñkêi	)�Qê ñ�,�ñkîäè�ñ
�	æ�ë-�}ï�ñ��}éwæ ñkæ�ë-í$ïE�	í$ë-í$ê�ð¾í���G	æ�ð�ñkçwñCñCë-æ�îäï����kæ �	í{ð	ç-æ�		îäí$ê!ñkë�ì$æ��0,�íWV�æ�ë��
X ð	ç-æ�		îäí$ê!ñ ê�èäëÎéwæ\�	èäë-ì$ç-íQéwæ3íJì$æ���é5L��}ï	æ�
Fí$ë-ìÁñkî�ñkç íJì$æ��0,�íWV�æ|� ñ
�}ï	è �	í��	æ�ê�è���ñ
�	æ [ R ;XØ í
ç-í$ð	ç-í$ë-í���é�ñ
�	æ ð§æ�ç Y ÎgÎ�� Y ZV� T æ���ñkë;ñkëJ,�ñkç-è�U�,�í$èäëKë5�kæJç-í$ëÎéwç-èhé�ñkëRñkæ=G	èäð¾í$ç-ì$ï�	§æ C ⊂ Rn

+

í ìÁñ
��éwæ
è��	Ñsí$ç-èäæ�ç;í$ë"�}ï	í$ç"�	æ>�	æ ð§æ���éwæ {0, . . . , 0} ∈ Rn

�À_�í���G}ï	ê!ñ ç-í���çwñ?�	í)ç-í$ëÎéwç-è����kæ\�	í è���ï�ñkî���ñ
�	í
ë-í$ì$ï�����Ukç-è�ñ�Ñsæ�è/�	í$ì$í$ë-ëwUkç-è�ñ ð�ñkçwñ�æ�ëCð	ç-æ�		îäí$ê!ñkë [ R ; ° Ø6�

min f(x) = max({(x− x̃j)
T (Q̃j)

−1(x− x̃j)}) | j = 1, . . . , n Y ÎgÎ�� Y Z
s.a. Ω = {g(x) ≤ 0 | x(1 : z) ∈ Iz+ e x(z + 1 : z + d) ∈ Rd | n = d+ z}

g(x) =





gi(x) = (x− x̆i)
T (Q̆i)

−1(x− x̆i) | i = 1, . . . , n+ 1

gi+n+1(x) = −x(i) | i = 1, . . . , n

gi+2n+1(x) = x(i)− ladoC | i = 1, . . . , n

��ñE�}ï�ñkîS

x̃j
í
x̆i ∈ C



Q̆j

í
Q̆i ∈ Rn×n

ë5�kæ=ê!ñ�éwç-è�F$í$ë{ë-èäê��Qéwç-èäìÁñkës�	í�7��	è���ñkë?ð¾æ�ë-èhéwè8,kñkë�� X ëFì$í��&O
éwç-æ�ë

x̆i
í
x̃j
�	æ�ëFí$îäèäð	ë y è��	í$ë�ë5�kæE��í$çwñ
�	æ�ës�	í3Ñsæ�ç-ê!ñRñkîäíÁñ�é y ç-è�ñ&�Az ë{ê!ñ�éwç-è�F$í$ë

Q̃j

ë5�kæ;ì$æ��	ëÎéwç-ï�L���ñkë
ì$æ�ê ñkï�éwæ�,�ñkîäæ�ç-í$ë?ñkîäíÁñ�é y ç-èäæ�ë��Az ë?ê!ñ�éwç-è�F$í$ë

Q̆i

ë5�kæ=ì$æ��	ëÎéwç-ï�L���ñkë?ì$æ�ê7ñkï�éwæ�,kñkîäæ�ç-í$ë?ñkîäíÁñ�é y ç-èhæ�ës�	í
ê�æ&�	æ;ñH��ñkçwñ
�}éwèäçC�}ï	í

(Ĕ1∩ . . . Ĕn+1∩ Iz+) 6= ∅

�æ����	í

Ĕi

ç-í$ð	ç-í$ë-í���é�ñ;æ;í$îäèäð	ë y è��	í �	í�7��	è��	æ/ð§í$îäæ
ì$í���éwç-æ

x̆i
íRð§í$î�ñ�ê!ñ�éwç-è8F

Q̆i

�
� èäê�èäîäñkçAñkæ+�	í�7��	è��	æKð�ñkçwñ æ�ëLð	ç-æ�		îäí$ê!ñkëN�}ï�ñkë-èPO�ì$æ��0,�í�V�æ�ë�
}æKí$îäèäð	ë y è��	í{è��	èäì$è�ñkî E0

Ñsæ�è.�	í�7��	è��	æ
ì$æ�ê�æ�ñ2G	èäð§í$ç-í$ë�Ñsí$çwñg�}ï	í=ì$æ���é5�$ê

C
��z ð	ç-í$ì$èäë5�kæ�ï�éwèäîäè8FÁñ
��ñ�ð�ñ�ç�ñ��	íQéwí$ç-ê�è���ñkç6�}ï	í=ï	êÁ,kñkîäæ�çh�

ì$æ��	ë-è��	í$çwñ
�	æ�ìQæ�ê�æ è���éwí$èäç-æ |x(i)− 〈x(i)〉| Ñsæ�è/�	í�7��	è���ñ ì$æ�ê�æ 10−6
�

[ ñkçwñKì$ç-è�ñkç�ñkë¢é�ñ
	§í$î�ñkë¢íh��çwU�7�ì$æ�ëI�	íCç-í$ë-ï	îhé�ñ
�	æ�ë�
}æ�ë�ð	ç-æ�		îäí$ê!ñkë [ R ;XØ¾Ñsæ�çwñkê���í$çwñ
�	æ�ë�ð�ñkçwñ
�	èäê�í��	ë"M�í$ëH�	æ)è��}éwí$ç',�ñkîäæ

n = [3, 11]
� [ ñkçwñ)ìÁñ
��ñ)ð	ç-æ�		îäí$ê!ñg�	í ï	ê!ñ9�	íQéwí$ç-ê�è���ñ
��ñ9�	èäê�í��	ë5�kæ

Ñsæ�çwñkê²éwí$ëÎé�ñ
�	æ�ëKñ�é5�
5
�	è�Ñsí$ç-í���éwí$ëh,kñkîäæ�ç-í$ëh�	æg� ³ ê�í$ç-æg�	í�,�ñkç-è�U�,�í$èäë�è���éwí$èäçwñkë�
¾è��	èäì$è�ñ
���	æ�O�ë-íRì$æ�ê

æ?,�ñkîäæ�ç3�	í
z = 1

í�éwí$ç-ê�è���ñ
���	æ ì$æ�ê
z = n


�æ\�}ï	í:�	íQéwí$ç-ê�è���ñ ï	ê ð	ç-æ�		îäí$ê!ñ ð	ï	çwñkê�í���éwí
�	èäë-ì$ç-íQéwæ��
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�����PÂ ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ ë ê	ð�" ä[� ê ÞÜ÷ â
z î���æ�ç-èhéwê æ�ë

z º n zCì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë T í$ê�ð§æ
100 ∗ (Tempo)/

f(x) Qk+1

T æké�ñkî Y T í$ê�ð¾æ »?» Z
MBCELD

Î º Y Î�ø â�Y ÷ Ì0Y Þ Þ&� ÐgÐ YÜÝ � ø Ì
BBLD

Î º Y ÷Üø YÜÝ YÜÍ ø�Þ ÷.� Y ø Î
ÐgÐ.� ÐgÐ
MBCEDa

Î º Y Î Í ø�÷ ÷	Î ÝgÍ Þ&��Î Y YÜÍ � ÍgÍ
BBDa

Î º Y ÷ âÜÍ�â ø Ì Î
Ð ÷.� YÜÌ Î
ÐgÐ.� ÐgÐ
MBCELD

Þ º Y Þ[Î Y�Y Ì ÷gÐ Ì ÷.� Y ø Y ÷.� âgâ
BBLD

Þ º Y Ý ø YÜÌ Î
Ð ÍgÍgÝ Ý � YÜÍ Î
ÐgÐ.� ÐgÐ
MBCEDa

Þ º Y ÷g÷ Y�Y YÜÌ Î Í ÷.� ÝgÝ ø�÷.� Ð�Þ
BBDa

Þ º Y Í Ð Y Ð ÎgÎ
÷�Þ Ì Ì � Y Î Î
ÐgÐ.� ÐgÐ
MBCELD

÷ º Y ÷g÷ ÝgÌ Î(ÞgÞ Í0Y Y ��Î Ý Y ø���Î
Ð
BBLD

÷ º Y ÍgÝgÌ ø Î Ý ÞgÞ â Í � Y ÷ Î
ÐgÐ.� ÐgÐ
MBCEDa

÷ º Y ÝgÝ Ð Ì Î
Ð�Þ Y Ð Ý � Ý�â økÎ�� ø Ì
BBDa

÷ º Y Î Ì ÐÜø Ý ÞÜÐ ÌgÍ Î Î Ý � Ð Í Î
ÐgÐ.� ÐgÐ
MBCELD

ø º Y Y ø âÜÌ Î âÜÝ Î
÷ Ì �ßÞ Ý Ý Ð.��Î Ý
BBLD

ø º Y Î�økÎ Í ø Þ[Î(Þ Í0Y Î
÷.� â ÷ Î
ÐgÐ.� ÐgÐ
MBCEDa

ø º Y Î�økÎ â ø Î ÍgÍ øgø Î
÷.�ßÞgÞ ø â � Ì ø
BBDa

ø º Y ÷�Þ Ì ø Ì ÷ ÝgÌ Þ Ý Þ â � Ý ÷ Î
ÐgÐ.� ÐgÐ
MBCELD Y º Y YÜÝ Ð â Î ÌgÍ�âgâ Ì � Ý0Y YÜÌ ��Î â
BBLD Y º Y Î Y ø�Ð Í ÞÜ÷	Î ÌgÌ Î�ø�� Ì�â Î
ÐgÐ.� ÐgÐ
MBCEDa Y º Y Î Ì Î�ø Í Þ Y Ð	Î�ø Î Ý � ÷Üø ø�÷.�ßÞgÞ
BBDa Y º Y ø â ÷Üø Í ø ÍgÍgÌ Î ÷ â � Ì Þ Î
ÐgÐ.� ÐgÐ

¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄ Ã�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉRÑwÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ[ÐvÉ/Ï�ÐvÉ�ÒR×wÌmÐkÏ�ÐvÉ
MBCE

È
BB

Ó�Í$ÔÎÍ!Ê�Ò Ó�ÔmÐÁÙ�ËÚÈwÒ/Í Û*ó ÜAÞFØÏ�ÕÅÒRÈwß}ÉÎàÁÐ þ â
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ÞÜ÷ Ì ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
z ëRé�ñ
	§í$î�ñ�ëÏÎgÎ�� Ì 
PÎgÎ�� Í í®ÎgÎ���Î
Ð íWV�è�	¾í$ê æ�ëRçwíQëwï	îÚéWñ��	æ�ë/æ�	�éwè��	æ�ëKð§í$îäæ)ê��Qéwæ&�	æ

MBCE
í$ê

ì$æ�ê�ð�ñkçwñ
���kæ ñkæ ñkî���æ�ç-èhéwê æ3¶ �"!k·©¸$#&%'!k·)(
%�¶6* ¹ ·)(

¢é�ñ
��éwæ ð�ñkçwñ ñ ì$æ��	è87�ìÁñ
���kæj�	í ¶ �"!k·©¸$#&%'!k·)(
%
¶+* ¹ ·)(!ð	ç-æ�ð§æ�ëÎé�ñ=ð§æ�çÈÚ*ñ
��� í Ù ækè��i�}ï�ñ
�}éwæ�ð�ñkçwñ=ñ=ð	ç-æ�ð§æ�ë-è����kæi�	í Ù ñÜÛ}è��/� T ñkî©ì$æ�ê�æ=æ�ì$æ�ç-ç-è��	æ
ð�ñkçwñ�ækëKð	ç-æ�		îäí$ê!ñkë6�}ï�ñkë-èPO�ìQæ���,�íWV�æ�ë�
�æ�		ë-í$ç',kñ^O�ë-í�ì$î�ñkçwñkê�í���éwíE�}ï	í�æ)ñkî���æ�ç-èÚéwê æ

MBCE
ñ�ð	çwí$O

ë-í���éwæ�ï ë-í$ê�ð	ç-íRæ�ë�ê�í$î�G	æ�ç-í$ë�ç-í$ë-ï	îhé�ñ
�	æ�ë��

z î���æ�ç-èhéwê æ�ë
z º n zCì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë T í$ê�ð§æ

100 ∗ (Tempo)/
f(x) Qk+1

T æké�ñkî Y T í$ê�ð¾æ »?» Z
MBCELD

Î º â ÞÜ÷Üø Ý ÍgÝgÝ Ð Y � Y Þ â Î�� ÷ Ý
BBLD

Î º â Ygâ Î
÷ Î
Ð Ý�âÜÌ â � â ÷ Î
ÐgÐ.� ÐgÐ
MBCEDa

Î º â ÷Üø Í Î Y Î
÷ Ý ø�� YÜÝ YÜÍ ��Î Ý
BBDa

Î º â â Þ â ÷ â ø YÜÌ â � â Î Î
ÐgÐ.� ÐgÐ
MBCELD

Þ º â ø�Þ[Î
÷ Î Í Ð Ý Þ Î
Ð.��Î
Ð Ý Þ&� ø Y
BBLD

Þ º â Î(ÞgÞÜ÷ Í ÞgÞ Ý0Ygâ Î Ý ��Î Ì Î
ÐgÐ.� ÐgÐ
MBCEDa

Þ º â Ý�âÜÌ Þ Î
Ð Í�âgâ Í � Ðg÷ ø â � ø�Ð
BBDa

Þ º â Î Ì ø Í Ð Î Ì ø Ý Î Î Í � Ð Y Î
ÐgÐ.� ÐgÐ
MBCELD

÷ º â Ý ÷Üøgø Þ Í ø�Ðg÷ Î Y ��Î
÷ YÜÍ � Y Î
BBLD

÷ º â Î Í ø â ø ÷ YÜÌ økÎ Þ Y � ø�÷ Î
ÐgÐ.� ÐgÐ
MBCEDa

÷ º â Î(ÞÜÐg÷ â Î Ì ÷ Ý Î Î Y ��Î Í ø�Þ&�ßÞ â
BBDa

÷ º â ÷ Ý ÞÜ÷�Þ ÷Üø Ì ø�÷ ÷ Y � Í ÷ Î
ÐgÐ.� ÐgÐ
MBCELD

ø º â Î(Þ Í ÐÜø ø â�YÜÍgÍ ÞMø�� ÍgÍ ÝgÝ � Ðg÷
BBLD

ø º â ÷gÐÜø ÝgÍ Y ø�÷ Ý ø ÷ â � Ì0Y Î
ÐgÐ.� ÐgÐ
MBCEDa

ø º â ÞÜ÷ Ì Ðg÷ ÷�Þ Í0Y ø Þ â � Y Þ ø Y � Í�â
BBDa

ø º â Ý ÷	Î
Ð�Þ YÜÌ ø Y Ð YÜÍ � Ì�â Î
ÐgÐ.� ÐgÐ
MBCELD â º â ø âgâgâ ø Î
Ð Í Ð â Þ Ý Î��ßÞ[Î Ý Ð.� ÝgÝ
BBLD â º â Ì�â Þ Y�Y Î
÷g÷ ÝgÝ ÷ Î
ÐgÐ.� Í Î Î
ÐgÐ.� ÐgÐ
MBCEDa â º â ÎgÎ�ø�÷ Ý Î Î(ÞÜÐ âgâÜÍ Í�â � ø â ø Ì � ÷ â
BBDa â º â ÞMø ÝgÌgÝ Î ÞÜÐ YÜÝ ÎgÎ ÞÜÐ	Î�� Y ÷ Î
ÐgÐ.� ÐgÐ

¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄ Ä�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉRÑwÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ[ÐvÉ/Ï�ÐvÉ�ÒR×wÌmÐkÏ�ÐvÉ
MBCE

È
BB

Ó�Í$ÔÎÍ!Ê�Ò Ó�ÔmÐÁÙ�ËÚÈwÒ/Í Û*ó ÜAÞFØÏ�ÕÅÒRÈwß}ÉÎàÁÐ � â
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�����PÂ ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ ë ê	ð�" ä[� ê ÞÜ÷ Í
z î���æ�ç-èhéwê æ�ë

z º n zCì$í$ë-ë-æ�ë Ø?Ukîäì$ï	îäæ�ë T í$ê�ð§æ
100 ∗ (Tempo)/

f(x) Qk+1

T æké�ñkî Y T í$ê�ð¾æ »?» Z
MBCELD

Î º Í ÷Üø Ì Î Î�ø ÍgÌ0Y Ì � ÌgÍ Ý0Y � Ì Þ
BBLD

Î º Í Ì Þ[Î Ì Î Ý ÐÜø â Î
÷.� Y Ð Î
ÐgÐ.� ÐgÐ
MBCEDa

Î º Í Y Ð�Þ Ý â�YÜÌgÌ â � ÷ Y Ý Ð.� Ì�â
BBDa

Î º Í ÍgÝ ÷ Ì Î
Ð ÌgÝ Ð Î(Þ&� Ð Ì Î
ÐgÐ.� ÐgÐ
MBCELD

÷ º Í Î
Ð Y�Y ø YÜÝgÝ ø â ÷gÐ.� â Þ Ý ø�� YÜÍ
BBLD

÷ º Í Þ â Ðg÷ Y Ý ÞÜ÷Üø�÷ ø â � YÜÝ Î
ÐgÐ.� ÐgÐ
MBCEDa

÷ º Í ÞgÞgÞMø Í ÷gÐg÷gÐ Ý Þ Ì � ÍgÍ ø�÷.� ø�Þ
BBDa

÷ º Í YÜÍ�âÜÝgÌ Ygâ Î Ì ø ÝgÝ � âgâ Î
ÐgÐ.� ÐgÐ
MBCELD Y º Í Î Í Î Í ø ÍgÝ øgøkÎ Y Þ&��Î
Ð Ý ÷.� YÜÍ
BBLD Y º Í ø Y Î â Þ ÎgÎ(Þ â�Ygâ Ì Î�� Í ÷ Î
ÐgÐ.� ÐgÐ
MBCEDa Y º Í ø ÍgÌgÝ Þ Ygâ ÷ Y�Y YÜÌ � Ð Y ÷ Í � ÷ â
BBDa Y º Í Î
÷ Í øgø�Ð ÎgÎ ÍgÍgÍ Þ Î�ø â � ø Ý Î
ÐgÐ.� ÐgÐ
MBCELD â º Í Ý ø�Ð â Î Þ Ì ø ÌgÝ ø Î Y Ð.��ÎgÎ Ý0Y � â ø
BBLD â º Í Î Y Î
Ð âgâ ÷gÐ â Þ ÝgÌ ÞgÞ Ì � ÷ Y Î
ÐgÐ.� ÐgÐ
MBCEDa â º Í Î Ygâ Ð â Î Î Í ÷ Ì ÷ â Î ÌgÝ �ßÞÜÐ ø Í ��Î Í
BBDa â º Í ÷ â Ð YÜÝ Ð ÷gÐ ÍgÌ�âgâ ÷ âÜÌ � Y Î Î
ÐgÐ.� ÐgÐ
MBCELD Í º Í Ý ø Y øgø Þ ÍgÌ0YÜÌ0Y Î YÜÌ ��Î(Þ Ý Þ&��Î
Ð
BBLD Í º Í Î Ý0Ygâ�YÜÌ ÷g÷ YgâÜÍgÍ Þ Y ø�� Ý Î Î
ÐgÐ.� ÐgÐ
MBCEDa Í º Í Î Ì ø Í ø Y ÞÜ÷g÷	Î�ø â Þ[Î Y � Ý Þ ÷Üø�� ÷g÷
BBDa Í º Í Ý�â Ð YÜÝgÍ Y ÎgÎ�økÎgÎ Ý Þ Ì ��Î Y Î
ÐgÐ.� ÐgÐ

¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄÅÃVÅ�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉCÑ�ÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ�ÐvÉ�Ï�ÐvÉ�ÒR×wÌmÐ�Ï�ÐvÉ
MBCE

È
BB

Ó�Í$ÔÎÍ;Ê�Ò Ó�ÔmÐÁÙ�ËÚÈwÒ/Í�Û*ó ÜAÞFØÏ�ÕÅÒRÈwß}ÉÎàÁÐ � â

X ëLç-í$ë-ï	îhé�ñ
�	æ�ëLæ�	�éwè��	æ�ëAð�ñkçwñ�éwæ&�	æ�ëAæ�ëLìÁñkë-æ�ëAé�íQë-é�ñ
�	ækë¢ð�ñkçwñ æ�ê��Qéwæ&�	æ
MBCE

ë5�kæKíWV�è�		è��	æ�ë
��ñkë 7���ï	çwñkëÓÎgÎ�� Ý 
;ÎgÎ�� â 
�íÉÎgÎ
� Ì 
¡�	íÕÑsæ�ç-ê!ñ�ñ
��Ukîäæ���ñ ñkæ!ñkð	ç-í$ë-í���é�ñ
�	æ�ð�ñkçwñ æ�ë�ð	ç-æ�		îäí$ê!ñkë �}ï�ñkë-èPO
ì$æ��0,�íWV�ækë��

X ëd,kñkîäæ�ç-í$ë?ð§í$ç-ì$í���éwï�ñkèäë �	í
Acessos f(x)

í
Tempo Total

Ñsæ�çwñkê7ë-ï	ð¾í$ç-èäæ�ç-í$ë�ñkæ�ë�ñkð	ç-í$ë-í��&O
é�ñ
�	æ�ëE��ñ:7���ï	çwñ ÎgÎ��ßÞ)ð�ñkçwñJæ ìÁñkë-æB�	í�ð	ç-æ�		îäíQê!ñkë [ R ; ° Ø í!ð§í$ç-ê!ñ
�	í$ì$í$çwñkêÆ�}ï�ñkë-í�ë-í$ê�ð	ç-í
ñ
	�ñkèÚV�æ|�	í

75 r � T æ���ñ�,�è�ñ ñ ê�í$ë-ê!ñ éwí����kÒ��	ì$è�ñÀ�	í ç-í��	ï����kæ<�	æ�ë9��ñ
��G	æ�ë:1 ê�í��	è���ñ>�}ï	í ñ
�	èäê�í��	ë5�kæ ñkï	ê�í���é�ñ>� æ�		ë-í$ç',�ñ
��ñ.��;¢ëÎé�ñ3éwí����kÒ��	ì$è�ñ ê!ñ
��é5�$êMñ�	§í$çÎéwæ æ|�}ï	í$ëÎéwèäæ���ñkê�í���éwæÀ�	æ
�	í$ë-í$ê�ð§í���G	æ��	æ�ê��Qéwæ&�	æ

MBCE
ð�ñkçwñ�ð	ç-æ�		îäí$ê!ñkëd�	íH�	èäê�í��	ë5�kæ í$îäí�,�ñ
��ñ.�
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ÞMø�Ð ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
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]

Problema PMECN, m < n

100*(Tempo MBCEDa)/(Tempo BBDa)
100*(Acessos f(x) MBCEDa)/(Acessos f(x) BBDa)
100*(Cálculos Qk+1 MBCEDa)/(Cálculos Qk+1 BBDa)
100*(Tempo MBCELD)/(Tempo BBLD)
100*(Acessos f(x) MBCELD)/(Acessos f(x) BBLD)
100*(Cálculos Qk+1 MBCELD)/(Cálculos Qk+1 BBLD)

ñ�Z [ ç-æ�		îäí$ê!ñ=ê�èäëÎéwæ3�	èäë-ì$ç-íQéwæ�íRì$æ���é5L��}ï	æ ì$æ���,�íWV�æ��
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]

Problema PMECN, m = n

100*(Tempo MBCEDa)/(Tempo BBDa)
100*(Acessos f(x) MBCEDa)/(Acessos f(x) BBDa)
100*(Cálculos Qk+1 MBCEDa)/(Cálculos Qk+1 BBDa)
100*(Tempo MBCELD)/(Tempo BBLD)
100*(Acessos f(x) MBCELD)/(Acessos f(x) BBLD)
100*(Cálculos Qk+1 MBCELD)/(Cálculos Qk+1 BBLD)

	¾Z [ ç-æ�		îäí$ê!ñi�	èäë-ì$ç-íQéwæ ì$æ���,�íWV�æ��
l�m n0o^pä½/ÃvÃvÄ ¸�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ=Ó	ÈwÔmÑ�Èwß�Ì�Ê�Í$ÕÚÉ�Ï�È�ù©ÈwÒKÓ�Ð Ø õ Ñ�È�ÉmÉmÐvÉ f(x)

È ÞLø ËÚÑwÊ�ËÚÐvÉ Qk+1 ÷ MBCELD q
BBLD q MBCEDa q BBDL Ó�Í$ÔÎÍ Ó�ÔmÐÁÙ�ËÚÈwÒ/ÍÁÉFÛ*ó ÜAÞ â
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�����PÂ ò�ñ�ê[ó çRä ì ´�x���� ò�� å î ´�çä´ ñ ë ê	ð�" ä[� ê ÞMøkÎ
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Problema PMECN, MBCEDa

Variáveis Inteiras: m
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ñ�Z T í$ê�ð§æ éwæké�ñkî5ð�ñkçwñ
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Dimensão: n

Problema PMECN, (Tempo Total BBDa −  Tempo Total MBCEDa)

Variáveis Inteiras: m

∆ 
Te

m
po

 [s
ec

]

	¾Z
∆
T í$ê�ð¾æ éwæké�ñkî5ð�ñkçwñ

MBCEDa
í
BBDa

�
l�m n0o^pä½/ÃvÃvÄ º�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉ/Ï�ÐvÉKÓ�ÔmÐÁÙ�ËÚÈwÒ/ÍÁÉ;Û*ó ÜAÞ Ó�Í$ÔÎÍ

BBDa È MBCEDa ÷ ß���ÒRÈwÔmÐJÏ�È=ÖvÍ$Ô�Õ ø Ö�È-ÕÚÉÕÅßkÌmÈwÕÅÔÎÍÁÉ
z q Ï�ÕÅÒRÈwß}ÉÎàÁÐ n

â
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ÞMø�Þ ã�äMå�æJç�èW´ éJê åÇë ê	ì í æ/èW´ îMïRê	ð ´ ï å í ´ ñ ´ ò�ñ�ê[ó çRä ì ´�åKµ ï å î(ñ ä(è ê åÕä�x ï å$è ê å
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Problema PMECN, MBCELD

Variáveis Inteiras: m
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ñ�Z T í$ê�ð§æ�éwæké�ñkî5ð�ñkçwñ
MBCELD
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Problema PMECN, (Tempo Total BB LD −  Tempo Total MBCE LD)

Variáveis Inteiras: m

∆ 
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]

	¾Z
∆
éwí$ê�ð¾æ�éwæké�ñkî5ð�ñkçwñ

MBCELD
í
BBLD

�
l�m n0o^pä½/ÃvÃvÄ Ã�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉKÏ�ÐvÉ Ó�ÔmÐÁÙ}ËÅÈwÒ/ÍÁÉRÛ*ó ÜAÞ Ó�Í$ÔÎÍ

BBLD È
MBCELD ÷ ß
��ÒRÈwÔmÐ Ï�È/ÖvÍ$Ô�Õ ø Ö�È-ÕÚÉÕÅßkÌmÈwÕÅÔÎÍÁÉ

z q Ï�ÕÅÒRÈwß}ÉÎàÁÐ n
â
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�����wÇ=È " ´�ç ï ´0É^Ê êÁé ´9ËÇè ï ç ï�Ì ´0É^Ê ê®é ä�� ð)Í1ê[ñ�ì ´0É^Î?äMåHÏ4Ð�Ñ$ÒVÓ&Ô�Ð�Õ[´0Ñ�Ö)× ÈEØ�Ù ×&Ô�Ð8Ò�Ú:× MBCE Û�Ü0Ý
z{7���ï	çwñ=Þ�Þ���ß í;ñ47���ï	çwñ=Þ�Þ�� à èäîäï	ëÎéwç�ñ�ê²æ!ì$ç-í$ë-ì$èäê�í���éwæ�íWV�ð¾æ��	í��	ì$è�ñkîQ�	æ!í$ë'ásæ�ç"�$æ�ì$æ�ê�ð	ï�é�ñ^O

ì$èäæ���ñkî�ð�ñkçwñJç-í$ë-æ�î8,�í$ç;æ�ë;ð	ç-æ�		îäí$ê!ñkë [ R ;sâ ìQæ�ê�æ ñkï	ê�í���éwæ���ñ��	èhê�í��	ë5�kæ í2�	æ�� ³ ê�í$ç-æ��	í
,kñkç-è�U�,�í$èäë¢è���éwí$èäçwñkë�
0��ñkë�ë-ï�	.7���ï	çwñkëhÞ�Þ���ß&�

a
íHÞ�Þ�� à.�

a
����URñkë�ë-ï�	.7���ï	çwñkëhÞ�Þ���ß&�

b
íHÞ�Þ�� à.�

b
�Aê�æ�ëÎéwçwñkê

�}ï	í

�ð�ñkçwñ�æ�ëLìÁñkë-æ�ëAéwí$ëÎé�ñ
�	æ�ë�
�ñ6�	è8ásí$ç-í����Áñ6�	íFéwí$ê�ð¾æ+�	í?ìQæ���,�í$ç"��ã��	ì$è�ñ éwæké�ñkî}í��}éwç-íFæ�ë¢ñkî���æ�ç-èÚéwê æ�ë
ð	ç-æ�ð§æ�ëÎéwæ�ë¢í�æRñkî���æ�ç-èhé-ê�æR¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(Ré�ñkê3	¡�$ê íWV�è�	¾í�ñ�ê�í$ë-ê!ñ éwí�����ã��	ì$è�ñJ�	í�ì$æ�ê�ð§æ�çAO
é�ñkê�í���éwæ!íWV�ð§æ��	í��	ì$è�ñkîTð�ñkçwñ

∆Tempo
�+âFæ��	ë-í�� | í���éwíÁê�í���éwí

5èäëÎéwæ!ð§í$ç-ê�èhéwí;ñ�è���éwí$ç-ð	ç-íQé�ñ
���kæg�	í

�}ï	í�æJê4�Qéwæ&�	æ:�	í ¶ �"!k·©¸$#&%'!k·)(
%Vc ¹&z ñ
�}ï	è�ð	ç-æ�ð¾æ�ëÎéwæJð§æ�ë-ëwñJë-í$çRì$æ��	ë-è��	í$çwñ
�	æJí�7�ì$èäí���éwí��}ï�ñ
���	æ
ì$æ�ê�ð�ñkçwñ
�	æ�ì$æ�ê²æ�ê��Qéwæ��	æ4�	í=¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(�ð�ñkçwñ ñ ë-æ�îäï����kæ3�	í/ð	ç-æ�		îhí$ê!ñkë [ R ;sâ6�

ä�ä�åçæ N³èKGROQE$G�édê�ëíì)G´îðïKñQO�ñ�ò�G�édê�ëíì9ó �)ô9õ ëHö S½÷ ékø4ó ¾{ùúñ�¾/ïKûHöNñ�ü ÷ ¾
ô ë NPO�ý�ëHöNñ�ï S ë

MBCE

T ñkî�ì$æ�ê�æ è��.ásæ�ç-ê!ñ
�	æj�	æ3è���Läì$èäæj�	íQë-éwí ìÁñkð�Lhéwï	îäæ�
Fæ ð	ç-æ�ð¾æ�ëÎéwæ ñkî���æ�ç-èÚéwê�æ
MBCE

ï�éwèäîäè�F$ækï æ
ñkî���æ�ç-èÚéwê�æ

MPESC
ð�ñkçwñ ñ ë-æ�îäï����kæ>�	æ�ë!ð	çwæ
		îäí$ê!ñkë�æ�	�éwè��	æ�ë�ð§æ�ç!ç-í$î�ñ[V	ñ
����æ|��ñkë�,�ñkç-è�U�,�í$èäë

è���éwí$èäçwñkë�� X ñkî���æ�ç-èÚéwê æ
MPESC

é�ñkê3	¡�$êÆásæ�è{ï�éwèäîäè�FÁñ
�	æJí$ê ì$æ���@Îï���éwæ ì$æ�ê�æ ñkî���ækçwèÚéwê æ��	í
ç-í�ásí$ç"ã��	ì$è�ñg�	í3�	í$ë-í$ê�ð§í���G	æ ¶ �5!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(
�Hþ í$ëÎé�ñgásí$èhé�ñ.
)ásæ�èAð§æ�ë-ë"L8,�í$îLç-íÁñkîäè�FÁñkç�ñ ñ
��Ukîäèäë-í
��ñkëLð	ç-æ�ð§æ�ë-è���M}í$ë¢ñ
�}ï	è�ñkð	ç-í$ë-í���é�ñ
��ñkë¢ë-í$êµ�}ï	í?æKê��Qéwæ��	æ+�}ï	í�ë-æ�îäï	ì$èäæ���ñ�,kñ æ�ð	ç-æ�		îäí$ê!ñ�ç-í$î�ñ[V	ñ
�	æ
è��.ÿ�ï	í��	ì$è�ñkë-ë-íRð§æ�ë-èhéwè8,�ñkê�í��}éwí�æ�ï:�	í���ñ�éwè8,kñkê�í���éwíJ�	æ�ç-í$ë-ï	îhé�ñ
�	æ4��îäæ�	�ñkî}�	æ�ë�éwí$ëÎéwí$ë�ç-íÁñkîäè�FÁñ
�	æ�ë��

;C�}éwç-íQé�ñ
��éwæ�
?ï	ê!ñ?,�í�F ì$æ��	ì$îäï�L���ñ ñ3ñ
��Ukîäèäë-í9�	æ�ë!ç-í$ë-ï	îhé�ñ
�	æ�ë�æ�	�éwè��	æ�ë ð�ñkçwñ æ�ë!ñkî���æ�ç-èÚéwê æ�ë
¶ �"!k·©¸$#&%'!k·)(
%�¶6* ¹ ·)( í

MBCE
ñkë-ë-æ�ì$è�ñ
�	æ�ë�ñkæ ñkî���æ�ç-èÚéwê æ

MPESC

¢è��	í�,�èhé�ñ�,�íQîäê�í��}éwí�ë-ï	ç"��í

ñ�ð¾í$ç"��ï��}é�ñg�	í=ì$æ�ê�æ�ë-í$ç-è�ñkê æ�ë�ç-í$ë-ï	îhé�ñ
�	æ�ë+�	æ)ñkî���æ�ç-èÚéwê�æ
MBCE

�}ï�ñ
���	æ9��ñ�ï�éwèäîäè8FÁñ
���kæ2�	æ
ð	ç-æ�ð§æ�ëÎéwæ ñkî���æ�ç-èhé-ê�æ

HISPE

�ñkð	ç-í$ë-í��}é�ñ
�	æÀ��ñ3ë-í����kæ��.� Û 
�ð�ñkçwñ ñ3ë-æ�îäï����kæ|�	æ�ë�ð	ç-æ�		îäí$ê!ñkëç-í$î�ñ[V	ñ
�	æ�ë�í ð�ñkçwñ3ñ æ�	�éwí������kæ>�	í ì$æ�çÎéwí$ë!í�7�ì$èäí��}éwí$ë�� ;¢ëÎé�ñ3ð¾í$ç"��ï��}é�ñj� è��	í�,�èhé�U�,�í$îh��ñ
�	æ�ë�æ�ë

	§æ��	ë/ç-í$ë-ï	îhé�ñ
�	æ�ë��	æ ñ�î���æ�ç-èhéwê æ
HISPE

æ�	�éwè��	æ�ëH��ñ)ë-í����kæ�����
Tí$ê�ásï������kæ���ñJï�éwèäîäè8FÁñ
���kæ:�	í
è��.ásæ�ç-ê!ñ
��M}í$ë6G	èäëÎé y ç-èäìÁñkë ð�ñkçwñ�ñ�ç-í��	ï����kæ9��ñ�ç-í���è �kæ2�	í�è���éwí$ç-í$ë-ë-í3�	íi		ï	ë-ìÁñ9�}ï	í3�	í�,�í�ì$æ���éwí$çRñ
ë-æ�îäï����kæ��

[ ñkçwñKì$ç-è�ñkç�ñkë¢é�ñ
	§í$î�ñkëC�	íCç-í$ë-ï	îhé�ñ
�	æ�ë Þ�Þ��8Þ�ÞCíHÞ�Þ��8Þ Û �	í$ëÎé�ñ;ñ
��Ukîäèäë-í

�æ/ð	ç-æ�		îäí$ê!ñ [�� ; ° â ç-íVO
ð	ç-í$ë-í���é�ñ
�	æ/ð¾æ�ç��	����
Kásæ�è�ð�ñkçwñkê�íQéwç-è�FÁñ
�	æ�ì$æ�ê9æ�ë¢ê�í$ë-ê�æ�ëLð�ñkç5Dkê�íQéwç-æ�ëN��í$çwñ
�	æ�ë�ñkîäíÁñ�éwæ�ç-èäñkê í��}éwí
ð	ç-æ�ð§æ�ëÎéwæ�ë ��ñ ë-í�����æ�������
�ëCç-í$ë-ï	îhé�ñ
�	æ�ëCë5�kæ!ñkð	ç-í$ë-í���é�ñ
�	æ�ë�ð�ñkçwñ�æ!ñkî���æ�ç-èÚéwê æ3�	íRç-í�ásí$ç"ã��	ì$è�ñ4�	í
�	í$ë-í$ê�ð§í���G	æ ¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(Jí�ð�ñkçwñ�æ)ñkî���æ�ç-èÚéwê�æ!ð	ç-æ�ð¾æ�ëÎéwæ

MBCE

*ñkêi	§æ�ë�ï�éwèäîäè8FÁñ
���	æ

æ ñkî���æ�ç-èÚéwê�æ
MPESC

ð�ñkçwñJñ)ë-æ�îäï����kæ=�	æ�ë/ð	ç-æ�		îäí$ê�ñkëRç-í$î�ñ��	ñ
�	æ�ë�
K	§í$ê ì$æ�ê�æ)ð�ñkçwñJñ)ì$æ��.7.O
��ï	çwñ
���kæi�	æ�ñkî��kæ�ç-èhéwê æ/ð	ç-æ�ð§æ�ëÎéwæ

MBCEHISPE


�æi�}ï�ñkî©ï�éwèäîäè8F$æ�ï�æ�ñkî���æ�ç-èÚéwê�æ
HISPE

ì$æ�ê ñ
G	í$ï	ç"LäëÎéwèäìÁñ��	æ!ð�ñkç5Dkê�íQéwç-æ2�	íE		ï	ë-ìÁñ2G	èäëÎé y ç-èäìÁñ

τ = 3n
ð�ñkçwñ!ñ�ë-æ�îäï����kæ2�	æ�ë ð	ç-æ�		îäí$ê!ñkëCçwíQî�ñ��	ñ^O

�	æ�ë��Rz ë�è��.ásæ�ç-ê!ñ
��M�í$ë6G	èäëÎé y ç-èäìÁñkë�é�ñkêi	)�$êÁásæ�çwñkê ï�éwèäîäè8FÁñ
��ñkë�ð§í$î�ñ!ì$æ��.7���ï	çwñ
���kæ9�	æ)ñkî���æ�ç-èÚéwê�æ
ð	ç-æ�ð§æ�ëÎéwæ

MBCEHISPE

ð�ñkçwñh��í$çwñkçAì$æ�çÎéwí$ëLí�7�ì$èäí���éwí$ë�
�,�è��	íFæ T í$æ�ç-í$ê!ñ+à.

�	í?ê�æ&�	æ�ñ ç-í��	ï�F$èäçAæ
,�æ�îäï	ê�ís�	æ�í$îäèäð	ë y è��	í�è��	èäì$è�ñkî��	æ�ëLð	ç-æ�		îäíQê!ñkëTç-í$î�ñ��	ñ
�	æ�ë���
�ëAð	ç-æ�		îäí$ê!ñkë [�� ; ° âjásæ�çwñkêU��í$çwñ
�	æ�ë

��������� �����	������� � !#"$�&%&�(' )+*�*�,.- /102�3�



Û�Ü�Ü 465 Ñ87 Ø ÒW´:9}×&Ñ<;h×.Ú�=>7¡ÒW´0Õ�Ð�×.Ö§´�Ð�Ñ?=©´0Ô$´A@ Ô�×�B Ø 5 Ú)´0ÑKµ4Ð�ÑVÕ^Ô 5 ÒV×&Ñ 5DC Ð�Ñ$ÒV×&Ñ
ð�ñkçwñ ñkë �	èäê�í��	ë"M}í$ë

n = {8, 9} �

E î���æ�ç-èhé5G	ê
ni º n E�ì$í$ë-ë-æ�ë

f(x)

BBLD
Þ º à Þ�Þ Û Þ1F

MBCELD
Þ º à Y�Y F Û

MBCELD
HISPE

Þ º à Þ Y �G�
BBDa

Þ º à Þ1F Û�Ü�Ü
MBCEDa

Þ º à F Ý à.Þ
MBCEDa

HISPE

Þ º à F Ý Þ1F
BBLD Ý º à Û Þ1H�àGH
MBCELD Ý º à Þ Y H Y Ü
MBCELD

HISPE Ý º à Ü�Ü Þ1F
BBDa Ý º à Y FGFGH�à
MBCEDa Ý º à Ý ß$H Û H
MBCEDa

HISPE Ý º à Ý àGFGH.Þ
BBLD Y º à Ü H�à Ü F
MBCELD Y º à Ý à Ý�Ý F
MBCELD

HISPE

Y º à Þ Ü H�à.Þ
BBDa Y º à Þ Û H$FG�.Þ
MBCEDa Y º à Þ1H�à�ß�ß$H
MBCEDa

HISPE

Y º à F Y Û Þ�à
BBLD

ß º à Þ Y Ý Þ1H0ß
MBCELD

ß º à Þ Ý Y
Y�Y Þ
MBCELD

HISPE

ß º à F�à0ß&Þ1�
BBDa

ß º à Ü F.Þ�ß�ß
à
MBCEDa

ß º à Ý à.Þ Û FGF
MBCEDa

HISPE

ß º à Ý ß Û à.Þ1�
BBLD

à º à Þ1� Y Ý à Y
MBCELD

à º à Þ Ü à
à0ß�ß
MBCELD

HISPE

à º à Þ1H�à Û�Û
Ý
BBDa

à º à ß Û ß�F�à Û
MBCEDa

à º à Ü F Ü Þ Ü �
MBCEDa

HISPE

à º à Ü à�à Ü H�à
¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄÅÃvÃvÆ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉTÑ�ÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ[ÐvÉAÏ�ÐvÉ�ÒR×wÌmÐkÏ�ÐvÉ

MBCEHISPE Ø MBCE
È
BB

Ó�Í$ÔÎÍ?Ê�Ò Ó�ÔmÐ��Ù�ËÚÈwÒ/ÍKÛ*ó ÜAÝ�ÞFØ Ï�ÕÅÒRÈwß}ÉÎàÁÐ � â

��������� ��I��	������� � !#"$�&%&�(' )+*�*�,.- /102�3�



J�J�KwÇ=È�L ´ Ø Ðä´0É^Ê0×M9©´9ËiÒ�Ð Ø Ð Ì ´0É^Ê0×N9 5DO Ö Í ×&Ô�Ú)´0É^Î 5 ÑHÏ4Ð�Ñ$ÒVÓ&Ô�Ð�Õ[´0Ñ�Ö)× ÈEØ�Ù ×&Ô�Ð8Ò�Ú:× MBCE Û�Ü Y
E î���æ�ç-èhé5G	ê

ni º n E�ì$í$ë-ë-æ�ë
f(x)

BBLD
Þ º F Þ1�GH Y�Y

MBCELD
Þ º F à Ý à.Þ

MBCELD
HISPE

Þ º F Þ�à Ü H
BBDa

Þ º F Û à.Þ1HGF
MBCEDa

Þ º F Þ Ý�Ý F.Þ
MBCEDa

HISPE

Þ º F Þ Û H.Þ�à
BBLD Ý º F Û F�à.Þ Y
MBCELD Ý º F Û H Y H Ý
MBCELD

HISPE Ý º F Y Ý Þ Y
BBDa Ý º F à Y H Û Þ
MBCEDa Ý º F Ü�Ü0Ý Y�Y
MBCEDa

HISPE Ý º F Ü ß&Þ1� Y
BBLD Y º F Y�Y Ý à�à
MBCELD Y º F Ü à�à0ß$H
MBCELD

HISPE

Y º F Þ Y Þ Ü �
BBDa Y º F Þ^ß$H Y Û à
MBCEDa Y º F Þ Û à
à�à Y
MBCEDa

HISPE

Y º F Þ Ü0Ý Þ Y ß
BBLD

ß º F F Y Þ Û Þ
MBCELD

ß º F FGH Ü Y à
MBCELD

HISPE

ß º F Ý F0ß Ý
Ü
BBDa

ß º F Ý à Û Þ�à0ß
MBCEDa

ß º F Ý�Ý Y �GH.Þ
MBCEDa

HISPE

ß º F Ý0Û à$F�à0ß
BBLD

F º F Þ�Þ Ü
Ü H Û
MBCELD

F º F Þ�Þ Û^Ü à.Þ
MBCELD

HISPE

F º F Ü FGF0ß$F
BBDa

F º F � Û
Ý ß$�.Þ
MBCEDa

F º F Y Ý ß
ß$� Û
MBCEDa

HISPE

F º F Ü à0ß Y �.Þ
¼¾½[¿ÁÀÁÂ ½/ÃvÃvÄÅÃWò�Æ*Ç{È�É�Ê�ËÅÌÎÍÁÏ�ÐvÉTÑ�ÐÁÒKÓ�Í$ÔÎÍ$Ì�ÕÅÖ[ÐvÉAÏ�ÐvÉ�ÒR×wÌmÐkÏ�ÐvÉ

MBCEHISPE Ø MBCE
È
BB

Ó�Í$ÔÎÍ?Ê�Ò Ó�ÔmÐ��Ù�ËÚÈwÒ/ÍKÛ*ó ÜAÝ�ÞFØ Ï�ÕÅÒRÈwß}ÉÎàÁÐ � â

�ë�ç-í$ë-ï	îhé�ñ
�	æ�ë=í���è�		è��	æ�ëi��ñkë=é�ñ
	¾í$î�ñkëgÞ�Þ��8Þ�Þ íBÞ�Þ��8Þ Û ì$æ��.7�ç-ê!ñkê ñ í���ð¾í$ìQé�ñ�éwè8,kñ?�	í9�}ï	í)ñ

ï�éwèäîäè8FÁñ
���kæ?�	æ3ñkî���æ�ç-èhéwê æ ð	ç-æ�ð¾æ�ëÎéwæQPh�SR [ ; ìQæ��}éwç-è�		ï	èäç-èäñ ð�ñkçwñ ñ ñkì$í$îäíQç�ñ����kæj�	æ ð	ç-æ�ì$í$ë-ë-æ>�	í
ì$æ��0,�í$ç"��ã��	ì$è�ñ4�	æ�ë�ð	ç-æ�		îäí$ê!ñkë?ç-í$î�ñ��	ñ
�	æ�ë�íKð�ñkçwñ�ñ�æ�	�éwí������kæ4�	íKì$æ�çÎéwí$ëCí�7�ì$èäí���éwí$ë��dâFæ�ê æ ð¾æ&�	í
ë-í$ç�æ�		ë-í$ç',kñ
�	æ9��ñkë é�ñ
	§í$î�ñkëEÞ�Þ��8Þ�Þ;ígÞ�Þ��8Þ Û 
5ñ!ì$æ��.7���ï	çwñ
���kæ MBCEHISPE

ë-í$ê�ð	ç-í=í��	ì$æ���éwç-æ�ï
ñkë?ë-æ�îhï���M�í$ë?ï�éwèäîäè8FÁñ
���	æ;ï	ê ê�í��	æ�çk� ³ ê í$ç-æi�	í�ì$G�ñkê!ñ
��ñkëd��ñ�ásï������kæ

f(x)
� [ æ�ç?ë-í$ç-í$ê7æ�ë?ð	ç-æ�O

		îäí$ê!ñkë?ï�éwèäîäè�FÁñ
�	æ�ëd�	íJ	�ñkèT�	ñ3�	èäê�í��	ë5�kæ�íH�	í�7��	è��	æ�ë�ð§æ�ç�í��}ï�ñ
��M�í$ë ñ
��ñkî�LhéwèhìÁñkë�
.���kæ3ásæ�è�ñ�,kñkîäè�ñ
�	æ

��������� ��I��	������� � !#"$�&%&�(' )+*�*�,.- /102�3�



Û�Ü � 465 Ñ87 Ø ÒW´:9}×&Ñ<;h×.Ú�=>7¡ÒW´0Õ�Ð�×.Ö§´�Ð�Ñ?=©´0Ô$´A@ Ô�×�B Ø 5 Ú)´0ÑKµ4Ð�ÑVÕ^Ô 5 ÒV×&Ñ 5DC Ð�Ñ$ÒV×&Ñ
�	í$ëÎé�ñ ñ
�VUkîäèäë-í�æJð�ñkç5Dkê�íQéwç-æ)éwí$ê�ð¾æ)éwæké�ñkî¢ð�ñkçwñ)ì$æ��0,�í$ç"��ã��	ì$è�ñ.� T ñkê3	¡�$êú���kæ:ásæ�è�ñ
��ñkîäèäëwñ
�	æ)æ
ð�ñkç5Dkê�íQéwç-æ ìWUkîäì$ï	îäæ�ë

Qk+1


C��ñ
�	æB�}ï	íg�	í$ì$í$ë-ëwñkç-è�ñkê�í���éwí�æ ñkî���æ�ç-èÚéwê�æ
HISPE

í���í$ì$ï�é�ñ ê!ñkèäë
ìWUkîäì$ï	îäæ�ëX�	æ í$îäèäð	ë(X�è��	í

Ek+1

�	æ4�}ï	í/æ�ñkî���æ�ç-èÚéwê æ
MPESC

�
þ í��}éwç-í{æ�ë*ç-í$ë-ï	îhé�ñ
�	æ�ë*í���è�		è��	æ�ë�
^�	í$ëÎé�ñkìÁñ^O�ë-í{æ�ê�í$î�G	æ�ç/�	í$ë-í$ê�ð§í���G	æ6��ñCì$æ��	è87�ìÁñ
���kæ�ð	ç-æ�ð§æ�ëÎé�ñ

ð§æ�çZY*ñ
���3í�þ�ækè��Jì$æ�ê�ñ)ì$æ��.7���ï	çwñ
���kæ
MBCEHISPE

� [ ñkçwñJñkî���ï��	ëRð	ç-æ�		îäí$ê!ñkë�
TñJì$æ��.7���ï&O
çwñ
���kæ

MBCEHISPE

ç-í��	ï�F$èäï íQê ñ�é5�iàGH r æg� ³ ê�í$ç-æg�	í;ì$G�ñkê!ñ
��ñkë6��ñ�ásï������kæ�æ�	.@ÎíQéwè8,�æ�
§í$ê
ì$æ�ê�ð�ñkçwñ
���kæÀ1 ì$æ��.7���ï	çwñ
���kæ

MBCE
í ñkæ ñkî���æ�ç-èÚéwê æ ¶ �5!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(
��âFæ��	ë-í��\[	í��}éwíVO

ê�í���éwí

¡�Rçwñ
F$æ:U�,�í$î*ë-ï	ð¾æ�çh�}ï	í/í$ê ð	ç-æ�		îäí$ê!ñkëCìQæ�ê í$îäí�,kñ
�	æ2;�E6� [ æ��	í$ë-í$ê�ð§í���G	æ2��ñ�ì$æ��.7���ï&O
çwñ
���kæ

MBCEHISPE

éwæ�ç"��ñkçAO�ë-íVO&U�ë-ï�		ëÎé�ñ
�	ì$è�ñkîäê�í��}éwí�ë-ï	ð¾í$ç-èäæ�ç/ñkæ9�	í$ë-í$ê�ð§í���G	æ��	æJñkî���æ�ç-èÚéwê�æ
¶ �"!k·©¸$#&%'!k·)(
%�¶6* ¹ ·)(
�NâFæ�ê�ð�ñkçwñ
���	æ�O�ë-í?ñ�é�ñ
	§í$î�ñEÞ�Þ��8Þ�ÞFì$æ�ê ñEÞ�Þ��8Þ Û 
kæ�ï�éwç-æ�ð§æ���éwæKñ�ë-í?ç-í$ë-ëwñkîhé�ñkç���}ï	í=ñ��	è8ásí$ç-í����Áñ�ð¾í$ç-ì$í��}éwï�ñkîTí���éwç-í;æ�ë�ç-í$ë-ï	îhé�ñ
�	æ�ë�æ�	�éwè��	æ�ëCð§í$î�ñ ì$æ��.7���ï	çwñ
���kæ

MBCEHISPEí=æ�ë�ç-í$ë-ï	îhé�ñ
�	ækë+�	æ)ñ�î���æ�ç-èhéwê æ ¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(Jñkï	ê�í��}éwæ�ï ì$æ�ê æ ñkï	ê�í���éwæg��ñ2�	èäê�í��	ë5�kæ
�	æ/ð	ç-æ�		îäí$ê!ñ.
�ð�ñkçwñRæ�ë{ð	ç-æ�		îäí$ê!ñkëLéwí$ëÎéWñ��	æ�ë��I;¢ëÎéwíhá�ñ�éwæRé�ñkêi	)�$ê ì$æ�ç-ç-æ�	§æ�çwñRñ/è����$è�ñJ�	íh�}ï	í

�í$ê
ð	ç-æ�		îäí$ê!ñkëKì$æ�ê í$îäí�,kñ
�	æ�;�E6� [ 
Tæ=�	í$ë-í$ê�ð§í���G	æ���ñJì$æ��.7���ï	çwñ
���kæ

MBCEHISPE

éwæ�ç"��ñkçAO�ë-íVO&U
ë-ï�		ëÎé�ñ
�	ì$è�ñkîäê�í���éwíKë-ï	ð§í$ç-èäæ�çCñkæ4�	í$ë-í$ê�ð§í���G	æ2�	æ�ñkî���æ�ç-èhéwê æ�¶ �"!k·©¸$#&%'!k·)(
%�¶+* ¹ ·)(��

[ æ�çs7�ê=
�ñ;èäê�ð	îäí$ê í��}é�ñ
���kæ/ð	ç-æ�ð§æ�ëÎé�ñ;ð§æ�çdþ�ñ$]}è���ì$æ�ê ñ;ì$æ��.7���ï	çwñ
���kæ
MBCEHISPE


�í$ê3O
	§æ�çwñ!éwí���G�ñ)ñkð	ç-í$ë-í���é�ñ
�	æ)ê�í$î�G	æ�ç-í$ë�ç-í$ë-ï	îhé�ñ
�	æ�ë+�}ï	í æ�ë�æ�	�éwè��	æ�ë�ì$æ�ê ñ�ì$æ��.7���ï	çwñ
���kæ

MBCEí�ì$æ�ê æ ñkî���æ�ç-èÚéwê æ�¶ �"!�·§¸$#.%'!k·)(�%�¶+* ¹ ·)(

0���kæ ñkð	ç-í$ë-í���éwæ�ï9��ñ
��G	æ�ëFé$�kæ=ç-í$îäí�,�ñ
�}éwí$ë���E�ð	ç-è��	ì$èäð�ñkî
çwñ
F��kæ ð�ñkçwñ!í$ëÎéwíiá�ñ�éwæ9�	í�,�í í$ëÎé�ñkç�ç-í$î�ñkì$èäæ���ñ
��ñ�ì$æ�ê ñ�í$ëÎéwç-ï�éwï	çwñg�	í�ì$ç-è�ñ
���kæg�	í3�	í$ë-è���ï�ñkî���ñ
�	í$ë
�	æ ð	ç-æ}ì$í$ë-ë-æB�	í_^��"!k·©¸$#&�gþ è8ásí$ç-í���éwí$ê�í���éwí���ñJð	ç-æ�ð§æ�ë-è����kæ:�	í`Y*ñ
���3í2þ æ�è��=�}ï	í47��	ñ ñ9,kñkç-è+U^O
,�í$îFè���éwí$èäçwñJí$ê�ï	êú,kñkîäæ�ç/í!ç-í��	ï�F ñ��	èäê�í��	ë5�kæ��	æ ð	ç-æ�		îäí$ê!ñJç-í$î�ñ��	ñ
�	æ ñ ë-í$ç;ë-æ�îäï	ì$èäæ���ñ
�	æ�
Lñ
ð	ç-æ�ð§æ�ë-è����kæ?�	í:þ�ñ$]}è�� ñkð§í���ñkë ñkì$ç-í$ë-ì$í���é�ñ ï	ê!ñB�	í$ë-è���ï�ñkî���ñ
�	í�ì$æ�ê æ?,�ñkîäæ�ç�ñkç-ç-í��	æ�����ñ
�	æ\�	í
ï	ê!ñ�,kñkç-è+U�,�í$îAè��}éwí$èäçwñ.�aE ë-ë-èäê=
�ñ�ð	ç-í$ì$èäë5�kæ9�}ï	í3�	í�7��	í�ë-í�ï	ê!ñ�,kñkç-è+U�,�í$îN��ì$æ��	ë-è��	í$çwñ
��ñ�è���éwí$èäçwñ
æ�ï³���kæ3ð¾æ&�	í��	íQéwí$ç-ê�è���ñ�ç4�}ï	í ï	ê!ñ?,�ñkç-è+U�,�í$î ��í$ç-í=�	ï�ñkë!ç-í$ëÎéwç-è���M�íQë2�	í��	í$ë-è���ï�ñkî���ñ
�	í$ë!ñ
��éwí$ë
�}ï	í æg,kñkîäæ�ç+��ñ�ë-æ�îäï����kæ)ð�ñkçwñ�í$ëÎé�ñg,kñkç-è+U�,�í$îLë-íA@-ñ ì$æ��	ë-è��	í$çwñ
��ñ è���éwí$èäçwñ.�E;¢ëÎéwí3á�ñ�éwæ ì$í$çÎé�ñkê�í���éwí
ñkï	ê�í���é�ñkç2U�æ4� ³ ê�í$ç-æ4�	í/ñkì$í$ë-ë-æ�ë61iásï������kæ

f(x)

	é�ñkî5ì$æ�ê�æ�ð§æ&�	íKëwíQç ,�èäëÎéwæ4��ñkë?é�ñ
	§í$î�ñkëJÞ�Þ��8Þ�Þ

í4Þ�Þ��8Þ Û �

ä�ä�å2b ¿�ë ô ü�c$�:¾-ø4ó ¾ ì9ë ¿ ÷ed�f ïT�Ac�ë
_�í$ëÎéwíhâ?ñkð�Lhéwï	îäæhásæ�çwñkê9ñkð	ç-í$ë-í���é�ñ
�	æ�ë¢æ�ëLç-í$ë-ï	îhé�ñ
�	ækëLæ�	�éwè��	æ�ëAê�í��	è�ñ
��éwí?ñ�ñkð	îäèäìÁñ
���kæ6�	æ�ë¢ñkî���æ�ç-èÚé'O
ê�æ�ë �}ï	í;èäê�ð	îäí$ê í��}é�ñkê á�ñkê�Läîhèäñ3�	æ�ë�ê��Qéwæ&�	æ�ë+ukfwv x�b�*�vy(0!
v�b;í��	æ�ë ñkî���æ�ç-èÚéwê�ækëCï�éwèäîäè8FÁñ
�	æ�ë�ì$æ�ê�æ
ç-í�ásí$ç"ã��	ì$è�ñ ð�ñkçwñ ñ ñ�,�ñkîäè�ñ
���kæB�	æ\�	í$ë-í$ê�ð¾í���G	æ ñkë-ë-æ}ì$è�ñ
�	æ�ë41 ë-æ�îäï����kæ?�	æ�ë ð	ç-æ�		îäí$ê!ñkë ° âd_6þ
ì$æ�ê�,�ñkç-è+U�,�í$èäë�è���éwí$èäçwñkë�íKê�èäëÎé�ñkë�è���éwí$èäçwñkë�íKì$æ��}é5L��}ï�ñkë��

�ç�	èäì$è�ñkîäê í��}éwí


ásæ�è��	í�7��	è���ñ/ñKì$î�ñkë-ë-í �	íCð	çwæ
		îäí$ê!ñkë [ �A;�YQâ ð�ñkçwñRñ/ñ
�VUkîäèhëwíd��ñKìÁñkçwñkìQéwí$ç"LäëÎéwèäìÁñ
�	í¢ì$æ���,�í$ç"��ã��	ì$è�ñX�	æ�ñkî���æ�ç-èÚéwê�æ

MEHC
�g
�ë�ç-í$ë-ï	îhé�ñ
�	æ�ë�í���è�		è��	æ�ë-��ñ�ë-í����kæHÞ�Þ��8ÞC�	í$ê�æ��	ëÎéwçwñkçwñkê

��������� ��I��	������� � !#"$�&%&�(' )+*�*�,.- /102�3�



J�J�K h ;h×.Ö)Õ Ø 7)ÑVÎ 5 Ñ?9}×i;�´:=>j8Ò87 Ø × Û�Ü ß
�}ï	í

{í$êi	§æ�çwñ æ ñkî���æ�ç-èÚéwê æ

MEHC
ë-íA@-ñ ìÁñkð�ñ
F9�	í ç-í$ë-æ�î8,�í$ç�ð	ç-æ�		îäí$ê!ñkë [ �A;�YQâ6
¢í$ê´ásï������kæ

�	æ�ë!í$ç-ç-æ�ë�è��	í$ç-í���éwí$ë ñkæ3ð	ç-æ�ì$í$ë-ë-æÀ�	íB��í$çwñ
���kæ|�	í��	æ�,kñkë�ç-í$ëÎéwç-è���M}í$ë�æ ñkî���æ�ç-èÚéwê æ3ñkð	ç-í$ë-í���éwæ�ï
ð	ç-æ�		îäí$ê!ñkëi�	í ì$æ��0,�í$ç"��ã��	ì$è�ñ ð�ñkçwñ?�	èäê�í��	ë"M}í$ë�ê!ñkèäæ�ç-í$ëE�}ï	í

n = 4
� [ æ�ç�ìQæ��	ë-í��\[�ã��	ì$è�ñ.
{ë-ï�ñ

ï�éwèäîäè8FÁñ
���kæ�ð	ç2U�éwèäìÁñ=ë-íRéwæ�ç"��ñ3	¾í$ê ç-í$ëÎéwç-èhé�ñ.�
;¢ê ì$æ��}éwè��}ï	è���ñ
�	í ñkæ�ë éwí$ëÎéwí$ë�
/ñ ìQî�ñkë-ë-í>�	í ð	ç-æ�		îäíQê!ñkë [ R ; ° âðásæ�èJ�	í�7��	è���ñ<��ñ ë-í����kæ

Þ�Þ�� Û �8Þ���
�ë{ð	ç-æ�		îäí$ê!ñkë [ R ; ° â<ásæ�çwñkê è��	èäì$è�ñkîhê í��}éwí�ï�éwèäîäè8FÁñ
�	æ�ë¢ð�ñkçwñ/ì$ækê�ð�ñkçwñkç�æ�ëFñkî���æ�ç-èÚéwê æ�ë
ð	ç-æ�ð§æ�ëÎéwæ�ë

MEEBB


MEEBC

í
MBCE

í��}éwç-í�ë-èS
}	§í$ê ì$æ�ê�æ�ì$æ�ê�ð�ñkç2U^O�îäæ�ë ñkæ)ñkî���æ�ç-èhé-ê�æ
BB

ï�éwèäîäè8FÁñ
�	æ�ì$æ�ê æ!ç-í�ásí$ç"ã��	ì$è�ñ2�	íE�	í$ë-í$ê�ð¾í���G	æ��kE ð�ñkçÎéwèäç �	æ�ë ç-í$ë-ï	îhé�ñ
�	æ�ë æ�	�éwè��	æ�ë�
¾ðml&�	í;ë-í$ç
æ�		ë-í$ç',kñ
�	æE�}ï	í�éwæ��	æ�ë{æ�ë{ê��Qéwæ&�	æ�ë�ð	ç-æ�ð§æ�ëÎéwæ�ë{ë5�kæ/ìÁñkð�ñ
F$í$ëk�	í�ë-æ�îäï	ì$èäæ���ñkç¢ð	ç-æ�		îäí$ê!ñkë [ R ; ° â6�T æ&��ñ�,�è�ñ.
�ñkð§í���ñkë)æ ê��Qéwæ&�	æ

MBCE
ñkð	ç-í$ë-í��}éwæ�ï ç-í$ë-ï	îhé�ñ
�	ækë)ë-ï	ð§í$ç-èäæ�ç-í$ëJñkæ�ë)æ�	�éwè��	æ�ë ð§í$îäæ

ñkî���æ�ç-èÚéwê�æ
BB


�é�ñ
��éwæ ð�ñkçwñ ð	ç-æ�		îäí$ê!ñkë=ð	ï	çwñkê�í���éwí:�	èäë-ì$ç-íQéwæ�ë4�}ï�ñ
��é�æ ð�ñkçwñ ð	ç-æ�		îäí$ê!ñkë�ì$æ�ê
,kñkç-è+U�,�í$èäëKê�èäëÎé�ñkë�è���éwí$èäçwñkë�í�ì$æ��}é5L��}ï�ñkë��3;¢ëÎéwí$ë/ç-í$ë-ï	îhé�ñ
�	æ�ëKë-ï	ð¾í$ç-èäæ�ç-í$ëRæ�ì$æ�ç-ç-í$çwñkê ð�ñkçwñ)ñkêi	�ñkë
ñkëFð	ç-æ�ð¾æ�ëÎé�ñkëk�	í ì$æ&�	èP7�ìÁñ
���kæE�	æ�ñkî���æ�ç-èÚéwê æ

BB
�Ct�ê ç-í$ë-ï	îhé�ñ
�	æ=ñ/ë-í$çFç-í$ë-ëwñkîhé�ñ
�	æE�	í$ëÎéwí$ëFéwí$ëÎéwí$ë

�	è�F;ç-í$ë-ð§í$èhéwæ)ñkæ�ì$æ�ê�ð§æ�çÎé�ñkê�í��}éwæ!í���ð§æ��	í��	ì$è�ñkîLñkð	ç-í$ë-í���éWñ��	æ)ð§í$îäæ�ð�ñkç5Dkê�íQéwç-æ2�	í3�	íQëwíQê�ð§í���G	æ
∆Tempo = Tempo Total MBEC

O
Tempo Total BB

ì$æ�ê æ)ñkï	ê�í���éwæ9��ñg�	èäê�í��	ë5�kæ9�	æ�ë
ð	ç-æ�		îäí$ê!ñkëFé�íQë-é�ñ
�	ækë��

;¢ê ë-í���ï	è���ñ.
�ñ/ë-í����kæ2Þ�Þ�� Û � Û �	í�7��	èäï!æ;ð	ç-æ�		îäí$ê!ñJ�}ï�Läê�èäì$æH�	í ë-è���éwíQéwè�FÁñ
���kæ/í ñkð	ç-í$ë-í���éwæ�ï�æ�ëç-í$ë-ï	îhé�ñ
�	æ�ëFæ�	�éwè��	æ�ëFð�ñkçwñE�	æ�èäëFìÁñkë-æ�ë?í���èäëÎéwí���éwí$ëX��ñ;îäèhéwí$çwñ�éwï	çwñ.� R í$ë-ê�æ=ë-í����	æ í$ëÎéwí$ë�ð	ç-æ�		îhí$ê!ñkëç-í�ásí$ç-í���éwí$ëg1 ì$î�ñ�ëwë-í:�	íJð	ç-æ�		îäí$ê�ñkë3		è��VUkç-èäæ�ë�
{æ ñkî���æ�ç-èhéwê æ
MBCE

ñkð	ç-í$ë-í��}éwæ�ï æ�ë ê�í$î�G	æ�ç-í$ë
ç-í$ë-ï	îhé�ñ
�	æ�ëCð�ñkçwñ�æ ð�ñkç5Dkê�íQéwç-æ=éwí$ê�ð§æ�éwæké�ñkî5ð�ñkçwñ�ì$æ��0,�í$ç"��ã��	ì$è�ñ.�

;¢ê ì$æ���éwè��}ï	è���ñ
�	í

Tñ)ë-í����kæ>Þ
Þ�� Ý �	í$ê�æ��	ëÎéwç-æ�ï æ�ëRê�í$ë-ê�æ�ëH	¾æ��	ë/ç-í$ë-ï	îhé�ñ
�	æ�ë/ñkð	ç-í$ë-í���é�ñ
�	æ�ëñ
��éwí$ç-èäæ�ç-ê�í��}éwí?ð�ñkçwñKæ�ë¢ð	ç-æ�		îäí$ê!ñkë [ R ; ° â ñ
��æ�çwñKð�ñkçwñKæ�ë¢ð	ç-æ�		îäí$ê!ñkë [ R ;sâdþE�&_�æ�,kñkê�í���éwí

æ ê��Qéwæ��	æ
MBCE

ñkð	ç-í$ë-í���é�ækï çwíQëwï	îÚéWñ��	æ�ë�ë-ï	ð¾í$ç-èäæ�ç-í$ë ñkæ�ë=æ�	�éwè��	æ�ë;ð§í$îäæ ñkî���æ�ç-èhé-ê�æ
BB

í$ê
éwæ&�	æ�ë�æ�ëCìÁñkë-æ�ë�éwí$ëÎé�ñ
�	æ�ë��

[ æ�çX7�ê=
§ñ�ë-í����kæBÞ�Þ�� Ü ñ
��ñkîäèäë-æ�ïJñ�è��.ÿ�ï�ã��	ì$èäñ���ñ ï�éwèäîäè�FÁñ
���kæ3�	æ�ñkî���æ�ç-èÚéwê�æ HISPE
ì$æ�ê ñ

G	í$ï	ç"LäëÎéwèäìÁñ��	æ!ð�ñkç5Dkê�íQéwç-æ2�	íE		ï	ë-ìÁñ2G	èäëÎé2X�ç-èäìÁñ
τ = 3n

ð�ñkçwñ!ñ�ë-æ�îäï����kæ2�	æ�ë ð	ç-æ�		îäí$ê!ñkëCçwíQî�ñ��	ñ^O
�	æ�ë�� T ñkîAì$æ�ê æ�íQç�ñ�í$ë-ð§í$çwñ
�	æ�
5ñ!ì$æ��.7���ï	çwñ
���kæg�	æ�ñkî���æ�ç-èhéwê æ

MBCEHISPE


5ñ��}ï�ñkîTï�é�èhîäè�FÁñ æ
ñkî���æ�ç-èÚéwê�æ

HISPE

�ñkð	ç-í$ë-í���éwæ�ïJæ�ë�ê�í$î�G	æ�ç-í$ë?ç-í$ë-ï	îhé�ñ
�	æ�ë�ð�ñkçwñ�æ�ë�ð	ç-æ�		îäí$ê!ñkë [ R ; ° â éwí$ëÎé�ñ^O�	æ�ë�
5ì$æ�ê �	íQë-é�ñ
�}ï	í�ð�ñkçwñ ñ!èäê�ð	îäí$ê í��}é�ñ
���kæ2�	æ)ñkî���æ�ç-èÚéwê æ!ð§í$î�ñ!ð	ç-æ�ð§æ�ë-è����kæ9�	ínY*ñ
��� í3þ æ�è����

T ñkêi	)�$ê�ásæ�è��	èäë-ì$ï�éwè���ñ/ñ�G	èäðmXkéwí$ë-íh�	íh�}ï	í

�í$ê ð	ç-æ�		îäí$ê!ñkë�ì$æ�ê í$îäí�,�ñ
�	æi;�E6� [ 
�æE�	íQëwíQê�ð§í���G	æ
��ñ ì$æ��.7���ï	çwñ
���kæ

MBCEHISPE

éwæ�ç"��ñkçAO�ë-íVO&U�ë-ï�		ëÎé�ñ
�	ì$è�ñkîäê�í���éwí�ë-ï	ð§í$ç-èäæ�çRñkæ:�	í$ë-í$ê�ð§í���G	æ��	æ
ñkî���æ�ç-èÚéwê�æ�¶ �"!k·©¸$#&%'!k·)(
%�¶6* ¹ ·)(
�

_�æCìÁñkð�Lhéwï	îäæ�ë-í���ï	è���éwí¢ë-í$ç5�kæ�è����	èäìÁñ
��ñ�ë*ñkë�ì$æ��	ì$îäï	ë"M�í$ëK�	í$ëÎé�ñ T í$ë-í


	§í$ê�ì$æ�ê�æ�ç-í$ì$æ�ê�í�����ñ
�	æ�ë
éwçwñ
	�ñkî�G	æ�ëdásï�éwï	ç-æ�ë�ð�ñkçwñ ñ ì$æ���éwè��}ï	è���ñ
�	íJ�	í$ëÎé�ñ îäè���G�ñi�	íRð§í$ë"�}ï	èäëwñ.�
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äk�4å�ä ¿�ë ô ü�c��:¾-ø4ó ¾
;¢ëÎé�ñ T í$ë-í�è��0,�íQë-éwè��kæ�ï ñ!ï�éwèäîäè8FÁñ
���kæ���ñ�ásæ�ç-ê=ï	î�ñ
���kæ��	æ�ð¾æ�îäèäí��	ç-æ2�	íE		ï	ë-ìÁñ�í�ñ�ç-í$ï�éwèäîäè�FÁñ
���kæ��	í
è��.ásæ�ç-ê!ñ
��M}í$ëK@(U;ìÁñkîäì$ï	î�ñ
��ñkës�	æ3�	í$ìQæ�ç-çwíQçX��ñ;ì$æ��0,�í$ç"��ã��	ì$è�ñi�	í ï	ê ñkî���æ�ç-èhéwê æ�	�ñkë-íÁñ
�	æ�í$êÁukfwv x)%
b1��vy(�a;ð�ñkçwñ��	í�7��	èäç�ï	ê!ñ��	æ�,kñ4á�ñkê�Läîhèäñ3�	í;ê��Qéwæ&�	æ�ëh�	í;ækéwèäê�è8FÁñ
���kæ��X;¢ëÎé�ñ�á�ñkê�Läîhèäñ3�	í;ê��Qéwæ&�	æ�ë
� ñ
�}ï	èd�	í��	æ�ê�è���ñ
��ñ=�	ígá�ñkê�Läîhèäñ=�	æ�ë=ê��Qéwæ&�	æ�ë�� *�fwvSa$(
�5*�%Sukfwv x�b�*�vy(�!
v�b���
�ë=ê��Qéwæ&�	æ�ë�� *�fwvSa$(
�5*�%
ukfwv x�b�*�vy(0!
v�bRð	ç-æ�ð)M}í$ê²æ�ñkç-ê!ñ
F$í���ñkê�í���éwæ3�	íRè��.ásæ�ç-ê!ñ���M�í$ë?ìÁñkîäì$ï	î�ñ
��ñkëd�	ï	çwñ
�}éwíRñkëCèhéwí$çwñ
��M}í$ë�
¾ñ
ê!ñ
�	èäð	ï	î�ñ����kæE�	í$ëÎé�ñkëCè��.ásæ�ç-ê!ñ���M�í$ëFíRñ;ì$æ��	ëÎéwçwï����kæ4�	æ�ð§æ�îäèäí��	ç-æE�	íJ		ï	ë-ìÁñ�ð�ñkçwñ�ñkì$í$îäí$çwñkçFæ�ð	ç-æ�O
ì$í$ë-ë-æ+�	í{ì$æ��0,�í$ç"��ã��	ì$è�ñ.�CâFæ�ê�æ�ì$æ��	ë-í��\[�ã��	ìÁè�ñ.
kí$êi	§æ�çwñCæ�		ç-è���ñ�éwæ�ç-èäñkê í���éwí¢æ�ì$æ�ç-çwñCæ ñkï	ê�í��}éwæh�	æ
;sâ�E�
i
�æ�ë¢ê��Qéwæ&�	æ�ë�� *�fwvSa5(
�5*�%Sukfwv x�b�*�vy(0!
v�b�ð	ç-íQéwí����	í$ê ç-í��	ï�F$èäç¢æKéwí$ê�ð§æ�éwæké�ñkî�ð�ñkçwñRñ�æ�	�éwí������kæ
��ñKë-æ�îäï����kæJ�	í�ï	ê ð	ç-æ�		îäí$ê!ñ.
kð§æ�çLê�í$èäæJ��ñ�ç-í��	ï����kæH�	æ�;�E6� [ �0;¢ëÎé�ñRê�íQëwê�ñ�ð	ç-æ�ð§æ�ë-è����kæJ�Cñkð	îäèPO
ìÁñ
��ñ+�	æKì$æ���éwí���éwæH�	æ�ëLð	ç-æ�		îäí$ê!ñkëN�	èäë-ì$ç-íQéwæ�ëLí?ê�èäëÎéwæ�ëAð�ñkçwñKñ ì$æ��	ëÎéwç-ï����kæH�	í?ê��Qéwæ&�	æ�ë~	�ñkë-íÁñ
�	æ�ë
í$êíukfwv x�b1��vy(�a�ìÁñkð�ñ
F$íQë3�	í!ë-æ�îäï	ì$èäæ���ñkçRé�ñkèäë/ð	ç-æ�		îäí$ê!ñkë/í2�	í�ñkì$í$îäí$çwñkç=ñJæ�	�éwí������kæB��ñ ë-æ�îäï����kæ
�	æ�ëCê�í$ë-ê�æ�ë��

E ëFð	ç-è��	ì$èäð�ñkèäë¢ì$æ��	ì$îäï	ë"M�í$ë?ñ
�}ï	è§æ�	�éwè���ñkëI�	è�F$í$ê ç-í$ë-ð§í$èhéwæi1kë{ëwíWé�í�éwí$ë-í$ësásæ�ç-ê�ï	î�ñ���ñkëI��ñ/ë-í����kæ
Þ�� Ý ��
�ë/ìÁñkð�Lhéwï	îäæ�ë Y í`�9ásï�����ñkê�í���é�ñkçwñkê�ñ9á�ñkê�Läîhèäñ9�	æ�ë/ê��Qéwæ��	æ�ën� *�fwvSa5(
�5*�%Sukfwv x�b�*�vy(0!
v�b��}ï	í
ë-ï	ëÎéwí���é�ñkê�ñ��)a$b�a��çv1��í ñ �¡a$b�a��çv v1�A
/��ñ�ê�í��	è���ñg�}ï	í4�	í$ê�æ��	ëÎéwçwñkê ì$æ�ê�æ ìQæ��	ëÎé�ç-ï	èäç�ç-í���è�M�í$ë
�	í�è��}éwí$ç-í$ë-ë-í2�	í�		ï	ë-ìÁñ��	í�ê�í��	æ�çJ,�æ�îäï	ê�í4�	æ=�}ï	í�ñkë/ð	ç-æ�ð§æ�ëÎé�ñkë���ñJîäèhéwí$çwñ�éwï	çwñ)ñ�éwï�ñkî¢í�ì$æ�ê�æ
ï�éwèäîäè8FÁñkçRè��.ásæ�ç-ê!ñ
��M�í$ëX@(U ìÁñkîäì$ï	î�ñ���ñkë;ð�ñkçwñJæ�	�éwí$ç=ï	ê!ñJç-í��	ï����kæ ñkè8����ñ ê!ñkèäækçH�	í$ëÎéWñ ç-í���è �kæ��	í
è���éwí$ç-í$ë-ë-í��	íH		ï	ë-ìÁñ.�

° ï�ñ
�}éwæH1Kð	ç-æ�ð¾æ�ë-è����kæJ�	í$ë-ì$ç-èhé�ñJ��ñ_�¡a$b�a��çv v v1�ç
}ñ�èäê�ð	îäí$ê í��}é�ñ
���kæ+�	æ�ë�ñkî���æ�ç-èÚéwê æ�ë
MPESCí

HISPE
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M ��*�
D(n, n)←M(n, n)���
U(n, n)← 1� �
j ← n− 1�*� �o�N�,���*�

���
U(j, n)←M(j, n)/D(n, n)� �
j ← j − 1��� �)�c�I���

j ≤ 1���
j ← n− 1�I��� �o�N�����*�

�����
D(j, j)←M(j, j)�D�*�
k ← n− 1�I��� �o�N�,���*�

� � �
D(j, j)← D(j, j)−D(k, k) ∗ U(j, k)2�D�*�
k ← k − 1�I��� �)�c�I���

k ≤ 1� � �
U(j, j)← 1�I���
i← j − 1�I��� �o�N�,���*�

�$���
U(i, j)←M(i, j)�*���
k ← j + 1���*� �o�N�����*�

�$���
U(i, j)← U(i, j)−D(k, k) ∗ U(i, k) ∗ U(j, k)� � �
k ← k + 1���*� �)���H���

k ≤ n�$���
U(i, j)U(i, j)/D(j, j)� � �
i← i− 1�$��� �)�c�I���

i ≤ 1�$���
j ← j − 1����� �)�c�I���

j ≤ 1���������)�4���)�)�$�I���3�
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