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Abstract

In classical mechanics, we can define trajectory as the path followed by a body or a

particle during its time evolution. If one knows the dynamics of a particle, the knowledge

of the position and momentum in a given instant of time is sufficient to predict its entire

trajectory. However, in quantum mechanics the trajectory of a single particle is an ill

defined concept, since, as a consequence of the Heisenberg uncertainty relation, one is not

able to simultaneously know its position and momentum. Nevertheless, Wiseman [New

Journal of Physics 9, 165 (2007)] proposed an operational way to define the average tra-

jectory of an ensemble of quantum particles using the weak measurement protocol, which

is a procedure developed by Aharonov, Albert and Vaidman [Physical Review Letters 60,

1351 (1988)] with the purpose of performing a measurement barely changing the system

state. Building on Wiseman’s idea, Kocsis et al. [Science 332, 1170 (2011)] have exper-

imentally demonstrated the reconstruction of average trajectories of single photons in a

double-slit interferometer. Their strategy consisted in making a weak measurement of the

photon momentum followed by a post-selection in a given position. In this way, they were

able to map the weak value of momentum as a function of position and, using this in-

formation, to reconstruct the average trajectories of a post-selected ensemble of photons.

In this dissertation, we present a review of the weak measurement protocol and some

of its most recent extensions, applications and interpretations. Within this framework,

we reproduced the results obtained by Kocsis et al. and analyse some different scenarios

through numerical simulations.
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Resumo

Em mecânica clássica, podemos definir trajetória como o caminho percorrido por um

corpo ou uma part́ıcula durante sua evolução temporal. Uma vez que se saiba a dinâmica

da part́ıcula, o conhecimento da posição e do momento em um dado instante de tempo

é suficiente para prever a trajetória completa. No entanto, em mecânica quântica a tra-

jetória de uma part́ıcula única é um conceito mal definido, já que, como consequência da

relação de incerteza de Heisenberg, é imposśıvel conhecer sua posição e momento simul-

taneamente. Não obstante, Wiseman [New Journal of Physics 9, 165 (2007)] propôs uma

maneira operacional de definir a trajetória média de um ensemble de part́ıculas quânticas

usando o protocolo de medição fraca, que é um procedimento desenvolvido por Aharonov,

Albert e Vaidman [Physical Review Letters 60, 1351 (1988)] com o propósito de realizar

uma medição a qual praticamente não altera o estado do sistema. Trabalhando a ideia

original de Wiseman, Kocsis et al. [Science 332, 1170 (2011)] demonstraram experimen-

talmente a reconstrução de trajetórias médias usando fótons únicos em um interferômetro

de fenda dupla. A estratégia usada por eles consiste em realizar uma medição fraca do

momento do fóton seguido por uma pós-seleção numa certa posição. Dessa forma, eles

conseguem mapear o valor fraco do momento como função da posição e, usando essa

informação, reconstroem a trajetória média de um ensemble de fótons pós-selecionados.

Nesta dissertação, apresentamos uma revisão do protocolo de medição fraca e algumas de

suas mais recentes extensões, aplicações e interpretações. Dentro desse quadro, nós re-

produzimos os resultados obtidos por Kocsis et al. e analisamos alguns cenários diferentes

através de simulações numéricas.
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Introduction

The problem of determining trajectories of bodies and particles is an old object of study

in physics. Since early times, astronomers used ingenious calculations to predict future

positions of planets and comets. Earthly questions were also addressed, for instance,

the question about the fastest route a particle can take under the action of a uniform

gravitational field, given fixed initial and final points — which was proven to be a curve

called brachistochrone. As an example of an application, we may cite the operation of

a mass spectrometer, which measures the radius of the circular trajectory of a charged

particle in a homogeneous magnetic field in order to provide its charge-to-mass ratio. For

instance, this technique can be used to determine the molecular composition of a sample,

if one knows in advance the charge-to-mass ratio of its constituents.

With the advent of quantum theory, this scenario has changed. Developed in the

beginning of the twentieth century as an attempt to explain the results observed in the

atomic scale which could not be understood using classical physics, quantum mechanics

abdicated the concept of trajectory of a single particle. One of the most basic and im-

portant results of this theory, the Heisenberg uncertainty relation, states that subsequent

measurements of position and momentum irrevocably disturbs each other [1, 2]. As a

consequence, one may never know simultaneously both quantities with full precision for

a single quantum particle, being impossible to define its trajectory.

The problem of performing a measurement without appreciably disturbing the state of

the system was addressed by Aharonov, Albert and Vaidman in 1988 [3]. Using elementary

rules of quantum mechanics, they proposed a new measurement procedure whose goal

was to extract information from a quantum system without perturbing its state. The

procedure is called the weak measurement protocol and consists in weaken the interaction

between the quantum system and the measurement apparatus in such a way that the

disturbance caused by their interaction is minimal. This is followed by a post-selection in

the quantum system, giving as a result the so-called weak value, which can be extracted

from the measuring device after the protocol is over. Since the interaction between the

systems is weak, in one run the measurement result is inconclusive and it is necessary to

repeat the experiment many times in order to extract valuable information, which comes

in the form of the weak value.

Using the weak measurement concept described above, in 2007 Wiseman [4] proposed

v



Introduction vi

an operational definition for average trajectories in quantum mechanics. In 2011, Kocsis et

al. [5] experimentally demonstrated these average trajectories using the suggestion given

by Wiseman with some small modifications. Their idea was to make a weak measurement

of the momentum of a quantum particle followed by a post-selection of position. As a

consequence, one would have a map of the weak value of the momentum as a function

of position and could use this information to reconstruct the average trajectories of an

ensemble of particles which were post-selected in a given position. The work of Kocsis et

al. consisted in reconstructing these average trajectories for single photons in a double-

slit-like interferometer. It is important to note that, since determining the weak value

requires one to repeat the experiment many times, the trajectories reconstructed using

this method represent average trajectories of an ensemble of particles and respect the

Heisenberg uncertainty relation.

In this dissertation, our main goals are to present an introduction to the weak mea-

surement protocol, including extensions and applications, and to use the protocol to

investigate the problem of reconstructing average trajectories of photons (one or more)

in a double-slit interferometer. In order to do so, we start chapter 1 presenting a brief

revision of the of the standard measurement theory in quantum mechanics. Next, we

introduce the weak measurement protocol and compare both methods, stressing their dif-

ferences. We highlight some interesting features of the weak value and present an example

of how to calculate it. In chapter 2 we go deeper in the discussion about weak values,

presenting some extensions of the idea, such as the joint weak value. Later, we present

applications which brought a lot of attention to the weak measurement protocol recently,

like the measurement of the spin Hall effect of light [6] and the direct measurement of a

wavefunction [7]. Current interpretations of the weak value are quickly presented, giving

special attention to the case where weak values can be interpreted as conditioned averages

of an observable. Chapter 3 will be dedicated to the problem of trajectory reconstruction

in quantum mechanics. We start the chapter discussing the procedure for reconstructing

trajectories in classical and quantum mechanics. Then, we present our results for the av-

erage trajectories of single photons in a double-slit interferometer, obtained via numerical

simulations. The results by Kocsis et al. [5] are reproduced and, in addition, we analyse

different scenarios. Thereafter, their experiment is explained in order to show how the av-

erage trajectories are reconstructed in practice. Finally, we briefly discuss the possibilities

of reconstructing the trajectories when a bi-photon is sent through the interferometer.



Chapter 1

Standard and Weak Measurements

in Quantum Mechanics

The weak measurement protocol was presented in an article by Aharonov, Albert and

Vaidman (hereafter referred to as AAV) as a measurement procedure hidden in the quan-

tum formalism which could lead to fantastic results [3]. In their article, AAV argue that

a weak measurement of an observable could return values outside the range of allowed

eigenvalues. Although the previous affirmation seems to defy the postulates of quantum

mechanics, AAV themselves urge to clarify that their result does not contradict the ele-

mentary rules of quantum physics [3, 8]. Nevertheless, how could a quantum mechanical

measurement of an observable return a value which is not one of its eigenvalues? This

chapter is dedicated to present the weak measurement protocol and the weak value, show-

ing the necessary conditions and the procedure one must follow in order to obtain such

unexpected results. Here we only discuss the basic ideas of the process, leaving more

thorny issues, such as interpretations and applications, for the next chapter.

We begin in section 1.1 presenting a brief introduction about how projective mea-

surements are performed in quantum mechanics, enunciating the postulates of quantum

mechanics, and discussing how projective measurements are performed using the quantum

mechanical formalism. In section 1.2, we present the weak measurement protocol itself,

demonstrating that the result of this new measurement procedure is the weak value. We

show the conditions where the weak approximation is valid and, in order to clarify the

nature of the effect, compare the calculations with and without approximations. Once we

have defined the weak value, it is easy to see that it is a complex quantity. Therefore, we

need to establish how to measure its real and imaginary parts. This important question is

addressed in section 1.3, in which we demonstrate its relation with the expected values of

other physical observables that can be measured in the laboratory. Finally, in section 1.4

we present an optical apparatus in which is possible to implement weak measurements.

This simple example will be useful to discuss some basic aspects of the protocol.

1



Chapter 1. Standard and Weak Measurements in Quantum Mechanics 2

1.1 Measurements in Quantum Mechanics

In classical physics, it is commonly assumed that the act of measurement does not

disturb the system under study. Or, being more rigorous, we could always assume that

is possible to devise an experiment in which the disturbance caused by the measurement

apparatus is so small that it may be neglected. In thermodynamics, for example, we

could suppose the existence of a thermometer which has a small enough heat capacity, in

such a way that it reaches the thermal equilibrium with the heat bath barely changing the

temperature of the bath. In other branches of classical physics, such as classical mechanics

and electromagnetism, similar ideas can also be applied.

Unlike the classical theories, in quantum physics the disturbance caused by the act

of measurement cannot be neglected. The standard measurement procedure in quantum

mechanics inevitably changes the state of the system being studied. In this section, we

will use the quantum mechanical formalism to describe the measurement process.1

1.1.1 The Postulates of Quantum Mechanics

First of all, we present the postulates of quantum mechanics. Here, we follow closely

the statements made in reference [11].

Postulate 1

The state of a closed physical system at each instant is represented by a ket |ψ〉 in the

state space.

Postulate 2

To every physical quantity A of a physical system there is a correspondent Hermitian

operator Â which acts on the kets |ψ〉 used to describe the system. The only possible

result of a measurement of this observable is one of the eigenvalues am of Â.

Postulate 3

The time evolution of the state of a quantum system is described by

|ψ(t)〉 = Û(t, t0) |ψ(t0)〉 , (1.1)

where the unitary operator Û is given by

Û = exp

(
− i

~

∫
Ĥdt

)
(1.2)

1Only projective measurements will be discussed in this section. The interested reader could find a
brief introduction about generalised measurements in quantum mechanics in references [9, 10].
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and preserves the normalisation of the ket |ψ(t)〉, with Ĥ being the Hamiltonian operator

of the system.

Postulate 4

When a measurement of an observable A is made on a generic state |ψ〉, the probability

of obtaining an eigenvalue am is given by

P = | 〈am|ψ〉 |2, (1.3)

where |am〉 is the eigenstate of A corresponding to the eigenvalue am. Immediately after

the measurement, the state of the system will be the normalised eigenstate |am〉 of A.2

Note that Postulates 2 and 4 are directly related to measurements in quantum me-

chanics, therefore we will give special attention to them. According to Postulate 2, the

eigenvalues am of the operator Â are the only possible results of a strong measurement3

of the observable A. Therefore, we can conclude that the lowest and highest possible

results of such measurement are the minimum amin and maximum amax eigenvalues of Â.

The Postulate 4 is responsible for making the connection between the abstract quantum

state |ψ〉 to the results of measurements performed in quantum systems. Note that this

Postulate gives only the probabilities of a given result to occur. Therefore, we need to

measure an ensemble of identically prepared systems in order to check the predictions of

equation (1.3).

It is also important to note that, according to Postulate 4, right after the measurement

takes place, the state of the system changes from the |ψ〉 to the eigenstate |am〉 of the

observable A associated with the result of the experiment am. This is the irrevocably

change caused by the act of measurement in the quantum system which we have mentioned

before. The only case where this abrupt change is not observed is when the state of the

system before the measurement is already an eigenstate |am〉 of the observableAmeasured.

In this case, we can predict with full certainty the measurement result, which will be the

eigenvalue am, and after the measurement the system will be found in the same state.

Nevertheless, in general, we can state that a strong measurement will change the state of

the system in an unpredictable and unavoidable way.

2Unless we have a degenerate eigenvalue, i.e., an eigenvalue which is associated with more than one
eigenvector. In these cases, the state of the system after the measurement will be a superposition of these
eigenvectors.

3Along this dissertation we use the term ‘strong measurement’ to refer to standard measurements in
quantum mechanics. We choose this term in opposition to ‘weak measurements’, the main theme treated
here.
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1.1.2 The Measurement Process

Now that we have discussed the basic aspects of the quantum theory we turn our

attention to the measurement process itself. To perform a measurement we need to use

a device (or apparatus) which is capable to probe the system under investigation. It is

necessary to establish an interaction between them in such a way that we can correlate the

changes observed in the device to the physical attribute of the system we are interested.

To illustrate the idea, we use the example of the thermometer again. In this case one

associates the mercury level inside the tube to the temperature of the body which the

thermometer is put in contact with. It is known that both systems will exchange heat —

the interaction — and, after a while, they will reach thermal equilibrium — a correlation

between their temperatures. At this point the height of the mercury column inside the

thermometer will allow the experimenter to infer the temperature of the body.

In classical mechanics, to model the interaction between the system under investigation

S and the measuring apparatus M, we may use the following Hamiltonian

H = g(t)PA, (1.4)

where P is the momentum ofM and A is the dynamical variable of S which we are inter-

ested to measure. The coupling parameter g(t) represents the strength of the interaction

between the two systems and is different from zero only during the time they interact

(ti < t < tf ). Using the Hamilton’s equation of motion for X, we have [12]

dX

dt
=
∂H

∂P
= g(t)A, (1.5)

where we used (1.4) in the last step. If we integrate the above equation in the time interval

from ti to tf , i.e., the time the interaction has lasted, we have

∆x = xf − xi = A

∫ tf

ti

g(t)dt, (1.6)

where xi and xf are the positions of M before and after the interaction between both

systems. Therefore, once the integral of g(t) is known, one can infer the value of the

observable A from the change in the position ∆x of the measurement apparatus.

1.1.3 Describing a Measurement Using the Quantum Mechani-

cal Formalism

Measurements in quantum systems follow the same idea presented in the previous

section. To implement them we need to interact the measurement device M and the

quantum system S in order to create a correlation between a macroscopic dynamical
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variable of M and the observable of interest of S. We now describe the measurement

process using the quantum mechanical formalism. The argument presented here follows

closely the one given in reference [13].

State Preparation

Imagine that we have a quantum system S prepared in an unknown state |ψi〉 from

which we would like to know the value of the observable A. Firstly, we note that we may

use the completeness relation [2]

Î =
N∑
n=1

|an〉〈an|, (1.7)

where Î is the identity operator acting on an N -dimensional Hilbert space, to rewrite the

initial state |ψi〉 in the basis formed by the eigenvectors |an〉 of the operator Â as

|ψi〉 =
N∑
n=1

〈an|ψi〉 |an〉. (1.8)

An ideal measuring deviceM would have well defined initial and final value of position

X from which we could read the value of the observable of interest A. Here we consider

a typical situation, in which the initial state of the measuring device |φi〉 is a Gaussian,

centred at xi = 0 with a spreading σ, such that4

|φi〉 =

∫
dx 〈x|φi〉 |x〉 =

∫
dx exp

(
−x2

(2σ)2

)
|x〉 . (1.9)

This state could represent the spatial state of a laser beam which has a Gaussian profile,

for example. Remembering that the state in the momentum representation ψ′(k), where

k = P/~, is proportional to the Fourier transform of the wavefunction F{ψ(x)} [1],

namely,

ψ′(k) = ~−1/2F{ψ(x)} = (2π~)−1/2
∫
dx exp(−ikx)ψ(x), (1.10)

we can rewrite the initial state |φi〉 of M in the basis of the momentum operator as

|φi〉 =

∫
dk 〈k|φi〉 |k〉 = ~−1/2

∫
dk exp(−σ2k2) |k〉 . (1.11)

Therefore, equations (1.8) and (1.11) describe the initial state of the global system, which

is

|Ψi〉 = |ψi〉 ⊗ |φi〉 . (1.12)

4Here we used the completeness relation for continuous variables, which can be stated as Î =∫
dx |x〉〈x|.
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The first part of the measurement process ends here, the system preparation.

Interaction

The next step is to establish an interaction between the systems S and M. This

interaction is described by the coupling Hamiltonian

Ĥ = g(t)P̂ ⊗ Â, (1.13)

as proposed by von Neumann in reference [14]. P̂ is the operator associated to the

macroscopic dynamical variable P of the measuring system M, while Â is the operator

associated to the observable A of the system of interest S. According to Postulate 3, the

evolution of these systems will be described by the unitary operator Û given by equation

(1.2), namely,

Û = exp

(
− i

~

∫
g(t) dt P̂ ⊗ Â

)
, (1.14)

where we used the Hamiltonian (1.13). We define the constant c, which will give the

strength of the coupling interaction between the measurement apparatus and the quantum

system, as

c =

∫ tf

ti

g(t) dt, (1.15)

where ti and tf are the instants where the interaction started and finished, respectively.

Using this definition together with equation (1.14), we have

Û = exp(−ick̂ ⊗ Â), (1.16)

where k̂ = P̂ /~. Applying the evolution operator (1.16) in the initial state (1.12) and

using equations (1.8) and (1.11), we conclude that after interaction the systems will be

found in the state5

|Ψ〉 = Û |ψi〉 |φi〉 = ~−1/2
N∑
n=1

〈an|ψi〉
∫
dk exp(−σ2k2) exp(ickan) |an〉 |k〉. (1.17)

Using again the fact that ψ′(k) is proportional to the Fourier transform of ψ(x), we

can rewrite above equation in the basis of the X̂ as

|Ψ〉 =
N∑
n=1

〈an|ψi〉
∫
dx exp

(
−(x− can)2

(2σ)2

)
|an〉 |x〉

=
N∑
n=1

〈an|ψi〉 |an〉 |φn〉 ,

(1.18)

5Henceforth, we will omit the tensor product sign ⊗, since its presence is clear from the context.
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where |φn〉 is defined as

|φn〉 =

∫
dx exp

(
−(x− can)2

(2σ)2

)
|x〉 . (1.19)

In the basis of the eigenstates |x〉 of the operator X̂, the states |φn〉’s (for n = 1, . . . , N)

of the measuring apparatus are Gaussians distributions centred at x = can with a disper-

sion σ, as shown in figure 1.1. Equation (1.18) describes the global state of the systems

S and M after their interaction, which is an entangled state.6 This interaction is the

responsible for establishing the correlation between S and M needed to perform the

measurement, as we will see next. This correlation is also illustrated in figure 1.1.

Figure 1.1: Graphical representation of the entangled state of equation (1.18) for N = 4.
Each of the Gaussians φn(x) representing the state of the measuring apparatus M is
centred at can. Each of these states of M is associated to a state |an〉 of the system S.
In the limit of an ideal measurement, the overlap between these φn(x)’s is negligible and
we may determine unequivocally the state of the system S based on the result x = cam
read in the measurement device.

Reading of the Measurement Result

The third and last part of the process is the reading of the result in the measurement

device. In the case of a standard measurement, the dispersion σ of the φn(x)’s is much

6An entangled pure state is a pure state of a composite system which cannot be written as a tensor
product of the states of its subsystems, i.e., |Ψ12〉 6= |ψ1〉 |φ2〉. For instance, unless 〈an|ψi〉 = δin (for any
n = 1, . . . , N) in (1.18), the global state of S and M will be entangled.
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smaller than the distance between two peaks corresponding to consecutive eigenvalues

an’s, that is,

σ << c (an+1 − an). (1.20)

Thus the overlap between the Gaussians will be negligible. In this regime, assume that

the reading of the measuring system M gives x ' cam, which corresponds to project M
in the state |cam〉. Then, from equation (1.18), the state of S becomes

|ψf〉 = 〈cam|Ψ〉 =
N∑
n=1

〈an|ψi〉
∫
dx exp

(
− (x− can)2

(2σ)2

)
|an〉 〈cam|x〉

=
N∑
n=1

〈an|ψi〉 exp

(
− (cam − can)2

(2σ)2

)
|an〉 .

(1.21)

Using the condition given in equation (1.20) we conclude that

exp(−(cam − can)2/(2σ)2) ' 0, for any an 6= am. (1.22)

Finally, the final state of S after the measuring procedure will be

|ψf〉 ∝ 〈am|ψi〉 |am〉 . (1.23)

We conclude that a given reading of the measuring device corresponds to a certain eigen-

value am of the quantum system, revealing the value of the observable A.

In summary, the measuring process in the quantum mechanical formalism can be

divided in three steps:

1. System preparation. One needs to prepare the measuring deviceM in a known state

|φi〉. The observable used as meter, X for example, must have a definite and known

value xi in this initial state. The initial state |ψi〉 of the quantum system S does

not need to be known at this stage.

2. Interaction. Systems S and M interact, through the Hamiltonian (1.13). Thus,

a correlation between the eigenstates of the measured observable A and the eigen-

states of the meter observable X is created, i.e., we say that these observables are

entangled. This correlation allows one to know the state of S based on the result

read in the measuring apparatus.

3. Reading the result. When one reads the result of the measurement xf in the device,

the state of the measuring system is projected in an eigenstate |xf〉 associated to

the observable X. Thus, due to the correlation existent between systems S and

M, the state of the quantum system will also be projected in an eigenstate of the

measured observable A. The measurement result is given by the difference xf − xi.
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We stress that all the characteristics of an ideal measurement were achieved in the

process presented here:

1. The result of the measurement is always one of the eigenvalues am, as stated in

Postulate 2.

2. The probability of getting the eigenvalue am as a result is given by | 〈am|ψ〉 |2, as

stated in Postulate 4.

3. The system is left in the eigenstate |am〉 associated to the measured eigenvalue am,

as stated in Postulate 4.

1.2 Weak Measurements and the Weak Value

1.2.1 The Weak Measurement

Strong vs Weak Measurements

In the previous section we discussed how to perform a strong measurement: one must

associate unequivocally a state of the systemM to an eigenstate of the measured observ-

able A of the system S, as shown by figure 1.1. As a result of the act of measurement,

the state of S suddenly changes and becomes one of these eigenstates of A. Now, we

would like to devise a different measurement strategy which causes the smallest possi-

ble perturbation over the measured system S. In order to accomplish this goal, AAV

suggested that one should weaken the interaction, i.e., reduce the coupling parameter c,

between systems S and M during the act of measurement [3]. The procedure in this

weak measurement is the same as presented in last section and, after the interaction, the

global state of the system will also be given by equation (1.18). However, since we have

weakened the interaction between the systems, condition (1.20) does not hold anymore.

In fact, now we have

σ >> c (an+1 − an), (1.24)

which means that, in this case, the dispersion in the initial state |φi〉 of M, given by

(1.9), is much bigger than the separation between two consecutive eigenvalues. In this

type of low resolution measurement, in each run of the experiment the value registered

in the measurement apparatus is related to many eigenstates of A, since the dispersion σ

is much bigger than the distance between eigenvalues c(an − am), as shown in figure 1.2.

As a consequence, the perturbation caused by the act of measurement is reduced, since

S is left in a superposition of these unresolved states.7 Nevertheless, it is still possible to

7In this sense, in a weak measurement, systems S and M are less entangled than in the case of a
strong measurement.
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determine the average value of A in this limit of weak interaction. In order to do so, one

must repeat the experiment many times in identically prepared systems.

Figure 1.2: Graphical representation of the entangled state of equation (1.18) for N = 4
when the measurement performed is weak. Note that when one reads a given result
x = can in the measuring device, there is a relevant probability of the measured system
to be found in any of the states |an〉.

To clarify the concept, we use the measurement of the polarisation of a laser beam as an

example to compare weak and strong measurements. In order to measure the polarisation,

we use the transverse beam profile as a meter. To perform the experiment, one could

send a laser beam through a birefringent material which separates the components with

different polarisations by some distance a, as sketched in figure 1.3(a). In the case of a

strong measurement, the distance a is much bigger than the beam waist w0 and one can

easily infer the polarisation of each component, as shown in figure 1.3(b). However, if

the interaction between the laser and the birefringent material is weak, a will be smaller

than w0. As a consequence, one will not be able to resolve which is the polarisation of

each beam component after it passes the birefringent material and we say that a weak

measurement has been performed, as shown in figure 1.3(c).

The Weak Measurement Protocol

In their seminal work, AAV used the weak measurement idea to show an interesting

effect: a measurement protocol in which the meter M registers a result which could lie
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Figure 1.3: a) Schematic representation of a polarisation measurement of a laser beam.
The birefringent material is used to separate the components of the beam with different
polarisations. b) Transverse cut of the beam components after a strong measurement.
The components are spatially separated and it is possible to identify the polarisation
state of the beam by the position of the centre of the transverse profile. c) Transverse cut
of beam components after a weak measurement. Note how the overlap between them is
almost complete, making impossible to identify the polarisation of each component.

outside the range of allowed eigenvalues [3].8 Below we present the four steps of the

procedure proposed by AAV, whose result is called weak value.

1. Pre-selection. Systems S and M must be prepared in a known state. Since one

prepares S in a known initial state |ψi〉, this step is called pre-selection.

2. Weak interaction.9 S and M weakly interact with each other according to the

coupling Hamiltonian, given by equation (1.13). Since the interaction between these

systems is weak, after it takes place one is not able to resolve the eigenstates of S.

3. Post-selection. Before reading the result inM, we project S in a known state |ψf〉.
8This effect, also known as AAV effect, was presented by the first time by Aharonov et al. in reference

[15]. Nevertheless, the definition of a weak value and the proposal of the weak measurement as a protocol
are introduced by the first time in reference [3].

9In the literature, it is usual to refer to this part of the protocol as “weak measurement”. In this
dissertation, we make a clear distinction between “weak measurement” and “weak interaction” as exposed
later on.
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Only this post-selected part of the system of interest will be taken into account in

the result of this measurement process.

4. Weak value extraction. Finally, we need to extract the information, i.e., read the

result, in the measuring apparatus. In the case of a weak measurement, instead of

showing an eigenvalue an associated to the measured observable A, M will show

the weak value Aw, as defined by AAV.

Now we made an important distinction between three terms that will be extensively

used throughout this text:

• Weak Interaction: Refers to the nature of the interaction between two systems,

not necessarily related to an act of measurement. Is a necessary step to perform

weak measurements and the weak measurement protocol.

• Weak Measurement: Refers to a measurement process, as described in section

1.1, with the difference that the interaction between systems S and M is weak.

• Weak Measurement Protocol: Refers to the new measurement procedure pro-

posed by AAV [3] which consists in four steps: pre-selection, weak interaction,

post-selection and extraction of the weak value.

Once the protocol was presented, we proceed to define the weak value Aw and show

how this quantity appears in the context of the weak measurement protocol.

1.2.2 The Weak Value

We will demonstrate how the weak value, a number which is not restricted to be in the

interval of the possible eigenvalues of the measured observable and could even be complex,

is the value read in a measurement apparatus in the weak measurement protocol. Note

that we will constantly refer to the section 1.1, highlighting the main differences and

similarities between this protocol and the strong measurement process.

Again, the initial state of the global system is given by equation (1.12), where |ψi〉
and |φi〉 describe the initial state of systems S and M, respectively. Unlike the strong

measurement described in the previous section, in which |ψi〉 does not need to be known

a priori, in the case of the weak measurement protocol one must know |ψi〉, i.e., one must

make a pre-selection in the system S.

Following the pre-selection, a weak interaction between systems S and M described

by the coupling Hamiltonian (1.13) takes place. Then, the system evolves according to the

unitary operator Û , given by equation (1.16). However, due to the weakness of interaction,

we may use a Taylor expansion to approximate Û by

Û = Î − icÂk̂ − c2Â2k̂2 +O(c3), (1.25)
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where c is a parameter related to the coupling strength and is given by (1.15). If we

consider that only the term linear in c is a relevant correction, i.e., the interaction between

the measuring apparatus and the system of interest is weak, we may approximate the

global state after the interaction by

|Ψ〉 ' |ψi〉 |φi〉 − icÂ |ψi〉 k̂ |φi〉 . (1.26)

The next step in the weak measurement protocol is to make a post-selection in S, i.e.,

project it in a specific state |ψf〉. After the post-selection, the state |φ〉 of M will be

given by

|φ〉 = 〈ψf |Ψ〉 ' 〈ψf |ψi〉 |φi〉 − ic 〈ψf | Â |ψi〉 k̂ |φi〉 . (1.27)

Finally, putting the term 〈ψf |ψi〉 in evidence, we get

|φ〉 ' 〈ψf |ψi〉
(
|φi〉 − ic

〈ψf | Â |ψi〉
〈ψf |ψi〉

k̂ |φi〉
)
. (1.28)

The above equation describes the state of M after the post-selection. As the last step

of the weak measurement protocol, we only need to read the value registered by the

measurement apparatus from the state |φ〉. At this point we make an assumption about

the initial state |φi〉 of M: we assume it can be described by a distribution centred at

k = 0, for convenience, with a width ∆k. An example would be a Gaussian distribution.

In order to calculate the value read in the measurement device, we make another

approximation. Remembering that we are working in the weak measurement regime, we

approximate the linear term in the equation (1.28) by an exponential,

|φ〉 ' 〈ψf |ψi〉 exp

(
− ic〈ψf | Â |ψi〉

〈ψf |ψi〉
k̂

)
|φi〉 . (1.29)

This approximation can be done as long as we guarantee that∣∣∣∣c〈ψf | Â |ψi〉〈ψf |ψi〉
∆k

∣∣∣∣ >> ∣∣∣∣cn(〈ψf | Ân |ψi〉〈ψf |ψi〉

)
(∆k)n

∣∣∣∣ (1.30)

is satisfied for any n > 2, which means that the first term in the Taylor expansion is much

bigger than higher order terms, and∣∣∣∣c∆k 〈ψf | Â |ψi〉〈ψf |ψi〉

∣∣∣∣ << 1. (1.31)

Such conditions are obeyed when the interaction between the quantum system and the

measuring device is weak. Once we have done this approximation, we rewrite the state of
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the measurement apparatus in the basis of X̂, i.e.,

|φ〉 ' 〈ψf |ψi〉
∫
dx |x〉〈x| exp

(
− ic〈ψf | Â |ψi〉

〈ψf |ψi〉
k̂

)
|φi〉 . (1.32)

Using the fact that the momentum P̂ = ~k̂ is the generator of spatial translations [1]

exp(−ick̂) |x〉 = |x+ c〉 , (1.33)

we have that the final state of the measurement apparatus is

|φ〉 ' 〈ψf |ψi〉
∫
dx φi

(
x− c〈ψf | Â |ψi〉

〈ψf |ψi〉

)
|x〉 . (1.34)

Defining the weak value as

Aw ≡
〈ψf | Â |ψi〉
〈ψf |ψi〉

, (1.35)

and, in the same fashion as in the case of the strong measurement, assuming that φi(x)

is described by a Gaussian centred at x = 0 with dispersion σ, we have

|φ〉 ' (2πσ2)−1/4 〈ψf |ψi〉
∫
dx exp

(
− (x− cAw)2

(2σ)2

)
|x〉 . (1.36)

From equation (1.35) is evident that the weak value may be complex. Also, from equa-

tion (1.36), note that the displacement of the initial wavefunction φi will be proportional

to the weak value Aw. Also, compare this result with (1.19). While there the Gaussian

was centred in one of the eigenvalues an, here it is centred in the weak value Aw, in both

cases multiplied by the constant c. The difference is that, in section 1.1 the dispersion

σ was much smaller than the distance between two consecutive eigenvalues c(an+1 − an),

which allowed one to resolve the state of S based on the measured result x = can of M.

Now σ is much bigger than cRe(Aw), a consequence of the weak interaction between the

systems S and M. Therefore, the uncertainty in one measurement is much bigger than

the result read in the measuring apparatus. Nevertheless, if we repeat the experiment

many times in identically prepared systems, we note that the average result will always

converge to the same value x = cAw from which the weak value Aw could be extracted.

Since the value registered by the measurement apparatus after the weak measurement

protocol, i.e., the displacement of the wavefunction φ(x), is a number proportional to

Aw, AAV argue that this quantity represents the result of such measurement process [3].

From the definition (1.35) it is easy to understand why the weak value may assume values

outside the range of allowed eigenvalues: if one chooses the pre- and post-selected states

almost orthogonal, the denominator 〈ψf |ψi〉 will be close to zero and the weak value

could be much bigger than the Â’s highest eigenvalue amax or much smaller than its
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lowest eigenvalue amin. However, in the approximation we have done from equation (1.28)

to (1.29), we have assumed that the product |cAw∆k| was much smaller than 1. This

imposes a limit in the maximum achievable weak value,

|Aw| <<
1

c∆k
, (1.37)

since if its value is too large our approximation breaks down.10 Additionally, note there is

a term 〈ψf |ψi〉 in the final wavefunction of the measurement apparatus, equation (1.36).

This means that the probability of detection of the signal will be proportional to |〈ψf |ψi〉|2,
also imposing a practical limit to the measurement of large weak values, since in this case

〈ψf |ψi〉 is approximately zero.

Another interesting point that equation (1.36) makes clear is the possibility of using

anomalous weak values, which is the denomination for these weak values found outside

the range of allowed eigenvalues, to amplify small signals. In this case, one is interested

in determining the constant c related to the interaction between the systems S and M.

Sometimes, c is so small that experimenters have difficulties to measure it in the labora-

tory. Using the weak measurement protocol, one can devise an experiment in which the

weak value Aw is large enough to the term cAw to be measurable in the laboratory. Once

one calculates Aw, this procedure allows one to measure the value of c. We will discuss

this and other applications of the weak value in section 2.2.

As a final remark, it is important to note that the weak value is a complex quantity.

When we measure it as the displacement of a wavefunction as described above, we are

able to determine only its real part. This may be easily proven using equation (1.36) in

order to calculate |φ(x)|2, namely

|φ(x)|2 = | 〈x|φ〉 |2

=
| 〈ψf |ψi〉 |2√

2πσ
exp

(
− (x− cA∗w)2

(2σ)2

)
exp

(
− (x− cAw)2

(2σ)2

)
=
| 〈ψf |ψi〉 |2√

2πσ
exp

(
− [x− cRe(Aw)]2

2σ2

) (1.38)

Nevertheless, it is an easy task to devise a procedure to determine the imaginary part of

the weak value. A strategy to measure Im(Aw) will be discussed in section 1.3.

1.2.3 The Exact Result of the Weak Measurement Protocol

A more curious reader may ask what would be the result of a weak measurement

protocol if none of the approximations done above were considered. We analyse this

situation now.

10In section 2.1.2 we will see how we can use an extension in the weak value definition to describe
stronger interactions between systems S and M.
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Remember that the global state of the system after the interaction between systems

S and M is given by

|Ψ〉 = Û |ψi〉 |φi〉 = exp(−icÂk̂) |ψi〉 |φi〉 . (1.39)

Rewriting |ψi〉 in the basis of the operator Â, we have

|Ψ〉 =
N∑
n=1

〈an|ψi〉 exp(−icank̂) |an〉 |φi〉 . (1.40)

The next step in the weak measurement protocol is the post-selection of system S in the

state |ψf〉 =
∑

m 〈am|ψf〉 |am〉. Then

|φ〉 = 〈ψf |Ψ〉 =
N∑
n=1

M∑
m=1

〈ψf |am〉 〈an|ψi〉 exp(−icank̂) 〈am|an〉 |φi〉

=
N∑
n=1

〈ψf |an〉 〈an|ψi〉 exp(−icank̂) |φi〉 .

(1.41)

Following the same idea as in the previous demonstration, we write the state ofM in the

basis of X̂. Thus,

|φ〉 =
N∑
n=1

〈ψf |an〉 〈an|ψi〉
∫
dxφi(x− can) |x〉 . (1.42)

Note that the wavefunction φ(x) = 〈x|φ〉 ofM in this case is in a superposition of φi(x)’s,

each of them centred in a value proportional to an eigenvalue an of Â. To compare these

results with the one obtained previously, we assume φi(x) is given by

φi(x) = (2πσ2)−1/4 exp

(
−x2

(2σ)2

)
, (1.43)

a Gaussian distribution with centre at x = 0 and dispersion σ. Therefore, the state |φ〉
of the system M will be

|φ〉 = (2πσ2)−1/4
N∑
n=1

〈ψf |an〉 〈an|ψi〉
∫
dx exp

(
− (x− can)2

(2σ)2

)
|x〉 , (1.44)

which, in position representation, is a superposition of N Gaussians, each of which centred

at x = can with dispersion σ and complex coefficients given by 〈ψf |an〉 〈an|ψi〉.
Compare the results of equations (1.36) and (1.44). Both describe the state of the

measuring device after the post-selection, the last step in the weak measurement protocol

before reading the result. According to the exact result (1.44), this state is described by a
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superposition of N broad Gaussians centred at x = can, proportional to the eigenvalues of

the measured observable A. Note that the coefficients of this sum are not strictly positive

and it is possible that the terms cancel out each other. In the limit of a weak interaction,

the cancellation is almost complete and we are left, approximately, with a small Gaussian

centred in x = cAw, as stated in equation (1.36).

1.3 Measuring the Weak Value

In the last section we have seen how the weak value appears as a result of a weak

measurement protocol. It was demonstrated that we can measure its real part based on

the displacement of the wavefunction describing the measuring system. However, as its

definition in equation (1.35) makes clear, the weak value is a complex quantity. Therefore,

it is mandatory to design an experiment in which we are able to measure the imaginary

part of the weak value.

We start this section using a different method to show the proportionality between the

expectation value 〈X̂〉 of the measuring device position operator and the real part of the

weak value Aw. Then, we use a similar strategy to show how to measure the imaginary

part of Aw.

1.3.1 Measuring the Real Part of the Weak Value

To relate the real part of the weak value to a measurable quantity one may calculate

the expectation value 〈X̂〉 of the position operator of the system M in the state |φ〉,
right after the post-selection is made in system S, which is given by equation (1.28). The

arguments applied here follow closely the ideas presented by Lundeen and Resch [16].

We assume that the initial state φi(x) of the measuring apparatus in position repre-

sentation is given by equation (1.43). We shall calculate the expectation value 〈X〉 in the

state

|φ〉 = |φi〉 − icAwk̂ |φi〉 . (1.45)

Since, in quantum mechanics, the expectation value 〈Â〉 of an operator in a certain state

|χ〉 is given by

〈Â〉 = 〈χ| Â |χ〉 , (1.46)

we have

〈X̂〉 = 〈φ| X̂ |φ〉

= 〈φi| X̂ |φi〉 − icAw 〈φi| X̂k̂ |φi〉+ icA∗w 〈φi| k̂X̂ |φi〉+O(c2)

≈ 〈φi| X̂ |φi〉 − icRe(Aw) 〈φi| [X̂, k̂] |φi〉+ cIm(Aw) 〈φi| {X̂, k̂} |φi〉 ,

(1.47)

where we considered only linear terms in c. In the result above, we have used the defini-
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tions of the commutator

[Â, B̂] = ÂB̂ − B̂Â (1.48)

and the anti-commutator

{Â, B̂} = ÂB̂ + B̂Â (1.49)

between two operators. We will carefully analyse each of the three terms in the right side

of equation (1.47).

The first term is the expectation value of position in the initial state |φi〉, as one may

see from the definition (1.46). Since the initial wavefunction is a Gaussian distribution

centred at x = 0, we note that it is an even function of x. Therefore, by symmetry

arguments, it is easy to prove that

〈φi| X̂ |φi〉 = 0. (1.50)

To verify the contribution of the other two terms we must calculate the commutator

and anti-commutator of X̂ and k̂ in the state |φi〉 of system M. Remember that, in

position representation, the operators X̂ and k̂ act in a wavefunction ψ(x) as follows [1,2]

X̂ψ(x) = xψ(x) and k̂ψ(x) = −i∂ψ(x)

∂x
. (1.51)

Using the above relations, we calculate the expectation values of the products between X̂

and k̂,

〈φi| X̂k̂ |φi〉 =
1√
2π

i

2σ3

∫ ∞
−∞

dx x2 exp

(
−x2

2σ2

)
(1.52)

and

〈φi| k̂X̂ |φi〉 =
i√
2πσ

[
1

2σ2

∫ ∞
−∞

dx x2 exp

(
−x2

2σ2

)
−
∫ ∞
−∞

dx exp

(
−x2

2σ2

)]
. (1.53)

These Gaussian integrals are easily calculated and it is possible to show that

〈φi| X̂k̂ |φi〉 =
i

2
and 〈φi| k̂X̂ |φi〉 = − i

2
. (1.54)

Hence, the expectation value of the anti-commutator is

〈φi| {X̂, k̂} |φi〉 = 0, (1.55)

and of the commutator is

〈φi| [X̂, k̂] |φi〉 = i, (1.56)

as we expected, since this commutator is one of the most famous relationships in quantum

mechanics and can be found in any decent book about the subject [1,2]. As one may see,
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the term proportional to the commutator between X̂ and k̂ is the only non-zero term in

equation (1.47). Consequently, using the results obtained in equations (1.50), (1.55) and

(1.56), we conclude that

〈φ| X̂ |φ〉 ' cRe(Aw). (1.57)

The above equation proves that the real part of the weak value Aw is proportional to

the expectation value 〈X̂〉 of the position operator of system M in the state |φ〉. Now,

we move on to prove, in a similar fashion, how to measure the imaginary part of the weak

value.

1.3.2 Measuring the Imaginary Part of the Weak Value

The strategy applied here is closely related to the previous demonstration. Instead of

calculating the expectation value 〈X̂〉 of the position operator, this time we will calculate

the expectation value of its canonically conjugated observable, the momentum k̂, in the

same state |φ〉. Then, using equation (1.45) and considering only linear terms in c, we

have

〈φ| k̂ |φ〉 ' 〈φi| k̂ |φi〉 − icRe(Aw) 〈φi| (k̂2 − k̂2) |φi〉+ cIm(Aw) 〈φi| (k̂2 + k̂2) |φi〉 . (1.58)

From the above equation it is obvious that the term proportional to the real part of the

weak value is zero. In position representation, the first term could be written as

〈φi| k̂ |φi〉 =
1√
2π

i

2σ3

∫ ∞
−∞

dx x exp

(
−x2

2σ2

)
. (1.59)

Since we are integrating an odd function in x over an interval centred at x = 0, by

symmetry arguments, it is clear that the result of this integral is 0. Therefore,

〈φ| k̂ |φ〉 ' 2cIm(Aw) 〈φi| k̂2 |φi〉 , (1.60)

showing that the expectation value of k̂ is directly proportional to the imaginary part of

the weak value. Since 〈x|φi〉 is given by equation (1.43), we have

〈φi| k̂2 |φi〉 =
1√
2π

1

2σ3

[ ∫ ∞
−∞

dx exp

(
−x2

2σ2

)
− 1

(2σ)2

∫ ∞
−∞

dx x2 exp

(
−x2

2σ2

)]
. (1.61)

Solving the integrals, we are left with

〈φi| k̂2 |φi〉 =
1

2σ2
− 1

4σ2
=

1

4σ2
. (1.62)

Finally,

〈φ| k̂ |φ〉 ' c

2σ2
Im(Aw). (1.63)
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Therefore, in order to measure the imaginary part of the weak value Aw all we need is

to measure the expectation value 〈φ| k̂ |φ〉 of the momentum of the measuring apparatus

in the state |φ〉. We stress that different observables of the measuring system could have

been used in this demonstration, the important property here being the fact they are

canonically conjugated with each other [16]. For instance, we could have obtained similar

results using different components of the polarisation, as we will see in chapter 3.

The purpose of this demonstration is to show that, although the weak value is a

complex variable, it can be written in terms of expectation values of common quantum

observables, like position and momentum. It also allows one to measure both parts of

the weak value in the laboratory in a straightforward way. Once we have established the

weak measurement idea in solid grounds, we proceed to describe a simple experimental

setup in which the weak measurement protocol can be implemented.

1.4 An Optical Example

1.4.1 The Experimental Setup

In order to illustrate the weak measurement protocol, we will describe how a simple

optical apparatus may be used to measure the weak value Sw of the polarisation of a laser

beam11, with the operator Ŝ defined as

Ŝ = |H〉〈H| − |V 〉〈V | , (1.64)

where |H〉 and |V 〉 represent the states with horizontal and vertical polarisations, respec-

tively. In this case, the transverse profile of the beam will play the role of the measuring

device. The setup presented here is similar to the one proposed by Duck et al. [13].

Although this experiment may also be understood as the superposition of classical elec-

tromagnetic waves [20], it is a useful example to discuss some of the basic aspects of the

weak measurement formalism.

Pre-selection

The experimental setup is schematically shown in figure 1.4. The laser beam is col-

limated and propagates in the z direction in the paraxial regime. It is prepared in a

Gaussian mode with a beam waist w0. To prepare the polarisation initial state |ψi〉, one

uses a half wave plate (HWP) and a quarter wave plate (QWP). Once knowing the polar-

isation of the laser beam, we may use this configuration of plates to prepare any desired

11The first experimental tests of the weak measurement protocol were made in optical systems and were
concerned in measuring the weak value of polarisation of a laser beam [17, 18] following the suggestions
of references [13,19].
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Figure 1.4: Scheme representing the experimental optical setup to measure the real part
of the weak value Re(Sw). The imaginary part Im(Sw) could be measured including a
lens between the crystal and the polariser in order to project the far field of the crystal
in the CCD sensor.

polarisation state. Thus,

|ψi〉 = cosα |H〉+ eiθ sinα |V 〉 , (1.65)

where α is twice the angle between the polarisation of incoming light and the fast axis of

the HWP and θ is the angle between the polarisation of incoming light and the fast axis

of the QWP.

Weak Interaction

The weak interaction is implemented using a slab of a birefringent material, such

as quartz or calcite. Such materials have the interesting property of having different

refraction indices for different polarisations of light [21]. Therefore, as the beam passes

through the material, different components of polarisation, |H〉 and |V 〉 for example, will

be displaced by different amounts. Since the interaction between the laser beam and the

birefringent crystal is weak, the distance between the centre of the transverse profile of

the displaced beams a will be much smaller than the beam waist w0. Therefore, although

there is a correlation between the transverse profile and the polarisation of the beam, it

is not strong enough to identify the beam polarisation based on the position of the centre

of the transverse profile [see figure 1.3(c)].

Post-Selection

After the laser interacts with the birefringent material, one uses a polariser to post-

select its polarisation state. The polariser is placed making an angle β with the horizontal
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axis, such that the post-selected state |ψf〉 is written in the H-V basis as

|ψf〉 = cos β |H〉+ sin β |V 〉 . (1.66)

Reading out the Weak Value

To read the weak value, one measures the intensity profile of the beam, using a charge

coupled device (CCD) sensor. As we have seen previously, it is possible to measure the

real part of the weak value based on the displacement of the wavefunction, or of the beam

transverse intensity profile in the present case, due to the weak interaction.

First, one must measure the profile of the post-selected beam without the presence of

the birefringent crystal. Then, the weak measurement protocol is implemented following

the previous three steps and finally recording the beam intensity at the CCD. Using both

recorded intensities, one may calculate the difference between their peaks, which should

be equal to aRe(Sw). In this setup, the constant a is the distance between the transverse

profile centre of the two beam components. To determinate its value, one chooses a specific

set of pre- and post-selected states and calculates the weak value Sw from the definition

in equation (1.35). Then, from the measured displacement of the intensity profile, one

may calculate the value of the constant a. Once a is determined, it is possible to read the

real part of the weak value from the measured displacement of the intensity profile.

In order to measure the imaginary part of the weak value Im(Sw), one may use a

lens to image the Fourier plane of the crystal in the CCD, in such a way that each pixel

will correspond to a post-selection in momentum [22]. Using this apparatus, we may

easily measure the expectation value of 〈k̂〉 and from it, as shown in the previous section,

calculate Im(Sw).

1.4.2 Calculating Weak Values

Firstly, we prove a general property of weak values Aw. If one pre-selects the system in

an eigenstate of the observable A, the weak value will be equal to the eigenvalue associated

to that eigenstate. The demonstration is straightforward,

Aw =
〈ψf | Â |ai〉
〈ψf |ai〉

= ai
〈ψf |ai〉
〈ψf |ai〉

= ai. (1.67)

Note that the same occurs when one post-selects the system in an eigenstate of A.

Now, we would like to analyse the weak values of the laser beam polarisation. Using

equation (1.64) and the pre- and post-selected states of equations (1.65) and (1.66), we

may calculate the weak value dependence with the angles α, β and θ, using the definition
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(1.35). Therefore,

Sw(α, β, θ) =
〈ψf | Ŝ |ψi〉
〈ψf |ψi〉

=
cos β cosα− eiθ sin β sinα

cos β cosα + eiθ sin β sinα
. (1.68)

Equation (1.68) gives the weak value for any pair of pre- and post-selected states we choose

to measure. Therefore, if we fix the pre-selected state, i.e., the angles α and θ, we may

plot the weak value Sw as a function of the angle β, which determines the post-selected

state.

The data presented in the following graphs were generated considering four different

initial states: the eigenstates of operator Ŝ, |H〉 and |V 〉; the diagonal state, |D〉 = (|H〉+
|V 〉)
√

2; and the right-circular polarisation state, |R〉 = (|H〉+ i |V 〉)
√

2. As proved in the

beginning of this section, once the initial states are eigenstates of the observable of interest,

the weak values will be the eigenvalues associated to these eigenstates, independent of

the post-selection we choose to make, as shown in figure 1.5. Observe that there is a

region where Sw assume anomalous values, i.e., they are bigger (or smaller) than the

allowed eigenvalues. For the pre-selected state |D〉, note that the weak value diverges

as β approaches 3π/4, which represents the state anti-diagonal |A〉, orthogonal to |D〉,
where Sw is not well defined. The other initial state considered, |R〉, is interesting because

in this case Im(Sw) is different from 0, as clearly shown in figure 1.6, leaving no doubts

about the complex nature of Sw. Although, as pointed out in the last section, note that

this presents no menace to the weak value definition, since it is possible to measure this

imaginary part with the appropriate apparatus.
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Figure 1.5: Real part of the weak value Re(Sw) as a function of the post-selection angle β
for four different initial states: |H〉, |V 〉, |D〉 = (|H〉+ |V 〉)

√
2 and |R〉 = (|H〉+ i |V 〉)

√
2.

Note the region where the Re(Sw) assumes anomalous values, being bigger (or smaller)
than the possible eigenvalues +1 and −1. When the initial states are the eigenstates of
S the weak value Sw is always the associated eigenvalue, independent of β.
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Figure 1.6: Imaginary part of the weak value Im(Sw) as a function of the angle β for
four different initial states: |H〉, |V 〉, |D〉 and |R〉. Note that only for |ψi〉 = |L〉 the
Im(Sw) is different from zero.



Chapter 2

Weak Values: Extensions,

Applications, and Interpretations

Once we have established the idea of the weak measurement protocol in solid grounds,

as done in chapter 1, we are now able to tackle more subtle questions about weak measure-

ments and the weak value. Since its very beginning, the history of the weak value has been

filled with discussions about the validity of the idea and its interpretations [3,8,13,23–25].

Duck et al. [13] explicitly showed that the weak value is a well defined quantum variable

and, later, Ritchie et al. [17] measured a weak value in the laboratory for the first time.

Although these works put the existence of the weak value beyond doubt, there were still

many questions about its meaning and usefulness. Since then many applications proved

that the weak values could be used as a valuable resource in the laboratory [6, 7, 26–29].

It is interesting to note that some of these applications used extensions of this quantity,

such as the joint weak values [29–32]. Nevertheless, the discussions about what the weak

value of an observable means have never ceased and no consensus was achieved until

now [33–36]. This chapter is devoted to present useful extensions of the weak value, some

of the most interesting applications using this concept and briefly discuss some currently

interpretations of this new quantum variable.

In section 2.1, we present two extensions of the weak value concept: the joint weak

value, which is an extension aimed to calculate the weak value of two or more variables

jointly, and the weak value of nth order, which can be used to describe interactions of

any strength. Then, in section 2.2, we move on to present some interesting applications

of the weak value. We can use its exquisite properties — such as being a complex val-

ued measurable quantity and not being restricted to lie between the interval of possible

eigenvalues — to perform useful tasks in laboratory, like amplifying a small signal. In

section 2.3 we briefly present two opposing views about the meaning of the weak value, a

topic which has not achieved a consensus until now. To finish the chapter, in section 2.4

we discuss how the weak value can be seen as a conditioned average of an observable, a

notion which will be essential for the discussions on chapter 3.

26
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2.1 Extensions of the Weak Value

2.1.1 Joint Weak Measurements

Joint Measurements

Joint measurements are a necessary experimental tool to implement many quantum

information protocols, such as quantum teleportation [37,38], entanglement swapping [39],

dense coding [40], among others. They also may be used to test fundamental concepts in

quantum mechanics [41–43] and to characterise the entanglement of a quantum mechanical

state [44, 45].

Despite its usefulness, the direct measurement of a joint observable C = AB is a

challenging experimental task. To measure C directly, one needs a coupling interaction

between the measuring apparatus M and and the quantum system S, here assumed to

be composed by two particles, a and b. This interaction is described by

Ĥ = gĈP̂ = gÂB̂P̂ , (2.1)

where P̂ is the momentum operator of the systemM and g is a coupling parameter, which

we assumed to be constant during the time of interaction between S andM. Note that in

this case there is only one degree of freedom of the measurement device to account for two

different observables related to particles a and b. As a consequence, to carry out the joint

measurement directly one would need to establish an interaction between the particles

and to know how this interaction works. This could be a problem in a system where the

particles do not interact with each other, like in the case of two photons, or when more

than two particles are involved, which could lead to more complicated interactions. To

circumvent this problem, one may adopt a different strategy which consists in measuring

each observable A and B separately and then computing their correlations to measure C.

In this new procedure, the Hamiltonian is given by

Ĥ = gAÂP̂x + gBB̂P̂y, (2.2)

where P̂x and P̂y are the momentum operators conjugated to two position operators X̂

and Ŷ of the measuring systems MA and MB, respectively.

We know that this procedure is feasible: it reduces to the problem of making two

single measurements, which we have seen how to implement in chapter 1, and compute

their correlations, which is a trivial task.1 Therefore, the value of C is determined by the

calculation of the observed correlations in the results obtained from local measurements

of A and B. To measure joint observables in quantum optics experiments, for example,

1Note that this procedure may be easily extended for a joint observable C composed by N observables
A1, ..., AN . The interested reader could find a complete analysis of this case in the references [16,46].
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one utilises a single-photon counter to measure the desired observable of each photon and

a coincidence logic circuit to measure the correlations between the single measurements.

Measuring Joint Weak Values

Since we have established a strategy to perform joint measurements, now we would

like to devise a similar procedure to perform joint weak measurements. Here we derive a

relationship between the result of a joint weak measurement, the joint weak value Cw, to

the single weak values Aw and Bw. The derivation showed here is based in the arguments

used in reference [47].2

As in the case of joint measurements, the Hamiltonian which describes the interaction

between the system of interest S and the measuring apparatus M is given by equation

(2.2). The initial state of the global system is given by

|Ψi〉 = |ψi〉 |Φi〉 , (2.3)

where S is composed by two particles prepared in the known state |ψi〉 and the state |Φi〉
of the measuring devices M is given by

|Φi〉 = |φx〉 |φy〉 =
1√

2πσxσy

∫
dy

∫
dx exp

(
−x2

(2σx)2

)
exp

(
−y2

(2σy)2

)
|x〉 |y〉 . (2.4)

According to Postulate 3 of section 1.1, after interaction between the systems S and M,

the global state will evolve according to

|Ψ〉 = Û |Ψi〉 , (2.5)

where

Û = exp

(
−igt
~
Ĥ
)
, (2.6)

for a time-independent Hamiltonian. Then, following the weak measurement protocol, we

project S in the state |ψf〉 and the state of M will be given by

|Φ〉 =
〈ψf |Ψ〉
〈ψf |ψi〉

=
〈ψf | Û |Ψi〉
〈ψf |ψi〉

, (2.7)

where 〈ψf |ψi〉 is a renormalisation factor. In the same spirit of section 1.3, in order to

calculate the real part of the joint weak value (AB)w, we will calculate the expectation

value of joint operator X̂Ŷ in the state |Φ〉, which describes the state of M after the

2In fact, there is a proposal to perform joint weak measurements in a strong interacting system using
trapped ions [48]. Nevertheless, there is no experimental work exploring this idea.
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post-selection in S. Then,

〈Φ| X̂Ŷ |Φ〉 =
〈Ψi| Û † |ψf〉〈ψf | X̂Ŷ Û |Ψi〉

| 〈ψf |ψi〉 |2
, (2.8)

where we used equation (2.7). For convenience in the long calculation that awaits us, we

define

〈Φ| X̂Ŷ |Φ〉UN = 〈Φ| X̂Ŷ |Φ〉 | 〈ψf |ψi〉 |2, (2.9)

to eliminate the term in denominator in equation (2.8). Defining operator Ôxy as

Ôxy = |ψf〉〈ψf | X̂Ŷ (2.10)

and using equations (2.6) and (2.8), we can rewrite the expectation value (2.9) as

〈Φ| X̂Ŷ |Φ〉UN = 〈Ψi| exp

(
igt

~
Ĥ
)
Ôxy exp

(
− igt

~
Ĥ
)
|Ψi〉 . (2.11)

Applying the the Baker–Hausdorff lemma [2]

exp(λD̂)Ê exp(−λD̂) = Ê + λ[D̂, Ê] +
λ2

2!
[D̂, [D̂, Ê]] + . . .

+
λn

n!
[D̂, [D̂, [D̂, ...[D̂, Ê]]]] + . . .

(2.12)

we may approximate equation (2.11) by

〈Φ| X̂Ŷ |Φ〉UN ' 〈Ψi| Ôxy −
it

~
[Ĥ, Ôxy]−

1

2

(
t

~

)2

[Ĥ, [Ĥ, Ôxy]] |Ψi〉 , (2.13)

where we considered terms only until (t/~)2 due to the fact that we are working in the

limit of weak interactions. Now we need to analyse each term in the right side of above

equation. The first term, which corresponds to the expected value of operator Ôxy in the

initial state |Ψi〉, is given by

〈Ψi| Ôxy |Ψi〉 = 〈ψi| 〈Φi| Ôxy |Φi〉 |ψi〉

= | 〈ψf |ψi〉 |2 〈φx| X̂ |φx〉 〈φy| Ŷ |φy〉 ,
(2.14)

where we used the definition (2.10) and equations (2.3) and (2.4) which describe the initial

state of the global and measuring systems. Here we note that

〈φx| X̂ |φx〉 = 0 and 〈φy| Ŷ |φy〉 = 0, (2.15)

since the initial wavefunctions φx(x) = 〈x|φx〉 and φy(y) = 〈y|φy〉 given in equation (2.4)

are even functions and, by symmetry arguments, it is easy to see that the expectation
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values of position evaluated in these states are zero. Thus,

〈Ψi| Ôxy |Ψi〉 = 0. (2.16)

The results expressed in equation (2.15) will be very important to simplify many of the

following calculations. Now, we move on to calculate the expectation value of the com-

mutator

〈Ψi| [Ĥ, Ôxy] |Ψi〉 = 〈Ψi| ĤÔxy |Ψi〉 − 〈Ψi| ÔxyĤ |Ψi〉 . (2.17)

Using equations (2.2) and (2.10), we can show that

ĤÔxy = (gAÂP̂x + gBB̂P̂y) |ψf〉〈ψf | X̂Ŷ

= gAÂ |ψf〉〈ψf | P̂xX̂Ŷ + gBB̂ |ψf〉〈ψf | X̂P̂yŶ ,
(2.18)

and

ÔxyĤ = gA |ψf〉〈ψf | ÂX̂P̂xŶ + gB |ψf〉〈ψf | B̂X̂Ŷ P̂y. (2.19)

When we calculate the expectation value, all terms will be proportional to 〈φx| X̂ |φx〉 or

〈φy| Ŷ |φy〉, which are both zero as shown in equation (2.15). Thus,

〈Ψi| [Ĥ, Ôxy] |Ψi〉 = 0. (2.20)

Now we have to deal with the commutator

[Ĥ, [Ĥ, Ôxy]] = ĤĤÔxy + ÔxyĤĤ − 2ĤÔxyĤ. (2.21)

Using the Hamiltonian (2.2) and the definition (2.10), we may show that

[Ĥ, [Ĥ, Ôxy]] = g2A ( Â2 |ψf〉〈ψf | P̂ 2
x X̂ + |ψf〉〈ψf | Â2X̂P̂ 2

x − 2Â |ψf〉〈ψf | ÂP̂xX̂P̂x )Ŷ

+ g2B ( B̂2 |ψf〉〈ψf | P̂ 2
y Ŷ + |ψf〉〈ψf | B̂2Ŷ P̂ 2

y − 2B̂ |ψf〉〈ψf | B̂P̂yŶ P̂y )X̂

+ gAgB[ {Â, B̂} |ψf〉〈ψf | P̂xX̂P̂yŶ + |ψf〉〈ψf | {Â, B̂}X̂P̂xŶ P̂y
− 2 ( Â |ψf〉〈ψf | B̂P̂xX̂Ŷ P̂y + B̂ |ψf〉〈ψf | ÂX̂P̂xP̂yŶ ) ],

(2.22)

where we used the definition (1.49) of the anti-commutator. From the above equation, we

note that the terms proportional to g2A and g2B are also proportional to the operators Ŷ and

X̂, respectively. Therefore, when we calculate the expectation value of these terms in the

state |Ψi〉 they will be zero, as a consequence of equation (2.15). Then, the expectation
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value of the commutator [Ĥ, [Ĥ, Ôxy]] simplifies to

〈Ψi| [Ĥ, [Ĥ, Ôxy]] |Ψi〉 = gAgB 〈Ψi| [ {Â, B̂} |ψf〉〈ψf | P̂xX̂P̂yŶ

+ |ψf〉〈ψf | {Â, B̂}X̂P̂xŶ P̂y − 2 ( Â |ψf〉〈ψf | B̂P̂xX̂Ŷ P̂y
+ B̂ |ψf〉〈ψf | ÂX̂P̂xP̂yŶ ) ] |Ψi〉 .

(2.23)

We may simplify further this result, by calculating the expectation of the products of

X̂, P̂x, Ŷ , and P̂y. For Gaussian distributions, as is the the case of φx(x) and φy(y), we

have already performed these calculations in section 1.3.1, which reads

〈φx| X̂P̂x |φx〉 = 〈φy| Ŷ P̂y |φy〉 =
i~
2
, (2.24)

and

〈φx| P̂xX̂ |φx〉 = 〈φy| P̂yŶ |φy〉 = −i~
2
. (2.25)

Using these results in equation (2.23), we have

〈Ψi| [Ĥ, [Ĥ, Ôxy]] |Ψi〉 =− ~2

4
gAgB[ 〈ψi| {Â, B̂} |ψf〉 〈ψf |ψi〉+ 〈ψi|ψf〉 〈ψf | {Â, B̂} |ψi〉

+ 2 ( 〈ψi| Â |ψf〉〈ψf | B̂ |ψi〉+ 〈ψi| B̂ |ψf〉〈ψf | Â |ψi〉 )].
(2.26)

Applying the results obtained in equations (2.16), (2.20) and (2.26), in the equation (2.13),

we obtain

〈Φ| X̂Ŷ |Φ〉UN '
cAcB

8
[ 〈ψi| {Â, B̂} |ψf〉 〈ψf |ψi〉+ 〈ψi|ψf〉 〈ψf | {Â, B̂} |ψi〉 +

+ 2 ( 〈ψi| Â |ψf〉〈ψf | B̂ |ψi〉+ 〈ψi| B̂ |ψf〉〈ψf | Â |ψi〉 )],
(2.27)

where cj = gjt for j = A or B. Then, using equation (2.9) we obtain

〈Φ| X̂Ŷ |Φ〉 ' cAcB
8

[
〈ψi| {Â, B̂} |ψf〉
〈ψi|ψf〉

+
〈ψf | {Â, B̂} |ψi〉
〈ψf |ψi〉

+ 2

(
〈ψi| Â |ψf〉
〈ψi|ψf〉

〈ψf | B̂ |ψi〉
〈ψf |ψi〉

+
〈ψi| B̂ |ψf〉
〈ψi|ψf〉

〈ψf | Â |ψi〉
〈ψf |ψi〉

)]
.

(2.28)

Using the definition of the weak value (1.35) and noting that we have two sums of terms

which are the complex conjugates of each other, we have

〈Φ| X̂Ŷ |Φ〉 ' cAcB
2

[
Re

(
1

2

〈ψf | {Â, B̂} |ψi〉
〈ψf |ψi〉

+ A∗wBw

)]
. (2.29)

Since Â and B̂ are operators acting in two different particles and therefore commute, we
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have

Re(AB)w ≡ Re

(
〈ψf | ÂB̂ |ψi〉
〈ψf |ψi〉

)
=

2 〈Φ| X̂Ŷ |Φ〉
cAcB

− Re(A∗wBw), (2.30)

finally showing how to measure the real part of the joint weak value (AB)w. Note that

we need to make a joint measurement of the position of both measurement devices and

also measure the single weak values Aw and Bw. We call attention for the fact that

Re(A∗wBw) = Re(Aw)Re(Bw) + Im(Aw)Im(Bw), (2.31)

therefore in order to measure the joint weak value of a pair of observables we need to

measure both the real and imaginary parts of single weak values.

We may proceed in a similar manner to derive an expression for the imaginary part

of the joint weak value (AB)w. The main difference is that instead of calculating the

expectation value 〈X̂Ŷ 〉, we need to calculate 〈X̂P̂y〉. The calculation is made following

exactly the same steps as the ones presented here. In this case, one will obtain

Im(AB)w =
4σ2

y

~
〈Φ| X̂P̂y |Φ〉

cAcB
− Im(A∗wBw), (2.32)

completing the proof that it is possible to measure joint weak values using only local mea-

surements and computing their correlations. The joint weak values have been employed

in attempts to solve quantum paradoxes, such as the Hardy’s Paradox [31, 32, 49], and

also to direct measure the density matrix of a system [29,50]. In the next section, we will

discuss some interesting applications of the weak value.

2.1.2 Weak Value of Order n

In chapter 1 we have seen that the weak value, defined in equation (1.35), is a quantity

extracted from a pre- and post-selected states of a system when, between these projections,

a weak interaction with a measuring device disturbs the system. In this section, our aim is

to analyse a different and more general situation, in which we do not make any restrictions

about the strength of the intermediate interaction which takes place between the pre- and

post-selection.

To start our analysis, we propose the study of a simple quantum mechanical experiment

in which we prepare a system in an initial state |i〉 and try to detect it in a final state

|f〉. According to the postulate 4 of quantum mechanics presented in section 1.1, we have

that the probability of a successful detection P in this case is

P = | 〈f |i〉 |2. (2.33)

Another way of describing this situation is to say that the system was pre-selected in the
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state |i〉 and post-selected in the state |f〉. The probability of a successful post-selection

to occur is given by equation (2.33).

Assume that, before post-selection, the system interacts with another system changing

its initial state. Consequently, the probability of a successful post-selection also changes

and the new probability P ′ will be given by

P ′ = | 〈f | Û(ε) |i〉 |2, (2.34)

where Û(ε) is the unitary operator that describes this interaction and ε is a parameter

related to the interaction strength. Now we are interested in calculating the effect of

this intermediate perturbation, which could be of arbitrary strength, in the change of

the probability of a successful post-selection. In order to compare the situations with

and without an intermediate interaction we will calculate the ratio P ′/P . First, we must

determine P ′, so we need to know the form of the unitary operator Û(ε), which in the

present case we assume to be

Û(ε) = exp(−iεB̂), (2.35)

where B̂ is some Hermitian operator. Using the Taylor expansion of the exponential, we

may rewrite Û as

Û(ε) =
∞∑
n=0

(−iε)n

n!
B̂n. (2.36)

Thus, the probability P ′ will be given by

P ′ =

∣∣∣∣ ∞∑
n=0

(−iε)n

n!
〈f | B̂n |i〉

∣∣∣∣2, (2.37)

where we used the result of equation (2.36) in (2.34). Dividing the result above by P

given in equation (2.33), we have

P ′

P
=

∣∣∣∣ ∞∑
n=0

(−iε)n

n!

〈f | B̂n |i〉
〈f |i〉

∣∣∣∣2. (2.38)

From the above equation we define a new quantity, which is an extension of the weak

value: the weak value of order n, namely,

Bn
w =
〈f | B̂n |i〉
〈f |i〉

. (2.39)

Note that the weak value of first order correspond to the definition of the weak value,

given in equation (1.35). Using this new quantity, we are able to rewrite the ratio P ′/P
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as

P ′

P
=

∣∣∣∣ ∞∑
n=0

(−iε)n

n!
Bn
w

∣∣∣∣2.
=
∞∑
n=0

(−1)nε2n

n!2
|Bn

w|2 +
∞∑
n=0

∞∑
m=0
m 6=n

(−1)n in+m εn+m

n!m!
Bn
w(Bm

w )∗,
(2.40)

where (Bm
w )∗ is the complex conjugated of Bm

w . By computing the ratio P ′/P one is

capable to observe the effects of the intermediate interaction over the system of interest.

In equation (2.40) we showed that these effects may be described only in terms of the

weak value of nth order. The important fact here is that we did not make any assumptions

about the strength of the interaction in this case, showing the power of this generalisation

of the weak value concept. In the case which the interaction is weak, we can neglect terms

of order ε2 or higher to obtain

P ′

P
' 1 + 2εIm(Bw), (2.41)

showing that the imaginary part of weak value Bw is a function of the ratio of the measured

probabilities. Note that in order to keep the demonstration above simpler, we assumed

that the unitary operator Û which describes the interaction between the systems was

given by (2.35) instead of (1.16), which explicit contains the respective operators of each

system. Then, if we assume

B̂ = Âk̂, (2.42)

both operators will have exactly the same form. Here, as in chapter 1, A is the measured

observable in the system of interest and k is the momentum in the measuring system

divided by ~. Note that in this case B will be a joint observable and equation (2.41) gives

the imaginary part of the joint weak value Bw. Using the above definition in equation

(2.41), we obtain

P ′

P
' 1 + 2ε(Re(Aw)Im(kw) + Im(Aw)Re(kw)). (2.43)

As shown in reference [22], we can choose the pre- and post-selected states in such a

way that kw will be purely real or imaginary, leaving the ratio between the detected

probabilities as a function exclusively of the imaginary or real parts of the weak value Aw,

respectively.

If one would like to consider stronger interactions, it is easy to show that

P ′

P
' 1 + 2εIm(Bw) + ε2[Re(B2

w)− |Bw|2], (2.44)
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where we took into account terms until second order in ε. For even stronger interactions,

all we need to do is consider higher order terms in the expansion given in equation (2.40).

Observe that the result (2.40) is general, showing that the suggested generalisation of

the weak value concept given in equation (2.39) is a useful tool to describe intermediate

interactions of any strength between the pre- and post-selection of the states of a given

system.

2.2 Some Applications of the Weak Value

Weak values present some unique features which allow them to be utilised as a useful

tool in laboratory. For instance, we mention the use of the weak measurement proto-

col in high precision measurements [26], in the debate about which mechanism forces

complementarity in a double-slit experiment [51], in experimental tests of the Bell in-

equalities [52] and in the reconstruction of average trajectories of post-selected photons

in a double-slit interferometer [5], which is the main theme of the next chapter.

In this section, we discuss some applications of the weak measurement protocol, show-

ing that, more than a curiosity hidden in the quantum mechanical formalism, this proce-

dure is a powerful experimental technique. Each application presented was meticulously

chosen to highlight an important feature of the weak value. We begin the section dis-

cussing its usefulness as a signal amplifier, an application which took advantage of the

fact that the weak value can be much bigger than the eigenvalues of the measured ob-

servable. Then we move on to discuss the direct measurement of a quantum state, which

uses the complex nature of the weak value, whose both real and imaginary parts can

be measured. Besides, this technique exploits the fact that a weak measurement barely

changes the state of the measured system before post-selection is made. In the last part,

we discuss the use of the weak measurement protocol in the context of a gekanden experi-

ment proposed by Hardy, which is one of the first experimental realisations of a joint weak

measurement [31, 32] and will pave the way for the discussion about the interpretations

of the weak value in the next section.

2.2.1 Weak Value as a Signal Amplifier

In their seminal paper [3], AAV proposed the first application of the recent procedure

developed by them: use the weak value as a signal amplifier [3]. This application exploits

the unique characteristic of the weak values of not being restricted to lie between the

allowed eigenvalues of the measured observable A. As an example, we can imagine a Stern-

Gerlach experiment in which the objective is to measure the gradient of the magnetic field

in z-direction, ∂Bz/∂z, in which spin-1/2 particles went through. Remember that in this

case the eigenvalues of σ̂z, operator corresponding to the z-component of the intrinsic
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angular momentum, are given by ~/2 and −~/2. Thus, the separation ∆z between the

centre of the beams induced by the magnetic field gradient is given by

∆z = z+ − z− =
∂Bz

∂z

[
~
2
−
(
−~
2

)]
= ~

∂Bz

∂z
, (2.45)

where ∂Bz/∂z plays the role of the coupling parameter c. Therefore, if the gradient

∂Bz/∂z is large enough, the separation between the components of the beam correspond-

ing to different eigenvalues could be resolved by the measurement apparatus. Once one

measures the separation ∆z between the centres of these beams, one uses equation (2.45)

to determine ∂Bz/∂z. However, imagine a situation in which the gradient is so small

that one is not able to clearly separate the two beams, i.e., a case in which the interaction

between the particles and the field is weak. Since the overlap between the beams is almost

complete, it is hard to measure the separation between their centres, making impossible

the determination of the field gradient. In such cases, one can make a post-selection and

measure the weak value of σ̂z. Making a clever choice of the pre- and post-selected states,

|ψi〉 and |ψf〉, Re[(σz)w] may be much larger than the eigenvalues of σ̂z. Then, the mea-

sured displacement ∆z′ of the wavefunction ψ(z) after the weak measurement protocol is

given by

∆z′ =
∂Bz

∂z
Re[(σz)w], (2.46)

as shown in section 1.2. This strategy makes possible to measure ∆z′ using the measure-

ment apparatus at disposal and, ultimately, to determine the magnetic field gradient.

One interesting aspect of this application is, since the weak value Aw is used only as

a multiplicative constant, there is no need in attaching a meaning to it, which makes this

type of procedure completely independent of the interpretation one gives to Aw. We must

note that one does not get this amplification for free: larger amplification factors mean

that the overlap between pre- and post-selected states is smaller — remember that the

weak value is inversely proportional to this overlap, as one may see in its definition (1.35).

Consequently, the detection probability, which is proportional to | 〈ψf |ψi〉 |2, decreases

as the amplification increases. We also have to note that we are working in the weak

interaction regime, therefore the conditions (1.30) and (1.31) need to hold, also imposing

a limit for the amplification provided by this technique.

In the following, we briefly discuss two milestone experiments which explored this

idea. The interested reader may found an extensive list of experiments where the weak

value was used as an signal amplifier in section IV.A of reference [22] and in section 2.7

of reference [53].
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The First Realisation of a Weak Measurement

Duck et al. [13] were the first to suggest the use of an optical analogue of the Stern-

Gerlach experiment as a feasible setup to implement the weak measurement protocol.

Few years later, Ritchie et al. [17] were the responsible for carrying out the experiment,

measuring the weak value for the first time and confirming the idea that it could be used

as a signal amplifier.3 A simplified version of their experimental setup, which consists in

using a birefringent crystal to implement a weak interaction between the polarisation and

the transverse profile of a laser beam, was presented in section 1.4 (see figure 1.4). They

showed that, in the region where the weak approximation is valid, the value registered

by the measuring apparatus could be almost 20 times larger than the actual separation

between the centre of two components with orthogonal polarisations of the laser beam.

As a consequence of this amplification, the intensity peak registered by them after the

weak measurement protocol was 10−5 times smaller than the peak in the case which no

post-selection was done.

The Spin Hall Effect of Light

In an outstanding work, Hosten and Kwiat used the weak measurement protocol to am-

plify the tiny displacement of photons caused by the spin Hall effect of light (SHEL) [6,55].

This effect was predicted by Onoda et al. [56] and occurs when linearly polarised light

passes through an interface between two media with different refractive indexes. During

the transition, each component of circularly polarised light is displaced by a small amount

in opposite directions, which are perpendicularly oriented in relation to the propagation

direction as shown in figure 2.1, hence the name of spin Hall effect of light. The ex-

perimental confirmation of this prediction was hard to achieve due to the displacement

magnitude, which is in the order of nanometers. Since the displacement caused by the

SHEL is smaller than the wavelength of the laser beam used, we observe that the effect

occurs in the weak interaction regime and, hence, we may interpret the phenomenon as

a weak measurement of the circular polarisation of the beam using its transverse profile

as the meter. Using polarisers to make the pre- and post-selection required in a weak

measurement protocol, the authors choose the states |ψi〉 and |ψf〉 in such a way that the

weak value is purely imaginary. As shown in section 1.3, the imaginary part of the weak

value is proportional to the expected value of the momentum of the measuring system,

since we are using the position of the measuring system as the meter. Therefore, the

imaginary weak value causes a change in the propagation direction, or angle, of the light,

instead of its position. Hosten and Kwiat used this fact to achieve amplification factors

of the order of 104, making possible to measure the tiny displacements induced by SHEL.

3The effect observed in this experiment can also be explained within the framework of classical elec-
tromagnetic theory. Only years later, the measurement of the weak value of photon polarisation was done
in the quantum domain [54].
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Figure 2.1: Scheme representing the spin Hall effect of light. The incoming linearly
polarised laser beam is divided in two components circularly polarised in the glass-air
interface. Since the displacement occurs in a direction perpendicular to the propagation
direction and the separation depends on the circularly polarised components of polarisa-
tion, this effect was called the spin Hall effect of light.

2.2.2 Direct Measurement of the Wavefunction

One of the remarkable characteristics of weak values is the fact that it is a measurable

complex quantity, as shown in section 1.3. We may use this feature to determine other

complex entities which appear in quantum theory, such as the quantum state. The usual

method of determining a quantum state is performing a quantum tomography, which

consists in making many projections of identically prepared systems in different basis

and use these results to reconstruct their state [57]. This procedure demands a high

computational power to reconstruct the states using all the information gathered in the

projective measurements and, for systems of high dimensionality, this could make the

process impossible to realise. The weak measurement protocol presents an alternative

method of experimentally determining a quantum state.

In classical mechanics, one may determine the state of a system by measuring its

position and momentum in a given instant. In quantum mechanics, the problem is not

so simple, since standard measurements in position perturb subsequent measurements in

momentum and vice versa, as stated in the Heisenberg uncertainty relation [1, 2]. In an

interesting work, Lundeen et al. [7] proposed that if one implements the weak measurement

protocol by weakly measuring the position and making a post-selection in momentum, one

would be able to determine directly the wavefunction of the system. The measurement
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is said to be ‘direct’ in the sense that its outcome, i.e., the weak value, in a given point

x is proportional to the wavefunction ψ(x) on that point, which is only possible due to

the complex nature of the weak value. Also, one must note that the core idea of the new

method is essentially different from the tomography: now one is able to perform local

measurements and determine the wavefunction point by point based on their results.

Here we prove the relation between weak values and the wavefunction ψi(x). The idea

is to measure the weak value of the position operator X̂ = |x〉〈x|. Assuming that the pre-

and post-selected states are |ψi〉 and |p〉, respectively, and using the definition (1.35), we

have

Xw =
〈p|x〉 〈x|ψi〉
〈p|ψi〉

. (2.47)

Remembering that [1]

〈p|x〉 =
eipx/~√

2π~
and 〈p|ψ〉 =

Φ(p)√
~
, (2.48)

we obtain

Xw =
eipx/~√

2π

ψi(x)

Φ(p)
. (2.49)

Finally, making the post-selection in the state with p = 0, we prove

Xw =
1√
2π

ψi(x)

Φ(0)
. (2.50)

From the above equation we note that ψi(x) is directly proportional to the weak value

Xw in each point. Using this relation, Lundeen et al. measured the photon spatial

mode [7]. In fact, the method developed by them may be used to determine quantum

pure states in general and has been used with success to directly measure the polarisation

state of photons [27] and their orbital angular momentum states in 27 dimensions [28].

More recently, theoretical proposals were made in the sense of using joint weak values

to extend the procedure presented here to directly measure general quantum states, pure

or mixed [30, 58]. Last year, the first experimental realisation of these proposals was

reported [29,50].

2.2.3 The Hardy Paradox

The gedanken experiment proposed by Hardy is an example of how the use of retro-

diction4 could lead to paradoxes in quantum mechanics [59]. Its setup consists in two

Mach-Zehnder interferometers arranged in such a way that their inner arms overlap each

other, as shown in figure 2.2. These interferometers, when taken separately, are aligned

4Retrodiction is the act of inferring a past event based on a present information. In our context,
retrodiction refers to the act of inferring the path of the particle inside the interferometer based on the
position it was detected.
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in a configuration that every detection occurs in the same port, namely, B. An electron

is sent in one of them and a positron in the other. Therefore, if both of them travel by

the inner arms of the interferometers, they will be annihilated in region Y. The state of

both particles after passing the first beam splitters BS1+ and BS1− is given by

|I〉 =
1

2
(i
∣∣in+

〉
+
∣∣out+

〉
)(i
∣∣in−〉+

∣∣out−
〉
), (2.51)

where |in〉 and |out〉 represent the states of the particles in the inner and outer arms of

the interferometer respectively, while the “+” signal indicates the positron and the “−”

the electron. After they pass the annihilation region Y, their state is

|I〉Y =
1

2
(− |γ〉+ i

∣∣in+
〉 ∣∣out−

〉
+ i
∣∣out+

〉 ∣∣in−〉+
∣∣out+

〉 ∣∣out−
〉
), (2.52)

where we used |γ〉 = |in+〉 |in−〉 to represent the annihilation of the pair. Using the figure

2.2, we note that the action of BS2+ and BS2− is

∣∣ink〉 −→ ∣∣bk〉+ i
∣∣dk〉 (2.53)

and ∣∣outk
〉
−→ i

∣∣bk〉+
∣∣dk〉 , (2.54)

for k = ±, where
∣∣bk〉 and

∣∣dk〉 denotes the states detected in the ports Bk and Dk,

respectively. Therefore, using the above relations and the state (2.52), we have that the

state of the system after the particles go through BS2+ and BS2− will be

|F 〉 =
1

4
(−2 |γ〉 − 3

∣∣b+〉 ∣∣b−〉+ i
∣∣b+〉 ∣∣d−〉+ i

∣∣d+〉 ∣∣b−〉− ∣∣d+〉 ∣∣d−〉). (2.55)

From the above equation we perceive that, due to the interaction between the electron

and the positron, now it is possible to any of them to reach the respective detector D.

In fact, there is a probability for both of them reach the detectors D+ and D−, which

is the case we will analyse more carefully. The question we would like to answer is, for

these cases where we have both particles arriving at the detectors D, which was their

path inside the interferometer?

• Since the electron reached the detector D−, one concludes that the positron has

travelled in the inner arm in+ and interfered with the electron. Otherwise the

electron would have arrived in detector B−.

• Additionally, since the positron was also detected in D+, we may use the same

reasoning above to conclude that the electron was in the inner arm in−.

• However, both positron and electron could not have been in the inner arm at the
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Figure 2.2: Setup of the gedanken experiment proposed by Hardy. One sends an electron
in the right side of the double Mach-Zehnder interferometer and a positron in the left side.
There is an overlap between their inner arms, in such a way that if both particles travels in
these arms they will be annihilated in region Y. When took separately, each interferometer
is aligned in such a way that the particles always exit in the bright ports, B+ and B−.
The paradox arises when one tries to infer the path followed by the particles inside the
interferometer when both particles arrive at dark ports, D+ and D−.

same time, since in this case they would have been annihilated. Hence, we have the

paradox.

Usually, this paradox is dismissed with the argument that we are making conjectures

about the electron and the positron positions without carrying out the respective measure-

ments [49]. On the other hand, if one actually makes these measurements, one disturbs

the system and this perturbation, caused by the interaction with the measuring system,

is enough to explain a detection in the D ports. Then, the paradox only exists when we

talk about an experiment that we have not done, which is not a situation that a physicist

should worry about.

However, this scenario has changed with the weak measurement protocol. Now, we

are able to perform a measurement in the system barely disturbing it: we can measure the

weak values of the occupation numbers in each interferometer arm in a system which the

final state is post-selected in |d−〉 |d+〉, corresponding to the detection in the dark ports.

Aharonov et al. [49] proposed the calculation of the single and joint weak values of the

occupation numbers of the arms as a way to investigate the path the particles have taken
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inside the interferometer. The pre-selected state in this case is given by equation (2.52)

and the post-selected state is

∣∣d+〉 ∣∣d−〉 =
1

2
(
∣∣out+

〉
−
∣∣in+

〉
)(
∣∣out−

〉
−
∣∣in−〉). (2.56)

In its turn, the occupation number operator N̂ in each arm is given by

N̂k
j = |jk〉〈jk| , (2.57)

where k = ± and j = i, o indicate the particle and the arm of the interferometer, re-

spectively. The joint operators are given by the products N̂k
j N̂

m
l . Using the pre- and

post-selected states given by equations (2.52) and (2.56) and the definitions of the occu-

pation number (2.57) and the weak value (1.35), we are able to calculate the single weak

values of interest, namely

a) (N+
o )w = 0, b) (N−o )w = 0,

c) (N+
i )w = 1, d) (N−i )w = 1.

(2.58)

Using the definition of joint weak values in the left side of equation (2.30), we compute

the following results for the joint observables

e) (N+
i N

−
i )w = 0, f) (N+

o N
−
i )w = 1,

g) (N+
i N

−
o )w = 1, h) (N+

o N
−
o )w = −1.

(2.59)

These results were later experimentally confirmed by two independent research groups

in photonic versions of Hardy’s proposal [31, 32]. Nevertheless, there is not a consensus

about their interpretation. Aharonov et al. advocate that these weak values solve the

paradox in a strange, but consistent manner. Before presenting their interpretation of

these results, we remember the result obtained in the beginning of section 1.4: when the

state chosen to pre- or post-select the system is an eigenstate of the measured observable,

the weak value will be equal to the respective eigenvalue. Note that most of the weak

values calculated above are eigenvalues of the measured observables, therefore, according

to the interpretation given by Aharonov et al., the results c) and d) indicate that both

positron and electron were in the inner arm of the interferometer. Nevertheless, they are

not in the inner arm at the same time, since their joint weak value is zero, as read in result

e). On the other hand, there is an electron in the inner arm and a positron in the outer

arm, as stated in f), and vice versa, according to g)! Although, we had only a pair in the

beginning of the experiment, how can it be two of them now? According to Aharonov et

al. there is not, since there is −1 pair in the outer arms, as given in h)! In this sense,

the solution of the paradox confirms all the statements made before: the electron is in
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the inner arm of the interferometer, just like the positron. However, both of them are not

there together, therefore they are not annihilated.

Many readers may feel uneasy with the interpretation given in the last paragraph.

The interpretation of the weak value is a thorny issue and still generates intense debates

[20, 33–36, 60]. An alternative interpretation is offered here, once one remembers that

weak values are numbers registered by a measurement apparatus. In order to perform the

weak measurement protocol, one needs to insert some device capable of interacting with

the particles in the arms of the interferometer. This interaction has to be weak in order

to not disturb the system and to not spoil the interference effect. In this case, we could

think in some detector which is able to detect the charge of the particle, for instance, small

positive test charges. Then, the electron will attract the test charge and the positron will

repel it. When we measure a negative weak value it means that one of the test charges

moved in the opposite direction from which it was expected to move by the interaction

between it and the measured system. Researchers with this point of view believe that the

weak value does not reveal an intrinsic characteristic of the system. Instead they argue

that it characterises the interaction between measuring and measured systems. According

to them, the weak values do not solve the Hardy paradox because there is no paradox at

first place, since the single and joint weak values in equations (2.58) and (2.59) cannot be

interpreted as indicators of the particle’s presence in a given arm of the interferometer.

2.3 Interpretations of the Weak Value

Although the weak measurement protocol has proven to be a useful laboratory tool,

the discussion about the meaning of the weak value has never ceased [8, 13, 23, 24]. Now

we move on to briefly present two opposing interpretations of the weak value.

A Property of the System Between Two Measurements

The first point of view we present is the one shared by Aharonov and collaborators,

who argue that the weak value is a real property of the quantum system during the in-

termediate time between the pre- and post-selection [25]. Although they admit that the

effects predicted by them could be explained by the standard interpretation of quantum

theory, they argue that these explanations are unnecessarily complicated [25,33]. Accord-

ing to them, the strange predictions associated with the weak value are a hint that we

should reinterpret quantum mechanics in a different, more suitable way. They propose

an alternative formulation of the theory, called the two-state vector formalism, which, as

the name suggests, uses two states to describe a quantum system: one that evolves from

the past towards the future, and another one that evolves from the future towards the

past [25,33,35]. Although this time symmetric formulation radically changes the way one
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thinks about the time evolution of a quantum system, it makes the same predictions as

other interpretations of quantum theory [33].

A Quantum Interference Effect

Many critics [34] of the Aharonov and collaborators ideas believe that the weak values

are simply a result of quantum interference [13, 20, 36]. This argument is based on the

comparison between the exact (1.42) and approximated (1.36) states of the measuring

device after the weak measurement protocol is over. In these equations it is possible to

note that the exact result is a superposition of Gaussians centred in different eigenvalues

with complex magnitudes that, when one considers the limit of weak interaction, interfere

destructively leaving as a result a unique Gaussian with its centre at the weak value.

According to these authors, the weak value could not be viewed as a property of the

system, which avoids the appearance of many paradoxes, such as the Hardy’s [49] and

the Cheshire cat5 [61] paradoxes. Unlike Aharonov and collaborators, they argue that,

once one can understand the protocol and its results using the standard interpretation of

quantum mechanics, alternative reformulations of the theory are not necessary.

2.4 Weak Value as a Conditioned Average

In this section we discuss how the real part of the weak value may be related to a

conditioned average of a given observable, as proposed in reference [62]. This notion

will be useful in the discussions of the next chapter. In order to do so, we will use the

example of the photon polarisation S, following the same lines of the idea presented in

reference [22]. The scenario is similar to the one presented in section 1.4, with the setup

shown in figure 1.4: we prepare an ensemble of photons in a known initial state, which goes

through a birefringent crystal, responsible to create the correlation between polarisation

and spatial degrees of freedom; a post-selection in a given polarisation state is performed

and we detect their transverse positions with a camera. The initial state of the photons

is given by

|Ψi〉 = |i〉 |ψi〉 , (2.60)

where |i〉 is the initial polarisation state and |ψi〉 is the initial spatial state given by

〈x|ψi〉 = (2πσ)−1/4 exp

(
− x2

(2σ)2

)
. (2.61)

5The Cheshire Cat paradox is a proposal of Aharonov et al. [61] in which they argue that a particle
and one of its properties could be found in different places. In the bibliography, the interested reader can
find an experiment in which the authors claim to have demonstrated this effect [60] and an alternative
explanation considering the effect as a result of quantum interference [36].
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The evolution operator Û(ε) which describes the interaction of the photons with the

birefringent crystal is

Û(ε) = exp(−iεŜk̂), (2.62)

where ε is the parameter that defines the strength of the interaction, k̂ is the momentum

operator of the measuring system and Ŝ is the polarisation operator given by equation

(1.64). After this interaction, the probability Pε(x, f) for the camera to register a photon

in the position x with polarisation f is

Pε(x, f) = | 〈f | 〈x| Û(ε) |i〉 |ψi〉 |2, (2.63)

as given in equation (2.34). Now imagine a scenario in which no post-selection is made.

In this case, the probability Pε(x) for the camera to register the arrival of a photon at

the position x can be calculated by summing over all the complementary polarisations,

namely,

Pε(x) =
∑
f

| 〈f | 〈x| Û(ε) |i〉 |ψi〉 |2. (2.64)

In the H-V basis, we have to sum over the states |H〉 and |V 〉. Using this fact and

equation (2.62), we have

Pε(x) = | 〈H| 〈x| exp(−iεŜk̂) |i〉 |ψi〉 |2 + | 〈V | 〈x| exp(−iεŜk̂) |i〉 |ψi〉 |2. (2.65)

Writing the polarisation state |i〉 in the H-V basis, i.e.,

|i〉 = 〈H|i〉 |H〉+ 〈V |i〉 |V 〉 , (2.66)

we can show that

Pε(x) = | 〈x| exp(−iεk̂) |ψi〉 |2| 〈H|i〉 |2 + | 〈x| exp(iεk̂) |ψi〉 |2| 〈i|V 〉 |2. (2.67)

Applying the generator of spatial translations, we finally arrive to

Pε(x) = 〈i| (| 〈x− ε|ψi〉 |2 |H〉〈H|+ | 〈x+ ε|ψi〉 |2 |V 〉〈V |) |i〉 . (2.68)

From the above equation, we can define the probability operator Π̂x as

Π̂x = | 〈x− ε|ψi〉 |2 |H〉〈H|+ | 〈x+ ε|ψi〉 |2 |V 〉〈V | , (2.69)

whose expectation value in a certain polarisation state |i〉 gives the probability of a photon

to be detected in the position x of the camera.

Just for the sake of the argument, assume that we assign a value (x/ε) to each position
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x of the camera.6 In the following, we will prove that it is possible to measure the average

polarisation 〈Ŝ〉 using this parameterization. First, we calculate the weighted average of

the factor (x/ε) over the area of the camera. Since the probability of detection in each

point is given by Pε(x), this average will be given by∫
x

ε
Pε(x)dx = 〈i|

(∫
x

ε
Π̂xdx

)
|i〉 , (2.70)

where we used equations (2.68) and (2.69). Using the definition of Π̂x, equation (2.69),

and remembering that the initial spatial state of the photon is given by equation (2.61),

we have ∫
x

ε
Π̂x dx =

1

(2π)1/2σε

[ ∫
dx x exp

(
−(x− ε)2

2σ2

)
|H〉〈H|

+

∫
dx x exp

(
−(x+ ε)2

2σ2

)
|V 〉〈V |

]
.

(2.71)

Assuming that the camera sensor is much greater than the Gaussian dispersion σ, we

have
1

(2π)1/2σε

∫
dx x exp

(
−(x± ε)2

2σ2

)
= ∓1. (2.72)

Thus, we arrive at the following identity between the probability operator Π̂x and the

polarisation operator Ŝ ∫
x

ε
Π̂x dx = Ŝ. (2.73)

Therefore, we may use Π̂x to determine the expectation value of Ŝ, i.e.,

〈i|
(∫

x

ε
Π̂x dx

)
|i〉 = 〈i| Ŝ |i〉 , (2.74)

which, using the above equation and (2.70), can be written as

〈i| Ŝ |i〉 =

∫
x

ε
Pε(x)dx. (2.75)

Therefore, using the parameterization suggested (x/ε) and the probabilities of detection

Pε(x) — which could be measured — we are able to determinate the expectation value of

polarisation. Addressing such values to the positions in the camera allows us to measure

〈Ŝ〉 even when the interaction between the birefringent crystal and the photons is weak.

The equation (2.73) is an important identity because it shows that this procedure is

6For a strong measurement, the components of polarisation after the calcite are well separated and
detecting a photon in the positive or negative part of the x-axis is enough to identify its polarisation. For
weaker measurements, the correlation is not strong enough to guarantee this condition. The factor (x/ε)
takes this uncertainty existent in weaker measurements into account and, as we will see, is able to give
the correct value for the average of polarisation. One may see it as a correction or calibration factor.
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independent of the initial states |i〉. Also, the parametrization factor (x/ε) is not unique

and can be conveniently chosen [22].

Now, we analyse a different situation in which post-selection is made before the photon

is detected. What we would like to measure is the conditioned average of polarisation in

this case. We have just proven that the expectation value of polarisation can be measured

using the strategy that leads to equation (2.75). In order to measure the conditioned

average of this observable, we use the same strategy, only changing the unconditioned

probability of detection Pε(x) by the conditioned probability of detection Pε(x|f), to take

into account the post-selection performed. This conditioned probability is defined as

Pε(x|f) =
Pε(x, f)∫
Pε(x, f)dx

. (2.76)

Therefore, in this situation we will calculate a form of conditioned average of polarisation,

which, similarly to (2.75), will be given by

〈Ŝ〉cond =

∫
x

ε
Pε(x|f)dx. (2.77)

Now, we proceed to prove that, in the limit of weak interaction between the birefringent

crystal and the photons, the conditioned average of the polarisation given in equation

(2.77) is approximately the real part of the weak value of S. Firstly, we remember the

result obtained in equation (2.43) of section 2.1, namely

Pε(x, f) ' P (x) {1 + 2ε[Re(Sw)Im(kw) + Im(Sw)Re(kw)] }, (2.78)

where, in our case, the observable A is replaced by the polarisation S. By its turn, P (x)

is the probability of detection in the case where no crystal is placed between the state

preparation and the post-selection and will be given by

P (x) = | 〈x|ψi〉 |2, (2.79)

where we used equation (2.33). Note that we have already taken into account that the

correlation between polarisation and spatial states is weak to derive equation (2.78). The

weak value of momentum kw is given by

kw =
〈x| k̂ |ψi〉
〈x|ψi〉

= − i

ψi(x)

dψi(x)

dx
. (2.80)

Remembering that ψi(x) is given by equation (2.61), we have

kw = i
x

2σ2
. (2.81)
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Using this result we may simplify equation (2.78) to

Pε(x, f) ' P (x)

[
1 +

εx

σ2
Re(Sw)

]
. (2.82)

Therefore, the integral in the denominator of equation (2.76), will be given by∫
Pε(x, f)dx '

∫
dxP (x)

[
1 +

εx

σ2
Re(Sw)

]
. (2.83)

Using equation (2.79), we have∫
Pε(x, f)dx ' 1 +

ε

σ2
Re(Sw)

∫
dx |ψi(x)|2x. (2.84)

Remembering that ψi(x) is a Gaussian centred at zero, we note that the result of the

integral in the left side of the above equation in zero. Therefore,∫
Pε(x, f) dx ' 1. (2.85)

Thus, using this result with equation (2.76) and substituting them in (2.77), we have

〈Ŝ〉cond '
∫
x

ε
Pε(x, f) dx. (2.86)

Again, we will use equation (2.82) to solve this integral. Then,∫
x

ε
Pε(x, f) dx '

∫
x

ε
P (x)

[
1 +

εx

σ2
Re(Sw)

]
dx

=

∫
x

ε
|ψi(x)|2 dx+ Re(Sw)

∫
x2

σ2
|ψi(x)|2dx.

(2.87)

As mentioned before, the result of the first integral is zero and since∫
x2|ψi(x)|2 dx = σ2, (2.88)

we have ∫
x

ε
Pε(x, f) dx ' Re(Sw). (2.89)

Then, using this result in equation (2.86), we finally arrive to

〈Ŝ〉cond =

∫
x

ε
Pε(x|f)dx

' Re(Sw).

(2.90)

From the above equation, we conclude that, in the limit where the interaction between
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systems is weak, the conditioned average of polarisation can be described by the real part

of its weak value in a well defined operational way. This result will be essential in chapter

3, when we will discuss a method to reconstruct the average trajectories of a post-selected

ensemble of photons.



Chapter 3

Average Photons Trajectories In a

Double-Slit Interferometer

The weak measurement protocol allowed one to extract information of a system barely

changing its quantum state. Taking advantage of this powerful characteristic of weak val-

ues, Wiseman [4] proposed the utilisation of this protocol in order to reconstruct the

average trajectory of an ensemble of quantum particles in 2007. Four years later, Kocsis

et al. [5] used a modified version of Wiseman’s original proposal in order to experimentally

demonstrate this reconstruction process. Interpreting the real part of the weak value of

the momentum as a conditioned average of this observable, they use this information to

reconstruct the average trajectories of single photons inside a double-slit-like interferom-

eter. Based on the method of Kocsis et al., we made numeric simulations in order to

investigate the average trajectories of photons in a double-slit interferometer.

We start this chapter discussing the procedure of trajectory reconstruction in section

3.1. In order to keep things simple, first we discuss how to reconstruct the trajectory

of a particle in classical mechanics. Once the basic principles are established, we move

on to discuss the quantum limit, where the trajectory of a single particle cannot be

determined, as a consequence of the Heisenberg uncertainty relation. Nevertheless, we

argue that, although we cannot determine the trajectory of a single particle, using the

weak measurement protocol we are able to reconstruct the average trajectories of an

ensemble of particles. In section 3.2 we present the methods we used and the results of our

simulations. We reproduced the results of [5] and also tested some others initial states.

In section 3.3 we describe both theoretical and experimental parts of the experiment

performed by Kocsis et al. [5], also showing the results obtained by them. In section 3.4

we propose a possible extension of their experiment, considering a pair of photons in the

interferometer instead of only one. Our main interest in this case is to evaluate the effects

of the entanglement in the reconstructed average trajectories of photons.

50
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3.1 Reconstructing Trajectories of Particles

The method developed by Kocsis et al. [5] consists in mapping the weak value of

the momentum of single photons in an interferometer and, based on this mapping, to

reconstruct the average trajectories followed by them. In this section we will discuss how

the process of trajectory reconstruction of a particle works, firstly examining this problem

in the context of classical mechanics, which is simpler and allows us to discuss the basic

aspects of the procedure. Once this method is presented, we move on to discuss the

difficulties that arise in the quantum mechanical case and how to circumvent them.

3.1.1 The Classical Case

Before tackling the problem of reconstructing trajectories in the context of quantum

mechanics, we will discuss how this reconstruction process works in classical mechanics. In

order to perform such a task, one must know how to answer two questions: “Where is the

particle?” and “Where is the particle going?”. The process is simple and straightforward:

once one knows the actual location of a particle x1,
1 one can use the information about

where it is heading for — its momentum p(x1) — to predict its location in the next

instant, x2, provided that the time interval t2 − t1 is sufficiently small. If one knows the

momentum of the particle at the point x2, it is possible to use the same strategy to predict

its next position x3. This process can be iterated to reconstruct its whole trajectory, which

in this case will be given by the set of points xn. Note that to reconstruct any trajectory

all information required is:

1. A starting point x1.

2. A mapping of the momentum as a function of position, p(xn), in the region of

interest.

We can summarise these ideas in the following equation2

xn+1 = xn +
1

m
p(xn)∆t, n ∈ N, (3.1)

where m is the particle’s mass and ∆t = tn+1 − tn is a sufficiently small time interval.

Before finishing this section, we analyse a specific and useful case in which the motion of

the particle is restricted to the x-z plane. We assume that its momentum in z-direction,

pz, is constant; hence the method described above simplifies to calculate the position in

x-direction in N equally spaced and sufficiently close z planes, as shown in figure 3.1. In

1This is a short notation for x(t1), i.e., the position of a particle at the instant t1.
2Problems of this nature are commonly found in the studies of non-linear dynamics. In particular,

chaotic systems are an interesting object of study, since the trajectories followed by particles in these
systems are extremely dependent on their starting points [63].
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this case, equation (3.1) simplifies to

xn+1 = xn +
1

m
px(xn, zn)∆t, n = 1, ... , N,

zn+1 = z0 + n∆z,
(3.2)

where

∆z =
pz
m

∆t. (3.3)

We can use the above relation to eliminate the explicit dependence with time in the

equation for the position in x-direction, namely,

xn+1 = xn +
∆z

pz
px(xn, zn), n = 1, ... , N. (3.4)

Assuming that pz >> px, we can make the approximation pz ' |p| in the last equation.

Thus,

xn+1 = xn +
∆z

|p|
px(xn, zn), n = 1, ... , N. (3.5)

This example will be particularly useful in the next sections.

Figure 3.1: Example of how the procedure of trajectory reconstruction works in classical
mechanics. In this case, we are showing a particle moving in the x-z plane with a constant
momentum in z-direction, pz.
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3.1.2 The Quantum Case

In quantum mechanics, things are far more complicated. As a consequence of the

Heisenberg uncertainty relation, a precise measurement of position will alter the momen-

tum of the particle in an unpredictable way. In the same fashion, a precise measurement

of momentum will also change the position of the system in an uncontrollable form. When

we acquire precise information about one of these variables, we lose all the information

previously gathered about the other. Therefore, the concept of trajectory of a single

particle is lost in quantum mechanics, since we are not able to measure its position and

momentum simultaneously.

Average Trajectories

Using the weak measurement protocol presented in chapter 1, it is possible to define

in an operational way the average trajectory of a post-selected ensemble of quantum

particles, as first suggested by Wiseman [4].3 Kocsis et al. [5] implemented a modified

version of Wiseman’s proposal and we will apply their idea here. The experimental

procedure to reconstruct the average trajectories of quantum particles could be divided

in the following steps:

1. Prepare the measuring system and the spatial degree of freedom of the particles

in a known state. The measuring system could be, for instance, another degree of

freedom of the particles, such as their polarisation or spin.

2. Establish a weak interaction between the particle and the measuring device, which

should be weak enough to gain some information about the momentum of the par-

ticle causing only a minimal disturbance in the system state.4

3. Make a post-selection of the particles in an eigenstate of position |xf〉, which will

allow us to map the weak value of momentum kw as a function of the position xf

where the post-selection is performed.

4. Extract kw from the measuring system.

Once we described the whole process, we need to highlight some of its important

features. First of all, remember that to measure kw one must repeat the experiment many

times in an ensemble of identically prepared particles, thus it is only possible to reconstruct

average trajectories. The essence of the idea is that we are making a low resolution

3Wiseman’s proposal consisted in performing a weak measurement of position followed immediately
by a strong measurement in a position xf in order to determine the velocity of a quantum particle. Once
this velocity is determined, one would be able to reconstruct the average trajectories for these particles.

4For instance, in the case of the double-slit interferometer that will be discussed later, the weak
measurement should not disturb the interference pattern observed.
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measurement of momentum in order to keep a good resolution in position, always working

within the limits established by the Heisenberg uncertainty relation, namely,

∆Px∆x >
~
2
. (3.6)

Another point worth stressing is that with this method we are not mapping the eigen-

values nor the expectation value of the momentum, but its weak value. Therefore, an

important question to make is that if it is valid to use this quantity in order to recon-

struct the average trajectories of the particles. As shown in section 2.4, in the limit of

weak interactions, the real part of the weak value is a good approximation of the con-

ditioned average of an observable. That is exactly the case here: the real part of the

momentum weak value represents the conditioned average of the momentum of the parti-

cles, where we take into account only the ones that form the post-selected ensemble that

arrived at the position xf .
5 Therefore, once the mapping of the momentum weak value is

done, we can use it to reconstruct the average trajectories of a post-selected ensemble of

particles in a similar way to what was done in the classical case for a single particle. In

our numerical simulations, we use the following definition to calculate the weak value

kw =
〈x| k̂ |ψ〉
〈x|ψ〉

, (3.7)

where |ψ〉 represents the initial spatial state of the system. In our case, our interest is

to simulate the average trajectories of photons in a double-slit interferometer. Based

on the conditions of the experiment performed by Kocsis et al. [5], we considered their

propagation only in the x-z plane and that their momentum in z-direction, kz, is much

bigger than kx, in such a way that kz ' k. To reconstruct the average trajectories, we

map the real part of the weak value of the transverse momentum, Re[(kx)w], in all the

transverse positions of a given plane z. This process is repeated for N equally and closely

spaced planes in the region where we would like to reconstruct the trajectories. Once this

mapping is over, we use an adapted version of equation (3.5) to reconstruct the average

trajectories of an ensemble of photons that arrived in a given transverse position xf ,

namely,

xn+1 = xn +
∆z

k
Re[(kx)w]n, n = 1, ... , N. (3.8)

As the equation makes clear, by using the transverse position and momentum weak value

in a plane zn we can determine the position of the particle in the next plane zn+1. Re-

peating this process until we reach the last z plane allows us to reconstruct the whole

trajectory in the region of interest. In section 3.3 we will discuss the details of how to

5As Kocsis et al. [5] put it, “(...) These trajectories [reconstructed by this method] represent the
average behaviour of the ensemble of photons when the weakly measured momentum in each plane is
recorded contingent upon the final position at which a photon is observed.”
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measure this weak value in practice. For now, it is sufficient to know how to calculate it

using (3.7).

3.2 Simulating the Reconstruction

In the first part of this section, we describe the methods employed in our simulations,

also presenting a brief review about gaussian beams. In the second part, our results are

presented and discussed. All the simulations were done using MATLAB.

3.2.1 Methods

In order to simulate the conditions of the experiment of Kocsis et al. [5], we considered

that the spatial degree of freedom of the photons could be described by two Gaussians

wave packets with origin in each slit. Before proceeding, we present a brief revision of

Gaussian beams in the context of classical optics.

Gaussian Beams

The paraxial approximation is an important tool in classical optics used to analyse

beams which have small divergence near to their propagation axis. For a monochromatic

light beam which electric field is E(x), the Helmholtz equation is6

∇2E(x)− k2E(x) = 0. (3.9)

When we consider the paraxial approximation, the electric field should vary smoothly as

a function of the propagation direction, which we assume here to be z. In this case, one

may show that the Helmholtz equation simplifies to

∇2
TA(x)− 2ik

∂A(x)

∂z
= 0, (3.10)

where ∇2
T is the transverse Laplacian operator and we used

E(x) = A(x) exp(−ikz). (3.11)

The Gaussian beam is a solution for equation (3.10) and is often used to describe laser

beams [64]. Using the solution of equation (3.10) in equation (3.11), one may show that

the propagation of a Gaussian beam is given by

E(x) = AP
w0

w(z)
exp

(
−ρ2

w2(z)

)
exp

[
− i
(
kz +

kzρ2

2(z2 + z2R)
+ ϕ(z)

)]
. (3.12)

6The interested reader could find a comprehensive treatment of the paraxial approximation and Gaus-
sian beams in chapters 2 and 3 of the reference [64].
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In the equation above, |AP | is the peak amplitude, ρ2 = x2+y2, zR is the Rayleigh length,

ϕ is the Gouy phase and w(z) is the waist of the beam, which behaviour is shown in figure

3.2, where we present the longitudinal profile of the beam in the x-z plane. As one may

see, w0 is the waist of the beam in its narrowest point. For a Gaussian beam, 86% of the

beam power is concentrated within its waist. The waist radius w(z) is given by

w(z) = w0

√
1 +

(
2z

kw0

)2

, (3.13)

while the Rayleigh length may be calculated using

zR =
kw0

2
, (3.14)

and corrresponds to the distance along the direction of propagation between the point

where the waist is minimum and the point where the intensity falls by 1/2. It is also

shown in figure 3.2.

Figure 3.2: Profile of a Gaussian beam in the x-z plane. As shown, the waist radius w0

is the radius of the beam in its narrowest point and the Rayleigh range zR is the distance
between this point and the point where the area of the beam is doubled.

Initial States

In our simulations, we considered that the spatial state of the photons would be Gaus-

sian in order to reproduce the conditions of the Kocsis et al. [5] experiment. Therefore,

using equation (3.12) and considering only the x-z plane, the spatial state of the photons
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in each slit was given by

|i〉 =

∫∫
dxdz

w0

w(z)
exp

(
−x2i
w2(z)

)
exp

[
− i
(
kz +

kzx2i
2(z2 + z2R)

+ ϕ(z)

)]
|x, z〉 (3.15)

where the index i = 1, 2 represents the slits and xi is the transversal distance between the

point x and the slit i,

x1 = x+
d

2
, x2 = x− d

2
, (3.16)

where d is the distance between the slits. The parameters used in our simulations were

λ = 943 nm, d = 4.69 mm and w0 = 0.608 mm, reproducing the conditions of [5]. Our

analysis was carried out considering four different initial states, namely,

|ψ1〉 =
1√
2

(|1〉+ |2〉),

|ψ2〉 =
1√
2

(|1〉+ i |2〉),

|ψ3〉 =
1√
2

(|1〉 − |2〉),

|ψ4〉 =
√

0.9 |1〉+
√

0.1 |2〉 ,

(3.17)

where |ψ1〉 corresponds to the state used by Kocsis et al. [5] in their work. The phases

added in states |ψ2〉 and |ψ3〉 related to |ψ1〉 displaces the interference pattern and we

would like to see how these changes would affect the average photon trajectories. By

its turn, |ψ4〉 forms an interference pattern with low visibility due to the difference of

amplitudes between the states of each slit and we would like to analyse how we can

visualise this effect using the trajectory reconstruction method.

Reconstructing Average Trajectories

In order to reconstruct the average trajectories of the photons in the double-slit inter-

ferometer, we follow the steps given below:

1. Using equation (3.7), calculate the weak value of the transverse momentum, (kx)w,

in the whole region of interest.

2. Choose a starting plane z = z0. All the trajectories will start from this plane.

3. Choose an initial transverse position x = xn on the plane z0. In order to choose a

starting point xn, we used the following criteria:

(a) No trajectory could start in a transverse point xn whose intensity of the wave-

function, |ψn(xn, z0)|2, in the starting plane z = z0 was smaller than 0, 1% of

the maximum value for the intensity on this plane.
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(b) The distances between two adjacent starting points were inversely proportional

to the intensities of the wavefunction on these points.

4. Use the real part of the weak value of transverse momentum in this position,

Re[(kx)w(xn, z0)], to predict, using equation (3.8), the transverse position xn+1 of

the photon in the next adjacent plane z = z1.

5. In the plane z1, repeat the previous step to determine the transverse position of the

photon in plane z = z2. Repeat this process until the photon reaches the last plane

considered, z = zf . The distance between two adjacent planes ∆z is kept constant

during the whole process.

6. Once this process in finished, choose another initial transverse position xm (step 3)

and repeat the entire process to reconstruct another trajectory.

3.2.2 Results

Now, we move on to present the results obtained in our numerical simulations. First

of all, we present in figure 3.3 the real part of the weak value of transverse momentum,

Re[(kx)w], divided by the photon wavenumber k, as a function of the transverse distance

x in four selected z planes. From top to bottom, each row displays the results of the states

given in equation (3.17) from |ψ1〉 to |ψ4〉. These planes were chosen to demonstrate how

Re[(kx)w] evolves from the near-field to the far-field region. For states |ψ1〉 and |ψ3〉 we

observe the appearance of anti-symmetric peaks. The distance between them increases as

the propagation distance z increases. Although they also appear in the results for |ψ2〉,
they are not symmetric in this case. For |ψ3〉 we also observe that the Re[(kx)w] diverges

at z = 0. In the case of |ψ4〉, we observe a pronounced peak for x < 0, with smaller peaks

in other regions. In order to investigate the origin and meaning of these peaks, we analyse

the intensity pattern of these states.

These patterns are shown in the left column of figure 3.4, where we plotted |ψn(x)|
instead of |ψn(x)|2 to obtain a higher contrast between the regions of constructive and

destructive interference. In the same figure, we depicted the real and imaginary parts of

the transverse momentum weak value over the region of interest, represented in the centre

and right column, respectively. We included the results for the imaginary part of (kx)w

only for completeness, since they are not required to reconstruct the average trajectories.

Nevertheless, we believe it was a good opportunity to show the complex nature of the

weak value.

Comparing the |ψn(x)| pattern with the mapping of Re[(kx)w] we note that the regions

where the weak value achieve its highest values — the peaks observed in figure 3.3 —

coincide with the ones of destructive interference. On the other hand, in the places where

constructive interference occurs, Re[(kx)w] is close to zero. Remembering that the real



Chapter 3. Average Photons Trajectories In a Double-Slit Interferometer 59

Figure 3.3: Real part of the weak value as a function of the transverse position x in
four selected z planes. From top to bottom, results for states |ψ1〉, |ψ2〉, |ψ3〉 and |ψ4〉 are
presented.

part of the weak value of the photon transverse momentum in a given position could be

viewed as the conditioned average of this observable, we conclude that, in average, the

ensemble of photons found in regions of destructive interference have a bigger transverse

momentum then the ones found in regions of constructive interference. This is the be-

haviour one would expect: if the photons have a high transverse momentum in the regions

of destructive interference, they will move transversely on to other locations while they

propagate, leaving a dark spot in the former place. The same reasoning is valid for regions
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where constructive interference occurs: there the transverse momentum is low, and, in

average, the photons will remain in these transverse positions while they propagate along

z direction, accumulating and, as a consequence, generating the bright spots we observe.

We also note the different scales for the cases of the Re[(kx)w] for the states |ψ3〉 and

|ψ4〉. In the first case, we have to choose this scale due to the divergence of Re[(kx)w]

when x = 0, which can be seen as a thin line precisely at this position. Without the

scaling, it would be impossible to see the contrast we observe in the figure. For the case

of |ψ4〉 we also had a contrast problem, however the cause here was the low visibility of

the interference pattern, due to the great difference between the amplitudes of 〈x, z|1〉
and 〈x, z|2〉.

From figures (3.5) to (3.8) we present our results for the average trajectories of a

post-selected ensemble of single photons in the double-slit interferometer. We present the

results for the four states of equation (3.17), with two figures for each state. In the top

figure we always plot fewer trajectories in order to clearly show the behaviour of each

displayed trajectory. In the bottom panel, we plot many more trajectories, usually the

double, in order to observe how the intensity pattern of that state will look like. We plot

trajectories from 0.5 m to 19.5 m, with a distance between adjacent planes of 0.05 m, for

states |ψ1〉 , |ψ2〉 and |ψ3〉, and 0.025 mm for the state |ψ4〉. For the three former states

there are 65 trajectories in the top panel, while in the bottom panel we traced 130. For

the latter, there are 46 and 93 trajectories in the top and bottom panels, respectively.

In figure 3.5, we present the average trajectories of the state |ψ1〉. In both panels it is

easy to note how the paths avoid certain regions, the ones where destructive interference

occurs. On the other hand, the concentration of lines in the regions of constructive

interference is also observed, with the region close to x = 0 being the local where this

concentration is higher, as expected. The similarities between the graph in the bottom

and the grey scale of |ψn(x)| are a strong indicator of the success of the method. It is

interesting to note that in this case none of the trajectories cross the symmetry line x = 0

and also that, for all the states presented, two trajectories never cross each other.

In figure 3.6 we present the average trajectories for the state |ψ2〉. We observe that

in this case the region with more concentration of lines were displaced a little bit into

the negative side of x. Since our states are Gaussians, the |ψ2(x)|2 is not symmetric with

relation to x, as we can see in the bottom panel of the figure. Note that in this case the

paths coming from the slit 2 cross the x = 0 line.

The results presented in figure 3.7 corresponds to the state |ψ3〉. In this case, we see

that there is a small region around x = 0 where there are no trajectories. This can be

seen as a consequence of the divergence of Re[(kx)w] in this transverse point. As in all

previous cases, the figure with many traced average trajectories reproduces the observed

|ψn(x)| pattern.

The results of the last state |ψ4〉 are displayed in figure 3.8. Since the criteria we
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Figure 3.4: Grey scale of |ψ| in the first column, Re[(kx)w] in the second column and
Im[(kx)w] in the third column. From top to bottom, the results of states |ψ1〉 to |ψ4〉 are
presented, just like in the previous figure.
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Figure 3.5: Reconstructed average trajectories of a post-selected sub-ensemble of pho-
tons for the state |ψ1〉. Top panel. Reconstruction of a few trajectories. Bottom panel.
Reconstruction of many trajectories, allowing us to see the interference pattern to form
in the regions where the trajectories are concentrated.

adopted to choose the starting point was based on the intensity of the wavefunction

ψn(x) in the initial plane, in this case there is less paths coming out from the slit with

lower amplitude.

Finally, from figures 3.9 and 3.12 we present a tri-dimensional graphs where the average

trajectories are plotted over the probability density distribution |ψ(x)|2 of the double-slit
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Figure 3.6: Reconstructed average trajectories of a post-selected sub-ensemble of pho-
tons for the state |ψ2〉.

wavefunction. For states |ψ1〉 to |ψ3〉 these figures make clear the relationship existent

between the density of average trajectories and the intensity of the wavefunction. For

the state |ψ4〉 this relationship is not that clear, may be due to an inadequate choice of

starting points.
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Figure 3.7: Reconstructed average trajectories of a post-selected sub-ensemble of pho-
tons for the state |ψ3〉.

3.3 The Experiment of Kocsis et al.

In this section we present in details the experiment performed by Kocsis et al. [5] in

which they measured the average trajectories of a post-selected ensemble of single photons

in a double-slit-like interferometer.7 To make the explanation more fluid, we divide it in

7Strictly speaking, the experiment does not use a double-slit. In fact, a 50:50 fibre beam splitter (BS)
is used for splitting the photons, which are sent to the setup from two collimated fibre couplers acting as
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Figure 3.8: Reconstructed average trajectories of a post-selected sub-ensemble of pho-
tons for the state |ψ4〉.

two parts: the theoretical analysis and the experiment description.

3.3.1 Theoretical Analysis

As explained in section 3.1, the core idea of reconstructing average trajectories of an

ensemble of quantum particles is to use weak measurements of momentum followed by

the double-slit (see figure 3.13).
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Figure 3.9: Average trajectories plotted over the probability density for the state |ψ1〉.

Figure 3.10: Average trajectories plotted over the probability density for the states |ψ2〉

a post-selection in position in order to map the weak value of momentum as a function

of position. Then, one can use this mapping to reconstruct the average trajectories. In

the following analysis we consider that single photons are propagating in z-direction with

constant kz in the paraxial regime with their propagation restricted to plane x-z. As in

the example in section 3.1, all we need here is the weak value of the transverse momentum,

(kx)w. The initial state of the photons is

|Ψi〉 = |D〉 |ψi〉 , (3.18)
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Figure 3.11: Average trajectories plotted over the probability density for the state |ψ3〉.

Figure 3.12: Average trajectories plotted over the probability density for the state |ψ4〉.

where |ψi〉 represents the double-slit transverse spatial state [for instance, equation (3.17)]

and |D〉 is the state of diagonal polarisation, written in the H-V basis as

|D〉 =
1√
2

(|H〉+ |V 〉). (3.19)

Our observable of interest here is the photon momentum in the x-direction kx. In order

to weakly measure k̂x, one must weakly couple it with a measuring system, which in this

case will be the photon polarisation described by the operator8

8Another useful expression for this operator is Ŝ1 = |D〉〈A| + |A〉〈D|, where |D〉 and |A〉 are the
diagonal and anti-diagonal states, respectively.
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Ŝ1 = |H〉〈H| − |V 〉〈V | . (3.20)

In the experiment, a calcite is used to implement the coupling between k̂x and Ŝ1, in the

same fashion as in the example discussed in section 1.4. The difference is that here, instead

of measuring the weak value of polarisation, one measures the weak value of momentum

and uses the polarisation as the measuring system. The Hamiltonian which describes this

interaction is given by

ĤI = g~k̂xŜ1, (3.21)

where g is the coupling parameter, which indicates the strength of the interaction. We

assume that g is independent of time during the time of interaction between the systems.

Using postulate 3 from section 1.1, we can use the Hamiltonian (3.21) in the evolution

operator (1.2) to calculate the state of the system after this interaction, namely,

|Ψ〉 = Û |Ψi〉 = exp(−igtk̂xŜ1) |Ψi〉 . (3.22)

Since the coupling between the polarisation and the spatial state of the photon is weak,

we may approximate the operator Û in first order by

Û = exp(−igtk̂xŜ1) ' Î − igtk̂xŜ1. (3.23)

Using this approximation for Û and remembering that |Ψi〉 is given by equation (3.18),

the global state of the system after the weak interaction takes place will be

|Ψ〉 ' |D〉 |ψ〉 − igtk̂x |ψ〉 |A〉 , (3.24)

where

|A〉 =
1√
2

(|H〉 − |V 〉) (3.25)

is the anti-diagonal polarisation state. Making a post-selection in a position eigenstate

|xf〉, i.e., considering only the sub-ensemble of photons that arrive at xf in the detector,

we have

|F 〉 ≡ 〈xf |Ψ〉 ' 〈xf |ψ〉
(
|D〉 − igt〈xf | k̂x |ψ〉

〈xf |ψ〉
|A〉
)

= 〈xf |ψ〉
(
|D〉 − igt(kx)w |A〉

)
=
〈xf |ψ〉√

2

[(
1− igt(kx)w

)
|H〉+

(
1 + igt(kx)w

)
|V 〉

]
,

(3.26)

where we used the weak value definition (1.35) in the second step and rewrote the state

in the H-V basis in the last step. Proceeding in the same fashion as in section 1.2, we
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approximate the linear terms to an exponential, namely,

|F 〉 ' 〈xf |ψ〉√
2

[
exp

(
− igt(kx)w

)
|H〉+ exp

(
igt(kx)w

)
|V 〉

]
. (3.27)

This approximation is only valid because we are working in the weak interaction regime.

From equation (3.27) we perceive that the effect of the weak measurement protocol over

the polarisation state is to add a phase difference between its H and V components of

φ = 2gt(kx)w. (3.28)

In appendix A we show that it is possible to describe this phase difference as a function

of ζ, a parameter which depends on the calcite characteristics and on the interaction

between it and the photons, which can be measured in the laboratory. Thus,

φ =
ζ

k
(kx)w, (3.29)

where k is the photon wave number. Equation (3.29) is important because it establishes a

direct relation between (kx)w and a measurable quantity, the phase difference φ between

linear components of polarisation. Equation (3.27) can be rewritten using ζ as

|F 〉 ' 〈xf |ψ〉√
2

[
exp

(
−iζ
2k

(kx)w

)
|H〉+ exp

(
iζ

2k
(kx)w

)
|V 〉

]
. (3.30)

In order to measure φ, we make a strong measurement of the photon polarisation in the

circular basis. The corresponding operator is given by

Ŝ3 = |R〉〈R| − |L〉〈L| , (3.31)

where |R〉 and |L〉, representing the right and left-handed circularly polarised states, are

written in the H-V basis as

|R〉 =
1√
2

(|H〉+ i |V 〉), (3.32)

|L〉 =
1√
2

(|H〉 − i |V 〉). (3.33)

Then, the expectation value 〈Ŝ3(xf )〉 in the state |F 〉, which describes the polarisation

state after the post-selection in |xf〉, will be

〈Ŝ3(xf )〉 = | 〈R|F 〉 |2 − | 〈L|F 〉 |2. (3.34)



Chapter 3. Average Photons Trajectories In a Double-Slit Interferometer 70

This expectation value is calculated in appendix B, where we prove that

〈Ŝ3(xf )〉 = sin

(
ζ

k
Re[(kx)w]

)
. (3.35)

Experimentally, 〈Ŝ3(xf )〉 is obtained by

〈Ŝ3(xf )〉 =
IR(xf )− IL(xf )

IR(xf ) + IL(xf )
, (3.36)

where IR(xf ) and IL(xf ) are the intensities measured in the right and left-handed circular

basis at the point xf , respectively. Thus, combining (3.35) and (3.36), we finally arrive to

Re[(kx)w] =
k

2ζ
arcsin

(
IR(xf )− IL(xf )

IR(xf ) + IL(xf )

)
. (3.37)

Therefore, in order to determine the real part of the weak value of the transverse momen-

tum one needs to measure the intensities in both components of the circular polarisation

basis for each transverse position x. In this way, we are able to map Re[(kx)w] for each

position and, with these information, we can reconstruct the trajectories using the method

discussed in section 3.1.

3.3.2 Experiment Description

State Preparation

In figure 3.13 we show the experimental setup used by Kocsis et al. in their work. The

source of single photons was a liquid helium-cooled InGaAs quantum dot embedded in

a GaAs/AlAs micropillar cavity. The continuous-wave laser used to pump the dot has a

wavelength of 810 nm. By their turn, the emitted photons have a wavelength of 943 nm.

These photons are coupled into a single-mode fibre which is followed by an in-fibre 50:50

beam splitter. The outputs of this fibre emerge as collimated Gaussian beams, with waist

radius of (0.608±0.006) mm. Then, they pass through a quarter-wave plate (QWP) and a

half-wave plate (HWP), and are redirected by mirrored prisms to propagate in z-direction,

with a peak-to-peak separation of (4.69 ± 0.02) mm, finally passing through a polariser,

which prepares the photon with polarisation |D〉. The set of wave-plates together with the

polariser are also responsible to prepare the amplitude and phase of the spatial state of

the photon. Some examples of possible initial spatial states are given in equation (3.17),

although in the experiment they only prepared the state |ψ1〉.
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Figure 3.13: Experimental setup used by Kocsis et al. [5] to measure the average tra-
jectories of a post-selected ensemble of photons in a double-slit-like interferometer.

Implementing the Weak Interaction

As the photons diffract out from the slits, they reach the calcite in different angles

which are proportional to their transverse momenta kx and ky. The calcite is positioned

with its optical axis aligned in the x-z plane, making an angle of 42◦ with the z-axis and

has a thickness of 0.7 mm. These characteristics of the crystal are chosen to guarantee

that the coupling between the spatial and polarisation states of the photon is weak. In this

configuration, |H〉 is the extraordinary polarisation, which encounter a refraction index

ne dependent of the photon incident angle in x-direction, θx, while |V 〉 is the ordinary

polarisation, encountering a constant refraction index n0. Since the incidence angle θx

depends on the x-component of momentum kx, the phase difference introduced by the

birefringent crystal will depend on kx. On the other hand, since the refraction index

is constant for |V 〉, the incidence angle in the y-direction θy will have no impact in the

change of photon polarisation. This fact combined with the separability of components of

the Gaussian allows one to ignore the y-direction in the present considerations. Therefore,

the phase change induced by the birefringent crystal is proportional to kx and one can

use the former to measure the expectation value of the latter — or its weak value, as in
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the present case. The photon polarisation state after it crosses the calcite is given by

1√
2

(
eiφk/2 |H〉+ e−iφk/2 |V 〉

)
, (3.38)

where φk is given by equation (3.28), as demonstrated in appendix A.

Post-Selection and Reading out of the weak value

A set of cylindrical lenses (L1, L2 and L3 in figure 3.13) is responsible to simulate

the variation of the distance z travelled by the photons. They are placed after the calcite

and images the double-slit function over different planes. This ordering of the experi-

ment is possible because the free propagation Hamiltonian commutes with the interaction

Hamiltonian and, as consequence, the moment in which the weak interaction takes place

is unimportant to the final result. A QWP aligned to −45◦ and a polarisation beam

displacer (PBD) are used to project the polarisation in the circular basis, responsible to

spatially separate the circularly polarised components of the beam in such a way that

we are able to measure the intensities IR(x) and IL(x) separately. This beam displacer

maintains the right-hand circularly polarisation undeviated, while the left-hand is devi-

ated horizontally by 2 mm. In this way, one is able to measure both IR(x) and IL(x) in

each transverse position xf , which corresponds to make a post-selection in the state |xf〉,
allowing one to determine the real part of the weak value of momentum using equation

(3.37). One should have in mind that, when the post-selection in an eigenstate of position

is made, the photon is annihilated, therefore the post-selection must be the last stage

in the experimental procedure. Once the (kx)w is determined over the entire region of

interest, it is possible to reconstruct the average trajectories. The photons are detected

in a CCD camera with an exposure time of 15 s, which is sufficient to record the intensity

pattern. About 31000 photons are detected within this time interval. The post-selection

is done by the position the photons reached the CCD. The trajectories are reconstructed

in the range of (2.75± 0.05) to (8.2± 0.1) m, showing the transition from the near to the

far-field distribution.

Results of Kocsis et al.

The main results obtained by Kocsis et al. are presented in the figures 3.14 and

3.15. In the left panel of figure 3.14 it is shown two different graphs for four different

selected planes: in the top, we have the measured intensities of the right and left-handed

circular polarisations, IR(x) and IL(x), used to compute the real part of the weak value

of the transverse momentum, Re[(kx)w], using equation (3.37). In the bottom, we have

the calculated Re[(kx)w]/k. These values were further used to reconstruct the trajectories

presented in the right side of the aforementioned figure. By its turn, in figure 3.15 we have
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Figure 3.14: Left panel. Recorded intensities IR(x) and IL(x) (top) and calculated
Re[(kx)w] (bottom) as functions of transverse position x for four selected z planes. Right
panel. Reconstructed average trajectories of single photons using the information of mo-
mentum gathered for the slit state |ψ1〉 of equation (3.17). Figures extracted from the
reference [5].

the reconstructed average trajectories plotted over the surface of the measured probability

density distribution |ψ1(x, z)|2. It is interesting to note how the trajectories accumulate

over the high probability regions, also driving away from the low probability regions.

3.4 The Two Photons Scenario

Once we have presented our results and discussed the experiment of Kocsis et al. [5]

for the case of reconstructing the average trajectories of single photons, we would like

to propose a different situation where a pair of photons are sent in the interferometer.

The act of adding one photon enables us to study many interesting phenomena which

are impossible to study with single photons, such as two-particle interference [65]. The

general state of the photon pair can be written as

|Ψ〉 = c1 |1A, 1B〉+ c2e
iθ1 |1A, 2B〉+ c3e

iθ2 |2A, 1B〉+ c4e
iθ3 |2A, 2B〉 , (3.39)
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Figure 3.15: Reconstructed average trajectories of single photons plotted over the prob-
ability densities |ψ1(x, z)|2 of the photons. Figure extracted from the reference [5].

where cn is the amplitude (
∑

n c
2
n = 1) of the state and θn its the relative phase. A special

case of interest occurs when the photons are entangled, for instance, in the Bell states

∣∣Φ±〉 =
1√
2

(|1A, 1B〉 ± |2A, 2B〉),∣∣Ψ±〉 =
1√
2

(|1A, 2B〉 ± |2A, 1B〉),
(3.40)

which are examples of maximally entangled states. The states |Φ±〉 are correlated as

the photons pass through the same slits, while the states |Ψ±〉 are anti-correlated as

the photons pass through opposed slits. These states were used to determine the de

Broglie wavelength of a two-photon wave packet. The interference pattern observed in

this case has doubled periodicity of what would be observed for each photon wave packet

separately [66]. This has many applications, among them, in quantum litography [67].

Another interesting maximally entangled state is given by

|η〉 =
1

2
(|1A, 2B〉+ |2A, 1B〉+ i |1A, 1B〉+ i |2A, 2B〉), (3.41)

which, unlike |Φ±〉 and |Ψ±〉 in (3.40), does not present any which-path correlation. The

entanglement of this state resides entirely in its phase [68]. We would like to trace the

trajectories for all these states and compare them, since they all share the same amount

of entanglement, although their which-path correlations are completely different.
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The idea here is to perform a joint weak measurement in the photon pair in order to

determine their trajectories in the double-slit interferometer. As explained in section 2.1

it is possible to perform these joint measurements by implementing single weak measure-

ments in each constituent of the pair and comparing their correlations. However, in this

case one needs to measure both the real and imaginary parts of the weak value for both

particles. If we use the polarisation degree of freedom of the photons as the measuring

system, we would need to measure it in two complementary basis, as explained in section

1.3. For instance, we could use the basis formed by the eigenstates of Ŝ3 and Ŝ1, in order

to extract both the real and imaginary parts of the single weak value.

As one may see, these are only rough ideas about the problem we would like to address.

However, we believe that it is an interesting case to study, despite the many issues left to

investigate.



Chapter 4

Final Remarks and Perspectives

In this dissertation, we have presented a comprehensive introduction to the weak

measurement protocol and the weak value. In addition, we used these ideas to analyse

the problem of determining the average trajectories of a set of post-selected photons in a

double-slit interferometer.

Introducing the discussion with the standard measurement process in quantum me-

chanics, we aimed to highlight the differences between this process and the weak measure-

ment protocol. We derived the expression of the weak value, showing in which conditions

it is valid. We also showed how one may measure both the real and imaginary parts of

the weak value, with an appropriate measuring apparatus.

Once the basics ideas were laid, we moved on to show usefulness of the weak value.

Acting as an amplifier which allows us to make high precision measurements or as a way of

directing probing the wavefunction, we provide evidence that this new quantum variable

is much more than a mere curiosity in quantum theory. We also shown that, using a

generalisation named the weak value of n-th order, we could describe interactions of any

strength between the measuring apparatus and the system under interest.

We briefly mentioned possible interpretations of the weak value, concentrating our ef-

forts in establish a connection between the real part of a weak value and the conditioned

average of an observable. This idea was crucial in order to analyse the process of recon-

structing the average trajectories of photons in a double-slit interferometer. We based

our simulations in the work of Kocsis et al. [5], tried to reproduce their results, and also

analyse the experiment under different conditions. We succesfully reproduced the results

of Kocsis et al. and tested some interesting new configurations.

As discussed in the last chapter, our proposal is to extend the analysis to the two-

photon scenario and study the effects of the presence or absence of entanglement in the

observed photon trajectories. We would like to study the similarities and differences in the

cases where the entanglement resides in the modulus and in the phase of the two-photon

state. We believe these results could help us to have a better understanding of the nature

of two-photon state.

76
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In addition, we would like to keep exploring weak measurements, more specifically,

joint weak measurements. In order to test the difficulties of performing such measurements

in the laboratory, we aim to analyse the case of measuring the joint polarisation of two

particles. The usefulness of the technique to probe both pure and mixed quantum states

[29,50] compels us to have a better understand of its principles.



Appendix A

Phase Acquired during the Weak

Interaction

In section 3.3, we showed that after the post-selection in a position xf there is a

phase difference φ between the H and V components of the photon polarisation given

by equation (3.28). In this appendix, we try to rewrite the equation for φ in terms of

parameters that can be measured in the laboratory. First of all, we note that this phase

difference has its origin in the different refraction indexes perceived by the ordinary and

extraordinary rays in a birefringent crystal. In these materials, the ordinary polarisation

encounters a constant refraction index no, while the extraordinary polarisation encounters

a variable index of refraction ne which depends on the incident angle of the photon, θ [21].

Since we are working in the weak interaction regime, we expect that the phase difference

φ induced by the crystal varies linearly with the angle θ, i.e.,

φ = ζθ + φ0, (A.1)

where ζ is a proportionality constant and φ0 is a constant phase difference which can be

set to zero by an appropriate crystal alignment. Assuming that the photon propagation

occurs only in the plane x-z, we know that the direction of the photons will be

sin θ =
kx
k
, (A.2)

where kx = px/~ and k is the photon wave-number. In this case, the photons are propa-

gating in z-direction in the paraxial regime, therefore θ is small and we can approximate

sin θ ' θ. Therefore,

θ ' kx
k
. (A.3)

78



Appendix A. Phase Acquired during the Weak Interaction 79

Substituting in equation (A.1) and remembering we are doing a weak measurement pro-

tocol, we have

φ = ζ
(kx)w
k

. (A.4)

Comparing the above equation with the equation (3.28), we see that ζ is proportional

to the factor gt, where g depends on the difference of the refraction index no and ne(θ)

and the time of interaction t, which is proportional to the calcite thickness d. Since ζ

is proportional to characteristic quantities of the crystal, it can be determined in the

laboratory, after one chooses the piece of calcite that will be used in the experiment.



Appendix B

Expectation Value of the

Polarisation Operator Ŝ3(xf )

In this appendix we will calculate the expectation value of Ŝ3 in the state |F 〉 = 〈xf |Ψ〉,
which describes the photon polarisation after a post-selection in the position xf , i.e.,

〈Ŝ3(xf )〉 = | 〈R|F 〉 |2 − | 〈L|F 〉 |2. (B.1)

Firstly, using the decomposition of |R〉 in the H-V basis, equation (3.32), and the state

|F 〉 given in equation (3.30), we have

〈R|F 〉 =
1

2

(
〈H| − i 〈V |

)[
exp

(
−iζ
2k

(kx)w

)
|H〉+ exp

(
iζ

2k
(kx)w

)
|V 〉

]
=

1

2

[
exp

(
−iζ
2k

(kx)w

)
− i exp

(
iζ

2k
(kx)w

)]
.

(B.2)

With this result, we are able to calculate

| 〈R|F 〉 |2 =
1

4

[
exp

(
ζ

k
Im[(kx)w]

)
+ exp

(
−ζ
k

Im[(kx)w]

)
− i exp

(
iζ

k
Re[(kx)w]

)
+ i exp

(
−iζ
k

Re[(kx)w]

)]
.

(B.3)

We could use the same steps to calculate

| 〈L|F 〉 |2 =
1

4

[
exp

(
ζ

k
Im[(kx)w]

)
+ exp

(
−ζ
k

Im[(kx)w]

)
− i exp

(
−iζ
k

Re[(kx)w]

)
+ i exp

(
iζ

k
Re[(kx)w]

)]
.

(B.4)
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Using the two expressions above in the equation (B.1) we arrive at

〈Ŝ3(xf )〉 =
1

2

[
i exp

(
−iζ
k

Re[(kx)w]

)
− i exp

(
iζ

k
Re[(kx)w]

)]
= sin

(
ζ

k
Re[(kx)w]

)
,

(B.5)

as we would like to prove.
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[36] R. Corrêa, M. F. Santos, C. H. Monken, and P. L. Saldanha. ‘Quantum Cheshire

Cat’ as Simple Quantum Interference. New Journal of Physics 17 053042 (2015).
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