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Resumo

Nesta tese estudamos quenches locais sobre sistemas quânticos de muitos corpos. Investig-

amos, após um quench local, a variação da entropia de von Neumann do estado reduzido de um

subsistema contido em um sistema geral de spin de muitos corpos. Encontramos desigualdades do

tipo Lieb-Robinson que são independentes do volume do subsistema. Essas desigualdades crescem

exponencialmente com o tempo, mas decrescem exponencialmente com a distância do subsistema

à região onde o quench é realizado. O fato de que as desigualdades são independentes do volume

do subsistema garante uma limitação na propagação de informação em sistemas de muitos corpos

mais forte do que se é conhecido previamente. Em particular, mostramos que o emaranhamento

em sistemas bipartites satisfaz um “cone de luz” efetivo, independente do tamanho do sistema.

Um modelo particular de sistema de muitos corpos é o modelo de Ising quântico em cadeias uni-

dimensionais. Nós encontramos um novo fenômeno para ele, o qual denominamos de propriedade

de blindagem. Suponha que o sistema se encontre no estado de Gibbs e que o campo magnético

externo aplicado em um certo sítio dessa cadeia seja nulo, então não importa quais são as in-

terações nem os campos magnéticos aplicados nessa cadeia, os estados reduzidos das subcadeias

à esquerda e à direita desse sítio são exatamente o estado de Gibbs de cada subcadeia sozinha.

Sendo assim, mesmo que a interação entre os sítios extremais das subcadeias seja arbitrariamente

forte, o estado de Gibbs de cada subcadeia se comporta como se não houvesse interação entre

as subcadeias. Em geral, considere uma rede que pode ser dividida em duas regiões desconexas

e separadas por uma interface. Se essa interface possui apenas um sítio e o campo magnético

externo nesse sítio se anula, então nós garantimos para essas redes o mesmo resultado válido para

cadeias. Quando essa interface possui mais de um sítio, a propriedade de blindagem é satisfeita,

sob certas hipóteses, para o estado fundamental. Uma situação particular em que essas hipóteses

são satisfeitas ocorre quando o sistema é livre de frustração.
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Abstract

In this thesis we have studied local quenches on quantum many body systems. We have inves-

tigated the variation of von Neumann entropy of subsystem reduced states of general many-body

lattice spin systems due to local quantum quenches. We obtained Lieb-Robinson like bounds that

are independent of the subsystem volume. More specifically, the bound exponentially increases

with time but exponentially decreases with the distance between the subsystem and the region

where the quench takes place. The fact that the bounds are independent of the subsystem volume

leads to stronger constraints (than previously known) on the propagation of information through-

out many-body systems. In particular, it shows that bipartite entanglement satisfies an effective

”light cone”, regardless of system size.

A particular model for a quantum many body system is the quantum Ising model. We have

found a new phenomenon for it, which we have called shielding property. Namely, suppose that

the state of the system is the Gibbs state and that the field in one particular site is null, then

whatever the fields on each spin and exchange couplings between neighbouring spins are, the

reduced states of the subchains to the right and to the left of this site are exactly the Gibbs

states of each subchain alone. Therefore, even if there is a strong exchange coupling between the

extremal sites of each subchain, the Gibbs states of the each subchain behave as if there is no

interaction between them. In general, if a lattice can be divided into two disconnected regions

separated by an interface of sites with zero applied field, we can guarantee the same result if the

surface contains a single site. When there are more sites in the interface, the system satisfies

the shielding property for the ground state under some conditions. We show that one particular

situation where the system satisfies these required conditions is when it is frustration free.
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Introduction

In the field of quantum many body systems we study and understand a lot of curious quantum

phenomena and properties of matter. It has a vast range of applications, which goes from the

control of the matter states to the transmission of quantum information. It is important to the

fundamental physics point of view and to the construction of new technologies.

The non-equilibrium dynamics of a many body system has a wide variety of techniques to

deal with it and one important case is to follow a perturbation of an equilibrated system. It is

common to assume an abrupt perturbation, usually called a quench. It is a global quench if the

perturbation is made in the whole system and local if it is made only on a small portion of the

system.

One daily experience which we have with local quenches, not necessarily quantum, is the

keyboard of our computer. We press a button and it makes a fast change in the system near that

key. This changing “flows” along the system providing the desired modifications to perform the

computation tasks. To be able to predict how this quench in the keyboard button would provide

changes in the system and make the right task, someone had to study this perturbation flows along

this system. However, if we want to build a quantum computer, we have to know how quenches

flow along quantum systems, since their components must be modelled by Quantum Mechanics.

One question raised is how long a local quench takes to “arrive” in a distant part of the system.

That is, if we can measure just one distant part of the system, how long we have to wait until our

measurement is able to give us certainty that a quench, and which quench, was done in that first

part. In the example of the computer, if someone has access only to the screen of this computer,

how much time she/he have to wait to know that another person had typed a letter in the keyboard

and which letter was typed.

Schrödinger’s equation is non-relativistic, so, in principle, it does not forbid instantaneous
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propagation of information across space. On the other hand, the seminal paper by Lieb and

Robinson [1] suggests that a de facto causality should be valid when a perturbation propagates on

a many-body system with short-range interactions. Further refinements [2] of their work led to a

number of results, collectively known as Lieb-Robinson bounds. In reference [3] the authors show

that if a many-body system satisfies a Lieb-Robinson bound, there is indeed a limit for the speed

of propagation of (any significant amount of) information, giving rise to the notion of an effective

light-cone. Applications of Lieb-Robinson bounds include clustering of correlations for the ground

state of gapped systems6 [4]. It can also be used to show an area law, again for ground states of

gapped systems, which means that the entropy of some region of this system grows proportionally

with the area of this region, not its volume [6].

Lieb-Robinson bounds guarantee that information in systems with short-range interactions

flows with a finite velocity. A particular family with this behaviour are systems with locally

commuting Hamiltonians, that is, systems such that the terms of the Hamiltonian which are non-

trivial in different subsets of the system commute with each other, even if these subsets have

non-null intersection. In these cases a local perturbation in one subset, respecting commutation,

does not change the state of subsets outside it. One example of system like this is the quantum

Ising chain when we force the external magnetic field in one site to be null. Thus, changing

parameters in one side of the chain, relative to that site where the external magnetic field is null,

does not change the reduced state of the other side. Furthermore, we will see that the quantum

Ising model has an equilibrium property related to this dynamical behaviour, which other models

with locally commuting Hamiltonians do not exhibit, called shielding property.

In Chapter 1 we will give some important definitions with some experimental motivations. We

also discuss and give examples of global and local quenches and effective light-cones. In Chapter 2

we explain in details the Lieb-Robinson bounds and the concept of effective light-cone. After it we

are able to show our first result, published in [7]. In Chapter 3 we discuss the locally commuting

Hamiltonians and show one second main result, the shielding property of the quantum Ising

model. This result is published in [8]. In the rest of the chapter we discuss further refinements

and consequences of it. In the end we present our conclusions.

6An equivalent relation between spectral gap and exponential decay of correlations is already presented in

Quantum Field Theory [5].
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Chapter 1

Preliminaries

In this chapter we discuss some important concepts for the development of this thesis. In the

first section we define the family of systems we work with and experimental implementations.

Since our definitions are quite general and abstract, we show some examples. After it, we discuss

global and local quenches. We give examples of them and their implications on the spreading of

correlations and entanglement, obeying a so called light-cone effect.

1.1 Definitions and Experimental Motivation

Ultracold quantum gases can be stored in artificial potentials of light [9] and are good exper-

imental examples of lattice systems. In Figure 1.1 we can see two or three orthogonal standing

waves superimposed, which create optical lattice potentials. Cold neutral atoms can then be

trapped in these potentials. These lattices can be described by the mathematical sets Z2 and Z3,

respectively.

In these examples the lattice is given by the spatial position of the minimum of the optical

potentials, that is, the probable position of the atoms. But we could prefer to define some lattice

systems in a more abstract way. For example, a chain with long range interaction could be

described by a lattice of higher dimension where the interactions are of first neighbours 1. However,
1Actually, any many body system with N bodies can be described by a lattice of dimension N and interactions

of first neighbours. Put site i in the position 1 of the i-th axis and connect the sites by an arrow when they have

interactions between each other.
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a) b)

Figure 1.1: Optical lattices created superimposing two or three orthogonal standing waves. a)

Two dimensional case; the potential minima are like tubes along the space and are well described

by the lattice Z2. b) Three dimensional case; here the potential minima are well described by Z3

and have the same illustration of this lattice. (Figure extracted from reference [9]).

if the reader prefers keep in mind a lattice which describes spatial positions, there is no problem

for the purposes of this thesis.

Some examples of two dimensional lattices can be viewed in Figure 1.2. The first is a square

lattice, the same as Figure 1.1.a. The second is a triangular lattice and the third a Kagome

lattice. The last one is a Bethe lattice, and it is contained in a family of lattices which we give as

an example in Example 3 of the next chapter. For the biggest part of this thesis, however, we will

not work with a particular lattice. Our results hold quite generally, for a wide class of lattices.

a) b) c) d)

Figure 1.2: Examples of two dimensional lattices. The arrows illustrate the spin of each site,

example to be considered latter. a) Square lattice, also called Z2; it is the lattice which describes

Figure 1.1.a. b) Triangular lattice. c) Kagome lattice. d) Bethe lattice; this lattice is contained

in a family of lattices which we give as an example in the end of next chapter, in Example 3.
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The letter we will use to denote the lattice of the whole system is Γ and, at least theoretically,

it can have an infinite size. On the other hand, to properly define the mathematical objects, we

will work most part of the time on a finite part of this lattice, which we will denote by Λ.

The distance d(i, j) between two sites i, j ∈ Γ is defined by the number of edges of a shortest

path connecting these two sites. In Figure 1.3 we illustrate this definition for the lattices of

Figure 1.2. In the middle of each lattice we have site i in black. The sites in pink are in a distance

1 from i, the blue ones are in a distance 2 from i, and so on.

Figure 1.3: For each lattice of Figure 1.2 we consider a site i colloured of black and the sites of

distance d from this site colloured of the same color. For d = 1 they are colloured pink, for d = 2

they are colloured blue, and so on.

To each site i ∈ Γ we will associate a Hilbert space Hi. In the example of a quantum gas we

could have a sufficiently high potential such that each atom occupies one site of the lattice and

each site contains only one atom (Figure 1.4.a) [9, 10]. It could be done in a way such that the

relevant physical degree of freedom is only the spin of these atoms or of their valence electrons.

In this case the Hilbert space of each site i is the space of the atomic spin. This situation is

illustrated in Figure 1.2, where the arrow in each site represents the magnetization of that site.

Another example given is if the potential is not too high and the atoms are able to move from

one site to another with some probability (Figure 1.4.b). The Hilbert space to be considered here

would be the Fock space [11].

In any case, the Hilbert space of the system correspondent to the lattice Λ is given by the

tensorial product of the Hilbert space of the sites contained on it

H =
⊗
i∈Λ
Hi (1.1)

5



a) b)

Figure 1.4: Two dimmentional optical lattice. a) If the lattice depth is high it is possible to

arrange the atoms such that we have only one occupation per site. b) If the lattice depth is

not too high, it is possible to the atoms to hop from one site to another, creating a non-trivial

occupation of the sites. (Figure extracted from reference [9]).

This is a finite tensorial product and if each Hi has finite dimension, then also H has finite

dimension. We do not define the Hilbert space of the whole system, since it is not always well

defined if Γ has infinite size.

To each finite set X ⊂ Γ we define an interaction by a self-adjoint operator Φ(X) on HX . For

every finite Λ ⊂ Γ the Hamiltonian of that portion of the system is defined by

HΛ =
∑
X⊂Λ

Φ(X)⊗ 1Λ\X . (1.2)

For every operator A which can be written as AX⊗1Λ\X , where AX is not the identity operator

on HX , we say that it has support X and denote it by supp(A) = X.

Note that we have defined two finite sets, Λ and X, contained in Γ, and the purposes of

these definitions must be clarified. We use Λ to denote a “big” subset, in the sense that it can

be arbitrarily large. Moreover, once we deal with short-range interactions we would have that

Φ(Λ) = 0. The set X is any set contained in Λ. For short range interactions only the small sets

X are relevant.

Now, an important example is the Bose-Hubbard model, which describes a gas of bosons where

the particles can occupy positions in the sites of some lattice. Let the finite lattice Λ which we are

considering this model be given as in figure Figure 1.4.b., that is, Λ = {1, 2, 3, 4, 5}2, a subset of

Γ = Z2. The Hilbert space of this model is given by the Fock space and its Hamiltonian is given

6



by

H = −J
∑
〈i,j〉
i,j∈Λ

a†iaj ⊗ 1Λ\{i,j} + 1
2U

∑
i∈Λ

ni(ni − 1)⊗ 1Λ\{i}. (1.3)

The operator a†i is the creation operator and it creates one particle in the site i. The operator aj
is the annihilation operator and it destroys one particle in the site j. These two operators together

a†iaj act moving one particle from site j to site i. The index 〈i, j〉 under the summation means

that we are summing only over first neighbours. So, the first terms of Hamiltonian (1.3) mean

that the particles can hop only to neighbouring sites of its current localization. The parameter J

is the strength of this hopping amplitude.

The number operator is given by ni = a†iai, while the term 1
2Uni(ni − 1) represents the

interaction among the particles occupying the same site i. Note that if the number of particles in

a site is N then the number of interactions is 1
2N(N − 1), since one particle do not interact with

itself and the factor 1
2 appears to avoid counting twice the same interaction between two particles.

The parameter U which appears in the Hamiltonian is the strength of these interactions.

It is usual to hide the identity operators when writing a Hamiltonian, then it is more common

to find the Hamiltonian of the Bose-Hubbard model written as the following.

H = −J
∑
〈i,j〉
i,j∈Λ

a†iaj + 1
2U

∑
i∈Λ

ni(ni − 1) (1.4)

The interactions Φ(X) and sets X of this example have the following relation.

Φ(X) =



1
2U · ni(ni − 1) if X = {i};

−J · a†iaj if X = {i, j}, i, j neighbours;

0 on the other cases.

(1.5)

Note that the interactions between the sites of the lattices do not necessarily correspond to the

interactions between the atoms. However, for a spin lattice system, the interactions between the

sites can be the interactions between the atoms or electrons. In the next section we shall discuss

an example in more details.

Finally, we make a summary of all the definitions we have made in this section:

· Lattice Γ (it can have infinite size);
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· Finite subset Λ ⊂ Γ;

· Finite subset X ⊂ Λ ⊂ Γ;

· Sites i, j ∈ Γ;

· Distance d(i, j) = number of vertices of a shortest path connecting i and j;

· Hi = Hilbert space of site i;

· H = ⊗
i∈ΛHi = Hilbert space of Λ (it has finite dimension, if each Hi also has finite

dimension);

· Self-adjoint operator Φ(X) = interaction among sites of set X;

· HΛ = Hamiltonian of set Λ.

1.2 Global and Local Quenches; Effective Light-Cone

In this section we discuss two works in the literature to show examples of global and local

quenches on lattice systems. Furthermore, in these references they compute the velocity of corre-

lations, magnetization and entanglement spreading, being also examples of effective light-cones.

One of them is an experimental realization of an effective light-cone [10] while the other one

is a numerical computation via t-DMRG method [12]. Both of them deal, of course, with specific

systems and models, in contrast with our work described in Chapter 2 where we consider a large

class of lattice models. We compute a rigorous bound for the velocity of a class of effective light-

cones, which is not tight, while in references [10, 12] they compute the velocity of the effective

light-cones of their respective models.

In reference [10] it is experimentally implemented a global quench on a system which is well

described by the Bose-Hubbard model (Equation (1.4)). As we mentioned in the beginning of the

previous section, it is possible to trap ultracold atoms in optical lattices. The authors of [10] have

made this with atoms of Rubidium 87Rb and aligned them in a chain. In the various realizations

which they have done, the number of atoms in each chain ranged between 10 to 18.

At the begining of the experiment, they put the system in equilibrium for a high value for the

depth of barrier between the sites. Suddenly, they decrease the depth of this barrier to some lower

value, which is the global quench which they have done, as we can see in Figure 1.5.a. This quench

gives rise to the creation of entangled quasi-particles in the sites of the chain (Figure 1.5.b). These
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quasi-particles are called hollons and doublons, which correspond to a null and a double on-site

occupation, respectively.

Figure 1.5: a) Global quench done in the system. Ini-

tially the barrier between the sites had a certain depth.

Suddenly it gets smaller. b) The quench creates entan-

gled quasiparticles which propagate in opposite direc-

tions. These quasiparticles are called hollons and dou-

blons, which are states of null and double occupations

in some site, respectively. (Figure extracted from refer-

ence [10]).

Figure 1.6: Correlations in the system after the quench of Figure 1.5, for sites of distances d from

each other for many values of d. We can see that correlations propagate across the system. (Figure

extracted from reference [10]).

After a variable evolution time, the authors rapidly raise the height of the barrier to “freeze”

the density distribution. Finally they detect the atoms by fluorescence imaging. With the data of

many realizations in hand they could compute the average of correlations between sites of distance

d, for various values of d. Their results are shown in Figure 1.6. We can see that the peak of

correlations behave as propagating along the system, from closer sites to more distant sites as

a function of time. This is the first experimental observation of an effective light-cone for the

spreading of correlations.

In reference [12] it is considered the spin-1/2 XXZ chain and open boundary conditions, which
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is given by the Hamiltonian

H =
N−1∑
i=1

σxi σ
x
i+1 + σyi σ

y
i+1 + ∆σzi σzi+1. (1.6)

Each term of this equation represents a spin interaction between the labelled sites in the labelled

directions. In this case these interactions are between first neighbours only, they have strength 1

in the x and y-directions and strength ∆ in the z-direction. The value of ∆ defines the phase of

the system at zero temperature. For ∆ ≤ −1, the system is in a ferromagnetic phase, where all

spins tend to align in the z-direction; for ∆ > 1 the system is in a antiferromagnetic phase, where

the spins tend to anti-align in the z-direction; and for −1 < ∆ ≤ 1 the system is in a critical

phase, where the spins do not have a clear alignment between each other (actually, the spins have

null expected value in this phase). See Figure 1.7 for an illustration of these phases.

Figure 1.7: Illustration of the three phases of the Hamiltonian (1.6). The first chain, where all

spins are aligned, represents the ferromagnetic phase; the second, where all spins are aligned but

in opposite directions when they are first neighbours, represents the antiferromagnetic phase; the

last one, where there are no well defined alignment for the spins, represents the critical phase

(the spins have null expected value in this phase). It is also a good illustration for some phases

of the Ising model: ferromagnetic, antiferromagnetic and paramagnetic, which we comment in

Section 3.1. (Adapted figure from reference [12]).

The authors of [12] considered two finite chains, one in the ferromagnetic phase and the other

in the critical phase, which was separated and in the ground state for t < 0. At t = 0 they

join these two chains creating an interaction between the sites at the boundary of each chain, as

illustrated in Figure 1.8. More precisely, the Hamiltonian of this chain is given by

H(t) = HL + Θ(t)
(
σxi σ

x
i+1 + σyi σ

y
i+1 + δσzi σ

z
i+1

)
+HR, (1.7)

10



where HL and HR are Hamiltonians of the form (1.6) for the left and right chains, respectively, i is

the index of the most right site of the left chain and δ is some constant. Θ(t) is the step function.

It is zero for t < 0 and equal 1 for t ≥ 0. Therefore, this is indeed a local quench. The left chain is

chosen to be in the ferromagnetic phase, so the parameter ∆ = ∆L of HL is lower than −1. The

right chain is chosen to be in the critical phase, so the parameter ∆ = ∆R of HR is between −1

and 1.

Figure 1.8: Illustration of the local quench considered by the authors of [12]. In the first moment

(t < 0) the two chains are decoupled and in their respective ground states. For t ≥ 0 there is a

coupling between the two chains. In the equation of the Hamiltonian (1.7) it is described by the

term Θ(t) which was null for t < 0 and equal 1 for t ≥ 0. (Figure extracted from reference [12]).

For t < 0 the system is in equilibrium and the authors calculated via DMRG the ground state

of this system. For t ≥ 0, after the quench, they calculated the evolved state of the system via

t-DMRG. We can see the effective light-cone of this system in Figure 1.9.

A color map of the expected value of the magnetization and of the variation of von Neumann

entropy of each site of the right chain as a function of time is shown in Figure 1.9.a. and c.,

respectively. These maps were made for the values of ∆L = −20, ∆R = 0.5 and δ = ∆R. This

variation of entropy in each site is the entropy of this site for the evolved state subtracted by the

entropy of this same site for the ground state. The solid line in these maps shows a linear fit of the

“wave front”. The dotted lines indicate cuts in time and the spin profile of these cuts are shown

in Figure 1.9.b. and d., respectively.
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Figure 1.9: Color maps and profiles of spin and variation of von Neumann entropy in the right

chain for the parameters ∆L = −20, ∆R = 0.5 and δ = ∆R. a) Color map of the magnetization

of each site as a function of time. Lines represent cuts in time and their profiles are given in item

b. b) Profile of the magnetization of each site for certain values of time, indicated in item a. c)

Color map of the variation of von Neumann entropy of each site as a function of time. The dotted

lines represent cuts in time and their profiles are given in item d. d) Profile of the variation of von

Neumann entropy of each site for certain values of time, indicated in item c. (Figure extracted

from reference [12]).

We can see that when the system is in the ground state (Figure 1.9.b. and d., first panel) the

magnetization and variation of entropy are null. For the evolved state after the quench (second

panel) we can see that these quantities have considerable values for sites closer the quench and

they are almost zero for the distant sites. In the third panel the situation is similar, but both
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quantities are significantly non-zero in more sites than before. In the fourth panel the “wave”

front has already reached all the sites.

13



Chapter 2

Bounding Entanglement Spreading

After a Local Quench

Entanglement is a fundamental quantity of quantum information and computation, being es-

sential to perform tasks such as teleportation or superdense coding [13]. In recent years it is

becoming increasingly relevant also to quantum many-body physics. It can be a good order pa-

rameter for quantum phase transitions [14]. Algorithms for computing one-dimensional quantum

many body ground states, such as the density matrix renormalization group (DMRG) [15] method

or the variational calculus over matrix product states (MPS) [16], have their efficiency based es-

sentially on the spatial scaling of entanglement within these states [17]. It is a key ingredient for

the (subsystem) thermalization of many-body isolated quantum systems [18].

Entanglement may also be of interest for non-equilibrium phenomena [19, 20]. The spatial

scaling of entanglement within the eigenstates of a many-body Hamiltonian, as well as its growth

in time, is a signature of the many-body localized phase [21]. The dynamics of entanglement due

to global or local quenches may be computed by conformal field theory techniques [22], or by the

time variants of DMRG or MPS based algorithms [23], or at least have its growth bounded [3, 24].

The behavior of a many-body system after a quantum quench can raise fundamental questions,

such as whether the system equilibrates or not (see, e.g., [25]). It can be investigated with

increasing detail in modern experimental settings such as ultracold atoms in optical lattices [10] or

trapped ions [26]. Moreover, novel numerical techniques, such as t−DMRG, allow one to simulate

the evolution of significantly large systems, especially spin chains [23, 27]. In simulations of
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quantum chains by t−DMRG the entanglement of every bipartition of the chain (in two contiguous

regions) is naturally computed for every instant of time. After a local quantum quench, it can be

seen that entanglement of these bipartitions satisfies an effective “light-cone” in the same way as

any other local quantity of the system, such as magnetization, as we have explained in the last

chapter.

In [3] this light-cone effect can be partially explained for a local quench on the initial state

of the system. There, a unitary operation with support on a small region of the system can

be applied, with the purpose of establishing a communication channel between distant regions

of the system. The authors of [3] estimate the variation of quantum entropy—with respect to

the evolutions with and without an applied unitary—for any region away from the quench. They

found a bound for its growth in time assuming a Lieb-Robinson bound [1] for the model. However,

their bound is proportional to the volume of the region, restricting its validity. For instance, it

cannot be applied if one takes the thermodynamic limit of the subsystem. Moreover, the bound

could not be used to guarantee an area law for entanglement [6] of the evolved states, since it is

proportional to the subsystem volume.

Here we provide Lieb-Robinson-like bounds for the variation of quantum entropy of the reduced

states of any region away from a quench. We consider two kinds of quenches: a local perturbation

on the Hamiltonian and on the initial state. We assume only that the model satisfies a Lieb-

Robinson bound and that the volume of lattice spheres grows at most exponentially with their

radius.

We discuss three consequences of the bounds. First, we show the validity of an effective light-

cone for entanglement, in a sense we shall explain in detail later. Second, we point out how the

bounds guarantee, for every instant of time, an area law for entanglement of the evolved states,

as long as the initial state also satisfies an area law and is an eigenstate of the Hamiltonian.

And third, we discuss how the bound implies a strong restriction on the information capacity of

quantum channels established between distant regions of a many-body system.

This chapter is organized as follows. In Section 2.1 we defined some norms of operators, in

Section 2.2 we state a Lieb-Robinson bound and in Section 2.3 we state further necessary concepts

and results. In Section 2.4 we prove bounds for the variation of entanglement after a local quench

and point out some special cases. In Section 2.5 we discuss implications of the bounds obtained.
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2.1 Norms of Operators

In this section we will give some definitions and necessary results. Denote by L(X ,Y) the

set of linear operator A : X → Y , between two Hilbert spaces X and Y . When X = Y , denote

L(X ,X ) by L(X ). Denote by A∗ the adjoint operator of A. The set of unitary operators U(X ) is

a subset of L(X ), which has the property that UU∗ = U∗U = 1X , for all U ∈ U(X ).

The trace norm is defined by

‖A‖1 = Tr
(√

A∗A
)
. (2.1)

When A ∈ L(X ), there is another useful and equivalent form for the trace norm given by

‖A‖1 = max{|Tr(AU)| : U ∈ U(X )}. (2.2)

The spectral norm is defined by

‖A‖∞ = max{‖Au‖ : u ∈ X , ‖u‖ = 1}. (2.3)

We will denote ‖A‖∞ only by ‖A‖ for simplicity1.

To read more details about these norms and demonstrations of the above statements, see

reference [28].

You will see that in Equations (2.4) and (2.6) we use the same notation “‖ · ‖” to another

quantities, which are not norms in general. We will keep these double notations in order to

maintain consistence with the literature.

2.2 Lieb-Robinson Bounds

In the following we shall state and explain the Lieb-Robinson bounds derived in refer-

ences [2, 29]. The large class of quantum many-body systems considered here are those defined in

Section 1.1, with some additional assumptions.

In order to get a Lieb-Robinson bound, the interaction must decay fast enough with the

diameter of finite subsets of Γ. This is encoded by a non-increasing function F := [0,∞)→ (0,∞)

that must satisfy, for some µ ≥ 0:
1There is one family of norms called Schatten p-norms usually denoted by ‖A‖p and the trace norm is the

Schatten 1-norm. The spectral norm is the limit of ‖A‖p when p→∞, which justify its name.
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||F || := sup
i∈Γ

∑
j∈Γ

F (d(i, j)) <∞, (2.4)

Cµ := sup
i,j∈Γ

∑
k∈Γ

e−µ[d(i,k)+d(k,j)−d(i,j)]F (d(i, k))F (d(k, j))
F (d(i, j)) <∞. (2.5)

With such an F , the following condition guarantees a fast enough decay of Φ:

||Φ||µ := sup
i,j∈Γ

∑
X3i,j

||Φ(X)||
e−µ(d(i,j))F (d(i, j)) <∞. (2.6)

To become more familiar with these hypothesis, consider a concrete example 2. Take Γ = Zd and

d(x, y) = |x − y|. In this case we can chose the function F (x) = (1 + x)−d−ε for any ε > 0. We

can see directly that this function satisfy Equation (2.4). Moreover, we have that

C0 ≤ 2d+ε+1 ∑
n∈Zd

1
(1 + |n|)d+ε <∞ (2.7)

which guarantees that condition (2.5) is also satisfied for µ = 0. But note that Cµ ≤ C0 for every

µ > 0, and this guarantee that F (x) satisfy (2.5) for every µ ≥ 0.

Two types of systems which satisfy equation (2.6) in the lattice Γ = Zd are:

· those with first neighbour interactions;

· those with interactions that decay exponentially.

We give more details of these examples in Appendix A.

We define the Φ boundary of a subset X by

∂ΦX = {i ∈ X : ∃Y ⊂ Γ with Y ∩Xc 6= ∅, i ∈ Y and Φ(Y ) 6= 0}. (2.8)

This is the set of sites contained in X which have interactions with other sites outside set X. It is

a boundary defined by the interactions between the sites, not only by the geometry of the lattice.
2These hypothesis are quite abstract and one question which could arise is how someone has thought about

them. It usually happens in this way: the mathematician has an intuition that the theorem is true and thinks

about how to make the proof. During the calculations she/he perceives that with these technical conditions she/he

can get into the desired conclusions. Thus, the mathematician puts these conditions as hypothesis of the Theorem

and then the proof is done. In the particular case of Equations (2.4), (2.5) and (2.6), we do not know if it really

happened in this way, but many times it is like this that technical conditions appear.
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For example, consider a chain, that is, the lattice Γ = Z, with first neighbours interactions. The

Φ boundary of the set X = {5, 6, 7, 8, 9} is the set ∂ΦX = {5, 9}. If we take an interaction of first

and second neighbours in this same chain the Φ boundary of the set X = {5, 6, 7, 8, 9} is the set

∂ΦX = {5, 6, 8, 9}.

Denote by |X| the number of elements of a set X. Then, the following bound can then be

obtained [2, 29]:

Lieb-Robinson Bounds. Let X, Y ⊂ Λ with d(X, Y ) > 0; let A and B be operators defined

on HΛ with support on X and Y , respectively; and let A(t) = eiHΛtAe−iHΛt. Then, the following

inequality holds true for every µ > 0 and t ∈ R:

||[A(t), B]|| ≤ 2||A||||B||||F ||
Cµ

min {|∂ΦX|, |∂ΦY |}e−µ(d(X,Y )−vµ|t|), (2.9)

where vµ = 2||Φ||µCµ
µ

.

Note that, in the right hand of the above equation, the only term with temporal dependence is

e−µ(d(X,Y )−vµ|t|). Since d(X, Y ) has unit of length, vµ has unit of velocity. When we have small times

t and large distances d(X, Y ) between the sets, the exponential will be very small, making the

quantity ||[A(t), B]|| correspondingly small. So, for d(X, Y ) > vµ|t| we would have insignificantly

values for ||[A(t), B]|| and it is what we are calling by effective light-cone.

The physical meaning of ||[A(t), B]|| is not clear, but it is using the bound (2.9) that we can

find similar bounds to other more intuitive quantities. In Section 2.4 we make exactly this. Using

Equation (2.9) we find a bound to the variation of the von Neumann entropy of a state of a region

Y when we compare its evolution with and without a local quench on a region X distant from Y .

2.3 The von Neumann Entropy and Continuity Inequali-

ties

In thermodynamics, the entropy function was derived in order to define mathematically which

state could evolve adiabatically to another state. If state R has more entropy than state R′, then

there is an adiabatic process which makes R′ evolve until R [30].
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In quantum information we have an analogy. Let ρ and ρ′ be pure states of bipartite systems.

If ρ has more entanglement than ρ′, then there is an LOCC (local operations and classical commu-

nication) such that through this LOCC it is possible to convert the state ρ′ into ρ [31]. The von

Neumann entropy is the unique entanglement measure between a bipartition of a system when it

is in a pure state. It is given by the expression

S(ρ) = −Tr(ρ log2 ρ) (2.10)

So, for estimating the variation of entanglement we shall need continuity inequalities for quan-

tum entropy. We will also bound the variation of reduced states of the system, measured by the

trace norm. For this, we shall use two well known inequalities.

Suppose that the Hilbert space of the many body system has dimension D. The following

continuity inequality holds [32]:

|S(ρ)− S(ρ′)| ≤ 1
2 ||ρ− ρ

′||1 log2 (D − 1) + h(1
2 ||ρ− ρ

′||1), (2.11)

where h(x) = −x log2 x−(1−x) log2 (1− x) is the binary entropy function. Moreover, the quantum

conditional entropy SX|Y (ρXY ) = S(ρXY )−S(ρY ), where ρXY is a state of a bipartite system XY

and ρY is the corresponding reduced state of part Y , satisfies the continuity inequality [33]:

|SX|Y (ρXY )− SX|Y (ρ′XY )| ≤ 4||ρXY − ρ′XY ||1 log2DX + 2h(||ρXY − ρ′XY ||1), (2.12)

valid whenever ||ρXY − ρ′XY ||1 < 1, where DX is the Hilbert-space dimension of part X.

2.4 A Bound for the Variation of Von Neumann Entropy

under Local Quenches

To understand the spreading of correlations and transport on many-body systems one may

resort, both theoretically and experimentally [10, 20], to follow the dynamics of the system after

a local quench. One can distinguish two kinds of local quenches: a sudden local change on the

Hamiltonian H and on the initial state |ψ〉 of the many-body system. That is, in the first case,

from time t = 0 and on, the Hamiltonian changes to H +W . For the second case, an initial state

|ψ〉 is quickly changed to U |ψ〉. Both W and U must have support on a small portion of the
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system. In either case, we can compare the evolution of the system with and without the applied

quench.

First we show that, for small times, the reduced state of regions far from the region where the

quench takes place is slightly perturbed. Note that inequality (2.13) shown below corresponds for

q = 1 to a quenched Hamiltonian while for q = 2 to a quenched initial state.

Lemma 1. Let (Γ, {H}i∈Γ,Φ) be a model satisfying the conditions described in Section 2.2 and let

Λ be any finite subset of Γ. Let X, Y ⊂ Λ be two subsets with d(X, Y ) > 0. Let W be a self-adjoint

operator on HΛ and let UX be a unitary operator, both of them with support on X. Let |ψ〉 be a unit

vector of HΛ and denote |ψ0(t)〉 = e−iHΛt |ψ〉, |ψ1(t)〉 = e−i(HΛ+W )t |ψ〉, |ψ2(t)〉 = e−iHΛtUX |ψ〉.

Denote the reduced states on region Y as follows ρqY (t) = TrΛ\Y (|ψq(t)〉 〈ψq(t)|), for q = 0, 1, 2.

For any µ > 0 and t ∈ R the following inequality holds true:

||ρ0
Y (t)− ρqY (t)||1 ≤ cqe

−µ(d(X,Y )−vµ|t|), (2.13)

for q = 1, 2, where c1 = 2||W |||F ||
µvµCµ

min {|∂ΦX|, |∂ΦY |} and c2 = 2||F ||
Cµ

min {|∂ΦX|, |∂ΦY |}.

Proof. First we show the inequality for q = 1. Let UY be an operator acting on HΛ with

support on Y and let ŨY be its restriction to HY . We have then [34]:

|Tr{[ρ0
Y (t)− ρ1

Y (t)]ŨY }| = | 〈ψ0(t)|UY |ψ0(t)〉 − 〈ψ1(t)|UY |ψ1(t)〉 | (2.14)

= | 〈ψ| eiHΛtUY e
−iHΛt − ei(HΛ+W )tUY e

−i(HΛ+W )t |ψ〉 | (2.15)

≤ ||eiHΛtUY e
−iHΛt − ei(HΛ+W )tUY e

−i(HΛ+W )t|| (2.16)

= ||e−i(HΛ+W )teiHΛtUY e
−iHΛtei(HΛ+W )t − UY || (2.17)

= ||
∫ t

0
dt′

d

dt′
e−i(HΛ+W )t′eiHΛt

′
UY e

−iHΛt
′
ei(HΛ+W )t′|| (2.18)

= ||
∫ t

0
dt′e−i(HΛ+W )t′ [HΛ +W −HΛ, UY (t′)]e−i(HΛ+W )t′ || (2.19)

≤ |
∫ t

0
dt′||[W,UY (t′)]|||, (2.20)

where UY (t) = eiHΛtUY e
−iHΛt. Recalling that W has support on X, we can apply inequality (2.9)

to the integrand of the last expression and get:

|Tr{[ρ0
Y (t)− ρ1

Y (t)]ŨY }| ≤
2||W |||F ||

Cµ
min {|∂ΦX|, |∂ΦY |}e−µd(X,Y )

∫ |t|
0
eµvµt

′
dt′.

20



Finally, from trace norm characterization (2.2) and observing that
∫ |t|

0 eµvµt
′
dt′ ≤ (µvµ)−1eµvµ|t| we

get inequality (2.13).

For q = 2, take UY , ŨY and UY (t) as above, so [3]:

|Tr{[ρ0
Y (t)− ρ2

Y (t)]ŨY }| = | 〈ψ0(t)|UY |ψ0(t)〉 − 〈ψ2(t)|UY |ψ2(t)〉 | (2.21)

= | 〈ψ| (UY (t)− U∗XUY (t)UX) |ψ〉 | (2.22)

≤ ||UY (t)− U∗XUY (t)UX || (2.23)

= ||UXUY (t)− UY (t)UX || (2.24)

= ||[UX , UY (t)]||. (2.25)

Again, using the Lieb-Robinson bound (2.9) and expression (2.2) for the trace norm, we get

inequality (2.13) for q = 2.

If we use Lemma 1 above directly with the continuity inequality (2.11) for entropy we obtain

bounds for the variation of entropy that grow linearly with |Y |, since the right hand side of

Equation (2.11) grows logarithmically with dim(HY ). In order to avoid this we can stratify Y in

sets of increasing distance to X and compute the entropy as a sum of conditional entropies between

these sets. The advantage is twofold: (i) the conditional entropies are computed on regions of

increasing distance to X and, hence, of exponentially decreasing variation; (ii) the continuity

inequality (2.12) for conditional entropy depends on the dimension of just one of the parts. We

must assume, however, that the volume of each set does not grow too fast with its distance to X

in order to get the desired bound. We shall detail these conditions in the following.

For l ∈ N, let

Xl = {j ∈ Γ|d(j,X) = l} (2.26)

be the set of all points of Γ with distance l to X. For i ∈ Γ and l ∈ N, let

Rl(i) = {j ∈ Γ|d(i, j) = l} (2.27)

be a sphere of radius l centered in i (see Figure 1.3). Denote by

Int(X) = {i ∈ X|R1(i) ⊆ X} (2.28)

the interior of X and let ∂X = X−Int(X) be its boundary. Note that for systems with (non-zero)

nearest-neighbor interactions it holds that ∂X = ∂ΦX. We must have then the following.
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Lemma 2. For every finite X ⊆ Γ and l > 0 it must hold that

Xl ⊆
⋃
i∈∂X

Rl(i). (2.29)

Proof. Indeed, take j ∈ Xl and i ∈ X such that d(j,X) = d(j, i) = l. Clearly we have

j ∈ Rl(i). Take a path of length l connecting j to i. Since l > 0 this path necessarily contains

a point k of R1(i). It must hold that k /∈ X, otherwise one can construct a path of length

l − 1 connecting j to a point of X, in contradiction with condition d(j,X) = l. In other words,

i ∈ ∂X.

Now we are ready to state the following.

Theorem 1. Assume the same conditions and notation of Lemma 1. Furthermore, assume that

|Rl(i)| ≤ beαl (2.30)

for every i ∈ Γ, l ≥ 0 and some constants b, α ≥ 0. Suppose also that D = supi∈Γ dim(Hi) < ∞.

Let t ∈ R be such that d(X, Y ) > µ
µ−αvµ|t|. Then, the following inequalities hold true:

|S(ρ0
Y (t))− S(ρqY (t))| ≤ γqe

−µ2 (d(X,Y )−v′µ|t|), (2.31)

for q = 1, 2 and µ > 2α, where γq = 4√cq(1− e−
µ
2 )−1(|∂X|√cqb log2D + 1) and v′µ = µ

µ−αvµ.

Proof. Define Yl = Y ∩Xd(X,Y )+l for l ∈ N. If N = max{l : Yl 6= ∅}, the definitions of N and

Yl guarantee that Y = ⋃N
l=0 Yl. Moreover, if Ỹl = ⋃N

m=l Ym, we have Ỹ0 = Y , Ỹl = Yl
⋃
Ỹl+1 and

YN = ỸN . See Figure 2.1 for a pictorial description of all these sets.

All these definitions imply that for any density operator acting on HY it must hold that:

S(ρY ) =
(
N−1∑
l=0

SYl|Ỹl+1
(ρỸl)

)
+ S(ρYN ), (2.32)

where SYl|Ỹl+1
(ρỸl) denotes the conditional entropy

SYl|Ỹl+1
(ρỸl) = S(ρỸl)− S(ρỸl+1

). (2.33)

The telescopic sum of Equation (2.32) is illustrated in the Figure 2.2. The coloured sets in

parentheses represent each term of Equation (2.33) for each value of l. The last set, the one which

is alone, represents the term S(ρYN ) of Equation (2.32).
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Figure 2.1: Pictorial depiction of sets X, Y, Yl, and X̃x defined in the proof of Theorem 1 and in

Section 2.5.

Figure 2.2: Pictorial ilustration of Equations (2.32) and (2.33).

Letting ∆Sq(t) = S(ρ0
Y (t))− S(ρqY (t)) for q = 1, 2, we have on the one hand:

|∆Sq(t)| ≤
N−1∑
l=1
|SYl|Ỹl+1

(ρ0
Ỹl

(t))− SYl|Ỹl+1
(ρq
Ỹl

(t))|

+ |S(ρ0
YN

(t))− S(ρqYN (t))|. (2.34)

On the other hand, from Lemma 1 we get, for l = 0, ..., N :

||ρ0
Ỹl

(t)− ρq
Ỹl

(t)|| ≤ cqe
−µ(d(X,Y )+l−vµt), (2.35)

since d(X, Ỹl) = d(X, Yl) = d(X, Y ) + l. Moreover, by using dim(HYl) ≤ D|Yl|, inequalities (2.35),
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the continuity inequalities for entropy (2.11), and conditional entropy (2.12), the right hand side

of Equation (2.34) can be bounded by:
N−1∑
l=0
{4cqe−µ(d(X,Y )+l−vµ|t|) log2 (D|Yl|) + 2h(cqe−µ(d(X,Y )+l−vµ|t|))}

+ 1
2cqe

−µ(d(X,Y )+N−vµ|t|) log2 (D|YN | − 1) + h
(1

2cqe
−µ(d(X,Y )+N−vµ|t|)

)
. (2.36)

In order to bound the binary entropy functions we use that h(x) ≤ 2
√
x for x ∈ [0, 1], so we can

write:

|∆Sq(t)| ≤
N−1∑
l=0
{4cqe−µ(d(X,Y )+l−vµ|t|) log2 (D|Yl|) + 4√cqe−µ(d(X,Y )+l−vµ|t|)/2}

+ 1
2cqe

−µ(d(X,Y )+N−vµ|t|) log2 (D|YN | − 1) +
√

2√cqe−µ(d(X,Y )+N−vµ|t|)/2. (2.37)

In this expression the last two terms are smaller than the term of index N of the summand.

Therefore, we can bound the expression by a single sum ranging from 0 to N and get:

|∆Sq(t)| ≤
N∑
l=0
{4cqe−µ(d(X,Y )+l−vµ|t|) log2 (D|Yl|) + 4√cqe−µ(d(X,Y )+l−vµ|t|)/2}. (2.38)

= 4cq log2 (D)e−µ(d(X,Y )−vµ|t|)
N∑
l=0
|Yl|e−µl + 4√cqe−µ(d(X,Y )−vµ|t|)/2

N∑
l=0

e−µl/2, (2.39)

where we get the equality by rearranging the terms. We can bound the second summand in

Equation (2.39) immediately by ∑∞l=0 e
−µ2 l = (1 − e−µ2 )−1. To bound the first summand we just

have to observe that |Yl| ≤ |
⋃
i∈∂X Rd(X,Y )+l(i)| ≤ |∂X|beα(d(X,Y )+l), where the first inequality

comes from the definition of Yl and Lemma 2 while the second comes from hypothesis (2.30).

Therefore,
∞∑
l=0
|Yl|e−µl ≤ |∂X|beαd(X,Y )

∞∑
l=0

e−(µ−α)l = |∂X| be
αd(X,Y )

1− e−(µ−α) ,

since µ > α, and we get

|∆Sq(t)| ≤ 4cq|∂X| log2 (D)b(1− e−(µ−α))−1e−(µ−α)d(X,Y )+µvµ|t| (2.40)

+ 4(1− e−
µ
2 )−1√cqe−

µ
2 (d(X,Y )−vµ|t|). (2.41)

Finally, defining v′µ = µ
µ−αvµ, using that d(X, Y ) > v′µ|t| and µ − α > µ

2 , we can conclude the

desired bound:

|∆Sq(t)| ≤ 4(1− e−
µ
2 )−1(cq|∂X|b log2D +√cq)e−

µ
2 (d(X,Y )−v′µ|t|). (2.42)
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Let us now consider some examples. They are all illustrated in Figure 2.3.

Example 1. If Γ = Z with d(i, j) = |i − j| in Theorem 1, inequality (2.31) holds with vµ′ = vµ

and b = 2. Indeed, one just has to realize that such metric space Γ satisfies (2.30) with b = 2

and α = 0 since every sphere in this space has precisely two elements, irrespective the size of its

radius.

Assuming further that r is the range of interaction [meaning that Φ(Z) = 0 for every set Z

with diameter larger than r]and X is a contiguous region, one has |∂X| = 2 and |∂ΦX| ≤ 2r.

Therefore, the bound is completely independent of the size of regions Y and X.

One says that Γ has fractal dimension n if there exists n ≥ 1 and a > 0 such that

|Rl(i)| ≤ aln−1 (2.43)

for every l > 0 [4, 35]. Note that lattices Zn are particular cases of such space. In such models

one has the following.

Example 2. In Theorem 1, if Γ has fractal dimension n, inequality (2.31) holds for every α > 0

(and α < µ
2 ), with b = a (n−1)!

α(n−1) . Indeed, from Equation (2.43) we get that |Rl(i)| ≤ aln−1 ≤

a (n−1)!
α(n−1) e

αl for every α > 0.

Finally, we note that a bound can be valid even for more “exotic” spaces. If Γ is a rooted tree

graph with n > 1 branches, we have that |Rl(i)| = nl + 1, so its fractal dimension is infinite. But

we still have the following.

Example 3. In Theorem 1, if Γ is a rooted tree graph with n branches, inequality (2.31) holds

for µ ≥ 2 lnn, α = lnn, and b = 2. Since |Rl(i)| ≤ 2nl = 2el lnn we just have to set α = lnn and

b = 2.

Bellow, in the Figure 2.3 we show an illustration of some sets which we have described in the

previous examples: the chain of example 1, a square lattice which has fractal dimension equal

3 and a rooted tree graph with 2 branches. Note that the lattices of Figure 1.2a.,b.,c. are also

examples included in Example 2 and the lattice of Figure 1.2d. is included in Example 3.
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Figure 2.3: Illustration of lattices which are included in examples 1, 2 and 3, respectivelly.

2.5 Discussion

First of all, let us explain in what sense we claim that entanglement satisfies an “effective

light-cone”. Let X̃x = ⋃x
l=0Xl be the enlargement of a subset X ⊂ Λ up to distance x, as depicted

in Figure 2.1. Again, as in Section 2.4, take ρq
X̃x

(t) to be the reduced state in region X̃x of the

evolved states |ψq(t)〉, where q = 0, 1, or 2. Recall that the system evolves without perturbations

if q = 0 but is subjected to a local quench in region X, at t = 0, in the Hamiltonian for q = 1 or in

the initial state if q = 2. Let Eq(x, t) = S(ρq
X̃x

(t)) = S(ρqΛ−X̃x(t)) be the entropy of entanglement

of the evolved state |ψq(t)〉 under the bipartition defined by X̃x, that is, Λ = X̃x
⋃(Λ − X̃x).

For a large class of models our results show that this entanglement function satisfies an effective

“light-cone”, whatever the size |Λ| of the whole system. Namely, by using inequality (2.31) with

Y = Λ− X̃x, we see that whenever d(X,Λ− X̃x) = x & v′µt we shall have |E0(x, t)−Eq(x, t)| ≈ 0

for q = 1 and 2. Therefore, significant variations of entanglement can take place only inside the

“light-cone” x ≤ v′µt.
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As a particular case of the above discussion, we point out some implications for t−DMRG

simulations of local quenches on spin chains. In such algorithms one naturally computes the

entanglement of the system for every bipartition (in two contiguous regions) and every instant of

time. These values for entanglement are important to establish how large the sizes of the matrices

involved in the simulation must be in order to achieve good approximations. In particular, a

condition for the efficiency of the algorithms is that the simulated states must satisfy an area law

for entanglement [6]. Now, assume that a quench in the Hamiltonian is applied on an extreme

point of the chain and take x to be the distance between this site and the cutting point of a

bipartition. As a particular case of the above discussion, we guarantee that |E0(x, t) − E1(x, t)|

satisfies the bound (2.31) with x = d(X, Y ) and has no dependence whatsoever with the size

of the regions or the whole system. Now, if the initial state is an eigenstate of the unperturbed

Hamiltonian and satisfies an area law, we have E0(x, t) = E0(x, 0) ≤ c0, where c0 is some constant.

Therefore, by our bound, the evolved state will still satisfy an area law for any finite time. Indeed,

from Theorem 1 we have that E1(x, t) ≤ c0 + c1e
µv|t|, for every x ≥ x0, where c1 = γ1e

−µx0 , and

some fixed x0 > vµt. Then, for some fixed value of t, we have an area law. Note that an area law,

by itself, can already be drawn, for instance, from reference [24]. There, the authors find that

E1(x, t) ≤ c0 + c′1|t| holds for every x, where c′1 is a constant dependent only on the parameters

of the Hamiltonian. Our bound, however, can impose a stronger restriction on the entanglement

growth for fixed t and increasing values of x.

In reference [3] the authors show that a Lieb-Robinson bound indeed implies a limitation for

the propagation of information throughout the many-body system in the information-theoretical

sense. Assume two observers A and B have access to regions X and Y of the many-body system,

respectively. They can establish a communication channel from A to B in the following way.

Observer A can encode an alphabet with m letters in the state of the system by applying one out

of m unitaries on the initial state |ψ〉, all of them with support on region X. Observer B can

then perform measurements on region Y in order to discern which unitary was applied and, hence,

which letter of the alphabet was intended to be sent. If pi is the probability for the ith letter

to be sent, the maximum amount of information that can pass through this channel is measured

by the Holevo capacity, given by C(t) = S(∑m
i=1 piρY,i(t))−

∑m
i=1 pi(S(ρY,i(t)), where ρY,i(t) is the

reduced state on Y given by the evolution of Ui |ψ〉 at time t.
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Through a bound for |S(ρY,i(t)) − S(ρY,j(t))|, for any i 6= j, the authors of [3] show that the

Holevo capacity is small for small times (t� d(X, Y )/vµ). Their bound, however, is proportional

to the volume of Y . Therefore, it is necessary to additionally assume this volume grows at most

polynomially with d(X, Y ). By Example 2, for systems with n spatial dimensions, however, such

additional assumption is no longer required. Even if observer B has access to an arbitrarily large

portion of the system, no significant amount of information can be sent through the channel for

small times.

We may add that the communication channel could be alternatively implemented by observer

A encoding the letters of the alphabet on Hamiltonian perturbations Wi with support on X. Our

results also guarantee the Holevo capacity would be small for small times, even for arbitrarily

large regions Y .
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Chapter 3

A Shielding Property for Thermal

Equilibrium States on the Quantum

Ising Model

The transverse Ising chain is a paradigmatic model of quantum many body systems. It is

exactly soluble via Jordan-Wigner transformation [36] and exhibits a quantum phase transition

from a paramagnetic phase to a ferromagnetic one [37]. It is frequently used as a benchmark for

analytical [38] or numerical techniques [39]. It can be used to illustrate or test new concepts, such

as the role of entanglement on phase transitions [14], decoherence of open quantum systems [40]

and quantum thermodynamics definitions of work [41]. It is also more than a toy model, being

used to describe some trapped cold rubidium atoms [42] and even solids [43].

The main result of this chapter is a property of the transverse Ising model which we have found

and is presented in Theorem 2. Along the chapter we discuss implications to local quenches. This

chapter is organized as the following.

In the first section we define the Ising models and in the second one we give further definitions.

In Section 3.3 we discuss the dynamics of general quantum many body systems such that Hamil-

tonians satisfy some properties of commutation. The longitudinal and transverse Ising model are

examples of systems included in this category. Actually, the transverse Ising model is an example

under the condition that the magnetic field applied in one site at the middle of the chain has to

be null.
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In the Section 3.4, we write about local quenches without dynamics, that is, when one compare

two systems with similar Hamiltonians, such that only some parameters in a local region differ

from each other. In this same section we present our main result, the shielding property for

thermal equilibrium states on the quantum Ising model. This result is valid for chains and lattices

which can be divided in two subsets which have only one site in their interface. In Section 3.5 we

present an alternative proof for the shielding property which is more intuitive.

In the following sections we discuss the validity of the shielding property for the lattices which

have more sites in the interface between their subsets. In Section 3.6 we explain why the previous

proofs do not work in this case and in Section 3.6 we discuss correlations, even with the validity of

the shielding property. In Section 3.8 we present another proof for the shielding property, which

is equivalent to the other two when the lattice has only one site in the interface, but which exhibit

more structure when the lattice has more sites in the interface. In Sections 3.9, 3.10 and 3.10, we

discuss consequences of this new proof.

3.1 The Ising Models

The classical Ising model was conceived in 1920 as a mathematical model of ferromagnetism in

statistical mechanics. It was created by the physicist Wilhelm Lenz who has proposed the problem

of solving this model to his student Ernst Ising. It is a model for lattice systems where each site i

can be in one of two spin states σi = ±1. Note that σi is not a matrix in this definition, it is just

a variable which can assume these two values.

Three important phases of this model are: ferromagnetic, antiferromagnetic and paramagnetic.

In the ferromagnetic phase all the spins are aligned; in the antiferromagnetic the spins are anti-

aligned; and in the paramagnetic phase there is no well defined order for this alignment. In the

Figure 1.7 of chapter 1 we have a good illustration for these phases. Remember that there we

were dealing with the XXZ model. The two cases have differences but, for our purposes in this

text, we can say that both are similar.

The Hamiltonian of the classical Ising model on a general lattice (or graph) is given by

H = −
∑
i,j

Jijσiσj −
∑
i

hiσi, (3.1)
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where the coefficient Jij represents the strength of interaction between sites i and j, while hi

represents an external magnetic field applied on site i. The edges of the lattice determine which

parts of the system interact: Jij 6= 0 if sites i and j are connected by an edge while Jij = 0

otherwise.

The quantum Ising model is a generalization of the above model and the spin variables are

treated as quantum features of the system. For this purpose, the states σi are replaced by some

Pauli matrix σki , for k = x, y, z.

The (quantum) longitudinal Ising model has its Hamiltonian given by

H = −
∑
i,j

Jijσ
z
i σ

z
j −

∑
i

hiσ
z
i . (3.2)

The longitudinal Ising model has a direct correspondence with the classical Ising model since its

Hamiltonian is a diagonal matrix in the standard basis of the Hilbert space. Therefore it is used

to call by quantum Ising model only the transverse one, which we describe as following.

The quantum or transverse Ising model has its Hamiltonian given by:

H = −
∑
i,j

Jijσ
z
i σ

z
j −

∑
i

hiσ
x
i . (3.3)

Note that the only difference between Equations (3.3) and (3.2) is the last term, where in the

first equation it is in the x-direction while the other is in the z-direction. Physically it means

that in Hamiltonian (3.2) the external magnetic field is applied in the same direction of the

interaction between the spins and in Hamiltonian (3.3) it is applied in a perpendicular direction.

This changing makes all the difference and we will see that the longitudinal and transverse Ising

models have different properties.

The Hamiltonian of a more general transverse Ising model, where the external magnetic field

also has a component in the y-direction, can be written as:

H = −
∑
〈i,j〉

Jijσ
z
i σ

z
j −

∑
i

hiσ
x
i −

∑
i

giσ
y
i . (3.4)

On the one hand, this Hamiltonian is different from the Hamiltonian of Equation (3.3), because
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of the terms involving σyi . On the other hand, note that

hjσ
x
i + giσ

y
i =

√
h2
i + g2

i ×

 hi√
h2
i + g2

i

σxi + gi√
h2
i + g2

i

σyi



=
√
h2
i + g2

i σ
aix+biy
i =

√
h2
i + g2

i σ
xi
i ,

where xi = aix + biy is some direction perpendicular to z, with ai = hi/
√
h2
i + g2

i and bi =

gi/
√
h2
i + g2

i . Thus the Hamiltonian (3.4) can be written as

H = −
∑
〈i,j〉

Jijσ
z
i σ

z
j −

∑
i

√
h2
i + g2

i σ
xi
i (3.5)

Define yi such that σzi σxii = σyii . We have that the operators σzi , σxii , σ
yi
i and 1i satisfy the same

algebra as σz, σx, σy and 1. Furthermore these new operators associated to the space of different

sites still commute between each other, that is, [σai , σbj ] = 0 if i 6= j, for a = xi, yi, z and b = xj, yj, z.

In this sense, Equation (3.4) is equivalent to Equation (3.3).

3.2 Further Definitions: Subsets and Gibbs State

Here we provide some definitions for the development of the text. Many times in this chapter

we will use some general sets of our lattices, but which have some properties. To avoid be repeating

similar definitions, we will define them now and use the same letter for the similar situations. We

also define the thermal equilibrium states, since our main result is made for a system in this

context.

3.2.1 Subsets of the Lattice

Let the finite lattice Λ as was defined in Section 1.1. Let the sets X and Y be two subsets

of Λ such that X ∪ Y = Λ. Denote by S = X ∩ Y , A = X\Y and B = Y \X. Furthermore, if

i ∈ A and j ∈ B, we suppose that i and j are not connected by an edge. We call S the interface

between A and B, or between X and Y . We illustrate these sets in the Figure 3.1.a. and b.

Note that the sets X and Y are different from those defined in Chapter 2.
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Figure 3.1: Two illustrations for the sets X, Y , A, B and S. The sites of A and B do not interact

directly between each other and the set S is called interface.

3.2.2 Gibbs State

The Gibbs state of a quantum many body system with Hamiltonian H is given by

ρ = e−βH

Tr (e−βH) (3.6)

where β = 1/kBT , kB is the Boltzmann constant and T is the temperature of the system. This

is the state of thermal equilibrium of the system. That is, if the system is in contact with a

thermal reservoir at temperature T and it is in equilibrium, then the state of the system is given

by Equation (3.6).

Furthermore, when β → ∞, or equivalently, when T → 0, we have that the state ρ tends to

the ground state of the system. Thus, the ground state is the equilibrium thermal state of the

system at null temperature. For further details, see App. B.

3.3 Dynamics After a Local Quench on Systems with Lo-

cally Commuting Hamiltonians

Last chapter we studied a light-cone behaviour of a many body system after a local quench.

Here we will see that systems with local commuting Hamiltonians are particular cases where the
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light-cone have null velocity.

Let H be any many-body Hamiltonian that can be written as H = HX + HY , where

supp(HX) = X and supp(HY ) = Y , and suppose that

[HX , HY ] = 0. (3.7)

Remember that the equation above implies that e−it(HX+HY ) = e−itHXe−itHY . IfO is any observable

with supp(O) ⊆ A = Y \S, then HX and O commute. Therefore, the expected value of O at time

t is given by:

〈O(t)〉ρ = Tr(ρ(t)O)

= Tr(e−itHXe−itHY ρeitHY eitHXO)

= Tr(e−itHY ρeitHYO), (3.8)

where ρ is any initial state for the system. From the second line to the third line we used the fact

that eitHX commutes with O and that the trace is invariant under cyclic permutations.

From Equation (3.8) we can see that the expected value of O has dependence only on HY .

Since O is an arbitrary observable of region A, it holds that the reduced state of the system in

region A has dependence only on the parameters of region Y (assuming the initial state ρ does

not hold any dependence on the Hamiltonian).

Note that the Hamiltonian considered above is static. Now, suppose that the Hamiltonian has

a time dependence and it is written as

H(t) = HX(t) +HY (t). (3.9)

Suppose that

[HX(t1), HY (t2)] = 0 (3.10)

for all t1, t2 ≥ 0. These commutation relations imply that
[∫ t

0
HX(t′)dt′,

∫ t

0
HY (t′)dt′

]
= 0, (3.11)

for all t ≥ 0. Then, following the same steps of Equation (3.8), the expected value of an observable
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O (with supp(O) ⊆ A) is given by

〈O(t)〉ρ = Tr(ρ(t)O)

= Tr
(
e−i

∫ t
0 HX(t′)dt′e−i

∫ t
0 HY (t′)dt′ρei

∫ t
0 HY (t′)dt′e−i

∫ t
0 HX(t′)dt′O

)
= Tr

(
e−i

∫ t
0 HY (t′)dt′ρe−i

∫ t
0 HY (t′)dt′O

)
. (3.12)

We arrive at the same conclusion: the reduced state of set A has no dependence on HX(t), for all

t ≥ 0. Then, respecting commutation with the Hamiltonian of set Y , one is free to make quenches

on the Hamiltonian of set X and do not change the reduced state of A.

Now, remember that in Chapter 2 we have defined sets X and Y (see Figure 2.1) and we had

that X ∪Y 6= Λ and that X ∩Y = ∅, different from the sets X and Y defined in Section 3.2.1. To

drop confusions, now we will refer to the sets X and Y of Chapter 2 by X̄ and Ȳ , respectively.

In Chapter 2 we have considered a sudden local quench. The Hamiltonian H is suddenly

changed to H + W , where supp(W ) = X̄. If [H,W ] = 0, to any observable with support outside

set X̄, by Equation (3.12), the expected value of this observable has no dependence on W . Since

X̄ ∩ Ȳ = ∅, we have that the observables of Ȳ have no dependence on W . We can conclude that

the evoluted state ρȲ (t) is the same as if there was no quench. Remember that Equation (2.31)

provides a bound for the quantity |S(ρ0
Ȳ

(t))−S(ρq
Ȳ

(t))|, which is the difference between the entropy

of the evolution of the state of set Ȳ for the cases with and without the quench. In our particular

case here we would have a critical value, that is, |S(ρ0
Ȳ

(t))− S(ρq
Ȳ

(t))| = 0.

The longitudinal Ising model (Equation (3.2)) is an example of a system such that condition

(3.7) is always satisfied, no matter which choice of sets X and Y we take. Furthermore, we could

have Jij and hi as functions of time for i, j ∈ X. Condition (3.10) would be satisfied for any

function of these parameters. By Equation (3.12) the observables of the set A would have no

dependence on these changes.

On the other hand, the transverse Ising model (Equation (3.3) or (3.4)) does not satisfy

condition (3.7) in general. However suppose that the external magnetic field in all the sites of

the interface are null for all t ≥ 0. Then, observables in set A would have no dependence on the

parameters of HX . By Equation (3.12) again, one is free to change the strength of the interactions

and of the external magnetic field of set X, in the sense that, if someone is able only to measure

observables of set A, she or he will never know about these changes.
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As a visual illustration of this effect, we have simulated, via t−DMRG [23, 27], the evolution

of a transverse Ising model on a chain with 60 sites with initial parameters Ji = 1 for all the

sites, h15 = 0 and hi = 1
2 for i 6= 15. The system is initially prepared in the ground state, when

we perform a local quench in the first site, changing its magnetic field to h1 = −10. We show in

Figure 3.2 the magnetization of each site of the chain as a function of time. At the left part of

the plot we see the perturbation propagating and being reflected on site 15, where we have made

the external magnetic field null. On the right part we can see that the magnetization of all the

sites after site 15 remain unaltered.

Figure 3.2: Temporal evolution of the magnetization of each site of a transverse quantum Ising

chain. The external magnetic field of site 15 was fixed null and the evolution was calculated via

tDMRG.

3.4 The Equilibrium States of Locally Perturbed Systems

Until now we have worked on the effect of local quenches on the dynamical properties of lattice

systems. A related problem is to consider, in the same lattice, two similar Hamiltonians which

differ only in a “small” region and compare the equilibrium states outside this region.

For example, in references [44, 45] it is shown that the norm of the difference between the

perturbed and unperturbed reduced states of the ground states exponentially decays with the

distance between the region where the perturbation takes place and the region where we take the
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reduced state. In reference [46] it is shown that, above a critical temperature, the Gibbs states

are also stable against distant Hamiltonian perturbations.

Now, if we apply these results of references [44, 45, 46] on the Ising models we will not find

anything really different comparing with other lattice models, since these bounds are not tight in

general. But the transverse Ising model does have a special behaviour under some conditions. In

the following we will enunciate and prove this theorem. In the rest of this chapter we will discuss

the features and consequences of this special property.

3.4.1 The Shielding Property for Thermal Equilibrium States on the

Quantum Ising Model

We consider the Gibbs states (Equation (3.6)) at arbitrary temperature of the transverse Ising

model defined on finite open chains. Namely, we take the spins to be embedded on a straight line,

where they interact only with their first neighbours, so we can use integer numbers i to index each

site:

H = −
N−1∑
i=1

Jiσ
z
i σ

z
i+1 −

N∑
i=1

hiσ
x
i . (3.13)

Note that this is just a particular case of Equation (3.3). The previous one is for general lattices

and the last one for chains.

We assume the couplings and fields to be arbitrary, with the exception that the field must be

null in some particular site L. We show that the reduced state of one side, say the sites to the

right of site L (those with i ≥ L), have no dependence on the parameters of the Hamiltonian of

the other side, that is, the sites with i < L. We will refer to this feature as the shielding property.

Theorem 2. Let a chain of N sites be described by the transverse Ising model. Suppose that for

some fixed site L we have hL = 0. If the state ρ of the chain is the Gibbs state, then the reduced

state of sites L, ..., N has no dependence on h1, ..., hL−1, J1, ..., JL−1, and is given by

ρL,...,N = e−βH
′′

Tr(e−βH′′) , (3.14)

where H ′′ is given by

H ′′ = −
N−1∑
i=L

(Jiσzi σzi+1 + hi+1σ
x
i+1), (3.15)

defined on the space of sites L, ..., N .

37



Note that this is a surprising effect, given that the exchange coupling JL−1, which intermediates

an interaction between each halve of the chain, can be arbitrarily large. Let us show the proof

before discussing implications, generalizations and related issues with this result.

Proof. We first rewrite the Ising Hamiltonian in the following way. If we have that hL = 0 for

some L = 2, ..., N − 1, we can set H = HI +HII , where

HI = −
L−1∑
i=1

(Jiσzi σzi+1 + hiσ
x
i ) (3.16)

and

HII = −
N−1∑
i=L

(Jiσzi σzi+1 + hi+1σ
x
i+1). (3.17)

Note that HI has support on the space of sites 1, ..., L, while HII has support on the space

of L, ..., N . However even though they have intersecting supports they commute. In any case, we

can write:

HI = H ′1L+1...1N (3.18)

and

HII = 11...1L−1H
′′, (3.19)

where H ′ is defined on the space of sites 1, ..., L while H ′′ on the space of L, ..., N , and we are

omitting the tensor product among operators.

With all of it in mind, we can write then

e−βH = e−βH
I · e−βHII (3.20)

= (e−βH′1L+1...1N) · (11...1L−1e
−βH′′). (3.21)

Therefore, the reduced density operator of the Gibbs state on sites L, ..., N , satisfies:

ρL,...,N ∝ Tr1,...,L−1(e−βH) (3.22)

= {Tr1,...,L−1(e−βH′)1L+1...1N)} · e−βH′′ . (3.23)

We will show that the partial trace of e−βH′ , appearing in Equation (3.23), is a multiple of the

identity 1L, so the theorem follows after normalization. Writing the exponential e−βH′ as its series

expansion, the partial trace becomes

Tr1,...,L−1
(
e−βH

′) =
∞∑
n=0

βn

n! {Tr1,...,L−1 (H ′n)} . (3.24)
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To reach the desired result it suffices to show that Tr1,...,L−1(H ′n) = cn1L, for all n = 0, 1, 2, ...,

where cn is some constant. The case n = 0 is trivial, so let us take care of positive values of n.

First, we have that

H ′n =
− L−1∑

i=1
(Ji11...1i−1σ

z
i σ

z
i+11i+2...1L + hi11...1i−1σ

x
i 1i+1...1L)

n. (3.25)

Note that H ′ = H̃(1)1L + H̄(1)σ
z
L, where H̃(1) and H̄(1) are defined on the space of the sites

1, ..., L− 1. So any power of H ′ will have this form, that is:

H ′n = H̃(n)1L + H̄(n)σ
z
L. (3.26)

More explicitly, we have that

H ′n =
 ∑
η1,...,ηL−1

a(n,η1,...,ηL−1,1L)η1η2...ηL−1

1L +
 ∑
η1,...,ηL−1

a(n,η1,...,ηL−1,σz)η1η2...ηL−1

σzL (3.27)

where the sum ranges over variables η1, ..., ηL−1 and each of these ηi assume the values σzi , σxi , σ
y
i

and 1i. Writing in a more concise way:

H ′n =
∑

η1,...,ηL

a(n,η1,...,ηL)η1η2...ηL, (3.28)

where the sum is made on the variables η1, ..., ηL. For i = 1, ..., L− 1, the variable ηi assumes the

values σzi , σxi , σ
y
i or 1i, and the variable ηL assumes only the values σzL or 1L.

We will prove that each term of H̄n has null trace. For concreteness and ease of notation, we

will detail the argument for the term H̄(3), where the field is null at site L = 3 and the chain has

J1 = J2 = 1. The proof for any term of H ′n, for all n = 1, 2..., all values of L (between 2 and

N − 1), will follow naturally the same steps.

With these assumptions, Equation (3.26) becomes

H ′3 =− (σz1σz2 + h1σ
x
1 + σz2σ

z
3 + h2σ

x
2 )3

=−
{

(4 + h2
1 + h2

2)σz1σz2 + (4 + h2
1 + h2

2)h1σ
x
112 + (2 + h2

1 + h2
2)h211σ

x
2 − 2h1h2σ

y
1σ

y
2

}
13

−
{

(2 + h2
1 + h2

2)σz112 + (2 + 2h2
1)11σ

z
2 − 2ih1h2σ

x
1σ

y
2 + 2h2σ

z
1σ

x
2

}
σz3. (3.29)

Here, H̄(3) is the operator in the curly brackets of the last two lines of Equation (3.29). We can

see that its trace is null due to the fact that every one of its terms has at least one Pauli matrix

in its factors. We will show why this must be the case.
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Take for instance the last term of Equation (3.29), σz1σx2σz3. It was obtained by the multi-

plication of the terms σz1σz213, 11σ
x
213 and 11σ

z
2σ

z
3, which we will call κ[1], κ[2] and κ[3]. That

is:

κ[1] · κ[2] · κ[3] = (σz1σz213) · (11σ
x
213) · (11σ

z
2σ

z
3)

∝ (σz1σ
y
213) · (11σ

z
2σ

z
3)

∝ (σz1σx2σz3) = η1η2η3. (3.30)

Note that the products of η’s are tensorial products, while the products of κ’s are matrix products.

We can represent schematically as in Figures 3.3 and 3.4 the product in Equation (3.30) as a “board

game”.

In Figure 3.3 we show how the game is constructed. For sites 1 and 2 we associate a square

while for site 3, where h3 = 0, we associate a line. We put L = 3 white pieces on this game,

occupying the vertices of the squares and the lines. We will label these vertices as σxi , σyi , σzi and

1i, for i = 1, 2, 3.

Figure 3.3: Board game associated to a chain when h3 = 0.

In figure 3.4 we show example steps of the game, where each row is one step. We put one white

piece for each site i, for i = 1, 2, 3, and these pieces can move on the square or line associated to

this site. In the first row we put these pieces positioned on the labelled spaces in a way that the

term κ[1] = σz1σ
z
213 is represented. In the next step (second row) we change the positions of these

pieces to represent κ[1] · κ[2] which is proportional to σz1σ
y
213. And again (third row) we change

their positions to represent κ[1] · κ[2] · κ[3] which is proportional to σz1σx2σz3.

We will say that a piece is on the left when it is in some position labelled by σzi or σyi . At the

beginning we start with two pieces on the left, an even number. Multiplying κ[1] by κ[2] we move
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Figure 3.4: Scheme to understand the product κ[1]κ[2]κ[3] as a “board game”. The rows represent

different steps (n = 3) of a board game with L = 3 white pieces. The pieces can move from one

vertex to another only when they are connected by continuous lines.

one piece vertically without changing the number of pieces on the left side. Multiplying κ[1] · κ[2]

by κ[3] we change the side of two pieces, so the number of pieces on the left is still even. We have

an even number of pieces on the left and because of this at least one of the pieces corresponding

to sites 1 or 2 has to be different of identity. This guarantees that the partial trace is null.

We can easily generalize the argument for the general case. Figure 3.4 would be similar, but

with L pieces and n rows. The important fact is that: it does not matter the positions of the

pieces corresponding to κ[1] · ... · κ[l−1], if κ[l] = σxi , it will just move the i-th piece vertically, and

if κ[l] = σzi σ
z
i+1 it will just change the side of pieces i and i + 1. Furthermore, these are the only

possible “moves”. As κ[1] always has an even number of pieces on the left and the allowed moves

just change the side of an even number of pieces, we have that the product κ[1]...κ[L] (proportional

to η1...ηL) just has an even number of pieces on the left. Then, if ηL = σzL, at least one ηi, for

i = 1, ..., L− 1, is a Pauli matrix, and then

Tr1,...,L−1(η1...ηL−1σ
z
L) = Tr(η1...ηL−1)σzL = 0 (3.31)

which implies that Tr(H̄(n)) = 0. Therefore, by Equation (3.26) we have that Tr1,...,L−1(H ′n) =

Tr(H̃(n))1L, which implies that Tr1,...,L−1(e−βH′) = c1L.
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3.4.2 The Shielding Property on General Lattices with One Site in

the Interface

We can make the proof of Theorem 2 to more general lattices and slightly more general

Hamiltonians and we can state the following.

Theorem 3. Let Λ be a lattice as described in Section 3.2.1 with S = {L} for some site L.

Assume that the Hamiltonian of the system is:

H = −
∑
i,j

Jijσ
z
i σ

z
j −

∑
i

hiσ
x
i −

∑
i

giσ
y
i , (3.32)

where hL = gL = 0. For any temperature, the reduced state on the set Y of the Gibbs state of the

whole lattice has no dependence on hi, gi and Ji,j, for all i, j ∈ X. Furthermore, the reduced state

is given by

ρY = e−βH
′′

Tr(e−βH′′) , (3.33)

where H ′′ = −∑i,j∈B(Jijσzi σzj + hjσ
x
i + giσ

y
i ).

Figure 3.5: An example of a more general lattice.
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Figure 3.6: Scheme for the proof of the Theorem 3. It is analogous to Figure 3.4.

Proof: The proof is along the same lines of Theorem 2. When the lattice is not a chain,

the argument of the board game is analogous to the argument for chains and it is pictured in

Figure 3.6. The fact that we have an even number of pieces on the left does not depend on

the relative geometry of the squares, so this fact is true for this alternative board game and the

previous proof follows naturally.

Now, the Hamiltonian of this theorem is different from the Hamiltonian of the first theorem,

because of the terms involving σyi . But as we have already discussed in Section 3.1 by Equa-

tion (3.5) we can see that the Hamiltonian (3.32) (or (3.4)) can be put in the same form of the

Hamiltonian (3.3). Thus we conclude the Hamiltonian (3.32) in a more general lattice satisfies

the shielding property.

This shows that if a system is described by the transverse quantum Ising model on a lattice

which separates two regions by only one site then the shielding property is satisfied. Note that

in each side of the lattice we can even have long range interactions between sites. Moreover, the

transverse field may vary from site to site, as long as it is always transverse to the interaction

direction.

Moreover, it is only necessary that one side of the chain is described by the transverse Ising

model and that the Hamiltonians on each side commute. Say that the left side is described by

the transverse Ising model and the right side also has, for instance, external magnetic field in the

z-direction. By the same arguments of the proofs of Theorems 2 and 3, it is possible to show that

the reduced state of the right side has no dependence on the parameters of the left side. Of course
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the left side can have dependence on the parameters of the right side.

3.4.3 The Shielding Property for an Open Chain of Three Spins

In this section we provide two examples which illustrate why the result of Theorem 2 is counter-

intuitive. Suppose we have a chain with three sites (namely 1, 2 and 3) with ferromagnetic

interaction between adjacent sites in the z-direction. Suppose an arbitrarily large magnetic field

is applied on site 1 and it becomes polarized. One could expect that sites 2 and 3 will also have

polarized magnetizations. This is true when the magnetic field is applied in the z-direction, the

same direction of the interactions. However this is not the case for the quantum Ising model,

since there the external magnetic field is transverse. When the magnetic field is applied in some

orthogonal direction (say x-direction) our intuitive notion fails. Note moreover that this is just

a particular consequence of the proof of Theorem 2. In the following we show the equations and

results which characterize two examples, but the reader interested in the explicitly calculations

can find them in App. C.

Longitudinal Ising Model with Three Spins

For the longitudinal Ising model with three spins we consider the following Hamiltonian.

H = −hσz1 − σz1σz2 − σz2σz3. (3.34)

For simplicity we are considering that the interactions between sites 1 and 2 and between 2 and 3

are equal to 1, but our conclusions would be similar for other choices of parameters. We can show

that the reduced state of site 3 is given by

ρ3 = 1
21+ 1

2 tanh2(β) tanh(βh)σz3, (3.35)

and thus the expected value of its magnetization in the z-direction is given by

〈σ3〉 = tanh2(β) tanh(βh). (3.36)

We can see that it has an explicitly dependence on the magnetic field applied on site 1, even with

null external magnetic field in the interface (site 2).
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Analogously we can consider a chain with N sites such that only in site 1 is applied a non-zero

external magnetic field (Hamiltonian given by H = −h1σ
z
1 − σz1σz2 − ... − σzN−1σ

z
N). We can find

that the reduced state at site i, for i = 1, ..., N , is given by

ρi = 1
21+ 1

2tanhi−1(β)tanh(h1β)σzi , (3.37)

and then the magnetization in the z-direction of this same site is given by

〈σi〉 = tanhi−1(β)tanh(h1β). (3.38)

Thus, the reduced state on every site of the lattice has dependence on the external magnetic field

h1 on site 1. We can see that this behaviour is completely different from that related in Theorem 2.

Transversal Ising Model with Three Spins

Now, consider the transverse Ising model with three sites, given by the following Hamiltonian

H = −hσx1 − J1σ
z
1σ

z
2 − J2σ

z
2σ

z
3. (3.39)

We can show that the reduced state of sites 2 and 3 is given by

ρ2,3 = 1
4

1+ sinh(βJ2)
cosh(βJ2)σ

z
2σ

z
3

, (3.40)

which does not have dependence on the strength of the magnetic field h nor on the exchange

coupling J1, confirming the predictions of Theorem 2.

3.5 Duality for the Tranverse Ising Model

The result of Theorem 2 can also be explained by the duality of the quantum Ising chain [47],

perhaps in a more intuitive way. The duality allows us to write the Hamiltonian in terms of a

Hamiltonian for a dual chain where the parameters h’s and J ’s swap their roles. To be more

precise, define the operators:

µzi+1/2 = σzi σ
z
i+1, µxj+1/2 =

N∏
k=j+1

σxk (3.41)
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for i = 1, ..., N − 1 and j = 0, ..., N − 1. Set µzN+1/2 = σzN , µz1/2 = σz1 and µxN+1/2 = 1. With these

definitions, Hamiltonian (3.13) can be written as:

H = −
N−1∑
j=1

Jjµ
z
j+1/2 −

N∑
j=1

hjµ
x
j−1/2µ

x
j+1/2. (3.42)

Since the operators µxi+1/2 and µzi+1/2 satisfy the algebra of Pauli operators, the Hamiltonian H

written as in Equation (3.42) can be seen as the Hamiltonian of a dual spin chain (actually, it is

not true for i = N , but for large N this is not relevant). Since hj appears multiplying µxi−1/2µ
x
i+1/2,

it can be interpreted as the strength of the interaction between the dual sites, and as Jj appears

multiplying µzj+1/2 only, it can be interpreted as the external magnetic field.

Therefore, as we assume hL = 0, for some L = 2, ..., N − 1, the dual chain has two decoupled

halves (see figure 3.7). We can then safely conclude that the reduced states of each side of the

dual chain do not have dependence on the parameters of the Hamiltonian of the other side, since

the whole state is a product of the Gibbs states of each half.

Figure 3.7: Representations of the original and of the dual chains. The sites of the dual chain

correspond to the links of the original chain and vice-versa. Making the external magnetic field

null in one site of the original chain is equivalent to cutting off the interaction in the dual chain.

To arrive on our desired conclusions for the original chain we can explore the fact that all the

local observables of one side of the original chain is a combination of observables of only that side

of the dual chain. This is possible to show by finding the inverse of Equations (3.41) as follows:

σzi =
i−1∏
k=0

µzk+1/2 , σxi = µxi−1/2µ
x
i+1/2 for i = 1, ..., N − 1

= µxN+1/2 for i = N. (3.43)
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and

σyi = iσzi σxi = iµxi−1/2µ
x
i+1/2

i−1∏
k=0

µzk+1/2 for i = 1, ..., N − 1

= iµxN+1/2

N−1∏
k=0

µzk+1/2 for i = N. (3.44)

Since the Gibbs state of the dual chain is a product state, a local observable of one side of

the original chain can be written only as a function of the parameters of the Hamiltonian on the

same side. We conclude that the reduced state ρ1,...,L−1 of the original chain does not depend on

the parameters hL, ...., hN , JL, ...JN . This argument, however, does not clearly show the desired

property for the reduced state containing site L, although Theorem 2 ensures it must also hold in

that case.

3.6 Inconclusive Proofs for Lattices with More Sites in the

Interface

The shielding property is a strong property in the sense that it holds for any choice of param-

eters in the sets A and B, respecting the condition that the external magnetic field is null in the

site L, which is the interface between A and B. But if we have more sites in the interface we

cannot attest if the property holds using the arguments of the previous proofs anymore. In this

section we will explain why the previous proofs are inconclusive in these cases. First we discuss

the proof using the game board and later the proof using the duality of the Ising model.

Game Board and More Sites in the Interface

Let us consider, for simplicity, that the interface contains two sites. In Figure 3.8 we illustrate

one example of a chain with two sites in the interface. Suppose that the external magnetic field

applied in these two sites is null. We will follow steps analogous to the proof of Section 3.4.1.

We will enumerate the sites of set A with labels 1, ..., L− 1, the two sites of the interface will

be labelled by L and L′ and the sites of set B are labelled with L+ 1, ..., N . The Hamiltonian of
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Figure 3.8: Example of a lattice with two sites in the interface.

Figure 3.9: Scheme for the proof analogous as in Figure 3.4.

this system is given by Equation (3.3) with hL = hL′ = 0. We can set H = HI +HII , with

HI = −
L−1∑
i,j=1
i<j

Jijσ
z
i σ

z
j −

L−1∑
i=1

(
JiLσ

z
i σ

z
L + JiL′σ

z
i σ

z
L′

)
−

L−1∑
i=1

hiσ
x
i (3.45)

and

HII = −
N∑

i,j=L+1
i<j

Jijσ
z
i σ

z
j −

N∑
i=L+1

(
JLiσ

z
Lσ

z
i + JL′iσ

z
L′σ

z
i

)
−

N∑
i=L+1

hiσ
x
i (3.46)

Such as in Section 3.4.1 we have that HI has support on the space of sites 1, ..., L, while HII has

support on the space of L, ..., N , and they commute with each other. That is:

[HI , HII ] = 0, HI = H ′1L+1...1N and HII = 11...1L−1H
′′. (3.47)

The partial trace of the Gibbs state is proportional to

Tr1,...,L−1
(
e−βH

′) =
{

Tr1,...,L−1
(
e−βH

′)
1L+1...1N

}
· e−βH′′ (3.48)
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It is now that the situation becomes different from that of section 3.4.1, since here we cannot

guarantee that Tr1,...,L−1
(
e−βH

′
)

= 1L1L′ anymore. If we proceed in the same way as before we

would find a game board for this new lattice as pictured in Figure 3.9. There we illustrate an

undesired situation for the purpose of the proof. The argument that we could have only an even

number of white pieces in the left positions is also valid here, but not useful. We could have a

situation where all the pieces of the set A are on the positions which represent the identity operator

and the two pieces of the interface sites occupying the positions which represent the operators σzL
and σzL′ . Thus, we can only guarantee that

Tr1,...,L−1
(
e−βH

′) = c11L1L′ + c2σ
z
Lσ

z
L′ (3.49)

where c1 and c2 are constants which can have dependence on the parameters of set X. In the

case of section 3.4.1 the constant disappears after the normalization. Now, we cannot guarantee

that these constants will disappear, therefore the proof is inconclusive. Actually, for some cases

these constants will have dependence on the parameters of the set X and we will provide some

examples in the next section.

Duality and More Sites in the Interface

To explain why the proof using the duality for the Ising model is inconclusive for lattices

with more sites in the interface let us consider the lattice of Figure 3.10.a. Let the interface be

composed of sites 2 and 3 and the Hamiltonian of the system be given by

H = −σz1σz2 − σz2σz3 − σz2σz4 − σz3σz4 − h1σ
x
1 − h2σ

x
2 − h3σ

x
3 − h4σ

x
4 (3.50)

A similar duality of that in Section 3.5 would require a lattice as in Figure 3.10.b. The operators

associated to these dual sites would require equivalent properties of the Pauli matrices. Call them

µkI , µkII , µkIII and µkIV , for k = z, x, y. One of these properties is that they have to be a square

root of identity operator, that is (µkK)2 = 1, for k = z, x, y and K = I, II, III, IV . The dual

Hamiltonian would have the form

H = −µzI − µzII − µzIII − µzIV − h1µ
x
Iµ

x
III − h2µ

x
Iµ

x
II − h3µ

x
IIIµ

x
IV − h4µ

x
IIµ

x
IV (3.51)
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Comparing Equations (3.50) and (3.51) and using the property that the dual operators are square

roots of identity operator, we have that

µxIµ
x
II = σx2 , µxIµ

x
III = σx1 , µxIIµ

x
IV = σx4 , and µxIIIµ

x
IV = σx3 . (3.52)

With the first two equalities we have that µxIIµxIII = σx1σ
x
2 and with the last two we have that

µxIIµ
x
III = σx3σ

x
4 . Thus we would have that σx1σx2 = σx3σ

x
4 , which is an inconsistency.

a) b)

Figure 3.10: a) Example of a system with two sites on the interface which does not satisfy the

shielding property. The reduced state on site 4 has dependence on the external magnetic field h1

applied on site 1. b) An example of dual lattice where links swap their roles with sites, when the

original lattice has more than one site in the interface. In this section we show that it does not

work as in Section 3.5.

On the other hand, we could try to make a linear dual chain using similar definitions for the

dual operators as those done in Equation (3.41). So, define

µzi+1/2 = σzi σ
z
i+1, µxj−1/2 =

4∏
k=j

σxk = σxj ...σ
x
4 (3.53)

for i = 1, 2, 3, j = 1, 2, 3, 4, and define µz4+1/2 = 1. We can rewrite the Hamiltonian (3.50) as

H =− µz1+1/2 − µz2+1/2µ
z
4+1/2 − µz3+1/2 − µz2+1/2µ

z
3+1/2

− h1µ
x
0+1/2µ

x
1+1/2 − h2µ

x
1+1/2µ

x
2+1/2 − h3µ

x
2+1/2µ

x
3+1/2 − h4µ

x
3+1/2µ

x
4+1/2. (3.54)

But this form is not similar to the previous one. First, the transverse Ising model have inter-

actions only in perpendicular directions of external magnetic fields, while in Equation (3.54) we

have interactions in the same direction of the external magnetic fields: the terms −µz1+1/2 and

−µz3+1/2 represent external magnetic fields in the z-direction while the terms −µz2+1/2µ
z
4+1/2 and
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−µz2+1/2µ
z
3+1/2 represent interactions also in the z-direction. Furthermore, we are working with

Ising models with interactions only between first neighbours and the term −µz2+1/2µ
z
4+1/2 of Equa-

tion (3.54) is an interaction of long range.

Therefore, we cannot use Equation (3.54) to reach the same conclusions that we had in Sec-

tion 3.5. Actually, for the system of Figure 3.10.a., we can show that the magnetization of site

4 has dependence on the external magnetic field h1 applied in site 1, even with h2 = h3 = 0, for

positive temperatures, that is, β <∞. See App. D for the detailed calculations.

3.7 Correlations and the Shielding Property

The shielding property states that the reduced state of set Y has no dependence on the pa-

rameters of set A. However, it does not guarantee that these sets do not have correlations. Take

for example the chain of three sites considered in Section 3.4.3. By Equation (3.40) we can see

that the correlation 〈σz1σz3〉 − 〈σz1〉〈σz3〉 between sites 1 and 3 is given by

〈σz1σz3〉 − 〈σz1〉〈σz3〉 = tanh (βJ2) tanh
(
β
√
J2

1 + h2
)

J1√
J2

1 + h2
(3.55)

which is different from zero.

Another interesting example to be considered is the following. Let a chain of 5 sites where the

external magnetic field is null on sites 2 and 4. The Hamiltonian of this system is given by

H = −h1σ
x
1 − J1σ

z
1σ

z
2 − J2σ

z
2σ

z
3 − h3σ

x
3 − J3σ

z
3σ

z
4 − J4σ

z
4σ

z
5 − h5σ

x
5 . (3.56)

By the shielding property, Theorem 2, we have that neither 〈σz1〉 nor 〈σz5〉 have dependence on

h3. But, we can show that the correlation 〈σz1σz5〉 − 〈σz1〉〈σz5〉 has dependence on h3. This can be

understood looking at this chain in a bit different way, as shown in Figure 3.11. There we see this

chain as a two dimensional lattice, where sets 2 and 4 are the interface, site 3 is set A and sites

1 and 5 compose set B. Now, we have a lattice where the interface contains more than one site,

where we already know that the shielding property does not hold, in general. We can understand

the quantity σz1σ
z
5 as an observable of one side of the lattice, which can have dependence on the

parameters of the other side of the lattice, since the interface has two sites.
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a) b)

Figure 3.11: a) A chain with 5 sites described by the transverse Ising model with external magnetic

field null in sites 2 and 4. The observables on site 1 and on site 5 separately have no dependence

on the parameter h3, but the correlations still exist. b) To explain the fact that the correlations

still exist we can see the chain as a two dimensional lattice where the interface considered now

has two sites.

3.8 The Parity Operator and the Shielding Property

Here, we show an alternative proof for the shielding property which is equivalent to the other

two proofs in the case of one site in the interface, but which exhibits more structure when the

interface contains more sites. Furthermore, this proof allows us to understand why the examples

of the previous sections satisfy the shielding property on the ground state and do not satisfy for

the Gibbs states with positive temperatures.

For simplicity, let us consider a lattice which is “almost” a chain as we can see in the Figure 3.12.

The interface is given by the red sites and are labelled by L and L′. The set A is on the left of

the interface and its sites are in black, labelled from 1 to L − 1; the set B is on the right of the

interface and its sites are in blue, labelled from L+ 1 to N .

The Hamiltonian of this system is given by Equation (3.3), with hL = hL′ = 0. We will

decompose this Hamiltonian in three terms:

H = HI +HS +HII , where HS = −JLL′σzLσzL′ , (3.57)

HI = −
L−1∑
i=1

(Jiσzi σzi+1 + hiσ
x
i )− JL−1σ

z
L−1σ

z
L − J ′L−1σ

z
L−1σ

z
L′ , (3.58)

and

HII = −
N−1∑
i=L+1

(Jiσzi σzi+1 + hi+1σ
x
i+1)− JLσzLσzL+1 − J ′LσzL′σzL+1. (3.59)

Note that these three operators commute with 11...1L−1σ
z
L1L′1L+1...1N and 11...1Lσ

z
L′1L+1...1N .

Then we can write HI , HII and HS in a basis of eigenvectors of the operators
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Figure 3.12: A lattice which is almost a chain. The interface contains two sites (in red) which we

label by L and L′. The sites of set A (in black) are on the left of the interface and we label them

by 1, 2, ..., L− 1. The sites of set B (in blue) are on the right of the interface and we label them

by L+ 1, ..., N .

11...1L−1σ
z
L1L′1L+1...1N and 11...1Lσ

z
L′1L+1...1N . They assume the following form

HS = −JLL′11,...,L−1σ
z
Lσ

z
L′1L+1,...,N = −

∑
s,s′=−1,1

ss′JLL′
1L + sσzL

2 ⊗ 1L
′ + s′σzL′

2 , (3.60)

HI = H ′ ⊗ 1L+1,...,N =
∑

s,s′=−1,1
H ′(s,s

′) ⊗ 1L + sσzL
2 ⊗ 1L

′ + s′σzL′

2 ⊗ 1L+1,...,N , (3.61)

where

H ′(s,s
′) =

− L−2∑
i=1

Ji11,...,i−1σ
z
i σ

z
i+11i+2,...,L−1 −

L−1∑
i=1

hi11,...,i−1σ
x
i 1i+1,...,L−1


−sJL−111,...,L−2σ

z
L−1 − s′J ′L−111,...,L−2σ

z
L−1, (3.62)

and

HII = 11,...,L−1 ⊗H ′′ =
∑

s,s′=−1,1
11,...,L−1 ⊗

1L + sσzL
2 ⊗ 1L

′ + s′σzL′

2 ⊗H ′′(s,s′), (3.63)

where

H ′′(s,s
′) =

− N∑
i=L+1

Ji1L+1,...,i−1σ
z
i σ

z
i+11i+2,...,N −

N∑
i=L+1

hi1L+1,...,i−1σ
x
i 1i+1,...,N


−sJL+1σ

z
L+11L+2,...,N − s′J ′L+1σ

z
L+11L+2,...,N . (3.64)

We want to calculate the reduced state of the Gibbs state in each side of the “chain”. To do

this, first note that

[HI , HII ] = 0, [HI , HS] = 0 and [HS, HII ] = 0, (3.65)
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then the Gibbs state is proportional to

e−βH =e−βHI

e−βH
S

e−βH
II (3.66)

=
(
e−βH

′
1L+1,...,N

) (
11,...,L−1e

−βσzLσ
z
L′1L+1,...,N

) (
11,...,L−1e

−βH′′
)

(3.67)

Now, let Pr be some projector operator and B some operator. We have that

e−βPr⊗B =
∑
n

−βn

n! (Pr ⊗B)n = Pr ⊗
∑
n

−βn

n! (B)n = Pr ⊗ e−βB. (3.68)

Since 1L+sσzL
2 ⊗ 1L′+s′σzL′

2 is a projector operator, for s, s′ = 1,−1, we can write

e−βH
′′ =

∑
s,s′=−1,1

1L + sσzL
2 ⊗ 1L

′ + s′σzL′

2 ⊗ e−βH′′(s,s
′)
. (3.69)

We also have

e−βH
′ =

∑
s,s′=−1,1

e−βH
′(s,s′) ⊗ 1L + sσzL

2 ⊗ 1L
′ + s′σzL′

2 , (3.70)

and

e−βσ
z
Lσ

z
L′ =

∑
s,s′=−1,1

e−βss
′JLL′

1L + sσzL
2 ⊗ 1L

′ + s′σzL′

2 . (3.71)

Thus, the Gibbs state in proportional to

e−βH =
∑

s,s′=−1,1
e−βss

′JLL′e−βH
′(s,s′) ⊗ 1L + sσzL

2 ⊗ 1L
′ + s′σzL′

2 ⊗ e−βH′′(s,s
′) (3.72)

Now, let us consider a parity operator on the sites 1, ..., L− 1, defined by

P =
L−1∏
i=1

σxi . (3.73)

Then it satisfies

PH ′(s,s
′)P = H ′(−s,−s

′), (3.74)

for s, s′ = 1,−1, which can be verified by direct calculations. Using the cyclic property of the

trace and that P 2 = 11,...,L−1, we have

Tr
(
H ′(s,s

′)
)

= Tr
(
PH ′(s,s

′)P
)

= Tr
(
H ′(−s,−s

′)
)
, (3.75)

which means that

Tr
(
H ′(1,1)

)
= Tr

(
H ′(−1,−1)

)
and Tr

(
H ′(1,−1)

)
= Tr

(
H ′(−1,1)

)
(3.76)
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Using this property we can compute the partial trace of the Equation (3.72), obtaining:

Tr1,...,L−1
(
e−βH

)
=

∑
s,s′=−1,1

e−ss
′JLL′Tr

(
e−βH

′(s,s′)
)
1L + sσzL

2 ⊗ 1L
′ + s′σzL′

2 ⊗ e−βH′′(s,s
′)
. (3.77)

Therefore:

Tr1,...,L−1(e−βH)
Tr(e−βH) = e−JLL′

Tr
(
e−βH

′(1,1)
)

Tr (e−βH)

1L + σzL
2 ⊗ 1L

′ + σzL′

2 ⊗ e−βH′′(1,1)

+ 1L − σzL
2 ⊗ 1L

′ − σzL′
2 ⊗ e−βH′′(−1,−1)


+ eJLL′

Tr
(
e−βH

′(1,−1)
)

Tr (e−βH)

1L + σzL
2 ⊗ 1L

′ − σzL′
2 ⊗ e−βH′′(1,−1)

+ 1L − σzL
2 ⊗ 1L

′ + σzL′

2 ⊗ e−βH′′(1,−1)

. (3.78)

This equation shows that, in general, the shielding property does not hold when the interface

contains two sites. Indeed, in Equation (3.78) the terms 1L+sσzL
2 ⊗ 1L′+s′σzL′

2 represent sectors in

the Hilbert space where the spins of the sites of the interface are well defined in the z-direction.

That is, the sign of s and s′ define the spins directions of the sites in the interface. For example,

the term 1L+σzL
2 ⊗ 1L′−σzL′

2 is the projector on the sector where the spin in site L is positive in the

z-direction and the spin in site L′ is negative in this same direction. Note also that the terms

Tr(e−βH′(s,s
′)) multiply the terms which appear 1L+sσzL

2 ⊗ 1L′+s′σzL′
2 and 1L−sσzL

2 ⊗ 1L′−s′σzL′
2 . Now,

suppose that

Tr
(
e−βH

′(1,−1)) = 0. (3.79)

This hypothesis with our observations above means that the interface spins can only be both

positive or both negative, that is, they are aligned. Taking the global trace on Equation (3.78)

we get that

e−JLL′
Tr(e−βH′(1,1))

Tr(e−βH) = 1
Tr
(
e−βH′′(1,1) + e−βH′′(−1,−1)

) , (3.80)

so we would have

Tr1,...,L−1(e−βH)
Tr(e−βH) = 1

Tr
(
e−βH′′(1,1) + e−βH′′(−1,−1)

)
1L + σzL

2 ⊗ 1L
′ + σzL′

2 ⊗ e−βH′′(1,1)

+1L − σ
z
L

2 ⊗ 1L
′ − σzL′

2 ⊗ e−βH′′(−1,−1)

, (3.81)
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which has no explicitly dependence on HI . Thus we could conclude that the reduced state of the

right set has no explicitly dependence on the parameters of the left set. However, the hypothesis

of Equation (3.79) is too strong for the Gibbs state with positive temperatures, in general. On

the other hand, for the ground state, we can find parameters which maintain the spins aligned.

In the case of the ground state, instead of Equation (3.79), we assume that

lim
β→∞

Tr(e−βH′(1,−1))
Tr(e−βH) = 0. (3.82)

We point out that we could also have a similar discussion replacing H ′(1,−1) by H ′(1,1) in

Equations (3.79) and (3.82). In this case, we would find that the spins of the interface are anti-

aligned.

In conclusion, we have that if the system is in a state such that the two spins of the interface

are with a well defined relative alignment between each other (that is, either aligned in the same

direction or in opposite directions), then we can have the shielding property.

Finally, this proof and conclusions can be generalized for any lattice and any number m of sites

in the interface. Remember that the interface is defined in Section 3.2 and we have the condition

that the external magnetic field is null on all sites of it. Let us maintain the labelling that i ∈ A,

for i = 1, ..., L−1 and i ∈ B for i = L+1, ..., N and label the sites of the interface S by L1, ..., Lm.

The equivalent to Equation (3.62) would be

H ′(s1,...,sm) = −
L−1∑
i,j=1
i<j

Jijσ
z
i σ

z
j −

L−1∑
i=1

hiσ
x
i −

m∑
k=1

L−1∑
i=1

skJiLkσ
z
L (3.83)

where here we have hidden the identity operators from the notation for simplicity. Using the

parity operator as in Equation (3.75), we would have that

Tr
(
H ′(s1,...,sm)

)
= Tr

(
H ′(−s1,...,−sm)

)
(3.84)

Let s∗1, ..., s∗m be fixed values for the variables s1, ..., sm, where si = ±1, for i = 1, ...,m. Suppose

that

Tr
(
e−βH

′(s∗1,...,s
∗
m)
)
6= 0 , and that Tr

(
e−βH

′(s1,...,sm)) = 0. (3.85)

for all (s1, ..., sm) 6= (s∗1, ..., s∗m) and (s1, ..., sm) 6= (−s∗1, ...,−s∗m). Thus, similarly to Equa-
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tion (3.81), we have

Tr1,...,L−1(e−βH)
Tr(e−βH) = 1

Tr
(
e−βH

′′(s∗1,...,s
∗
m) + e−βH

′′(−s∗1,...,−s
∗
m))

 m⊗
i=1

1L + s∗iσ
z
i

2

⊗ e−βH′′(s∗1,...,s∗m)

+
 m⊗

i=1

1L − s∗iσzi
2

⊗ e−βH′′(−s∗1,...,−s∗m)

,
(3.86)

and it means that if the system is in the Gibbs state, then the reduced state of set Y does not

have explicitly dependence on the parameters of set A. Furthermore, if we have that

lim
β→∞

Tr(e−βH′(s
∗
1,...,s

∗
m))

Tr(e−βH) 6= 0 , and that lim
β→∞

Tr(e−βH′(s1,...,sm))
Tr(e−βH) = 0. (3.87)

for all s1, ..., sm 6= s∗1, ..., s
∗
m and s1, ..., sm 6= −s∗1, ...,−s∗m, then we can conclude that if the system

is in the ground state, then the reduced state of set Y does not have dependence on the parameters

of set A.

We say that a family of m spins have well defined alignment between each other in the z-

direction if the state of the whole system lies in one of the sectors defined by ⊗m
i=1

1L+s∗i σ
z
i

2 or by⊗m
i=1

1L−s∗i σ
z
i

2 , for s∗1, ..., s∗m fixed.

Again, we conclude that if the spins of the interface have a well defined alignment between each

other then the reduced state of the set Y does not have explicit dependence on the parameters of

set A.

An example of system which exemplifies this connection between the shielding property and a

well defined alignment of the spins of the interface is that of Figure 3.10.a. The reduced state of

the interface spins is given by

ρ2,3 = 1
41+ 1

4f(β, h1, h4)σz2σz3. (3.88)

The function f is a function of the inverse of the temperature of the system β, and of the external

magnetic fields h1 and h4. We have that 0 ≤ f(β, h1, h4) < 1 for finite values of β and for all h1,

h4, which means that the spins of the interface do not have a well defined alignment between each

other. It agrees with the fact that this system does not satisfy the shielding property for positive

temperatures. When β → ∞ we have that f(β, h1, h4) → 1 for all h1, h4, which means that the
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spins of the interface have a well defined alignment between each other. Thus, it guarantees that

this system satisfies the shielding property for the ground state, which agrees with our explicit

calculations in Appendix D.

3.9 Implicit Dependence

In Theorem 2 of Section 3.4.1 we show that the reduced state of one side of a chain described

by the transverse Ising model has no dependence on the parameters of the other side of the chain,

if the external magnetic field is null in the interface. Comparing it with the last section, we see

that we need the further restriction: the reduce state of one side of some lattice described by

the transverse Ising model has no explicit dependence on the parameters of the other side of the

lattice, if the external magnetic field is null in the interface and the spins of the interface have a

well defined alignment between each other.

Firstly, we point out that the condition which requires the spins of the interface to have a

well defined alignment between each other is trivial when we have only one site in the interface,

because a unique site is always aligned with itself.

Now, note that in the second statement we have the word “explicit” when we talk about the

dependence on the parameters. In the case of more than one site in the interface, once the numbers

s1, ..., sm which define the alignment of the sites of the interface are fixed, the reduced state of

set Y has no dependence on the parameters of set A. But, the alignment of the sites of the

interface could have dependence on the parameters of set A, causing a more subtle dependence of

the reduced state of set Y on these parameters.

Consider the space of parameters, where we describe the parameters hi, Ji,j, for i, j sites of the

lattice. We define that some system satisfy the shielding property for a window of parameters if

there is a hypercube in the space of parameters such that when they are allowed to vary only on

this hypercube, then the system satisfy the shielding property.

Let us consider the following system, which exemplifies this validity of the shielding property.

Consider the lattice of Figure 3.13. Suppose that the Hamiltonian of this system is given by the

Ising model, with the external magnetic field being null in all sites and the strength of interactions

labelled in this figure. In this same figure we can see the labelling of each site. We will consider
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the interface given by the two sites in the intersection of the pentagons, coloured red. The sites

in black are in set A and the sites in blue are in the set B. The interaction labelled with a is the

free parameter which we will change in set A to observe the modifications in set Y .

Figure 3.13: Example of lattice system which the reduced state of set Y has dependence on the

parameters of set A.

Now, suppose that we wish to measure the observable σz6Aσ
z
7A . We can show that if a > 0, 5 we

will always measure σz6Aσ
z
7A = 1, if a < 0, 5 we will always measure σz6Aσ

z
7A = −1 and if a = 0, 5 the

answer of this measurement is random (see Appendix E for detailed calculations). So, if someone

has access only to the set Y , she/he can infer if a is larger or smaller than 0, 5, but this person

could not infer the actual value of a. This shows the dependence of the reduced state of Y on the

parameters of A.

We can show the same conclusions we have got for the above system for a system arbitrarily

large. In Figure 3.14 we show a system which is an extension of the previous one. In this figure,

we have drawn a system with six “pentagons”, but we can choose one with an arbitrarily large

number of “pentagons” and our conclusions would be the same. To calculate the ground state

of these systems we use the same arguments which we have used in the previous example (more

details can be found in Appendix E). In these cases we can also find couple of sites i and j such

that the observable σzi σzj is equal 1 if a > 0, 5 and equal −1 if a < 0, 5.
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Figure 3.14: Example of lattice system arbitrarily large which the reduced state of set Y has

dependence on the parameters of set A. It is the extension of the system of Figure 3.13. In this

particular figure we have drawn six “pentagons”, but we can choose a similar system with any

number of pentagons.

3.10 Frustration Free Satisfy the Shielding Property

In this section we will enunciate a Theorem which follows from the calculations of Section 3.8.

Before, let us make two definitions.

Here we state the first one. We say that a lattice is connected if we cannot separate it into

two sub-lattices such that none site of one sub-lattice has interaction with the sites of the other

sub-lattice.

The second definition is the following. Take a lattice system with arbitrary Hamiltonian

H = ∑
X HX . We say that the system is frustration free if the ground state ρg also minimizes the

energy associated with each term of the Hamiltonian separately: Tr(ρgHX) = min
Trρ=1
{Tr(ρHX)}.

That is, any global ground state ρ is a ground state for each HX .

With this, we can state:

Theorem 4. Let a lattice system be described on the finite lattice Λ by the transverse Ising model.

Suppose that we have two subsets X and Y , with X∩Y = S, a connected lattice, and the magnetic

field applied on the sites of S is null. Furthermore the sites of A = Λ\Y do not interact directly

with the sites of B = Λ\X. If the system is frustration free for a hypercube of parameters, then

the system satisfy the shielding property for this window of parameters.

This corollary holds since the condition of frustration free guarantee that the spins of the
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interface S have a well defined alignment between each other. Indeed consider the lattice given

in Figure 3.15. Take the Hamiltonian of the Ising model, but make all the external magnetic

fields null. The sites have interaction if they are connected by an edge and the strengths of the

interactions are labelled in the figure. It is fixed −1 for some interactions and equal a variable

M for the others. If M < 0, it is easy to see that all the spins are aligned when the system is in

the ground state and the system is frustration free. Note that the observable σz3σz4 is always equal

to 1.

Figure 3.15: Example of system which is frustration free when M < 0 and satisfies the shielding

property. The shielding property is dropped only for M = 2, when the system is frustrated.

But suppose that we take M � 0. We expect that the sites 1, 2, 5 and 6 turn to be anti-aligned

between each other, that is, site 2 opposite to site 1, site 1 opposite to site 6 and so on. Thus, it

could also change the state of sites 3 and 4 and consequently the value of σz3σz4. This is exactly

what happens if we take M > 2. In this case the value of σz3σz4 will be not well defined anymore

and the ground state is not unique anymore.
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Conclusions

In this thesis we have worked with lattice systems and their behaviour when submitted to

local quenches. We have seen the concept of an effective light-cone which arises for systems

with short range interactions, which means that a local quench takes a finite amount of time

to perturb considerably a distant region from this quench. There are many ways of measuring

this perturbation, and the one we have worked with is the von Neumann entropy of this distant

region. This entropy measures the entanglement of a pure state of a bipartite system. We have

shown a bound for the variation of the von Neumann entropy, comparing the perturbed and the

unperturbed system. This bound decreases exponentially with the distance between the region

where we have made the quench and the region which we are calculating the entropy. Furthermore,

it is valid for any size of the region for which we calculate the entropy.

As we have discussed in details in Section 2.5, our bound for the von Neumann entropy implies

that entanglement in these systems satisfies an “effective light-cone”. Furthermore, our bound

shows that the system satisfy an area law, which guarantee the efficiency of methods like t-DMRG.

Finally, suppose that this many body system is used by two agents to establish a communication

between them and that each agent has access only to a region of this system. If these two regions

are distant from each other, the information which one agent can receive from the other is not

significant after a small amount of time.

We have also discussed that when the terms of the Hamiltonian of two regions of the system

commute, then one cannot send any information to the other side no matter how much time passes,

which is a particular case of the above discussion. An example of systems with this property is

the transverse Ising model.

The transverse Ising model, in some sense, satisfy strange property. As we have shown, the

transverse Ising chain satisfy the shielding property. It means that if we divide the chain into
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two halves with one site in their intersection (or interface) and if the external magnetic field is

null in this site, then the reduced state of one side of the chain does not have dependence on the

parameters of the other side. This property is also valid for lattices of any dimension and any

configuration, if the interface between the two halves is only one site. An example of lattice which

satisfy this requirement is the Bethe lattice (Figure 1.2.d.).

A more intuitive way of understanding the shielding property is via the duality of the Isign

chain, where we can write the Hamiltonian in an alternative way. In this new form, we can

understand that the parameters which represent interactions and magnetic fields swap their roles.

A null magnetic field in the original chain would mean a null interaction in the dual chain, which

explain why the two halves would be “decoupled”.

When the interface contains more than one site we can guarantee that the shielding property

holds only when the spins of the interface have a well defined alignment between each other. In

this case, the reduced state of one side has only an implicit dependence on the parameters of the

other site. If we have access only to one side of the lattice, we could infer if the parameters are

smaller or greater than some constants, but not their exactly value. A corollary which follows

from this analysis is that if a system is free of frustration, then it satisfy the shielding property.

On the other side, we cannot infer if a frustrated systems satisfy or do not satisfy the shielding

property. As we could see in the example of Section 3.10, the system considered there is frustrated

and do satisfy the shielding property for 0 < M < 1 and it is frustrated and do not satisfy the

shielding property for M > 1. One further research direction is to try to find hypothesis such that

every frustrated system with these hypothesis do (or do not) satisfy the shielding property.
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Appendix A

Detailing the Hypothesis for the Proof

of Lieb-Robinson Bound

In this appendix we present the calculations of our statements on examples where condi-

tions (2.4), (2.5) and (2.6) are satisfied. A function F which satisfies conditions (2.4) and (2.5)

for any µ ≥ 0 can be given by

F (x) = 1
(1 + x)d+ε (A.1)

for some ε > 0.

The first statement is that F satisfies Equation (2.4), given by

||F || := sup
i∈Γ

∑
j∈Γ

F (d(i, j)) <∞. (A.2)

To see this note that the summand above is the same on all possible choices of i. Thus the

supremum is reached on any value of i. Choose the value i = 0, and then we have d(i, j) = |j|.

Then, we can write

‖F‖ =
∑
j∈Zd

1
(1 + |j|)d+ε . (A.3)

It is well known that this series converges for all ε > 0, proving our first statement.

The second statement is that Equation (2.5) is true. It is given by

C := sup
i,j∈Zd

∑
k∈Zd

(
1 + d(i, j)

(1 + d(i, k))(1 + d(k, j))

)d+ε

<∞ (A.4)
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We can see the validity of the above condition verifying that C is upper bounded by

C ≤ 2d+ε+1 ∑
n∈Zd

1
(1 + |n|)d+ε . (A.5)

To prove this we shall change variables, choosing n = i− k and a = i− j. Note that

d(i, j) = |i− j| = |a| , d(i, k) = |i− k| = |n| , (A.6)

and

d(k, j) = |k − j| = |(i− j)− (i− k)| = |a− n| = d(a, n). (A.7)

With the above equation we can see that the supremum over x and y does not have dependence

on these variables separately, but only on their difference a. So we can write

C ≤ sup
a∈Zd

∑
n∈Zd

(
1 + |a|

(1 + |n|)(1 + d(a, n))

)d+ε

. (A.8)

Now we will separate the above sum in two terms. Those where |n| ≤ |a|/2 and those where

|n| > |a|/2. Note that for the first case we have that d(a, n) ≥ |a|/2 and then

1
1 + d(a, n) ≤

1
1 + |a|/2 . (A.9)

In the second case we have that
1

1 + |n| ≤
1

1 + |a|/2 . (A.10)

Thus we can write

C ≤ sup
a∈Zd

∑
n∈Zd
|n|≤|a|/2

(
1 + |a|

1 + |a|/2

)d+ε 1
(1 + |n|)d+ε

+ sup
a∈Zd

∑
n∈Zd
|n|>|a|/2

(
1 + |a|

1 + |a|/2

)d+ε 1
(1 + d(a, n))d+ε (A.11)

Making the sums not only on their respective subsets, but on the whole space, and rearranging

some terms, we have that

C ≤ sup
a∈Zd

(
2 + 2|a|
2 + |a|

)d+ε
∑
n∈Zd

1
(1 + |n|)d+ε +

∑
n∈Zd

1
(1 + d(a, n))d+ε

 (A.12)
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Note the second term in the parenthesis is actually independent of a, therefore:

C ≤ sup
a∈Zd

(
2 + 2|a|
2 + |a|

)d+ε

· 2
∑
n∈Zd

1
(1 + |n|)d+ε (A.13)

The supremum of
(

2+2|a|
2+|a|

)
is 2. So we can conclude that statement (A.5) holds, which implies that

condition (2.5) is true for this example of function.

We have also stated that Equation (2.6) is satisfied by systems in the lattice Γ = Zd, when the

interactions are only between first neighbours or when they decay exponentially, for example. For

these two examples, the interactions are only between pairs of sites, thus fixed i and j, the only

set X such that i, j ∈ X and we could have Φ(X) 6= 0 is the set X = {i, j}. Thus, we can write

Equation (2.6) as

||Φ||µ := sup
i,j∈Γ

||Φ({i, j})||
e−µ(d(i,j))F (d(i, j)) (A.14)

For the case of first neighbour interactions we have an additional condition which we suppose

that there is some number M < ∞ such that ‖Φ(X)‖ ≤ M , for all X ⊂ Γ. Furtheremore, if

d(i, j) 6= 1, then Φ({i, j}) = 0, and the above equation becomes

||Φ||µ := sup
i,j∈Γ

||Φ({i, j})||
e−µF (1) ≤ M

e−µF (1) <∞. (A.15)

and since M <∞ we have that Condition (2.6) is satisfied for all µ ≥ 0.

Now, for the case of exponential decay, we have that there are constants c, a > 0 such that

||Φ({i, j})|| ≤ ce−ad(i,j), for all i, j ∈ Γ. Using the function F given in Equation (A.1), the

Equation (A.14) becomes

||Φ||µ ≤ sup
i,j∈Γ

ce−ad(i,j)

e−µ(d(i,j))F (d(i, j)) (A.16)

and using Equation (A.1), we have that

||Φ||µ ≤ sup
i,j∈Γ

ce−(a−µ)d(i,j)

(1 + d(i, j))d+ε . (A.17)

For this type of interaction, condition (2.6) is satisfied for all µ such that 0 ≤ µ ≤ a.
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Appendix B

Thermal Equilibrium States

Let S be a system which is in thermal equilibrium with a thermal reservoir at temperature

T (see Figure B.1). From Statistical Mechanics, we have that the probability pj of finding this

system in a configuration with energy Ej is given by

pj = nje
−βEj∑

k nke−βEk
(B.1)

where kB is the Boltzmann constant, β = 1/kBT and nk is the number of possible configurations

with energy Ek. Suppose also that Ek1 < Ek2 for k1 < k2. The partition function Z = ∑
k e
−βnkEk

is the sum over all the allowed energies of the system.

Figure B.1: A system S in contact with a thermal reservoir R at temperature T . (Figure extracted

from reference [48]).
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When the system S is a quantum system in the state ρ, the probability of finding it with

energy Ej is given by

pj = Tr(ρPj), (B.2)

where Pj is the projector on the Hilbert subspace of the states with energy Ej.

The Gibbs state, as we have defined in Equation (3.6), is given by

ρ = e−βH

Tr (e−βH) . (B.3)

Using the spectral decomposition of H = ∑
j EjPj and putting Equation (B.3) into Equation (B.2)

we recover the probabilities (B.1). Then, we can say that the Gibbs state is a state of thermal

equilibrium.

When the temperature of the system is null, that is, when β tends to infinity, we have that

the Gibbs state is the normalized projection on the ground state sector. We can see this by the

following calculation.

lim
β→∞

e−βH

Tr (e−βH) = lim
β→∞

∑
j

(
Pje

−βH
)

∑
i Tr (Pie−βH)

= lim
β→∞

∑
j e
−βEjPj∑

i nie−βEi
· e

βE0

eβE0
(B.4)

= lim
β→∞

P0 +∑
j 6=0 e

−β(Ej−E0)Pj
n0 +∑

i 6=0 nie−β(Ei−E0) .

Since E0 < Ej, lim
β→∞

e−β(Ej−E0) = 0 and the limit of the above equation becomes

lim
β→∞

e−βH

Tr (e−βH) = P0

n0
, (B.5)

which is the ground sector.
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Appendix C

Calculations for the Ising Model in a

Chain with Three Sites

Here we exhibit the calculations of the two examples given in Section 3.4.3. Both are chains

with three sites described by the Ising model, where the first of them is the longitudinal Ising

model and the second the transverse Ising model.

Longitudinal Ising Model with Three Spins

Consider the three 1/2-spins with the following Hamiltonian:

H = −hσz1 − σz1σz2 − σz2σz3. (C.1)

Since terms in the r.h.s commute with each other it holds that:

e−βH = eβσ
z
1σ
z
2eβσ

z
2σ
z
3eβhσ

z
1 . (C.2)

The series expansion of the first term of the equation above is given by

eβσ
z
1σ
z
2 =

∞∑
n=0

(β)n
n! (σz1σz2)n =

( ∑
n even

(β)n
n!

)
1+

( ∑
n odd

(β)n
n!

)
σz1σ

z
2, (C.3)

and then we can write

eβσ
z
1σ
z
2 = cosh(β)1+ sinh(β)σz1σz2. (C.4)

Analogously, the second term of equation (C.2) is given by

eβσ
z
2σ
z
3 = cosh(β)1+ sinh(β)σ2σ3, (C.5)
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and the third term by

eβhσ
z
1 = cosh(βh)1+ sinh(βh)σz1. (C.6)

Using the equations above we can see that the Gibbs state is proportional to

e−βH = (cosh(β)1+ sinh(β)σz1σz2)(cosh(β)1+ sinh(β)σz2σz3)(cosh(βh)1+ sinh(βh)σz1). (C.7)

Defining a = cosh(β), b = sinh(β), c(h) = cosh(βh) and d(h) = sinh(βh), the equation above

becomes

e−βH = a2c(h)1+ a2d(h)σz1 + abd(h)σz2 + abc(h)σz1σz2

+ abc(h)σz2σz3 + b2c(h)σz1σz3 + abd(h)σz1σz2σz3 + b2d(h)σz3. (C.8)

We can see that Tre−βH = 8a2c(h). Making the normalization and the partial trace on the

equation above, the reduced state of site three becomes

ρ3 = Tr1,2
e−βH

8a2c(h) = 1
21+ 1

2
b2d(h)
a2c(h)σ

z
3 (C.9)

= 1
21+ 1

2 tanh2(β) tanh(βh)σz3 (C.10)

Thus we can see that the expected value of observable σz3 is given by

〈σz3〉 = Tr(ρ3σ
z
3) = Tr

(1
2σ

z
3 + 1

2 tanh2(β) tanh(βh)1
)
, (C.11)

and then

〈σ3〉 = tanh2(β) tanh(βh), (C.12)

which is the Equation (3.36) from the main text. With this equation we can see that the magne-

tization of site 3 has an explicitly dependence on the magnetic field applied on site 1, even with

null external magnetic field in the interface (site 2).

Transversal Ising Model with Three Spins

Consider the Hamiltonian:

H = −hσx1 − J1σ
z
1σ

z
2 − J2σ

z
2σ

z
3. (C.13)
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If we define

HI = −hσx1 − J1σ
z
1σ

z
2 and HII = −J2σ

z
2σ

z
3, (C.14)

we can write the Gibbs state of the system as

e−βH

Tr(e−βH) = e−βH
I
e−βH

II

Tr(e−βH) , (C.15)

since HI and HII commute.

Using the series expansion of the exponential to write the first term, we have

e−βH
I =

∞∑
n=0

(−β)n
n!

(
HI
)n
. (C.16)

Remembering that σz1 and σx1 anti-commute, we can evaluate the powers of HI in the following

way. (
HI
)2

=
(
J2

1 + h2
)
1. (C.17)

Then, for every even n, we have that
(
HI
)n

=
[(
HI
)2
]n/2

=
(√

J2
1 + h2

)n
1. (C.18)

So, for every odd n, we have that
(
HI
)n

=
(
HI
)(n−1)

·HI =
(√

J2
1 + h2

)n−1
HI ,

which can be written as (
HI
)n

=
(√

J2
1 + h2

)n HI√
J2

1 + h2
. (C.19)

Putting Equations (C.18) and (C.19) into Equation (C.16), we have that

e−βH
I =

 ∑
n even

(
−β

√
J2

1 + h2
)n

n!

1+

 ∑
n odd

(
−β

√
J2

1 + h2
)n

n!

 HI√
J2

1 + h2

= cosh
(
β
√
J2

1 + h2
)
1− sinh

(
β
√
J2

1 + h2
)

HI√
J2

1 + h2
. (C.20)

Analogously, the other term of Equation (C.15) becomes

e−βH
II = cosh(βJ2)1− sinh(βJ2)H

II

J
. (C.21)
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Putting Equations (C.20) and (C.21) into Equation (C.15) we have that the Gibbs state of the

system is given by

e−βH

Tr(e−βH) = 1
8

1+ tanh(βJ2)σz2σz3 + tanh
(
β
√
J2

1 + h2
) (hσx1 + J1σ

z
1σ

z
2)√

J2
1 + h2

(C.22)

+ tanh (βJ2) tanh
(
β
√
J2

1 + h2
)
J1σ

z
1σ

z
3 + hσx1σ

z
2σ

z
3√

J2
1 + h2

.
If we take the partial trace on the first site we get the reduced state ρ2,3 of sites 2 and 3. By

the equation above, it is equal to

ρ2,3 = Tr1(e−βH)
Tr(e−βH) = 1

4

1+ sinh(βJ2)
cosh(βJ2)σ

z
2σ

z
3

.
It is Equation (3.40) from the main text, which confirms the predictions of Theorem 2.
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Appendix D

Calculations for the Ising Model in a

Lattice with Four Sites

In this appendix we exhibit the calculations of the example shown in Figure 3.10.a. We define

its Hamiltonian given by

H = −σz1σz2 − σz2σz3 − h1σ
x
1 − σz2σz4 − σz3σz4 − h4σ

x
4

and we wish to compute the magnetization 〈σx4 〉. More then that, we will compute the reduced

state of site 4. To do this we first perform the partial trace over site 1, followed by the partial

trace of sites 2 and 3, giving the desired reduced state.

We can write the Hamiltonian as

H = (H ′ ⊗ 14).(11 ⊗H ′′) (D.1)

where H ′ = −σz1σz2 − σz2σz3 − h1σ
x
1 , defined on the space of sites 1, 2 and 3, and H ′′ = −σz2σz4 −

σz3σ
z
4 − h4σ

x
4 , defined on the space of sites 2, 3 and 4. Then we have that

e−βH = (e−βH′ ⊗ 14).(11 ⊗ e−βH
′′), (D.2)

so we get that

Tr1(e−βH) = {Tr1(e−βH′)⊗ 14}.e−βH
′′
. (D.3)

To calculate Tr1(e−βH′), let us compute Tr1(H ′n) and use the series expansion of e−βH′ (3.24) to

find its partial trace. We have that

H ′2 = (2 + h2
1)1+ 2σz2σz3 = a11+ 2σz2σz3 (D.4)
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where a1 = 2 + h2
1. Then, it is easy to find even powers of H ′, that is

H ′2n =
n∑
k=0

(
n

k

)
an−k1 2k(σz2σz3)k =

 n∑
k=0
even

(
n

k

)
an−k1 2k

1+

 n∑
k=0
odd

(
n

k

)
an−k1 2k

σz2σz3. (D.5)

Summarizing, we can write

H ′2n = bn1+ cnσ
z
2σ

z
3. (D.6)

With this equation it is also possible to calculate odd powers of H ′, that is

H ′2n+1 = (bn1+ cnσ
z
2σ

z
3).(σz1σz2 + σz2σ

z
3 + h1σ

x
1 ).

The above equation shows us that Tr(H ′2n+1) = 0, for all n = 0, 1, 2.... Then we have that

Tr1(e−βH′) = Tr1

( ∞∑
m=0

βm

m!H
′m
)

=
∞∑
m=0

βm

m! Tr1(H ′m) =
∞∑
m=0
even

βm

m! Tr1(H ′m). (D.7)

Taking m = 2n and using Equation (D.6), we have that

Tr1(e−βH′) =
∞∑
n=0

β2n

(2n)!Tr1H
′2n =

∞∑
n=0

β2n

(2n)!(2bn1+ 2cnσz2σz3), (D.8)

and, after some arrangements, we get

Tr1(e−βH′) =
( ∞∑
n=0

β2n2bn
(2n)!

)
1+

( ∞∑
n=0

β2n2cn
(2n)!

)
σz2σ

z
3. (D.9)

We can write the above equation as

Tr1(e−βH′) = A1+Bσz2σ
z
3, (D.10)

where

A =
∞∑
n=0

n∑
k=0
even

2β2n

(2n)!
n!

(n− k)!k!a
n−k
1 2k (D.11)

and

B =
∞∑
n=0

n∑
k=0
odd

2β2n

(2n)!
n!

(n− k)!k!a
n−k
1 2k. (D.12)

Now, let us calculate e−βH′′ . The powers of H ′′ will follow the same arguments of the powers of

H ′, so we have that

H ′′2n = αn1+ εnσ
z
2σ

z
3 (D.13)
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and

H ′′2n+1 = (αn1+ γnσ
z
2σ

z
3)(σz2σz4 + σz3σ

z
3 + h4σ

x
4 ), (D.14)

where αn and εn can be found analogously to what was done for bn and cn. Using the Taylor series

of e−βH′′ , we have that

e−βH
′′ = C1+Dσz2σ

z
3 + Eσz2σ

z
4 + Fσz3σ

z
4 +Gσx4 +Hσz2σ

z
3σ

x
4 , (D.15)

where

C =
∞∑
n=0

n∑
k=0
even

2β2n

(2n)!
n!

(n− k)!k!a
n−k
4 2k, (D.16)

D =
∞∑
n=0

n∑
k=0
odd

2β2n

(2n)!
n!

(n− k)!k!a
n−k
4 2k, (D.17)

G = h4

∞∑
n=0

n∑
k=0
even

2β2n+1

(2n+ 1)!
n!

(n− k)!k!a
n−k
4 2k (D.18)

and

H = h4

∞∑
n=0

n∑
k=0
odd

2β2n+1

(2n+ 1)!
n!

(n− k)!k!a
n−k
4 2k, (D.19)

where we have set a4 = 2 + h2
4. We do not show the expressions of E and F here, since they are

not used.

Putting Equations (D.10) and (D.15) in Equation (D.3), performing the partial trace on spaces

of sites 2 and 3, and normalizing the trace of resulting operator, we have that the reduced state

of site 4 is given by

ρ4 = 1
21+ 1

2
AG+BH

AC +BD
σx4 . (D.20)

Finally, we get that

〈σx4 〉 = AG+BH

AC +BD
. (D.21)

We can show that the magnetization (D.21) is independent of h1 when the value of β goes to

infinity. More specifically, it is equal to 1√
4+h2

4
when β →∞.

In conclusion, it is shown that the shielding property does not work, in general, when the

interface has more than one site when the temperature is positive. For null temperature, however,

the shielding property still holds in this example.
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Figure D.1: Plots of the value of the magnetization 〈σx4 〉 of site 4 as a function of the external

magnetic field h1 applied in site 1. Each plot was done for different values of β, which are β = 1,

4, 7 and 10. Note that the scale of each plot is also different.
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Appendix E

Calculation for the Ising Lattice with

Implicit Dependence

In this appendix we will show the calculations of the ground state of the system of Figure 3.13

as a function of the parameter a. The method shown here can also be adapted to the calculations

of the ground state of the system of Figure 3.14, which is a finite system of arbitrary size.

Figure E.1: A second system built to help the calculations of the energies of the ground state of

the system illustrated in Figure 3.13. We take M � −1, which obligates the sites which have

interactions of strength M to be with spins aligned in the same direction. It guarantee that the

states of system of item a. is in correspondence with the probable states of system of item b.

Now, in the system of Figure 3.13, since the external magnetic field is null in all the sites and
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the interactions are only in the z-direction, we have that the ground state is given by states where

the magnetization in each site are only in the z-direction. Thus, it suffices to calculate the energy

of each configuration of the spins in the z-direction. The configurations with the smallest energy

are the ground states.

To calculate the ground state of this system we are going to calculate first the ground state of

the system of Figure E.1. In this system we can see that we have two couples of sites connected

by an interaction of strength M . We choose M to be negative but sufficiently large in modulus,

which guarantees that the two sites connected by this interaction are always found with their

spins aligned in the same direction. With this hypothesis we can make a correspondence between

the systems of Figures 3.13 and E.1. Let the following correspondence between the sites of these

systems be

2A → 2B 3A →3B 4A → 4B 6A → 6B 7A → 7B 8A → 8B

1A → {1B ∪ 1′B} 5A → {5B ∪ 5′B} (E.1)

Each site outside the interface of the first system has correspondence with another site of the

second system and the sites of the interface have correspondence with a set of two sites. Since the

spins of sites 1B and 1′B (5B and 5′B) are equal, then the spin of this couple of sites has the same

degree of freedom as the spin of site 1A (5A).

If the system of Figure E.1. is in a state where all spins have a well defined alignment between

each other and has energy E + 2M , then the correspondent state of the system of Figure 3.13.

has energy E.

To calculate the energy of the states of the system of Figure E.1, we shall compute the energy

of a system which is a simple pentagon, shown in Figure E.2. It is also described by the Ising

model with null external magnetic field in all the sites and the interactions strength are given in

the figure.

In Figure E.3 we can find the energy of each configuration of the spins of the system of

Figure E.2. Note that the energy for a system described by the Ising model with null external

magnetic field in all sites is defined by the relative alignment of the spins between each other, and

not by their spatial alignment. If we take a certain configuration with energy E, the configuration

where we invert all the spins to their opposite direction, comparing with the previous configuration
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Figure E.2: A system decribed by the Ising

model, where the external magnetic field is

null in all the sites and the strength of the

interactions are labelled in this figure.

it also has energy E. Because of this, in Figure E.3 we had only drawn half of the possible

configurations.

In Figure E.3, we highlight the configurations of the smallest energy. One of them happens for

a ≥ 0, 5 and has energy −3 − a and the other happens for a ≤ 0, 5 with energy −4 + a. We call

the configuration with energy −3−a which is drawn in the Figure E.3 by C1 and the configuration

with energy −3 − a but with opposite alignment (which is not drawn) by C ′1. The configuration

with energy −4 + a drawn in Figure E.3 we call by C2 and the one with energy −4 + a but with

opposite alignment (which is not drawn) by C ′2.

Now, let us turn our attention to the system of Figure E.1. The left subset, that of sites 1B,

2B, 3B, 4B, and 5B, is in correspondence with the system of Figure E.2, making

1B → 1C 2B → 2C 3B → 3C 4B → 4C 5B → 5C (E.2)

Thus, the configurations of the smallest energy for this subset are C1 and C ′1 for a ≥ 0, 5 and C2

and C ′2 for a ≤ 0, 5.

Making a = 0, 5, the right subset, that of sites 1′B, 5′B, 6B, 7B and 8B, is in the following

correspondence with the system of Figure E.2.

1′B → 1C 5′B → 5C 6B → 4C 7B → 3C 8B → 2C . (E.3)

The configurations of minimum energy for this subset are C1, C ′1, C2 and C ′2.

Now, let us analyse the whole system. Suppose that the state of the right and left subsets are

both with the configuration Ci (or C ′i), given the above correspondences, then we will say that the

state of whole system is with the configuration CiCi (or C ′iC ′i).

Once the subset of the left is with some configurations where the sites 1B and 5B have positive

spins, for example, it obligates, via the interactions of strength M , the right subset to have a
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Figure E.3: Energy values for the system of Figure E.2 for the possible alignment of the spins. Note

that since the external magnetic field is null in all the sites the energy of a certain spins alignment

is the same for the state with opposite alignment. Because of this we have just illustrated half of

the spins alignment possibilities. We highlight the two configurations of smallest energy, one for

a ≥ 0, 5 with energy −3− a and the other for a ≤ 0, 5 with energy −4 + a.

configuration where 1′B and 5′B are also positive. Thus, if the system is in the ground state

and the left subset is with the configuration Ci or C ′i, then the subset of the right is with the

configurations Ci or C ′i, respectively, for i = 1, 2.

We can conclude that the ground state of the system of Figure E.1 is the combination of

configurations C1C1 and C ′1C ′1 for a ≥ 0, 5 the combination of the configurations C2C2 and C ′2C ′2 for

a ≤ 0, 5. The conclusion is exactly the same for the system of Figure 3.13 as we have already

explained in the beginning of the example.

Now, take the observable σz6Aσ
z
7A . If a > 0, 5 we have that the system is in the configuration C1C1

and C ′1C ′1, where these two spins are always in agreement. We would always measure σz6Aσ
z
7A = 1.

Similarly, if a < 0, 5 we would always measure σz6Aσ
z
7A = −1 and if a = 0, 5 the answer of this
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measurement would be random. This is the conclusion which we have stated in the main text.

Figure E.4: A second system built to help the calculations of the energies of the ground state of

the system illustrated in Figure 3.14. It is used in the same way as the system of Figure E.1 is

used to make the calculations for the system of Figure 3.13.

In the main text, we have also mentioned a system (Figure3.14) which is an extension of the

system of Figure 3.13. In that figure, we have drawn a system with six pentagons, but it could

have an arbitrarily large number of pentagons.
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