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Abstract

Signs of criticality in a virtual vertebrate retina

The objective of our work is to apply the concepts of statistical mechanics to the

virtual retina of a vertebrate, in order to verify some of the assertions made in

Ref [51]. By means of a whole simulation of the vertebrate retina network[35],

we obtained data from the ganglion layer as a discrete pattern of activity (spike),

or silence from each ganglion neuron. We used maximum entropy criteria to find

the probability distribution that describes the system, and we used inverse Monte

Carlo simulations for fitting the parameters to within a precision by means of

a gradient descent algorithm. Since our purpose is to make a thermodynamic

analysis of this system, we found this distribution for different groups of neurons

with sizes ranging from 9 to 49 cells each, and we constructed the curves of specific

heat. We found that these curves have a peak increasing with the system length

at the effective temperature of the retina, suggesting the existence of criticality.

In addition, our results agree with the experiments carried out in Ref [51] and

strengthen the hypothesis that biological systems may work in a critical state.
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Chapter 1

Introduction

Understanding the brain is an issue involving multiple areas of knowledge, such

as philosophy and medicine. For example, the famous quote Cogito ergo sum,

by Descartes[1], evidences the early philosophical interest in topics related with

the cognition and consciousness. In contrast with most of the systems studied by

humans, such as the human body in medicine or classical mechanics in physics,

the brain became a challenge due to the absence of experimental evidence. It is

clear, for instance, that the mechanisms of the brain for processing information

are not visible to the naked eye. Consequently, neuroscience was born as an inter-

disciplinary research field, taking concepts from different areas, such as chemistry

or physics, for improving experiments and generating new theories. For exam-

ple, magnetic resonance imaging (MRI) is a useful tool based on the principles

of radiation[2], showing the levels of oxygen in the brain and providing a full im-

age of the activity in different regions. This tool is widely used both for medical

purposes, such as diagnostics[3], and for scientific purposes, such as the study of

human visual[4] or motor[5] cortex.

Microscopically, we could focus on the neurons 1 and, using chemistry and bio-

physics, understanding their internal behaviour and some of their connections 2.

Nevertheless, the chemical complexity, both of the neuron and its interactions (see

chapter chapter 2), makes it impossible to describe the whole brain using this

complex framework. On the other hand, we could make some approximations,

1The neuron is the fundamental cell of the nervous system, which was first proposed by
Santiago Ramón y Cajal [6].

2These interactions among cells take place on the synapses, which can be of electrical or
chemical nature (see chapter 2).

1



Introduction. Introduction 2

such as assigning a weight3 to each individual connection, and then, by means of

a network structure [7] [8] [9], describing the information flow of the system. Still,

the problems remain in the sense that, with this computational framework, we

dismiss many details which are biologically relevant.

Therefore, we need to choose an adequate analysis framework, depending on the

characteristics of the problem. From the viewpoint of the physics and computa-

tional sciences, one of the most important questions would be How does the brain

process enormous quantities of information in an efficient way? In that sense,

we could reduce the brain to a network, searching for an optimal arrangement of

information processing. From the viewpoint of biology, for instance, one possible

question would be Why is the brain necessary, and why did it evolve as it did?. To

answer this question, rather than reduce the brain to an information machine, we

must include biological, experimental and historical facts to analyse the system

and its interactions.

In this work, we will have a computational and physical emphasis in the sense that

we will analyse a part of the nervous system as a network, reducing the complex

chemical interactions to simpler constant weights. However, it is remarkable that

in the network structure, we will take into account many biological details which

will allow the comparison of our model with real experiments. Consequently, the

purpose of our work is based on, by means of the theory of criticality, proposing

ideas for understanding how the brain reaches the optimal information transmis-

sion and testing the hypothesis of the critical brain[10]. In order to understand the

meaning of a critical state in the brain, we will introduce both the self organized

criticality (SOC) and the Griffiths phases theory, both applied to complex systems

and specifically to the brain.

First, we may ask how the concept of information flux in the brain is defined.

Biologically, given an external stimulus such as a sound, some specialized neurons

are activated, possibly exciting their neighbours, which at the same time excite

other cells, and so on. This avalanche of excitations is the result of a chain

reaction corresponding to a flow of information in the brain. Thus, by looking at

the features of these avalanches, we might discover some general features of the

brain. The theory of SOC describes this type of phenomena, proposing that the

system reaches the critical state naturally[11], based on the study of some natural

phenomena and complex systems, such as earthquakes[12] or fractals[13].

3The simpler example would be the representation of each interaction by a fixed weight
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For a sub-system of approximately 1× 102 neurons, as these used in our work and

real experimental works[51], we can define some general concepts for introducing

these theories of criticality. In the SOC framework, depending on the size of

the avalanches s in the brain4 (See figure 1.1), we can identify three regimes

describing different situations. First, when the avalanches are small compared

with the number of cells, we define the subcritical phase, meaning that the number

of cells excited is too small such that its distribution decays exponentially as

exp(−s/s0), where s0 is a typical value of the system.

Figure 1.1: Sketch of avalanches in a network. The black (orange) points
represent the inactive (active) neurons, and the lines the synapses. Left sketch
shows an avalanche of size N=9 and right sketch shows an avalanche of N=22.

Second, when the avalanches are compared with the size of the whole system,

the phase is known as supercritical, and does not allow the description of its

distribution as a power law, in fact, it is possible to obtain just a single large

avalanche, meaning that all neurons excite under the same stimulus. Finally,

we define the third regime as the critical phase, in which, the distributions of

avalanches follows a power law N(s) ≈ s−τ , before decaying exponentially for large

s. From this viewpoint, the powerful assertion of SOC theory is that the brain

operates at this critical point, which is reached by means of an internal control

system5, as in the case of the other complex systems described with SOC[11]. Still,

4The size of the avalanche is defined with the number of neurons excited under the same
initial stimulus.

5For keeping the system at the critical point, there is a kind of control system forcing the
system to keep that state without the intervention of external forces. The toy model of SOC is
the sandpile which, at the critical point, generates avalanches of different sizes described by a
power law. The phase transition of this system is to an absorbing state.
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the natural question is Whether this tuning exist, and how is it produced? and

beyond, Is it true that the brain operates at only one critical point?.

The second approach is based on Griffiths phases [14], where the system reaches

the critical state because of the disordered nature of the network, instead of a

control system, as in the case of SOC. In addition, in this case the system exhibits

criticality in a broad region, in contrast with the SOC theory, where the criticality

is reached only in a point. Therefore, using this theory in the brain, we do not

need to find any physical feature forcing the system to the critical region, and we

do not need to assume that the brain is always in the same state, due to its broad

critical region. Here, the questions for answering are related with the physical

structure in the brain, for instance, Are the empirical reported power-laws strongly

related to the disordered nature of the networks? [15].

So far, we talked about the criticality of complex systems without making any as-

sumption about its equilibrium or non-equilibrium nature. Nevertheless, by using

equilibrium statistical mechanics we could analyse the criticality of the system,

looking at the behaviour of some physical properties, such as the specific heat

[16]. In this work we will focus the analysis of a neuronal network, in our case a

retinal network, proposing a thermodynamics by means of the information theory

and the maximum entropy model.

This dissertation is divided in three chapters. The first will be focused on the bio-

logical and computational study of the retina. Then, we will discuss the biological

and anatomical features of the system in order to compare with the simulations.

The second will be dedicated to the study of statistical mechanics and maximum

entropy model, and finally, the third chapter will be dedicated to the discussion

and analysis of our results.



Chapter 2

Biological and computational

study of the retina

2.1 Basic structures

The brain is a complex structure composed of about 1011 neurons, which are con-

nected between them by around of 1015 synapses [17]. Given its complexity and

importance, explaining and understanding the behaviour of this system has been

the goal of several research areas. For example, from a medical viewpoint, the

study of this structure helps to understand some processes responsible for impor-

tant daily tasks, generating or improving some treatments for neuronal diseases.

From a computational viewpoint, this complex structure is studied as an opti-

mized machine processing a huge quantity of information in a short time, aiming

for improving technological devices and increasing the efficiency of complex com-

putational tasks.

5



Chapter 1. the retina 6

In this chapter, we will explore first the microscopical structure of the brain,

focusing on its basic cells and structures. In addition, we will study how the

electrical impulses are generated after applying an external stimulus, and how

they propagate throughout the brain. Finally, we will make both a biological and

a computational study of the retina.

2.1.1 Neurons and glial cells

Neurons and glial cells determine the behaviour of the central nervous system

(CNS), which contains the brain and the spinal cord [18]. Given that there are a

lot of sub-structures with different tasks into the CNS, there are several types of

cells with different anatomical properties.

Figure 2.1: Glial cells. a) Atrocyte. b) Oligodendrocyte. c) Microglial cell.
Figure modified from [17]

Glial cells re located over all the CNS, complementing the work of neurons and

increasing their efficiency in signal propagation. As is shown in figure 2.1, there are

three types of glias whose differences lie in anatomical and functional aspects. The

Astrocytes have a star-like appearance and are in charge of keeping an appropriate

chemical environment at the synapses, which means that, they remove ions and

molecules which could modify the resting potential. The Oligodendrocytes are just

found in some parts of the CNS, wrapping myelin around the axons of neurons,

increasing the mean speed of the impulse transmission. Finally, the Microglial cells

are in charge of cleaning up dead tissue and replacing it. Hence, after a neuronal

injury, the affected part of the brain is filled by these cells, becoming an inactive

zone 1.

1The glial cells are incapable of generating the same connections and electrical impulses as
the neurons.
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Figure 2.2: Some types of neuronal cells. a) Photoreceptors. b) Amacrine
cell. c) Bipolar cell. d) Ganglion cell. Figure modified from [17]

The neurons are the cells responsible for the transmission of electrical impulses

throughout the CNS. In general, they consist of the soma, in which the main

structures such as the nucleus and some organelles are found, the dendrites, which

are the ramifications receiving stimuli from other cells or the environment, and

finally the axon, which is the ramification transmitting the response to other cells.

Nevertheless, not all neurons possess an axon[19].

Different types of neurons are categorized by anatomical aspects, such as number

of axons or dendrites, which generally are grouped in specific areas of the CNS.

Figure 2.2 shows some of the neurons found in the retina. (The retinal amacrine

cell has no axon).

Besides their anatomical properties, neurons have chemical and electric proper-

ties, defining other important concepts in the understanding of stimuli propaga-

tion. As is shown in the sketch on the left side of figure 2.3, cells contain several

species of positive and negative ions, which diffuse across the membrane reaching

an electro-chemical equilibrium [17], and generating a potential difference between

the extracellular and intracellular environments. This ionic circulation is possible

because of the ion channels, which are structures formed in the cellular membrane,

allowing ions to enter or leave the cell.

2.1.1.1 Synapses

When an external stimulus is received by specialized neurons, it is transformed

into electrical signals which are propagated across the CNS. This propagation



Chapter 1. the retina 8

is possible because of bridges between neurons, synapses, which connect a pre-

synaptic and a post-synaptic cell. These connections can be classified into chemical

(with a cleft2), and electrical (directly connected) ( see right sketch of figure 2.3).

Figure 2.3: b) Synapse structure, pre-synaptic cell release neurotransmitters
into the cleft which activates the ion channels to allow the ions flowing through
cell. a) Electrochemical equilibrium among intracellular and extracellular envi-

ronment.

In chemical synapses, the pre-synaptic and post-synaptic cells are not in direct

contact, rather, when a pre-synaptic cell is stimulated so that reaches its threshold,

the propagated signal produces a potential difference, increasing the permeability

of the membrane to positive ions, such as Na+. These ions activate some vesicles

leading to release of neurotransmitters3 into the cleft. The post-synaptic cells

possess ion channels or structures with sensibility to neurotransmitters, thus when

released into the cleft, ions begin to flow through the post-synaptic cell membrane,

changing its potential difference.

Therefore, when a spike4 is generated in a neuron, it may propagate by means

of synapses. In general, neurons can create or destroy synapses depending on

the stimulation frequency. This property is called plasticity and makes learning

possible.

2.1.1.2 Hodgkin & Huxley model of neurons

For understanding in a more detailed way the biophysics of synapses, we will

describe briefly the mechanisms used by the neurons to achieve signal transmission

2Synaptic space between pre-synaptic and post-synaptic cells.
3Chemical signals which act as messengers in the action potential propagation.
4electrical signal that travels along the axons of the neurons for propagating.
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and we will introduce the famous model of Hodgkin & Huxley[20], describing

quantitatively these complex processes.

Following the previous discussion, we know that the neurons are quite sensitive to

changes in their membrane potential, generating ion fluxes across the membrane.

Within the cellular membrane of each neuron, there are many types of channels

(made up of protein) which, depending on the kind of stimuli, allowing the hyper-

polarization or depolarization of the cell5. Thus, depending on the region in the

membrane, it is possible to find channels activated by neurotransmitters, electrical

fluxes or mechanical pressure. For instance, in a chemical synapse, when a spikel

is generated in the pre-synaptic cell, a certain neurotransmitter, such as glutamate

or GABA, is released into the cleft, activating these proteins[17].

Figure 2.4: Hodgkin & Huxley model. a) Sketch of the circuit representing
the neuron. b) Graph of the potential difference within the cellular membrane

of a neuron during a spike.

These ionic channels are responsible for selecting different types of ions and al-

lowing them to enter or leave the cell. Consequently, depending on the electric

field of the ions[21], the channel selects and dehydrates them, allowing them to

flow across the membrane. In general, in a synapses there are many types of ion

channels for mediating the flow of all the ions participating in the propagation of

the spike. Nevertheless, from a general viewpoint, some of them contribute with a

stronger weight to the cell polarization, for that reason, in the quantitative model

5Without the effects of external stimuli, each neuron has a resting potential (normally, -
70mV) in which, both the chemical and electrical forces equilibrate. When a current travels
across the membrane decreassing (increassing) this potential, we say that the cell is hypolarized
(depolarized).
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some of these weak ion currents, such as the Ca+2 current, are described as a

leakage current of the membrane.

As is shown in the left sketch of figure 2.4, the neuron can be modelled as a RC

circuit, where each resistance describes the ion channels. By analysing the circuit,

we obtain the voltage differential equation:

C
dV

dt
= I − gkn4(V − EK)− gNam3h(V − ENa)− gl(V − El) (2.1)

dn

dt
= αn(V )(1− n)− βn(V )n

dm

dt
= αm(V )(1−m)− βm(V )m

dh

dt
= αh(V )(1− h)− βh(V )h

The variables n,m and h describe and model the behaviour of the Potassium and

Sodium ion channels based on experimental observations (For more experimental

details, see the original paper [20]). The right graph of figure 2.4 shows the poten-

tial difference of the membrane when spiking. First the cell depolarizes to reach

its threshold, in which its activity maximizes for reaching its maximum potential

value. After, in order to reach its electrochemical equilibrium, the cell becomes

hyperpolarized during a refractory period, in which, independently of the external

stimuli, the cell does not exhibit any response. This electro-physical behaviour is

fully observed in experimental works[22] and quantitatively described by this set

of differential equations.

2.2 Visual system

The visual process can be divided into three parts: image focusing, retinal pro-

cessing and cortical processing (see figure 2.5). The first takes place in the eye

and has the function of focusing the image on a region of the retina6 as sharply as

possible. The complexity of this task lies in the fact that the stimuli emerge from

6In primates, this region is known as fovea and contains the highest density of cones
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different sources having different luminosity, contrast and depth. Consequently,

depending on the stimuli features, some internal structures, such as the lens or

the pupil, are activated[17] focusing the images on the retina.

Figure 2.5: Sight process. a) Image focusing process which happens in the eye
and finish at retina. b) Shows the retina process which starts with the focused
image and finish with a response at ganglia layer. c) Shows the cortex process

which generates the final response.

The second process involves the retina, which is in charge of transforming the light

signal into an electrical response which is sent to the cortex. Finally, this signal

is processed in some areas of the brain, such as the lateral geniculate nucleus and

the visual cortex, generating a final response. Given that our work is based on

the retina, the next section will be dedicated to the study of this system and its

biological processes.

2.2.1 Retina

From a macroscopic viewpoint, the vertebrate retina is a membrane located at the

back of eye, including a high acuity region called the fovea[17][21], and an optic

disk, where nerves, arteries and veins enter and/or leave the eye. As was described

in the last section, its function is based on the treatment and transformation of

luminous signals into electrical impulses, requiring specialized biological processes.

The retina is composed of essentially five kinds of neurons, whose signal transmis-

sion is oriented in a vertical way and sent to the cortex via the optic nerve. From

a functional point of view, this structure can be divided in the outer and inner

retina (see left panel of figure 2.6); both can be further divided into layers.
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2.2.1.1 Outer retina

The outer retina contains the neurons and synapses involved in the transforma-

tion of the luminous stimuli into electrical signals. Its first layer is composed of

photoreceptor cells, which are in charge of the phototransduction process7, and

which can be divided, for mammals, into rods and cones. In contrast with rods,

the cones have a slow response to changes in light intensity; the full set of cones

have a high spatial resolution. In addition, the majority of cones are situated at

the fovea (high acuity region), while rods predominate in the peripheral region.

Figure 2.6: Left Panel: Retina structure and layers. Right panel: phototrans-
duction process and protein transformation. Figure modified from [17]

In contrast with the cones, the phototransduction process of the rods is well un-

derstood, leading to a detailed description of the internal processes generating the

first electrical signal. Therefore, we will focus on the anatomy of these cells, in

order to describe their interaction with light. In general, these photoreceptors

have a body with a rod-like shape, whose first part is composed of disks having

contact with the epithelium8, where the photons arrive. Within the membrane

of this disk we find rhodopsin, containing seven transmembrane Opsin and 11-cis

7Chemical process changing the potential difference of the membrane cell, because of the
interaction with photons.

8This structure cover the retina surface, receiving the light beams and controlling the intensity
saturation preventing the damage of the photoreceptor cells.
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retinal (figure 2.6). Moving inward from the disks, we find the nucleus and the

synaptic terminals, where the electrical signal is transmitted.

When photons interact with rhodopsin, 11-cis retinal changes its molecular con-

formation to All-trans retinal, activating transducin and other second messengers.

By means of a chain reaction within the membrane, the Ca+2 and Na+ channels

close, generating an ion flux which leads to the hyperpolarization of the cell[17]. In

contrast with most of the neurons in the nervous system, the photoreceptor cells

have a continuous and modulated change of their membrane potential, leading to

the absence of action potentials or spikes. Finally, it is important to highlight that

in a luminous environment, both the cellular activity and the ionic flux decrease,

because of the high rate of photon capture.

Following the phototransduction process, electrical fluxes travel across the ax-

ons of photoreceptor cells, activating several synapses with horizontal and bipolar

cells. As shown in figure 2.6, the dendrites of horizontal cells make synapses with

several photoreceptor axons, connecting them horizontally providing information

about the neighbours. The main function of these cells is to process information

about the luminance[23] of the stimuli in a broad region of the retina. For in-

stance, one horizontal cell is connected with several photoreceptor cells, providing

them a feedback with the mean luminance of the region. Consequently, from a

broad viewpoint, the purpose of these connections would be to reduce noise and to

smooth the signal from the first layer[24]. Nevertheless, it is believed that this is

neither their unique nor their main function. For instance, it has been found that

the photoreceptor cells have gap-junction synapses between them[25], opening the

possibility of correcting errors before connecting to horizontal cells.

2.2.1.2 Inner retina

Heading inward from the horizontal cells, we next find the bipolar cells, which can

be classified into two types: ON and OFF cells. The main purpose of this difference

in the retina, is the differentiation of the luminosity of stimuli. For instance, when

a bright stimulus is sent to the bipolar layer, the ON cells depolarize while the OFF

cells hyperpolarize, creating different paths for signal transmission. As is shown in

figure 2.7, all bipolar cells contain both a center and a surround region, allowing the

identification of image contrast by means of a modulated change in the membrane

potential, meaning that, the intensity of the cell excitation is proportional to the
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quantity of luminosity (darkness) in the center of the ON (OFF) cell. Because of

this, it is believed that most of the edge enhancement processing take place in this

layer, helping to the identification of shapes in the figures in the cortex.

Below the bipolar cells, we find the Amacrine cells, which are located in a horizon-

tal arrangement, connecting several bipolar cells. Their dendritic ramifications are

located in different parts of the retina depending on their functionality, dividing

this region into two sub-layers: a and b. Therefore, some works[26] claim that this

division depends on the type of bipolar cell (ON or OFF) being connected, such

that, ON cells would be located in the sub-layer a, while OFF cells would be lo-

cated in the sub-layer b. Other works[27] relate this division with the functionality

of these cells, such as, their sensibility to color differences. In general, amacrine

cells have a similar function to horizontal cells, in the sense that they connect

several bipolar cells, generating a kind of spatial integration. For instance, when a

bipolar cell produces an electrical response, the synapses with the amacrine cells

may inhibit it, based on the information of neighbouring bipolar cells.

Figure 2.7: Potential difference of ON and OFF ganglion cells. Left panel:
Bright stimulus in the center filed. Right panel: Dark stimulus in the center.

Taken from [17]

The innermost layer of the retina contains the ganglion cells, whose axons compose

the optic nerve, carrying information to the brain. Like bipolar cells, these cells

have the ON and OFF classification, and are further divided into various types,

depending on the species being studied. For instance, the retinal ganglion cells of
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cats are sorted into two types labelled X and Y, whose difference lies in the type

of cells from which they receive input. On the other hand, the retinal ganglion

cells of primates are sorted into two types labelled P and M, whose classification

depends both on the retinal subnetworks providing the input and their contrast

sensitivity [28] [29].

Figure 2.8 presents the most important results of experimental studies of the cat

retina[30]. The stimulus used was a grey-scale sinusoidal pattern, varying along

the center-region of the ganglion cell. In this set up, the experiments changed the

location of the pattern with respect to the receptive field center of each cell, and

they changed its phase, measuring the response of the ganglion cells. As expected,

they found first the behavioural difference between ON and OFF cells, observing

the excitation intensity in each case. Afterward, by comparing different OFF-

cells, they found another difference in their behaviour, depending on the symmetric

distribution (or phase) of the stimulus. For instance, the odd experiments (90o and

270o) showed in the figure, revealed a strong difference between cell types: while

the first does not have response, the second shows activity when the stimulus

enters and leaves the center region.

Therefore, according to the distribution of the stimuli, we must take into account

four types of ganglion cells in the cat retina: X-ON, Y-ON, X-OFF and Y-OFF

cells. In the case of other mammals such as primates, the responses vary depend-

ing on other features of the stimulus, generating a totally different is classification.

Based on this biological description of the retina, we will use the next sections

for describing our simulation and, with the aim of proving its feasibility, we will

contrast some of the simulated results with real retina data.

2.3 Virtual vertebrate retina

In some works [31] [32] [33] [34], the retina has been studied as a network, in which

the input is given by the luminous stimulus, the nodes by neurons and the links by

synapses. The differences among these works lie in their computational structure,

such that there are some simulations taking into account several biological details,

preserving with high fidelity the anatomical arrangement of cells, in contrast with
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Figure 2.8: Responses of an off-center X-cell (A) and an off-center Y-cell (B)
to the introduction and withdrawal of a stationary sinusoidal grating pattern.

Taken from [30]

others that ignore some biological details, but have greater higher computational

efficiency.

In this section we will introduce the virtual retina software [35], which was used

in our work as the retina simulator. We will describe its network structure by

comparing with the real vertebrate retina. Finally, using the previous study about

the vertebrate retina, we will discuss the most relevant biological details for taking

into account in our work.

2.3.1 Stimuli

For terrestrial mammals as primates, a common scene could be many primates

eating fresh fruits in the wild, while for aquatic animals, it could be that of a

group of fish swimming around aquatic plants. Thus, depending on the species

that we are studying, we should use a stimulus similar to its natural environment.
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As we will study in the next subsections, we will use the features of a mammalian

retina with some specific aspects of the human and cat retinas. Thus, the stimuli

used in our simulations represent what would be natural scenes for these species

(see chapter 4).

The film L(x, y, t) is constructed as a set of static correlated images in grey-scale,

such that, each one is sent to the first layer of the virtual retina (VR) and main-

tained for a short time before being replaced by the next. Each image is represented

as a matrix of pixels, where each site represents the light intensity of the region

ranging from 0 to 255.

Following the same structure used for describing the vertebrate retina, we will

divide the virtual retina in layers, starting with the outer retina, continuing with

the inner retina and ending with the ganglion layer. In addition, in the following

subsections we will use the spatial and temporal filters described in Appendix A,

in order to simulate the biological process of the retina.

2.3.2 Outer virtual retina

The mathematical model of the photoreceptor layer takes into account the tem-

poral features of the phototransduction process and the spatial features of the gap

junctions among photoreceptor cells. Thus, taking into account the complexity

of this process, the temporal evolution is modelled as a partially transient linear

cascade, starting with an exponential cascade filter Enc,τc(t) and followed by a

partially transient filter Tω,τ . It is important to remark that this filter is valid

only for stimuli with a smooth variation in intensity. With respect to the spatial

filter, a Gaussian filter Gσc is used describing the connections among rods, so that

we can write the final response of the photoreceptor layer C(x, y, t) as:
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C(x, y, t) = Gσc ∗ Tω,τ ∗ Enc,τc(t) ∗ L(x, y, t) (2.2)

Enc,τc(t) = (nct)
nc

exp(−nct
τ

)

(nc − 1)! τnc+1
c

Tω,τ (t) = δ0(t)− ωEτ (t)

Gσc(x, y) =
exp(−x2+y2

2σ2
c

)

2πσc

Both spatial and temporal filters are introduced as convolutions (∗) over the origi-

nal stimuli. In addition, each filter has a set of characteristic parameters which are

setted based on biological facts or experimental observations (See Appendix A).

After the photoreceptor processing, the signal C(x, y, t) passes to the horizontal

layer, whose temporal response is modelled by an exponential filter Eτc(t), de-

scribing the temporal characteristics of synaptic transmission in the synapses. In

addition, as we studied in the biological structure, these cells have a wide spatial

connection which is described by another Gaussian filter Gσs whose variance σs

is greater than the central variance σc. Consequently, we have the mathematical

description:

S(x, y, t) = Gσs ∗ Eτs(t) ∗ C(x, y, t) (2.3)

Eτs(t) =
exp(−t

τs)

τs

Both the photoreceptor and horizontal layers can be seen as a center-surround

system; outer plexiform layer (OPL), in the sense that signals from photoreceptor

cells provide a high acuity, in a narrow region, while signals from horizontal cells

perform spatial integration of several cells, inhibiting the primary responses of pho-

toreceptor cells. Mathematically, this final current of the OPL IOPL is expressed

as a signal of the center field corrected by a signal from the surroundings,

IOPL(x, y, t) = λOPL(C(x, y, t)− ωOPLS(x, y, t)), (2.4)
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where λOPL is an overall gain and ωOPL is a relative weight between the two

signals.

2.3.3 Inner retina

Based on the biological discussion about the inner retina, we can attribute most of

the contrast process to this layer, and consequently, regard contrast gain control9

as a process taking place in this region via amacrine cells or leakage currents, and

which can be mathematically modelled as a set of non-linear equations2.5-2.7. In

this section we will focus on this important aspect of the visual system, reducing

the virtual inner plexiform layer (IPL) to this non-linear process described by:

dVbip
dt

= IOPL(x, y, t)− gA(x, y, t)Vbip(x, y, t) (2.5)

gA(x, y, t) = GσA ∗ EτA ∗Q(Vbip)(x, y, t) (2.6)

Q(Vbip) = g0A + λAV
2
bip, (2.7)

where gA represents the leakage conductance. Looking at Equation A.1, we have

that each leaky ion channel in the membrane contributes two current terms: the

Nernst equilibrium potential and the leakage current, depending directly on Vbip.

In the Hodking & Huxley approach, we neglect the second term for simplicity.

Nevertheless, taking into account that the phenomenon that we are trying to

describe is probably mediated by this leakage current, we must consider it in our

equations.

So far, we have equation 2.5, describing the currents flowing across the ion

channels[20] (see Appendix A), with the difference that here, the leakage con-

ductance depends on Vbip via QVbip . In contrast with the leakage currents expla-

nation, other theories claim that these currents are generated by amacrine cells

as a feedback signal. In both cases, this processing has both an integration time

which is represented by the exponential filter EτA , and a spatial resolution de-

scribed with the Gaussian spatial filter GσA . This spatial resolution is generated

9This phenomenon describes and explains the changes in the processing of images with dif-
ferent contrast. For instance, there are studies[36] showing the difference of the perception of
an image with different background contrasts. Adaptation to contrast changes is a biological
relevant process to be considered in simulations.
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by gap junctions among bipolar cells or by the dentritic ramifications of amacrine

cells. Nonetheless, there is no direct biological comparison to fix the character-

istic parameters τ and σ of these filters; they are fixed by fitting the model to

experimental results.

An important fact about the virtual inner retina is that, in contrast with the real

inner retina, the signal is not split into ON and OFF paths. The justification is that

although the processing within the virtual inner retina maintains the symmetry

between hyperpolarized and depolarized regimes, this splitting can be made in

the virtual ganglion layer. Consequently, the first constraint on QVbip is that it

must be even with respect to a change in the sign of Vbip, in order to include

the contrast effects in both types of cells. In addition, for reproducing some

experimental observations, it was found necessary to use a function that is constant

in the vicinity of Vbip = 0. The simplest mathematical expression satisfying these

conditions is given in Eq.2.7.

Summarizing, the set of equations 2.5-2.7 describes the variation of the bipolar

membrane potential in time, depending on the primary current from the outer

plexiform layer IOPL(x, y, t) and the conductance term gA(x, y, t), which at the

same time depends on the spatial and temporal filtering function QVbip. In addi-

tion, for biological and experimental convenience, the functional form of Q(Vbip)

is fixed as a symmetric and convex function describing both the inert leaks in

the membrane and the non-linear dependence on the potential Vbip. The λA term

controls the strength of the gain control feedback loop.

2.3.4 Ganglion layer

In this section, we will discuss the final processing of the electrical signal and

the model used for discretizing the response. In addition, we will include some

functional differences of neurons, such as their ON and OFF nature, by means

of some mathematical differences in their model. The mathematical treatment

of this layer does not describe individually all the biological details, rather, it

has a functional emphasis aiming for describing, in a general way, experimental

observations on real retinas.

Given that the difference between the ON and OFF cells lies in the opposite

response of their ionic channels, which depolarize or hyperpolarize respectively
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with a luminous stimulus. It is possible to describe them by setting the parameter

ε = 1,−1 in the membrane potential, supposing that the strengths of the two

responses are equal. In addition, we must consider the difference among Y and X

ganglion cells, whose main difference lies in their integration time; X cells are tonic

while Y cells are phasic10. Thus, for describing them, a transient temporal filter

TωG,τG is used with a different weight transient ωG, such that for X cells ωG = 0.7

and for Y cells ωG = 1.

In addition, the virtual ganglion layer contains a rectification function, taking

into account some non-linearities (see below) produced by saturation or synaptic

transmission, given by:

N(V ) =


i0G

1−λG(V−v0G)/i0g
if V < v0G

i0G + λG(V − v0G) if V > v0G

Where v0G is the linearity threshold, where the response of the transmission be-

comes linear. The terms λG and i0G have units of reduced currents measured in

Hertz(see Appendix A). A deeper biological and computational justification for

this rectification function is found in [35] [37][38]. Finally, because of the dendritic

ramifications of the ganglion cells, the signal passes by a spatial filter GσG . Con-

sequently, taking into account all the details, the final current produced by the

ganglion cells would be given by:

IG(x, y, t) = GσG ∗N(εTωG,τG ∗ Vbip(x, y, t)) (2.8)

The hierarchy of the terms in this equation is the same as in the preceding discus-

sion, following the biological chain of events. Nevertheless, some terms are ordered

for convenience, for instance, the rectification function is placed after the transient

term, given that comparisons with real experiments are more accurate in that way.

By means of the non-linear Integrate and Fire model the signal is discretized,

following the rules:

• dVn
dt

= IG(xn, yn, t)− gLVn(t) + ηv(t),

10 A tonic process continues for some time after being initiated, while a phasic process shuts
down quickly.
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• Spike when threshold is reached: Vn(tspike) = 1,

• Refractory period: Vn(t) = 0 while t < tspike + ηrefractory,

• Repeat.

Therefore, in accord with the biophysical behaviour of the neuron (see subsubsec-

tion 2.1.1.2), the variation of the potential difference of the membrane depends on

the external current and the conductance of the ion channels. In contrast with the

Hodgkin & Huxley equation (2.1), here we have an additional term ηv(t), adding

noise to the model and allowing the reproduction of more realistic and complex ex-

periments (see below). In addition, we know that each cell has a threshold at which

it generates a spike; the model simulates this behaviour by setting Vn(tspike) = 1

when the potential reaches the threshold11. The model includes a refractory period

after the spike, during which the cell do not respond to external stimuli.

In order to improve the predictions of the model, a noisy term ηref is added

by following a normal law N (3ms, 1ms)[39]. Finally, depending on the type of

retina studied, i.e., with or without fovea, the cells must follow the correct spatial

distribution. Therefore, the virtual retina can be set up with a uniform distribution

of cells, or with distribution

s(r) =


1 if r < R0

1/(1 +K(r −R0)) if r > R0.

In the equation above, R0 represents the size of the fovea and K the rate of density

decrease outside it. The justification for choosing this functional form is that the

dendritic trees for primate ganglion cells scale in a similar way[40].

The discretized signal generated by the ganglion layer carries the final response of

the retina to the brain, by means of the optic nerve composed of ganglion axons.

In the next section we will show some of the experimental comparisons made with

this simulator in order to validate its similarity to the real vertebrate retina.

11In the simulation this parameter was adjusted following the experimental observations.
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2.4 Comparison with experiment

2.4.1 X and Y ganglion cells

The first experiment made with the simulator was the reproduction of the be-

haviour of X and Y cells under a grating stimulus. The parameters of the spatial

filters σc and σS were the same as measured in the original experimental work[30],

while the other parameters were adjusted to fit the observations.

Figure 2.9: Reproduction of the responses of an off-center X-cell (A) and
an off-center Y-cell (B) to the introduction and withdrawal of a stationary

sinusoidal grating pattern. Taken from [35]

Figure 2.9 shows the results obtained with the simulator. First, the curves re-

produce the phasic and tonic behaviour of these cells and in addition capture the

non-response of X cells under stimuli with a phase angle of 90 and 270 degrees.

The reproduction of this behaviour is a consequence of the hierarchy used in equa-

tion 2.8, such that the permutation of any term leads to a marked change in the

behaviour of the cells. In addition, the use of slow and fast transients Tω,τ leads



Chapter 1. the retina 24

to the correct reproduction of the tonic behaviour of X cells. Fore additional ex-

perimental comparisons see the original paper [35].

In summary, we have presented a detailed study of the neurons and synapses, by

showing their anatomical composition and their biophysical behaviour, introduc-

ing the Hodgkin & Huxley model as a quantitative description. In addition, we

studied specifically the retina, describing its layered structure and the types of

neurons found in each layer. In order to understand the processing chain of the

retina, we studied the behaviour and functionality of each type of neuron and their

connections within the retinal circuit. Finally, we introduced the Virtual retina

simulator, which reproduces most of the behaviour observed in real vertebrate

retinas. By means of comparisons with the previous biological study, we discussed

the mathematical treatment of this network simulation and justified it. Finally, to

show that the simulator was able to reproduce important features of this system

and validating this software as a feasible simulator of real retinas, we showed both

the measurements obtained with the virtual retina and the real retina of a cat, in

the ganglion layer under a grating stimulus. We conclude that the results were

quite similar and that the most important details were captured by the simulator.
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Information Theory and

Statistical Mechanics

The study of complex systems [41] represents a challenge due to the number of

parameters which must be taken into account to describe them. An exact mathe-

matical treatment would demand knowledge about all degrees of freedom of each

element, becoming an imposible task for systems of many particles and complex

interactions. Using statistical mechanics, it is possible to define some physical

macroscopic concepts such as temperature and entropy, under the assumption of

thermodynamic equilibrium. Nevertheless, this condition is rarely satisfied in real

systems, and thus, it is necessary to use other theories to analyse them. Currently,

there exists a strong research field, working on the development of a robust theory

for non-equilibrium systems [42].

On the other hand, these systems could be studied by using information theory,

which is based on probability theory and the information concept which is mea-

sured in bits. In that case, there are no physical restrictions on the systems (as the

25



Chapter 2. Maximum Entropy 26

thermodynamic equilibrium in statistical mechanics), but there are several limi-

tations in the physical interpretations of the results and in their generalization to

more complex systems or external conditions. For instance, by using the Shannon

entropy we obtain the same mathematical framework as using the thermodynamic

entropy, nevertheless we cannot generalize the results obtained to other systems

without the physical concepts of temperature or heat, making the results limited

compared with the robust theory of thermodynamics. In this chapter we will show

that both, statistical mechanics and information theory, have similar mathemati-

cal frameworks, which strengthens the idea that, although not known until now,

there is a conceptual link among them.

3.1 Statistical mechanics

From a macroscopic point of view, we can use the equation of state to predict

the behaviour of some systems in equilibrium, such as the ideal gas or the van

der Waals gas [43]. In that way, this behaviour does not depend on microscopic

details, such as the velocity and position of each element. Nevertheless, when we

are interested in the microscopic details, we must consider all the subsystems, its

degrees of freedom and interactions among them. For instance, for the Van der

Waals gas, we may consider the degrees of freedom of all the particles and their

interactions, which depend on its own composition as the neighbours one.

The microscopic complexity combined with the macroscopic predictable behaviour,

inspired the development of statistical mechanics, allowing the study of systems

with an enormous number of degrees of freedom and microscopic features, such as

the fermions or bosons gas [44]. In addition, in the thermodynamic limit (number

of elements going to infinity), the theory matches with the macroscopic predictions,

as in the case of the ideal gas.

The main idea of statistical mechanics is to study the systems, as an ensemble

of subsystems, in the phase space [16]. Depending on the physical features and

conditions, it is possible to construct different types of ensembles. For example,

whether the energy of the whole system is conserved, we could use the microcanon-

ical ensemble, whether the temperature of the system with a heat bath remains
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constant, we could use the canonical ensemble and, in the same way for other phys-

ical constrains[45]. In the canonical ensemble, for a system in equilibrium with

energy E, the probability distribution corresponds to the Boltzmann distribution:

ρ(T ) =
e−βE

Z
(3.1)

Where Z =
∑

ζ e
−Eζ/kBT is the partition function (ζ corresponding to the state of

the system), and β = KBT . To complete the review of systems in equilibrium,

we must introduce the concept of entropy, which, in the microcanonical ensemble

formalism is defined as the logarithm of the number of microstates in the energy

surface (E < H(x) < Es) ; with H(x) the Hamiltonian[46]1:

S(E) =
1

h3N

∫
E〈H(x)〈E+δE

d6Nx (3.2)

Where h is the normalization constant. Thus, with statistical mechanics we can

study the properties of any macroscopic system (at equilibrium) with well defined

energy, analysing the behaviour of the ensemble, and then, generalizing it to the

thermodynamic limit.

On the other hand, statistical mechanics provides a mathematical framework to

study phase transitions. In general, a phase transition is defined as a sudden

change of a system’s properties, as a control parameter such as temperature or

pressure is varied. One of the most common examples is the phase transition

of a ferromagnetic material into a paramagnetic one, due to the variation of its

temperature. This problem can be studied with the Ising model, which was solved

precisely in 2-dimensions by Lars Onsager in 1944 [47].

3.2 Ising model, phase transitions and universal-

ity for systems at equilibrium

Given the importance of the Ising model in the development and understanding

of phase transitions and the universality theory, we use this section to introduce

it and show some of its most remarkable results. For a system of N spins arranged

1Taken the Boltzmann’s constant equal to 1
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in a M-dimensional lattice, under the effects of an external magnetic field, we

define the microstates using the spin orientation: up or down. These spin variables

represent the orientation of the magnetic dipole moment of each element, such that,

the configuration space is given by σ = {σ1, σ2, · · · , σN}, where each individual

spin can take two possible values σi = {−1, 1} (down or up respectively). The

Hamiltonian is given by:

H =
∑
i

hiσi +
∑
ij

Jijσiσj (3.3)

Where hi represents the external magnetic field, which in principle can be inhomo-

geneous, and Jij represents the interaction among spin pairs. To study the phase

transition of ferromagnetic material, we consider a d-dimensional lattice, without

external magnetic field (hi = 0), and with interactions between first neighbours

only2 (figure 3.1).

Since we have the Hamiltonian, we are able to use the canonical ensemble to calcu-

late the macroscopic properties. The main difference between ferromagnetic and

paramagnetic materials lies in the orientation of its spins, such that, in the pres-

ence of an external magnetic field, the spins of both materials orient, on average,

along the field, but if the field is removed, these orientations are kept only in the

ferromagnet.

Therefore, defining the magnetization m 3 as:

m =
1

N

∑
i

σi (3.4)

We obtain that the magnetization is zero for the paramagnetic phase only (see

figure 3.1). Consequently, we can use m as the order parameter4 of the system,

with the aim of characterizing the phase transition, such that by looking at the

region where the curve presents this sudden change, we can estimate the critical

temperature. In figure 3.1 we can observe that in the Ising model the critical

2These interactions are the simpler approximation for this problem, reproducing the observed
phase transition

3Density of magnetic dipole moments
4In the study of phase transitions, the order parameter is defined as a quantity which gives

information about the symmetry breaking in the system. Normally, it is zero in one phase and
different from zero in the other one.
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Figure 3.1: Two dimensional Ising model on a square lattice with periodic
boundaries. a) Sketch of the system; the Yellow region highlights the neighbours
of the spin in the middle b) Magnetization curve for different lattice sizes. c)
Above: Specific heat curve for different lattice sizes. Below: Susceptibility curve

for a lattice of 100 spins.

temperature is located in the interval (2, 3), and that its accuracy improves as the

system size increases.

In addition, there are other quantities which behave in a singular manner at the

phase transition, such as the specific heat and susceptibility, described by equations

3.5 and 3.6, whose mathematical form involves means over characteristic quantities

such as the energy or magnetization. In general, we have that when the system

reaches a critical point, these quantities diverge in the thermodynamic limit5.

c ∝ V ar(E) =
〈E2〉 − 〈E〉2

T 2
(3.5)

χ ∝ V ar(m) =
〈m2〉 − 〈m〉2

T
(3.6)

5The divergent behaviour is more dramatic as the system size increases (see figure 3.1).
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By looking at the behaviour of these quantities, such as the energy and magne-

tization in the Ising model, we find that they have local fluctuations appearing

at all length scales when the system is at a critical point[48]. For that reason,

it is possible to characterize these regions with power laws defined by some crit-

ical exponents defining several universality classes. When a system shares the

same critical exponents with other systems, we can conclude that its behaviour

near of the critical region is similar, leading to a generalization of their proper-

ties. Several systems have been successfully studied by using this theory, such as

non-equilibrium lattices [49] or statistics of extreme values[50].

3.3 Information Theory

From a different point of view, we can use information theory for modelling many

systems by means of the Shannon entropy. First we will define the concept of

entropy into the information theory framework and then, we will introduce the

maximum entropy method for proposing a probability distribution based on the

concept of information.

For a system S we can assign probabilities pi to each possible state, and depending

on the distribution of these probabilities we can infer the current state of the

system with certain confidence. For instance, for a uniform distribution, we have

the same probability for all the states, maximizing its uncertainty. Consequently,

within information theory formalism we use the Shannon entropy for measuring

this amount of information that we do not know about the system (see Eq. 3.7),

s = −
∑
i

pi log pi. (3.7)

In particular, for the uniform distribution, given that all the states are equally

likely, their probabilities are given by pi = 1/N where N is the number of states,

ans thus its entropy is equal to logN , while for a system whose probability dis-

tribution is for example a Dirac delta, we will obtain that the entropy is equal to

zero. Consequently, we can understand this concept as a measurement of igno-

rance about the system. For instance, the thermodynamic equilibrium is the state

which maximizes the entropy of the system.
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Based on this concept, the maximum entropy method proposes a form of finding

a probability distribution under the constraint of using the minimum information

possible to describe the system, which is equivalent to maximizing the entropy.

Thus, if we have information about one observable 〈f(x)〉 of a system s, the prob-

ability distribution is given by (see Appendix C):

p(xi) = e−λ1−λ2f(xi) (3.8)

Consequently, whether we have restricted information of the system, it is possible

to use this probability distribution by adding the sufficient information coded on

the observables f(xi) and Lagrange multipliers λi. Is is important to highlight

that if we have n observables fn(xi), we will have n Lagrange multipliers in this

function.





Chapter 4

Results and analysis

As described in the preceding chapters, vision is one of the most studied sen-

sory systems in vertebrates, and thus, knowledge about it is robust enough to

understand quiet well its functioning. From a theoretical point of view, it is ad-

vantageous to study the visual system , given that there are real data to test any

model or theory. In addition, the visual system is composed of structures such as

the retina, whose anatomic structure is similar to that of the cortex, but with the

advantage that the number of neurons is smaller, and consequently, is less com-

plex. Some experimental works [51] [52] [53] on the vertebrate retina have been

interpreted using statistical mechanics.

Since these experiments are the motivation for our work, the relevant results will

be briefly presented in this section. Using the salamander retina as a biological

sample[51], a set of 200 electrodes was implanted into the ganglion layer, to record

the response of these cells under a continuous stimulus, during a period 2 hours. As

is shown in the left panel of figure 4.1, the stimulus was a film of fish swimming in a

natural environment, which was repeated for 2 hours. In addition, the figure shows

the data collected in the experiment, containing the activity (spike or silence) of

120 cells.

The main purpose of these studies [51]-[53] was to propose a probability distribu-

tion by means of the maximum entropy criterion, aiming to construct an effective

thermodynamics. The authors made a study of criticality using the formalism of

equilibrium statistical mechanics, by defining effective quantities such as energy,

entropy and temperature. The right panel of figure 4.1 shows the specific heat

33
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curve, for different groups of neurons, whose peak at T=1 suggests that the retina

could be at a critical point in this thermodynamic representation..

a)

b)

c)

Figure 4.1: A) Above: three frames from the natural movie stimulus showing
swimming fish and water plants. Below: The responses of a set of 120 neurons to
a single stimulus repeat, black dots designate spikes. b) Number of occurrences
of each pattern, with labels for the total number of spikes in each pattern. Taken
from [52]. c) Heat capacity, C(T), computed for subnetworks of N =20; 40; 80;

120, neurons. Taken from [51]

The aim of our work is to use a similar treatment with data taken from the virtual

retina software (see chapter 2 & Appendix A), testing if this system shows the

same signs of criticality, under different stimuli.

4.1 Virtual retina parameters

The parameters of the virtual retina were configured following the same biological

values used in the experiments described in subsection 2.4.1. Thus, in this sec-

tion we will discuss these features and some computational characteristics of the

simulation.

Unlike the vertebrate outer retina, the virtual outer retina contains just with one

type of photoreceptor, given that the code structure does not make any func-

tional or anatomical distinction among these neurons. In the case of the human

retina, there are two types of photoreceptors: cones and rods, which are activated
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depending on the intensity of light in the environment. For instance, when the

stimuli ranges in the scotopic and mesopic region1 of luminosity, the rods have

their maximal activity, in contrast with the cones, whose activity maximizes in

the photopic region. Consequently, since the film used in the experiments keeps

the same luminance range, without sudden changes, we can assume that only one

type of photoreceptor is activated, making feasible and realistic our simulation.

On the other hand, in some animals, such as primates [54], the arrangement of

photoreceptors over the retina is not uniform, such that, the majority of cones are

densely located in the fovea, and the majority of rods are distributed radially below

the retinal pigment ephitellium. Therefore, if the size of the region analysed in the

experiment is small enough (area of 200 ganglion cells), compared with the total

retina size, (area of approximately 1 million ganglion cells) [55], the homogeneity

of photoreceptor is plausible.

In the virtual inner retina, we used the same parameters used in the original

paper[35] for simulating the contrast gain control, increasing the accuracy of the

results compared with the real vertebrate retina observations, as was shown by

the authors. Finally, as was already discussed, each animal species has a different

classification of ganglion cells. In our simulations, we used the X and Y ganglion

cells similar to those observed in cat’s retinas, whose functional difference was

already studied in chapter 2.

The simulator allows the modification of the ganglion layer, such that we are able

to choose the type and number of cells we want to simulate. Therefore, besides the

X and Y ganglion cells, we added two layers of ON and OFF cells for obtaining a

structure of 4 sub-layers with each type of cells, for a total of 100 ganglion cells.

Concerning to the spatial distribution of photoreceptors, the virtual retina has the

option of use a uniform square distribution or a radially decreasing distribution. In

our case, despite the fact that we are simulating a vertebrate retina with complex

spatial distribution, we chose the uniform square distribution, because of the small

number of cells used. Finally, the parameters which describe the spatial and

temporal filters in each layer were the same as were used in the original article

1By measuring the luminance of white paper in different environments, we find that the
scotopic region is always below that of starlight, while the mesopic region ranges between that
of starlight and the moonlight. The photopic range corresponds to luminance above that of
moonlight.
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[35], due to its similarity with the real vertebrate retina (for more details see

Appendix A).

4.2 Simulations

The stimulus used in our simulation was the set of 55 images of 250 pixels used

in the experiments of the original paper[35]. Each image is characterized by its

intensity, ranging in a scale of 0 to 255, and the whole set represents a couple

walking in a natural environment (see figure 4.2). In addition, for each image we

used a characteristic processing time of 10ms. Thus, the full set of images was

repeated several times to reach 15 minutes of simulation. The signals of interest

for our purposes come from the ganglion layer, thus, we collected the activity

patterns of each individual ganglion cell, obtaining the data sets shown in figure

4.2.

0 0.2 0.4
Time (s)

0

20

40

60

80

Figure 4.2: The stimulus used was a set of 56 images of 250 pixels, in grey
scale, of a couple walking. In the upper part, we show three images presented
at the beginning, the middle and the end of the whole film. The lower graph
shows the activity of neurons (vertical axis) versus time (horizontal axis). This

activity is presented in a binary way; silence (0) or activity (1).
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For processing the data generated by the simulator, we defined the states of the

system as a binary arrangement of length N, containing the information of the

activity of each cell in a certain time bin. Given that the activity of the ganglion

cells can be determined by the fact of having or not a spike, it is possible to simplify

them as a two-level system, such that its state takes the value of 1 when spiking,

and 0 otherwise. In our work we established the fixed bin of 2ms, obtaining a total

set of 3.4× 105 states, which is comparable with the number of states analysed in

the experimental work [52].
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Figure 4.3: Number of occurrences of the 1000 most common patterns. The
colors distinguish the patterns according to the number of cells spiking at the

same time.

As expected from a biological viewpoint, most of the states found in the simulation

are composed for less than 4 spikes i.e., 4 neurons in an active state at the same

time, as shown in figure 4.3. These patterns are similar in the experiments with

real retinas (see figure 4.1). One important fact in this treatment is that these

states depend on the size of the bin; when the bin is large, the number of spikes

per state increases and otherwise, decreases. Thus, in our work we used a similar

bin used in the experimental works, which are based on real values of synchronized

cells and in studies made with different bin sizes2.

2Bialek. et.al. show that the general behaviour of the system does not change when the bin
size is changed[52].
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4.3 Maximum entropy model

Following the idea of the maximum entropy method discussed in chapter 3, we

must propose a Hamiltonian using the minimal information possible to describe

the probability distribution on the state space of the virtual retina. First, we

must establish what is the relevant information that we can infer of the data

for conserving the relevant features of the retina. Taking into account that the

structure of our system is that of a network composed of neurons as nodes and

synapses as links, we focus first on the mean behaviour of each individual neuron.

We can write the states of each individual neuron as σi = {1, 0}, representing

spike and silence respectively. Consequently the mean 〈σi〉 will range between 0

and 1, depending on the activity of the cell during the simulation.

h

<
σ 

>
i

<
σ 
σ 

>
i

j

J

a) b)

Figure 4.4: a) Distributions of variables hi and means of each neuron σi. b)
Distributions of variables Jij and covariances σiσj

The second property that we must analyse is the interaction among these gan-

glion neuronsfor which, we will propose a pairwise interaction (like possible gap-

juctions). It is clear that the interactions can involve more than two neurons at

time, however following the discussions in [52] [56], these interactions can be ne-

glected in the retina. Consequently, we will work only with pairwise interactions
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aiming to capture the most important details of the real structure. Using the data

of the simulation, we can extract this information using the covariances 〈σiσj〉.

Following this discussion and using the probability distribution of the maximum

entropy formalism, we can define one Lagrange multiplier hi related to the mean

of each neuron and a set of pairwise interaction parameters Jij, obtaining:

H = −
∑
i

hiσi −
∑
ij

Jijσiσj (4.1)

Where hi represents, in the real system, the weight of the external stimuli related

with the intensity of the image and features of the cell itself, which in principle are

different for each neuron, and Jij represents the strength of the interaction between

a pair of cells; the distribution of these variables are shown in figure 4.4. This

Hamiltonian shares features with the Ising Hamiltonian (see Equation 3.3), with

the difference that both the external field and the interaction constants, different

for each neuron or pair of neuron. different for each neuron or pair of neurons.

Note as well that Jij is in general nonzero for any pair of neurons (interactions

are not restricted to nearest neighbors), and that Jij can take negative as well as

positive values.

So far, we proposed a Hamiltonian aiming at describing the ganglion responses of

the virtual retina. However, we do not have the values neither of the fields nor the

interaction constants a priori; to find them, we use an inverse Monte-Carlo (MC)

simulation. The next section is dedicated to describe the details of this simulation

and some of its results.

4.4 Monte-Carlo Simulation

Taking into account that we have the energy of the system Eq. 4.1, we use the

Metropolis method which is a type of Monte Carlo (MC) simulation The basic

procedure followed by the routine is:

• Generate an initial guess for the hi and Jij as a set of independent random

variables, by means of a uniform distribution.

• Choose a neuron i at random.
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• If σi = 0 (σi = 1), change to σi = 1 (σi = 0), and calculate the energy

change ∆E

• If ∆E < 0, keep the new configuration. Otherwise, keep the new configu-

ration just with a probability p0, and with probability 1− p0 retain the old

configuration

• Repeat nmcs times. In our simulations nmcs = 1× 106.

Where the probability is given by p0 = exp [−∆E][16]. This routine generates

a Markov chain in state space, allowing its analysis using statistical mechanics.

Given that we do not know the parameters hi and jij of the energy, we set an

initial condition and start to learn the Hamiltonian for fitting the experimental

observations.

By using the data generated with the virtual retina, which are referred to here as

experimental data, we studied sub-systems of 9, 16, 25, 36 and 49 neurons each. In

general, for a system of size N, we selected its neurons randomly from the group

of 100 neurons, and by means of the inverse MC we calculated the probability

distribution. To improve our results, we repeated this process for 5 different sub-

groups of size N. Figure 4.5 shows the comparison of the means for subgroups of

different sizes and Figure 4.6 shows the comparison of the covariances. We observe

that the results fit the experimental observations.

Given that the energy is defined by N parameters h and (N × N)/2 parameters

J , we must adjust N + (N × N)/2 parameters at the same time. Therefore, we

used a gradient descent method for solving this minimization problem and adjust

these parameters as:

ht+1
i = hti − α [〈σi〉exp − 〈σi〉pre] (4.2)

J t+1
i,j = J ti,j − β [〈σiσj〉exp − 〈σiσj〉pre] (4.3)

By increasing the MC steps for each simulation (more than 1× 106), the accuracy

of the results improves (error below 5%). Nevertheless the computational time

becomes larger for the bigger subgroups decreasing the efficiency of the simulations.
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Figure 4.5: Comparison between the experimental and predicted means for
groups of a) 9 neurons, b) 16 neurons, c) 25 neurons, d) 36 neurons and e) 49

neurons.
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Figure 4.6: Comparison between the experimental and predicted covariances
for groups of a) 9 neurons, b) 16 neurons, c) 25 neurons, d) 36 neurons and e)

49 neurons.
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4.5 Thermodynamics

Following the discussion in chapter 3, we can propose a thermodynamics for the

system by means of the inferred probability distribution (see Diagram 4.7). Com-

paring the mathematical form of the Boltzmann distribution (Equation 3.1) with

the probability distribution of the maximum entropy theory, we note that the

difference lies in the term kBT , in which for kB = 1, we would have just the

temperature to be discussed. It is clear that the concept of temperature emerges

from thermodynamics and is well understood in systems at equilibrium, however,

we can define an effective temperature in our probability distribution in order to

apply the formalism of equilibrium criticality,

p({σi}) = exp

(
− H

Teff

)
. (4.4)

In order to find signals of criticality in the system, we can follow the logic used

in the analysis of the Ising model (see chapter 3), for which we calculated the

specific heat for different temperatures, expecting a divergent behaviour near to

the critical temperature Tc. Given that we have the probability distribution of

the system we can calculate the specific heat of the system with different effective

temperatures, expecting a kind of special behaviour near to Teff = 1, which is the

temperature of the system3.

A was studied in chapter 3 and Appendix B, we can calculate the specific heat

of a thermodynamic system by calculating the mean of the energies for a fixed

temperature. Thus, by using equation Equation 3.5 we calculated the specific

heat curve for each subgroup of N neurons and we calculated their mean value

for constructing a general one. To obtain the mean over the energies, we made

MC simulations to generate the states of the system and averaging over them.

We repeated this procedure for several effective temperatures to obtain the curves

shown in figure 4.8.

By looking at the temperature of the system T = 1, we observe a peak in the

specific heat curve, increasing with the size of the system, and consequently sug-

gesting a possible critical behaviour in this point. In chapter 3 we studied the

3Taking into account the Boltzmann distribution at T = 1 is equal than the maximum entropy
distribution (with kB = 1), we establish that our system works at Teff = 1.
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Figure 4.7: Diagram for describing the simulation steps.

behaviour of the Ising model in the critical point and we observed the same be-

haviour in this curve, thus, making a comparison, we think that this behaviour

suggest a possible critical state in the virtual retina.

Concerning the experimental results, the virtual retina shows a similar behaviour

in the specific heat curves, suggesting that this is not a singularity of the data,

rather, a property of the biological system. In both experimental and simula-

tion treatments, the temperature was an effective parameter interpreted as noise

in the model, which means that the noise of the signal increases as far as the

temperature drives off the system temperature T = 1. Nevertheless, in contrast
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Figure 4.8: Specific heat for lattices of 9, 16, 25, 36 and 49 neurons. The inset
shows the curves for the 5 groups of size N=9, from which we calculated the

mean curve.

with equilibrium systems, in which these quantities have a direct physical mean-

ing, in our system we must work on the interpretation of this possible critical

state. For instance, if this critical state exist in real systems, what would be its

direct interpretation? The non-equilibrium theories of criticality in the brain sug-

gest that criticality appears physically as avalanches in the system helping to the

optimization of the system (see discussion on chapter 3), thus, the motivation of

finding these conceptual meaning for the effective variables used in our framework,

is related with the understanding of this critical state and its relation with the

non-equilibrium theories.





Chapter 5

Conclusions and perspectives

From a biological viewpoint, we can remark that the retina is a complex and im-

portant part in the visual system, processing the luminous stimuli. Its layered

structure is similar of that in the cortex, making possible the comparison and

extrapolation of results, with the advantage that the retina is smaller than the

cortex, making feasible its study from a theoretical and experimental framework.

By means of the virtual retina simulator we obtained data on the ganglion layer

reproducing with good accuracy the observations in real vertebrate retinas and

allowing the study of this biological system without the complications of real ex-

periments. Therefore, we can conclude that it is possible to construct simulations

with a reasonable computational cost for describing this network, aiming for find

a kind of general behaviour that might be relevant to the entire brain.

By applying the maximum entropy method within the information theory frame-

work, we found a probability distribution able to reproduce the most general fea-

tures of the data, allowing the study of this system from the viewpoint of statistical

mechanics. Thus, by describing each individual neuron within a brief time interval

as a two-level system, we were able to find a mathematical function for describing

some features of the data. However, it is important to highlight that these ob-

servables upon which we based our analysis, such as means and covariances, were

chosen by intuition and non necessarily are of biological relevance.

Finally, searching for a kind of universality of these complex biological networks, we

analysed the critical behaviour of the system from an equilibrium framework. As

found in experiments on real retinas, we obtained signals of criticality by studying

47
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the specific heat curves of the Ising model with parameters adjusted to reproduce

firing-state probabilities, for different sizes of networks.

One of the perspectives of our work is related with the deep study of the virtual

retina by using different stimulations. First, we will analyse the response of the

virtual retina under a noisy pattern (independent dark and light pixels) aiming

for finding differences in the correlations, and after, we will introduce some crit-

ical signals, such as configurations from both the 2-dimensional Ising model and

sandpile, both at and away from criticality. In addition, we will introduce some

variations on the parameters defining the virtual retina features, such as the spatial

and temporal filters which describe the functional behaviour of the cells contained

on each layer, in order to obtain a more general and robust conclusion.



Appendix A

Virtual retina

A.1 Dimensional analysis

For an individual neuron, the mathematical equation which describes the electric

impulse is given by [20]:

c
dV

dt
=
∑
i

Ii +
∑
j

gj(Ej − V ) (A.1)

To obtain a simpler dimensionless system, it is made a normalization of variables

V → (V −VR)/∆V ,I → I/c∆V and g → g/c. Where c is the membrane capacity,

∆V is a typical range of variation for the neuron’s potential and VR is the resting

potential, with the physiological values c ≡ 0.1nF and ∆V ≡ 20mv taken from

measurements in mammalian ganglion and bipolar cells [35].

A.2 Spatial and temporal filters

In order to describe in a computational way the spatial and temporal biological

behaviour of the retina, the simulation is constructed on the basis of four main

filters:

49
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• Exponential low-pass temporal filter: This filter peaks at time τ , rep-

resenting the characteristic time and the only free parameter.

Eτ (t) =
exp(−t

τ
)

τ
(A.2)

• Exponential cascade low pass temporal filter: This filter peaks at time

τ and offers more variability in its shape because of the additional n > 0

parameter.

En,τ (t) = (nt)n
exp(−nt

τ
)

(n− 1)! τn+1
(A.3)

• Partially high-pass temporal filter: This filter is composed of two terms,

such that, the first represents the original signal via the Dirac function,

and the second removes the low-pass average, with a weight ω, using the

exponential filter.

Tω,τ (t) = δ0(t)− ωEτ (t) (A.4)
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• Low-pass spatial filter: This filter is described as a two-dimensional Gaus-

sian, characterized by its mean and variance.

Gσ(x, y) =
exp(−x2+y2

2σ2 )

2πσ
(A.5)





Appendix B

Specific heat and susceptibility

Using the partition function Z =
∑

ζ e
−Eζ/KBT used in chapter 3, we can introduce

the identity
∫
dE δ(E − Es) = 1 to obtain:

Z =

∫
dEe−E/kBT

[∑
s

(E − Es)

]
=

∫
dEe−E/kBTn(E)

Where n(E) is the number of states with energy E. Taking into account that the

integral of the delta function is equal to the step function, defined as:

Θ(x) =

1, x > 0

0, x < 0

And integrating by parts, we can write the partition function in terms of the

number of states N(E) with energy in the interval E ≤ Es, which at the same

time can be written in terms of the entropy Equation 3.2 as:

Z =
1

kBT

∫
dEexp[− E

kBT
]N(E)

=
1

kBT

∫
dEexp

[
− E

kBT
+ S(E)

]
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Therefore, from this equation we can define the free energy as f(ε) = ε− kBTs(ε).
In the thermodynamic limit we expect this quantity being minimized

(
df(ε)
dε

= 0
)

,

which leads to the equation:

ds(ε)

dε
=

1

kBT

Thus, forN −→∞, we can use the Taylor expansion to write the partition function

as:

Z ≈ N

kBT
e−Nf(ε

∗)/kBT

∫
dε e

−N
2

[
− d

2s(ε)

dε2
|ε∗

]
(ε−ε∗)2

Comparing this result with a Gaussian distribution, we can write:

〈δε〉 = ε∗

〈(δε)2〉 =
1

N

[
−d

2s(ε)

dε2
|ε∗
]−1

On the other hand, we can use the Boltzmann probability distribution to calculate

the mean energy of the system, as:

〈δε〉 =
∑
ζ

εe−Nεζ/kBT/Z

Taking into account that the specific heat is defined as the energy change with

respect to the temperature, we can write:

cv =
dε∗

dT
=

d〈δε〉
dT

=

d
dT

[∑
ζ εe
−Nεζ/kBT

]
Z

=
N

kBT
〈(δε)2〉

=
1

kBT

[
−d

2s(ε)

dε2
|ε∗
]−1
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Since the magnetization is defined as m =
∑

i σi, its change in terms of the

magnetic field is known as magnetic susceptibility. We use a similar treatment

to find a useful expression for this quantity, nevertheless, in this case we use the

Ising Hamiltonian with constant H and same interactions among spins. Thus, the

result is not general for all systems.

Using Boltzmann distribution, we know that:

〈m〉 =

∑
nme

−βEn

z
(B.1)

Writing the free energy in terms of the partition function as F (ε) = −kBT log(Z)





Appendix C

Maximum entropy

For describing completely any system, we need the probabilities of each possible

state pi, such that we can calculate the means of all observables and predict its

behaviour as:

〈g(x)〉 =
n∑
i

pig(xi). (C.1)

Nevertheless, for some systems we do not have this information, rather, we have

just information about another observable 〈f(x)〉. Is it possible to calculate the

mean of the observable g(x) in C.1 by using just the information of 〈f(x)〉? It

is clear that we need to infer more information about the system for solving this

problem given that we have much more parameters (n− 1) than equations. Thus,

can we make some assumption about the probability distribution of the system?

the first attempt was made by Jaimes Bernoulli [57], who proposed the principle

of non-sufficient reason 1 based on the idea that if for several arguments, there

is absence of information to assign unequal probabilities, equal probabilities must

be assigned to each one. However, this principle makes an arbitrary symmetry

assumption that in principle do not must be valid in all systems[58].

The approach of the maximum entropy theory is based on minimize the informa-

tion function of the system, such that we use just the sufficient information for

describing the system. Thus, by using the Shannon entropy as a measurement of

1Known too as Principle of indifference
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ignorance (see discussion in chapter 3) we can maximize it by including the con-

strain of the observable 〈f(x)〉 and the normalization condition for the probability∑
i pi = 1, by means of Lagrange multipliers:

F = −K
∑
i

pi log pi − β

[∑
i

pif(xi)− 〈f(x)〉

]
− λ

[∑
i

pi − 1

]
(C.2)

Where K is a constant which we will define as K = 1, and β and λ are the Lagrange

multipliers. By maximizing:

δF

δpi
= − log pi − 1− βf(xi)− λ

log pi = −1− βf(xi)− λ

pi = e−λ−βf(xi) (C.3)

Consequently, by maximizing the entropy we find this distribution of probability

to describe the system under the assumption of minimal information.
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