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Abstract

The almost Mathieu operator is one of the most studied quasiperiodic Schrédinger operators
and arises as a physical model for the electron in certain systems. At first, it was conjectured
[1] that the spectral type of this operator with irrational frequencies would depend only
on the coupling constant, being pure point when it is greater than 1 and purely absolutely
continuous when it is less than 1. Although wrong as stated, this claim does hold in
a measure-theoretic sense. In this work, we explore the studies of the almost Mathieu
operator carried so far to show that such classification of the spectrum holds for full

measure sets of frequencies and phases.

Keywords: almost Mathieu operator; quasiperiodic Schrodinger operators; spectral the-

ory.



Resumo

O operador almost Mathieu é um dos operadores de Schréodinger quasiperidodicos mais
estudados e surge como um modelo fisico para o elétron em determinados sistemas.
A principio, conjecturou-se [1] que o tipo espectral de tal operador com frequéncias
irracionais dependesse apenas da constante de acoplamento: o espectro seria puramente
pontual quando ela fosse maior que 1 e puramente absolutamente continuo quando ela fosse
menor que 1. Apesar de essa conjectura ser falsa dessa forma, ela é valida em um ponto
de vista de Teoria da Medida. Neste trabalho, ndés usamos os estudos sobre o operador
almost Mathieu feitos até entdo para mostrar que tal classificacdo do espectro é verdadeira

em conjuntos de medida total de frequéncias e fases.

Palavras-chave: operador almost Mathieu; operadores de Schrodinger quasiperiddicos;

teoria espectral.
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1 Introduction

Throughout this text, £2 will denote the Hilbert space {u 7 — C

> Ju(n)]? < oo g
nezZ
Given real numbers \, a, 6, we define the Almost Mathieu Operator H, .4 : (> — (*

as the bounded self-adjoint linear operator given by

[Hyapu](n) =u(n+1) +u(n — 1) + 2 cos [2m(na + 0)]u(n). (1.1)

The operator H) 4 is a tight biding model for a electron in an one dimensional
lattice and is also related to the quantum Hall effect [21, 23]. The parameters \, o, 6 are
known as coupling constant, frequency and phase, respectively. Since cos(z+2mn) = cos(x)
and —cos(z) = cos(x + 7) for all n € Z and = € R, there is no loss of generality in
considering o, 0 € T = R/Z and A > 0. Furthermore, when o € Q or A = 0, the operator
has a periodic potential, so the properties of its spectrum are well known from Floquet
theory. Therefore, we will be interested only in irrational frequencies and positive coupling.
We say that the coupling is subcritical if 0 < A < 1; critical if A = 1; and supercritical
if A > 1. For z € R, we will denote by ||z||t the distance of z to Z.

One advantage of dealing with irrational frequencies is that the spectrum is phase-

independent:

Theorem 1.1. Let f: T — R be a continuous function, « € R\ Q and 6 € R. Let Hy 9
be defined by
[Hfapul(n) =u(n+1) +u(n—1) + f(na+ 0)u(n).

Then for every 0 € R, the equality c(Hynp) = 0(Hfap0) holds.

Proof. Given k € Z, define Uy : £? — (2 by [Uyu](n) = u(n + k). Then Uy, is unitary with
Ut =U_y and UpHy 00U = Hfakas 80 0(Hfaka) = 0(Hfayo) for every k € Z.

Now, since « is irrational, {ka mod 1}z is dense in T. Given 6 € R, ¢ > 0, pick
d > 0 such that ||0; — 02|t <9 = |f(01) — f(02)] < € and then choose m € Z such that
|0 — mallr < §. We then get

[(Hyama = Hyao)ul ()] = [f(na +ma) = f(na + 0)[ [u(n)] < elu(n)].

So || Hf.ama — Hfapll < e. The theorem is then immediate from the folowing result
of Perturbation Theory (see [27]):
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Proposition 1.2. If H, and Hy are bounded self-adjoint operators and dp.,s denote the
Hausdorff distance, then

dhaus (0 (H1),0(H,)) < [[Hy — Hol|.
[l

Although the set o0(H) 4,9) does not depend on 6, the absolutely continuous, singular
continuous and point components in general do depend on it. Throughout this text we will
give the classification of the spectrum of the almost Mathieu operator based on methods
that (as the title sugests) exclude sets of frequencies and of phases of measure zero. We

make the following path:

In chapter 2, using [20] we explore a powerful duality relation between H, , ¢ and

H)-1 49 and show how their spectral components are related.

In chapter 3, using [24] we show that for almost every frequency and almost
every phase the supercritical almost Mathieu operator has only point spectrum and, as
a consequence of the results of chapter 2, we get that the subcritical almost Mathieu
operator has only absolutely continuous spectrum for almost every frequency and almost
every phase. Using [8, 26, 32] we also show that in the supercritical case the result cannot

be extended to every frequency or every phase.

In the first section of chapter 4, we use the work of Last [30] to show that the
measure of the spectrum of the almost Mathieu operator depends only on the coupling
constant (at least for a in a full measure dense Gy set of real numbers), and in particular
that o(Hj q,0) has zero measure for such o’s. In the next section we then use the work of
Avila [3] to show that H; , 4 cannot have eigenvalues expect maybe for countably many
phases, which yields that o(H; ) is purely singular continuous for almost every o and

all but possibly countably many 6.

In chapter 5, for completeness, we present some improved results that could not be

shown in details in this work.

At first sight, the study of the almost Mathieu operator seems very specific.
Nevertheless, as Theorem 1.1 suggests, many of the results we will study in this text
can be applied to a broader class of quasiperiodic Schrodinger operators. The analyticity
of the cossine function and the self-duality that will be treated in chapter 2 do allow
us to make some simpifications for the case of the almost Mathieu operator, but one
of the objectives of the studies that led to the writing of this material was precisely to
gather techniques to study open problems involving the spectral theory of more general

quasiperiodic Schrédinger operators.

The appendices are dedicated to some basic definitions and results of different

areas of Mathematics that are relevant to the text. In Appendix A, we state some results



Chapter 1. Introduction 11

of Spectral Theory for bounded self-adjoint operators; in Appendix B, we give the basic
definitions of Ergodic Theory and state two ergodic theorems and the Denjoy-Koksma
inequality; in appendix C, we discuss about the transfer matrices for eigenvalue equations
of Schrodinger operators on £2; and in appendix D, we talk about the approximation of

real numbers by rational continued fractions and some properties of diophantine numbers.

Throughout this text v will denote the Lebesgue measure and expressions such as
"almost everywhere" and "measure zero", when the measure is not explicitly stated, will

refer to Lebesgue measure.
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2 Duality

This chapter aims to study the relation between the spectral properties of Hj 40
and those of Hy-1,¢. It is entirely based on the work of Gordon, Jitomirskaya, Last and

Simon in [20].

In the first section, we show that for fixed A and « we can treat the set of
eigenvalues and eigenvectors of H) ,¢ as a measurable function of # (with respect to the

Borel o—algebra in T).

In the second section, we explore a version of Aubry-André duality, where we
prove that the direct integral of H) , ¢ in 0 is unitarily equivalent to the direct integral of
AHy-149 in 0. We also show that the spectral measure of H) ¢ with respect to a fixed

vector is almost everywhere independent of 6.

In the third section, using a result of Deift and Simon [17], we show that for almost
every 0,6 € T the singular component of a spectral measure for H) ,¢ and the singular

component of a spectral measure for H) , ¢ are mutually singular.

In the fourth section, at last, we use the results shown previously to show how

point spectrum at H) , ¢ yields absolutely continuous spectrum at Hy-1 4.

2.1 Measurability of eigenvalues and eigenfunctions

Consider that an irrational o and a positive \ are fixed, and given 6 € T denote
H) o simply by Hy. Given an eigenfunction u of Hy (if there is any) such that |jul| = 1,
define j(u) as the leftmost maximum of u, that is, j is the only integer such that |u(j)| >
\u(k)|Vk € Z and |u(j)| > |u(k)|VEk < j. The existence of such j is clear since u € ¢?
implies that |u(n)| has a maximum value and that it can be the image of only finitely
many points. If j is the leftmost maximum of u, we say that v is attached to j. From

now on, given an eigenfunction u attached to j, we will fix w such that u(j) > 0.

Let N;(6) be the number of eigenvectors of Hy attached to j € Z. Define for each
k € N the set T;;, = {6 € T|N,(6) > k}. Clearly T; ;41 C T;s. Using Bessel’s inequality

we get, taking the sum over eigenfunctions of Hy attached to j,

=611 > 3 [(w, 6,02 = 3 [u()]*-

So u(j) attains a maximum in each T, and this maximum is the image of only finitely

many points.
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In T;;, define uy(-;6,7) as the eigenfunction of Hy with greatest value of u(j).
If there is more than one such function, pick the one with the greatest eigenvalue. Let
E;(6,7) be such eigenvalue. Similarly, at each T, define uy(+; 6, 7) as the eigenfunction of
Hy with k™ greatest value of u(j) and if there is more then one function that attains such
value at j, pick the one with the greatest eigenvalue. Call this eigenvalue Fy (6, j). This
way we construct a set {u(+; 0, j)}ff;'(f) of the eigenvectors of Hy attached to j such that
uk(7;0,7) > ugy1(g; 6, 7) and, if equality holds, then Ex(60,7) > Ey41(0, 7). Extend Ej and
uy, to all of T setting them to be zero in T \ T .

Our goal in this section is to show that the functions N, Ej and u;, are measurable
in T (with respect to the Borel o—algebra). We will do two simplifications: we will assume
j = 0, which is no loss of generality since if u(n) is an eigenfunction of Hy attached to
J, then @(n) = u(n + j) is an eigenfunction of Hy_j, attached to 0 and translations on
T are measurable; and instead of picking eigenfunctions v with norm 1, it will be more
convinient to use 7(n) = u(n)/u(0). Since ||n|| = 1/u(0), ordering by maximum u(0) is the
same as ordering by minimum ||7|| and, since u(n) = n(n)/||n|, if we prove measurability

of n we prove measurability of u. Before we prove this, one elementary statement:

Proposition 2.1. Let a sequence (0,,)men C T be such that T%gg)o 0., = 0 and denote Hy,,
by H,,. Assume that for each m there are n,, € (* and E,, € R such that H,, = E,,nn,
Nm(0) =1 and sup ||nm|| < oo. Then there exist a subsequence m;, a vector n and a real

me
number E such that

1. lim 9y, (n) = n(n) for every n € Z;

1—>00

2. lim B, = E;
12— 00

3. Hon = En;

4. n(0) =1;

5. |[nll < sup |7l
meN

Proof. The sequence (1,,)mez is bounded and the unit ball of £2 is compact and metrizable
in the weak topology. Furthermore, since E,, is an eigenvalue of H,,, we have |E,,| < 2+2\
for all m. Thus, we can choose subsequences 7,,, and E,,, such that 1 and 2 holds. Taking

the pointwise limit of H,, = E,,7n,, we obtain 3. Items 4 and 5 are immediate. ]

Theorem 2.2. For each fixed j, k and n, the functions ux(n;0,j) and E(0,7) are

measurable in T.
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U (13 6,0)
U, (0;6,0)

1
k,l. By Bessel’s inequality Z W < 1, so there are at most k? natural m such that
m | Tm

Proof. Let E,,(0) = E,,,(0,0) and n,,(n;0) = . Fix a pair of positive integers

I7m]l < K, let then My, (#) be the maximum number of m’s such that [|n,,|| < k and
|Epy — Epy| > 27! for every m’ # m. We claim that S = {6 € T | M;,(0) > p} is closed.

Indeed, if (05) C S is such that 6, — 6, by Proposition 2.1 we can choose p different
n’s and E’s such that Hyn = En and ||n|| < k. Besides, each E clearly still satisfies
|E — E'| > 27! so My,(0) > p, that is § € S. Since S is closed, My, is measurable. Now
let Mg(0) be the number of m’s such that ||n,,| < k. Since the spectrum is simple, we

have My (0) = max My (6), so My, is also measurable.

Let Skip = {0 € T| My, (0) = Mi(8) = p} be the set of 6’s such that Hy has
p eigenvalues with ||n,,|| < k so that |E,, — E,/| > 277. Order them in a way that
lm|l < --- < |Inp|| and if ||m:]| = ||Mig1|| then E; > E;fy. If (6,,) C Sk, converges to
0 € Skip, then EZ-(m) has different limit points for each i, since |E™ — Ej(m)| > 271 By
Proposition 2.1, such limit points must be eigenvalues of Hy with eigenvectors 7; such that
Im:|l < k. Since the operator Hy cannot have more than p such eigenvalues, then the limit
points of Ez-(m) and nz-(m) are all the p eigenvalues and eigenvectors of Hy and respect the
previous order of 7;. Each E; and »); is then continuous on Sy, (and therefore measurable)

for every k,l and p. Therefore, they are measurable in T.

]
2.2 Operator duality
Let H be the set of functions ¢ : T x Z — C such that
) </|gp(6’,n)|2du(8)> < oo.
nezZ \T
That is, H = L*(T x Z).
We define the linear operators ), and U acting on H by
(@xp) (0.n) = (0, n+ 1) + (0,7 — 1) + 2 cos (2m(an + 0)) (0, 1), (2.1)
and
(Ug) (0,n) = ¢(n, 0 + an), (2.2)

where @ denotes the Fourier transform of ¢. In particular, if ¢ € L'(T x Z) N L*(T x Z),
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V) (0.0) = (m() / ezi%w,mmu(qﬁ)) . (23)

meZ T

It is direct from its definition that U is unitary. We can now state a version of
Aubry duality:

Theorem 2.3.
U'Q\U = MQx-1. (2.4)

Proof. Let T be given by (T¢)(0,n) = ¢(0,n + 1) and M be given by (Mp)(0,n) =
e~ 2m(04+n2) (9 n). By the properties of the Fourier transform, we have that (U 'T*Up)(0,n) =
e~ 2imkant0) (9 n) and (UM U@)(0,n) = ¢(8,n + k) for every k € Z. Thus

(U QU@)(O,n) = (U T+ T+ AM + AM)Ugp)(0,n)
= e~ 2@t (0 n) + 2O (0 n) + (0,0 + 1) + p(0,n — 1)

=\ (i cos (2m(an +0))p(0,n) + (@, n+ 1)+ p(0,n — 1)> = ANQxr-19)(0,n).

Corollary 2.3.1. For every irrational o, we have 0(H) o9) = Ao(H)-140).

Proof. Since 0(Hy o) is independent of 0, the spectrum of H) ,¢ and the spectrum of @
coincide. So 0(Hyn0) = 0(Qr) = Ao(Qr-1) = Ao (Hx-14.4). O

Define now, for [ € Z, the operator (S;p)(0,n) = ¢(0 + al,n —1). By Fourier
transform properties, we get that (US;p)(8,n) = e 2™ (Up)(0,n).

Proposition 2.4. Let ¢ € H be such that | #0 = (Sip,p) = 0. If g € L*(T) is defined
by

9(0) = >_ [(Up) (0, )],

nel

then g is constant almost everywhere.
Proof. We have, for [ € Z*,
AeQ“ilog(H)dV(Q) = (Up, ™ Up) = (Up,US_19) = {p, S_1p) = 0.

But the span of {e?™#},.7 is dense in L>(T) in the weak-* topology, so g is constant. [J
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Theorem 2.5. Fiz positive \ and irrational «. Let uy(-;0,75) be the measurable function
defined in the previous section for Hy-1,4. Let f € L*(T) and define, for fized j and k,
©0(0,n) = f(O)ur(n;0,7). For each ¢ € T, define 1y € €% by Ys(n) = (Up)(¢,n) and let
djiy be the spectral measure for the operator Hy o9 and the vector v4. Then dji, is almost

everywhere ¢—independent.

Proof. We have that (S;¢)(0,n) = f(0 + la)ug(n — ;0 + lo, j). But by the discussion of
the last section, ux(n — ;0 + la, j) = ug(n; 0,7 + 1), so ug(n — 1;0 + la, j) and ug(n; 0, 7)
can be seen as eigenfunctions of the same operator, and they are linearly independent if
[ # 0, since they are attached to different points. So, for [ # 0

d_ur(n =150+ la, jlur(n; 0,5) =0 = (Sip, p)u = 0.
neL
Furthermore, for every h € C(T) we have h(AQx-1¢)(6,n) = h(AER(0,7))p(0,n)
by definition of ¢. So for every | # 0 and every continuous h we have that h(AQy-1)p is
orthogonal to Syp. By the same reasoning of the prove of Proposition 2.4, we get that

> (Ue) (6, n)(Uh(AQx-19)) (6, 1) (2.5)

neL

is independent of ¢.
But by Theorem 2.3, Uh(AQ\-1) = h(Q,)U, so from (2.5) we get that

S )6 m)(@IUR)(,m) = (U, h( QU = | h(E)dyiol(E)

ne’

is independent of ¢ for every continuous h. Since the set of continuous functions is dense

in the set of integrable functions, djug4 is almost everywhere ¢—constant. O]

2.3 Mutual singularity

We will use two results from Spectral Theory.

Theorem 2.6. Let w = (wy)nez be a bounded real sequence and let the operator H,
be defined by (Hyu)(n) = u(n + 1) +u(n — 1) + wyu(n). Let G,(n,m;z) be the matrix
elements of (H, — z)~. If dus is the singular part of a spectral measure for H,,, then dug,
is supported by

&, = {E € R‘ lim Im(G,(0,0; E +ig)) + Im(G,(1,1; E +ig)) = oo}.

e—0t
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Theorem 2.7. Fizx positive \ and irrational «. In the notation of Theorem 2.6, let w be
the sequence (2A cos (2w (na+ 0)))nez. Then v({0 € T|E € &,}) =0 for every E € R.

Proof for the former can be found in Appendix B of [33]; for the latter, it can be
found in [17].

Now we get to the principal result of this section:

Theorem 2.8. Fiz positive \ and irrational o. Let py be a spectral measure for Hy o9

and ug be its singular part. Then for almost every 0 and ¢, we have pfj L uj,.

Proof. We have

[ no(@o)v(®) = [ ([ 10,(B)drua(E)) du(e)
= [ ([ 10, (BYiv(®)) nolE) = [ v({# € T| E € Babypo(E).

So by Theorem 2.7, 11p(®4) = 0 for almost every €', which implies duy L dyf, for almost
every 6'. ]

2.4 Relation of dual spectra

Theorem 2.9. Fix positive A and irrational . Let ug(+;0,j) be the measurabe function
defined in the section 2.1 for Hy-1,4. Let f € L*(T) and define, for fized j and k,
0(0,n) = f(O)uk(n;0,5). For each ¢ € T, define 1y, € €* by y(n) = (Up)(p,n) and
let duy be the spectral measure for the operator H) o4 and the vector vg4. Then duy is

absolutely continuous for almost every ¢.

Proof. By Theorem 2.5, djig4 is independent of ¢ for almost every ¢. But by Theorem 2.8
there is also a set of full measure such that dug, L dug, for ¢ # ¢'. But the only way both

conditions can be true is if dug = 0 for almost every ¢. ]

Theorem 2.10. Fiz positive A and irrational o. If Hy-1 o has point spectrum for 6 in a
subset of T of positive measure, then Hy 9 has some absolutely continuous spectrum for

almost every 0.

Proof. By construction, {ux(-;6,7)}jezren spans the point subspace of ¢2 for Hy-1 44, 0
if there is some point spectrum, there is some j such that u;(+;-, j) is a non zero element
of H. By Theorem 2.9 we have that dj4, which is a spectral measure for H) 4, is purely

absolutely continuous for almost every ¢. Now
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/ ( i du¢(E)> (o) = | (z (U ) (n; ¢,j>\2) dv(9) = |Uw |l = lfurll > 0.

neL

So / dues(E) # 0 for ¢ in a subset of T of positive measure. But dy, is almost everywhere
R
independent of ¢, so there is some absolutely continuous spectrum for H)y ,¢ for almost

every 6. m

Theorem 2.11. If « is irrational and X is such that Hy-1 49 has only point spectrum for

almost every 0, then H) o9 has only absolutely continuous spectrum for almost every 6.

Proof. Let {f,} be an orthonormal basis for L*(T). By hypothesis, {ux(-;6,7)};x is an
orthonormal basis of ¢? if we only allow j, k such that ug(+;6,7) # 0. Let ©;5m(6,n) =
fm(0)ug(n;6,7), so that {@;jxm}irm is a complete orthogonal set of H. Since U is
unitary, {Ugjrm}jkm also is a complete orthogonal set of H, so for almost every ¢,
{(Up;km(d,)}jkm is a complete set of £2. But by Theorem 2.9, these vectors are in the

absolutely continuous subspace of of ¢2 for Hy 44, which completes the proof. O
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3 Supercritical case

Now we have gathered the duality results, in this chapter our aim is to show that in
the supercritical case, that is, for A > 1, the almost Mathieu operator has only pure point
spectrum for almost every frequency (diophantine a)! and almost every phase. Before
we talk about how this chapter is organized, we define the set of phases for which this
classification of the spectrum might not hold, show that it is indeed a set of measure zero

and then state the main theorem of this chapter.

Definition 3.1. Given diophantine o; r € N such that |qo — p| > cq™" for some ¢ > 0
and every (p,q) € Z x N; and n € N let

@n:{eeR

sin (2# (6 + Za))‘ < exp (—nl/(%))} . (3.1)

We then define the set of resonant phases by

© =limsup©,, = ﬂ U Op.

n=1k=n

Proposition 3.2. The set of resonant phases is a set with measure zero.

11
Proof. By periodicity, it is sufficient to show v <@ N [—4, 4]) = 0.
1 1
For fixed n we have that if § € ©,, N {—4 — ga, 1 Za] then |27 <0 + ;Loz)‘ < g

x
Thus we can use the estimate |sinz| > > which gives us

exp (—nl/(%)) >

n n
) n S nol
sin (27T <9+ 2@))‘ _7‘94— 204’

1/ _pi/en
1 1 exp (—n exp | —n
So@nﬂ[——ga,él—ga}c(—ga— ( ) ot ( ))

4 7 T2 T
11 2exp (—nl/") o0
By periodicity, we get v (@n N {—4, 4D < ( ) Since Z exp( nl/(27’))
7T n=1

11
converges, the Borel-Cantelli lemma gives us v (@ N [—4, 4]) =0.

We now state the main theorem of this chapter, which will be proved in the second

section:

1 See Appendix D.
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Theorem 3.3. Let A > 1, a diophantine and 6 a non-resonant phase. Then the spectrum

of the almost Mathieu operator Hy g is pure point.

By Theorem 2.11 we have

Corollary 3.3.1. Let A < 1 and « diophantine. Then the spectrum of the almost Mathieu

operator Hy o9 is purely absolutely continuous for almost every 0.

This chapter was sectioned in the following way: in the first section of this chapter
we deal with some important results that will be used to prove Theorem 3.3: in the first
subsection of section 3.1, we define some dynamical quantities related to the equation
H) opu = Eu for real E, such as the Lyapunov exponent. We will allow generalized
solutions, that is, we only require v € C%, not u € ¢2. We will also define regular and
singular points of a solution, which is linked to the behavior of the Green function on
intervals where such points lie. The main results of this subsection are the positivity of
the Lyapunov exponent for the supercritical case, and that if a solution of Hu = Fu is

such that u(n) # 0, then n is a singular point for suitable parameters.

In the second subsection of section 3.1, we define normal functions and uniformly
distributed points and use these definitions to get upper bounds on the growth of dynamical
parameters introduced in the first subsection. These bounds use the arithmetical properties

of diophantine frequencies and non-resonant phases.

In section 3.2, we use such bounds to show that singular points, if not very close to
each other, must be far apart. Using then the singularity of points in which the solutions
of Hyapu = Eu don’t vanish, and the positivity of the Lyapunov exponent, we prove that
for a dense set of F in the the spectrum the associated generalized solution of Hu = Fu
is indeed an eigenfunction of H, which allows us to finally conclude that H) , ¢ has pure

point spectrum for A\ > 1, diophantine o and non-resonant 6.

In the the third section, we show that it is not possible to change from "almost every
frequency and almost every phase' to "every frequency and every phase": in subsection
3.3.1 we show that there is a dense Gy of frequencies such that for every phase there can
never be point spectrum; and in subsection 3.3.2 we show that for every frequency, there

is a dense Gy of frequencies for which there can never be point spectrum.

For sections 3.1 and 3.2 our main reference is [24]. In subsection 3.3.1 we use [8,
32] and in section 3.3.2 we use [26]. To avoid cumbersome notation, we shall omit the
dependence on the parameters A, o, 6 and E throughout most of the chapter when there

is no risk of confusion.
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3.1 Preliminaries

3.1.1 The Dynamics of the eigenvalue equation

Let T'(-,0) be the transfer matrix® of the eigenvalue equation H) qpu = Eu. We
define the Lyapunov exponent v(E) by

1 1
V(E) = Tim ~ [ Wn||T(n,0)]d0 = in 1/ In | T(n, 6)||dv(6). (3.2)
0 neN N Jo

n—oo n,
The limit exists and the second equality holds by the subadditive ergodic theorem. By
the limit definition, it is clear that equivalent norms lead to the same v(E). Since all
matrix norms are equivalent, when necessary we will use the Hilbert-Schimdt norm for

convenience.

Proposition 3.4. For every real E, we have y(E) > In \. In particular, for the supercritical

case we always have y(F) > 0.

Proof. The proof uses a subharmonicity argument due to Herman [22].

Ez— )\ 2mian .2 —27ian _
( z (e ¥ +e ) z) and

For z € Cand n > 0, let M(n,z) = .
2

define N, (z) recursively on n by

N, (2) = M(0, 2), ifn=20
mE = M(n—1,2)N,-1(z) ifn>0.

Since N, is entire for every n, f, : C — C given by f,(2) = In||N,(2)| is

subharmonic. So

1 ,
nInA = [INaO)]] < [ In [Ny (e2) v (6).
0

E — 2) (cos (1271'(71,@ +6))) —01 ) then M(n, &) —

e A(0 + na), so N, (e2™) = 20T (9). This gives us

If 0 € R and A(n,0) =

1 /! 1t -
Y(E)= lim — [ In||T,(9)||dv(#) = lim —/ In || N, (e*™)||dv(6) > In \.
0 0

n—oo n, n—oo n,

]

Remark 3.5. Although this will not be used here, in [13] Bourgain and Jitomirskaya
proved that v(E) = max{0,In \} for every E in the spectrum.

2 See Appendix C.
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Given integers ny < ng, let Hy,, 5, be the restriction of H to the interval [n1,ne] C Z.
For m,n € [n1,ny], we define the Green function G, n,)(m,n) as the matrix elements of
the operator (Hjn, n,) — £)~'. Based on the behavior of the Green function, we have the

following definitions:

Definition 3.6. Let m € Z, k € N and 5 > 0. Then m is called a (3, k)-regular
point if there is an interval [ny,ny] = [n1,n1 + k — 1] such that for i € {1,2} we have

|Gy o) (m, )| < e7Am=mil and |m — n;| > S-k. Otherwise, m is called (B, k)-singular.

Proposition 3.7. Let u be a solution of Hu = Fu such that, for some B > 0, we have
lu(n)| < B(1+ |n|) for alln € Z. If m € Z is such that u(m) # 0, then for every > 0
there is kv = k1 (E, 8,6, m) such that m is (B, k)—singular for k > k.

Proof. We know that for n € [ny,ns], we can get the value u(n) for a formal solution of

Hu = Eu using the boundary values by

u(n) = _G[”l,nﬂ (n7 nl)u(nl - 1) - G[nl,nz} (na nQ)u(nQ + 1)' (33}

If the proposition does not hold, there are infinite £ € N such that m is (3, k)—regular.

So, for infinite naturals k&,

[u(m)] < |Gy o) (M, ma)[[u(na = D] + |Gy oy (M, 12) [[u(ng + 1)
< e PR (Ju(ny — 1) + |ulng 4+ 1)|) < Be 40 (Jny — 1] + |y + 1| + 2)

k
< Be P10 (Iny — m| + |ng — m| + 2|m| + 4) < Be Fk/40 (20 +4+ 2|m|> :
This contradicts u(m) # 0.

O

We then define for natural n the function P, : R — R by P,(0) = det (E — H[o,n—l])-
For convenience, we also set Fy(f) = 1 and P_;(f) = 0. With this convention, it is possible

to show that for every n > 1 the transfer matrix can be written as

7.(6) = P,(6) —P, 1(0+ ) (3.4)
" P, 1(0) =P, y(0+a) |’ '

Furthermore, by Cramer’s rule we get

P (0 + (m+1)a)
Ginym , = 2 , 3.5
Gl s, )] = | 2 (35)
and . 0 )
m—n +nio
Ginym , = L 3.6
Gl (m )] = | (36)
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where k = ny — n; + 1.

We will now look further into properties of the functions P, for the proofs in the

section 3.2 rely entirely on bounds of | P, ().

1
Proposition 3.8. Let K = {k‘ eN ‘ 30 € [0, 1] such that |P,(0)| > zekV(E)}. If X\ > 1, for
every n € N we have {n,n+ 1,n +2} NK # &.

Proof. Assume, for the sake of contradiction, that the proposition is false. Then there
exists a natural n such that {n,n+1,n+2} N K = &. We then get

T2 (O = [Pa(0 + @) * + [ Posr (0 + @) + [Pura (0) + | Pora(0)
- iemw) n ;ezmmw) n iezmzww) _ ig(mzw(m (em21® 1 1)2.

Since y(E) > 0, we then have
1

n+ 2 n+ 2
=v(E)—In2+In (6_27(E) + 1) <y(E).

I | Toa ()] < —— In | (e+27(5) (21) 4 1)) 2]

But this is absurd by the infimum definition in (3.2).
[l

Lemma 3.9. Given the almost Mathieu operator Hy o9, for every E € R and every ¢ > 0
there is ko = kyo(E, o, €) such that |P,(0)| < e" B+ for every n > ko and every 6.

Proof. We will use an ergodic theorem instead of the proof in [24]. By the Subadditive Er-
godic Theorem for Uniquely Ergodic Systems (see [19]), the inequality limnsup 7lz In ||75,(0)] <
~v(E) holds uniformly in T, i.e., there is ks = ko(E, a,e) such that n > ko implies
iln IT.(0)]] < v(E)+ ¢ for every 6. Since by (3.4) we have |P,(0)] < ||T,.(0)]|, we get that,

for every 0,

1
n>k = —W|T0) <V(E)+e = |Py(0)] < "0,

]

Lemma 3.10. Let m € Z be (v(E) — e, k)-singular point with 0 < ¢ < ~(E) and
k > 8ko(E,a,e/6) + 6. If n € Z satisfies m — Tk/8 < n <m — k/8, then |P.(0 + na)| <
K ((B)—</12)

Proof. Let [ny,ns] = [n,n + k — 1]. Since ks can be chosen greater than 10, we get the
inequalities
| | - k - k
m-ni=m-n>->—;
! =87 40
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and
k

Tk k
|m—n2|:ng—m—n—m—i—kz—l>—§—|—k—1>§—1ZE
Therefore, by (v(E)—¢, k)-singularity of m, we have |G, n,)(m, n2)| > e~ Im=nal(v(B)=) Fyr-
k
thermore, since |m —ni| > = > ky(E, o, £/6) we have |Py,_,, (0 + nia)| < elmml((E)+¢/6)

by lemma 3.9. From equation (3.6) it follows that

Pu(0+ na)| = EmnOEnO o8 +e/6) m-al ()2
|G[n1 n2](m n2)|
_ (lm—ma|+lm—nal}y(E)~(m—nel ~lm—n1|/6) _ ,(k=1)7(E)~(Im—nal—|m—ns|/6)e

[m — n4

k Tk
Using now that ]m—ng\zg—land |m—n1|§§vveget |m —ng| — 5 >

k 7k 5k
18 48 > ﬁ We then conclude

Pe(6 + na)| < B0 B)—(m=nal—lm=m/6)e < (k=111(E)-5ke/48 < F(2(F)=e/12)

O

Before we end this subsection, let’s discuss one last aspect of P,. It is clear from the
matrix representation of the operator Hjy,_) in the canonical basis that, using trigonomet-
n
ric identities, we can write P, as a polynomial in cos (276), say P,(0) = ) a; cos’ (276).
=0

Define the polynomial @Q,, by @Q,(z Zajz that is, P,(0) = Q,(cos (270)). Assume
7=0
that my and msy are (y(E) — €, k)-singular points with m; < ms and let d = my — m; and

k k
n; =m; — rgJ zmi—;. Define for j =0,1,... k

0+ (n1+j)a, if0<y
i = k +

0=i=14 @)
9+(n2+‘7—[ij)a, if |5 <5<k

+1 . e
Ifd> —5 we can guarantee that the mapping j — 6; is injective and therefore

use Lagrange interpolation to write

Il = - cos(276,)

k l:l(;é,..‘.,k
: 3.8
1Qul2) z:: H cos (276;) — cos (276;) | (3:8)
1=0,....k
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3.1.2 Normal functions and uniformly distributed points

Definition 3.11. We will say that f € C([a,b]) is normal if there is p such that for
every y € R the cardinality of f~'({y}) is not greater than p and if for every € > 0 exists
0 > 0 such that

/|Z_f In|z — f(z)|dz| < %, Vz € [min f, max f]. (3.9)

Proposition 3.12. The function f(x) = cos (2wz) is normal in [0, 1].

Proof. Clearly, f takes each value in [—1, 1] no more than 2 times. So it is left to show the
integral condition. First note that, given a € [—1,1] and z, € [0, 1] such that f(z) = a,
using I’Hopital we get

g}grgo |z — x| Inja — cos (2mz)| = 0.

1
So there is £ > 0 such that 0 < |z — z9| < § = |In|a — cos (27x)|| < ﬁ
r — Xy
Now given z € [—1,1] and € > 0, we will treat three cases:
1
If = = —1, choose ¢ € (0,e2/64) such that |In|—1 — cos (27z)|| < ’ ’
1
r— 1
2

1
whenever (0 < |z — 2‘ < &;. Then there is 6 > 0 such that f ((% —&, % +§)> =[-1,—-149).

Since no other value in [0, 1] takes value in [—1,—1 4 ¢), we have

e
< / IIn |z — cos (27x)|| dx
1-¢

2

‘/ In |z — cos (27x)|dx
|—1—cos (27z)|<§

=6 1
</ . dr—4yfe< S

If z = 1, then choose ¢ € (0,£%/64) so that 0 < |z| < ¢ = |In|1 — cos (27z)|| <
1 1
—— and that 0 < [z — 1] < ¢ = |In|1 — cos (27mz)|| < ———=. Then there is 6 > 0

such that f([0,&) U (1 —¢&,1]) = (1 — 6, 1]. Since no other value in [0, 1] takes value in
(1 — 4, 1], we have

€ 1
/ In |1 — cos (2mz)|dz| < / IIn |1 — cos (27T.T)Hd$+/ IIn |1 — cos (27x)|| dx
|1—cos (27z)|<§ 0 1-¢

€ 1 1 1
[l
O ylzl /e =1

£
dx =4 =,
T §<2
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Finally, if |z| < 1, let 21,25 € [0, 1] be such that {1, 22} = f~' ({2}) and choose

¢ € (0,e2/256) such that 0 < |z —x;] < & = |[In|z — cos (2mx)|| < ﬁ and
r — T

fljo—a,|<¢ is one-to-one for i = 1,2. Then we can choose § > 0 such that (z — 0,2+ 6) C

fl(xr =&+ &)U (22— & 2o+ §)) and no other value in [0, 1] takes value in (z — d, z + 6).

Finally, we get

/ In |z — cos (27x)|dx
|z—cos (2mz)|<8

< / IIn |z — cos (27x)|| dz + IIn |z — cos (27x)|| dx
|lz—z1|<€

o lz—za|<€
1 1 €
</ 7dx+/ . dr=gfe<t.
le—a1]<€ |\ |z — xq] le—w2|<€ | [|x — o] 2
This proof can be adapted to any analytic function on a compact interval [a, b]
such that the cardinality of f~!({y}) is uniformly bounded. O

¢(n)

Definition 3.13. Let ¢ : N — R be a nondecreasing function such that h_)m — =0. We
n—oo 1

say that z1, ..., x, are p—uniformly distributed in [a,b] if every f € C([a,b]) satisfies

the inequality

1 & Lo o(n)
— i) — dz| < Vi :
22w =g [ < S V()
Clearly, if x4, ..., z, are ¢;—uniformly distributed and vy, ..., y, are ¢o—uniformly

distributed, then xy,...,2,, 91, .., Y, are (¢ + ¢2)—uniformly distributed.

Lemma 3.14. Suppose that f is normal and ¢ and 1 are real functions such that

li_}rn M = li_)m @ = 0. Then for every e > 0 there is N such that for everyn > N,
n o0 n n o0

if 21, ...y are g—uniformy distributed in [a,b] and ji, ..., jypm) € {1,...,n}, we have the

following estimates:

le Z ln|z—f(a:i)|§b_1a</ab1n|z—f(:):)\+6>; (3.10)

Proof. Given € > 0, choose 0 < § < 1 such that (3.9) holds. Given t > 0, define the
In|z|, if x| >t
Int, if x| <t

continuous function g;(z) = { . We then have
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1 L 1 L
= D Wfe—f@) <= > gz fz)])
nooia nooua
GET1 o (n) GEJ1 5o (m)
1 11/’(”)
=2 g (lz= fl@)l) = = > g5 (I = f(z;)])
nuis n =
I ¢(n) ¥(n)
< — — — ———=1Ind
< [ g5 (12 = f@)) do + 0 Var (g5(]2 = S@)) = 5
But
b
z— f(x d;t::/ In|z — f(x)|dx + In ddx
[oste—f@hdr= [ wle— @l [
—/ In|z— f( |da:—/ In|z — f(x)|dx + In ddz
[z—f (=)< |z—f(x)|<6
b €
</1nz— dx—/ In|z — xdarg/lnz— z)ldz + —.
pf@lde = [l f@)de < [l - foldo
so we get
1 n
= > Infe— f(w)|
nos
LA 1o (n)

</ In|z — f(x)|dx —|—2>+¢§1n)\/ar(g(;(|z—f(x)]))—djgj)lné
Sb(/ In|z — f(z)|dz —|—2>+¢§j)p<maxln|z—f(x)|—ln5>—wq(ln)ln&

z€[a,b]

Since lim Mp (max In|z— f(z)] —In 5) ) Iné = 0, it is possible to choose
n—oo n me[a ] n
Np such that n > N = Mp max In|z — f(z)| —Ind —Mlné < c ,
n z€la,b] n 2(b—a)
what allows us to conclude that, for n > Ny,
LS e sl < o ([l s+
_ n — il = ni|z — X gl.
n = y v b—a \Ja
1] 15T (n)
To get (3.11), let ¢ = min |z — f(z;)|. Since In|z| < g.(x) for all x # 0, we

1T T (n)
have
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1 " 1 "
HEED S Y (CSIE N SRR A (PR %))
i=1,...,n =1
B 1 o (n) 1T 52T (n)

== gc(lz = f@)) = = >_ ge (|2 = f(z3)])

i=1 i=1

I ¢(n) ¥(n)
> — — —
> o [ acle = F@)l) de = T Var (g.(|z — F@)) = B max nz — f(@)

I ¢(n) ¥(n)
> _ _ A% - _ _ A - .
> [t = s e = 2% (s - 0] - tue) - 2 g in - o)

max In|z — f(z)| -
Choosing Ny such that n > Ny, —> velot) " (p(n)p +1(n))| < P
we get, for n > Ny
D S NI P /bln\z—f(x)y—g L) e
n = T b—a \Ja n DE
AT 5dup ()
Defining N = max{ Ny, N} the proof is complete at last.
O

Lemma 3.15. Let {x} denote the fractional part of x. For every diophantine o and every
x € R, the points {x},{x + a},....,{z + (n — 1)a} are p—uniformly distributed on [0, 1]
for ¢(n) = Cn'" 'Inn and n > 2, where r € N such that |qov — p| > ¢q™" for some ¢ > 0
and every (p,q) € Z x N.

Proof. Let Pn e the sequence of continued fractions for «. By the Denjoy-Koksma

n
inequality,for every continuous function f, every x € R and every natural n we have

Q’!’L_l

S S {e+iah) —an [ 10)do] < Var(s),

Given a natural k, define a nonnegative integer n(k) by ¢yuy < k < Gn)t1-
j-1

Write k£ = sz% with 0 < bj—IQj—l < ZbZQ’L < gj for 1 < j < n+ 1. Let tj =
i=0 1=0
0, ifj=0
i1 . We have

dobigp if1<j<n+1
i=0
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tjt1—1

3 [ ia)) - o [ 10

( Z ({33+i04})) — bjq; /Olf(e) do

ti+lg;

=0

j—1 [+ (+1)g;—1 1
= Z( > f({37+m})—%‘/0 f(9)d6’)

1=0 i=t;+lg;
bi—1|tj+(l+1)g;—1 1
< > fa+iah)—q; | £(6)de) <bVar(f).
=0 | i=tj+lg
It follows that
k—1 1 n tjiy1—1
3 (aviol) =k [ 100 0| = |5 () = b [ 10)
=0 0 Jj=0 i=t;
n |tj+1—1
<SS Slerial) ~ b [ 160)d8) < 3 bVar(f)
§=0| i=t; =0

i+t . Since « is diophantine, ¢4 < ¢~ q], so b; < qﬂiﬂr,l =
- a (cqj+1)

c qjl._r_l. Since k < ¢ui1 < ¢l = qn > (ck)’” , for b, we have a finer estimate:

By definition, b; <

k - _
b, < —<c™" R Therefore,

Qn
k—1 1 n—1
> f(wriah) =k [ 1) <( RS S’ )Var(f)

< (KT 4ngh ) Var(f).

2Ing,

Since ¢, > 2"V — pn < + 1 for every n, we get

n

k-1 1 1 -1 n -1
S f({z+ia}) —k /O £(0)do] < (/&—T + <2lln 2q" + 1) gl )Var( f)
=0

< (2 + 21nk‘> K Var(f).

In2

—1

4 (2 N 2) .
mz  © 2 \nk  lm2)

Now taking C' =

Z f{z+ia}) — /01 f(0) d@‘ <Ck"" 'In (k) Var(f) = ¢(k)Var(f)

. |]1€§f({x+m}) - [ 10| < A,

as we wanted. O
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3.2 On the behaviour of singular points

We will now return to the discussion at the end of section 3.1. Using the results
presented so far, we will show that the cossines of distinct 6;’s defined in equation (3.7) do
not get too close to each other (Lemma 3.17), and that will allow us to get an exponential
bound on the growth of the ratio of the products in the equation (3.8). Such bound and
Lemma 3.10 will then be used to show that singular point exhibit some kind of "repulsion’
when they are not too close to each other (Lemma 3.19). After this, we will finally be
able to prove Theorem 3.3. Before we follow this path, we will need an estimate involving

diophantine numbers:

Proposition 3.16. If a is diophantine, there are m,r € N such that for every 7 € N

|sin (2mja)| > (3.12)

m- "

Proof. 1f o is diophantine, choose n € N and ¢ > 0 such that for every p € Z and every
1
q € N we have |goe — p| > cq™". Pick p as the integer such that 0 < |ga — p| < 5 We have

two possibilities:

]

3 3
If g — p| < 0 since 0 < |z| < % — |sinz| > - we have

p
a_i
q

| sin (27qa)| = |sin (27 (ga — p))| > 7|ga — p| = 7q =

3 1 3
If 0 < |ga —p| < 3 by the mean value theorem, there is xy such that % <

27|qor — p| < |xo| < 7 and

|sin (2mqa)| = | sinm — sin (27 (g — p))| = | cos xo| |m — 27 (g — p)| .

Now, zg lies in an interval in which |cos x| increases as |z| increases, so | coszg| >

3
COS ;‘ Furthermore, by hypothesis,

CTt
ann'

|T — 2mqa + 27p| = 7w |2ga — 2p — 1] >

Bringing these inequalities together, we get

3r| emw
COS — .
5 2nqn

| sin (2mqa)| >
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—1 2n
— > — and define
cm cm

3T

Finally, if we choose a natural m such that m > |cos 3

r = n, we conclude that |sin (27ja)| > for every j € N.

4

]

Lemma 3.17. Let « be diophantine and 0 be non-resonant. There are ks = ks(mq, 0, «)
and ¢ > 0 such that

lcos (276;) — cos (276;)] > m exp (—(k +2d)7") (3.13)
forallk >k and 0 < j <<k
Proof. Define i; € Z by
Z.,_{ gy if0<j <[ -1
olird- 1B <<k

so that 0; =0+ (ny + i;) a.

We then get

|cos (2m6;) — cos (276;)| = 2

. Qj—i—ﬁl . Qj—Gl
sm<27r 2 >81n<27r 5 >|

sin <27r <9 ot 2 ;r i a)) sin (%(ij - m;‘)’ .

=2

If « is diophantine, so is /2 with same parameter r, so there exists ¢ > 0 such
that

sin(ZW(i-—i)a)‘> c > ¢ >__ ¢
PR Al T (kv d - [EE]) T @R

Since # is non-resonant, so is 6 + njq, so there is k3(mq, «r, 0) such that for & > ks

sin <27T <9 +ma+ 2 ; ! a))‘ > exp (— (4 + z’z)(mﬂ)
k+1 (2r)1t )
> exp —<2k—1+2d—2{2 J) > exp (_ (l{+2d)(2T) )

Putting these two inequalities together, we complete the proof.
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Lemma 3.18. If a is diophantine, 0 is non-resonant and d < k™ for some 7 < 2, then
for every € > 0 there exists ky = ky(e, v, 7,0, mq) such that for every k > k4 and every

z € [—1,1] we have

I[ =z — cos(2n6,)

1=0,....k
sl < ek, (3.14)
I cos(2m8;) — cos (276;)
1=0,....k

Proof. Let ¢(n) = 2Cn"~" " Inn. By lemma 3.15, the points 6y, . . ., 0) are ¢—uniformly
distributed on [0, 1]. Applying lemma 3.14 with f(x) = cos (27x), ¥(n) = 1 and using that
for all z € [—1,1]

/01 In |z — cos (27x)|dr = — In 2,

we get

Li=| [ z—cos(2n0)|=exp| > In|z— cos(2n8,)]

< exp <(k +1) </01 In |z — cos (27x)|dx + ;)) = exp <(/<: +1) (— In2 + Z>>,

and that

L=| J] cos(2m6;) —cos(2m6;)| =exp | > In|cos(27wb;) — cos (2m0,)]

> exp ((k; +1) (— In2 — g) +2¢(k + 1) (—(k +2d)®)"" 4 1n (M)))

Let x(n) = ¢(n) (—(n +2d)®) 7 4 1n (W)) Since r > 1 and d < k" for

some 7 < 2, we have li_>m M = 0. Then for sufficiently large k
n o0 n

I, > exp ((k‘+1) (—an— ;))

This allows us to conclude

ﬁ < 6(k-l—l)s/Q < eks

Iy
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Lemma 3.19. Assume « is diophantine and 6 is non-resonant. Then for every my € 7,
e >0 and T < 2, there is ks(E,«,0,my,e,7) such that if k € K, k > ks, if my,my are
both (v(E) — €,k) singular and d = |my — mq| > L, then d > k.

1
Proof. Since k € K, we can pick 6y such that |Pg(6y)| > QekV(E). Setting zy = cosfy and

using equation (3.8), we get

1 k 1=0,....k

ky I#j

—e" < |Py(z0)] < <

2 Pelzo)l < < Z:: H cos (270;) — cos (276;) |
1=0,....k

Suppose, for the sake of contradiction, that d < k7 for some 7 < 2. By lemmas 3.10
and 3.18, if we take k = max{8ks(E, a,/6) + 6, ks(¢/16, , 7,0, m1)} we get

;ekv < |Pk(20) < < Z )—e/12) k5/16 (k‘ + 1)6k7(E)e—k5/48.
]:
But (k + 1)efEle=ke/48 5 0 50 there is K € N such that & > K = (k+
1)ehrBle=ke/16 < 1 So with ks = max{8ks(E, o, £/6) + 6, ka(e/16, r, 7,6, m1), K} we get

a contradiction, which proves the lemma. O]

Using a result by Sch'nol, we can now finally prove the main result of this chapter.

Theorem 3.20 (Sch’nol). Let 6 > % We say E € R is a d-generalized eigenvalue of Hy o0
if there is a non zero generalized solution of Hy ,ou = Eu such that |u(n)| < B(1 + |n|)°
for every n € Z and some B > 0. Let As be the set of 0-generalized eigenvalues of H) 49

and v a spectral measure for Hy o 9. Then

1. A5 C U(H/\@,g),'

2. H(O-(HA,@,G) \ Ag) = 0,’

Proof of Theorem3.3. Let A > 1, a diophantine and # non-resonant and let £ € R be
such that H, ,ou = Fu has a non-trivial solution with |u(n)| < B(1 + |n|) for all n € Z
and some B > 0. We will call such u a generalized engeinfunction. By Theorem 3.20, if
we prove that the generalized eigenfunctions of the H) , ¢ are indeed eigenfunctions, that
is, they do belong to ¢?, we get that a dense subset of the spectrum is made solely of
eigenvalues. Therefore, the supercritical almost Mathieu operator has only pure point

spectrum for diophantine frequencies and non-resonant phases.
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Let E be a 1—generalized eigenvalue and u the correspondent generalized eigen-
function. Then pick ny € Z such that ng > 0 and u(ng) # 0 (we can take ng to be
0 or 1 since a non zero solution cannot have two consecutive zero). Let |n — ng| >
max{k;(E,v(E)/2,0,n0), ks(E, a,0,n0,7(E)/2,3/2)} + 1. Then for k > |n —ng| — 1, we
have that ng is (y(E)/2, k)—singular.

k+1
Choose k € {|n—ng|—1, |n—ngl, [n—ne|+1}NK # @. Since |[n—ng| > k—1 > ;

and |n — no| < k+1 < k%2, we have that n is (y(E)/2, k)—regular. Thus we can choose
an interval [ny, no] such that n € [ny,no], [n—n;| > £ and |Gy, ny) (0, 1)| < eV ENnmmil/2,
This leads us to

[w(n)] <Gy oy (0 )l [ulnn = D] 4 |Gy o) (17, 12)[[u(n22 +1))
<B (|n1 — Qe Bn=mal/2 4, 4 1|6—’Y(E)\”—”2|/2> < B(|ng — 1] + |ng + 1]) e/ EIR/30

< B(Jny —n| + |n — 1|+ |ny — n| + |n + 1]) e 7B In=nol=1)/80

< B (3% +20n| + 2> o~/ (B)(In—no|~1)/80
=7\ 20

< B (39(|n —ngl +1) +2/n| + 2) o~/ (E)(In—no|~1)/80
- 20

Since for A > 1 we have y(F) > 0, the inequality we got gives us u € ¢* and the

proof is complete. O

3.3 Absence of point spectrum for special frequencies and phases

The lemma 3.17, which was essential to prove theorem 3.3, strongly used the
arithmetical properties of diophantine frequencies and non-resonant phases. It is natural
to wonder whether we could somehow relax these conditions and still get only pure point
spectrum, or even if we could get this result for every frequency and every phase. Although
we do not try to answer the former, here we will show that the answer to the latter is
negative: For suitable frequencies and phases there can never be point spectrum, and even
though these sets have measure zero by theorem 3.3, they are topologically "big": they

form a dense Gj.

3.3.1 Strongly liouvillian frequencies

In this subsection we show that for a dense G set of frequencies the almost Mathieu

operator cannot have point spectrum.
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Definition 3.21. We will say that an irrational o is strongly liouvillian if for cvery

n € N there exists p,q € Z with ¢ > 0 such that

< —. (3.15)

We will denote this set by L.

Proposition 3.22. L, is dense G.

Proof. For each n € N let U,, = U U (p S + q). Clearly each U, is a dense
n

g=1p=—00 q nt’ q
open set. Let {r,} be an enumeration of Q and V,, = U,, \ {r,,}, so that V, is still a dense

open set. By the definition of strongly liouvillian, L, = ﬂ V.., so it is a dense Gj. m

n=1
Lemma 3.23. Assume that V' : Z — R satisfies V(n+m) = V(n) for some m > 0 and for
every ne[-m,m—1]. If E € R and u is a solution for u(n +1)+u(n — 1)+ V(n)u(n) =

we have
(™ 1 12305 )|
u(m—1) | (2m —1) u(—=1) /|
(3.16)

Y

{H( ")

Proof. Let A and T be, respectively, the step matrix and the transfer matrix for the
eigenvalue equation u(n + 1) +u(n — 1)+ V(n)u(n) = Eu(n). By assumption, V(n+m) =
V(n) for n € [-m,m — 1], so A(n+ m) = A(n) for n € [-m, m — 1]. This gives us

T(2m) = A(2m — 1)+ A(m)A(m — 1) --- A(0) = (A(m — 1) --- A(0))2 = T(m)>.

T(m)T(—m)~ = A(m — 1) - A(0)A(=1) - A(m — 1) = (A(m — 1) --- A(0))2 = T(m)*.

But T'(m) € SLy(R), so T'(m)? = Tr(T(m))T(m) — I.
If |'Te(T(m))| < 1, then
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u(2m) B u(0) \ 5 [ u(0)
( u(2m — 1) ) =Tem) ( u(—1) ) =T(m) ( u(—1) )

u(2m)
u(2m — 1)

~1(5)
u(—1)
u(m) u(2m)

SH(W—D )H+H<u<2m—n )H

In the case |Tr(T(m))| > 1, we use

— T(T(m) u“(_oi))—( s )+( ulm) )

ol el s )

u(—m)
_ 1)

()]
u(—1)

O

So at least one of the three following inequalities must hold:

[
2 ety ety Gty | ety

We now state a result of Gordon that was originaly made for the continuous case,

1
=2

but adapted to the discrete case by Avron and Simon [8, 32

Lemma 3.24. Assume V : Z — R is bounded and that there is a sequence (qi) of positive

integers such that hm qr = oo and for every C' > 0

lim max [V(n)—V(n+xg)C%=0.

k—o00 0<n<q,—1
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Then for every E € R the equation u(n + 1) + u(n — 1) + V(n)u(n) = Eu(n) has

no square-summable solution.

Proof. Consider a solution u for u(n + 1) + u(n — 1) + V(n)u(n) = Eu(n) and a solution
uy, for the equation ug(n + 1) + ug(n — 1) + Vi(n)u(n) = Eug(n) with ug(—1) = u(—1)
and u,(0) = u(0), where Vj is the gy—periodic function such that Vi(n) = V(n) for
n € [0, q — 1].

Let T'(n) be as in the proof of the previous lemma and T} (n) the transfer matrix
associated with Vj, same for A(n) and Ag(n). We then have

)
u(n —1) ug(n —1)

Let C' = /(|E] + |V [l)? + 2. Then

max
—qr<n<2¢qx—1

< wammo-non () )

max || T(n) — Ti(n)|| < 2¢, — 1)C**2  max |V(n) — Vi(n)|

—qr<n<2qr—1 —q<n<2gr—1

But max |V(n)—Vi(n)| = Jmax |V(niqk)—V(n)], since V}, is ¢p—periodic

—qr<n<2qi—1
and coincides with V' for n € [0, ¢ — 1]. So We have

(oo )~ (o)
u(n —1) ugr(n —1)
< Jim (2 — O™ 2 max V(n£q) — V()

0<n<
= lim 20c — 1 (2C)**~2 max |[V(n+q)—V(n)| =0

k—oo 22qk—2 0<n<qr—1

0 < lim max
k—o00 —qr<n<2qr—1

By lemma 3.23,

e JF It L =21 )

So uy does not decay and therefore neither does u, which rules out the possibility of u

being square-summable.

Theorem 3.25. If o € Ly, then Hy o9 has no point spectrum.

Prn
o — —

an

Proof. Let p,/q, be the continued fraction approximants of «, so that

for any # € R and any C' > 0 we have
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max 12X cos (27(0 + ma) — 2X cos (27(0 + (m + ¢,)a)|C"

0<m<gn—
= max 4A|sin(7(20 + (2m £ g,,))) sin (Frg,a)|C™ < Aw)||g, || C".

OSmSQn_l

So, by construction

0< lim max |2 cos (2 (6 + ma) — 2\ cos (27 (0 + (m £ g,)a)|C"

= n500 0<m<gn—
dn

< lim 47A[pp — gua|C* < lim 4mA = 0.

n—00 ndn—1

Thus, for strongly liouvillian «, the potential of the almost Mathieu opereator

satisfies the assumptions of lemma 3.24, and therefore cannot have point spectrum.

3.3.2 Strongly resonant phases

In this subsection, we show that for a fixed frequency, there is a dense G set of

frequencies for which the almost Mathieu operator cannot have point spectrum.

Definition 3.26. Fiz an irrational o and A > 0. Then for B = 4In (34 4\) and n € N
let

o, = {9 eR ‘ |sin (27 (6 + na))| < e_Bn}. (3.17)

We then define the set of strongly resonant phases by

® = limsup®, = ﬂ U P,

n=1k=n

Proposition 3.27. ® is a dense Gj.

Proof. By continuity of 6 — |sin (27 (6 + na))|, we have that each ®,, is open. Thus, so is
each | J ®y. Also, for each n, it is clear that U, = {m — na | m € Z} C ®,. But we know

k=n
that the set | J Uy = {m — ka | m € Z and k > n} is dense for each n, so each | J @y is
k=n k=n
a dense open set. Hence, ® is a dense G. O]

Theorem 3.28. For 0 € ®, the almost Mathieu operator H) o9 has no point spectrum
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Proof. First of all, let V(n) = 2X cos 27 (6 + na), then

[V (2m —n) —V(n)| = 4\|sin 2w (m — n)asin (6 + ma)| < 4| sin (0 + ma)|

Since § € ®, we can pick an increasing sequence (my) such that [V (2my —n) — V(n)| <

4 e B for every k.

Suppose H) ,pu = Eu has a non zero solution which is square-summable, we can
then choose such eigenfunction satisfying ||u|| = 1. Furthermore, since E is in the spectrum,
|E| <2+ 2\ Let ug(n) = u(2my, — n) and the Wu,v](n) = u(n + )v(n) — u(n)v(n + 1).
We have

(W, ug](n) = Wiu, ug](n —1)]

= |u(n 4+ Dug(n) — u(n)ug(n + 1) — u(n)ug(n — 1) + u(n — 1)ug(n)|
= lug(n)(u(n +1) +u(n — 1)) — u(n)(ur(n + 1) + uk(n — 1))|
= |lug(n)u()||V (n) — V(2mg — n)| < 4xe P, (3.18)

Since u and wy, are in /2, so does W [u, u;| and, by Cauchy-Bunyakovsky-Schwarz
inequality, ||V [u, ug]|| < 2 since both u and u; have unit norm. So for some j such that
] < eP™#/2 we must have |[W[u, ui](5)| < e B™/2. But by (3.18), using triangle inequality

we get that for |n| < eBm/2

W[, w)(n)] < 26772 . Are—BmE 4 =Bz _ (8} 4+ 1)e—Bm/2
In particular, this holds for n = my, since m;, < e?™/2 for k large enough.

Now define uif = u=uy,. Clearly, W[, ] is bilinear and anticommutative. This gives
us Wi, , uit] = Wiu, u] — Wiug, u] + Wiw, ug] — Wiug, up] = 2W u, ug]. Since uj, (my) = 0,

we get

() (g + )] = [W [, w1 ()] < 2(8X + 1) /2

So either | (mg)| < /28X + 1)eBm/4 or |ug (my + 1)] < /2(8) + 1)e=Bma/4
uf(n+1)
ui; (n)

2(8\ + 1)e~Bm/4 holds, then || W) (my)| = \/|u,‘§(mk)|2 + |ujf (my, + 1)[2. But

Now define Ui¥(n) = ( ) Consider the case where |u} (my)| <
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0=u(mg+1)+u(lmg—1)+ (V(mg) — E)u(mg)
=u(mg+ 1) +ulmy — (mp+ 1)) + ;(V(mk) — E)(u(mg + 1) + u(2my, — my,))

= i (e 1)+ 5V () = EJu ().

o [ ()| = st (me)l /L (V(me) — BV2/A < (J2(8A 1 DjeBmelt /T4 (11 202, I
|y, (Mg +1)| < /28X + 1)e B/ then ||U (my)|| = |ug, (my+1)] < y/2(8\ + 1)e=Bmw/4,

since u (mg) = 0. Either way, for at least one sign, there is C' > 0 such that

W5 ()| < Cem e/t

Let U(n) = ( u(n +)1) ) and Vi (n) = ( ux(n +)1) ), so U (n) = U(n) £ Up(n).

u(n ug(n

Also let

and

7@ _ [ 0 ! 0 !
ol 21 E—vEme — (m,— 1)) —1 E—V(2my)

So Tk(l)\ll(mk) = ¥(0) and T,f)\llk(mk) = U, (0). By the same reasoning used in the

demonstration of lemma 3.24, we have that
mp—1
' 0 0
max
nez 0 V(2my —n)—V(n)

ITO-12) < m, (max ( o )
-1 E—-V(n)
( 0 ! )H:\/2+(E—V(n))2§\/16)\2+16)\+6

nez

and |V (2my —n) — V(n)| < 4xe B, So [TV — TP|| < myeBm—/4 . gre=Bmn <

I mye 3Bma/4,

But for £ in the spectrum, |E| < 2\, so
-1 E—-V(n)

< VI6X2 + 24X + 9 = 4\ + 3 = eB/4,

Finally,

E0) = TV (my) + T (my) = TVWE(my) + (T — 1)Uy (my,).

So
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1 2 1
1wE )| < | 7w (m) | + || (T2 = 1Y) Wil |
< (VI6AZ + 16X + 6)™ Ce B/t 4 4xmye 380/ W (my,) ||
Taking k — oo we get
IO < 12w 0)I] + [T (0)]] = [ (2my, — DI + 15 (0)]] — 0
so |¥(0)]] =0 = u(l) =u(0) =0 = u =0, which is a contradiction. O
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4 Critical case

We have given, up to measure zero sets of frequency and phase, a classification of
the spectrum of Hy , ¢ for A > 1 (and, by duality results, of A < 1). We will now focus on

the critical case, that is, when A = 1.

In the first section of this chapter, following Last in [30], we will use two results of
[10] to derive the measure of the spectrum for a full measure set of irrational frequencies.
In particular, using Theorem 2.10, we will conclude that for almost every « and almost

every 0 the operator H; , ¢ has purely singular continuous spectrum.

In the second section we will use Avila’s work in [3] to show that H; ¢ can never
have eigenvalues, except maybe for countably many 6. That property, alongside with the
zero measure of its spectrum, gives us a stronger result than the one obtained in the

previous section.

4.1 The measure of the spectrum

In this section, in order to study the measure of o(Hy 4,), we will use the periodic
approximants of the operator, that is, we will choose a rational approximant p/q for a.
Since in this case the spectrum is not independent of 8, we define for each A > 0 and o € R

the sets Sy (A, &) = | 0(Hxap) and S_(X\, ) = (] 0(Hxa0). For irrational o, both sets
0€T 9eT
coincide with o(H) 4¢). The main result of this section will be

Theorem 4.1. Let a be an irrational such that there is a sequence of rationals Pn for
n

which

Pn

dn

lim ¢’ = 0.

n—o0

o —

Then v(o(Hxap)) = 4|1 — Al

The set of such « is easily seen to be a dense Gs. Furthermore, the theory of con-
tinued fractions (see [28]) tells us that such irrationals are precisely those with unbounded
elements in its continued fraction representation, so it is a set of full measure. Therefore
the complement of the set of such a’s is negligible both in a topological sense and in a

measure-theoretic sense.

We will now present some Floquet Theory’s results that we will use to study the
periodic approximants H)y ;9. Afterwards, there will be the statement of two important
theorems about the sets S, and S_. Throughout the text, when we talk about a rational

p/q, we will always assume that p and ¢ are coprime integers and g > 0.
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Fixed A > 0 and a rational p/q, define the function
D/\7p/q79(E) = Tl"(Al(E, G)AQ(E, 9) e Aq(E, 9)),

E —2\cos(m(0 +np/q)) —1 )

where A, (F,0) = ( . 0

Proposition 4.2. D, ,/,¢(E) is a monic polynomial of order q in E with the properties:

1. Dypj0(E) has q real distinct zeros;
2. Dxpg0(E) > 2 at its mazima points and D) ,/q0(E) < =2 at its minima points;

3. D;Zl)/qﬁ([—Z, 2]) = 0(Hxpqp): 50 0(Hxp/q0) is the union of q bands (closed intervals)

with pairwise disjoint interiors and Dy ;49 15 strictly monotone in each band.

For a proof, see, e.g., chapter 7 of [33].

Using the ciclicity of the trace and that Dy ,/4¢(F) is a polynomial of order ¢ in

e’ and e it is easy to show that (see [11]):

D/\’p/qﬁ(E) = DA,p/q,l/q(E) + 2\ cos (2mqh). (4.1)

Let fap/q(E) = Dxp/q1/q(E). Then by equation 4.1 and property 3 of Dy ,/q0(E),
we obtain that S, (\,p/q) = f/\’;/q([—Q — 2X\2 2 + 2)\7]) for every \; that S_(\,p/q) =
f;;/q([—Q + 2X\7,2 — 2)7)) for A < 1; and that S_(\,p/q) = @ for A > 1. We also have
that fp/q(E) > 24 2A\? at its maxima points and f),/,(E) < —2 — 2\? at its minima
points, so S; (A, p/q) is made of ¢ bands with pairwise disjoint interiors and fy /4 is strictly

monotone in each band.

Since fy,/q is a polynomial in E, S, (X, p/q) is always compact, so the set G(\, «)
defined by G(\, a) = [min Sy (A, p/q), max S+ (A, p/q)] \ S+(A, p/q) is a bounded open set
and can therefore be written as the union of countably many disjoint open intervals. We

call each of these intervals a gap S, (\,p/q).

Now we have the basic facts about the periodic almost Mathieu operators, we will
enunciate the two aforementioned theorems about the sets S; and S_. For the proof of
Theorem 4.3, see [10].

Theorem 4.3. For 0 < \ <1 we have

v(S_(\a)) =4(1—N) (4.2)
A41= ) <v(Si(Na)) 41— N) + 47172 (4.3)
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Theorem 4.4. For every A > 0, there is § > 0 such that if E € S. (A, a) and |a — /| < 6,
then there is E' € S, (A, ) such that |E — E'| < 164/\|a — /|

Proof. The idea of the proof is to use approximate eigenfunctions for Hy .y — E and
multiply them by a test function to construct a new vector in £2 and show that this new
vector is not "too far' from being an approximate eigenfunction of H) o ¢ — E for suitable
¢'. Therefore, we will come to the conclusion that there is E' in the spectrum of H) . ¢

that is not "too far" from E.

For E € Sy(\,a) and € > 0, choose u. € ¢? such that ||(Hyae — E)u.| < lluc.

11—l if -4 < L
Now for j € Z and L > 0 we define the ¢? function nj,L(n):{ OL ’ 'lf ||n j']|_L
: if |n —j| > L.
Using [ = | L], note that
S In—dlY s A} l A%
Zm,L(n)Q:'Z (1— 7 ) :‘Z (1—L> :1+22: (1—L)
JEZ Jj=n—l j=—l n=-—1
! 2
J 4 1(l+1) 2 I(I+1)2041)
1-2 =1420——- .
;( L+L2> AT T T 6
| UBL? —GLI+21* —GL + 31 + 1)

3L2

l
So Mp(n) = > n;1(n)* is independent of n. Moreover, since Llim — =1, we have
jez oo

D njn(Hyap — B)uc|? = ZZ%L “[(Hxap — E)uc(n)?

= ZZ ([(Hx,a,o — E)ue)(n)? %m,L(n)Q) = ZZML[(HA,a,e — E)ue)(n)?

= M |[(Hxao — E)uel* < Mpe|uc||”.

We also have, since M, is independent of n,

My ||uc|?* = (Z nj,L(n)2> (Z ) o> mn(n)uc(n)® =3 [l rue|?

JEZ nez JEZNEL JEZ

= > InjL(Hyao — E)uc||* <27 |Injpuel”. (4.4)
jez jez

Let’s now look at the expression [(H1 0 — E)(njru:)](n). We have
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[(Hia0 — E)(nj,Lue)](n)
=n;L(n+ Du(n+1)+n;r(n—u.(n — 1) + (2cos 2m(na + 6) — E)n; p(n)u:(n)
=nj0(n) (us(n+1) +u.(n — 1) + (2cos 2m(na + 0) — E)u.(n))
+ (je(n+1) = n;(n))uc(n+ 1) + (nj(n — 1) —n;L(n))u(n — 1)
=105, (N)[(Hxa0 — E)ucl(n) + (nj(n +1) = nj0(n))us(n + 1)
+ (Mjp(n = 1) = ni(n))us(n —1).

Now, let’s look at the three possible cases for the value of 7, (n + 1) — n; 1(n). If
J—1<n<j+1, then

In+1—j| In —jl n+1—j]—|n—j| 1
77j,L(n+1)—77j,L(n):<1—L — 1= 7 = i :if'

Ifn=j+lorn=j—1—1,thenn; (n+1) or n;(n) is equal to zero, respectively,
S0

l L—1
n,L(n+1) =n;(n) = i<1—L>:iL.

Finally, if n > j+ 1l or n < j — [ — 1, both integers have image zero, whence
nj.(n+ 1) —n;(n) = 0. An analogous analysis can be made for n;(n — 1) — n; (n).
Note that in the two first cases we have |n; ,(n+1) —n;.(n)] < —

Define the operator Tj ; by
[Tiul(n) = (nj(n+1) = njc(n))u(n + 1) + (n;.(n — 1) = njc(n))u(n —1).

We now compute

SN Tjcul? =30 3" |(me(n +1) =y (n))ue(n +1) + (mjp(n — 1) = njp(n)us(n — 1)

JEZ JEZ NEL

<23 3 |(mictn+1) = mem)ue(n+ DI +230 3 [z (n — 1) =0z (n)ue(n — 1)

JEZLNEL JEZNEL
J+l JHI+1
<2Z Z L2|u€n+1|2+22 Z L2|u5 —1)?
J€Zn=j—-1-1 JEZ n=j—1
JHI+1 ) n-+l 1 )
=2 Z |uan+1| +2> Y ﬁ|u5(n—1)|
nEZj n— l neZ n=n—Il—1
8(1 +
nt P+ fusn - D = D e (45

neL
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Since (Hy a9 — E)njr = nj0(Hxao — E) + Tj1, using (4.4), (4.5) and |lu 4+ v||* <
2[Jul* + 2[|v]|* we get

N Hrao = Eynjruell® <23 Imjr(Haao — Byue|® + 23 1T pue|”

jeZ =/ JEZ
16(1+ 1) 16(1+ 1)
<222 5 el + Ol = 222 S e P+ S S gl
JEZ JEZL JEZ
16(1+1 16(1+1
Since lim (I+1) = 24 there is Ly such that g < 25172 whenever

L—o0 My, LZM;
L > Lg. For such L's we have

> (Hyap = E)njpucl® < (26% +25L77) 3 |Inj,ue||*.

JEZ. JEZ

So for at least one k& € Z

[(Hya0 = Eyiruel|* < (26% + 25077) || pue|?

= [[(H1a0 = E)iuctiell < llnecuelly/ (262 +25072) < (V2 + 5071 g pe |

Now choose ¢’ such that ka+ 60 = ka/ + 0. If |n — k| < L, then

2| cos (27 (na + 0)) — cos (27 (na’ + 6))|

= 4)\|sin (r(n(a+ ') + 0+ 0")) sin (7(n(a — ') + 6 — 0"))|
<A4A|sin (m(n(a —a')+ 60 —0")| = 4\|sin (7(n — k)(a — o))
<A4Aw|n — klla — /| <4 rL|a — ).

We then get

H(H,\,a/,ef - E)W,LUEH < H(H/\,o/,@’ - HA,a,O)nk,Lus” + H(HA,a,e - E)ﬁk,LUaH

< (4\tL|a— /| +evV2 + 5L 7Y |ne rue|-

_ 5 . / 5
NOW let (5 = ()\WL(Q)) 1 < m, SO that lf |O{ — Ofll < 5 then m > LO.
)
So, for | — o/| < 4, we can choose L = ;/—————— and finally get
A | — o/ |
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|(Hxa o0 — E)ni puc|| < (5\/5—1— 4y/BAT|a — o]).

Since 4v/5m < 16 and ¢ is arbitrary, if | — o/| < § = (ArL3)™! then there is
E' € 0(Hy ) such that, |E — E'| < 161/A|a — /| and the proof is complete.

]

Corollary 4.4.1. For every A\ > 0, there is § > 0 such that if |a —o'| < § then the inequali-
ties |max Sy (A, @) — max Sy (A, )| < 164/A|a — /| and |min S; (A, o) — min S; (), o/)| <

164/ Ao — | hold.

Proof. Let M = max S, (A, «). So by Theorem 4.4 S, (), ') can only have elements E’
not greater then M + 164/\|a — /| (otherwise there would be E € S, (A, ) such that
E > M), so we get max S; (A, o) < M + 161/2X|a — o/|. Again by Theorem 4.4, we know

that there is M’ € S, (), ') such that M — 164/ Aa —o/| < M' < M + 164/Ma — /|,

so max S4 (A, ') > M — 164/A|a — /|. Thus we have |max S, (\, @) — max S, (\, )| <

164/ Ao — o/|.

The proof for the minimum is entirely analogous. ]

Corollary 4.4.2. For every For every X\ > 0, there is § > 0 such that if | — /| < 0, then
for every gap g of S+ (X, a) with v(g) > 32/ Ao — &'| and midpoint E,, there is a gap ¢
in Sy (A, ') such that E, € ¢ and v(¢') > v(g) — 32¢/2\a — o/|.

Proof. Since |E, — E| > 164/A|a — o/| for every E € Sy (N, ), E; ¢ Si (N, ). We also
know, by the definition of the gaps, that £,—v(g)/2 € S+(\, a) and E;+v(g)/2 € S+(\, o).
So there are elements E', E" of S, (), ') that satisfy the inequalities |E'— (E, —v(g)/2)| <
16,/Aa — /| and |E" — (E,+v(g)/2)| < 16\/A|a — /|, so E' < E, < E". Therefore, E, €
G(\, o). Then there is a gap ¢’ of Sy (A, /) such that E, € ¢’ C (E',E"). Now ¢ is of the
form (a,b), with a,b € S (A, &’). By Theorem 4.4, we have a < E,—v(g)/2+ 164/ Ao — o/|

and b > E, 4+ v(g)/2 — 164/ A|a — o/|, whence v(g') > v(g) — 32y/2\|a — o/|. O
Now we will proceed to gather the results that will allow us to prove Theorem4.1.

Lemma 4.5. For a rational p/q, let Er, ..., Ey be the zeros of fi,/4(E). We have

1 1 1

E T~ 4 (1.6

Proof. Let A < 1 and let [ay,by], ..., [ag, by] be the ¢ bands of f/\’,;/q([—Q—I—Q)\q, 2—2)1]). We
have |f(bj) — f(a;)| = 4 —4A? for each j. By the Mean Value Theorem there is EY € [ay, b;]
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such that 4 —4XT = |f}  (E7)[(b; — a;), so 4(1 — A) = v(S-(A,p/q)) Zb —a; =

4 — 4\

‘f)\p/q<E*>’ ‘
1. Therefore,

T IM=

Since fi,/q(E) is also a polynomial in A, we have that £} — E; when

1—-A 1

1
== = lim =lim —— = —.
Z (Bl A= Z |pr/q(E*)| 1M g

m
Proposition 4.6. Given a rational p/q, we have
2(v5+1 8e
<q’ <v(S:(Lpfa) < (4.7)

Proof. For simplicity, throughout this proof we will write f(£) and S instead of fi,/,(F)
and S, (1,p/q). Let Ey, ..., E, be the zeros of f ordered increasingly and [ay, b1, . .., [aq, b,]
be the ¢ bands of S| = f~([—4,4]) ordered in a way that a; < E; < b; for each j.

We will first prove the upper bound. We will use an argument for the bands when

2 < j < ¢ -1 and another for when j € {1, ¢}.

Suppose f is increasing in [as, bo] (if it is decreasing, the calculations are completely

analogous) and let £y < ay and Ey > bz be the closest minimum and maximum ponits
q

of f, respectively. Now let g(F) = —ln|f( )|. Since f(E) = [[(E — E;), we have
j=1

. That gives us

q 1 1
LGy E-GP

Since Fi are extrema points of f, we have g(E5) = 0, so for E € (s, Ey) we have

E) = g(E) - g(E} ormas [T L g ! !
= —_ = — t t t: - .
9(E) = 9(E) = g(Ey) /E g(t) >/E (t— B2~ E—FE, FEj— B,

And for E € (Esy,by) we have, since f(be) =4

= (f(0) () = [ o> [T

E t—EQ E;_EQ
bg EQ b2_E bQ_EQ
=1 — 1 — 1.
n(E E2> Bf — B, n(E—E2>
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41 bh—FE E—E, E—E,

FE) e E—B TR ) TR - ()
4e

fI(Ey)

Similarly, for £ € (Ey , E2) we have

Letting E \, Fy we get by — Fy <

2

oE) = 9(B) = a(By) = [ g0t < = [ ot = e~

And for E € (ag, Ey) we have, since f(ag) = —4,

L= nlfa) ~ | fE) = — [ o> [ o
n =1In|f(az)| —In =— —
|f(E) 2 a ws By —Fy  t— By
E—(Ig |E EQ’ E—(Ig EQ—E EQ—E
=—— —1In :—_—ln< >>—1—ln< )
E2 — E2 |CL2 E2| E2 — E2 EQ — Q9 EQ — Q9
So, since f(E) < 0 in this interval,
4 1 E2 — Q9 E2 -k E— E2
> — - — By —ay<de——— =de—————.
~f(B) " e E-E B T E) - ()
Letting £ E t E < _d b < B Be here th
ettin we ge —a ———,80 by —ay < = , where the
i R R ]
equality holds for f is increasing in [ag, by]. Clearly, the same analysis can be made for
8
each band with 2 < j < ¢ — 1, so for such j’s, b; —a; < |f/(6 B

Let’s now consider the band [ai, b;]. Since we assumed f increases in [ag, by|, we
must assume f decreases in [aq,b;]. Clearly E; is the minimum of f closest to b; and

on the interval (Ej,b;) we can perform the same calculations as for the internal bands

and obtain by — B, < Now, since [aq, b1] is the left external band, there is no

4e
|f'(E)]
extremum left of a;, but we can use that f/'(E) is negative and increasing in (—oo, b;]. By
mean value theorem, we know that thre are E* € (ay, Ey) and E** € (Ey,by) such that
4=[f(E) — flar)| = [f'(E")|(E — a1) and 4 = | f(b1) — f(E1)| = |f/(E™)[(br — EY), but

since in this interval f'(F) is negative and increasing, we have |f'(E**)| > f'(E*), so we

get By —ay < by — E; < |f’(2)|. A similar analysis can be carried for [a,, b,], so that for
1
8e
every 1 < j < ¢ we have b; — |f’( 3 Thus, by Lemma 4.5
d 8e
v(Sy) = —a; < = —.
OIS SRR

The upper bound is then proved. We have ta01tly assumed that ¢ > 2 in considering

that [ag, b2 is an internal band. Nevertheless, as said in the case ¢ = 2 we use for the
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second band the same reasoning as for [a1, b1] and get the inequality, so there is no loss of

generality in the proof.
Let’s now show the lower bound.

Since f'(E) is a polynomial with ¢ — 1 simpe real zeros, |f'(F)| attains a single
maximum between two consecutive zeros of f’ and it is decreasing below its smallest
zero and increasing above its greatest. Therefore, | f’|, when restricted to [a;, b;], has only
one local maximum. If we divide each band into [a;, E;] and [Ej, b;], then |f’| must be
monotone in the component that does not contain the maximum point of | f’| in the band,

say E’j. Besides, since f’ does not change sign in each band, we have

J

[ 1rwla=[” f’(t)d| _HE) — fa)] = 4,

and
b b
[ = | [ o =10 - 18] =4
So either Ej — ay > |f/(4E’J)| (lf ENJ‘ > EJ) or bj — Ej > |f’(2])| (lf Ej < E])

Now, as we did for the upper bound, we will divide the analysis between the internal
bands and the external bands, using [as, bo] and [aq, b1] as the example of each, respectively.
We will also continue to assume that f is increasing in [asg, bs], since the decreasing case is

entirely analogous.

4 d
Let |; = If by — Ey > [y, define h,(FE —1 E)+4). Let cq, ...
e Pyt Bzl efine h,(E) = iE n(f(E)+4). Let c1,....¢q
q q
be such that ¢; = [a;,b;] N f~1({—4}). So f(E H —¢;) and hg( Z -
j=1 j=1" J

which gives us

) == o <~ )

Therefore, if E € (ag, bs),

h(E) = () — (B = = [ hwar> [

B (t—ay)?
1 1 1 1

— > .
E—CLg E;_CLQ E—(Ig bg—ag

"(E "(E 1 1 by — E
f( 2>: f( 2) :ha(E2)> . _ 2 2 ’
4 f(EQ) + 4 EQ — a3 b2 — as (E2 — (lg)(bQ — CLQ)
which implies, using by — Fy >[5 > 0,

Sol;t =

(By — ag)(by — ag) — la(by — Ey) >0 = (Ey — az)?* + (FEy — ag)(by — Es) — la(by — Ey) > 0
= (By—ap)* + ((By —az) — ) (by — Ey) >0 = (Ey —ag)® + la(Ey — ap) — 15 > 0.
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Vh—1

Since By — ag > 0, we get Ey —ay > ls.

In the case Ey — ay > Iy, define hy(E) = jE(ln|f(E) —4|). Define the sets

dj = laj, b]N f7H({4}) for 1 < j < ¢. So [f(E) —4] = ﬁ(E_dj) and hy(E) =

j=1 J=1
which gives us
q 1 1
_ _ _ . 4.
LG T FoaP T (E by 49)
Therefore, if E € (ag,by),
hy(E) = hy(E) — hy(E Eh’ d b d
_ — hy(ES) = Hdt < — | ———dt
(B) = n(B) — h(By) = [ w0t < — [ sy

1 I Lo 1 1
E—by, FEy—by by—FE; by—E by—ay by—E’

-1 _ f/(E2) _ f/(EZ) _ 1 1 o Ey —asp
Soly = = Cf(By) —4 ~holE2) > by— By by—ay  (by— Eo)(by —ay)’

which implies, using Fy — as > [y > 0,

(bg — EQ)(bQ — ag) — ZQ(EQ — 0,2) >0 = (b2 — E2)2 + (E2 — ag)(bg — EQ) — lQ(EQ — CZQ) >0
— (b2 — E2)2 + ((bg — EQ) — l2)(E2 — (12) >0 = (EQ — a2)2 + ZQ(EQ — a2) — lg > 0.

Vb —

1
Since by — Fy > 0, we get by — Ey > lo. Either way, by — as = (by — E3) +

V5+1
P

(Ey —ag) >

Now for [a, by], since | f’| is monotonous in this band, we know that by — E; > Ey—ay,

so we must have b; — Fy > [;. Since the largest component of the band is the left one and

V5 —

argument with h; is used for [a,, b,] since the largest component must be the left one and
VBl 2(/5+1)
2 7 fE)

there is a zero of f’ larger than by, we can use h, to get By —a; > [;. The analogous

/" has a zero smaller than a,. Since for every j we have b; — a; >

we conclude

V(5+):Zq:bj Zq: ’}{_+|):2(\/3q+1>'

7=1 7j=1

The proof of the proposition is then finally complete.

We can now prove the result about the measure of the spectrum:
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Proof of Theorem 4.1. First consider 0 < A < 1 and let p,, /g, be the continued fraction ap-
proximants of a. By Theorem 4.3 and Proposition 4.6, we have that lim V(SN pn/qn)) =
4(1 — X). Now let {g;(\, @)}jen be the gaps of Si (A, a). Then for every € > 0 there is
N, € N such that

2_: (gi(\ @) >v(G\, o)) —¢

By Corollary 4.4.2, we have that v(G(\, pn/qn)) > —32Ny /Ao — pn/an—Z v(g;(\, @)
J=1
for sufficiently large n, which gives us

liminf v(G\, pn/qn)) > v(G(A, ) —

n—oo

We have lim max S+ (A pn/qn) = max S; (A, ) and lim min S+ (A, pn/@n) = min Sy (A, a)
by Corollary 4.4.1 . So we get

4(1 = X) = limsup v(Sy (A, pn/@n))
= li;nﬁsotip(max SN pn/qn) —min S (A, pr/an) — V(G pn/qn)))

< limsup max Sy (A, pn/qn) + limsup (— max S (A, pn/q,)) + limsup (—v(G(\, pn/qn)))
— max S, (A @) — min S4 (A, a) — liminf (GO pu/an)
<max Sy (\, @) —min S, (\, ) — v(G\, ) + e =v(S. (N, a)) +e.

Since this holds for every € > 0, then (S (A, «)) > 4(1 — X). Now, since there are
at most ¢, — 1 gaps in S, (\,p,/¢,), Corollary 4.4.2 gives us that for sufficiently large n

V(G(\, ) > v(G(A, pn/qn)) — 32(gn — 1)/ Al = pu/qnl.

And Corollary 4.4.1 gives us that for sufficiently large n

max Sy (A, @) < max Sy (A, pn/gn) + 164/ Ao — pn/qnl.
min S+<)‘7 Oé) 2 min S+()‘:pn/Qn) - 16\/ )\’CY _pn/Qn‘

Thus v(S+ (N, @) < v(S+ (A pn/qn)) + 32¢uy/ Ao — pn/qn|. By the hypothesis on
a, taking n — oo we get v(SL (A, ) < 4(1 — A). So for A < 1 we have v(o0(Hxap)) =
v(Sy (N, a)) =4(1 — \). Finally, if A > 1, then A™! < 1 and by Corollary 2.3.1 we have

v(0(Hyap)) = MW(0(Hy1,00)) = 4M1 = A7) =4(A = 1) = 4[1 - A|.
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4.2 Absence of eigenvalues

Since for a in a dense Gy of full measure we have v(o(Hy)) = 0, we know that
the absolutely continuous spectrum is empty for such a. We will now use the work of
Avila in [3] to show that the set of eigenvalues of Hy , ¢ is empty for every irrational «
and all but (explicitly given) countably many values of 8, so o(Hj o) is purely singular

continuous for every « that satisfy the hypothesis of Theorem 4.1 and all but countably 6.

Definition 4.7. We say that 6 € R is a—rational if there is k € 7Z such that 20 + ko € Z.

We can now state the main theorem of this section:

Theorem 4.8. For every irrational o and every 6 that is not a—rational, Hy o has no

eigenvalues.

Before we can prove Theorem 4.8, we need a short lemma:

Lemma 4.9. Let H = H, o9 and assume that Hu = Eu for some ' € R and some nonzero
u € (2. Define v(z) = > u(n)e*™ and B(z) = v(@) , M -

vz —a)e ™0 y(z — a)e?
Then ||B(zx)|| > 0 for almost every x and det (B(x)) is constant almost everywhere.
Furthermore, if 0 is not a—rational, then det (B(z)) # 0.

n=-—oo

E — 2cos (2mx)

Proof. Let A(x) = ( )

—1
0 ) . Note that

(E — 2cos (2rmx))v(z) — v(x — a)e 2™

— Z Eu<n)62m'nx . Z u(n>€2ﬂ‘i(n+1)x . Z u(,n)eZm'(nfl):p . Z u<n)€27ri(nxfna79)
n=—oo n=—oo n—=—o00 n——oo

= 3 (Bu(n) —u(n —1) —u(n + 1))e*™™ — 3 y(n)e2rine—na=o)
n:(;oo | i, n%—oo

= Z 2 cos (na + H)u(n)e%””“ o Z u(n)€27rz(nx—na—€)

— Z u<n)62m'(nz+na+9) + Z u(n>€27ri(n:rfna79) . Z u(n)e%ri(mcfnafﬁ)

— Z u(n)€27ri(na:+na+9) — €2m6’l}(l’ + Oé).

e27ri9 0
0 672m'9

{z € T| ||B(x)|| = 0} is invariant by  — x + a. By ergodicity of irrational rotations,

So A(x)B(z) = B(x + a)D, where D = ( . Therefore, the set

it must have measure zero, since otherwise we would have B(z) = 0 for almost every z,

contradicting u # 0.
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Moreover, since det (D) = det (A(z)) = 1, det (B(x)) = det B(x + «), so again by

ergodicity det (B(x)) is almost everywhere constant. Now assume det (B(z)) = 0 almost ev-

erywhere. Then there is a measurable function 5 : T — C such that v(@) A =
v(z — a)e 2
v(x) N
Blx) | ———~ | and |B(x)] = 1 almost everywhere. Mutiplying by A(x) by the
U(ZE _ a)€27r19
left side, we obtain the equality e?™* vz + a) = e 793 (1) &+ a) . Using
U($)6_2m'9 U(x)e%m@
the two equations, we get a useful relation for 3: e " g(z)v(z +a) = v(z + a) =

B+ a)v(z +a) = e *™93(x) = B(z + ). Now consider the Fourier series of 3 to be

Z b,e*™"* . So for every n € Z

n=—oo

bnef47ri9 — bn€27rina — bn(eQWi(naJrQG) o 1) —0.

Since 3 # 0, there must be k € Z such that e?™*2+20) — 1 50 f is a—rational.

]

Proof of Theorem 4.8. Assume u € ? is an eigenfunction of Hi,g with eigenvalue FE,
where 6 is not a—rational. Let v(x), A(z), B(x) and D be as in the proof of Lemma 4.9.
Since 6 is not a—rational, B(z) is invertible and A(z) = B(z + a)DB(z)~!. Define Ai(x)
recursively by A;(z) = A(z) and Ag(x) = A(x+ (k —1)a) Ag_1(z) for k > 1. By induction,
we see that Ag(z) = B(x + ka)D¥B(z)~t. For k = 1 it holds by definition and for k > 2

we have

Ap(x) = Az + (k — 1)) A1 (2)
= (B(x+ka)D"'B(a + (k — 1)) ™) (B(z + (k — 1)a) D* ' B(x) ")
= B(x + ka)D*B(x)™".

Now we define Wp(z) = Tr(Ax(z)) — 2cos (27kf). But 2cos (2rkd) = Tr(D*) =
Tr(B(z)D*B(z)"). Since for 2 x 2 matrices we have |Tr(M)| < V2| M| and, if M
is invertible, [|M ™| = | det(M)|7'||M]|, we get

|Ui(2)| = Te((B(z + ko) — B(2)) D" B(x) ™) I1B(x + ka) — B(x)||[| B(x)].

2
| <
| det(B(2))]
Let Cx(x) = B(x + ka) — B(x). By construction ||B||z2 = 2||v||z2 = 2||u|| < oo, so
if k,, is a sequence of natural numbers such that lim [[k,al[r = 0, then lim [[Cy, [|z2 = 0.
Thus, by Hoélder’s inequality,

2
Vil < —orn 2|| B| 2 liminf || V|| = 0.
s < IO 1Bl = minf 9 =0
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Now, by the definition of Ay, we see that Wy, is a trigonometric polynomial Wy (z) =

k
> Y™™ Writing 2 cos (27(z 4 na)) = e¥Mirelmine 4 e=2mirg=2mina the coefficients
n=—k

Yr.+r can be easily computed: the exponentials e27ikz

only appear if we multiply the

exponentials e=2™ of all the k matrices A(x +na) in the definition of Ay, so we must have
k-1
'l/}k;tk: _ H _6:|:27rinoz — (_1)k€:t7rik(k—1)a. But ¢k,k _ / \Ijk(iﬁ)@_zmkwdl/(QT), so0l= |1/Jk,k| <
T

n=0
‘/ U (2)e 2™  dy ()
T

Therefore, for irrational o and ¢ not a—rational, the point spectrum of H; . is

< ||[Wg|| 1 for every k, a contradiction to lilgn inf || Wkl = 0.
—00

empty.
[
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5 An overview of sharper results

We have so far studied in detail the classification of the almost Mathieu operator
for full measure sets of parameters. Although the results shown up to this point are very
robust, they are not the most recent. In this chapter, we will briefly present some results
that allow the change of "almost every" to "every" in the previous chapters. Such results
depend on fine estimates of analytic continuation of transfer matrices and dynamical
systems techniques that differ much from what we have done up to this point, which is

the reason why we won'’t explore them thoroughly.

As we have seen in the last section of chapter 3, in the supercritical case, even
though we can search for optimal conditions on which the spectrum is pure point, this
classification cannot hold for every «, and even for a fixed « it cannot hold for every 6.

However, the situation is pretty different in the critical and subcritical cases.

For the critical case, in [7] Avila and Krikorian used the properties of quasiperiodic

SLy(R) cocycles and the results of [12] to prove the following result:

Proposition 5.1. Given irrational o with bounded continued fraction elements and real 6,

the spectrum of Hi o9 has measure zero.

This combined with Theorems 4.1 and 4.8 gives us that for every frequency and
all but possibly countably many phases, the critical almost Mathieu operator has purely

singular continuous spectrum.

For the measure of the spectrum at non-critical coupling, Jitomirskaya and
Krasovsky proved in [25] a kind of continuity on « for the sets Sy (A, ) that, though not
Lipschitz, is stronger than any (—Holder continuity for 0 < ¢ < 1. Using this continuity
they showed:

Theorem 5.2. For irrational o and X # 1, v(0(Hxap)) = 4|1 — A

In the subcritical case we have a long way of improvement of results. In [4], Avila
and Damanik attacked the problem from the "frequency side", showing the thoerem below:
Theorem 5.3. The integrated density of states for Hy o9 is absolutely continuous if and

only if N # 1.

Since by a result of [13] (Remark 3.5) the Lyapunov exponent vanishes at subcritical

coupling, the work of Kotani at [29] yields

Theorem 5.4. If A < 1, then o(Hy ) is absolutely continuous for every a and almost

every 6.
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Avila and Jitomirskaya, on the other hand, solved the problem by the "phase side":
in [5] they expanded some results obtained for the almost Mathieu operator in [6]! to a
larger class of quasiperiodic Schrédinger operators and also obtained a quantitative version

of Aubry duality. The result that interests us is

E —2\cos (2rz) —1
1
a the closure of the analytic conjugacy class of the cocycle (a, Sy g) contains a constant.

Theorem 5.5. Let S g(z) = . Then for A < 1 and diophantine

This theorem shows that Sy g is analytically conjugated to a cocycle in the the
Eliasson’s perturative regime, discussed in detail in [18]. The results in Eliasson’s work

then allowed them to conclude

Theorem 5.6. For A <1 and diophantine o, the spectrum of Hjy o is purely absolutely

continuous for every 6.

In [2], dividing the analysis based on how fast the denominators of the continued

fractions approximant of o grew, Avila was able to prove, at last, the following result:

Theorem 5.7. The spectral measures of the almost Mathieu operator are absolutely

continuous if and only if A\ < 1.

The paper actually shows only one implication, since singularity of spectral measures
for A > 1 are consequences of zero measure of spectrum when A = 1 and the positivity of

Lyapunov exponent when A > 1.

With all these results, we have a pretty complete picture of how the spectrum of
the almost Mathieu operator behaves with respect to its parameters. This was the work
of a large number of mathematicians for more then three deacades and it contributed
with new techniques for different areas of Spectral Theory and of Dynamical Systems. For
example, many results stated in this text can be extented to a larger class of quasiperiodic
Schrodinger operators, some even to more general ergodic Schrodinger operators. We hope
to use the work we have done so far to explore problems of the spectral theory of such

operators in the future.

1 This is the paper in which they solved the decades-long Ten Martini Problem, that is, they proved

that the spectrum of the almost Mathieu operator with irrational frequency is always a Cantor set.
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APPENDIX A - Spectral Theory

Throughout this appendix, H will be a complex Hilbert space and B(H) the space
of bounded linear operators on H. We will state some of the basic definitions and results
of the Spectral Theory for bounded self-adjoint operators. For proofs and for a wider

approach, the reader is referred to [31].

Definition A.1. The spectrum of A € B(H) is the set 0(A) ={a € C|A—al : H —
H is not bijective.}. The resolvent set p(A) is defined as p(A) = C\ o(A).

For bounded linear operators, the spectrum is always a closed subset of the closed
ball with radius ||A||, and therefore the spectrum is compact. If the operator is also

self-adjoint, we also obtain that every element of the spectrum is real:

Proposition A.2. If A € B(H) is self-adjoint, then o(A) C [—| Al ||All].

Given a bounded self-adjoint operator A, for continuous f : 0(A) — C we can

define f(A) € B(H): for polynomials p(z) = >_ cpa*, set p(4) = > ¢ A¥ with A® = I.
k=0 k=0
Now, since o(A) is a compact subset of R, there is a sequence of polynomials (p,,) such

that lim ( sup |pn(x) — f(x)|> = 0. Set f(A) = lim pn(A). The limit exists and is
oo x€o(A) n—00
well-defined by the completeness of B(#H) and the properties of norm. We can extend this

definition to continuous f : R — C considering the function f1,4). We can now state one

version of the Spectral Theorem:

Theorem A.3. Let A € B(H) be self-adjoint. Then for every & € ‘H there is a Borel

measure e on o(A) such that for every continuous f : o(A) — C

€ FAe = [ F@)due(r). (A1)

In particular, ||€||* = pe(o(A)). We can, of course, extend e to Borel subsets of
the real line defining pe(R\ 0(A)) = 0. The measure jie is called a spectral measure for
Aaté.

Corollary A.3.1. Let A € B(H) be self-adjoint and a > 0. If ||AY| < al[y]| for some
Y € H, then (—a,a) No(A) # @.

Proof. We will prove the contrapositive statement. Assume (—a,a) C p(A), then |z| > a
for every = € o(A). Thus for every ) € H
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1AY])* = (A, Ap) = (v, A%) = /(A) vl dpy(x) > a*py(0(A)) = a’[|y]|*,

[

]

Let’s now discuss the decomposition of ‘H based on spectral measures. Given a
bounded self-adjoint operator A, we define the point subspace of H as the closure of the
vector space spanned by the eigenvectors of A and denote it by H,(A). The continuous
subspace is then defined as H.(A) = H,(A)*. The point spectrum of A is defined as

0p(A) = 0(Aly,(4)) and the continuous spectrum of A is defined as 0.(A) = (A

He(A))-
The point spectrum is the closure of the set of eigenvalues.

Proposition A.4. Given self-adjoint A € B(H), then

e There is a countable set A C R (which can be taken as the set of eigenvalues of A),
such that H,(A) = {& € H|ue(R\ A) =0};

o Ha(A) = {€ € Hlpel{a}) = 0 Vo € R},

We can also define the singular subspace as H(A4) = {{ € H|ue L v} and
the absolutely continuous subspace as H,.(A) = {¢ € H|pue < v}. Both are closed
subspaces. The singular continuous subspace is H.(A) = Hs(A) N H.(A), that
is, the set of vectors § such that p, is singular continuous with respect to Lebesgue

measure. The singular continuous spectrum of A is defined as o,.(A) = o(A

HSC(A))7 the
absolutely continuous spectrum of A is defined as 04.(A) = 0(Als,.(a)), and the

singular spectrum of A is defined as 0,(A) = o (Al (a)).

Proposition A.5. Given a bounded self-adjoint operator A we have

Ho(A) = Hp(A) © Hae(A);

He(A) = Hse(A) B Hae(A);

o H="H,(A) ®Hs(A) ®Ha(A);

e 0(A) =0,(A)Uos(A)U0cu(A). The union is not necessarily disjoint.

We then say that the spectrum of A is pure point if 0.(A) = @, that it is

purely singular continuous if 0,(A) = 0,.(A) = &, and that it is purely absolutely

continuous if 0,(A4) = @.
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APPENDIX B - Ergodic Theory

In this appendix, we state some results of Ergodic Theory. A discussion of Theorems
B.6 and B.7 can be found in [19]. Every other result can be found in [14].

Definition B.1. Let (X, A, ) be a probability space. We say that a measurable bijection
T : X — X is ergodic if it obeys the folowing conditions:

o 1 is T—invariant, that is, u(T~1(A)) = u(A) for all A € A;
o if A€ A is such that T"'(A) = A, then pu(A)u(X \ A) =0.

Theorem B.2. Let (X, A, p) be a probability space and T : X — X an ergodic transfor-
mation. If f: X — R is a measurable function such that f(T(z)) = f(z) for every z € X,

then f is p—almost everywhere constant.

Definition B.3. Let X be a compact metric space. An homeomorphism T : X — X
is untquely ergodic if there is a unique Borel probability measure i on X such that
1 is T—invariant. An uniquely ergodic transformation is ergodic with respect to such

w. Indeed, if there were a Borel set E such that T™'(E) = E and 0 < u(E) < 1, then
1(A) = p(E) *u(AN E) would be a different T—invariant Borel probability measure.

Proposition B.4. Let « € R and let T,, : T — T be the homeomorphism T, (z) = + «
mod 1. Then T, is uniquely ergodic if and only if o is irrational. In such case, the unique

T,—invariant probability Borel measure is the Lebesque measure on T.

Theorem B.5 (Denjoy-Koksma Inequality). Let g : T — R be a continuous function and

T, as in Proposition B.J with irrational «. If p/q is a irreducible fraction with ¢ > 0 such

p

1
that \o — =| < —, then for any 6 € T
q q

< Var(g). (B.1)

@) [ 40

Theorem B.6 (Kingman’s Subadditive Ergodic Theorem). Let (X, A, i) be a probability
space and T : X — X an ergodic transformation. If (f,) is a sequence of integrable

functions such that fpim(z) < fu(x) + fi(T™(2)) for p—almost every v € X and every
n,m € N, then for p—almost every x € X lim f(z)

n—oo n

exists and

dim P iy i) =t L[ g eane). (B2




APPENDIX B. FErgodic Theory 65

When the transformation is uniquely ergodic, we also have the following result:

Theorem B.7 (Subadditive Ergodic Theorem for Uniquely Ergodic Systems). Let X
be a compact metric space and T a uniquely ergodic transformation. Let p be the only
T—invariant Borel probability measure. If (f,) is a sequence of integrable functions such
that froim(x) < fo(@) + fr(T7(x)) for every x € X and every n,m € N, then for every

x € X and uniformly on X we have

1
limsupf < lim / fo(x)du(z inf—/ fn(x)dp(z). (B.3)
n—o00 n—oon nonJx

Before we end this section, we will discuss an example of interest. Let g : T — R
be a continuous function and 7T, as in Proposition B.4 with irrational «. For 6 € T, define
an operator H on (? as in (C.1) with potential Vy(n) = ¢(T7*(0)). Let M(-,0) be the
transfer matrix associated with Vp, so that M (n + m,0) = M (m,T20)M (n,0). Defining
fu(0) =In||M(n,8)|, we then have

Corollary B.7.1. For every 6 € T,
In |[M(n, 0)[ _

lim sup < hm ln M (n,0)|dv(6 infl In||M(n,0)||dv(f). (B.4
nonJr

n—00 n n—oo n,
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APPENDIX C - Transfer Matrices

Let V' : Z — R be a bounded function, &« € R\ Q and 6 € R. Let H be defined on
(? by
[Hul(n) =u(n+1) +u(n — 1) + V(n)u(n). (C.1)

We call the function V' a potential.

For fixed £ € R we define the step matrix A : Z — SLy(R) by A(n) =
1, ifn=20
E-V(n) -1 : .
) 0 and the transfer matrix by T'(n) = § A(n—1)T(n—1), ifn>0 .
An) ' T(n+1), ifn<0
The dynamical meaning of A and T is that if u : Z — C is a solution of the eigenvalue equa-

1
tion Hu = Fu, then it follows from definition that ( u(n+1) ) = A(n) ( (u(n) )
u

u(n n—1)
0
and u(n) =T(n) u(0) , so the eigenvalue equation is entirely defined by V'
u(n —1) u(—1)

and its initial conditions u(—1), u(0).

Proposition C.1. For fited E € R, let A; and As be the step matrices associated with

potentials Vi and Vs, respectively, and Ty and Ty the respective transfer matrices. Define C
as the constant C' = max {\/2 + (B + |[Villoo)?, \/2 + (|E| + ||V2||Oo)2} Then forn >0

ITi() = To(m)ll < nC™ (nasx V() = Va(m)]).

and for n <0,

ITi(n) = Taw)] < |iC™1 ( max, Va(m) = Va(m)])

n<m<
Proof. First note that ||A;(n) — As(n)|| = [|A1(n ) As(n)7Y| = [Vi(n) — Va(n)|. Fur-
thermore, [|A;(n)|| = | 4;(n) || = /2 + (E — V(n ¢2+ (IE| + 1|Vj]lse)? < C, s0 for

the transfer matrix we get ||T;(n)|| < ||4;]|2 < C‘”'.

We now prove the statement by induction. If n = 0, both inequalities are immediate

(and equivalent). Let n > 0 and assume the proposition holds for n — 1. Then
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~ Ayn — DJITi(n — D] + [ Axln — DT (n — 1)~ Tofn — 1]
< Viln = 1) = Va(n = DIC™ 4+ 2+ (B + [Valloo)2(n = 1)C™2 (_max | [Vilm) = Va(m)])

<C"NVi(n—1) = Va(n = 1)| + (n— 1)C™ ( man_1 Vi(m) — Vg(m)l)

0<m<n—

< nC" ( max |Vi(m) — Vg(m)|> < nC"! ( max |Vi(m) — Vg(m)|) :

0<m<n— 0<m<n

Now let n < 0 and assume the proposition holds for n + 1. Then

173 (n) = To(n)|| = [[Ai(n) " Ti(n + 1) = As(n) ™' Ta(n + 1)

= |Ai(n) Ty (n + 1) — Ay(n) "Ti(n + 1) + Ay(n) 'Ti(n + 1) — Ay(n) "Th(n + 1)

< [ Ai()™" = As() I Ta (n + D) + [[Ao(n) "I T (n + 1) = Ta(n + 1))

< Vi) Vo) O™ 4 /25 B+ Vel + 1O (e Vi(m) — V()

n+1<m<0

< CMIVA(m) = Va(n)| + (=n = DC( max_ Vilm) = Va(m) )

n+1<m<0

< —pC! ( max |Vi(m) — Vg(m)|> = |n|CI"I—1 ( max |Vi(m) — Vg(m)|> :

n<m<0 0<m<n
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APPENDIX D - Continued Fractions

In this appendix we will state the main results of the representation of real numbers

by continued fractions. The details and proofs can be found at [28].

Definition D.1. A continued fraction is an expression of the form

1
ao "‘ 1 ) (Dl)
ay + . E—
as +
as + -
if it is infinite, or of the form
1
Qo —|— 1 s (D2)
CL1 + 1
ag + -+
Ap—1 + —
G,
if it is finite.
We represent an expression of the form (D.1) by [ag; a1, as, as, .. .] and an expression
of the form (D.2) by [ag; a1, as, ..., an_1,a,]. We call a; the elements of the continued

fractions. A priori, the elements can be any kind of number (or even variables), but for the
theory of rational approximants of real numbers, we always take ap € Z and a; € N for
j > 1. Since [ag; a1, a9, ..., an_1,1] = [ag;a1,as,...,a,_1 + 1], we also use the convention
that if a finite continued fraction has more than one element, then its last element is

always greater than 1.

We define the k*" order approximant of a continued fraction as the finite continued
fraction represented by sp = [ag; a1, aq,. .., ax]. Of course, the approximants of a finite
continued fraction with n + 1 elements are only defined for k& < n and the n'* order
approximant equals the continued fraction itself. We say that an infinite fraction converges
if the sequence (si)r>o converges, and we say that o = kh_}rgo sy is the value of the continued
fraction. The following result tells us how the elements of a continued fraction can be used

to determine its convergence:

o0
Theorem D.2. A continued fraction |ag;aq,a9,as,...] converges if and only if Zaj

7=0
diverges.
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Since in our convention the elements of a continued fraction are natural (except
possibly for ag), an infinite continued fraction always converges. We can also determine

the k" order approximant recursively:

Theorem D.3. Given a continued fraction [ag; ay, as,as, ...], the k™ order approximant

s a rational s, = Pk where pg = ag, @0 = 1, pr = apa1 + 1, ¢1 = a1 and, for k > 2,
dk

Pk = QpPr—1 + Pr—2,
Ak = QkQr—1 + Qr—2.

The fraction Ph s always irreducible.
4k

Not only it can be easily shown that g — oo when k£ — oo, but we also have a

lower bound on the growth of py:

Proposition D.4. For k > 2, we have g, > 2#+~D/2,

The same way we have decimal approximations (or in a base b) for real numbers,

we can also use continued fractions to approximate real numbers:

Theorem D.5. For every a € R there is a unique continued fraction representation. The

continued fraction is finite if and only if o € Q.

The elements of the continued fraction representation are recursively defined: set
ap = |a| and define the first remainder vy by ri' = a — ag; then for j > 1, set a; = |r;];

if rj € Z the process stops; otherwise define the next remainder by 7“;:1 =7r;—aj.

The continued fraction representation has a great advantage over the decimal
representation because the approximants py/qx are the best approximations for a real

number in the following sense:

Theorem D.6. Given o € R, let pp/qr be the k' order approzimant of its continued
fraction representation. If a,b € Z with 0 < b < q and a/b # px/q then

gk — pi| < |ba — al.

Furthermore, the only case where equality holds is if o« = ay+ %, when for the zeroth

approzimant we have |1 - a —ag| = |1 - a — (ap + 1)|.

It is natural to ask oneself how fast the continued fraction approximants of an irra-

tional o converge. In a first approach, we get the inequalities ———— < |a — Pn <
1 Qn<Qn+1 + Qn) qn
< —, so the convergence is at least as fast as the growth of the denominators
nGn+1 dpn

squared. If the rate of convergence is greater than that depends on the (un)boundedness

of the continued fraction elements:
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Theorem D.7. Let o be an irrational a; its continued fraction elements. If there is M > 0

such that |a;| < M for every j > 0, then there exists ¢ > 0 such that no pair (p,q) € Zx N

c
satisfies the inequality | — b < —. On the other hand, if the sequence of elements is
q q

C
< —.

a_g
q2

q

unbounded, for any ¢ > 0 there are infinite pairs (p,q) € Z x N such that

One may then wonder which is more "common" for a irrational number: whether
its continued fraction elements form an unbounded sequence or not. The answer is given

by the following theorem:

Theorem D.8. The set of a € R for which the continued fraction elements are bounded

has Lebesque measure zero.

It is then known that almost every real number has a better rate of convergence
than the square of its continued fraction approximants’ denominators. Nevertheless, almost

every real number admits only a polynomial rate of convergence.

Definition D.9. We say that o € R is diophantine if there exist ¢ > 0 and n € N such
that |qgae — p| > cq™™ for every pair (p,q) € Z x N. Clearly, a rational number cannot be
diophantine, so we could also use the strict inequality. An irrational number which is not

diophantine is called a Liouville number.

We now state the last results of this chapter. For the reader’s convenience, we

outline a proof of them since they are not stated in [28].

Proposition D.10. If a is diophantine and P are its continued fraction approximants,
qk
then there are ¢ > 0 and n € N such that

Q1 < € g (D.3)

for every k >0

Proof. Since |a — Pr| - there are ¢ > 0 and n € N such that
dk kqr+1
pr| 1 e 1n
> o —=—| = — [gra — pi| > cqy ' — k41 < C 1qk.
Ak qk+1 Ak 4k

Theorem D.11. The set of Liouville numbers has Lebesgue measure zero.

Proof. Let L be the set of Liouville numbers. Then a € L if and only if it is irrational and
for every real ¢ > 0 and natural n there are p,q € Z with ¢ > 0 such that |ga — p| < cg™".
This is equivalent to for every natural n > 1 there are p,q € Z with ¢ > 1 such that
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1 SN 1 1
0< 04—22 < —. Define for each n the open set U, = U U (p—,p+>\{p},
q qn g=2p=—oo \4 qrq q" q
so that L = ﬂ Un. Let k be an integer and U, = U, N [k, k + 1) , so that U, C
n=2
oo (k+1)q 1 1
U U (p—n,p—i—n).Wethenhave
2ok N0 TV 0 g

q=2 p=kq q qa" q=2 p=kq q"
B 2 </0° 2 do — 2 < 2
N —J1 gt q_(n—2)q”—2_n—2’

oo (k+1)g o (k+1)q oo (k+1)g
p 1 P 1 p 1 2
V(U U <q q7’5 )) <> Z ((Q n7q+>> > D
q=2 p=kq

whence ﬂ U, has measure zero. In the second inequality, we tacitly assumed n > 2
n=2

This does not jeopardize the argument since U, 41 C U, for every n. Using that

L:kLGJZLﬂ[k,k+ L€J<<ﬂU> kk+1)>
:kLEJZ<ﬁ Unﬂ[k:,k+1)> “ U Uus

n=2 keZ n=2

we see that IL is the countable union of sets of zero Lebesgue measure, so v(L) =0

O

Since the rationals also have measure zero, the diophantine numbers form a set of
full Lebesgue measure.



	Folha de rosto
	Folha de aprovação
	Agradecimentos
	Abstract
	Resumo
	Sumário
	Introduction
	Duality
	Measurability of eigenvalues and eigenfunctions
	Operator duality
	Mutual singularity
	Relation of dual spectra

	Supercritical case
	Preliminaries
	The Dynamics of the eigenvalue equation
	Normal functions and uniformly distributed points

	On the behaviour of singular points
	Absence of point spectrum for special frequencies and phases
	Strongly liouvillian frequencies
	Strongly resonant phases


	Critical case
	The measure of the spectrum
	Absence of eigenvalues

	An overview of sharper results
	Bibliography
	Appendix
	Spectral Theory
	Ergodic Theory
	Transfer Matrices
	Continued Fractions


