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Abstract

The almost Mathieu operator is one of the most studied quasiperiodic Schrödinger operators

and arises as a physical model for the electron in certain systems. At first, it was conjectured

[1] that the spectral type of this operator with irrational frequencies would depend only

on the coupling constant, being pure point when it is greater than 1 and purely absolutely

continuous when it is less than 1. Although wrong as stated, this claim does hold in

a measure-theoretic sense. In this work, we explore the studies of the almost Mathieu

operator carried so far to show that such classification of the spectrum holds for full

measure sets of frequencies and phases.

Keywords: almost Mathieu operator; quasiperiodic Schrödinger operators; spectral the-

ory.



Resumo

O operador almost Mathieu é um dos operadores de Schrödinger quasiperiódicos mais

estudados e surge como um modelo físico para o elétron em determinados sistemas.

A princípio, conjecturou-se [1] que o tipo espectral de tal operador com frequências

irracionais dependesse apenas da constante de acoplamento: o espectro seria puramente

pontual quando ela fosse maior que 1 e puramente absolutamente contínuo quando ela fosse

menor que 1. Apesar de essa conjectura ser falsa dessa forma, ela é válida em um ponto

de vista de Teoria da Medida. Neste trabalho, nós usamos os estudos sobre o operador

almost Mathieu feitos até então para mostrar que tal classificação do espectro é verdadeira

em conjuntos de medida total de frequências e fases.

Palavras-chave: operador almost Mathieu; operadores de Schrödinger quasiperiódicos;

teoria espectral.
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1 Introduction

Throughout this text, ℓ2 will denote the Hilbert space



u : Z → C

∑

n∈Z

|u(n)|2 < ∞


.

Given real numbers λ, α, θ, we define the Almost Mathieu Operator Hλ,α,θ : ℓ2 → ℓ2

as the bounded self-adjoint linear operator given by

[Hλ,α,θu](n) = u(n+ 1) + u(n− 1) + 2λ cos [2π(nα + θ)]u(n). (1.1)

The operator Hλ,α,θ is a tight biding model for a electron in an one dimensional

lattice and is also related to the quantum Hall effect [21, 23]. The parameters λ, α, θ are

known as coupling constant, frequency and phase, respectively. Since cos(x+2πn) = cos(x)

and − cos(x) = cos(x + π) for all n ∈ Z and x ∈ R, there is no loss of generality in

considering α, θ ∈ T = R/Z and λ ≥ 0. Furthermore, when α ∈ Q or λ = 0, the operator

has a periodic potential, so the properties of its spectrum are well known from Floquet

theory. Therefore, we will be interested only in irrational frequencies and positive coupling.

We say that the coupling is subcritical if 0 < λ < 1; critical if λ = 1; and supercritical

if λ > 1. For x ∈ R, we will denote by ∥x∥T the distance of x to Z.

One advantage of dealing with irrational frequencies is that the spectrum is phase-

independent:

Theorem 1.1. Let f : T → R be a continuous function, α ∈ R \ Q and θ ∈ R. Let Hf,α,θ

be defined by

[Hf,α,θu](n) = u(n+ 1) + u(n− 1) + f(nα + θ)u(n).

Then for every θ ∈ R, the equality σ(Hf,α,θ) = σ(Hf,α,0) holds.

Proof. Given k ∈ Z, define Uk : ℓ2 → ℓ2 by [Uku](n) = u(n+ k). Then Uk is unitary with

U∗
k = U−k and UkHf,α,0U

∗
k = Hf,α,kα, so σ(Hf,α,kα) = σ(Hf,α,0) for every k ∈ Z.

Now, since α is irrational, {kα mod 1}k∈Z is dense in T. Given θ ∈ R, ε > 0, pick

δ > 0 such that ∥θ1 − θ2∥T < δ =⇒ |f(θ1) − f(θ2)| < ε and then choose m ∈ Z such that

∥θ −mα∥T < δ. We then get

|[(Hf,α,mα −Hf,α,θ)u] (n)| = |f(nα +mα) − f(nα + θ)| |u(n)| < ε|u(n)|.

So ∥Hf,α,mα −Hf,α,θ∥ ≤ ε. The theorem is then immediate from the folowing result

of Perturbation Theory (see [27]):
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Proposition 1.2. If H1 and H2 are bounded self-adjoint operators and dhaus denote the

Hausdorff distance, then

dhaus(σ(H1), σ(H2)) ≤ ∥H1 −H2∥.

Although the set σ(Hλ,α,θ) does not depend on θ, the absolutely continuous, singular

continuous and point components in general do depend on it. Throughout this text we will

give the classification of the spectrum of the almost Mathieu operator based on methods

that (as the title sugests) exclude sets of frequencies and of phases of measure zero. We

make the following path:

In chapter 2, using [20] we explore a powerful duality relation between Hλ,α,θ and

Hλ−1,α,θ and show how their spectral components are related.

In chapter 3, using [24] we show that for almost every frequency and almost

every phase the supercritical almost Mathieu operator has only point spectrum and, as

a consequence of the results of chapter 2, we get that the subcritical almost Mathieu

operator has only absolutely continuous spectrum for almost every frequency and almost

every phase. Using [8, 26, 32] we also show that in the supercritical case the result cannot

be extended to every frequency or every phase.

In the first section of chapter 4, we use the work of Last [30] to show that the

measure of the spectrum of the almost Mathieu operator depends only on the coupling

constant (at least for α in a full measure dense Gδ set of real numbers), and in particular

that σ(H1,α,θ) has zero measure for such α′s. In the next section we then use the work of

Avila [3] to show that H1,α,θ cannot have eigenvalues expect maybe for countably many

phases, which yields that σ(H1,α,θ) is purely singular continuous for almost every α and

all but possibly countably many θ.

In chapter 5, for completeness, we present some improved results that could not be

shown in details in this work.

At first sight, the study of the almost Mathieu operator seems very specific.

Nevertheless, as Theorem 1.1 suggests, many of the results we will study in this text

can be applied to a broader class of quasiperiodic Schrödinger operators. The analyticity

of the cossine function and the self-duality that will be treated in chapter 2 do allow

us to make some simpifications for the case of the almost Mathieu operator, but one

of the objectives of the studies that led to the writing of this material was precisely to

gather techniques to study open problems involving the spectral theory of more general

quasiperiodic Schrödinger operators.

The appendices are dedicated to some basic definitions and results of different

areas of Mathematics that are relevant to the text. In Appendix A, we state some results
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of Spectral Theory for bounded self-adjoint operators; in Appendix B, we give the basic

definitions of Ergodic Theory and state two ergodic theorems and the Denjoy-Koksma

inequality; in appendix C, we discuss about the transfer matrices for eigenvalue equations

of Schrödinger operators on ℓ2; and in appendix D, we talk about the approximation of

real numbers by rational continued fractions and some properties of diophantine numbers.

Throughout this text ν will denote the Lebesgue measure and expressions such as

"almost everywhere" and "measure zero", when the measure is not explicitly stated, will

refer to Lebesgue measure.
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2 Duality

This chapter aims to study the relation between the spectral properties of Hλ,α,θ

and those of Hλ−1,α,θ. It is entirely based on the work of Gordon, Jitomirskaya, Last and

Simon in [20].

In the first section, we show that for fixed λ and α we can treat the set of

eigenvalues and eigenvectors of Hλ,α,θ as a measurable function of θ (with respect to the

Borel σ−algebra in T).

In the second section, we explore a version of Aubry-André duality, where we

prove that the direct integral of Hλ,α,θ in θ is unitarily equivalent to the direct integral of

λHλ−1,α,θ in θ. We also show that the spectral measure of Hλ,α,θ with respect to a fixed

vector is almost everywhere independent of θ.

In the third section, using a result of Deift and Simon [17], we show that for almost

every θ, θ′ ∈ T the singular component of a spectral measure for Hλ,α,θ and the singular

component of a spectral measure for Hλ,α,θ′ are mutually singular.

In the fourth section, at last, we use the results shown previously to show how

point spectrum at Hλ,α,θ yields absolutely continuous spectrum at Hλ−1,α,θ.

2.1 Measurability of eigenvalues and eigenfunctions

Consider that an irrational α and a positive λ are fixed, and given θ ∈ T denote

Hλ,α,θ simply by Hθ. Given an eigenfunction u of Hθ (if there is any) such that ∥u∥ = 1,

define j(u) as the leftmost maximum of u, that is, j is the only integer such that |u(j)| ≥
|u(k)| ∀k ∈ Z and |u(j)| > |u(k)| ∀k < j. The existence of such j is clear since u ∈ ℓ2

implies that |u(n)| has a maximum value and that it can be the image of only finitely

many points. If j is the leftmost maximum of u, we say that u is attached to j. From

now on, given an eigenfunction u attached to j, we will fix u such that u(j) > 0.

Let Nj(θ) be the number of eigenvectors of Hθ attached to j ∈ Z. Define for each

k ∈ N the set Tj,k = {θ ∈ T |Nj(θ) ≥ k}. Clearly Tj,k+1 ⊂ Tj,k. Using Bessel’s inequality

we get, taking the sum over eigenfunctions of Hθ attached to j,

1 = ∥δj∥2 ≥
∑

u

|⟨u, δj⟩|2 =
∑

u

|u(j)|2.

So u(j) attains a maximum in each Tj,k and this maximum is the image of only finitely

many points.
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In Tj,1, define u1(·; θ, j) as the eigenfunction of Hθ with greatest value of u(j).

If there is more than one such function, pick the one with the greatest eigenvalue. Let

E1(θ, j) be such eigenvalue. Similarly, at each Tj,k define uk(·; θ, j) as the eigenfunction of

Hθ with kth greatest value of u(j) and if there is more then one function that attains such

value at j, pick the one with the greatest eigenvalue. Call this eigenvalue Ek(θ, j). This

way we construct a set {uk(·; θ, j)}Nj(θ)
k=1 of the eigenvectors of Hθ attached to j such that

uk(j; θ, j) ≥ uk+1(j; θ, j) and, if equality holds, then Ek(θ, j) > Ek+1(θ, j). Extend Ek and

uk to all of T setting them to be zero in T \ Tj,k.

Our goal in this section is to show that the functions Nj, Ek and uk are measurable

in T (with respect to the Borel σ−algebra). We will do two simplifications: we will assume

j = 0, which is no loss of generality since if u(n) is an eigenfunction of Hθ attached to

j, then ũ(n) = u(n + j) is an eigenfunction of Hθ−jα attached to 0 and translations on

T are measurable; and instead of picking eigenfunctions u with norm 1, it will be more

convinient to use η(n) = u(n)/u(0). Since ∥η∥ = 1/u(0), ordering by maximum u(0) is the

same as ordering by minimum ∥η∥ and, since u(n) = η(n)/∥η∥, if we prove measurability

of η we prove measurability of u. Before we prove this, one elementary statement:

Proposition 2.1. Let a sequence (θm)m∈N ⊂ T be such that lim
m→∞

θm = θ and denote Hθm

by Hm. Assume that for each m there are ηm ∈ ℓ2 and Em ∈ R such that Hm = Emηm,

ηm(0) = 1 and sup
m∈N

∥ηm∥ < ∞. Then there exist a subsequence mi, a vector η and a real

number E such that

1. lim
i→∞

ηmi(n) = η(n) for every n ∈ Z;

2. lim
i→∞

Emi = E;

3. Hθη = Eη;

4. η(0) = 1;

5. ∥η∥ ≤ sup
m∈N

∥ηm∥.

Proof. The sequence (ηm)m∈Z is bounded and the unit ball of ℓ2 is compact and metrizable

in the weak topology. Furthermore, since Em is an eigenvalue of Hm, we have |Em| < 2+2λ

for all m. Thus, we can choose subsequences ηmi and Emi such that 1 and 2 holds. Taking

the pointwise limit of Hm = Emηm we obtain 3. Items 4 and 5 are immediate.

Theorem 2.2. For each fixed j, k and n, the functions uk(n; θ, j) and Ek(θ, j) are

measurable in T.



Chapter 2. Duality 14

Proof. Let Em(θ) = Em(θ, 0) and ηm(n; θ) =
um(n; θ, 0)

um(0; θ, 0)
. Fix a pair of positive integers

k, l. By Bessel’s inequality
∑

m

1

∥ηm∥2
≤ 1, so there are at most k2 natural m such that

∥ηm∥ ≤ k, let then Mk,l(θ) be the maximum number of m’s such that ∥ηm∥ ≤ k and

|Em − Em′| > 2−l for every m′ ̸= m. We claim that S = {θ ∈ T |Mk,l(θ) ≥ p} is closed.

Indeed, if (θs) ⊂ S is such that θs → θ, by Proposition 2.1 we can choose p different

η’s and E’s such that Hθη = Eη and ∥η∥ ≤ k. Besides, each E clearly still satisfies

|E − E ′| ≥ 2−l, so Mk,l(θ) ≥ p, that is θ ∈ S. Since S is closed, Mk,l is measurable. Now

let Mk(θ) be the number of m’s such that ∥ηm∥ ≤ k. Since the spectrum is simple, we

have Mk(θ) = max
l
Mk,l(θ), so Mk is also measurable.

Let Sk,l,p = {θ ∈ T |Mk,l(θ) = Mk(θ) = p} be the set of θ’s such that Hθ has

p eigenvalues with ∥ηm∥ ≤ k so that |Em − Em′| > 2−p. Order them in a way that

∥η1∥ ≤ · · · ≤ ∥ηp∥ and if ∥ηi∥ = ∥ηi+1∥ then Ei > Ei+1. If (θm) ⊂ Sk,l,p converges to

θ ∈ Sk,l,p, then E
(m)
i has different limit points for each i, since |E(m)

i − E
(m)
j | > 2−l. By

Proposition 2.1, such limit points must be eigenvalues of Hθ with eigenvectors ηi such that

∥ηi∥ ≤ k. Since the operator Hθ cannot have more than p such eigenvalues, then the limit

points of E(m)
i and η

(m)
i are all the p eigenvalues and eigenvectors of Hθ and respect the

previous order of ηi. Each Ei and ηi is then continuous on Sk,l,p (and therefore measurable)

for every k, l and p. Therefore, they are measurable in T.

2.2 Operator duality

Let H be the set of functions φ : T × Z → C such that

∑

n∈Z



∫

T

|φ(θ, n)|2 dν(θ)


 < ∞.

That is, H = L2(T × Z).

We define the linear operators Qλ and U acting on H by

(Qλφ) (θ, n) = φ(θ, n+ 1) + φ(θ, n− 1) + 2λ cos (2π(αn+ θ))φ(θ, n), (2.1)

and

(Uφ) (θ, n) = φ̂(n, θ + αn), (2.2)

where φ̂ denotes the Fourier transform of φ. In particular, if φ ∈ L1(T × Z) ∩ L2(T × Z),
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(Uφ) (θ, n) =
∑

m∈Z


e−2iπm(θ+αn)

∫

T

e−2iπnϕφ(ϕ,m)dν(ϕ)


 . (2.3)

It is direct from its definition that U is unitary. We can now state a version of

Aubry duality:

Theorem 2.3.

U−1QλU = λQλ−1 . (2.4)

Proof. Let T be given by (Tφ)(θ, n) = φ(θ, n + 1) and M be given by (Mφ)(θ, n) =

e−2iπ(θ+nα)φ(θ, n). By the properties of the Fourier transform, we have that (U−1T kUφ)(θ, n) =

e−2iπk(αn+θ)φ(θ, n) and (U−1MkUφ)(θ, n) = φ(θ, n+ k) for every k ∈ Z. Thus

(U−1QλUφ)(θ, n) = (U−1(T + T−1 + λM + λM−1)Uφ)(θ, n)

= e−2iπ(αn+θ)φ(θ, n) + e2iπ(αn+θ)φ(θ, n) + λφ(θ, n+ 1) + φ(θ, n− 1)

= λ
(

2

λ
cos (2π(αn+ θ))φ(θ, n) + φ(θ, n+ 1) + φ(θ, n− 1)

)
= λ(Qλ−1φ)(θ, n).

Corollary 2.3.1. For every irrational α, we have σ(Hλ,α,θ) = λσ(Hλ−1,α,θ).

Proof. Since σ(Hλ,α,θ) is independent of θ, the spectrum of Hλ,α,θ and the spectrum of Qλ

coincide. So σ(Hλ,α,θ) = σ(Qλ) = λσ(Qλ−1) = λσ(Hλ−1,α,θ).

Define now, for l ∈ Z, the operator (Slφ)(θ, n) = φ(θ + αl, n − l). By Fourier

transform properties, we get that (USlφ)(θ, n) = e−2πilθ(Uφ)(θ, n).

Proposition 2.4. Let φ ∈ H be such that l ≠ 0 =⇒ ⟨Slφ, φ⟩ = 0. If g ∈ L1(T) is defined

by

g(θ) =
∑

n∈Z

|(Uφ)(θ, n)|2,

then g is constant almost everywhere.

Proof. We have, for l ∈ Z∗,
∫

T
e2πilθg(θ)dν(θ) = ⟨Uφ, e2πilθUφ⟩ = ⟨Uφ,US−lφ⟩ = ⟨φ, S−lφ⟩ = 0.

But the span of {e2πilθ}l∈Z is dense in L∞(T) in the weak-∗ topology, so g is constant.
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Theorem 2.5. Fix positive λ and irrational α. Let uk(·; θ, j) be the measurable function

defined in the previous section for Hλ−1,α,θ. Let f ∈ L2(T) and define, for fixed j and k,

φ(θ, n) = f(θ)uk(n; θ, j). For each ϕ ∈ T, define ψϕ ∈ ℓ2 by ψϕ(n) = (Uφ)(ϕ, n) and let

dµϕ be the spectral measure for the operator Hλ,α,θ and the vector ψϕ. Then dµϕ is almost

everywhere ϕ−independent.

Proof. We have that (Slφ)(θ, n) = f(θ + lα)uk(n− l; θ + lα, j). But by the discussion of

the last section, uk(n− l; θ + lα, j) = uk(n; θ, j + l), so uk(n− l; θ + lα, j) and uk(n; θ, j)

can be seen as eigenfunctions of the same operator, and they are linearly independent if

l ̸= 0, since they are attached to different points. So, for l ̸= 0

∑

n∈Z

uk(n− l; θ + lα, j)uk(n; θ, j) = 0 =⇒ ⟨Slφ, φ⟩H = 0.

Furthermore, for every h ∈ C(T) we have h(λQλ−1φ)(θ, n) = h(λEk(θ, j))φ(θ, n)

by definition of φ. So for every l ̸= 0 and every continuous h we have that h(λQλ−1)φ is

orthogonal to Slφ. By the same reasoning of the prove of Proposition 2.4, we get that

∑

n∈Z

(Uφ)(ϕ, n)(Uh(λQλ−1φ))(ϕ, n) (2.5)

is independent of ϕ.

But by Theorem 2.3, Uh(λQλ−1) = h(Qλ)U , so from (2.5) we get that

∑

n∈Z

(Uφ)(ϕ, n)(h(Qλ)Uφ)(ϕ, n) = ⟨Uφ, h(Qλ)Uφ⟩ℓ2 =
∫

R
h(E)dµϕ(E)

is independent of ϕ for every continuous h. Since the set of continuous functions is dense

in the set of integrable functions, dµϕ is almost everywhere ϕ−constant.

2.3 Mutual singularity

We will use two results from Spectral Theory.

Theorem 2.6. Let ω = (ωn)n∈Z be a bounded real sequence and let the operator Hω

be defined by (Hωu)(n) = u(n + 1) + u(n − 1) + ωnu(n). Let Gω(n,m; z) be the matrix

elements of (Hω − z)−1. If dµsω is the singular part of a spectral measure for Hω, then dµsω

is supported by

Gω =

{
E ∈ R

∣∣∣∣∣ lim
ε→0+

Im(Gω(0, 0;E + iε)) + Im(Gω(1, 1;E + iε)) = ∞
}
.



Chapter 2. Duality 17

Theorem 2.7. Fix positive λ and irrational α. In the notation of Theorem 2.6, let ω be

the sequence (2λ cos (2π(nα + θ)))n∈Z. Then ν({θ ∈ T |E ∈ Gω}) = 0 for every E ∈ R.

Proof for the former can be found in Appendix B of [33]; for the latter, it can be

found in [17].

Now we get to the principal result of this section:

Theorem 2.8. Fix positive λ and irrational α. Let µθ be a spectral measure for Hλ,α,θ

and µsθ be its singular part. Then for almost every θ and θ′, we have µsθ ⊥ µsθ′.

Proof. We have

∫

T
µθ(Gθ′)dν(θ′) =

∫

T

(∫

R
1Gθ′

(E) dµθ(E)
)
dν(θ′)

=
∫

R

(∫

T
1Gθ′

(E)dν(θ′)
)
µθ(E) =

∫

R
ν({θ′ ∈ T |E ∈ Gθ′})µθ(E).

So by Theorem 2.7, µθ(Gθ′) = 0 for almost every θ′, which implies dµθ ⊥ dµsθ′ for almost

every θ′.

2.4 Relation of dual spectra

Theorem 2.9. Fix positive λ and irrational α. Let uk(·; θ, j) be the measurabe function

defined in the section 2.1 for Hλ−1,α,θ. Let f ∈ L2(T) and define, for fixed j and k,

φ(θ, n) = f(θ)uk(n; θ, j). For each ϕ ∈ T, define ψϕ ∈ ℓ2 by ψϕ(n) = (Uφ)(ϕ, n) and

let dµϕ be the spectral measure for the operator Hλ,α,ϕ and the vector ψϕ. Then dµϕ is

absolutely continuous for almost every ϕ.

Proof. By Theorem 2.5, dµϕ is independent of ϕ for almost every ϕ. But by Theorem 2.8

there is also a set of full measure such that dµsϕ ⊥ dµsϕ′ for ϕ ̸= ϕ′. But the only way both

conditions can be true is if dµsϕ ≡ 0 for almost every ϕ.

Theorem 2.10. Fix positive λ and irrational α. If Hλ−1,α,θ has point spectrum for θ in a

subset of T of positive measure, then Hλ,α,θ has some absolutely continuous spectrum for

almost every θ.

Proof. By construction, {uk(·; θ, j)}j∈Z,k∈N spans the point subspace of ℓ2 for Hλ−1,α,θ, so

if there is some point spectrum, there is some j such that u1(·; ·, j) is a non zero element

of H. By Theorem 2.9 we have that dµϕ, which is a spectral measure for Hλ,α,ϕ, is purely

absolutely continuous for almost every ϕ. Now
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∫

T

(∫

R
dµϕ(E)

)
dν(ϕ) =

∫

T


∑

n∈Z

|(Uu1)(n;ϕ, j)|2

 dν(ϕ) = ∥Uu1∥H = ∥u1∥H > 0.

So
∫

R
dµϕ(E) ̸= 0 for ϕ in a subset of T of positive measure. But dµϕ is almost everywhere

independent of ϕ, so there is some absolutely continuous spectrum for Hλ,α,θ for almost

every θ.

Theorem 2.11. If α is irrational and λ is such that Hλ−1,α,θ has only point spectrum for

almost every θ, then Hλ,α,θ has only absolutely continuous spectrum for almost every θ.

Proof. Let {fm} be an orthonormal basis for L2(T). By hypothesis, {uk(·; θ, j)}j,k is an

orthonormal basis of ℓ2 if we only allow j, k such that uk(·; θ, j) ̸= 0. Let φj,k,m(θ, n) =

fm(θ)uk(n; θ, j), so that {φj,k,m}j,k,m is a complete orthogonal set of H. Since U is

unitary, {Uφj,k,m}j,k,m also is a complete orthogonal set of H, so for almost every ϕ,

{(Uφj,k,m(ϕ, ·)}j,k,m is a complete set of ℓ2. But by Theorem 2.9, these vectors are in the

absolutely continuous subspace of of ℓ2 for Hλ,α,ϕ, which completes the proof.
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3 Supercritical case

Now we have gathered the duality results, in this chapter our aim is to show that in

the supercritical case, that is, for λ > 1, the almost Mathieu operator has only pure point

spectrum for almost every frequency (diophantine α)1 and almost every phase. Before

we talk about how this chapter is organized, we define the set of phases for which this

classification of the spectrum might not hold, show that it is indeed a set of measure zero

and then state the main theorem of this chapter.

Definition 3.1. Given diophantine α; r ∈ N such that |qα − p| > cq−r for some c > 0

and every (p, q) ∈ Z × N; and n ∈ N let

Θn =
{
θ ∈ R

∣∣∣∣sin
(

2π
(
θ +

n

2
α
))∣∣∣∣ < exp

(
−n1/(2r)

)}
. (3.1)

We then define the set of resonant phases by

Θ = lim sup
n

Θn =
∞⋂

n=1

∞⋃

k=n

Θk.

Proposition 3.2. The set of resonant phases is a set with measure zero.

Proof. By periodicity, it is sufficient to show ν
(

Θ ∩
[
−1

4
,
1

4

])
= 0.

For fixed n we have that if θ ∈ Θn ∩
[
−1

4
− n

2
α,

1

4
− n

2
α
]

then
∣∣∣∣2π

(
θ +

n

2
α
)∣∣∣∣ ≤ π

2
.

Thus we can use the estimate | sin x| ≥ |x|
2

, which gives us

exp
(
−n1/(2r)

)
>

∣∣∣∣sin
(

2π
(
θ +

n

2
α
))∣∣∣∣ ≥ π

∣∣∣∣θ +
n

2
α

∣∣∣∣ .

So Θn ∩
[
−1

4
− n

2
α,

1

4
− n

2
α
]

⊂

−n

2
α−

exp
(
−n1/(2r)

)

π
,−n

2
α+

exp
(
−n1/(2r)

)

π


.

By periodicity, we get ν
(

Θn ∩
[
−1

4
,
1

4

])
≤

2 exp
(
−n1/(2r)

)

π
. Since

∞∑

n=1

exp
(
−n1/(2r)

)

converges, the Borel-Cantelli lemma gives us ν
(

Θ ∩
[
−1

4
,
1

4

])
= 0.

We now state the main theorem of this chapter, which will be proved in the second

section:
1 See Appendix D.
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Theorem 3.3. Let λ > 1, α diophantine and θ a non-resonant phase. Then the spectrum

of the almost Mathieu operator Hλ,α,θ is pure point.

By Theorem 2.11 we have

Corollary 3.3.1. Let λ < 1 and α diophantine. Then the spectrum of the almost Mathieu

operator Hλ,α,θ is purely absolutely continuous for almost every θ.

This chapter was sectioned in the following way: in the first section of this chapter

we deal with some important results that will be used to prove Theorem 3.3: in the first

subsection of section 3.1, we define some dynamical quantities related to the equation

Hλ,α,θu = Eu for real E, such as the Lyapunov exponent. We will allow generalized

solutions, that is, we only require u ∈ CZ, not u ∈ ℓ2. We will also define regular and

singular points of a solution, which is linked to the behavior of the Green function on

intervals where such points lie. The main results of this subsection are the positivity of

the Lyapunov exponent for the supercritical case, and that if a solution of Hu = Eu is

such that u(n) ̸= 0, then n is a singular point for suitable parameters.

In the second subsection of section 3.1, we define normal functions and uniformly

distributed points and use these definitions to get upper bounds on the growth of dynamical

parameters introduced in the first subsection. These bounds use the arithmetical properties

of diophantine frequencies and non-resonant phases.

In section 3.2, we use such bounds to show that singular points, if not very close to

each other, must be far apart. Using then the singularity of points in which the solutions

of Hλ,α,θu = Eu don’t vanish, and the positivity of the Lyapunov exponent, we prove that

for a dense set of E in the the spectrum the associated generalized solution of Hu = Eu

is indeed an eigenfunction of H, which allows us to finally conclude that Hλ,α,θ has pure

point spectrum for λ > 1, diophantine α and non-resonant θ.

In the the third section, we show that it is not possible to change from "almost every

frequency and almost every phase" to "every frequency and every phase": in subsection

3.3.1 we show that there is a dense Gδ of frequencies such that for every phase there can

never be point spectrum; and in subsection 3.3.2 we show that for every frequency, there

is a dense Gδ of frequencies for which there can never be point spectrum.

For sections 3.1 and 3.2 our main reference is [24]. In subsection 3.3.1 we use [8,

32] and in section 3.3.2 we use [26]. To avoid cumbersome notation, we shall omit the

dependence on the parameters λ, α, θ and E throughout most of the chapter when there

is no risk of confusion.
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3.1 Preliminaries

3.1.1 The Dynamics of the eigenvalue equation

Let T (·, θ) be the transfer matrix2 of the eigenvalue equation Hλ,α,θu = Eu. We

define the Lyapunov exponent γ(E) by

γ(E) = lim
n→∞

1

n

∫ 1

0
ln ∥T (n, θ)∥dθ = inf

n∈N

1

n

∫ 1

0
ln ∥T (n, θ)∥dν(θ). (3.2)

The limit exists and the second equality holds by the subadditive ergodic theorem. By

the limit definition, it is clear that equivalent norms lead to the same γ(E). Since all

matrix norms are equivalent, when necessary we will use the Hilbert-Schimdt norm for

convenience.

Proposition 3.4. For every real E, we have γ(E) ≥ ln λ. In particular, for the supercritical

case we always have γ(E) > 0.

Proof. The proof uses a subharmonicity argument due to Herman [22].

For z ∈ C and n ≥ 0, let M(n, z) =


 Ez − λ (e2πiαnz2 + e−2πiαn) −z

z 0


 and

define Nn(z) recursively on n by

Nn(z) =





M(0, z), if n = 0

M(n− 1, z)Nn−1(z) if n > 0.

Since Nn is entire for every n, fn : C → C given by fn(z) = ln ∥Nn(z)∥ is

subharmonic. So

n ln λ = ∥Nn(0)∥ ≤
∫ 1

0
ln ∥Nn(e2πiθ)∥dν(θ).

If θ ∈ R and A(n, θ) =


 E − 2λ (cos (2π(nα + θ))) −1

1 0


, then M(n, e2πiθ) =

e2πiθA(θ + nα), so Nn(e2πiθ) = e2πinθTn(θ). This gives us

γ(E) = lim
n→∞

1

n

∫ 1

0
ln ∥Tn(θ)∥dν(θ) = lim

n→∞

1

n

∫ 1

0
ln ∥Nn(e2πiθ)∥dν(θ) ≥ ln λ.

Remark 3.5. Although this will not be used here, in [13] Bourgain and Jitomirskaya

proved that γ(E) = max{0, ln λ} for every E in the spectrum.

2 See Appendix C.
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Given integers n1 < n2, letH[n1,n2] be the restriction ofH to the interval [n1, n2] ⊂ Z.

For m,n ∈ [n1, n2], we define the Green function G[n1,n2](m,n) as the matrix elements of

the operator (H[n1,n2] − E)−1. Based on the behavior of the Green function, we have the

following definitions:

Definition 3.6. Let m ∈ Z, k ∈ N and β > 0. Then m is called a (β, k)-regular

point if there is an interval [n1, n2] = [n1, n1 + k − 1] such that for i ∈ {1, 2} we have

|G[n1,n2](m,ni)| < e−β|m−ni| and |m− ni| ≥ 1
40
k. Otherwise, m is called (β, k)-singular.

Proposition 3.7. Let u be a solution of Hu = Eu such that, for some B > 0, we have

|u(n)| ≤ B(1 + |n|) for all n ∈ Z. If m ∈ Z is such that u(m) ̸= 0, then for every β > 0

there is k1 = k1(E, β, θ,m) such that m is (β, k)−singular for k > k1.

Proof. We know that for n ∈ [n1, n2], we can get the value u(n) for a formal solution of

Hu = Eu using the boundary values by

u(n) = −G[n1,n2](n, n1)u(n1 − 1) −G[n1,n2](n, n2)u(n2 + 1). (3.3)

If the proposition does not hold, there are infinite k ∈ N such thatm is (β, k)−regular.

So, for infinite naturals k,

|u(m)| ≤ |G[n1,n2](m,n1)||u(n1 − 1)| + |G[n1,n2](m,n2)||u(n2 + 1)|
< e−βk/40 (|u(n1 − 1)| + |u(n2 + 1)|) ≤ Be−βk/40 (|n1 − 1| + |n2 + 1| + 2)

≤ Be−βk/40 (|n1 −m| + |n2 −m| + 2|m| + 4) ≤ Be−βk/40

(
k

20
+ 4 + 2|m|

)
.

This contradicts u(m) ̸= 0.

We then define for natural n the function Pn : R → R by Pn(θ) = det
(
E −H[0,n−1]

)
.

For convenience, we also set P0(θ) = 1 and P−1(θ) = 0. With this convention, it is possible

to show that for every n ≥ 1 the transfer matrix can be written as

Tn(θ) =


 Pn(θ) −Pn−1(θ + α)

Pn−1(θ) −Pn−2(θ + α)


 . (3.4)

Furthermore, by Cramer’s rule we get

|G[n1,n2](n1,m)| =

∣∣∣∣∣
Pn2−m(θ + (m+ 1)α)

Pk(θ + n1α)

∣∣∣∣∣ , (3.5)

and

|G[n1,n2](m,n2)| =

∣∣∣∣∣
Pm−n1(θ + n1α)

Pk(θ + n1α)

∣∣∣∣∣ , (3.6)
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where k = n2 − n1 + 1.

We will now look further into properties of the functions Pn for the proofs in the

section 3.2 rely entirely on bounds of |Pn(θ)|.

Proposition 3.8. Let K =
{
k ∈ N

∣∣∣∣ ∃θ ∈ [0, 1] such that |Pn(θ)| ≥ 1

2
ekγ(E)

}
. If λ > 1, for

every n ∈ N we have {n, n+ 1, n+ 2} ∩ K ≠ ∅.

Proof. Assume, for the sake of contradiction, that the proposition is false. Then there

exists a natural n such that {n, n+ 1, n+ 2} ∩ K = ∅. We then get

∥Tn+2(θ)∥2 = |Pn(θ + α)|2 + |Pn+1(θ + α)|2 + |Pn+1(θ)|2 + |Pn+2(θ)|2

<
1

4
e2nγ(E) +

1

2
e2(n+1)γ(E) +

1

4
e2(n+2)γ(E) =

1

4
e2(n+2)γ(E)

(
e−2γ(E) + 1

)2
.

Since γ(E) > 0, we then have

1

n+ 2
ln ∥Tn+2(θ)∥ <

1

n+ 2
ln ∥(e(n+2)γ(E)

(
e−2γ(E) + 1

)
)/2∥

= γ(E) − ln 2 + ln
(
e−2γ(E) + 1

)
< γ(E).

But this is absurd by the infimum definition in (3.2).

Lemma 3.9. Given the almost Mathieu operator Hλ,α,θ, for every E ∈ R and every ε > 0

there is k2 = k2(E,α, ε) such that |Pn(θ)| < en(γ(E)+ε) for every n > k2 and every θ.

Proof. We will use an ergodic theorem instead of the proof in [24]. By the Subadditive Er-

godic Theorem for Uniquely Ergodic Systems (see [19]), the inequality lim sup
n

1

n
ln ∥Tn(θ)∥ ≤

γ(E) holds uniformly in T, i.e., there is k2 = k2(E,α, ε) such that n > k2 implies
1

n
ln ∥Tn(θ)∥ < γ(E) + ε for every θ. Since by (3.4) we have |Pn(θ)| ≤ ∥Tn(θ)∥, we get that,

for every θ,

n > k2 =⇒ 1

n
ln ∥Tn(θ)∥ < γ(E) + ε =⇒ |Pn(θ)| < en(γ(E)+ε).

Lemma 3.10. Let m ∈ Z be (γ(E) − ε, k)-singular point with 0 < ε < γ(E) and

k > 8k2(E,α, ε/6) + 6. If n ∈ Z satisfies m− 7k/8 ≤ n ≤ m− k/8, then |Pk(θ + nα)| ≤
ek(γ(E)−ε/12).

Proof. Let [n1, n2] = [n, n + k − 1]. Since k2 can be chosen greater than 10, we get the

inequalities

|m− n1| = m− n ≥ k

8
>

k

40
;



Chapter 3. Supercritical case 24

and

|m− n2| = n2 −m = n−m+ k − 1 ≥ −7k

8
+ k − 1 ≥ k

8
− 1 ≥ k

40
.

Therefore, by (γ(E)−ε, k)-singularity of m, we have |G[n1,n2](m,n2)| ≥ e−|m−n2|(γ(E)−ε). Fur-

thermore, since |m− n1| ≥ k

8
> k2(E,α, ε/6) we have |Pm−n1(θ + n1α)| < e|m−n1|(γ(E)+ε/6)

by lemma 3.9. From equation (3.6) it follows that

|Pk(θ + nα)| =
|Pm−n(θ + nα)|
|G[n1,n2](m,n2)|

≤ e|m−n1|(γ(E)+ε/6)e|m−n2|(γ(E)−ε)

= e(|m−n1|+|m−n2|)γ(E)−(|m−n2|−|m−n1|/6)ε = e(k−1)γ(E)−(|m−n2|−|m−n1|/6)ε.

Using now that |m−n2| ≥ k

8
− 1 and |m−n1| ≤ 7k

8
we get |m−n2| − |m− n1|

6
≥

k

4
− 7k

48
=

5k

48
≥ k

12
. We then conclude

|Pk(θ + nα)| ≤ e(k−1)γ(E)−(|m−n2|−|m−n1|/6)ε ≤ e(k−1)γ(E)−5kε/48 ≤ ek(γ(E)−ε/12).

Before we end this subsection, let’s discuss one last aspect of Pn. It is clear from the

matrix representation of the operator H[0,n−1] in the canonical basis that, using trigonomet-

ric identities, we can write Pn as a polynomial in cos (2πθ), say Pn(θ) =
n∑

j=0

aj cosj (2πθ).

Define the polynomial Qn by Qn(z) =
n∑

j=0

ajz
j, that is, Pn(θ) = Qn(cos (2πθ)). Assume

that m1 and m2 are (γ(E) − ε, k)-singular points with m1 < m2 and let d = m2 −m1 and

ni = mi −
⌊

7k

8

⌋
≥ mi − 7k

8
. Define for j = 0, 1, . . . , k

θj =





θ + (n1 + j)α, if 0 ≤ j ≤
⌊
k+1

2

⌋
− 1

θ +
(
n2 + j −

⌊
k+1

2

⌋)
α, if

⌊
k+1

2

⌋
≤ j ≤ k.

(3.7)

If d >
k + 1

2
we can guarantee that the mapping j 7→ θj is injective and therefore

use Lagrange interpolation to write

|Qk(z)| =

∣∣∣∣∣∣∣∣∣∣∣

k∑

j=0

Pk(θj)

∏

l=0,...,k
l ̸=j

z − cos (2πθl)

∏

l=0,...,k
l ̸=j

cos (2πθj) − cos (2πθl)

∣∣∣∣∣∣∣∣∣∣∣

. (3.8)
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3.1.2 Normal functions and uniformly distributed points

Definition 3.11. We will say that f ∈ C([a, b]) is normal if there is p such that for

every y ∈ R the cardinality of f−1({y}) is not greater than p and if for every ε > 0 exists

δ > 0 such that
∣∣∣∣∣

∫

|z−f(x)|<δ
ln |z − f(x)|dx

∣∣∣∣∣ <
ε

2
, ∀z ∈ [min f,max f ]. (3.9)

Proposition 3.12. The function f(x) = cos (2πx) is normal in [0, 1].

Proof. Clearly, f takes each value in [−1, 1] no more than 2 times. So it is left to show the

integral condition. First note that, given a ∈ [−1, 1] and x0 ∈ [0, 1] such that f(x) = a,

using l’Hôpital we get

lim
x→x0

√
|x− x0| ln |a− cos (2πx)| = 0.

So there is ξ > 0 such that 0 < |x− x0| < ξ =⇒ |ln |a− cos (2πx)|| < 1√
|x− x0|

.

Now given z ∈ [−1, 1] and ε > 0, we will treat three cases:

If z = −1, choose ξ ∈ (0, ε2/64) such that |ln | − 1 − cos (2πx)|| < 1√∣∣∣x− 1
2

∣∣∣

whenever 0 <
∣∣∣∣x− 1

2

∣∣∣∣ < ξi. Then there is δ > 0 such that f
((

1
2

− ξ, 1
2

+ ξ
))

= [−1,−1+δ).

Since no other value in [0, 1] takes value in [−1,−1 + δ), we have

∣∣∣∣∣

∫

|−1−cos (2πx)|<δ
ln |z − cos (2πx)|dx

∣∣∣∣∣ ≤
∫ 1

2
+ξ

1
2

−ξ
|ln |z − cos (2πx)|| dx

<
∫ 1

2
−ξ

1
2

−ξ

1√∣∣∣x+ 1
2

∣∣∣
dx = 4

√
ξ <

ε

2
.

If z = 1, then choose ξ ∈ (0, ε2/64) so that 0 < |x| < ξ =⇒ |ln |1 − cos (2πx)|| <
1√
|x|

and that 0 < |x− 1| < ξ =⇒ |ln |1 − cos (2πx)|| < 1√
|x− 1|

. Then there is δ > 0

such that f ([0, ξ) ∪ (1 − ξ, 1]) = (1 − δ, 1]. Since no other value in [0, 1] takes value in

(1 − δ, 1], we have

∣∣∣∣∣

∫

|1−cos (2πx)|<δ
ln |1 − cos (2πx)|dx

∣∣∣∣∣ ≤
∫ ξ

0
|ln |1 − cos (2πx)|| dx+

∫ 1

1−ξ
|ln |1 − cos (2πx)|| dx

<
∫ ξ

0

1√
|x|
dx+

∫ 1

1−ξ

1√
|x− 1|

dx = 4
√
ξ <

ε

2
.
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Finally, if |z| < 1, let x1, x2 ∈ [0, 1] be such that {x1, x2} = f−1 ({z}) and choose

ξ ∈ (0, ε2/256) such that 0 < |x − xi| < ξ =⇒ |ln |z − cos (2πx)|| < 1√
|x− xi|

and

f ||x−xi|<ξ is one-to-one for i = 1, 2. Then we can choose δ > 0 such that (z − δ, z + δ) ⊂
f((x1 − ξ, x1 + ξ) ∪ (x2 − ξ, x2 + ξ)) and no other value in [0, 1] takes value in (z− δ, z+ δ).

Finally, we get

∣∣∣∣∣

∫

|z−cos (2πx)|<δ
ln |z − cos (2πx)|dx

∣∣∣∣∣

≤
∫

|x−x1|<ξ
|ln |z − cos (2πx)|| dx+

∫

|x−x2|<ξ
|ln |z − cos (2πx)|| dx

<
∫

|x−x1|<ξ

1√
|x− x1|

dx+
∫

|x−x2|<ξ

1√
|x− x2|

dx = 8
√
ξ <

ε

2
.

This proof can be adapted to any analytic function on a compact interval [a, b]

such that the cardinality of f−1({y}) is uniformly bounded.

Definition 3.13. Let ϕ : N → R be a nondecreasing function such that lim
n→∞

ϕ(n)

n
= 0. We

say that x1, . . . , xn are ϕ−uniformly distributed in [a, b] if every f ∈ C([a, b]) satisfies

the inequality ∣∣∣∣∣
1

n

n∑

i=1

f(xi) − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤ ϕ(n)

n
Var(f).

Clearly, if x1, . . . , xn are ϕ1−uniformly distributed and y1, . . . , yn are ϕ2−uniformly

distributed, then x1, . . . , xn, y1, . . . , yn are (ϕ1 + ϕ2)−uniformly distributed.

Lemma 3.14. Suppose that f is normal and ϕ and ψ are real functions such that

lim
n→∞

ϕ(n)

n
= lim

n→∞

ψ(n)

n
= 0. Then for every ε > 0 there is N such that for every n > N ,

if x1, . . . xn are ϕ−uniformy distributed in [a, b] and j1, . . . , jψ(n) ∈ {1, . . . , n}, we have the

following estimates:

1

n

n∑

i=1
i̸=j1,...,jψ(n)

ln |z − f(xi)| ≤ 1

b− a

(∫ b

a
ln |z − f(x)| + ε

)
; (3.10)

1

n

n∑

i=1
i̸=j1,...,jψ(n)

ln |z − f(xi)| ≥ 1

b− a

(∫ b

a
ln |z − f(x)| − ε

)
+
ϕ(n)

n
p ln


 min

i=1,...,n
i̸=j1,...,jψ(n)

|z − f(xi)|


.

(3.11)

Proof. Given ε > 0, choose 0 < δ < 1 such that (3.9) holds. Given t > 0, define the

continuous function gt(x) =





ln |x|, if |x| > t

ln t, if |x| ≤ t
. We then have
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1

n

n∑

i=1
i̸=j1,...,jψ(n)

ln |z − f(xi)| ≤ 1

n

n∑

i=1
i̸=j1,...,jψ(n)

gδ (|z − f(xi)|)

=
1

n

n∑

i=1

gδ (|z − f(xi)|) − 1

n

ψ(n)∑

i=1

gδ (|z − f(xji)|)

≤ 1

b− a

∫ b

a
gδ (|z − f(x)|) dx+

ϕ(n)

n
Var (gδ(|z − f(x)|)) − ψ(n)

n
ln δ.

But
∫ b

a
gδ (|z − f(x)|) dx =

∫

|z−f(x)|>δ
ln |z − f(x)|dx+

∫

|z−f(x)|≤δ
ln δdx

=
∫ b

a
ln |z − f(x)|dx−

∫

|z−f(x)|≤δ
ln |z − f(x)|dx+

∫

|z−f(x)|≤δ
ln δdx

≤
∫ b

a
ln |z − f(x)|dx−

∫

|z−f(x)|≤δ
ln |z − f(x)|dx ≤

∫ b

a
ln |z − f(x)|dx+

ε

2
.

so we get

1

n

n∑

i=1
i̸=j1,...,jψ(n)

ln |z − f(xi)|

≤ 1

b− a

(∫ b

a
ln |z − f(x)|dx+

ε

2

)
+
ϕ(n)

n
Var (gδ(|z − f(x)|)) − ψ(n)

n
ln δ

≤ 1

b− a

(∫ b

a
ln |z − f(x)|dx+

ε

2

)
+
ϕ(n)

n
p

(
max
x∈[a,b]

ln |z − f(x)| − ln δ

)
− ψ(n)

n
ln δ.

Since lim
n→∞

ϕ(n)

n
p

(
max
x∈[a,b]

ln |z − f(x)| − ln δ

)
−ψ(n)

n
ln δ = 0, it is possible to choose

N1 such that n > N1 =⇒
∣∣∣∣∣
ϕ(n)

n
p

(
max
x∈[a,b]

ln |z − f(x)| − ln δ

)
− ψ(n)

n
ln δ

∣∣∣∣∣ <
ε

2(b− a)
,

what allows us to conclude that, for n > N1,

1

n

n∑

i=1
i̸=j1,...,jψ(n)

ln |z − f(xi)| ≤ 1

b− a

(∫ b

a
ln |z − f(x)| + ε

)
.

To get (3.11), let c = min
i=1

i̸=j1,...,jψ(n)

|z − f(xi)|. Since ln|x| ≤ gc(x) for all x ̸= 0, we

have
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1

n

n∑

i=1,...,n
i̸=j1,...,jψ(n)

ln |z − f(xi)| ≥ 1

n

n∑

i=1
i̸=j1,...,jψ(n)

gc (|z − f(xi)|)

=
1

n

n∑

i=1

gc (|z − f(xi)|) − 1

n

ψ(n)∑

i=1

gc (|z − f(xji)|)

≥ 1

b− a

∫ b

a
gc (|z − f(x)|) dx− ϕ(n)

n
Var (gc(|z − f(x)|)) − ψ(n)

n
max
x∈[a,b]

ln |z − f(x)|

≥ 1

b− a

∫ b

a
gc (|z − f(x)|) dx− ϕ(n)

n
p

(
max
x∈[a,b]

ln |z − f(x)| − ln c

)
− ψ(n)

n
max
x∈[a,b]

ln (|z − f(x)|).

Choosing N2 such that n > N2 =⇒

∣∣∣∣∣∣∣

max
x∈[a,b]

ln |z − f(x)|

n
(ϕ(n)p+ ψ(n))

∣∣∣∣∣∣∣
<

ε

b− a

we get, for n > N2

1

n

n∑

i=1
i̸=j1,...,jψ(n)

ln |z − f(xi)| ≥ 1

b− a

(∫ b

a
ln |z − f(x)| − ε

)
+
ϕ(n)

n
p ln c.

Defining N = max{N1, N2} the proof is complete at last.

Lemma 3.15. Let {x} denote the fractional part of x. For every diophantine α and every

x ∈ R, the points {x}, {x+ α}, . . . , {x+ (n− 1)α} are ϕ−uniformly distributed on [0, 1]

for ϕ(n) = Cn1−r−1

lnn and n ≥ 2, where r ∈ N such that |qα− p| > cq−r for some c > 0

and every (p, q) ∈ Z × N.

Proof. Let
pn
qn

be the sequence of continued fractions for α. By the Denjoy-Koksma

inequality,for every continuous function f , every x ∈ R and every natural n we have

∣∣∣∣∣∣

qn−1∑

i=0

f ({x+ iα}) − qn

∫ 1

0
f(θ) dθ

∣∣∣∣∣∣
≤ Var(f).

Given a natural k, define a nonnegative integer n(k) by qn(k) ≤ k < qn(k)+1.

Write k =
n∑

i=0

biqi with 0 ≤ bj−1qj−1 ≤
j−1∑

i=0

biqi < qj for 1 ≤ j ≤ n + 1. Let tj =





0, if j = 0
j−1∑

i=0

biqi if 1 ≤ j ≤ n+ 1
. We have
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∣∣∣∣∣∣

tj+1−1∑

i=tj

f ({x+ iα}) − bjqj

∫ 1

0
f(θ) dθ

∣∣∣∣∣∣
=

∣∣∣∣∣∣

bj−1∑

l=0



tj+(l+1)qj−1∑

i=tj+lqj

f ({x+ iα})


− bjqj

∫ 1

0
f(θ) dθ

∣∣∣∣∣∣

=

∣∣∣∣∣∣

bj−1∑

l=0



tj+(l+1)qj−1∑

i=tj+lqj

f ({x+ iα}) − qj

∫ 1

0
f(θ) dθ



∣∣∣∣∣∣

≤
bj−1∑

l=0

∣∣∣∣∣∣

tj+(l+1)qj−1∑

i=tj+lqj

f ({x+ iα}) − qj

∫ 1

0
f(θ) dθ

∣∣∣∣∣∣
≤ bjVar(f).

It follows that

∣∣∣∣∣

k−1∑

i=0

f ({x+ iα}) − k
∫ 1

0
f(θ) dθ

∣∣∣∣∣ =

∣∣∣∣∣∣

n∑

j=0

tj+1−1∑

i=tj

f ({x+ iα}) −
n∑

j=0

bjqj

∫ 1

0
f(θ) dθ

∣∣∣∣∣∣

≤
n∑

j=0

∣∣∣∣∣∣

tj+1−1∑

i=tj

f ({x+ iα}) − bjqj

∫ 1

0
f(θ) dθ

∣∣∣∣∣∣
≤

n∑

j=0

bjVar(f).

By definition, bj ≤ qj+1

qj
. Since α is diophantine, qj+1 ≤ c−1qrj , so bj <

qj+1

(cqj+1)r
−1 =

c−r−1

q1−r−1

j . Since k < qn+1 ≤ c−1qrn =⇒ qn > (ck)r
−1

, for bn we have a finer estimate:

bn <
k

qn
< c−r−1

k1−r−1

. Therefore,

∣∣∣∣∣

k−1∑

i=0

f ({x+ iα}) − k
∫ 1

0
f(θ) dθ

∣∣∣∣∣ ≤

c−r−1

k1−r−1

+
n−1∑

j=0

c−r−1

q1−r−1

j+1


Var(f)

≤ c−r−1
(
k1−r−1

+ nq1−r−1

n

)
Var(f).

Since qn ≥ 2(n−1)/2 =⇒ n ≤ 2 ln qn
ln 2

+ 1 for every n, we get

∣∣∣∣∣

k−1∑

i=0

f ({x+ iα}) − k
∫ 1

0
f(θ) dθ

∣∣∣∣∣ ≤ c−r−1

(
k1−r−1

+

(
2 ln qn
ln 2

+ 1

)
q1−r−1

n

)
Var(f)

≤ c−r−1

(
2 +

2 ln k

ln 2

)
k1−r−1

Var(f).

Now taking C =
4c−r−1

ln 2
= c−r−1

max
k≥2

(
2

ln k
+

2

ln 2

)
we get

∣∣∣∣∣

k−1∑

i=0

f ({x+ iα}) −
∫ 1

0
f(θ) dθ

∣∣∣∣∣ ≤ Ck1−r−1

ln (k) Var(f) = ϕ(k)Var(f)

=⇒
∣∣∣∣∣
1

k

k−1∑

i=0

f ({x+ iα}) −
∫ 1

0
f(θ) dθ

∣∣∣∣∣ ≤ ϕ(k)

k
Var(f),

as we wanted.
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3.2 On the behaviour of singular points

We will now return to the discussion at the end of section 3.1. Using the results

presented so far, we will show that the cossines of distinct θj’s defined in equation (3.7) do

not get too close to each other (Lemma 3.17), and that will allow us to get an exponential

bound on the growth of the ratio of the products in the equation (3.8). Such bound and

Lemma 3.10 will then be used to show that singular point exhibit some kind of "repulsion"

when they are not too close to each other (Lemma 3.19). After this, we will finally be

able to prove Theorem 3.3. Before we follow this path, we will need an estimate involving

diophantine numbers:

Proposition 3.16. If α is diophantine, there are m, r ∈ N such that for every j ∈ N

|sin (2πjα)| > 1

m · jr . (3.12)

Proof. If α is diophantine, choose n ∈ N and c > 0 such that for every p ∈ Z and every

q ∈ N we have |qα− p| > cq−n. Pick p as the integer such that 0 < |qα− p| < 1

2
. We have

two possibilities:

If |qα− p| < 3

10
, since 0 < |x| < 3π

5
=⇒ | sin x| > |x|

2
we have

| sin (2πqα)| = | sin (2π(qα− p))| > π|qα− p| = πq

∣∣∣∣∣α− p

q

∣∣∣∣∣ >
cπ

qn−1
.

If
3

10
< |qα − p| < 1

2
, by the mean value theorem, there is x0 such that

3π

5
<

2π|qα− p| < |x0| < π and

| sin (2πqα)| = | sin π − sin (2π(qα− p))| = | cosx0| |π − 2π(qα− p)| .

Now, x0 lies in an interval in which | cosx| increases as |x| increases, so | cosx0| >∣∣∣∣cos
3π

5

∣∣∣∣. Furthermore, by hypothesis,

|π − 2πqα + 2πp| = π |2qα− 2p− 1| > cπ

2nqn
.

Bringing these inequalities together, we get

| sin (2πqα)| >
∣∣∣∣cos

3π

5

∣∣∣∣
cπ

2nqn
.
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Finally, if we choose a natural m such that m >
∣∣∣∣cos

3π

5

∣∣∣∣
−1 2n

cπ
>

1

cπ
and define

r = n, we conclude that |sin (2πjα)| > 1

m · jr for every j ∈ N.

Lemma 3.17. Let α be diophantine and θ be non-resonant. There are k3 = k3(m1, θ, α)

and c > 0 such that

|cos (2πθj) − cos (2πθl)| ≥ c

(d+ k/2)r
exp

(
−(k + 2d)(2r)−1

)
(3.13)

for all k > k3 and 0 ≤ j < l ≤ k

Proof. Define ij ∈ Z by

ij =





j, if 0 ≤ j ≤ ⌊k+1
2

⌋ − 1

j + d− ⌊k+1
2

⌋, if ⌊k+1
2

⌋ ≤ j ≤ k

so that θj = θ + (n1 + ij)α.

We then get

|cos (2πθj) − cos (2πθj)| = 2

∣∣∣∣∣sin
(

2π
θj + θl

2

)
sin

(
2π
θj − θl

2

)∣∣∣∣∣

= 2
∣∣∣∣sin

(
2π
(
θ + n1α+

ij + il
2

α
))

sin
(

2π(ij − il)
α

2

)∣∣∣∣ .

If α is diophantine, so is α/2 with same parameter r, so there exists c > 0 such

that

∣∣∣∣sin
(

2π(ij − il)
α

2

)∣∣∣∣ >
c

|ij − il|r
≥ c(

k + d−
⌊
k+1

2

⌋)r ≥ c

(d+ k/2)r
.

Since θ is non-resonant, so is θ + n1α, so there is k3(m1, α, θ) such that for k > k3

∣∣∣∣sin
(

2π
(
θ + n1α+

ij + il
2

α
))∣∣∣∣ ≥ exp

(
− (ij + il)

(2r)−1)

≥ exp


−

(
2k − 1 + 2d− 2

⌊
k + 1

2

⌋)(2r)−1
 ≥ exp

(
− (k + 2d)(2r)−1)

.

Putting these two inequalities together, we complete the proof.
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Lemma 3.18. If α is diophantine, θ is non-resonant and d < kτ for some τ < 2, then

for every ε > 0 there exists k4 = k4(ε, α, τ, θ,m1) such that for every k > k4 and every

z ∈ [−1, 1] we have

∣∣∣∣∣∣∣∣∣∣∣

∏

l=0,...,k
l ̸=j

z − cos (2πθl)

∏

l=0,...,k
l ̸=j

cos (2πθj) − cos (2πθl)

∣∣∣∣∣∣∣∣∣∣∣

≤ ekε. (3.14)

Proof. Let ϕ(n) = 2Cn1−r−1

lnn. By lemma 3.15, the points θ0, . . . , θk are ϕ−uniformly

distributed on [0, 1]. Applying lemma 3.14 with f(x) = cos (2πx), ψ(n) = 1 and using that

for all z ∈ [−1, 1] ∫ 1

0
ln |z − cos (2πx)|dx = − ln 2,

we get

I1 =

∣∣∣∣∣∣∣∣

∏

l=0,...,k
l ̸=j

z − cos (2πθl)

∣∣∣∣∣∣∣∣
= exp




∑

l=0,...,k
l ̸=j

ln |z − cos (2πθl)|




≤ exp
(

(k + 1)
(∫ 1

0
ln |z − cos (2πx)|dx+

ε

3

))
= exp

(
(k + 1)

(
− ln 2 +

ε

6

))
,

and that

I2 =

∣∣∣∣∣∣∣∣

∏

l=0,...,k
l ̸=j

cos (2πθj) − cos (2πθl)

∣∣∣∣∣∣∣∣
= exp




∑

l=0,...,k
l ̸=j

ln |cos (2πθj) − cos (2πθl)|




≥ exp

(
(k + 1)

(
− ln 2 − ε

3

)
+ 2ϕ(k + 1)

(
−(k + 2d)(2r)−1

+ ln

(
c

(d+ k/2)r

)))
.

Let χ(n) = ϕ(n)

(
−(n+ 2d)(2r)−1

+ ln

(
c

(d+ n/2)r

))
. Since r ≥ 1 and d ≤ kτ for

some τ < 2, we have lim
n→∞

χ(n)

n
= 0. Then for sufficiently large k

I2 ≥ exp
(

(k + 1)
(

− ln 2 − ε

3

))
.

This allows us to conclude

I1

I2

≤ e(k+1)ε/2 ≤ ekε
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Lemma 3.19. Assume α is diophantine and θ is non-resonant. Then for every m1 ∈ Z,

ε > 0 and τ < 2, there is k5(E,α, θ,m1, ε, τ) such that if k ∈ K, k > k5, if m1,m2 are

both (γ(E) − ε, k) singular and d = |m2 −m1| > k+1
2

, then d > kτ .

Proof. Since k ∈ K, we can pick θ0 such that |Pk(θ0)| ≥ 1

2
ekγ(E). Setting z0 = cos θ0 and

using equation (3.8), we get

1

2
ekγ ≤ |Pk(z0)| ≤ ≤

k∑

j=0

∣∣∣∣∣∣∣∣∣∣∣

Pk(θj)

∏

l=0,...,k
l ̸=j

z − cos (2πθl)

∏

l=0,...,k
l ̸=j

cos (2πθj) − cos (2πθl)

∣∣∣∣∣∣∣∣∣∣∣

.

Suppose, for the sake of contradiction, that d < kτ for some τ < 2. By lemmas 3.10

and 3.18, if we take k = max{8k2(E,α, ε/6) + 6, k4(ε/16, α, τ, θ,m1)} we get

1

2
ekγ ≤ |Pk(z0)| ≤ ≤

k∑

j=0

ek(γ(E)−ε/12)ekε/16 = (k + 1)ekγ(E)e−kε/48.

But (k + 1)ekγ(E)e−kε/48 → 0, so there is K ∈ N such that k > K =⇒ (k +

1)ekγ(E)e−kε/16 < 1
2
. So with k5 = max{8k2(E,α, ε/6) + 6, k4(ε/16, α, τ, θ,m1), K} we get

a contradiction, which proves the lemma.

Using a result by Sch’nol, we can now finally prove the main result of this chapter.

Theorem 3.20 (Sch’nol). Let δ > 1
2
. We say E ∈ R is a δ-generalized eigenvalue of Hλ,α,θ

if there is a non zero generalized solution of Hλ,α,θu = Eu such that |u(n)| ≤ B(1 + |n|)δ
for every n ∈ Z and some B > 0. Let Aδ be the set of δ-generalized eigenvalues of Hλ,α,θ

and µ a spectral measure for Hλ,α,θ. Then

1. Aδ ⊂ σ(Hλ,α,θ);

2. µ(σ(Hλ,α,θ) \ Aδ) = 0;

3. Aδ = σ(Hλ,α,θ).

Proof of Theorem3.3. Let λ > 1, α diophantine and θ non-resonant and let E ∈ R be

such that Hλ,α,θu = Eu has a non-trivial solution with |u(n)| ≤ B(1 + |n|) for all n ∈ Z

and some B > 0. We will call such u a generalized engeinfunction. By Theorem 3.20, if

we prove that the generalized eigenfunctions of the Hλ,α,θ are indeed eigenfunctions, that

is, they do belong to ℓ2, we get that a dense subset of the spectrum is made solely of

eigenvalues. Therefore, the supercritical almost Mathieu operator has only pure point

spectrum for diophantine frequencies and non-resonant phases.
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Let E be a 1−generalized eigenvalue and u the correspondent generalized eigen-

function. Then pick n0 ∈ Z such that n0 ≥ 0 and u(n0) ̸= 0 (we can take n0 to be

0 or 1 since a non zero solution cannot have two consecutive zero). Let |n − n0| >
max{k1(E, γ(E)/2, θ, n0), k5(E,α, θ, n0, γ(E)/2, 3/2)} + 1. Then for k ≥ |n− n0| − 1, we

have that n0 is (γ(E)/2, k)−singular.

Choose k ∈ {|n−n0|−1, |n−n0|, |n−n0|+1}∩K ≠ ∅. Since |n−n0| ≥ k−1 >
k + 1

2
and |n− n0| ≤ k + 1 < k3/2, we have that n is (γ(E)/2, k)−regular. Thus we can choose

an interval [n1, n2] such that n ∈ [n1, n2], |n−ni| ≥ k
40

and |G[n1,n2](n, ni)| < e−γ(E)|n−ni|/2.

This leads us to

|u(n)| ≤ |G[n1,n2](n, n1)||u(n1 − 1)| + |G[n1,n2](n, n2)||u(n2 + 1)|
<B

(
|n1 − 1|e−γ(E)|n−n1|/2 + |n2 + 1|e−γ(E)|n−n2|/2

)
≤ B (|n1 − 1| + |n2 + 1|) e−γ(E)k/80

≤ B (|n1 − n| + |n− 1| + |n2 − n| + |n+ 1|) e−γ(E)(|n−n0|−1)/80

≤ B

(
39k

20
+ 2|n| + 2

)
e−γ(E)(|n−n0|−1)/80

≤ B

(
39(|n− n0| + 1)

20
+ 2|n| + 2

)
e−γ(E)(|n−n0|−1)/80.

Since for λ > 1 we have γ(E) > 0, the inequality we got gives us u ∈ ℓ2 and the

proof is complete.

3.3 Absence of point spectrum for special frequencies and phases

The lemma 3.17, which was essential to prove theorem 3.3, strongly used the

arithmetical properties of diophantine frequencies and non-resonant phases. It is natural

to wonder whether we could somehow relax these conditions and still get only pure point

spectrum, or even if we could get this result for every frequency and every phase. Although

we do not try to answer the former, here we will show that the answer to the latter is

negative: For suitable frequencies and phases there can never be point spectrum, and even

though these sets have measure zero by theorem 3.3, they are topologically "big": they

form a dense Gδ.

3.3.1 Strongly liouvillian frequencies

In this subsection we show that for a dense Gδ set of frequencies the almost Mathieu

operator cannot have point spectrum.
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Definition 3.21. We will say that an irrational α is strongly liouvillian if for every

n ∈ N there exists p, q ∈ Z with q > 0 such that

∣∣∣∣∣α− p

q

∣∣∣∣∣ <
1

nq
. (3.15)

We will denote this set by Ls.

Proposition 3.22. Ls is dense Gδ.

Proof. For each n ∈ N let Un =
∞⋃

q=1

∞⋃

p=−∞

(
p

q
− 1

nq
,
p

q
+

1

nq

)
. Clearly each Un is a dense

open set. Let {rn} be an enumeration of Q and Vn = Un \ {rn}, so that Vn is still a dense

open set. By the definition of strongly liouvillian, Ls =
∞⋂

n=1

Vn, so it is a dense Gδ.

Lemma 3.23. Assume that V : Z → R satisfies V (n+m) = V (n) for some m > 0 and for

every n ∈ [−m,m− 1]. If E ∈ R and u is a solution for u(n+ 1) +u(n− 1) +V (n)u(n) =

Eu(n) we have

max





∥∥∥∥∥∥


 u(−m)

u(−m− 1)



∥∥∥∥∥∥
,

∥∥∥∥∥∥


 u(m)

u(m− 1)



∥∥∥∥∥∥
,

∥∥∥∥∥∥


 u(2m)

u(2m− 1)



∥∥∥∥∥∥



 ≥ 1

2

∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥
.

(3.16)

Proof. Let A and T be, respectively, the step matrix and the transfer matrix for the

eigenvalue equation u(n+ 1)+u(n− 1)+V (n)u(n) = Eu(n). By assumption, V (n+m) =

V (n) for n ∈ [−m,m− 1], so A(n+m) = A(n) for n ∈ [−m,m− 1]. This gives us

T (2m) = A(2m− 1) · · ·A(m)A(m− 1) · · ·A(0) = (A(m− 1) · · ·A(0))2 = T (m)2.

and

T (m)T (−m)−1 = A(m− 1) · · ·A(0)A(−1) · · ·A(m− 1) = (A(m− 1) · · ·A(0))2 = T (m)2.

But T (m) ∈ SL2(R), so T (m)2 = Tr(T (m))T (m) − I.

If |Tr(T (m))| ≤ 1, then
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
 u(2m)

u(2m− 1)


 = T (2m)


 u(0)

u(−1)


 = T (m)2


 u(0)

u(−1)




= (Tr(T (m))T (m) − I)


 u(0)

u(−1)


 = Tr(T (m))


 u(m)

u(m− 1)


−


 u(0)

u(−1)




=⇒

 u(0)

u(−1)


 =


 u(2m)

u(2m− 1)


− Tr(T (m))


 u(m)

u(m− 1)




=⇒
∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥

≤ |Tr(T (m))|
∥∥∥∥∥∥


 u(m)

u(m− 1)



∥∥∥∥∥∥

+

∥∥∥∥∥∥


 u(2m)

u(2m− 1)



∥∥∥∥∥∥

≤
∥∥∥∥∥∥


 u(m)

u(m− 1)



∥∥∥∥∥∥

+

∥∥∥∥∥∥


 u(2m)

u(2m− 1)



∥∥∥∥∥∥
.

In the case |Tr(T (m))| > 1, we use


 u(m)

u(m− 1)


 = T (m)


 u(0)

u(−1)


 = T (m)T (−m)−1


 u(−m)

u(−m− 1)


 = T (m)2


 u(−m)

u(−m− 1)




= (Tr(T (m))T (m) − I)


 u(−m)

u(−m− 1)


 = (Tr(T (m))T (−m)−1 − I)


 u(−m)

u(−m− 1)




= Tr(T (m))


 u(0)

u(−1)


−


 u(−m)

u(−m− 1)




=⇒ Tr(T (m))


 u(0)

u(−1)


 =


 u(2m)

u(2m− 1)


+


 u(m)

u(m− 1)




=⇒
∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥
< |Tr(T (m))|

∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥

≤
∥∥∥∥∥∥


 u(m)

u(m− 1)



∥∥∥∥∥∥

+

∥∥∥∥∥∥


 u(−m)

u(−m− 1)



∥∥∥∥∥∥
.

So at least one of the three following inequalities must hold:

∥∥∥∥∥∥


 u(−m)

u(−m− 1)



∥∥∥∥∥∥

≥

1

2

∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥
,

∥∥∥∥∥∥


 u(m)

u(m− 1)



∥∥∥∥∥∥

≥ 1

2

∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥

or

∥∥∥∥∥∥


 u(2m)

u(2m− 1)



∥∥∥∥∥∥

≥ 1

2

∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥
.

We now state a result of Gordon that was originaly made for the continuous case,

but adapted to the discrete case by Avron and Simon [8, 32]:

Lemma 3.24. Assume V : Z → R is bounded and that there is a sequence (qk) of positive

integers such that lim
k→∞

qk = ∞ and for every C > 0

lim
k→∞

max
0≤n≤qk−1

|V (n) − V (n± qk)|Cqk = 0.
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Then for every E ∈ R the equation u(n+ 1) + u(n− 1) + V (n)u(n) = Eu(n) has

no square-summable solution.

Proof. Consider a solution u for u(n+ 1) + u(n− 1) + V (n)u(n) = Eu(n) and a solution

uk for the equation uk(n + 1) + uk(n − 1) + Vk(n)u(n) = Euk(n) with uk(−1) = u(−1)

and uk(0) = u(0), where Vk is the qk−periodic function such that Vk(n) = V (n) for

n ∈ [0, qk − 1].

Let T (n) be as in the proof of the previous lemma and Tk(n) the transfer matrix

associated with Vk, same for A(n) and Ak(n). We then have

max
−qk≤n≤2qk−1

∥∥∥∥∥∥


 u(n)

u(n− 1)


−


 uk(n)

uk(n− 1)



∥∥∥∥∥∥

≤ max
−qk≤n≤2qk−1

∥T (n)−Tk(n)∥
∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥

Let C =
√

(|E| + ∥V ∥∞)2 + 2. Then

max
−qk≤n≤2qk−1

∥T (n) − Tk(n)∥ ≤ (2qk − 1)C2qk−2 max
−qk≤n≤2qk−1

|V (n) − Vk(n)|

But max
−qk≤n≤2qk−1

|V (n)−Vk(n)| = max
0≤n≤qk−1

|V (n±qk)−V (n)|, since Vk is qk−periodic

and coincides with V for n ∈ [0, qk − 1]. So we have

0 ≤ lim
k→∞

max
−qk≤n≤2qk−1

∥∥∥∥∥∥


 u(n)

u(n− 1)


−


 u(k)(n)

u(k)(n− 1)



∥∥∥∥∥∥

≤ lim
k→∞

(2qk − 1)C2qk−2 max
0≤n≤qk−1

|V (n± qk) − V (n)|

= lim
k→∞

2qk − 1

22qk−2
(2C)2qk−2 max

0≤n≤qk−1
|V (n± qk) − V (n)| = 0.

By lemma 3.23,

max





∥∥∥∥∥∥


 uk(−qk)
uk(−qk − 1)



∥∥∥∥∥∥
,

∥∥∥∥∥∥


 uk(qk)

uk(qk − 1)



∥∥∥∥∥∥
,

∥∥∥∥∥∥


 uk(2qk)

uk(2qk − 1)



∥∥∥∥∥∥



 ≥ 1

2

∥∥∥∥∥∥


 u(0)

u(−1)



∥∥∥∥∥∥
.

So uk does not decay and therefore neither does u, which rules out the possibility of u

being square-summable.

Theorem 3.25. If α ∈ Ls, then Hλ,α,θ has no point spectrum.

Proof. Let pn/qn be the continued fraction approximants of α, so that

∣∣∣∣∣α− pn
qn

∣∣∣∣∣ <
1

nqn
. So

for any θ ∈ R and any C > 0 we have
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max
0≤m≤qn−1

|2λ cos (2π(θ +mα) − 2λ cos (2π(θ + (m± qn)α)|Cqn

= max
0≤m≤qn−1

4λ| sin (π(2θ + (2m± qn))α) sin (∓πqnα)|Cqn ≤ 4πλ∥qnα∥TC
qn .

So, by construction

0 ≤ lim
n→∞

max
0≤m≤qn−1

|2λ cos (2π(θ +mα) − 2λ cos (2π(θ + (m± qn)α)|Cqn

≤ lim
n→∞

4πλ|pn − qnα|Cqn ≤ lim
n→∞

4πλ
Cqn

nqn−1
= 0.

Thus, for strongly liouvillian α, the potential of the almost Mathieu opereator

satisfies the assumptions of lemma 3.24, and therefore cannot have point spectrum.

3.3.2 Strongly resonant phases

In this subsection, we show that for a fixed frequency, there is a dense Gδ set of

frequencies for which the almost Mathieu operator cannot have point spectrum.

Definition 3.26. Fix an irrational α and λ > 0. Then for B = 4 ln (3 + 4λ) and n ∈ N

let

Φn =
{
θ ∈ R |sin (2π (θ + nα))| < e−Bn

}
. (3.17)

We then define the set of strongly resonant phases by

Φ = lim sup
n

Φn =
∞⋂

n=1

∞⋃

k=n

Φk.

Proposition 3.27. Φ is a dense Gδ.

Proof. By continuity of θ 7→ |sin (2π (θ + nα))|, we have that each Φn is open. Thus, so is

each
∞⋃

k=n

Φk. Also, for each n, it is clear that Un = {m− nα | m ∈ Z} ⊂ Φn. But we know

that the set
∞⋃

k=n

Uk = {m− kα | m ∈ Z and k ≥ n} is dense for each n, so each
∞⋃

k=n

Φk is

a dense open set. Hence, Φ is a dense Gδ.

Theorem 3.28. For θ ∈ Φ, the almost Mathieu operator Hλ,α,θ has no point spectrum
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Proof. First of all, let V (n) = 2λ cos 2π (θ + nα), then

|V (2m− n) − V (n)| = 4λ| sin 2π(m− n)α sin (θ +mα)| ≤ 4λ| sin (θ +mα)|

Since θ ∈ Φ, we can pick an increasing sequence (mk) such that |V (2mk − n) − V (n)| ≤
4λe−Bmk for every k.

Suppose Hλ,α,θu = Eu has a non zero solution which is square-summable, we can

then choose such eigenfunction satisfying ∥u∥ = 1. Furthermore, since E is in the spectrum,

|E| ≤ 2 + 2λ. Let uk(n) = u(2mk − n) and the W [u, v](n) = u(n+ 1)v(n) − u(n)v(n+ 1).

We have

|W [u, uk](n) −W [u, uk](n− 1)|
= |u(n+ 1)uk(n) − u(n)uk(n+ 1) − u(n)uk(n− 1) + u(n− 1)uk(n)|
= |uk(n)(u(n+ 1) + u(n− 1)) − u(n)(uk(n+ 1) + uk(n− 1))|
= |uk(n)u(n)||V (n) − V (2mk − n)| ≤ 4λe−Bmk . (3.18)

Since u and uk are in ℓ2, so does W [u, uk] and, by Cauchy–Bunyakovsky–Schwarz

inequality, ∥W [u, uk]∥ ≤ 2 since both u and uk have unit norm. So for some j such that

|j| ≤ eBmk/2 we must have |W [u, uk](j)| ≤ e−Bmk/2. But by (3.18), using triangle inequality

we get that for |n| ≤ eBmk/2

|W [u, uk](n)| ≤ 2eBmk/2 · 4λe−Bmk + e−Bmk/2 = (8λ+ 1)e−Bmk/2

In particular, this holds for n = mk, since mk ≤ eBmk/2 for k large enough.

Now define u±
k = u±uk. Clearly, W [·, ·] is bilinear and anticommutative. This gives

us W [u−
k , u

+
k ] = W [u, u] −W [uk, u] +W [u, uk] −W [uk, uk] = 2W [u, uk]. Since u−

k (mk) = 0,

we get

|u+
k (mk)u

−
k (mk + 1)| = |W [u−

k , u
+
k ](mk)| ≤ 2(8λ+ 1)e−Bmk/2

So either |u+
k (mk)| ≤

√
2(8λ+ 1)e−Bmk/4 or |u−

k (mk + 1)| ≤
√

2(8λ+ 1)e−Bmk/4

Now define Ψ±
k (n) =


 u±

k (n+ 1)

u±
k (n)


. Consider the case where |u+

k (mk)| ≤
√

2(8λ+ 1)e−Bmk/4 holds, then ∥Ψ+
k (mk)∥ =

√
|u+
k (mk)|2 + |u+

k (mk + 1)|2. But
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0 = u(mk + 1) + u(mk − 1) + (V (mk) − E)u(mk)

= u(mk + 1) + u(2mk − (mk + 1)) +
1

2
(V (mk) − E)(u(mk + 1) + u(2mk −mk))

= u+
k (mk + 1) +

1

2
(V (mk) − E)u+

k (mk).

so ∥Ψ+
k (mk)∥ = |u+

k (mk)|
√

1 + (V (mk) − E)2/4 ≤
√

2(8λ+ 1)e−Bmk/4
√

1 + (1 + 2λ)2. If

|u−
k (mk+1)| ≤

√
2(8λ+ 1)e−Bmk/4, then ∥Ψ−

k (mk)∥ = |u−
k (mk+1)| ≤

√
2(8λ+ 1)e−Bmk/4,

since u−
k (mk) = 0. Either way, for at least one sign, there is C > 0 such that

∥Ψ±
k (mk)∥ ≤ Ce−Bmk/4

Let Ψ(n) =


 u(n+ 1)

u(n)


 and Ψk(n) =


 uk(n+ 1)

uk(n)


, so Ψ±

k (n) = Ψ(n) ± Ψk(n).

Also let

T
(1)
k =


 0 1

−1 E − V (1)


 · · ·


 0 1

−1 E − V (mk)




and

T
(2)
k =


 0 1

−1 E − V (2mk − (mk − 1))


 · · ·


 0 1

−1 E − V (2mk)




So T (1)
k Ψ(mk) = Ψ(0) and T (2)

k Ψk(mk) = Ψk(0). By the same reasoning used in the

demonstration of lemma 3.24, we have that

∥T (1)
k −T (2)

k ∥ ≤ mk


max

n∈Z

∥∥∥∥∥∥


 0 1

−1 E − V (n)



∥∥∥∥∥∥



mk−1

max
n∈Z

∥∥∥∥∥∥


 0 0

0 V (2mk − n) − V (n)



∥∥∥∥∥∥




But for E in the spectrum, |E| ≤ 2λ, so
∥∥∥∥∥∥


 0 1

−1 E − V (n)



∥∥∥∥∥∥

=
√

2 + (E − V (n))2 ≤
√

16λ2 + 16λ+ 6

<
√

16λ2 + 24λ+ 9 = 4λ+ 3 = eB/4,

and |V (2mk − n) − V (n)| ≤ 4λe−Bmk . So ∥T (1)
k − T

(2)
k ∥ < mke

B(mk−1)/4 · 4λe−Bmk ≤
4λmke

−3Bmk/4.

Finally,

Ψ±
k (0) = T

(1)
k Ψ(mk) ± T

(2)
k Ψk(mk) = T

(1)
k Ψ±

k (mk) ± (T
(2)
k − T

(1)
k )Ψk(mk).

So
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∥Ψ±
k (0)∥ ≤

∥∥∥T (1)
k Ψ±

k (mk)
∥∥∥+

∥∥∥
(
T

(2)
k − T

(1)
k

)
Ψk(mk)

∥∥∥

≤ (
√

16λ2 + 16λ+ 6)mkCe−Bmk/4 + 4λmke
−3Bmk/4∥Ψk(mk)∥.

Taking k → ∞ we get

∥Ψ(0)∥ ≤ ∥Ψk(0)∥ + ∥Ψ±
k (0)∥ = ∥Ψ(2mk − 1)∥ + ∥Ψ±

k (0)∥ → 0

so ∥Ψ(0)∥ = 0 =⇒ u(1) = u(0) = 0 =⇒ u ≡ 0, which is a contradiction.
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4 Critical case

We have given, up to measure zero sets of frequency and phase, a classification of

the spectrum of Hλ,α,θ for λ > 1 (and, by duality results, of λ < 1). We will now focus on

the critical case, that is, when λ = 1.

In the first section of this chapter, following Last in [30], we will use two results of

[10] to derive the measure of the spectrum for a full measure set of irrational frequencies.

In particular, using Theorem 2.10, we will conclude that for almost every α and almost

every θ the operator H1,α,θ has purely singular continuous spectrum.

In the second section we will use Avila’s work in [3] to show that H1,α,θ can never

have eigenvalues, except maybe for countably many θ. That property, alongside with the

zero measure of its spectrum, gives us a stronger result than the one obtained in the

previous section.

4.1 The measure of the spectrum

In this section, in order to study the measure of σ(Hλ,α,θ), we will use the periodic

approximants of the operator, that is, we will choose a rational approximant p/q for α.

Since in this case the spectrum is not independent of θ, we define for each λ > 0 and α ∈ R

the sets S+(λ, α) =
⋃

θ∈T

σ(Hλ,α,θ) and S−(λ, α) =
⋂

θ∈T

σ(Hλ,α,θ). For irrational α, both sets

coincide with σ(Hλ,α,θ). The main result of this section will be

Theorem 4.1. Let α be an irrational such that there is a sequence of rationals
pn
qn

for

which

lim
n→∞

q2
n

∣∣∣∣∣α− pn
qn

∣∣∣∣∣ = 0.

Then ν(σ(Hλ,α,θ)) = 4|1 − λ|.

The set of such α is easily seen to be a dense Gδ. Furthermore, the theory of con-

tinued fractions (see [28]) tells us that such irrationals are precisely those with unbounded

elements in its continued fraction representation, so it is a set of full measure. Therefore

the complement of the set of such α’s is negligible both in a topological sense and in a

measure-theoretic sense.

We will now present some Floquet Theory’s results that we will use to study the

periodic approximants Hλ,p/q,θ. Afterwards, there will be the statement of two important

theorems about the sets S+ and S−. Throughout the text, when we talk about a rational

p/q, we will always assume that p and q are coprime integers and q > 0.
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Fixed λ > 0 and a rational p/q, define the function

Dλ,p/q,θ(E) = Tr(A1(E, θ)A2(E, θ) · · ·Aq(E, θ)),

where An(E, θ) =


 E − 2λ cos (π(θ + np/q)) −1

1 0


.

Proposition 4.2. Dλ,p/q,θ(E) is a monic polynomial of order q in E with the properties:

1. Dλ,p/q,θ(E) has q real distinct zeros;

2. Dλ,p/q,θ(E) ≥ 2 at its maxima points and Dλ,p/q,θ(E) ≤ −2 at its minima points;

3. D−1
λ,p/q,θ([−2, 2]) = σ(Hλ,p/q,θ), so σ(Hλ,p/q,θ) is the union of q bands (closed intervals)

with pairwise disjoint interiors and Dλ,p/q,θ is strictly monotone in each band.

For a proof, see, e.g., chapter 7 of [33].

Using the ciclicity of the trace and that Dλ,p/q,θ(E) is a polynomial of order q in

eiθ and e−iθ, it is easy to show that (see [11]):

Dλ,p/q,θ(E) = Dλ,p/q,1/q(E) + 2λq cos (2πqθ). (4.1)

Let fλ,p/q(E) = Dλ,p/q,1/q(E). Then by equation 4.1 and property 3 of Dλ,p/q,θ(E),

we obtain that S+(λ, p/q) = f−1
λ,p/q([−2 − 2λq, 2 + 2λq]) for every λ; that S−(λ, p/q) =

f−1
λ,p/q([−2 + 2λq, 2 − 2λq]) for λ ≤ 1; and that S−(λ, p/q) = ∅ for λ > 1. We also have

that fλ,p/q(E) ≥ 2 + 2λq at its maxima points and fλ,p/q(E) ≤ −2 − 2λq at its minima

points, so S+(λ, p/q) is made of q bands with pairwise disjoint interiors and fλ,p/q is strictly

monotone in each band.

Since fλ,p/q is a polynomial in E, S+(λ, p/q) is always compact, so the set G(λ, α)

defined by G(λ, α) = [minS+(λ, p/q),max S+(λ, p/q)] \ S+(λ, p/q) is a bounded open set

and can therefore be written as the union of countably many disjoint open intervals. We

call each of these intervals a gap S+(λ, p/q).

Now we have the basic facts about the periodic almost Mathieu operators, we will

enunciate the two aforementioned theorems about the sets S+ and S−. For the proof of

Theorem 4.3, see [10].

Theorem 4.3. For 0 ≤ λ ≤ 1 we have

ν (S−(λ, α)) = 4(1 − λ) (4.2)

4(1 − λ) ≤ ν (S+(λ, α)) ≤ 4(1 − λ) + 4πλq/2 (4.3)
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Theorem 4.4. For every λ > 0, there is δ > 0 such that if E ∈ S+(λ, α) and |α−α′| < δ,

then there is E ′ ∈ S+(λ, α′) such that |E − E ′| < 16
√
λ|α− α′|.

Proof. The idea of the proof is to use approximate eigenfunctions for Hλ,α,θ − E and

multiply them by a test function to construct a new vector in ℓ2 and show that this new

vector is not "too far" from being an approximate eigenfunction of Hλ,α′,θ′ −E for suitable

θ′. Therefore, we will come to the conclusion that there is E ′ in the spectrum of Hλ,α′,θ′

that is not "too far" from E.

For E ∈ S+(λ, α) and ε > 0, choose uε ∈ ℓ2 such that ∥(Hλ,α,θ − E)uε∥ < ε∥uε∥.

Now for j ∈ Z and L > 0 we define the ℓ2 function ηj,L(n) =





1 − |n−j|
L
, if |n− j| ≤ L

0, if |n− j| > L.

Using l = ⌊L⌋, note that

∑

j∈Z

ηj,L(n)2 =
n+l∑

j=n−l

(
1 − |n− j|

L

)2

=
l∑

j=−l

(
1 − |j|

L

)2

= 1 + 2
l∑

n=−l

(
1 − j

L

)2

= 1 + 2
l∑

j=1

(
1 − 2

j

L
+
j2

L2

)
= 1 + 2l − 4

L
· l(l + 1)

2
+

2

L2
· l(l + 1)(2l + 1)

6

= 1 +
l(6L2 − 6Ll + 2l2 − 6L+ 3l + 1)

3L2

So ML(n) =
∑

j∈Z

ηj,L(n)2 is independent of n. Moreover, since lim
L→∞

l

L
= 1, we have

lim
L→∞

ML

l
=

2

3
. Now

∑

j∈Z

∥ηj,L(Hλ,α,θ − E)uε∥2 =
∑

j∈Z

∑

n∈Z

ηj,L(n)2[(Hλ,α,θ − E)uε](n)2

=
∑

n∈Z


[(Hλ,α,θ − E)uε](n)2

∑

j∈Z

ηj,L(n)2


 =

∑

n∈Z

ML[(Hλ,α,θ − E)uε](n)2

= ML∥(Hλ,α,θ − E)uε∥2 ≤ MLε
2∥uε∥2.

We also have, since ML is independent of n,

ML∥uε∥2 =


∑

j∈Z

ηj,L(n)2




∑

n∈Z

uε(n)2


 =

∑

j∈Z

∑

n∈Z

ηj,L(n)2uε(n)2 =
∑

j∈Z

∥ηj,Luε∥2

=⇒
∑

j∈Z

∥ηj,L(Hλ,α,θ − E)uε∥2 ≤ ε2
∑

j∈Z

∥ηj,Luε∥2. (4.4)

Let’s now look at the expression [(H1,α,θ − E)(ηj,Luε)](n). We have



Chapter 4. Critical case 45

[(H1,α,θ − E)(ηj,Luε)](n)

= ηj,L(n+ 1)uε(n+ 1) + ηj,L(n− 1)uε(n− 1) + (2 cos (2π(nα + θ) − E)ηj,L(n)uε(n)

= ηj,L(n) (uε(n+ 1) + uε(n− 1) + (2 cos (2π(nα + θ) − E)uε(n))

+ (ηj,L(n+ 1) − ηj,L(n))uε(n+ 1) + (ηj,L(n− 1) − ηj,L(n))uε(n− 1)

= ηj,L(n)[(Hλ,α,θ − E)uε](n) + (ηj,L(n+ 1) − ηj,L(n))uε(n+ 1)

+ (ηj,L(n− 1) − ηj,L(n))uε(n− 1).

Now, let’s look at the three possible cases for the value of ηj,L(n+ 1) − ηj,L(n). If

j − l ≤ n < j + l, then

ηj,L(n+ 1) − ηj,L(n) =

(
1 − |n+ 1 − j|

L

)
−
(

1 − |n− j|
L

)
=

|n+ 1 − j| − |n− j|
L

= ± 1

L
.

If n = j+ l or n = j− l− 1, then ηj,L(n+ 1) or ηj,L(n) is equal to zero, respectively,

so

ηj,L(n+ 1) − ηj,L(n) = ±
(

1 − l

L

)
= ±L− l

L
.

Finally, if n > j + l or n < j − l − 1, both integers have image zero, whence

ηj,L(n + 1) − ηj,L(n) = 0. An analogous analysis can be made for ηj,L(n − 1) − ηj,L(n).

Note that in the two first cases we have |ηj,L(n+ 1) − ηj,L(n)| ≤ 1

L
.

Define the operator Tj,L by

[Tj,Lu](n) = (ηj,L(n+ 1) − ηj,L(n))u(n+ 1) + (ηj,L(n− 1) − ηj,L(n))u(n− 1).

We now compute

∑

j∈Z

∥Tj,Luε∥2 =
∑

j∈Z

∑

n∈Z

|(ηj,L(n+ 1) − ηj,L(n))uε(n+ 1) + (ηj,L(n− 1) − ηj,L(n))uε(n− 1)|2

≤ 2
∑

j∈Z

∑

n∈Z

|(ηj,L(n+ 1) − ηj,L(n))uε(n+ 1)|2 + 2
∑

j∈Z

∑

n∈Z

|(ηj,L(n− 1) − ηj,L(n))uε(n− 1)|2

≤ 2
∑

j∈Z

j+l∑

n=j−l−1

1

L2
|uε(n+ 1)|2 + 2

∑

j∈Z

j+l+1∑

n=j−l

1

L2
|uε(n− 1)|2

= 2
∑

n∈Z

j+l+1∑

j=n−l

1

L2
|uε(n+ 1)|2 + 2

∑

n∈Z

n+l∑

n=n−l−1

1

L2
|uε(n− 1)|2

=
4(l + 1)

L2

∑

n∈Z

|uε(n+ 1)|2 + |uε(n− 1)|2 =
8(l + 1)

L2
∥uε∥2. (4.5)
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Since (Hλ,α,θ − E)ηj,L = ηj,L(Hλ,α,θ − E) + Tj,L, using (4.4), (4.5) and ∥u+ v∥2 ≤
2∥u∥2 + 2∥v∥2 we get

∑

j∈Z

∥(H1,α,θ − E)ηj,Luε∥2 ≤ 2
∑

j∈Z

∥ηj,L(Hλ,α,θ − E)uε∥2 + 2
∑

j∈Z

∥Tj,Luε∥2

≤ 2ε2
∑

j∈Z

∥ηj,Luε∥2 +
16(l + 1)

L2
∥uε∥2 = 2ε2

∑

j∈Z

∥ηj,Luε∥2 +
16(l + 1)

L2ML

∑

j∈Z

∥ηj,Luε∥2.

Since lim
L→∞

16(l + 1)

ML

= 24 there is L0 such that
16(l + 1)

L2ML

< 25L−2 whenever

L > L0. For such L′s we have

∑

j∈Z

∥(H1,α,θ − E)ηj,Luε∥2 < (2ε2 + 25L−2)
∑

j∈Z

∥ηj,Luε∥2.

So for at least one k ∈ Z

∥(H1,α,θ − E)ηk,Luε∥2 < (2ε2 + 25L−2)∥ηk,Luε∥2

=⇒ ∥(H1,α,θ − E)ηk,Luε∥ < ∥ηk,Luε∥
√

(2ε2 + 25L−2) ≤ (ε
√

2 + 5L−1)∥ηk,Luε∥

Now choose θ′ such that kα+ θ = kα′ + θ′. If |n− k| ≤ L, then

2λ| cos (2π(nα + θ)) − cos (2π(nα′ + θ′))|
= 4λ| sin (π(n(α+ α′) + θ + θ′)) sin (π(n(α− α′) + θ − θ′))|
≤ 4λ| sin (π(n(α− α′) + θ − θ′))| = 4λ| sin (π(n− k)(α− α′))|
≤ 4λπ|n− k||α− α′| ≤ 4λπL|α− α′|.

We then get

∥(Hλ,α′,θ′ − E)ηk,Luε∥ ≤ ∥(Hλ,α′,θ′ −Hλ,α,θ)ηk,Luε∥ + ∥(Hλ,α,θ − E)ηk,Luε∥

< (4λπL|α− α′| + ε
√

2 + 5L−1)∥ηk,Luε∥.

Now let δ = (λπL2
0)

−1 <
5

4λπL2
0

, so that if |α − α′| < δ then

√
5

4λπ|α− α′| > L0.

So, for |α− α′| < δ, we can choose L =

√
5

4λπ|α− α′| and finally get
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∥(Hλ,α′,θ′ − E)ηk,Luε∥ < (ε
√

2 + 4
√

5λπ|α− α′|).

Since 4
√

5π < 16 and ε is arbitrary, if |α − α′| < δ = (λπL2
0)

−1 then there is

E ′ ∈ σ(Hλ,α′,θ′) such that, |E − E ′| < 16
√
λ|α− α′| and the proof is complete.

Corollary 4.4.1. For every λ > 0, there is δ > 0 such that if |α−α′| < δ then the inequali-

ties |max S+(λ, α) − max S+(λ, α′)| < 16
√
λ|α− α′| and |minS+(λ, α) − minS+(λ, α′)| <

16
√
λ|α− α′| hold.

Proof. Let M = max S+(λ, α). So by Theorem 4.4 S+(λ, α′) can only have elements E ′

not greater then M + 16
√
λ|α− α′| (otherwise there would be E ∈ S+(λ, α) such that

E > M), so we get max S+(λ, α′) < M + 16
√

2λ|α− α′|. Again by Theorem 4.4, we know

that there is M ′ ∈ S+(λ, α′) such that M − 16
√
λ|α− α′| < M ′ < M + 16

√
λ|α− α′|,

so max S+(λ, α′) > M − 16
√
λ|α− α′|. Thus we have |max S+(λ, α) − max S+(λ, α′)| <

16
√
λ|α− α′|.

The proof for the minimum is entirely analogous.

Corollary 4.4.2. For every For every λ > 0, there is δ > 0 such that if |α−α′| < δ, then

for every gap g of S+(λ, α) with ν(g) > 32
√
λ|α− α′| and midpoint Eg, there is a gap g′

in S+(λ, α′) such that Eg ∈ g′ and ν(g′) > ν(g) − 32
√

2λ|α− α′|.

Proof. Since |Eg − E| > 16
√
λ|α− α′| for every E ∈ S+(λ, α), Eg /∈ S+(λ, α′). We also

know, by the definition of the gaps, that Eg−ν(g)/2 ∈ S+(λ, α) and Eg+ν(g)/2 ∈ S+(λ, α).

So there are elements E ′, E
′′

of S+(λ, α′) that satisfy the inequalities |E ′ −(Eg−ν(g)/2)| <
16
√
λ|α− α′| and |E ′′ − (Eg+ν(g)/2)| < 16

√
λ|α− α′|, so E ′ < Eg < E

′′

. Therefore, Eg ∈
G(λ, α′). Then there is a gap g′ of S+(λ, α′) such that Eg ∈ g′ ⊂ (E ′, E

′′

). Now g′ is of the

form (a, b), with a, b ∈ S+(λ, α′). By Theorem 4.4, we have a < Eg−ν(g)/2+16
√
λ|α− α′|

and b > Eg + ν(g)/2 − 16
√
λ|α− α′|, whence ν(g′) > ν(g) − 32

√
2λ|α− α′|.

Now we will proceed to gather the results that will allow us to prove Theorem4.1.

Lemma 4.5. For a rational p/q, let E1, . . . , Eq be the zeros of f1,p/q(E). We have

q∑

j=1

1

|f ′
1,p/q(Ej)|

=
1

q
. (4.6)

Proof. Let λ < 1 and let [a1, b1], . . . , [aq, bq] be the q bands of f−1
λ,p/q([−2+2λq, 2−2λq]). We

have |f(bj)−f(aj)| = 4−4λq for each j. By the Mean Value Theorem there is E∗
j ∈ [aj, bj]



Chapter 4. Critical case 48

such that 4 − 4λq = |f ′
λ,p/q(E

∗
j )|(bj − aj), so 4(1 − λ) = ν(S−(λ, p/q)) =

q∑

j=1

bj − aj =

q∑

j=1

4 − 4λq

|f ′
λ,p/q(E

∗
j )|

. Since fλ,p/q(E) is also a polynomial in λ, we have that E∗
j → Ej when

λ ↗ 1. Therefore,

q∑

j=1

1

|f ′
1,p/q(Ej)|

= lim
λ→1−

q∑

j=1

1

|f ′
λ,p/q(E

∗
j )|

= lim
λ→1

1 − λ

1 − λq
=

1

q
.

Proposition 4.6. Given a rational p/q, we have

2(
√

5 + 1)

q
≤ ν(S+(1, p/q)) ≤ 8e

q
. (4.7)

Proof. For simplicity, throughout this proof we will write f(E) and S+ instead of f1,p/q(E)

and S+(1, p/q). Let E1, . . . , Eq be the zeros of f ordered increasingly and [a1, b1], . . . , [aq, bq]

be the q bands of S+ = f−1([−4, 4]) ordered in a way that aj < Ej < bj for each j.

We will first prove the upper bound. We will use an argument for the bands when

2 ≤ j ≤ q − 1 and another for when j ∈ {1, q}.

Suppose f is increasing in [a2, b2] (if it is decreasing, the calculations are completely

analogous) and let E−
2 ≤ a2 and E+

2 ≥ b2 be the closest minimum and maximum ponits

of f , respectively. Now let g(E) =
d

dE
ln |f(E)|. Since f(E) =

q∏

j=1

(E − Ej), we have

g(E) =
q∑

j=1

1

E − Ej
. That gives us

g′(E) = −
q∑

j=1

1

(E − Ej)2
< − 1

(E − E2)2
.

Since E±
2 are extrema points of f , we have g(E±

2 ) = 0, so for E ∈ (E2, E
+
2 ) we have

g(E) = g(E) − g(E+
2 ) = −

∫ E+
2

E
g′(t)dt >

∫ E+
2

E

1

(t− E2)2
dt =

1

E − E2

− 1

E+
2 − E2

.

And for E ∈ (E2, b2) we have, since f(b2) = 4,

ln
4

f(E)
= ln (f(b2)) − ln (f(E)) =

∫ b2

E
g(t)dt >

∫ b2

E

1

t− E2

− 1

E+
2 − E2

dt

= ln

(
b2 − E2

E − E2

)
− b2 − E

E+
2 − E2

> ln

(
b2 − E2

E − E2

)
− 1.

So
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4

f(E)
>

1

e
· b2 − E2

E − E2

=⇒ b2 − E2 < 4e
E − E2

f(E)
= 4e

E − E2

f(E) − f(E2)
.

Letting E ↘ E2 we get b2 − E2 ≤ 4e

f ′(E2)
.

Similarly, for E ∈ (E−
2 , E2) we have

g(E) = g(E) − g(E−
2 ) =

∫ E

E−

2

g′(t)dt < −
∫ E

E−

2

1

(t− E2)2
dt =

1

E − E2

− 1

E−
2 − E2

.

And for E ∈ (a2, E2) we have, since f(a2) = −4,

ln
4

|f(E)| = ln |f(a2)| − ln |f(E)| = −
∫ E

a2

g(t)dt >
∫ E

a2

1

E−
2 − E2

− 1

t− E2

dt

=
E − a2

E−
2 − E2

− ln

(
|E − E2|
|a2 − E2|

)
= − E − a2

E2 − E−
2

− ln
(
E2 − E

E2 − a2

)
> −1 − ln

(
E2 − E

E2 − a2

)
.

So, since f(E) < 0 in this interval,

4

−f(E)
>

1

e
· E2 − a2

E2 − E
=⇒ E2 − a2 < 4e

E2 − E

−f(E)
= 4e

E − E2

f(E) − f(E2)
.

Letting E ↗ E2 we get E2 − a2 ≤ 4e

f ′(E2)
, so b2 − a2 ≤ 8e

f ′(E2)
=

8e

|f ′(E2)|
, where the

equality holds for f is increasing in [a2, b2]. Clearly, the same analysis can be made for

each band with 2 ≤ j ≤ q − 1, so for such j’s, bj − aj ≤ 8e

|f ′(Ej)|
.

Let’s now consider the band [a1, b1]. Since we assumed f increases in [a2, b2], we

must assume f decreases in [a1, b1]. Clearly E−
2 is the minimum of f closest to b1 and

on the interval (E1, b1) we can perform the same calculations as for the internal bands

and obtain b1 − E1 ≤ 4e

|f ′(E1)|
. Now, since [a1, b1] is the left external band, there is no

extremum left of a1, but we can use that f ′(E) is negative and increasing in (−∞, b1]. By

mean value theorem, we know that thre are E∗ ∈ (a1, E1) and E∗∗ ∈ (E1, b1) such that

4 = |f(E1) − f(a1)| = |f ′(E∗)|(E − a1) and 4 = |f(b1) − f(E1)| = |f ′(E∗∗)|(b1 − E1), but

since in this interval f ′(E) is negative and increasing, we have |f ′(E∗∗)| ≥ f ′(E∗), so we

get E1 − a1 ≤ b1 −E1 ≤ 4e

|f ′(E1)|
. A similar analysis can be carried for [aq, bq], so that for

every 1 ≤ j ≤ q we have bj − aj ≤ 8e

|f ′(Ej)|
. Thus, by Lemma 4.5

ν(S+) =
q∑

j=1

bj − aj ≤
q∑

j=1

8e

|f ′(Ej)|
=

8e

q
.

The upper bound is then proved. We have tacitly assumed that q > 2 in considering

that [a2, b2] is an internal band. Nevertheless, as said in the case q = 2 we use for the
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second band the same reasoning as for [a1, b1] and get the inequality, so there is no loss of

generality in the proof.

Let’s now show the lower bound.

Since f ′(E) is a polynomial with q − 1 simpe real zeros, |f ′(E)| attains a single

maximum between two consecutive zeros of f ′ and it is decreasing below its smallest

zero and increasing above its greatest. Therefore, |f ′|, when restricted to [aj, bj], has only

one local maximum. If we divide each band into [aj, Ej] and [Ej, bj], then |f ′| must be

monotone in the component that does not contain the maximum point of |f ′| in the band,

say Ẽj. Besides, since f ′ does not change sign in each band, we have

∫ Ej

aj
|f ′(t)|dt =

∣∣∣∣∣

∫ Ej

aj
f ′(t)d

∣∣∣∣∣ = |f(Ej) − f(aj)| = 4,

and ∫ bj

Ej
|f ′(t)|dt =

∣∣∣∣∣

∫ bj

Ej
f ′(t)d

∣∣∣∣∣ = |f(bj) − f(Ej)| = 4.

So either Ej − aj ≥ 4

|f ′(Ej)|
(if Ẽj > Ej) or bj − Ej ≥ 4

|f ′(Ej)|
(if Ẽj < Ej).

Now, as we did for the upper bound, we will divide the analysis between the internal

bands and the external bands, using [a2, b2] and [a1, b1] as the example of each, respectively.

We will also continue to assume that f is increasing in [a2, b2], since the decreasing case is

entirely analogous.

Let lj =
4

|f ′(Ej)|
. If b2 − E2 ≥ l2, define ha(E) =

d

dE
ln (f(E) + 4). Let c1, . . . , cq

be such that cj = [aj, bj] ∩ f−1({−4}). So f(E) + 4 =
q∏

j=1

(E − cj) and ha(E) =
q∑

j=1

1

E − cj
,

which gives us

h′
a(E) = −

q∑

j=1

1

(E − cj)2
< − 1

(E − c2)2
= − 1

(E − a2)2
. (4.8)

Therefore, if E ∈ (a2, b2),

ha(E) = ha(E) − ha(E
+
2 ) = −

∫ E+
2

E
h′
a(t)dt >

∫ E+
2

E

1

(t− a2)2
dt

=
1

E − a2

− 1

E+
2 − a2

>
1

E − a2

− 1

b2 − a2

.

So l−1
2 =

f ′(E2)

4
=

f ′(E2)

f(E2) + 4
= ha(E2) >

1

E2 − a2

− 1

b2 − a2

=
b2 − E2

(E2 − a2)(b2 − a2)
,

which implies, using b2 − E2 > l2 > 0,

(E2 − a2)(b2 − a2) − l2(b2 − E2) > 0 =⇒ (E2 − a2)
2 + (E2 − a2)(b2 − E2) − l2(b2 − E2) > 0

=⇒ (E2 − a2)
2 + ((E2 − a2) − l2)(b2 − E2) > 0 =⇒ (E2 − a2)

2 + l2(E2 − a2) − l22 > 0.
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Since E2 − a2 > 0, we get E2 − a2 >

√
5 − 1

2
l2.

In the case E2 − a2 ≥ l2, define hb(E) =
d

dE
(ln |f(E) − 4|). Define the sets

dj = [aj, bj] ∩ f−1({4}) for 1 ≤ j ≤ q. So |f(E) − 4| =
q∏

j=1

(E−dj) and hb(E) =
q∑

j=1

1

E − dj
,

which gives us

h′
b(E) = −

q∑

j=1

1

(E − dj)2
< − 1

(E − d2)2
= − 1

(E − b2)2
. (4.9)

Therefore, if E ∈ (a2, b2),

hb(E) = hb(E) − ha(E
−
2 ) =

∫ E

E−

2

h′
b(t)dt < −

∫ E

E−

2

1

(t− b2)2
dt

=
1

E − b2

− 1

E−
2 − b2

=
1

b2 − E−
2

− 1

b2 − E
<

1

b2 − a2

− 1

b2 − E
.

So l−1
2 =

f ′(E2)

4
= − f ′(E2)

f(E2) − 4
= −hb(E2) >

1

b2 − E2

− 1

b2 − a2

=
E2 − a2

(b2 − E2)(b2 − a2)
,

which implies, using E2 − a2 > l2 > 0,

(b2 − E2)(b2 − a2) − l2(E2 − a2) > 0 =⇒ (b2 − E2)
2 + (E2 − a2)(b2 − E2) − l2(E2 − a2) > 0

=⇒ (b2 − E2)
2 + ((b2 − E2) − l2)(E2 − a2) > 0 =⇒ (E2 − a2)

2 + l2(E2 − a2) − l22 > 0.

Since b2 − E2 > 0, we get b2 − E2 >

√
5 − 1

2
l2. Either way, b2 − a2 = (b2 − E2) +

(E2 − a2) ≥
√

5 + 1

2
l2.

Now for [a1, b1], since |f ′| is monotonous in this band, we know that b1−E1 ≥ E1−a1,

so we must have b1 − E1 > l1. Since the largest component of the band is the left one and

there is a zero of f ′ larger than b1, we can use ha to get E1 −a1 >

√
5 − 1

2
l1. The analogous

argument with hb is used for [aq, bq] since the largest component must be the left one and

f ′ has a zero smaller than aq. Since for every j we have bj − aj ≥
√

5 + 1

2
lj =

2(
√

5 + 1)

|f ′(Ej)|
,

we conclude

ν(S+) =
q∑

j=1

bj − aj ≥
q∑

j=1

2(
√

5 + 1)

|f ′(Ej)|
=

2(
√

5 + 1)

q
.

The proof of the proposition is then finally complete.

We can now prove the result about the measure of the spectrum:
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Proof of Theorem 4.1. First consider 0 < λ ≤ 1 and let pn/qn be the continued fraction ap-

proximants of α. By Theorem 4.3 and Proposition 4.6, we have that lim
n→∞

ν(S+(λ, pn/qn)) =

4(1 − λ). Now let {gj(λ, α)}j∈N be the gaps of S+(λ, α). Then for every ε > 0 there is

Nε ∈ N such that
Nε∑

j=1

ν(gj(λ, α)) > ν(G(λ, α)) − ε.

By Corollary 4.4.2, we have that ν(G(λ, pn/qn)) ≥ −32Nε

√
λ|α− pn/qn|+

Nε∑

j=1

ν(gj(λ, α))

for sufficiently large n, which gives us

lim inf
n→∞

ν(G(λ, pn/qn)) ≥ ν(G(λ, α)) − ε.

We have lim
n→∞

max S+(λ, pn/qn) = max S+(λ, α) and lim
n→∞

minS+(λ, pn/qn) = minS+(λ, α)

by Corollary 4.4.1 . So we get

4(1 − λ) = lim sup
n→∞

ν(S+(λ, pn/qn))

= lim sup
n→∞

(max S+(λ, pn/qn) − minS+(λ, pn/qn) − ν(G(λ, pn/qn)))

≤ lim sup
n→∞

max S+(λ, pn/qn) + lim sup
n→∞

(− max S+(λ, pn/qn)) + lim sup
n→∞

(−ν(G(λ, pn/qn)))

= max S+(λ, α) − minS+(λ, α) − lim inf
n→∞

ν(G(λ, pn/qn))

≤ max S+(λ, α) − minS+(λ, α) − ν(G(λ, α)) + ε = ν(S+(λ, α)) + ε.

Since this holds for every ε > 0, then ν(S+(λ, α)) ≥ 4(1 − λ). Now, since there are

at most qn − 1 gaps in S+(λ, pn/qn), Corollary 4.4.2 gives us that for sufficiently large n

ν(G(λ, α)) > ν(G(λ, pn/qn)) − 32(qn − 1)
√
λ|α− pn/qn|.

And Corollary 4.4.1 gives us that for sufficiently large n

max S+(λ, α) ≤ max S+(λ, pn/qn) + 16
√
λ|α− pn/qn|.

minS+(λ, α) ≥ minS+(λ, pn/qn) − 16
√
λ|α− pn/qn|.

Thus ν(S+(λ, α)) ≤ ν(S+(λ, pn/qn)) + 32qn
√
λ|α− pn/qn|. By the hypothesis on

α, taking n → ∞ we get ν(S+(λ, α)) ≤ 4(1 − λ). So for λ ≤ 1 we have ν(σ(Hλ,α,θ)) =

ν(S+(λ, α)) = 4(1 − λ). Finally, if λ > 1, then λ−1 < 1 and by Corollary 2.3.1 we have

ν(σ(Hλ,α,θ)) = λν(σ(Hλ−1,α,θ)) = 4λ(1 − λ−1) = 4(λ− 1) = 4|1 − λ|.
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4.2 Absence of eigenvalues

Since for α in a dense Gδ of full measure we have ν(σ(H1,α,θ)) = 0, we know that

the absolutely continuous spectrum is empty for such α. We will now use the work of

Avila in [3] to show that the set of eigenvalues of H1,α,θ is empty for every irrational α

and all but (explicitly given) countably many values of θ, so σ(H1,α,θ) is purely singular

continuous for every α that satisfy the hypothesis of Theorem 4.1 and all but countably θ.

Definition 4.7. We say that θ ∈ R is α−rational if there is k ∈ Z such that 2θ + kα ∈ Z.

We can now state the main theorem of this section:

Theorem 4.8. For every irrational α and every θ that is not α−rational, H1,α,θ has no

eigenvalues.

Before we can prove Theorem 4.8, we need a short lemma:

Lemma 4.9. Let H = H1,α,θ and assume that Hu = Eu for some E ∈ R and some nonzero

u ∈ ℓ2. Define v(x) =
∞∑

n=−∞

u(n)e2πinx and B(x) =


 v(x) v(x)

v(x− α)e−2πiθ v(x− α)e2πiθ


.

Then ∥B(x)∥ > 0 for almost every x and det (B(x)) is constant almost everywhere.

Furthermore, if θ is not α−rational, then det (B(x)) ̸= 0.

Proof. Let A(x) =


 E − 2 cos (2πx) −1

1 0


. Note that

(E − 2 cos (2πx))v(x) − v(x− α)e−2πiθ

=
∞∑

n=−∞

Eu(n)e2πinx −
∞∑

n=−∞

u(n)e2πi(n+1)x −
∞∑

n=−∞

u(n)e2πi(n−1)x −
∞∑

n=−∞

u(n)e2πi(nx−nα−θ)

=
∞∑

n=−∞

(Eu(n) − u(n− 1) − u(n+ 1))e2πinx −
∞∑

n=−∞

u(n)e2πi(nx−nα−θ)

=
∞∑

n=−∞

2 cos (nα + θ)u(n)e2πinx −
∞∑

n=−∞

u(n)e2πi(nx−nα−θ)

=
∞∑

n=−∞

u(n)e2πi(nx+nα+θ) +
∞∑

n=−∞

u(n)e2πi(nx−nα−θ) −
∞∑

n=−∞

u(n)e2πi(nx−nα−θ)

=
∞∑

n=−∞

u(n)e2πi(nx+nα+θ) = e2πiθv(x+ α).

So A(x)B(x) = B(x + α)D, where D =


 e2πiθ 0

0 e−2πiθ


. Therefore, the set

{x ∈ T | ∥B(x)∥ = 0} is invariant by x 7→ x + α. By ergodicity of irrational rotations,

it must have measure zero, since otherwise we would have B(x) = 0 for almost every x,

contradicting u ̸≡ 0.
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Moreover, since det (D) = det (A(x)) = 1, det (B(x)) = detB(x+ α), so again by

ergodicity det (B(x)) is almost everywhere constant. Now assume det (B(x)) = 0 almost ev-

erywhere. Then there is a measurable function β : T → C such that


 v(x)

v(x− α)e−2πiθ


 =

β(x)


 v(x)

v(x− α)e2πiθ


 and |β(x)| = 1 almost everywhere. Mutiplying by A(x) by the

left side, we obtain the equality e2πiθ


 v(x+ α)

v(x)e−2πiθ


 = e−2πiθβ(x)


 v(x+ α)

v(x)e2πiθ


. Using

the two equations, we get a useful relation for β: e−4πiθβ(x)v(x+ α) = v(x + α) =

β(x+ α)v(x+ α) =⇒ e−4πiθβ(x) = β(x+ α). Now consider the Fourier series of β to be
∞∑

n=−∞

bne
2πinx. So for every n ∈ Z

bne
−4πiθ = bne

2πinα =⇒ bn(e2πi(nα+2θ) − 1) = 0.

Since β ̸≡ 0, there must be k ∈ Z such that e2πi(kα+2θ) = 1, so θ is α−rational.

Proof of Theorem 4.8. Assume u ∈ ℓ2 is an eigenfunction of H1,α,θ with eigenvalue E,

where θ is not α−rational. Let v(x), A(x), B(x) and D be as in the proof of Lemma 4.9.

Since θ is not α−rational, B(x) is invertible and A(x) = B(x+ α)DB(x)−1. Define Ak(x)

recursively by A1(x) = A(x) and Ak(x) = A(x+ (k− 1)α)Ak−1(x) for k > 1. By induction,

we see that Ak(x) = B(x+ kα)DkB(x)−1. For k = 1 it holds by definition and for k > 2

we have

Ak(x) = A(x+ (k − 1)α)Ak−1(x)

=
(
B(x+ kα)Dk−1B(x+ (k − 1)α)−1

) (
B(x+ (k − 1)α)Dk−1B(x)−1

)

= B(x+ kα)DkB(x)−1.

Now we define Ψk(x) = Tr(Ak(x)) − 2 cos (2πkθ). But 2 cos (2πkθ) = Tr(Dk) =

Tr(B(x)DkB(x)−1). Since for 2 × 2 matrices we have |Tr(M)| ≤
√

2∥M∥ and, if M

is invertible, ∥M−1∥ = | det(M)|−1∥M∥, we get

|Ψk(x)| = |Tr((B(x+ kα) −B(x))DkB(x)−1)| ≤ 2

| det(B(x))|∥B(x+ kα) −B(x)∥∥B(x)∥.

Let Ck(x) = B(x+ kα) −B(x). By construction ∥B∥L2 = 2∥v∥L2 = 2∥u∥ < ∞, so

if kn is a sequence of natural numbers such that lim
n→∞

∥knα∥T = 0, then lim
n→∞

∥Ckn∥L2 = 0.

Thus, by Hölder’s inequality,

∥Ψk∥L1 ≤ 2

| det(B(x))|∥Ck∥L2∥B∥L2 =⇒ lim inf
k→∞

∥Ψk∥L1 = 0.
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Now, by the definition of Ak, we see that Ψk is a trigonometric polynomial Ψk(x) =
k∑

n=−k

ψk,ne
2πinx. Writing 2 cos (2π(x+ nα)) = e2πixe2πinα + e−2πixe−2πinα, the coefficients

ψk,±k can be easily computed: the exponentials e±2πikx only appear if we multiply the

exponentials e±2πix of all the k matrices A(x+nα) in the definition of Ak, so we must have

ψk,±k =
k−1∏

n=0

−e±2πinα = (−1)ke±πik(k−1)α. But ψk,k =
∫

T
Ψk(x)e−2πikxdν(x), so 1 = |ψk,k| ≤

∣∣∣∣
∫

T
Ψk(x)e−2πikxdν(x)

∣∣∣∣ ≤ ∥Ψk∥L1 for every k, a contradiction to lim inf
k→∞

∥Ψk∥L1 = 0.

Therefore, for irrational α and θ not α−rational, the point spectrum of H1,α,θ is

empty.
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5 An overview of sharper results

We have so far studied in detail the classification of the almost Mathieu operator

for full measure sets of parameters. Although the results shown up to this point are very

robust, they are not the most recent. In this chapter, we will briefly present some results

that allow the change of "almost every" to "every" in the previous chapters. Such results

depend on fine estimates of analytic continuation of transfer matrices and dynamical

systems techniques that differ much from what we have done up to this point, which is

the reason why we won’t explore them thoroughly.

As we have seen in the last section of chapter 3, in the supercritical case, even

though we can search for optimal conditions on which the spectrum is pure point, this

classification cannot hold for every α, and even for a fixed α it cannot hold for every θ.

However, the situation is pretty different in the critical and subcritical cases.

For the critical case, in [7] Avila and Krikorian used the properties of quasiperiodic

SL2(R) cocycles and the results of [12] to prove the following result:

Proposition 5.1. Given irrational α with bounded continued fraction elements and real θ,

the spectrum of H1,α,θ has measure zero.

This combined with Theorems 4.1 and 4.8 gives us that for every frequency and

all but possibly countably many phases, the critical almost Mathieu operator has purely

singular continuous spectrum.

For the measure of the spectrum at non-critical coupling, Jitomirskaya and

Krasovsky proved in [25] a kind of continuity on α for the sets S+(λ, α) that, though not

Lipschitz, is stronger than any ζ−Hölder continuity for 0 < ζ < 1. Using this continuity

they showed:

Theorem 5.2. For irrational α and λ ̸= 1, ν(σ(Hλ,α,θ)) = 4|1 − λ|.

In the subcritical case we have a long way of improvement of results. In [4], Avila

and Damanik attacked the problem from the "frequency side", showing the thoerem below:

Theorem 5.3. The integrated density of states for Hλ,α,θ is absolutely continuous if and

only if λ ̸= 1.

Since by a result of [13] (Remark 3.5) the Lyapunov exponent vanishes at subcritical

coupling, the work of Kotani at [29] yields

Theorem 5.4. If λ < 1, then σ(Hλ,α,θ) is absolutely continuous for every α and almost

every θ.
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Avila and Jitomirskaya, on the other hand, solved the problem by the "phase side":

in [5] they expanded some results obtained for the almost Mathieu operator in [6]1 to a

larger class of quasiperiodic Schrödinger operators and also obtained a quantitative version

of Aubry duality. The result that interests us is

Theorem 5.5. Let Sλ,E(x) =


 E − 2λ cos (2πx) −1

1 0


. Then for λ < 1 and diophantine

α the closure of the analytic conjugacy class of the cocycle (α, Sλ,E) contains a constant.

This theorem shows that Sλ,E is analytically conjugated to a cocycle in the the

Eliasson’s perturative regime, discussed in detail in [18]. The results in Eliasson’s work

then allowed them to conclude

Theorem 5.6. For λ < 1 and diophantine α, the spectrum of Hλ,α,θ is purely absolutely

continuous for every θ.

In [2], dividing the analysis based on how fast the denominators of the continued

fractions approximant of α grew, Avila was able to prove, at last, the following result:

Theorem 5.7. The spectral measures of the almost Mathieu operator are absolutely

continuous if and only if λ < 1.

The paper actually shows only one implication, since singularity of spectral measures

for λ ≥ 1 are consequences of zero measure of spectrum when λ = 1 and the positivity of

Lyapunov exponent when λ > 1.

With all these results, we have a pretty complete picture of how the spectrum of

the almost Mathieu operator behaves with respect to its parameters. This was the work

of a large number of mathematicians for more then three deacades and it contributed

with new techniques for different areas of Spectral Theory and of Dynamical Systems. For

example, many results stated in this text can be extented to a larger class of quasiperiodic

Schrödinger operators, some even to more general ergodic Schrödinger operators. We hope

to use the work we have done so far to explore problems of the spectral theory of such

operators in the future.

1 This is the paper in which they solved the decades-long Ten Martini Problem, that is, they proved

that the spectrum of the almost Mathieu operator with irrational frequency is always a Cantor set.
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APPENDIX A – Spectral Theory

Throughout this appendix, H will be a complex Hilbert space and B(H) the space

of bounded linear operators on H. We will state some of the basic definitions and results

of the Spectral Theory for bounded self-adjoint operators. For proofs and for a wider

approach, the reader is referred to [31].

Definition A.1. The spectrum of A ∈ B(H) is the set σ(A) = {a ∈ C A − aI : H →
H is not bijective.}. The resolvent set ρ(A) is defined as ρ(A) = C \ σ(A).

For bounded linear operators, the spectrum is always a closed subset of the closed

ball with radius ∥A∥, and therefore the spectrum is compact. If the operator is also

self-adjoint, we also obtain that every element of the spectrum is real:

Proposition A.2. If A ∈ B(H) is self-adjoint, then σ(A) ⊂ [−∥A∥, ∥A∥].

Given a bounded self-adjoint operator A, for continuous f : σ(A) → C we can

define f(A) ∈ B(H): for polynomials p(x) =
n∑

k=0

ckx
k, set p(A) =

n∑

k=0

ckA
k with A0 = I.

Now, since σ(A) is a compact subset of R, there is a sequence of polynomials (pn) such

that lim
n→∞

(
sup
x∈σ(A)

|pn(x) − f(x)|
)

= 0. Set f(A) = lim
n→∞

pn(A). The limit exists and is

well-defined by the completeness of B(H) and the properties of norm. We can extend this

definition to continuous f : R → C considering the function f1σ(A). We can now state one

version of the Spectral Theorem:

Theorem A.3. Let A ∈ B(H) be self-adjoint. Then for every ξ ∈ H there is a Borel

measure µξ on σ(A) such that for every continuous f : σ(A) → C

⟨ξ, f(A)ξ⟩ =
∫

σ(A)
f(x)dµξ(x). (A.1)

In particular, ∥ξ∥2 = µξ(σ(A)). We can, of course, extend µξ to Borel subsets of

the real line defining µξ(R \ σ(A)) = 0. The measure µξ is called a spectral measure for

A at ξ.

Corollary A.3.1. Let A ∈ B(H) be self-adjoint and a > 0. If ∥Aψ∥ < a∥ψ∥ for some

ψ ∈ H, then (−a, a) ∩ σ(A) ̸= ∅.

Proof. We will prove the contrapositive statement. Assume (−a, a) ⊂ ρ(A), then |x| ≥ a

for every x ∈ σ(A). Thus for every ψ ∈ H
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∥Aψ∥2 = ⟨Aψ,Aψ⟩ = ⟨ψ,A2ψ⟩ =
∫

σ(A)
x2dµψ(x) ≥ a2µψ(σ(A)) = a2∥ψ∥2.

Let’s now discuss the decomposition of H based on spectral measures. Given a

bounded self-adjoint operator A, we define the point subspace of H as the closure of the

vector space spanned by the eigenvectors of A and denote it by Hp(A). The continuous

subspace is then defined as Hc(A) = Hp(A)⊥. The point spectrum of A is defined as

σp(A) = σ(A|Hp(A)) and the continuous spectrum of A is defined as σc(A) = σ(A|Hc(A)).

The point spectrum is the closure of the set of eigenvalues.

Proposition A.4. Given self-adjoint A ∈ B(H), then

• There is a countable set Λ ⊂ R (which can be taken as the set of eigenvalues of A),

such that Hp(A) = {ξ ∈ H µξ(R \ Λ) = 0};

• Hc(A) = {ξ ∈ H µξ({x}) = 0 ∀x ∈ R}.

We can also define the singular subspace as Hs(A) = {ξ ∈ H µξ ⊥ ν} and

the absolutely continuous subspace as Hac(A) = {ξ ∈ H µξ ≪ ν}. Both are closed

subspaces. The singular continuous subspace is Hsc(A) = Hs(A) ∩ Hc(A), that

is, the set of vectors ξ such that µξ is singular continuous with respect to Lebesgue

measure. The singular continuous spectrum of A is defined as σsc(A) = σ(A|Hsc(A)), the

absolutely continuous spectrum of A is defined as σac(A) = σ(A|Hac(A)), and the

singular spectrum of A is defined as σs(A) = σ(A|Hs(A)).

Proposition A.5. Given a bounded self-adjoint operator A we have

• Hs(A) = Hp(A) ⊕ Hsc(A);

• Hc(A) = Hsc(A) ⊕ Hac(A);

• H = Hp(A) ⊕ Hsc(A) ⊕ Hac(A);

• σ(A) = σp(A) ∪ σsc(A) ∪ σac(A). The union is not necessarily disjoint.

We then say that the spectrum of A is pure point if σc(A) = ∅, that it is

purely singular continuous if σp(A) = σac(A) = ∅, and that it is purely absolutely

continuous if σs(A) = ∅.
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APPENDIX B – Ergodic Theory

In this appendix, we state some results of Ergodic Theory. A discussion of Theorems

B.6 and B.7 can be found in [19]. Every other result can be found in [14].

Definition B.1. Let (X,A, µ) be a probability space. We say that a measurable bijection

T : X → X is ergodic if it obeys the folowing conditions:

• µ is T−invariant, that is, µ(T−1(A)) = µ(A) for all A ∈ A;

• if A ∈ A is such that T−1(A) = A, then µ(A)µ(X \ A) = 0.

Theorem B.2. Let (X,A, µ) be a probability space and T : X → X an ergodic transfor-

mation. If f : X → R is a measurable function such that f(T (x)) = f(x) for every x ∈ X,

then f is µ−almost everywhere constant.

Definition B.3. Let X be a compact metric space. An homeomorphism T : X → X

is uniquely ergodic if there is a unique Borel probability measure µ on X such that

µ is T−invariant. An uniquely ergodic transformation is ergodic with respect to such

µ. Indeed, if there were a Borel set E such that T−1(E) = E and 0 < µ(E) < 1, then

µ(A) = µ(E)−1µ(A ∩ E) would be a different T−invariant Borel probability measure.

Proposition B.4. Let α ∈ R and let Tα : T → T be the homeomorphism Tα(x) = x+ α

mod 1. Then Tα is uniquely ergodic if and only if α is irrational. In such case, the unique

Tα−invariant probability Borel measure is the Lebesgue measure on T.

Theorem B.5 (Denjoy-Koksma Inequality). Let g : T → R be a continuous function and

Tα as in Proposition B.4 with irrational α. If p/q is a irreducible fraction with q > 0 such

that

∣∣∣∣∣α− p

q

∣∣∣∣∣ <
1

q2
, then for any θ ∈ T

∣∣∣∣∣∣

q−1∑

n=0

g(T n(θ)) − q
∫

T
g(θ)dν(θ)

∣∣∣∣∣∣
≤ Var(g). (B.1)

Theorem B.6 (Kingman’s Subadditive Ergodic Theorem). Let (X,A, µ) be a probability

space and T : X → X an ergodic transformation. If (fn) is a sequence of integrable

functions such that fn+m(x) ≤ fn(x) + fm(T n(x)) for µ−almost every x ∈ X and every

n,m ∈ N, then for µ−almost every x ∈ X lim
n→∞

fn(x)

n
exists and

lim
n→∞

fn(x)

n
= lim

n→∞

1

n

∫

X
fn(x)dµ(x) = inf

n

1

n

∫

X
fn(x)dµ(x). (B.2)
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When the transformation is uniquely ergodic, we also have the following result:

Theorem B.7 (Subadditive Ergodic Theorem for Uniquely Ergodic Systems). Let X

be a compact metric space and T a uniquely ergodic transformation. Let µ be the only

T−invariant Borel probability measure. If (fn) is a sequence of integrable functions such

that fn+m(x) ≤ fn(x) + fm(T n(x)) for every x ∈ X and every n,m ∈ N, then for every

x ∈ X and uniformly on X we have

lim sup
n→∞

fn(x)

n
≤ lim

n→∞

1

n

∫

X
fn(x)dµ(x) = inf

n

1

n

∫

X
fn(x)dµ(x). (B.3)

Before we end this section, we will discuss an example of interest. Let g : T → R

be a continuous function and Tα as in Proposition B.4 with irrational α. For θ ∈ T, define

an operator H on ℓ2 as in (C.1) with potential Vθ(n) = g(T nα (θ)). Let M(·, θ) be the

transfer matrix associated with Vθ, so that M(n+m, θ) = M(m,T nα θ)M(n, θ). Defining

fn(θ) = ln ∥M(n, θ)∥, we then have

Corollary B.7.1. For every θ ∈ T,

lim sup
n→∞

ln ∥M(n, θ)∥
n

≤ lim
n→∞

1

n

∫

T
ln ∥M(n, θ)∥dν(θ) = inf

n

1

n

∫

T
ln ∥M(n, θ)∥dν(θ). (B.4)
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APPENDIX C – Transfer Matrices

Let V : Z → R be a bounded function, α ∈ R \ Q and θ ∈ R. Let H be defined on

ℓ2 by

[Hu](n) = u(n+ 1) + u(n− 1) + V (n)u(n). (C.1)

We call the function V a potential.

For fixed E ∈ R we define the step matrix A : Z → SL2(R) by A(n) =

 E − V (n) −1

1 0


 and the transfer matrix by T (n) =





I, if n = 0

A(n− 1)T (n− 1), if n > 0

A(n)−1T (n+ 1), if n < 0

.

The dynamical meaning of A and T is that if u : Z → C is a solution of the eigenvalue equa-

tion Hu = Eu, then it follows from definition that


 u(n+ 1)

u(n)


 = A(n)


 u(n)

u(n− 1)




and


 u(n)

u(n− 1)


 = T (n)


 u(0)

u(−1)


, so the eigenvalue equation is entirely defined by V

and its initial conditions u(−1), u(0).

Proposition C.1. For fixed E ∈ R, let A1 and A2 be the step matrices associated with

potentials V1 and V2, respectively, and T1 and T2 the respective transfer matrices. Define C

as the constant C = max
{√

2 + (|E| + ∥V1∥∞)2,
√

2 + (|E| + ∥V2∥∞)2
}
. Then for n ≥ 0

∥T1(n) − T2(n)∥ ≤ nCn−1
(

max
0≤m≤n

|V1(m) − V2(m)|
)
.

and for n ≤ 0,

∥T1(n) − T2(n)∥ ≤ |n|C |n|−1
(

max
n≤m≤0

|V1(m) − V2(m)|
)
.

Proof. First note that ∥A1(n) − A2(n)∥ = ∥A1(n)−1 − A2(n)−1∥ = |V1(n) − V2(n)|. Fur-

thermore, ∥Aj(n)∥ = ∥Aj(n)−1∥ =
√

2 + (E − Vj(n))2 ≤
√

2 + (|E| + ∥Vj∥∞)2 ≤ C, so for

the transfer matrix we get ∥Tj(n)∥ ≤ ∥Aj∥|n|
∞ ≤ C |n|.

We now prove the statement by induction. If n = 0, both inequalities are immediate

(and equivalent). Let n > 0 and assume the proposition holds for n− 1. Then
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∥T1(n) − T2(n)∥ = ∥A1(n− 1)T1(n− 1) − A2(n− 1)T2(n− 1)∥
= ∥A1(n− 1)T1(n− 1) − A2(n− 1)T1(n− 1) + A2(n− 1)T1(n− 1) − A2(n− 1)T2(n− 1)∥
≤ ∥A1(n− 1) − A2(n− 1)∥∥T1(n− 1)∥ + ∥A2(n− 1)∥∥T1(n− 1) − T2(n− 1)∥

≤ |V1(n− 1) − V2(n− 1)|Cn−1 +
√

2 + (|E| + ∥V2∥∞)2(n− 1)Cn−2
(

max
0≤m≤n−1

|V1(m) − V2(m)|
)

≤ Cn−1|V1(n− 1) − V2(n− 1)| + (n− 1)Cn−1
(

max
0≤m≤n−1

|V1(m) − V2(m)|
)

≤ nCn−1
(

max
0≤m≤n−1

|V1(m) − V2(m)|
)

≤ nCn−1
(

max
0≤m≤n

|V1(m) − V2(m)|
)
.

Now let n < 0 and assume the proposition holds for n+ 1. Then

∥T1(n) − T2(n)∥ = ∥A1(n)−1T1(n+ 1) − A2(n)−1T2(n+ 1)∥
= ∥A1(n)−1T1(n+ 1) − A2(n)−1T1(n+ 1) + A2(n)−1T1(n+ 1) − A2(n)−1T2(n+ 1)∥
≤ ∥A1(n)−1 − A2(n)−1∥∥T1(n+ 1)∥ + ∥A2(n)−1∥∥T1(n+ 1) − T2(n+ 1)∥

≤ |V1(n) − V2(n)|C |n+1| +
√

2 + (|E| + ∥V2∥∞)2|n+ 1|C |n+1|−1
(

max
n+1≤m≤0

|V1(m) − V2(m)|
)

≤ C |n+1||V1(n) − V2(n)| + (−n− 1)C |n+1|
(

max
n+1≤m≤0

|V1(m) − V2(m)|
)

≤ −nC−n−1
(

max
n≤m≤0

|V1(m) − V2(m)|
)

= |n|C |n|−1
(

max
0≤m≤n

|V1(m) − V2(m)|
)
.
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APPENDIX D – Continued Fractions

In this appendix we will state the main results of the representation of real numbers

by continued fractions. The details and proofs can be found at [28].

Definition D.1. A continued fraction is an expression of the form

a0 +
1

a1 +
1

a2 +
1

a3 + · · ·

, (D.1)

if it is infinite, or of the form

a0 +
1

a1 +
1

a2 + · · · +
1

an−1 +
1

an

, (D.2)

if it is finite.

We represent an expression of the form (D.1) by [a0; a1, a2, a3, . . .] and an expression

of the form (D.2) by [a0; a1, a2, . . . , an−1, an]. We call aj the elements of the continued

fractions. A priori, the elements can be any kind of number (or even variables), but for the

theory of rational approximants of real numbers, we always take a0 ∈ Z and aj ∈ N for

j ≥ 1. Since [a0; a1, a2, . . . , an−1, 1] = [a0; a1, a2, . . . , an−1 + 1], we also use the convention

that if a finite continued fraction has more than one element, then its last element is

always greater than 1.

We define the kth order approximant of a continued fraction as the finite continued

fraction represented by sk = [a0; a1, a2, . . . , ak]. Of course, the approximants of a finite

continued fraction with n + 1 elements are only defined for k ≤ n and the nth order

approximant equals the continued fraction itself. We say that an infinite fraction converges

if the sequence (sk)k≥0 converges, and we say that α = lim
k→∞

sk is the value of the continued

fraction. The following result tells us how the elements of a continued fraction can be used

to determine its convergence:

Theorem D.2. A continued fraction [a0; a1, a2, a3, . . .] converges if and only if
∞∑

j=0

aj

diverges.
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Since in our convention the elements of a continued fraction are natural (except

possibly for a0), an infinite continued fraction always converges. We can also determine

the kth order approximant recursively:

Theorem D.3. Given a continued fraction [a0; a1, a2, a3, . . .], the kth order approximant

is a rational sk =
pk
qk

where p0 = a0, q0 = 1, p1 = a0a1 + 1, q1 = a1 and, for k ≥ 2,




pk = akpk−1 + pk−2,

qk = akqk−1 + qk−2.

The fraction
pk
qk

is always irreducible.

Not only it can be easily shown that qk → ∞ when k → ∞, but we also have a

lower bound on the growth of pk:

Proposition D.4. For k ≥ 2, we have qk ≥ 2(k−1)/2.

The same way we have decimal approximations (or in a base b) for real numbers,

we can also use continued fractions to approximate real numbers:

Theorem D.5. For every α ∈ R there is a unique continued fraction representation. The

continued fraction is finite if and only if α ∈ Q.

The elements of the continued fraction representation are recursively defined: set

a0 = ⌊α⌋ and define the first remainder r1 by r−1
1 = α− a0; then for j ≥ 1, set aj = ⌊rj⌋;

if rj ∈ Z the process stops; otherwise define the next remainder by r−1
j+1 = rj − aj.

The continued fraction representation has a great advantage over the decimal

representation because the approximants pk/qk are the best approximations for a real

number in the following sense:

Theorem D.6. Given α ∈ R, let pk/qk be the kth order approximant of its continued

fraction representation. If a, b ∈ Z with 0 < b ≤ qk and a/b ̸= pk/qk then

|qkα− pk| ≤ |bα− a|.

Furthermore, the only case where equality holds is if α = a0 + 1
2
, when for the zeroth

approximant we have |1 · α− a0| = |1 · α− (a0 + 1)|.

It is natural to ask oneself how fast the continued fraction approximants of an irra-

tional α converge. In a first approach, we get the inequalities
1

qn(qn+1 + qn)
<

∣∣∣∣∣α− pn
qn

∣∣∣∣∣ <

1

qnqn+1

<
1

q2
n

, so the convergence is at least as fast as the growth of the denominators

squared. If the rate of convergence is greater than that depends on the (un)boundedness

of the continued fraction elements:
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Theorem D.7. Let α be an irrational aj its continued fraction elements. If there is M > 0

such that |aj| < M for every j ≥ 0, then there exists c > 0 such that no pair (p, q) ∈ Z×N

satisfies the inequality

∣∣∣∣∣α− p

q

∣∣∣∣∣ <
c

q2
. On the other hand, if the sequence of elements is

unbounded, for any c > 0 there are infinite pairs (p, q) ∈ Z × N such that

∣∣∣∣∣α− p

q

∣∣∣∣∣ <
c

q2
.

One may then wonder which is more "common" for a irrational number: whether

its continued fraction elements form an unbounded sequence or not. The answer is given

by the following theorem:

Theorem D.8. The set of α ∈ R for which the continued fraction elements are bounded

has Lebesgue measure zero.

It is then known that almost every real number has a better rate of convergence

than the square of its continued fraction approximants’ denominators. Nevertheless, almost

every real number admits only a polynomial rate of convergence.

Definition D.9. We say that α ∈ R is diophantine if there exist c > 0 and n ∈ N such

that |qα − p| ≥ cq−n for every pair (p, q) ∈ Z × N. Clearly, a rational number cannot be

diophantine, so we could also use the strict inequality. An irrational number which is not

diophantine is called a Liouville number.

We now state the last results of this chapter. For the reader’s convenience, we

outline a proof of them since they are not stated in [28].

Proposition D.10. If α is diophantine and
pk
qk

are its continued fraction approximants,

then there are c > 0 and n ∈ N such that

qk+1 < c−1qnk (D.3)

for every k ≥ 0

Proof. Since

∣∣∣∣∣α− pk
qk

∣∣∣∣∣ <
1

qkqk+1

there are c > 0 and n ∈ N such that

1

qkqk+1

>

∣∣∣∣∣α− pk
qk

∣∣∣∣∣ =
1

qk
|qkα− pk| > cq−n−1

k =⇒ qk+1 < c−1qnk .

Theorem D.11. The set of Liouville numbers has Lebesgue measure zero.

Proof. Let L be the set of Liouville numbers. Then α ∈ L if and only if it is irrational and

for every real c > 0 and natural n there are p, q ∈ Z with q > 0 such that |qα− p| ≤ cq−n.

This is equivalent to for every natural n > 1 there are p, q ∈ Z with q > 1 such that
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0 <

∣∣∣∣∣α− p

q

∣∣∣∣∣ <
1

qn
. Define for each n the open set Un =

∞⋃

q=2

∞⋃

p=−∞

(
p

q
− 1

qn
,
p

q
+

1

qn

)
\
{
p

q

}
,

so that L =
∞⋂

n=2

Un. Let k be an integer and Un,k = Un ∩ [k, k + 1) , so that Un,k ⊂
∞⋃

q=2

(k+1)q⋃

p=kq

(
p

q
− 1

qn
,
p

q
+

1

qn

)
. We then have

ν




∞⋃

q=2

(k+1)q⋃

p=kq

(
p

q
− 1

qn
,
p

q
+

1

qn

)
 ≤

∞∑

q=2

(k+1)q∑

p=kq

ν

((
p

q
− 1

qn
,
p

q
+

1

qn

))
=

∞∑

q=2

(k+1)q∑

p=kq

2

qn

=
∞∑

q=2

2

qn−1
≤
∫ ∞

1

2

qn−1
dq =

2

(n− 2)qn−2
≤ 2

n− 2
,

whence
∞⋂

n=2

Un,k has measure zero. In the second inequality, we tacitly assumed n > 2.

This does not jeopardize the argument since Un+1,k ⊂ Un,k for every n. Using that

L =
⋃

k∈Z

L ∩ [k, k + 1) =
⋃

k∈Z

((
∞⋂

n=2

Un

)
∩ [k, k + 1)

)

=
⋃

k∈Z

(
∞⋂

n=2

Un ∩ [k, k + 1)

)
=
⋃

k∈Z

∞⋂

n=2

Un,k,

we see that L is the countable union of sets of zero Lebesgue measure, so ν(L) = 0.

Since the rationals also have measure zero, the diophantine numbers form a set of

full Lebesgue measure.
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